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Math 701 Fall 2026, Lecture 1: How symmetric
polynomials appear

website: https://www.cip.ifi.lmu.de/ grinberg/t/26fs/

0.1. General

This is a course on symmetric and quasisymmetric functions. We will start with
classical results that are well represented in textbooks and lecture notes; then
we will gradually move on to more active research topics.

The course website (where all lecture notes and homeworks will be posted)
is

https://www.cip.ifi.lmu.de/ grinberg/t/26fs/

But homework should be submitted via Canvas. Homework must be done
without Al and without consulting outsiders; collaboration is allowed as long
as you acknowledge your collaborators. Homework should be typeset, not
handwritten.

0.2. Some motivation

Historically speaking, symmetric polynomials/functions first appeared in the
study of roots of polynomials, and this has given a major impetus for their early
study by Newton and Gauss. Let me show a slight variant on this motivation.

0.2.1. Playing with Fibonacci numbers

Recall the Fibonacci sequence: This is the integer sequence (fo, f1, f2,...) de-
fined recursively by fo = 0 and f; =1 and

fn=fu-1+ fuo for each n > 2. 1)

The latter equality f, = f,—1 + fn,—2 is called a linear recurrence, as it expresses
each term f,, of the sequence as a linear combination (with constant coefficients)
of the previous two terms f,_1 and f,_». (This is a discrete analogue of linear
ODEs with constant coefficients, a venerable subject!)

Now consider the sequence (fo, f2, fa, fe, - - .), which consists of every second
Fibonacci number. I claim that it also satisfies a linear recurrence: namely,

fon =3fon—2— fon—s forall n > 2.

In fact, this is not specific to even-indexed Fibonacci numbers; more generally,
we have

fm =3fm—2— fru_a for all m > 4, 2)



https://www.cip.ifi.lmu.de/~grinberg/t/26fs
https://www.cip.ifi.lmu.de/~grinberg/t/26fs
https://drexel.instructure.com/courses/13625
https://hsm.stackexchange.com/questions/2040/how-were-the-phenomena-relating-to-symmetric-polynomials-discovered
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as we can show by applying the original Fibonacci recurrence multiple
times:

fm= @;3 + fm—2 (by (@)

:fm72+ m—3
(by (1))
- (fm—2+fm—3)+fm—2:2fm—2+ fm—3
R~
:fm—Z_fmfél

(since (@) yields fi—2=fm—3+fn—1)
- 2fm72 +fm72 _fm—4 - 3fm72 _fm—4-

So not only does the every-second-Fibonacci-number sequence (fo, f2, fa, fo, - - -)
satisfy a linear recurrence, but its offset variant (f1, f3, f5, f7,...) satisfies the
same linear recurrence.

What about every third Fibonacci number? Does the sequence ( fo, f3, f6, fo, - - .)
satisfy a linear recurrence, too? We can try to find such a recurrence by “fol-
lowing our nose” using (1)) again — e.g. as follows:

fm - fmfl +fm—2 - 2fm—2 +fm—3 - 2(fm—3 +fmf4) +fm—3
=3fn-3+2fm—s =3fm—3+2(fiu—s5+ fru-s) = -~

—but it is not clear how to finish this: we would like to get rid of all appearances
of fu—1, fm—2, fm—a, fm—5, fm—7, ... on the right-hand side, but it is not obvious
how to do so.

Yet it can be shown that the sequence (fo, f3, fe, fo, . ..) satisfies a linear re-
currence, which is again shared by its two offset variants (f1, fa, f7, f10, .. .) and

(f2, f5, fs, fi1, - - -). Namely, we have
fm =4fm-3+ fm—6 for all m > 6. (3)

Proving this is straightforward (e.g., by strong induction), but how was this
recurrence found? And can it be generalized? What about every fourth or
every fifth Fibonacci number? More generally, what about every m-th Fibonacci
number for a given m € IN ?

0.2.2. Linear recurrences in general

Actually, what about linearly recurrent sequences of higher order? Let us recall
what this means:

Definition 0.2.1. Let k be a positive integer. Let (x0,x1,%2,...) be a sequence
of numbers (e.g., complex numbers). We say that this sequence is linearly
recurrent of order k if it satisfies the recurrence

Xp = 01Xp—1 + a2Xp—2 + - + apX,_k for all n > k, 4)

where a1, ay, . . ., ai are fixed constants (not depending on 7). These constants
ai,a,...,a; are called the coefficients of this recurrence.
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Examples are easy to find:

* The Fibonacci sequence is linearly recurrent of order 2, with coefficients 1
and 1.

* Any geometric progression is linearly recurrent of order 1 (the recurrence
being x, = qx,,_1).

* Any arithmetic progression is linearly recurrent of order 2 (the recurrence
being x, = 2x,_1 — X,_2).

Note that a linearly recurrent sequence of order k will also be linearly recur-
rent of order k + 1 (just add a “4-0x,,_¢_1” term to (4)), so the coefficients belong
to the recurrence, not to the sequence.

Now we can generalize the question we posed above for the Fibonacci se-
quence:

Question 0.2.2. Let (xg,x1,x2,...) be a linearly recurrent sequence of order
k. Let m € IN be arbitrary. Then, is the sequence (xo, Xp, X2, X3, - - -) again
linearly recurrent of order k ? If so, how can we compute the coefficients of
the recurrence?

0.2.3. The matrix trick

The main trick involved in linearly recurrent sequences is viewing them as en-

tries of matrix powers. Namely, consider a linearly recurrent sequence (xo, x1, X2, . .

of order k with coefficients ay,ay, ..., a;. Define the k X k-matrix

ap a2 k-1 Ak
1 0 .- 0 0

A= 01 --- 0 0 (5)
o o0 .- 1 0

(where each of the 2-nd, 3-rd, ..., k-th rows has just a single 1 surrounded by
zeroes, and these 1’s are situated in columns 1,2, ...,k — 1 from top to bottom).
For each n > 0, define the vector

Xn+k—1
Xn+k—2
Xn

this consists of k consecutive entries of our sequence, ending with x,. Then,
our recurrence equation (4) yields

v, = Av,_q foreachn > 1, (6)

)
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since
Xntk—1 M Xptk—2 + A2Xp4k—3 + -+ AXp—1
Xntk—2 Xn4+k—2
Uy = . = .
xn xn

(here, we rewrote the topmost entry using )

ap az - dg—1 Ak N
_ 0o 1 --- 0 0 xn—|—.k—3 = Av,_q.
00 --- 1 0/)N"1 /)
h ::4 =Un-1

Applying this equality repeatedly, we find

op=A v,_1 =AA v,_» =AAAv, 3="---= A"ty for each n > 0.
S~ ~—~—
=Av,_» =Av,_3
Thus,
v, = A"vg for each n > 0. (7)

And this makes it easy to compute v, (and therefore x,, which is the last entry
of v,) by taking the matrix A to the n-th power. This is actually a useful obser-
vation in computing high values of linearly recurrent sequences, since powers
of matrices can be computed using fairly efficient algorithms (exponentiation
by squaring).

But we are interested in the sequence (Xq, Xn, X2, X3, - ..). This sequence
consists of the last entries of the vectors vy, vy, V21, U3, - - - (Since each x,, is the
last entry of v,). We want to know whether it is linearly recurrent of order k.
Thus we want to find linear relations between the vectors vy, U, V2, U3m, - - --
Using @, we can rewrite these vectors as A%y, A™vg, A*Mvy, A3, ...
Therefore, if we have a linear relation between the matrices A%, A™, A2" A3™
then (by multiplying with the vector vy) we will obtain a linear relation between
the vectors vy, Uy, Uam, U3m, - . ., and then (by taking the last entries) also between
the numbers xq, X, X2, X311, - - --

A well-known source of linear relations between powers of a matrix is the
Cayley-Hamilton theorem. This theorem (which is proved in any good linear
algebra text) says that if B is any k x k-matrix, and if xp (t) := det (tIy — B) is
its characteristic polynomia]ﬂ (in the indeterminate t), then

xs (B) =0. (8)

1Some authors define the characteristic polynomial to be det (B — tI;) instead. This differs
from our definition only by a sign.



https://en.wikipedia.org/wiki/Exponentiation_by_squaring
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Recall that x g is always a monic polynomial of degree k, that is, a polynomial of
the form xp (t) = t5 — cytF=1 — otk =2 — . .. — (19 for some numbers cy, ¢y, . . ., Ck.
Writing xp in this form, we can rewrite (8) as

Bf —oiBF 1 — B2 — ... — B =0, 9)
that is, as
BF = 1B 1+ ,B* 2+ - 4 ¢ B°. (10)
We can apply this to B = A™, and obtain
Amk — ClAm(k_l) + CzAm(k_z) N CkAO, (11)
where c1,¢,...,c¢ are constant numbers such that xam (f) = th — cqtk=1 —
coth=2 — ... — cit? (that is, c1,c,...,c; are the first k coefficient of xam (1),

multiplied by —1). Hence, for each n > mk, we have
At = ClAnfm + C2An72m I CkAnfkm (12)

(this follows from by multiplying both sides by A™~"). Multiplying both
sides of by vy, we obtain

Ao = 1 AV Mg + 0 AV 4 - 4 AR,
In view of (7), we can rewrite this as
Unp = C10n—m + C20y—2m + -+ + CkVy—km-
Taking the last entries of all the vectors in this equality, we find
Xp = C1Xp—m + C2Xn—2m + * * * + CkXp—km (13)

(since the last entry of each vector v; is x;).
Thus, we have proved that each n > km satisfies the equality . That is, we
have proved the following;:

Theorem 0.2.3. Let ay, ay, .. ., a; be k numbers. Let (xo, x1, x2, . ..) be a linearly
recurrent sequence of order k with coefficients ay,ay,...,a;,. Let m € IN.
Define a k x k-matrix A by . Let c1,c,...,cx be the first k coefficients of
the characteristic polynomial x o (t), multiplied by —1. Then, we have

Xn = C1Xn—m + C2Xpn_om + ** + CkXp—km for each n > km. (14)

In particular, the sequence (xo, Xm, X2, X3, - - ) is linearly recurrent of order
k with coefficients cy, ¢y, . .., c; more generally, for each i € IN, the sequence
(Xi, Xitm, Xitom, Xit3m, - - -) is linearly recurrent with the same coefficients.

2By “the first k coefficients”, we mean the coefficients of the monomials 0, !,..., t*~ 1,
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For example, let us apply this theorem to the Fibonacci sequence ( fo, f1, f2, - - .)

and to m = 2. Here, we have k = 2 and a7y = 1 and a, = 1, so that
A= < } (1) ) Thus, A% = ( ? } >, which has characteristic polynomial

vt =aen (it (2 1)) aa(F )= owen

Thus, when we apply Theorem we must set ¢; = 3 and ¢ = —1 (corre-
sponding to the coefficients —3 and 1 of x 42 (t)). Hence, says that

fn=3fn—2+(—1) fu-a for eachn > 2-2.

This is precisely the equality (2) that we found above. Likewise, we can find
and similar recurrences for higher values of m. More generally, this shows that
the answer to Question is: Yes, all these sequences are linearly recurrent
— even better: linearly recurrent, all with the same coefficients —, and yes, these
coefficients can be computed.

0.2.4. Computing xm from x4 ?

Now let us try to improve on the above. Theorem gives some algorithm
for computing the coefficients cq,cy,...,cx in terms of aj, a,...,ar, but this
algorithm is rather cumbersome: first, form the matrix A; then take its power
A™; then expand its characteristic polynomial x on. Isn’t there an easier way?
A general fact in linear algebra says that the characteristic polynomial x g
(for an arbitrary k x k-matrix A, not necessarily the one given by is com-
pletely determined by m and x4; we don’t have to know the matrix A itself.
The easiest way to see this is using eigenvalues: If the k X k-matrix A has eigen-
values Ay, Ay, ..., A (listed with algebraic multiplicity), then A™ has eigen-
values A", A%,... A" (by the spectral mapping theoremﬁ). The eigenvalues
A1, Ag, ..., A of A are precisely the roots of x 4, so that we have the polynomial
identity
Xa(8) = (E= M) (E=A) -+ (E=Ag), (15)
which shows that x4 both determines and is determined by Ay, Aj, ..., At
Hence,

Xam () = (t=A7) (E—AF) - (t=AY), (16)
since A" has eigenvalues AT, A7', ..., A]'. We can theoretically use this formula
to compute x 4m from x4, since Ay, Ay, ..., Ax are the roots of x 4.

3For the matrix A given in , the situation is particularly nice, since we can show that
xa(t) =tF —aptF 1 — gyt =2 — g O

(exercise!), which renders the computation of x4 trivial. But everything we will be doing
below applies to any k x k-matrix A.
41f you don’t know this fact, prove it, e.g., using Schur triangulation.



https://en.wikipedia.org/wiki/Schur_decomposition
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But this is even less of a practically useful algorithm than the one in The-
orem because the roots of a general polynomial cannot be computed
algebraically! (At least not in the naive “quadratic formula” sense; see the
Abel-Ruffini theorem.) Numerical algorithms exist, but we don’t want to lose
precision.

So what we ideally want is a way to find the coefficients of x o4m in terms of
the coefficients of x4 without having to factor x 4. To this aim, we first expand

(15):

xa(t)=(t—A1)(t—A2) - (t—Ag)
= i’k— ()L1+)L2+"'+)\k)tkil
+ (MA2 + AAz 4 - Mg Ag) 572

=¥ Aidj

i<j

— ()Llftz/\g, + A AA 4+ - -+ Akfz/\k,l/\k) tk_3

. /

—Z<JZ<Z/\i)\]~/\4
1.,
+ (=1 AqAz - A
k ) .
= Z(—l)lei ()Ll,)\z,...,/\k) tk_l, (17)
i=0

where we set

61 (Al,/\2,...,Ak) = Z AMIAMZ...Aui
1§u1<u2<---<ui§k
=Y Tl (where [k] :={1,2,...,k})

LC[k]; CeL
|L|=i

(in particular, eg (A1, Az, ..., Ax) = AAz--- A and eg (A1, Ap, ..., Af) = 1, be-
cause the empty product is 1). This latter number e; (A1, A2,..., Ax) is called
the i-th elementary symmetric polynomial in the A{, Ay, ..., Ar. So the formula
says that the coefficients of ) 4 are precisely these ¢; (A1, Ay, ..., Ag), up to
sign.

Therefore, in order to compute x = from x4, we just need to compute the
ei (AT, AL, ..., Al") from the e; (A1, A2, ..., A). This is best done algebraically,
without solving for the A1, Ay, ..., Ar. To do so, we forget about what the A;s
are, and just study the elementary symmetric polynomials of any k inputs.

Before we do this systematically, let us do the cases (m,i) = (2,1) and
(m,i) = (2,2) by hand. So we want formulas for e; (A3,A3,...,A%) and e; (A%, A3,...,A2).



https://en.wikipedia.org/wiki/Abel-Ruffini_theorem
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The former is easy:

e (M3, A3)
=M+A 4+ Af

2
= | MtA+H A 20 Y A
—e1 (A A2 Ap) S
=e2 (A1, A2/ M)
by the well-known formula
((Ay+Ay+~-+A@2:A%+A%+~-+A%+2§AM7)
i<j

= (61 ()Ll,)Lz,. . .,Ak))z — 262 ()Ll,)Lz,. . .,/\k) .

Computing e, (Af,A3,...,A?) is harder with this method, however.
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