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Math 331 Fall 2026, Lecture 2 and 3: Defining
semigroups, monoids and groups

website: https://www.cip.ifi.lmu.de/ grinberg/t/26fa/
(GPT-6 was used to polish the writing that follows.)

1. Groups

1.1. Definition

(a)

(b)

(c)

(d)

(e)

(f)

Definition 1.1.1. Let S be a set.

A binary operation on S means a function f from S x S to S. That is,
it means a function that takes two elements of S as inputs and returns
an element of S. We will usually write this function in infix notation:
i.e., instead of writing f (s, t), we shall write s f t. We will often use
symbols like -, 4+ and x instead of f, so our expressions will look like
s-t,s+torsxt.

For example, + is a binary operation on the set Z.
A binary operation * on S is said to be associative if all 2, b, c € S satisfy

(axb)sxc=uax(bxc).

If * is an associative binary operation on S, then the pair (S, *) is called
a semigroup. (Alternatively, we can say that “S is a semigroup under
*”, or just “S is a semigroup” if the operation * is inferrable from the
context; but the operation x is still part of the structure even if we don’t
explicitly name it.)

Given a binary operation * on S, a neutral element (also called an
identity element) of * means an element ¢ € S such that every a € S
satisfies

axe=exa=a.

We also call e a neutral element of S with respect to *, or just a neutral
element of the pair (S, *).

A monoid means a semigroup (S, *) that has a neutral element (i.e., for
which there exists a neutral element e € S of x). We will soon show
(Proposition [1.3.1) that this neutral element is unique.

Now let (S, ) be a monoid with neutral element e. An inverse of an
element a2 € S (with respect to *) means an element b € S such that

axb=bxa=e.
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(g) A group means a monoid (S, *) such that each element 2 € S has an
inverse with respect to *. We will soon show (Proposition [1.3.3) that
this inverse of a is unique.

Remark 1.1.2. We will mostly deal with groups in this course. Monoids are
no less natural, but have fewer general properties (since there is “less to work
with” without inverses). Semigroups occur even more frequently, but many
of the useful examples we will encounter are already monoids.

Let us summarize the above definition as a “flowchart” for checking whether a
given pair (S, %) is a semigroup, monoid or group:
Given a pair (S, *):

o If x is a map from S x S to S, then * is a binary operation on S.
ee If, in addition, * is associative (that is, (a *b) xc = ax (bx*c) for all
a,b,c € S), then (S, %) is a semigroup.

e e ¢ If, in addition, * has a neutral element e (that is, an element
e € Ssuch that all a € S satisfy axe = e*xa = a), then (S, %) is a
monoid.

e e o0 If in addition, each a € S has an inverse (that is, some b € S
such that ax b = b xa = e), then (S, %) is a group.

1.2. Examples

Let us scour the mathematics we know for examples of semigroups, monoids
and groups. We begin with the number systems from Lecture 1:

e The pair (Z, +) (that is, the set Z - equipped with the binary operation
+) is a semigroup, since + is associative. It is not a monoid: the only
possible neutral element would be 0, but 0 ¢ Z~¢. Thus, it is not a group
either.

The same applies to (Q-o,+) and (R-o,+).

* The pair (Z,+) is a group: addition is associative, 0 is a neutral element,
and each a € Z has the inverse —a € Z.
The same applies to (Q, +), (R, +) and (C, +).

e The pair (Z~, ) (that is, the set Z~( equipped with multiplication) is a

monoid, since multiplication is associative and 1 is a neutral element. It
is not a group, since 2 has no inverse in Z.

Similarly, the pairs (Z, ), (Q,-), (R,-) and (C, -) are also monoids but not
groups. In each case, 0 has no inverse.
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However, (Q \ {0}, -) is a group, since products of nonzero rational num-
bers are nonzero and each nonzero rational number has a nonzero recip-
rocal. This group is denoted by Q*. Similarly, the nonzero real numbers
and the nonzero complex numbers form groups under multiplication, de-
noted by R* and C*, respectively.

The Hamiltonian quaternions H give a similar example: nonzero quater-
nions have nonzero products and have inverses. Thus, (H\ {0},) is a
group, even though quaternion multiplication is not commutative.

e The pair (Z,—) is not a semigroup, since subtraction is not associative:
the equality (a — b) —c = a — (b — ) fails for any three integers 4, b, c with
c #0.
The pair (Q, /) is not a semigroup either. In fact, division is not even a
binary operation on Q, because division by 0 is undefined. Restricting to

Q \ {0} does give a binary operation, but it is still not associative. For
example, (1/2) /3=1/6 #3/2=1/(2/3).

What about exponentiation on Z-, viewed as the binary operation that
sends (a,b) to a”? This does not give a semigroup either, since associativ-

ity fails. For example, 2(2) = 256 # 64 = (22)3.

e What about the pair (Zg, +), where Z_g = {—1,—2,—3,...} is the set of
all negative integers? This is again a semigroup but not a monoid, since
addition is associative but its only possible neutral element, 0, does not
belong to Z .

What about (Z, -) ? Here, multiplication is not even a binary operation
on Zo: products of negative integers are positive, so the output does not
belong to the specified set. Thus, this pair is certainly not a semigroup, a
monoid or a group.

* For any positive integer 7, consider the set R"*" of all n x n-matrices
with real entries. It forms a group (R"*",+) under addition. Its neutral
element is the zero matrix, and the inverse of a matrix A is —A.

Consider furthermore the set GL, (R) of all invertible (= nonsingular)
n x n-matrices. This forms a group (GL, (R), ) under multiplication. Its
neutral element is I, (the identity matrix), and its inverses are the usual
matrix inverses. The product of two invertible matrices is again invertible,
so multiplication is indeed a binary operation on this set.

The pair (R"*", -) is a monoid but not a group: the identity matrix is still
neutral, but not every matrix is invertible. For example, the zero matrix
has no inverse. On the other hand, (GL, (R), +) is not even a semigroup,
since sums of invertible matrices don’t have to be invertible.
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For two distinct positive integers n and m, two n X m-matrices cannot
be multiplied using ordinary matrix multiplication. Thus, there is no
semigroup (R"*", ) under matrix multiplication.

Let us now move on to less familiar operations and less familiar sets.

e For any set A, consider the set Map (A, A) = A% of all maps from A to A.

For any two maps f,g € Map (A, A), the composition f o g also belongs
to Map (A, A). Recall that f o g sends an element a to f (g (a)): we apply
g first and then f. Thus, the composition operation o is a binary operation
on Map (A, A). It is associative, since both (fog)ohand f o (goh) send
eacha e Ato f(g(h(a))).

Therefore, (Map (A, A), o) is a semigroup. The identity mapids : A — A
(which sends each a € A to a itself) is a neutral element, so this semigroup
is a monoid.

Is it a group? This is asking whether every map f : A — A is invertible.
This is true when A is empty or a 1-element set (because in either case, the
only map from A to A is its identity map). If A has at least two elements,
however, a constant map from A to A is not invertible. Thus, in all these
other cases, (Map (A, A), o) is not a group.

To “tix” this, we can restrict ourselves to the bijective (equivalently, invert-
ible) maps from A to A. These are called the permutations of A, and they
do form a group under composition: compositions and inverses of bijec-
tions are again bijections, and the identity map is a bijection. This group
is called the symmetric group of A, and we will spend a while studying
its properties.

 Fix a set A. Consider the power set of A; this is the set P (A) of all subsets
of A. For example, if A = {1,2,3}, then

P(A)={o {1}, {2}, {3},
(1,2}, {2,3}, {1,3}, {1,2,3}}.

We would like to make P (A) into a semigroup, or better yet a monoid,
or even a group. What operations can we use?

Two well-known operations are U and N.

The pair (P (A),U) is a semigroup, since (XUY)UZ = XU (YU Z) for
all X,Y,Z C A. It is also a monoid, with neutral element @. Unless
A = @, itis not a group: a nonempty subset X has no inverse, since X UY
can never be empty.

The pair (P (A),N) is also a semigroup, since (XNY)NZ =XN(YNZ)
forall X,Y,Z C A. It is a monoid with neutral element A. Unless A = &,
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it is not a group: the empty set has no inverse, since @NY = @ # A
for every Y C A. When A = &, both of these monoids are one-element
groups.

Can you think of a binary operation on P (A) that does make it into a
group for every A? Mason suggests the operation A defined by

XAY = (XUY)\(XNY)=(X\Y)U(Y\X).

This is called the symmetric difference of X and Y. Here is the Venn
diagram of X A Y:

(where the two circles represent X and Y, while the shaded region is
XAY).

Does this operation give a semigroup? Yes, if we can show that A is
associative. This can be done using truth tables: for any X,Y,Z C A, we
must show that a given element p € A lies in (X AY) A Z if and only if
it lies in X A (Y A Z). There are 8 cases to consider:

—thecasepe X, pcYand p € Z;
—thecasepe X,pcYand p ¢ Z;

— and so on (6 more cases).

You can visualize this proof through a Venn diagram:

\

(where the three circles represent X, Y and Z, while the shaded region is
(XAY)AZ=XA(YAZ)). Anicer proof observes that both (X AY) A
Z and X A (Y A Z) consist of precisely those p € A that belong to an odd
number of the sets X, Y, Z (that is, either to exactly one or to all three).

Thus, (P (A),A) is a semigroup. It is a monoid with neutral element &.
Is it a group? Yes: the inverse of any X € P (A) is X itself, since

XAX=(XUX)\(XNX)=X\X=2.
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* Consider the set of all Euclidean transformations of the plane (also called
rigid transformations of the plane). These are the invertible maps from
the plane R? to itself that preserve distances. Examples are parallel shifts
(translations), rotations and reflections, as well as their compositions.
They form a group under composition: the identity map preserves dis-
tances, and so do compositions and inverses of distance-preserving maps.

What happens if we restrict to Euclidean transformations that preserve
orientation? These still form a group under composition.

What about the Euclidean transformations that reverse orientation? They
do not even form a semigroup under composition, since composing two
such transformations gives an orientation-preserving transformation, not
an orientation-reversing one!

¢ Consider a weird-looking binary operation * on the set Q defined by
axb=ab+a+Db foralla,b € Q.

Is (Q, *) a semigroup? Is it a monoid? Is it a group?

- It is a semigroup. Indeed, associativity can be checked directly: for
all a,b,c € Q, we have

(axb)xc=(ab+a+Db)x*c
=(ab+a+b)c+ (ab+a+Db)+c
=abc+ab+ac+bc+a+b+ec,

and expanding a x (b * ¢) gives the same result.

— It is a monoid. The element 0 is neutral, since 0 xa =0a+0+a =a
and likewise a * 0 = a for every a € Q.

— Itis not a group. The element —1 has no inverse, because (—1) xa =
—a —1+a = —1 for every a € Q, whereas an inverse would have to
satisfy (—1) *xa = 0.

All other rational numbers do have inverses: for a # —1, the inverse

. —a
1S

T This can be checked directly from the definition of *.

Thus, (Q, *) is a monoid. But actually, it is just the monoid (Q, -) with
its elements renamed — namely, with each rational number ¢ renamed as
¢ — 1. Indeed, for three rational numbers 4, b, ¢, we have

c—1=(@-1)%x(b-1) if and only if ¢ = ab.
Equivalently,

c=axb ifandonlyif c+1=(a+1)(b+1).
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So (Q, *) is a monoid but not really a new one: it is just a version of (Q, -)
with its elements renamed. We say that it is isomorphic to (Q, ). We will
give a formal definition of isomorphism later.

* Consider the set {0} with the binary operation * defined by 00 = 0.
The pair ({0}, *) is a group: its neutral element is 0, which is also its
own inverse. More generally, any one-element set becomes a group when
we define its binary operation in the only possible way. Such a group is
called a trivial group.

e What would a group (G, *) with two elements look like? It must have a
neutral element — let’s call it e. Let f be the other element of G. Since e is
neutral, we haveexe=¢,ex f = fand f xe = f.

What can f * f be? The only possibilities are e and f. But f must have an
inverse, and this inverse cannot be ¢, since f * e = f # e. Therefore, the
inverse of f is f itself, and hence f * f = e. This uniquely determines the
multiplication table (more precisely: the *-table) of G:

xxy |ly=e|y=Ff
x=e e f

x=f f e

Conversely, if we start with a two-element set {¢, f} and define a binary
operation * by this table, then we do get a group. We can verify the axioms
directly (start by showing that e is a neutral element), but a shortcut makes
the associativity check especially quick: Whenever a binary operation has
a neutral element ¢, the equality (x * i) *z = x * (i * z) holds immediately
if any of x,y,z equals e. Thus, in our case, the only remaining check is

(frf)xf=exf=f=fre=fx(f*f).

The table also shows that ¢ is neutral and that both elements are their own
inverses, so all the group axioms hold.

Alternatively (thanks to Nico Ghiron), we can recall that the two numbers
1 and —1 multiply by the same rule as the elements e and f above:

xy y=1|y=-1
x =1 1 -1
x=-—1 -1 1

Thus, we already have a group ({1, —1}, -) with two elements! The group
({e, f},*) we are constructing is just an isomorphic copy of this group:
it is the same group with 1 and —1 renamed as e and f, and with the
operation - renamed as *.
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1.3. Some first general properties of semigroups, monoids
and groups

So we have defined three rather general classes of objects (semigroups, monoids

and groups) and given some examples and non-examples for each. Let us now

prove a few things about these objects in general, just using their definitions.
First of all, neutral elements — when they exist — are unique:

Proposition 1.3.1. Let * be a binary operation on a set S. Then, * has at most
one neutral element. In other words, if a neutral element exists, then it is
unique.

Proof. We must show that any two neutral elements of * are equal.

Let e and f be two neutral elements of *. We want to prove that e = f. Luke
suggests the following argument: Since f is neutral, e x f = ¢; since e is neutral,
ex f = f. Comparing these equalities, we get e = f.

Thus, any two neutral elements of * are equal, so there is at most one. O

Definition 1.3.2. Let (S, ) be a monoid. Proposition [1.3.1 allows us to speak
of the neutral element of (S, *) without having to worry about potentially
confusing several different neutral elements. We shall do so, and we will
usually denote this neutral element by e.

In some of the later lectures, we will rename the operation * as - (and sim-
ply write st for s * t), and correspondingly rename the neutral element e as
1, thus pretending that the operation * is some kind of multiplication. Of
course, this notation should not be used when the set S already has a differ-
ent multiplication defined on it (or contains the number 1 but this number is
not its neutral element); but it works well when we are dealing with a generic
monoid (S, x) that we know nothing about.

The same applies to inverses in a monoid:

Proposition 1.3.3. Let (S, *) be a monoid, and let a4 € S be an element that
has an inverse. Then, this inverse is unique.

Proof. We must show that any two inverses of a are equal. Let x and y be two
such inverses. Then, x xa = ¢ and a x y = e (where ¢ is the neutral element of
(S, *)). But associativity yields (x*a)xy = x % (axy). In view of x * (axy) =
N —
=e
x * e = x (since e is neutral) and (x *a) *y = e *xy = y (again since e is neutral),
——
=
we can rewrite this as x = y. Thus, we have shown that any two inverses of a

are equal. Since an inverse exists by assumption, it is unique. [
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Definition 1.3.4. Let (S, *) be a monoid. Let a € S. Proposition tells us
that if 4 has an inverse, then we can call it the inverse of 2 without worrying
that this might be ambiguous. We shall do so, and we will denote this inverse
by a~ 1.

The following properties of inverses are crucial for any work with them. You
might have already encountered them when dealing with inverses of matrices
and maps; here we state them in an arbitrary monoid (thus generalizing the
matrix case and partly generalizing the case of maps’).

Theorem 1.3.5 (rules for inverses). Let (S, *) be a monoid with neutral ele-
ment e.

(@) If 2 € S has an inverse a~ !, then this inverse a ! itself has an inverse,
namely
Nl
(a_ > = qa.

(b) If a,b € S both have inverses, then a * b also has an inverse, namely
(axb) ' =b""xa"l,

This is known as the socks-and-shoes rule. It is analogous to the
rule (fog)™! = g 1o f1 for invertible maps and the rule (AB) ' =
B~1A~! for invertible square matrices of the same size.

Proof.

1

is an inverse of a4, we have axa~! = g1

1

(a) Since a~ *qa = e. The same

s . . -1
equalities show that a is an inverse of a~!. Thus, (a71) " =a.

(b) We have to show that b~ ! x a1 is an inverse of a * b. For this, we must
prove that

(b‘l * a_1> x(axb)=e and
(axb)x* (b‘l * a_l) =e.

We check both of these equalities now. Using associativity in the first two

1Only partly, because maps between different sets do not live in a monoid.




Math 331, Fall 2026, Lecture 2 and 3, version September 28, 2026 page 10

steps of each calculation, we obtain

(b_l * a_1> x(axb) =b"1x <a_1 * (a x b)>

——_———
=e
—b lx(exb)=blxb=c¢
——
=b
and
(axDb)* (b_l *u_1> =ax (b* (b_l *a_l))
= a* bxb 1) xal
)
=e
=a>x<<e>x<a 1)—a>x<a T—p
hw
g1
Thus, b~ ! xa~1 is the inverse of a x b. O

In this proof, we had to deal with the annoyance of regrouping products
using associativity. It would have been much nicer if we had been able to write
products like

axbxb 1xg!

without parentheses. But * is a binary operation: it has only two inputs. Thus,
it is not a-priori clear that we can make sense of “products” of several elements,
such as a x b * ¢ * d x e, without parentheses.

For example, the “product” a * b * c * d in a semigroup can be fully parenthe-
sized in 5 ways:

((axDb)*c)xd,
(ax(bxc))«d,
ax(bx(cxd)),
ax((bxc)xd),
(axb)x(cxd).

Do these 5 ways all produce the same result?
For a product a * b * ¢, there are only 2 ways to insert parentheses: (a* b) % ¢
and a * (b * ¢). They produce the same result by associativity.
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For a x b * ¢ x d, the answer is not quite as immediate. Nevertheless, repeated
use of associativity shows that all 5 ways give the same result:

(ax(bxc))xd
= ((axb)*c)=*d (

= (axb)x*(cxd) (

=ax(bx(cxd)) (by associativity for a, b and c * d)
=ax((bxc)xd) (

by associativity for a, b and c)
by associativity for a x b, c and d)

by associativity for b, ¢ and d) .

Does this generalize to larger products? Next time we will see the answer.
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