UNIVERSITY OF MINNESOTA, SCHOOL OF MATHEMATICS

Math 4281: Introduction to Modern Algebra,
opring 2019: Homework 2

Darij Grinberg
May 27, 2019

1 EXERCISE 1: GCD BASICS

1.1 PROBLEM

Prove the following:

(a) If a1, aq, by, by are integers satisfying a; | by and ay | by, then ged (aq, az) | ged (by, ba).

(b) If a,b,c, s are integers, then ged (sa, sb, sc) = |s| ged (a, b, ¢).

1.2 SOLUTION

(a) See the class notes, where this is Exercise 2.9.4. (The numbering may shift; it is one of
the exercises in the “Common divisors, the Euclidean algorithm and the Bezout theorem”
section.)

(b) See the class notes, where this is Exercise 2.9.6. (The numbering may shift; it is one
of the exercises in the “Common divisors, the Euclidean algorithm and the Bezout theorem”
section.)
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2 EXERCISE 2: PRODUCTS OF GCDS

2.1 PROBLEM
Prove the following:

Any four integers u, v, z,y satisfy ged (u,v) ged (z,y) = ged (uz, uy, vz, vy).

2.2 SOLUTION

See the class notes, where this is Exercise 2.10.10. (The numbering may shift; it is one of
the exercises in the “Coprime integers” section.)

3 EXERCISE 3: THE GCD-LCM CONNECTION FOR THREE
NUMBERS

3.1 PROBLEM

Let a, b, ¢ be three integers. Prove that lem (a, b, ¢) ged (be, ca, ab) = |abel.

3.2 SOLUTION

See the class notes, where this is Exercise 2.11.2 (b). (The numbering may shift; it is one
of the exercises in the “Lowest common multiples” section.)

4 EXERCISE 4: DIVISIBILITY TESTS FOR 3,9,11,7

4.1 PROBLEM

Let n be a positive integer. Let “dpdy_1---dy” be the decimal representation of n; this
means that dy, dy, ..., dy are digits (i.e., elements of {0,1,...,9}) such that n = d;10* +
dp_110F 1 4+ ... 4 dy10°. The digits do, dy, . .., d; are called the digits of n.

(Incidentally, the quickest way to find these digits is by repeated division with remainder:
To obtain the decimal representation of n > 10, you take the decimal representation of n//10
and append the digit n%10 at the end. Thus,

do = n%10, dy = (n//10) %10, dy = ((n//10) //10) %10, etc.
But in this exercise, you can just assume that the decimal representation exists.)

(a) Prove that 3 | n if and only if 3 | dy + dy—1 + -+ + do. (In other words, a positive
integer n is divisible by 3 if and only if the sum of its digits is divisible by 3.)

(b) Prove that 9 | n if and only if 9 | dj, + dy—1 + -+ + do. (In other words, a positive
integer n is divisible by 9 if and only if the sum of its digits is divisible by 9.)
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(c) Prove that 11 | n if and only if 11 | (=1)* dp 4+ (=1)* " dy_y + - - - + (=1)° do. (In other
words, a positive integer n is divisible by 11 if and only if the sum of its digits in the
even positions minus the sum of its digits in the odd positions is divisible by 11.)

TL—dO

(d) Let ¢ = dp10* 1 +dj_110*2 + .. +d;10°. (Equivalently, ¢ = n//10 =
the number obtained from n by dropping the least significant digit.) Prove that 7 | n
if and only if 7| ¢ — 2d,.

(This gives a recursive test for divisibility by 7.)

; this is

4.2 SOLUTION SKETCH

We will use the following quasi-trivial lemma:
Lemma 4.1. Let n,x,y be three integers such that * = ymodn. Then, we have n | = if

and only if n | y.

Proof of Lemma[{.1]. =>: Assume that n | z. We must prove that n | y.

We have n | z, thus £ = Omodn. But £ = ymodn and thus y = x = O0modn. Hence,
n | y. This proves the “==" direction of Lemma [4.1]

<: Assume that n | y. We must prove that n | x.

We have n | y, thus y = 0modn. But x = y = Omodn. Hence, n | z. This proves the
“«<=" direction of Lemma .1l O

(a) We have 10 = 1mod 3. Thus, each m € N satisfies
10" =1™ = 1mod 3. (1)
Now,

n=d, 10 +d._; 101 +...4+d, 10°

=1mod3 =1 mod =1mod3

(by (1)) (by (1) )3 (by (1)
=di+di_1+ -+ dymod 3.

Thus, 3 | n if and only if 3 | dx + dx—1 + -+ + do (by Lemma applied to 3, n and
dp + dj_1 + - -+ + dp instead of n, z and y).
This solves part (a).

(b) The solution to part (b) is precisely the same as that for part (a), except that the
3’s need to be replaced by 9’s.

(c) We have 10 = —1mod 11. Hence, each m € N satisfies
10™ = (—1)" mod 11. (2)
Now,

n=d, 10% +d._; 10"t  +...4d, 10°

=(—1)* mod 11 =(-1)* " mod11 =(-1)°mod 11
(by @)) (by @) (by @))

=dy, (—1)" +dpoy (1) +dy (1)
(=1)*dp + (=) " dpy + -+ (1)’ dymod 11.
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Thus, 11 | n if and only if 11 | (=1)*d + (=1)* " de_y + -~ + (=1)"dy (by Lemma ,
applied to 11, n and (—1)* dj 4+ (=1)* " dp_y + - 4+ (=1)"dy instead of n, = and y). This
solves part (c).

(d) We have

n = di10F + dp_110F71 + -+ 4 dy10°
= (dp10° + dyy 10" + -+ + d110") +do 10°

~\~ -1

=10-(dp 105~ dg 1105~ 24+4d1100)

=10 (dpl0* " + dyp_1 10" + -+ + d110°) +do = 10g + d.

=q

Now, we need to prove two claims:
Claim 1: If 7| n, then 7| ¢ — 2d,.
Claim 2: If 7| ¢ — 2dp, then 7 | n.

Proof of Claim 1: Assume that 7 | n. Then, 7 | n = 10g + dy = dy — (—10q), so that
dy = —10g¢mod 7. Hence,

g—2 dy =q—2(—10¢) = 21, ¢=0mod?7,
=—10gmod 7 =0mod 7

so that 7| ¢ — 2dy. This proves Claim 1.
Proof of Claim 2: Assume that 7| ¢ — 2dy. Thus, ¢ = 2dymod 7. Hence,

n=10 ¢ +dy=10(2dy) +dp= 21,6 dp=0mod7,

=2dymod 7 =0mod7

so that 7 | n. This proves Claim 2.
Now, part (d) of the problem is solved.

5 EXERCISE 5: A DIVISIBILITY

5.1 PROBLEM
Let n € N. Prove that 7 | 32"+ 4 2n+2,

5.2 SOLUTION

See the class notes, where this is Exercise 2.5.1. (The numbering may shift; it is one of the
exercises in the “Substitutivity for congruences” section.)
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6 EXERCISE 6: A BINOMIAL COEFFICIENT SUM

6.1 PROBLEM
Let n € N. Prove that

no () =i+, )

k=

6.2 SOLUTION

Recall the following fact (which was the claim of Exercise 3 (d) on homework set #0):
Proposition 6.1. Any n € Q and k € Q satisfy

(7) = (37

Let us also recall another fact (the claim of Exercise 3 (c) on homework set #0):

Proposition 6.2. If n € N and k € QQ, then

Next, we show a simple formula for the binomial coefficients in the exercise:

Lemma 6.3. If £ € N, then
—2
(k) = (1" (k+1).

Proof of Lemmal[6.3. Let k € N. Then, Proposition (applied to 2 instead of n) yields

() =co (" =en () ()

(since k+2—1=k+1). But k € N and thus £+ 1 € N. Hence, Proposition (applied
to k4 1 instead of n) yields

(kzl) — <(k_li1r)1_ k) _ <k1Ll> (since (k+1)—k=1)

k+D((E+) -1 ((E+1)—=2)---((E+1)—1+1)
1

<by the definition of (k —; 1))

41 since the
= product (k+1)((k+1)—-1)((k+1)—2)---((k+1)—1+1)
’ has only one factor
k+1

=k+ 1.
1 +

Hence, becomes

This proves Lemma [6.3] O
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Now, in order to solve the problem at hand, it suffices to prove the identity

n

DD R = ()" (n+2)//2). (5)

k=0
Indeed, once is proven, it will follow that

n

> () =Xt = 2
-

k=0 k=0
=(—1)*(k+1
(by Lemma [6.3))

(by (B), and thus the exercise will be solved.
Before we prove , let us state some basic facts about even and odd numbers:

Proposition 6.4. Let u be an integer.
(a) The integer u is even if and only if u%2 = 0.
(b) The integer u is odd if and only if u%2 = 1.
(c) The integer u is even if and only if u =0 mod 2.
(d) The integer u is odd if and only if u =1 mod 2.
(e) If u is even, then (—1)" = 1.
(f) If u is odd, then (—1)" = —1.
(g) We have u = (u//2) - 2 + (u%2).

Proof of Proposition[6.4 Parts (a), (b), (c) and (d) of Proposition[6.4]are parts of Exercise
3 on homework set #1, and their proofs can be found in the class notes. Thus, we only need
to prove parts (e), (f) and (g) now.

(e) Assume that that u is even. Then, v = 0mod 2 (by Proposition (c)). In other

words, 2 | w. In other words, u = 2¢ for some g € Z. Consider this g. From u = 2g, we
g

obtain (—=1)" = (—=1)* = [ (=1)*> | =19 = 1. This proves Proposition [6.4] (e).
——

=1

(f) Assume that that u is odd. Then, u = 1mod2 (by Proposition (d)). In other

words, 2 | u—1. In other words, u—1 = 2g for some g € Z. Consider this g. From u—1 = 2g,
g

we obtain (—1)""' = (—1)29 = (_1)2 — 19 = 1. Now, (—1)" = (=1)(=1)"" = —1.

This proves Proposition (f).

(g) In Corollary 2.6.9 (d) of the class notes, we have proven v = (u//n)n + (u%n) for
any positive integer n. Applying this to n = 2, we obtain u = (u//2) - 2 + (u%2). This
proves Proposition (2). O

In order to prove (), we distinguish between two cases:

Case 1: The integer n is even.

Case 2: The integer n is odd.

Let us first consider Case 1. In this case, the integer n is even. Thus, (—1)" = 1 (by
Proposition (e), applied to u = n). Furthermore, n is even, and thus n = 0mod 2 (by
Proposition (c), applied to w = n). Hence, Jr +2=0+2=2=0mod2. In

=0mod 2
other words, n + 2 is even (by Proposition (c), applied to uw = n + 2). In other words,
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(n+2) %2 = 0 (by Proposition (a), applied to u = n + 2). Now, Proposition (g)
(applied to u = n + 2) yields

n+2)=((n+2)//2)- 24+ (n+2)%2)=((n+2)//2) - 2.
T

Solving this for (n +2) //2, we find (n +2)//2 = (n+2) /2.
Now,

n

;(—1) (k+1):1—2+3—4i~--+(—11)”(n+1)

=1-243—-4+---+(n+1)
=1-2)+B3-4)+06B-6)+---+((n—1)—n)+(n+1)

T /I O . a—
=(=D+ =D+ (D)4 + (=) +(n+1)

~
n/2 addends

N J/
-~

—n/2-(~1)=—n/2
=-n/24+(n+1)=n/2+1.

Comparing this with

(=1)"((n+2)//2)=n+2)//2=(n+2)/2=n/2+1,
~——

=1

we obtain > (=1)* (k+1) = (n+2) //2. Hence, is proved in Case 1.
k=0

Let us next consider Case 2. In this case, the integer n is odd. Thus, (—1)" = —1
(by Proposition (f), applied to u = n). Furthermore, n is odd, and thus n = 1mod 2
(by Proposition [6.4] (d), applied to w = n). Hence, n 6 +2=1+2=3=1mod2. In

=1mod?2
other words, n + 2 is odd (by Proposition (d), applied to u = n + 2). In other words,

(n+2) %2 =1 (by Proposition (b), applied to u = n + 2). Now, Proposition (g)
(applied to u = n + 2) yields

n+2)=((n+2)//2)- 24+ (n+2)%2) =((n+2)//2) -2+ 1.
T

Solving this for (n +2) //2, we find (n+2)//2=((n+2)—1)/2=(n+1) /2.

Now,

n

D (=D (k+1)=1-2+43-d%-+ (-1)"(n+1)

k=0 7
—1-243-4+-—(n+1)
=1-2)+B-4)+B-6)+--+(n—(n+1))

—_—— N N — ————

\((—1)+(—1)+(;1)+-~+(—1))/ :
(n+1)/2 addends
=Mn+1)/2-(-1)=—(n+1)/2.
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Comparing this with

(-1)"((n+2)//2)=(-1)(n+1)/2=~(n+1)/2,
—————

=—1 =(n+1)/2

we obtain 3 (=1)* (k+1) = (n+2) //2. Hence, (§) is proved in Case 2.

k=0
We have now proven in each of the two Cases 1 and 2. Thus, always holds. As
explained above, by proving , we have solved the exercise.

6.3 REMARK

I have posed this exercise in a slightly different form as Exercise 1 on homework set #9
2
of UMN Fall 2017 Math 4990. (The form was different in that I wrote {%J instead

of (n+2)//2. Of course, this is the same thing.) See also |Angela Chen’s solution to that
exercise.

The exercise is more or less a combination of [Grinbel9l Exercise 2.9] and [Grinbel9,
Exercise 3.5 (b)]. In fact, Lemma above is the claim of |Grinbel9, Exercise 3.5 (b)],
whereas the identity is the claim of [Grinbel9l Exercise 2.9] (except that |Grinbel9,
n/2+1, if n is even;
(n+1)/2, ifnisodd
expressions is easy to establish).

Yet another way to state the identity in the exercise is

i (—kz> _ 1+ (—1)"4~ (2n + 3)‘

k=0

Exercise 2.9] writes for (n + 2) //2, but the equality of these two

(Here, the “oscillator” (—1)" is being used instead of (n + 2) //2 in order to obtain different
behavior for even and odd n.) Similar identities are

20)-

zn: (_kl) _ % = (n+1)%2:

:i: (—ks) (=D (an +8n + 7);

ki) (—;) _ 3+ (=1)"-(4n? 2830712 +68n +45)

More generally, I suspect that if u € N, then there is a polynomial ¢, (z) of degree u with
rational coefficients such that each n € N satisfies

n

Z (_ (uk+ 1)) _ 2u1+1 F(=1)"qu(n).

k=0
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