A hyperfactorial divisibility
Dariy Grinberg
*long version*

Let us define a function H : N — N by

n—1
H(n)= H k! for every n € N.
k=0

Our goal is to prove the following theorem:

Theorem 0 (MacMahon). We have
Hb+c)H(c+a)H(a+0b)| H(a)H (b)H (¢c)H (a+b+c¢)

for every a € N, every b € N and every ¢ € N.

Remark: Here, we denote by N the set {0,1,2,...} (and not the set {1,2,3, ...},

as some authors do).
Before we come to the proof, first let us make some definitions:
Notations.

e For any matrix A, we denote by A [ ‘Z } the entry in the j-th column and
the i-th row of A. [This is usually denoted by A;; or by A4, ,.]

Let R be a ring. Let v € N and v € N, and let a; ; be an element of R for
every (i,7) € {1,2,...,u} x {1,2,...,v}. Then, we denote by (a”)igfﬁ the
u X v matrix A € R**" which satisfies o

A [ Z ] =a;; for every (i,j) € {1,2,....,u} x {1,2,...,v}.

Let R be a commutative ring with unity. Let P € R[X] be a polynomial.
Let j € N. Then, we denote by coeff; P the coefficient of the polynomial
P before X7. (In particular, this implies coeff; P = 0 for every j > deg P.)
Thus, for every P € R|[X]| and every d € N satisfying deg P < d, we have

d
P(X)=>coeffy (P)- X*.
k=0
If n and m are two integers, then the binomial coefficient (m) € Qis
n

defined by
m(m-—1)---(m—n+1)

(m) , ifn >0;
= n! .
n 0, ifn<0

It is well-known that (m) € Zfor alln € Z and m € Z.
n
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We recall a fact from linear algebra:

Theorem 1 (Vandermonde determinant). Let R be a commuta-
tive ring with unity. Let m € N. Let a4, ao, ..., a,, be m elements of

R. Then,
—1\ 1<5<m
det (( a; )1gzgm) = H (a; —aj).
(ivj)e{lv27;”7m}2§
1>

We are more interested in a corollary - and generalization - of this fact:

Theorem 2 (generalized Vandermonde determinant). Let R be

a commutative ring with unity. Let m € N. For every j € {1,2,...,m},

let P; € R[X] be a polynomial such that deg (P;) < j —1. Let ay, as,
., a4 be m elements of R. Then,

1< <m
det ((P; ()220 ) = (| [ coeff;  ( ) I (w-ay).
i,7)€{1,2,...m}?;
( J)G{i>j }

Both Theorems 1 and 2 can be deduced from the following lemma:

Lemma 3. Let R be a commutative ring with unity. Let m € N.
For every j € {1,2,...,m}, let P; € R[X] be a polynomial such that
deg (P;) < j—1. Let a1, ag, ..., a, be m elements of R. Then,

det ((PJ (aﬁ)iiﬁ) = (ﬁ coeff;_1 (P, )) - det <( al 1)1223) :

Jj=1

m—1
Proof of Lemma 3. For every j € {1,2,...,m}, we have P; (X) = > coeffy (P))-
k=0

XF (since deg (P;) < j—1 <m—1, since j < m). Thus, for every i € {1,2,...,m}
and j € {1,2,...,m}, we have

m—1 m—1 m
P; (a;) = Z coeffy (P, Z a; - coeffy, (P;) = Zaf‘l -coeffy_1 (P;) (1)
k=0 k=0 k=1

(here we substituted k£ — 1 for k in the sum).

Hence,
i<m -1y 1<5<m <m
(P ()22 = () i - (coeftin (PLZIET @)

1<i<m ? 1<i<m

(according to the definition of the product of two matrices)[]

'Here is the proof of (@ in more detail: The definition of the product of two matrices yields

1<j<m
. 1<j<m . m
-1 1<5< e 1<5<
(a71), - (coetty s (PIZIEN = | Do al ™" - coeftis (1) = (P () ZE0
1<i<m == 1
=P;(a;)
(by () 1<i<m

This proves .



1<j<m

But the matrix (coeff;_; (P;)),2/2" is upper triangular (since coeff;_; (P;) =0

for every i € {1,2,....,m} and j € {1,2,...,m} satisfying i > j E[); hence,
det ((coeffi_l (P]))Ef:n”) = [] coeft;_; (P;) (since the determinant of an upper
<i< i

triangular matrix equals the product of its diagonal entries).

Now, yields
i<m 1<5<m i<m
det (P (ahEl0) = det ((al ™), 220 - (coeft,y (P)1ZE0)

1<5<m j<m
= det (( al” 1)1§Z§ ) - det ((Coeffi—l (PJ))Ef;J

~

m
= IT coeff; -1 (Fy)
=

—det(( a; EZZZ) Hcoeffj 1

(Hcoeff] 1 ) - det (( a; 1)1;;:)7

and thus, Lemma 3 is proven.

Proof of Theorem 1. For every j € {1,2,...,m}, define a polynomial P; €
j—1
R[X] by P; (X) =[] (X —ax). Then, P; is a monic polynomial of degree j — 1
k=1
(since P; is a product of j — 1 monic polynomials of degree 1 eachED. In other
words, deg (P;) = j—1 and coeff;,_; (P;) = 1forevery j € {1,2,..., m}. Obviously,
deg (P;) = j — 1 yields deg (P;) < j — 1 for every j € {1, 2,. m} Thus, Lemma
3 yields

det (P (0220 = (ﬁ coeft, (P, >> det (@), 22)) - ®)

Jj=1

But the matrix (P (GZ))EZSZZ is lower triangular (since Pj (a;) = 0 for every

i€{l,2,..,m}and j € {1,2,...,m} satisfying i < j ; hence, det ((P] (ai))1§75m> —

1<i<m

m
[T P; (a;) (since the determinant of a lower triangular matrix equals the product

Zbecause i > j yields i—1 > j—1, thus i—1 > deg (P;) (since deg (P;) < j—1) and therefore
coeff;_1 (P;) =0
3because X — a is a monic polynomial of degree 1 for every k € {1,2,..
j—1

have P; (X) = [[ (X —ax)

. j— 1}, and we

4because i < j yields i < j — 1 (since i and j are integers) and thus

j—1 j—1
P; (a;) = H (a; — a) (since P; (X)= H (X - ak)>
k=1 k=1
=0
7j—1
(since the factor of the product [] (a; —ax) for k =i equals a; — a; = 0)
k=1



of its diagonal entries). Thus, rewrites as

m

17 () = (ﬁ coeff <Pj>> det (ol )1250)

j=1

m

Since [] coeff;,_; (P;) = [[ 1 = 1, this simplifies to
m N——— =]

J=1

Thus,

dee (@22 =T P) = 11 (a5 - o0)

j=1 7=1 k
~—~ ~—

I
_

= I =
je{1,2,...,m} ke{1,2,...i=1} ke{l1,2,...,m};
k<

(since P (X) = 1:[ (X — ay) yields Pj(a;) = 1:[ (a; — ak)>

k=1 k=1
= I I w-w="JI (@-a
J€{17277m}k€{17277m}5 (],k)6{1,2,7m}2,
k<j k<j

= I (w-a)

(i,)€{1,2,...m}%;
i<t

(here we renamed j and k as i and j in the product)

= H (@i —az).

(i7j)e{1727"'7m}2;
i>j

Hence, Theorem 1 is proven.
Proof of Theorem 2. Lemma 3 yields

det ((Pg (%))Efi::) = (ﬁ coeff;_; (Pj)) . det ((ag—l)ii;z>
J=1 N

S

= M (ai-a)
(Z‘7j)€{]:727""7m}2;
1>)

by Theorem 1

= (H coeff;_; (Pj)> : H (a; — aj).

(i,5)€{1,2,....m}%;
i>7

Hence, Theorem 2 is proven.
A consequence of Theorem 2 is the following fact:



Corollary 4. Let R be a commutative ring with unity. Let m € N.

Let aq, as, ..., a,, be m elements of R. Then,
j—1 1<j<m
det (H (a; — k:)) = H (a; —aj).
k=1 1<i<m (i,5)€{1,2,....,m}?;
i>j

Proof of Corollary 4. For every j € {1,2,...,m}, define a polynomial P; €
j—1
R[X] by P;(X) =[] (X —k). Then, P; is a monic polynomial of degree j — 1
k=1
(since P; is a product of j — 1 monic polynomials of degree 1 eachED. In other
words, deg (P;) = j—1 and coeff;_; (P;) = 1forevery j € {1,2,...,m}. Obviously,
deg (P;) = j—1yields deg (P;) < j—1 for every j € {1,2,...,m}. Thus, Theorem
2 yields

et (08, (@) 12;::;):(ncoeffﬂ ) [ .

(1,5)€{1,2,...,m}?;
i>7

7j—1

Since Pj (a;) = H (a; — k) for every ¢ € {1,2,...,m} and j € {1,2,...,m} (since

-1
P; (X) =[] (X —k)), this rewrites as

(H (a; — k)) = (H coeff; 4 (Pj)) I (@—ay.
)

1<i<m Jj=1 De{1,2,...m}>%;
i>j

Since [] coeff;,_; (P;) = [[ 1 = 1, this simplifies to
—— jE

j=1

H (ai —aj).

1<i<m (1,5)€{1,2,...,m}?;
i>j

o,
@
-+
-~
<.
— L
B
|
=
~__—
_
A\
<
N
3
Il

Hence, Corollary 4 is proven.
We shall need the following simple lemma:

Lemma 5. Let m € N. Then,

[I  (G-i)=Hm).

(i,)€{1,2,....m}*;
1>7

®because X — k is a monic polynomial of degree 1 for every k € {1,2,...,5 — 1}, and we have
j—1
P (X)= T (X~



Proof of Lemma 5. We have

II G-9=

1T \(i+1):r(j+1)/

(7‘7])6{1’277,”1}27 (Zy.])e{07177m71}27 :’L—]
i>j it1>5+1
N - 7
= I1
(i,4)€{0,1,...,m—1}%;
1>

(since i+1>j+1 is equivalent to i>7)
(here we substituted i + 1 and j + 1 for ¢ and j in the product)

= 11 (i —j)

(1,5)€{0,1,...,m—1}%
1>7

N

TV
= I1 I1
i€{0,1,...,m=1} 5£{0,1,...,m—1};
1>7

= ] [ ] (i —J)
1€{0,1,...,m—1} j€{0,1,....m—1};
i>j
————
= I1
JeN;
j<m—1 and i>j
(since j7€{0,1,...,m—1} is equivalent
to (jeEN and j<m—1))

= I 11 (i=3)
1€{0,1,....,m—1} jeN;
j<m—1 and i>j
—_———
=1I
JEN;
1>
(since the assertion
(j<m—1 and i>j) is equivalent to (¢>j)
(because if i>7, then j<m—1 (since
1€{0,1,...,m—1} yields i<m—1)))

- 0 I 9= I Me-2= MO I
16{0’17“.’7”_1}@

i€{0,1,....m—1}  jEN; 1€{0,1,...,m—1} j=0
(>
—il

~—
1—1

jEN;:j:U
j<i
(here we substituted ¢ — j for j in the second product)

m—1 m—1
- 1 e=Tle=TI
i=0 k=0

i€{0,1,....,m—1}
N——

(here we renamed ¢ as k in the product)

m—1
=11
=0
=H (m).

Hence, Lemma 5 is proven.
Now let us prove Theorem 0: Let a € N, let b € N and let ¢ € N.



We have

a+b+c—1 a+b—1 a+b+c—1 a+b+c—1
H(a+b+c)= H = I[ ¥ J[ #=H@+b- [] *
k=0 k=a+b k=a+b
=H (a+b)

=H(a+b)-[[(a+b+i-1)
i=1
(here we substituted a + b+ ¢ — 1 for k in the product),

(4)

b+c—1 b—1 b+c—1 b+c—1 c
H(b+c)= H R=|IIx |- I =820 ] #=H@® -J[0+i-1)!
k=0 k=b k=b i=1
—H(b)
(here we substituted b + ¢ — 1 for k in the product), (5)
cta—1 cta—1 cta—1 c
H(c+a)= ] *'= Hk;' ]I #=H@: ] =H@) [[@@a+i-1)
k=0 k=a k=a i=1
=
=H(a)
(here we substituted a 4+ ¢ — 1 for k in the product). (6)

Next, we show a lemma:

Lemma 6. For every ¢ € N and j € N satisfying ¢+ > 1 and j > 1, we

have
j—1
a+b+i—1 (a+b+i—1)! ] .
= : — k).
( a+i—j ) (a+i—1)-(b+j—1)! IH(GH )

Proof of Lemma 6. Let i € N and j € N be such that ¢« > 1 and 7 > 1. One
of the following two cases must hold:

Case 1: We have a +1i —j > 0.

Case 2: We have a +1— 7 < 0.

In Case 1, we have

a+i—1 ati—j a+i—1 a+i1—1
a+i-'= ] k=] I+ I k=G@+i-i- J[ *
k=1 k=1 k=a+i—j+1 k=a+i—j+1
=(a+i—j)!
j—1
=(a+i— -] (a+i—k)
k=1

(here we substituted a + i — k for k in the product),



so that

H:H&H—i—@. (7)
Now, .
(a+b+z’—1>: (a+b+i—1) _ (a+b+i—1)
a+i—j (a+i—g((a+b+i—1)—(a+i—j)! (a+i—7)-(b+j—1)!
(since (a+b+i—1)—(a+i—j)=b+75—1)
B (a+b+1—1) (ati—1)
S (ad+i—D!-(b+j—1) (CL+Z—])
(a+b+i—1)!

CJH

= (a+i—k (by (@) -
(a+i—1)-(b+j—1)! Pt

Hence, Lemma 6 holds in Case 1.
In Case 2, we have

1:[(@+i—k;):<ﬂ(a+i—k)>~ I] (e+i—#) |- 1:[ (a+i—k)

k=1 k:a+i k=a+i+1

=a+i— (zz—i—z) 0
(since a + 1 — j < 0 yields a +i < j)

=0,
so that
b+i—1
(CH— —|‘—z : ):0 (since a +1i—j < 0)
a+i—j
B (a+b+1—1)! 0
S (adi—D!-(b+j5—1) S~
=TI (a+i—h)
k=1
(a+b+i—1)! ﬁ( i
= . a 71— .
(a+i=1-(b+j—1! 2=

Hence, Lemma 6 holds in Case 2.

Hence, in both cases, Lemma 6 holds. Thus, Lemma 6 always holds, and this
completes the proof of Lemma 6.

Another trivial lemma:

Lemma 7. Let R be a commutative ring with unity. Let u € N and
v € N, and let a;; be an element of R for every (i,j) € {1,2,...,u} X

{1,2,...,v}.

(a) Let a1, ag, ..., oy, be u elements of R. Then,
a;, if j =4 \ '
i if j =1 L NIgi<e _ o \1<j<e
({ 0 1f] 7éZ ) (a'%J)lgigu - (ala%])lgigu :
, 1<i<u



(b) Let B1, Po, ..., B, be v elements of R. Then,

S \1<<w Bi, it j =i s (. aN<iZy
(az,y)lgigu : 0, if j £ = (awﬁj)1g§u :

1<i<w

(c) Let ay, ag, ..., a, be u elements of R. Let [y, 5, ..., B, be v
elements of R. Then,

e N 1<i<u ey 1<)<w
o, if j =i (4SS, Bi, if j =1; — (ouay ;B;)15I=
0, if j # i v /1sisu 0, if j #i , i%i,jPj ) 1<i<u -

1<i<u 1<i<vw

(d) Let aq, ag, ..., a, be u elements of R. Let (1, B2, ..., B, be v
elements of R. If u = v, then

o (o 21220 = ([To) - (1) - (22).
Proof of Lemma 7. (a) For every i € {1,2,...,u} and j € {1,2,...,v}, we have

zu: o, ifl=14 Z o, ifl=14
0,if¢#£i I 0,if0#£i

(=1 0e{1,2,...u}
~—~
= X
Le{1,2,..., u}
= ) o ) Qs
Z { 0, if £ #1 6t Z { 0,if 047
66{1,2,.:.,u};\ ~— £e{1,2,...;u}; ~— _
b=i =aqy, since £=i £Fi =0, since ¢#£i
= Z ;ay; + Z 0-ap; = Z Qiag; = Z QG j
0e{1,2,...,u}; 0e{1,2,...,u}; 0e{1,2,...,u}; Ledi}
0=i 0 0=i
-0
(since ¢ € {1,2,...,u} yields {¢ € {1,2,...,u} | =i} = {i})
= (xiam.
Thus,
4 1<j<v
. . . 1<4< u . 3
({ oy, if j =1 ) qu.(a' ')1§jgv B { oy, if £ =1; Cap — (aa: 4>1§j§v
e 1,5)1<i<u : : J = Qi g )1 <<y
0, if j #1i \<icu Sisu — 0, if £ #£1 Licn Sisu

and thus, Lemma 7 (a) is proven.



(b) For every i € {1,2,...,u} and j € {1,2,...,v}, we have

- ) Beiti=6 ) Bty =4¢
> { 0,ifj#£0 > ai 0, ifj£¢

=1 €e{1,2,...0}
:ee{l,z ,,,,, v}
B, it j =1 Be, it j =1,
- ¥ { FEAR IR Rl
e{1,2,...,v}; N 07 lv'] 7& £e{1,2,...,v}; “ O’ lvj ?é _
(=] =py, since ¢=j 7] =0, since ¢#£j
yields j=¢ yields j#£¢
= Z ;e + Z a0 0= Z a; e = Z a; 0B
0e{1,2,...,v}; e{1,2,...,v}; £e{1,2,...,v}; Le{j}
(=j (4] ) (=j
=0
(since j € {1,2,...,v} yields {¢ € {1,2,...,v} | L =3} ={j})
= (l@jﬁj.
Thus,
o . 1<j<v v o 1<j<v
CISi<w Bi, it g =14 _ o Be, it j=1¢; (. aI<i<ve
3= =1 1<i<u
and thus, Lemma 7 (b) is proven.
(c) We have
Qay, lf] = Z, ts=u . ((Z' 4)1§j§v . 62’7 lf] = Z; ==
0, i5#7 )i, s 0,771 ) e,

~
<j<
:(O‘iaivj)}gzgs by Lemma 7 (a)

B, ifj=i; \ ="
(o \ISi<u | i, it j =1 (o g I<i<o
= (aza/’h])lgigu ({ 0, ifj%i )1<¢<U (azal,]ﬁj)lgigu
by Lemma 7 (b) (applied to o;a;; instead of a; ;).

Thus, Lemma 7 (c) is proven.

a, if j =4 ' a;, if § =i

(d) The matrix ({ 0. if j£i )1<¢<u is diagonal (since { 0 ifjL£i
0 for every i € {1,2,..,u} and j € {1,2,...,u} satisfying j # ). Since the
determinant of a diagonal matrix equals the product of its diagonal entries, this

yields
g, ifj =i\ oy, ifi=i
det(({ 0, if j # >1<i<u>:H{ 0, if i # i :Hai'
Similarly,

B, if j =i )1“” -
det e ~T15.
© (({ 0, if 7 #1 I<i<v }_[16
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Lemma 7 (c) yields

e . . 1<j<u P . 1<j<v
(iai ;i B) 2= = as, i j=i; )7 ai ) SEY By if j=1; \ 7"
17,7179 )1<i<u 0, lf] 7&2 A 1,5)1<i<u 0’ 1f] 7é2 A .

1<i<u 1<i<v

Thus, if u = v, then

det <(CYZGZ7]B])}§5SSS>
~ det ({ @i, if j =i )1<j<“.(a, Jisise. ({ B it j =i )KM
0, if j #£14 L<icu W/ 1<isuy 0, if j #£14 \<ico
o\ I<i<u NG B
B oy, if 7 =1; . N 1§j§v> ) Bi, if j =
- <({ 0, if j #1 )19’@) det <(am)1§i§u et (<{ 0,if7#¢ ) o,

N J (.

-~

o i1

- (1) (118 0o (22

Thus, Lemma 7 (d) is proven.
Now, let us prove Theorem 0:
Proof of Theorem 0. Let a € N, b € N and ¢ € N. We have

b1\ 1Sise
e (("22025)
a+1—) 1<i<c
1<j<e

1
(@a+b+i—1) =
= — L
det ((a—i—z—l) btj—1) Ha%—z (by Lemma 6)

1<i<e
i q 1<5<¢
B (a+b4+i—1) 3
= det ( (a+i—1)! Ha+z—k’ b+]—1
k=1 1<i<e
. _1 1<j<e
(a+b+i—1)! ) <H ) (J >
= H - det H a+1—
(izl (a+i—1)! i=1 b+i—1)! k=1 1<i<e
j—1
by Lemma 7 (d), applied to R = Q, v = ¢, v = ¢, a;; = a+1—k),
7]
k=1
(a+b+i—1) 1 :
- df= ). S
a CETEY and f3; = (b—l—z—l)!) ince
j—1 1<j<c
(H(a+i—k)> = 1T (a+i) = (a+j)
k=1 1<i<e (00)€{1,2,00}; =i
1>

(by Corollary 4, applied to R = Z, m = c and a; = a + i for every i € {1,2, ...,

= H (1—j)=Hc) (by Lemma 5, applied to m = ¢),

(i,3)€{1,2,....c}?;
i>j

11

c})



this becomes

(222 et it

(8)
Now,
H(a)H (b)H (¢)H (a+b+c)
H((b+c¢)H (c+a)H (a+D)
H(a) H(b) H () H(a+Db)- ﬁ(a+b+¢—1)!
(H(b)-i]j[l(b+i—1)!)-(H(a)-]i[l(a+z—1)> H(a+0)

(by @), () and (6))

[[(a+b+i—1)

S i=1 . CH(0)
(Z]:[l(b+z—1)> (Z]:[l(a—l—z—l))
ﬁ(a—i—b—i—z—l) )

= = C -H (c)

H(a+z’—1)! H(b+i—l)!
. (a+;)r+i—1)/ R
:il;ll a—|—z—1 l;[ b+Z—1

(a+b+i—1)
a+z—1

I
Eo
v
/\
=
+
|
J:)
v

m

=

bai— 1\ 1si<e
(since ((a o )) € 7). In other words,

a+1—7 1<i<e
Hb+c)H(c+a)H(a+0b)|H(a)H(b)H(c)H(a+b+c).
Thus, Theorem 0 is proven.

Remarks.
1. Theorem 0 was briefly mentioned (with a combinatorial interpretation,
but without proof) on the first page of [1]. It also follows from the formula
H(a)H (b)H (¢c)H b c — 1) (i —1)!
(21) ln [3] (Since (a) ( ) (C) (a_'_ +C) _ <a+b+l ) (Z ) )7

Hb+c)H(c+a)H(a+b) 11;[1 (a+i—1)!(b+i—1)!
or, equivalently, the formula (2.17) in [4]. It is also generalized in [2], Section 429
(where one has to consider the limit x — 1).

2. We can prove more:

12



Theorem 8. For every a € N, every b € N and every ¢ € N, we have

H (a) H(b) H (c) H (a+b+c)
H(b+c)H (c+a)H (a+D) _ 1<j<e
(N s ()

We recall a useful fact to help us in the proof:
Theorem 9, the Vandermonde convolution identity. Let x € Z

and y € Z. Let g € Z. Then,
Tty T Y
(2)-2 ()65

q—k

q keZ
(The sum on the right hand side is an infinite sum, but only finitely

many of its addends are nonzero.)
Proof of Theorem 8. For every ¢ € {1,2,...,c} and every j € {1,2,...,c}, we

have
(a—i—b—l—i—l) _Z(a+b)( i—1 )

ati—j \ & J\a+i—j—k
(by Theorem 9, applied tox =a+b,y=i—1and ¢g=a+1i — j)

_Z< a+b )( i—1 )
S\a—j+L at+i—j—(a—j+70)
(here we substituted a — j + ¢ for k in the sum)

-2 )6

ez
a+b 1—1 a+b 1—1
-y ANy Y | |
a—j+L0)\i—/¢ a—7j+/¢ i—
Lel; Lez; ~——
(0<i—£<i—1 is true) (0<i—£<i—1 is false) —0, since i—1>0 and
h ~~ g (0<i—0<i—1 is false)
= X =X
LEL; LEL;

0<i—0<i—1 1<t<i

(since 0<i—¢<i—1 is

equivalent to 1<£<7)

a+b 1—1 a+b a+0b 1—1
o o1 PSS () B SE (RS EUED ol (RO [ )
e, J Lel; J LET; J )
1<0<i (0<i—£<i—1 is false) 1<0<i . 7
-0 -y \i—¢J\a—j+¢
=1
< <¢-1)< a+b >_i(i_1>( a+b )
— 1—C0)\a—7+1¢ — 1—0)\a—75+1¢
here we replaced the ) sign by an ) sign, since all addends for ¢ > i
=1 =1

1—1

are zero (as ( g) =0 for ¢ > i, since i — £ < 0 for £ > i) and since ¢ > ¢
Z_
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Thus,

((“2h)

1<j<e

1<i<c

()
i—=J 1<i<c

(),
L= 1<i<e

Z' _ 1 1<j<c
Now, the matrix <( >)
=7/ /1<i<e

i€{1,2,...m}and j € {1,2,...,m} satisfying i < j

is lower triangular

w(((20))

J=1

(S6N00)

1<5<c B ﬁ (j N 1)
1<i<c j _j

—_——

1<j<e

1<i<ce
1<j<e

a+b
a—jJ+1
_/_/

(aijfj>
L)

1<i<c
1<j<e

1<i<c

(10)

 — 1
(since (Z ) = 0 for every

t—J

EI). Since the determinant
of an lower triangular matrix equals the product of its diagonal entries, this yields

:<jgl):1

Now,

o () ) = ((C5)

(by (10))

~a(((:2))

1<j<e

1<i<c

a-+b

a+b

J/

N Vv
=1 by ()

:det<(< a—i.—b )
a+1i—7

Combined with @, this yields

H(a)H (b)H (¢)H (a+b+c)
Hb+c)H (c+a)H(a+D)

can ()

,— 1
Sbecause i < j yields i — j < 0 and thus <l ) =0
t=J

14

) ) 1<j<e
1<i<c

a+b

1<j<e 1<5<c
()
1<i<c at+t—7/) /) 1<i<c

'<(a+¢—j)>
:) e <(<a+z‘—j

(11)

1<j<e
1<i<c

))

1<j<ec

1<i<c

)



Thus, Theorem 8 is proven.
3. We notice a particularly known consequence of Corollary 4:

Corollary 10. Let m € N. Let a4, as, ..., a,, be m integers. Then,

dt(((j__ll)):>H(m)= I o) 02

(i) E{L,2,..,m}%;
i>7

In particular,

H (m) | 11 (a; — aj) .

(i,§)€{1,2,....m}?;
i>]

Proof of Corollary 10. Corollary 4 (applied to R = 7Z) yields

det (ﬁ(ai—k)> = 1T (a; — a;). (13)

k=1 1<i<m (i,5)e{1,2,....,m}?;
i>j

Now, for every i € {1,2,...,m} and j € {1,2,...,m}, we have

(G-1)-1
I ((ai—1)—k) (i-1)-1
(ai - 1> _ k=0 1

TRy e § S

k=0

j—1

VvV
=a;—k

ey | (Rt

(here we substituted k — 1 for k in the product)

1 j—1 j—1 1
:<j—1)!,g<“"_k):1'(H(‘”_k))'(j—m (14)

k=1

15



Therefore,

a; — 1 1<j<m j—l 1 1<j<m
J- 1<i<m k:l (j—1) Lciom
m m 1 ] 1 1<jSm
=1 (=) et
=1 QiEl , k 1 1<i§m
= 1 (a;—aj)
i

- (z ])6{1 2. m}2

7—1)! i>j
11;[1 ( ) (by (13))

by Lemma 7 (d), applied to R =Q, u=m, v =m,

Jj—1 1
a’%] kl;ll (al k) y Qg and 61 (Z _ 1)'

so that

[T (6—a)=det (((f‘;:f))ij) . 1:‘1(@ 1y

(1.5)€{1,2,...,m}?;

1>)
4 — 1\ 1Sism)  mol
= det ' | K
() I
<i<m /- k=0
——
=H(m)
(here we substituted k for ¢ — 1 in the product)
1\ s
— det (("“ )) H (m).
J—1 1<i<m
Thus,
H(m) | II (a; — a;)
(i,j)E{ll,Q,l...,m}Z;
1>)
1<j<m
i—1
(since det (a. 1) € Z). Thus, Corollary 10 is proven.
] p—
€L 1<i<m

Corollary 11. Let m € N. Let a4, as, ..., a,, be m integers. Then,

det(<(j‘fl)>ii:).1{(m)= I ea)

(i,)€{1,2,....m}%;
i>]

16



Proof of Corollary 11. The equality (applied to a;+1 instead of a;) yields

det ((((ai ;L_1>1_ 1)>1§j§m> Hm)= ][ (@+1)~(q+1)

1<i<m . 5 ~~
- = (Z7])e{17277m} > :al'*aj
1>)

= I (w-qa.

(i,)€{1,2,....m}*;
1>7

Since (a; + 1) — 1 = a; for every i € {1,2,...,m}, this rewrites as

det(<(jgf1))ii:).mm>: M a

(i.4)€{1,2,...m}%;
i>]

This proves Corollary 11.
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