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Abstract. In this expository paper, various properties of matrix traces,
determinants and adjugate matrices are proved, including the trace Cayley-
Hamilton theorem, which says that

k
key + ZTr (Ai> ck—; =0 for every k € N
i=1

whenever A is an n x n-matrix with characteristic polynomial det (tI, — A) =

n ,

Y. c,_it' over a commutative ring K. While the results are not new,
i=0

some of the proofs are. The proofs illustrate some general techniques in

linear algebra over commutative rings.

Contents

[1. Introduction 2

2. Notations and theorems| 4
2.1. Notations|. . . . . . . . . . . e 4
2.2. Themainclaims|. . . . . . . . . . . . . . . . 4

[3. The proofs| 7
B.1. Proposition2.2land Corollary 2.4 . . . . ... .............. 7
[?2 Reminders on the adjugate] . . . . ... ... .......... ... .. 9
ET& Polynomials with matrix entries: a trivial lemmal. . . . . . ... ... 12
B.4. Proof of the Cayley-Hamilton theorem|. . . . ... ......... .. 13
B.5. Derivations and determinantsl . . . . . . . . . . ... 17
B.6. The derivative of the characteristic polynomial| . . . . . ... ... .. 21
[?7 Proof of the trace Cayley-Hamilton theorem| . . . ... ... ... .. 24
BB. Acorollary|. . . . . . . . . 25




The trace Cayley-Hamilton theorem page 2

4. Application: Nilpotency and traces| 26
4.1. A nilpotency criterion| . . . ... ... Lo o oL 26
4.2. A converse direction] . . ... ... ... 28

I5. More on the adjugate| 30
b.1. Functoriality| . . . ... ...... ... ... ... 30
5.2. The evaluation homomorphism|. . . ... ... .......... .. 30
b.3. The adjugate of aproduct . . .. ..................... 33
b.4. Determinant and adjugate of an adjugate] . . . . ... ... ... ... 36
5.5. The adjugate of A as a polynomialin A] . . ... ............ 39
b.6. Minors of the adjugate: Jacobi’s theorem| . . . ... .......... 41
5.7. Another application of the I, + A strategy| . . . ... ... ... ... 46
5.8.  Another application of the strategy: block matrices| . . .. ... ... 48
B.9. The trace of theadjugate]. . . . . . ... ... ... ... ... . ... 54
5.10. Yet another application to block matrices| . . . .. ... ... ... .. 55

6. Further remarks| 66
6.1. Almkvist’s theoreml . . . . ... ...... ... ... ... ..... 67
6.2. Tr (AP)in characteristicp| . . . ... ... .. ... .. .. ....... 69

. Another formula for derivations of detAl . . . . ... ... ... ... 70

1. Introduction

Let K be a commutative ring. The famous Cayley-Hamilton theorem says that
if xa = det(tl, — A) € K[t] is the characteristic polynomial of an n x n-matrix
A € K", then x4 (A) = 0. Speaking more explicitly, it means that if we write

this polynomial x 4 in the form x4 = Z cy_it' (with ¢,,_; € K), then Z c,_ ;A = 0.
i=0 i=0
Various proofs of this theorem are well-known (we will present one in this paper,

but it could not be any farther from being new). A less standard fact, which I call
the trace Cayley-Hamilton theorem, states that

k .
key + ZTr <A1> c—i=0 for every k € N (1)
i=1

n .

(where Y c,_;t' is x4 as before, and where we set c,,_; = 0 for every i < 0). In
i=0

the case of k > n, this can easily be obtained from the Cayley-Hamilton theorem

n .

Y c,_iA" = 0 by multiplying by A" and taking traceg'} no such simple proof
i=0

exists in the general case, however. The result itself is not new (the k < n case,

IThe details are left to the interested reader. The kcj term on the left hand side appears off, but it
actually is harmless: In the k = #n case, it can be rewritten as Tr (AO) ¢y and incorporated into
the sum, whereas in the k > n case, it simply vanishes.
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for example, is [LomQuil6, Chapter III, Exercise 14]), and is well-known e.g. to
algebraic combinatorialists and representation theorists (indeed, the underlying
idea goes back to Frobenius); however, it is hard to find an expository treatment.

When the ground ring K is a field, it is possible to prove the trace Cayley-
Hamilton theorem by expressing both Tr (A’) and the ¢; through the eigenvalues
of A (indeed, Tr (A’) is the sum of the i-th powers of these eigenvalues, whereas
¢j is (—1) times their j-th elementary symmetric function); the identity then
boils down to the Newton identities for said eigenvalues. This proof goes back to
Gantmacher [Gantma77, §IV.5, (44)]. However, of course, the use of eigenvalues in
this proof requires K to be a field. There are ways to adapt this proof to the case
when K is a commutative ring. One is to apply the “method of universal identi-
ties” (see, e.g., [LomQuil6, Chapter III, Exercise 14]; the method is also explained
in [Conrad09]) to reduce the general case to the case when K is a fiel Another
is to build up the theory of eigenvalues for square matrices over an arbitrary com-
mutative ring K; this is not as simple as for fields, but doable (see [Laksov13]).

In this paper (specifically, in Section [3), I shall prove both the Cayley-Hamilton
and the trace Cayley-Hamilton theorems without the use of eigenvalues. Instead, I
will use a trick that involves expanding the adjugate matrix adj (tI, — A) as Dot° +
Dyt + .-+ D,,_1t""1 for some n matrices Dy, D;,...,D,_1 € K"*". This way
of proving the Cayley-Hamilton theorem is well-known, and is in fact the oldest
known proof of the theorem, proposed by Buchheim in 1884 [Buchhe84]. What is
not well-known, however, is that the same trick can be used for the trace Cayley-
Hamilton theorem, although it requires more work; in particular, an intermediate
step is necessary, establishing that the derivative of the characteristic polynomial
xa =det(tl, — A)is Tr (adj (tI, — A)). I hope that this writeup will have two uses:
making the trace Cayley-Hamilton theorem more accessible, and demonstrating
that the trick just mentioned can serve more than one purpose. Next, I shall show
an application of the trace Cayley-Hamilton theorem, answering a question from
[m.se1798703] (Section [).

In the second half of this paper (Section [5), I shall discuss several other proper-
ties of the adjugate matrix as well as further applications of polynomial matrices in
proving determinant identities. The proofs of these properties rely on the “tI,, + A
trick”, which consists in replacing the matrix A € K"*" by the polynomial ma-
trix tI, + A € (K[t])"*". The latter matrix has the advantage that its determinant
det (tI, + A) is regular (i.e., not a zero-divisor) even when det A is not. This allows
us to cancel det (tI, + A) from equalities, something that could not generally be
done with det A. This trick is an instance of a strategy deeply familiar to algebraic
geometers (“deforming away from a singularity”) and even to elementary geome-
ters (e.g. viewing a tangent of a circle as a limiting case of a secant), but is rarely
seen in texts on linear algebra, particularly in the purely algebraic form presented
here. (Several authors perform an analogous analytic procedure, which replaces a
real matrix A € R"*" by a “slightly wiggled” version ¢I,, + A € R"*" for small

2This relies on the observation that (1) (for a given k) is a polynomial identity in the entries of A.
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e > 0. This often has the same purpose as our replacement of A by tI,, + A, but has
the disadvantage of working only for real or complex matrices.)

In a short final section (Section [6), I will discuss a few more properties of traces,
including Almkvist’s theorem on traces of nilpotent matrices over commutative
rings. The proofs are only outlined.

2. Notations and theorems

2.1. Notations

Before we state the theorems that we will be occupying ourselves with, let us agree
on the notations.

Definition 2.1. Throughout this paper, the word “ring” will mean “associative
ring with unity”. We will always let K denote a commutative ring with unity.
The word “matrix” shall always mean “matrix over KK”, unless explicitly stated
otherwise.

As usual, we let K [f] denote the polynomial ring in the indeterminate ¢ over
K.

If f € K[t] is a polynomial and # is an integer, then [t"] f will denote the
coefficient of t" in f. (If n is negative or greater than the degree of f, then this
coefficient is understood to be 0.)

Let IN denote the set {0,1,2,...}.

If n € N and m € N, and if we are given an element a; ; € K for every (i, ]) €

{1,2,...,n} x{1,2,...,m}, then we use the notation (ai/]')lgign, 1<j<m for the

n x m-matrix whose (i, j)-th entry is a; ; for all (i, j) € {1,2,...,n} x {1,2,...,m}.

For every n € IN, we denote the n x n identity matrix by I,,.

For every n € IN and m € IN, we denote the n x m zero matrix by 0.

If A is any n x n-matrix, then we let det A denote the determinant of A, and
we let Tr A denote the trace of A. (Recall that the trace of A is defined to be the
sum of the diagonal entries of A.)

We consider K as a subring of K [¢t]. Thus, for every n € IN, every n X n-matrix

in IK"*" can be considered as a matrix in (K [t])"*".

2.2. The main claims
We shall now state the results that we will prove further below. We begin with a

basic fact:

Proposition 2.2. Let n € IN. Let A € K"*" and B € K"*" be two n X n-matrices.
Consider the matrix tA + B € (K [t])"*".

(@) Then, det (tA + B) € K [t] is a polynomial of degree < n in t.
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(b) We have [t°] (det (tA+ B)) = detB.
(c) We have [t"] (det (tA + B)) = det A.

Definition 2.3. Let n € IN. Let A € K"*" be an n x n-matrix. Then, we consider
A as a matrix in (K [t])"*" as well (as explained above); thus, a matrix tI, — A €
(K [t])"*" is defined. We let x 4 denote the polynomial det (I, — A) € K [t]; we
call x 4 the characteristic polynomial of A.

We notice that the notion of the characteristic polynomial is not standardized
across the literature. Our definition of x 4 is identical with the definition in [Knapp16,
§V.3] (except that we use t instead of X as the indeterminate), but the definition in
[Heffer14, Chapter Five, Section II, Definition 3.9] is different (it defines x4 to be
det (A —tI,) instead). The two definitions differ merely in a sign (namely, one
version of the characteristic polynomial is (—1)" times the other), whence any
statement about one of them can easily be translated into a statement about the
other; nevertheless this discrepancy creates some occasions for confusion. I shall,
of course, use Definition 2.3 throughout this paper.

Corollary 2.4. Let n € IN. Let A € K"*".
(@) Then, x4 € K|[t] is a polynomial of degree < n in .
(b) We have [t°] x4 = (—1)" det A.
(c) We have [t"]| x4 = 1.

Of course, combining parts (a) and (c) of Corollary shows that, for every
n € N and A € K"*", the characteristic polynomial x4 is a monic polynomial of
degree n.

Let me now state the main two theorems of this section:

Theorem 2.5 (Cayley-Hamilton theorem). Let n € IN. Let A € K"*". Then,
XA (A) = 0uxn. (Here, x4 (A) denotes the result of substituting A for t in the
polynomial x 4. It does not denote the result of substituting A for t in the expres-
sion det (tI, — A); in particular, x4 (A) is an n X n-matrix, not a determinant!)

Theorem 2.6 (trace Cayley-Hamilton theorem). Let n € IN. Let A € K"*". For
every j € Z, define an element ¢; € K by ¢; = [#"77] xa. Then,

k
key + ZTr <Ai> ck_i =20 for every k € IN.
i=1

Theorem is (as has already been said) well-known and a cornerstone of lin-
ear algebra. It appears (with proofs) in [Bernhall], [Brown93, Theorem 7.23],

October 23, 2025



The trace Cayley-Hamilton theorem page 6

[Buchhe84], [Camero08, Theorem 2.16], [Climen13, Theorem 23.1], [Ford24, The-
orem 4.7.12], [Garrett09, §28.10], [Hefter14, Chapter Five, Section IV, Lemma 1.9],
[Knapp16|, Theorem 5.9], [Loehr14, §5.15], [Macduf56, Corollary 14.21], [Matel6, §4,
Theorem 1], [McDona84, Theorem 1.8], [Moore68, §6.1, Theorem 1.1], [Sage08| Sec-
onde méthode (§3)], [Shurmal5], [Stoll17, Theorem 3.1], [Straub83|], [BroWil89, The-
orem 7.10], [Zeilbe85, §3] and in many other sourceﬂ The proof we will give below
will essentially repeat the proof in [Heffer14, Chapter Five, Section IV, Lemma 1.9];
this proof goes back to Buchheim’s 1884 note [Buchhe84], and may be the histori-
cally first proof of the theorem.

Theorem is a less known result. It appears in [Greub78, Proposition 7.7.1]
(with a proof using tensorﬂ, in [LomQuil6| Chapter III, Exercise 14] (with a sketch
of a proof), in [Zeilbe93, (C — H)] (with a beautiful short proof using exterior alge-
bra) and in [Zeilbe85, Exercise 5] (without proof); its particular case when K is a
field also tends to appear in representation-theoretical literature (mostly left as an
exercise to the reade. We will prove it similarly to Theorem this proof, to my
knowledge, is new.

The names we use for Theorem and Theorem should not be misunder-
stood as attribution. Indeed, neither Cayley nor Hamilton seem to have proved
Theorem Cayley, in his 1858 memoir [Cayley58] that introduced the theorem,
verified it for n < 3 and subsequently claimed to “have not thought it necessary to
undertake the labour of a formal proof of the theorem in the general case of a ma-
trix of any degree”. Hamilton seems to have done even less. Buchheim gave what
might be the first proof in 1884 [Buchhe84] (in fact, the very proof we shall give
below), crediting (for unclear reasons) Tait’s work on quaternions. See [Feldma62]|
and [Macduf56, §14] for more historical references. The origins of Theorem
are even more elusive: While it appears in Gantmacher’s [GantmaZ77, §IV.5, (44)]
(already in the 1960 edition) without much fanfare, it is not easy to find an earlier
source, perhaps in part because of the surprisingly late introduction of the notion
of the trace of a matrix (by Dedekind in 1882). Something along the lines of Theo-
rem [2.6 (in a very special case) appeared in Frobenius’s 1899 paper [Froben99, (4.)

3All the sources we are citing (with the possible exception of [Garrett09, §28.10]) prove Theorem
in full generality, although some of them do not state Theorem [2.5|in full generality (indeed,
they often state it under the additional requirement that IK be a field). There are other sources
which only prove Theorem [2.5]in the case when K is a field. The note [Sage08] gives four proofs
of Theorem for the case when K = C; the first of these proofs works for every field K,
whereas the second works for any commutative ring KK, and the third and the fourth actually
require K = C.

Note that some authors decline to call Theorem [2.5the Cayley-Hamilton theorem; they instead
use this name for some related result. For instance, Hefferon, in [Heffer14], uses the name
“Cayley-Hamilton theorem” for a corollary.

4[Greub78, Chapter 7] assumes K to be a field of characteristic 0, but I hope the proof does not
rely on this assumption.
°In the case when K is a field, a proof using eigenvalues is outlined in [Gantma77, §IV.5, (44)].
This proof can be adapted to arbitrary commutative rings K using universal splitting algebras
(see [LomQuil6, §I11.4]).
Another proof when K is a field is presented in [Kalman00].
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and (6.)] (one of the foundational works of group representation theory). I would
not be too surprised to find some precursors in the vast literature on determinants
and invariant theory.

3. The proofs

3.1. Proposition [2.2] and Corollary

Let us now begin proving the results stated above. As a warmup, we will prove
the (rather trivial) Proposition

We first recall how the determinant of a matrix is defined: For any n € NN,
let S, denote the n-th symmetric group (i.e., the group of all permutations of
{1,2,...,n}). f n € N and ¢ € S,, then (—1)7 denotes the sign of the permu-

tation . If n € N, and if A = (a;;),_._, |<j<y 18 @n 1 X n-matrix, then

detA = 2 (_1)0Hai,(7(i)' (2)
i=1

ogES,

We prepare for the proof of Proposition 2.2| by stating a simple lemma:

Lemma 3.1. Let n € IN. Let x1,xp,...,x, be n elements of K. Let y1,y5,...,y, be
n
n elements of K. Define a polynomial f € K [t] by f = T (tx; + y;).
i=1

(@) Then, f is a polynomial of degree < n.

(b) We have [t"] f = ﬁ X;.
i=1

(c) We have [£] f = ﬁ Y.
i=1

n
Proof of Lemma Obvious by multiplying out the product [T (tx; + y;) (or, if one
i=1
desires a formal proof, by a straightforward induction over n). O

Proof of Proposition Write the n x n-matrix A in the form A = (a; )
Thus, a;; € K for every (i,j) € {1,2,...,n}? (since A € K"™*"),
Write the n X n-matrix B in the form B = (bi,]-)

every (i,7) € {1,2,.. .,n}? (since B € K"*").
For every o € S;, define a polynomial f, € K [¢] by

1<i<n, 1<j<n’

1<i<n, 1<j<n’ Thus, bi,j € K for

n

fo= H (tai,(f(i) + bi,a(i)) ~ 3)

i=1

The following holds:
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Fact 1: For every o € S;, the polynomial f; is a polynomial of degree
< n.

[Proof of Fact 1: Let ¢ € S,. Then, Lemma 3.1 (a) (applied to a;,(;), b;,(;) and fo
instead of x;, y; and f) shows that f, is a polynomial of degree < n. This proves
Fact 1.]

From A = (ai/f>1§i§n, 1<j<n

(ta;; + bifj>1§i§n, I<j<n Hence,

and B = (b;;) we obtain tA + B =

1<i<n, 1<j<n’

.

det(tA+B)= Y (-1)7 (tai,a(i) + bi,a(i))
ceS, i=1

. s

=/,
(by @)
by (), applied to K [t], tA + B and ta;; + b;
instead of K, A and 4;

- Z (_1)Uf0~

oEeS,

Hence, det (A + B) is a K-linear combination of the polynomials f, for o € S,,.
Since all of these polynomials are polynomials of degree < n (by Fact 1), we thus
conclude that det (tA + B) is a K-linear combination of polynomials of degree < n.
Thus, det (tA + B) is itself a polynomial of degree < n. This proves Proposition 2.2]
(a).

(b) We have
(1] (det (14 + B)) = [1°] (2 (—1)"fa> = (-1 ) fo
D oeSs, ogES, ——
=L () n
7ESn =£Il bi (i)
(by Le;nma ()

(applied to a; (), bj»(;) and fo
instead of x;, y; and f))
n

=Y (=D Tbicw)-
oESy i=1
Comparing this with

- by (2), applied to B and b; ;
detB= ) (=1)"][biwn ( @ Y

. instead of A and 4; ;
o€ES, i=1 /]

we obtain [t°] (det (A + B)) = det B. This proves Proposition 2.2{ (b).
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(c) We have

-

- £, (0% e

o€Sn =
(by Lemma [3.1] (b)
(applied to i o (i) bi,a(i) and f,
instead of x;, y; and f))

[£"] (det (tA + B)) = [t"] (Z (—1)‘Tfa> =) (-1 Flfe

h 4 cEeS,

n

= Y (1))

oEeS, i=1

Comparing this with (2), we obtain ["] (det (tA + B)) = det A. This proves Propo-
sition 2.2] (c). O

Proof of Corollary The definition of x 4 yields

Xa = det| tI,—A | = det(tl,+ (—A)). Hence, Corollary 2.4 follows from
N——
=tl,+(—A)
Proposition (applied to I, and —A instead of A and B). (For part (b), we need
the additional observation that det (—A) = (—1)" det A.) O

Let me state one more trivial observation as a corollary:

Corollary 3.2. Let n € IN. Let A € K"*". For every j € Z, define an element
. n
¢j € Kby c¢j = [t"7] xa. Then, xo = ¥ c,_t".
k=0

Proof of Corollary For every k € Z, the definition of ¢, _j yields

Chk = [f"_("_k)} XA = [tk} XA- 4)

We know that x4 € K[t] is a polynomial of degree < n in t (by Corollary

(a)). Hence,
=5 ([ xa)# = Lo i

k=0 N e’
=Cpn—k

(by (@)
This proves Corollary O

3.2. Reminders on the adjugate

Let us now briefly introduce the adjugate of a matrix and state some of its proper-
ties.
We first recall the definitions (mostly quoting them from [Grinbel5, Chapter 6]):
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Definition 3.3. Let n € N and m € N. Let A = (a;;),_,., I<j<m be an n x m-

matrix. Let iy,1ip,...,1, be some elements of {1,2,...,n}; let jy,ja, ..., jo be some

]1,]2,--~f£” A to be the u x v-matrix

elements of {1,2,...,m}. Then, we define subz.1 i

Definition 3.4. Let n € IN. Let a1,ay,...,a, be n objects. Leti € {1,2,...,n}.
Then, (ay,ay,...,a;,...,a,) shall mean the list (ay,4a2,...,4;-1,8i41,8i12,...,0n)
(that is, the list (a1, ay, . ..,a,) with its i-th entry removed). (Thus, the “hat” over
the a; means that this a; is being omitted from the list.)

For example, (12,22,...,52,...,82) = (12,22, 3, 4,6, 72, 87).

Definition 3.5. Let n € IN and m € IN. Let A be an n X m-matrix. For every
i €{L2,...,n}and j € {1,2,...,m}, we let A_;.; be the (n—1) x (m—1)-

Jeoes

matrix subii% nmA. (Thus, A.;~; is the matrix obtained from A by crossing

out the i-th row and the j-th column.)

Definition 3.6. Let n € IN. Let A be an n X n-matrix. We define a new n X n-
matrix adj A by

oA _qN\it] .
adJA—<( 1) det(AN]'Nl)>1<i<n, 1<j<n’

This matrix adj A is called the adjugate of the matrix A.

The main property of the adjugate is the following fact:

Theorem 3.7. Let n € IN. Let A be an n x n-matrix. Then,
A-adjA=adjA-A=detA-I,.

(Recall that I, denotes the n x n identity matrix. Expressions such as adjA - A
and det A - I,, have to be understood as (adj A) - A and (det A) - I,,, respectively.)

Theorem [3.7| appears in almost any text on linear algebra that considers the ad-
jugate; for example, it appears in [Hefferl4, Chapter Four, Section III, Theorem
1.9], in [Knapp16, Proposition 2.38], in [BroWil89, Theorem 4.11] and in [Grinbel5)
Theorem 6.100]. (Again, most of these sources only state it in the case when K is a
tield, but the proofs given apply in all generality. Different texts use different nota-
tions. The source that is closest to my notations here is [Grinbel5|, since Theorem
above is a verbatim copy of [Grinbel5, Theorem 6.100].)

Let us state a simple fact:
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Lemma 3.8. Let n € IN. Let u and v be two elements of {1,2,...,n}. Let A and u
be two elements of K. Let A and B be two n x n-matrices. Then,

(AA + ]/lB) - /\ANH,N'U + VBNM,N'U'

~U,~0

Proof of Lemma Obvious. O

Next, we prove a crucial, if simple, result:

Proposition 3.9. Let n € IN. Let A € K"*" be an n x n-matrix. Then, there exist
n matrices Dy, D1, ..., D,_1 in K"*" such that

n—1
adj (tI, — A) = Y_ t*Dy in (K [t])"™".
k=0

(Here, of course, the matrix Dj on the right hand side is understood as an ele-
ment of (K [t])"*".)

Proof of Proposition Fix (1,v) € {1,2,...,n}% Then, Proposition (a) (applied
ton—1, (In)., ., and (—A) instead of n, A and B) shows that

det (t (L) oy oy + (—A)
other words, there exists an n-tuple (d;, 4,0, d,01,---,upn—1) € K" such that

~U,~D

) € K |t] is a polynomial of degree < n—1in t. In

~U,~D ~U,~D

n—1
det (£ (1) o + (= A) o) = Y duupt®
k=0

Consider this (dy,0,0, w1, - - - dupu—1). But Lemma[3.8|(applied to K [¢], t, 1, I, and
—A instead of K, A, u, A and B) yields (tI, — A)_, ., =t (In) oy o + (= A) o
(after some simplifications). Thus,

det ((H = A) Ly ) = det (F(In) oo + (= A) i)

n—1 '
— Z du,v,kt . (5)
k=0

Now, forget that we fixed (1, v). Thus, for every (1,v) € {1,2,...,1n}>, we have
constructed an n-tuple (dy,00,dup1, - - -, duon-1) € K" satisfying ().
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Now, the definition of adj (I, — A) yields

adj (11— A) = | ()" det ((t,— ), )

N

-

= Z d]lkt
(by (3] apphed to (u0)=0(i))/ 1<i<p, 1<j<n

!
= (—1)Z+] Z d]'/i/ktk (Z tk l+] d]zk> .
k=0 , 1<i<n, 1<j<n

-

n—1 i+
=Y tH(=1)"d;x
k=0 1<i<n, 1<j<n

Comparing this with

Z tk < H—] d;; k) Z tk z+]d )
1<i<n, 1<]<n . .
1<i<n, 1<j<n

n—1
we obtain adj(tI, — A) = ¥ tf ((— )it d]1k> . Hence, there exist n
k=0 1<i<n, 1<j<n

matrices Dy, D1, ..., D,_1 in K"*" such that

adj (tI,, — Z t*Dy in (K [¢t])"*"
- i+j B .
(namely, Dy (( 1) d]1k>1§i§n/ I<jn for every k € {0,1,...,n—1}). This
proves Proposition O

3.3. Polynomials with matrix entries: a trivial lemma

Lemma 3.10. Let n € N and m € N. Let (By,By,...,By) € (K™ and

(Co,C1,...,Cm) € (IK”X”)erl be two (m + 1)-tuples of matrices in K"*". As-
sume that

m m
Y By =Yty in (K [t])"™".
k=0 k=0

Then, By = Cy for every k € {0,1,...,m}.
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Proof of Lemma For every k € {0,1,...,m}, write the matrix By € K"*" in

the form By = (bij) -, L<jn and write the matrix C; € K"*" in the form

Cre = (Ck/i'f)lgign, 1<j<n’

m m
Now, Y. B, = ( y tkbkli,j> (since By = (bkij) <., 1<j<n for every
k=0 k=0 1<i<n, 1<j<n I

m m
k€{0,1,...,m}). Similarly, ¥ tC, = (Z tkck,,-,j) . Thus,
k=0 k=0 1<i<n, 1<j<n

m 3 m P m ) m .
Y Dy = Y B = Y G = [ Y fey
1<i<n, 1<j<n k=0 k=0

k=0 k=0 1<i<n, 1<j<n

In other words,
- k - k
Zt bk,i,j = Zt Ck,z',j
k=0 k=0

forevery (i,j) € {1,2,...,n}*. Comparing coefficients on both sides of this equality,
we obtain

brij = Ck

forevery k € {0,1,...,m} forevery (i,j) € {1,2,...,11}2. Now, every k € {0,1,...,m}
satisfies

By = | by, = (Ck,i,j)1gign, 1<j<n Ch-
~—
Tkij/ 1<i<n, 1<j<n
This proves Lemma m O

3.4. Proof of the Cayley-Hamilton theorem

We are now fully prepared for the proof of the Cayley-Hamilton theorem. However,
we are going to organize the crucial part of this proof as a lemma, so that we can
use it later in our proof of the trace Cayley-Hamilton theorem.

Lemma 3.11. Let n € IN. Let A € K"*". For every j € Z, define an element
¢j € K by Cj = [tn_]] XA-
Let Dy, Dq,...,D,_1 be n matrices in IK"*" such that

n—1
adj (tI, — A) = Y_ t*Dy in (K [t])"". (6)
k=0

Thus, an n-tuple (Dy, Dy, ...,D,_1) of matrices in K"*" is defined. Extend this
n-tuple to a family (Dy )., of matrices in IK"*" by setting

(Dr = Opxn for every k € Z\ {0,1,...,n—1}). (7)
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Then:
n
(@) We have x4 = Y c,_xt".
k=0
(b) For every integer k, we have ¢, I, = Dy_1 — ADx.

(c) Every k € N satisfies

k
i

Y o iA'=Dy_q i

i=0

Proof of Lemma (@) Lemma (a) is just Corollary

(b) We have
n
Ztka—lztO Dy +Ztka1 ZtDkl Zf D(ky1)-
k=0 -D \fo/ k=1 *0 —ttk
= 1 nxn :Dk
(by @)
(here, we have substituted k + 1 for k in the sum)
n—1 n—1
= Y Dy =t Y Dy = tadj(tl, — A) (8)
k=0 k=0
——
=adj(tl,—A)
(by @)
and
n n—1 n—1
Y Dy =t" D, +Y D= Y Dy
k=0 7 k=0 k=0
(by @)
= adj (tl, — A) (by @) - ©)

But Theorem [3.7] (applied to K [¢] and tI, — A instead of K and A) shows that
Thus, in particular,
—
(by the defir)fi?ion of x4)
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so that

Xa-In=(tl, — A)-adj (tI, — A)

- N\ ——

n n
= tadj (tl, — A) — Aadj(tl, — A) = Y_t*Dy 1 — A} Dy

k=0
=Y Dy =Y Dy n
k=0 k=0 =Y tkAD
by @) by @) AP
=k =k =k
=) Dy — ) t*ADy =) t*(Dy_q — ADy).
k=0 k=0 k=0
Thus,
= . k =
Y t(Dy_1 — ADy) = XA L= Y enit | - Ln= ) tcp gl
k=0 ~ k=0 k=0
=) Cnfktk
k=
(by Lemgna (a))

Lemma (applied to m = n, By = Dy_1 — ADy and Cy = ¢,,_¢I;) thus shows that
Dy_1 — ADy = ¢, i I for every k € {0,1,...,n}. (10)

Now, let k be an integer. We must prove that c¢,, I, = Dx_1 — ADx.

If k€ {0,1,...,n}, then this follows from . Thus, we WLOG assume that k ¢
{0,1,...,n}. Hence, k—1 € Z\ {0,1,...,n — 1}, so that @ (applied to k — 1 instead
of k) yields Dy_1 = Opxyn. Also, k ¢ {0,1,...,n} leadsto k € Z\ {0,1,...,n —1};
therefore, yields Dy = 0yxn. Now, D1 — A Dy = 0pxn — Ouxn = Onxcn

—~— —~—

:Onxn :OI’IXVI
On the other hand, ¢, = 0 Hence, ¢, I, = 0uxn. Compared with
~—~—

=0
Dy_1 — ADj = 0y xy, this yields ¢, I, = Dy_q — ADx.
Hence, ¢, _¢l, = Dy_1 — ADy is proven. In other words, Lemma (b) is
proven.

®Proof. Recall that x4 is a polynomial of degree < n (by Corollary (@)). Hence, [tk] xa=0
(since k ¢ {0,1,...,n}). Now, (H) yields ¢,y = [tk] xa =0.
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(c) Let k € IN. Then,

k n

i_ k—n+i
Y kA=) G (ki) A
i=0 i=n—k S~

=Cn—i

(here, we have substituted k — n + i for 7 in the sum)

n n
k—n+i __ k—n+i
Z —iA = Y, A Cn-iln
=n—k 7Ak nJrICn l[ i=n—k :Difl_ADi
(by Lemma (b),

applied to i instead of k)

n
Z kn+z 11_AD)
j=n—k

! k— k—
— Ak=m+iD,_ — Ak=n+i AD;

n

_ Z Ak—n+zDi_1_ Ak—nti g D,
ok —
i=n— = Ak—n+itl= gk—n+(i+1) =D(i11)-1

n

_ Z (AkfnJriDiil _Akfn+(i+1)D(i+1)_1)

i=n—k
— Ak—n+(n—k) D, 11— Ak—n+(n+1) D(n+1)—1
:AOZIH ;Etzonxn
by @)
(by the telescope principle)
=Dy k-1=Dn1¢
This proves Lemma (). O

Proof of Theorem For every j € Z, define an element ¢; € K by ¢j = [t"7/] xa.
Proposition shows that there exist n matrices Dy, Dq,...,D,,—1 in K"*" such
that

adj (I, — Z t Dy in (K [t])"".

Consider these Dy, Dy, ..., D,,_1. Thus, an n-tuple (Dy, D1, ..., D,_1) of matrices in
K"*" is defined. Extend this n-tuple to a family (Dg),., of matrices in K"*" by
setting

Dy = 05xn for every k € Z\ {0,1,...,n —1}.

Thus, in particular, D_1 = 0.

Lemma [3.11f (a) shows that x4 = 2 Cp itk = 2 cp_ith. Substituting A for t in
i=0
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this equality, we obtain

n .
xa(A) =Y cyiA'=Dy 1y (by Lemma (c), applied to k = n)
i=0
— Dfl — Onxn.
This proves Theorem O

3.5. Derivations and determinants

Now, let us make what seems to be a detour, and define IKK-derivations of a K-

algebraﬂ

Definition 3.12. Let L be a K-algebra. A K-linear map f : L — L is said to be a
K-derivation if it satisfies

(f (ab) =af (b)+ f(a)b foreveryacLandbeLL). (11)

The notion of a “IK-derivation” is a particular case of the notion of a “k-derivation”
defined in [Grinbel6a, Definition 1.5]; specifically, it is obtained from the latter
when setting k = K, A = IL and M = L. This particular case will suffice for us.
Examples of K-derivations abound (there are several in [Grinbel6al]), but the only
one we will need is the following:

Proposition 3.13. Let 0 : K[f] — K |[t] be the differentiation operator (i.e., the
map that sends every polynomial f € K[¢] to the derivative of f). Then, 9 :
K [t] = K [t] is a K-derivation.

Proof of Proposition This follows from the fact that 0 (ab) = ad (b) + 9 (a) b for
any two polynomials 2 and b (the well-known Leibniz law). O

A fundamental fact about KK-derivations is the following:

Proposition 3.14. Let IL be a K-algebra. Let f : L — IL be a K-derivation. Let
n € N, and let aq,ay,...,a, € L. Then,

n
flaray---an) =) aay---aiaf (a;) @100 - an.
i=1

’See [Grinbel6a, Convention 1.1] for what we mean by a “K-algebra”. In a nutshell, we require
K-algebras to be associative and unital, and we require the multiplication map on a K-algebra
to be K-bilinear.
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This proposition is a particular case of [Grinbel6a, Theorem 1.14] (obtained by
setting k = K, A =L and M = LL); it is also easy to proveﬂ

What we are going to need is a formula for how a derivation acts on the deter-
minant of a matrix. We first introduce a notation:

Definition 3.15. Let n € IN and m € IN. Let L and M be rings. Let f : L — IM be
any map. Then, f"*" will denote the map from IL"*" to IM"*™ which sends ev-

ery matrix (a;;),_;_, 1<jem € L7 to the matrix (f (@)1 <icy, 1<jam € M

(In other words, f"*™ is the map which takes an n x m-matrix in IL"*", and ap-
plies f to each entry of this matrix.)

Theorem 3.16. Let IL be a commutative K-algebra. Let f : . — IL be a K-
derivation. Let n € IN. Let A € IL"*". Then,

f(detA) =Tr (" (A)-adjA).

Proving Theorem will take us a while. Let us begin by stating three lemmas:

Lemma 3.17. Let n € N and m € IN. Let A = (aiff>1<i<n L <iem c K"™M and
B = (bi'j)lgigm, 1<j<n € Kmxn, Then,
n m
Tr (AB) =Y ) a;b;,.
i=1j=1

m
Proof of Lemma[3.17] The definition of AB yields AB = (Z ai/kbk,j)
k=1 1<i<n, 1<j<n

(since A = (a; ) and B = (b;) ). Hence,

1<i<n, 1<j<m

n m n.om
Tr (AB) = Z Z a;xby; = Z Z a;bji
i=1k=1

i=1j=1

1<i<m, 1<j<n

(here, we have renamed the summation index k as j in the second sum). This proves
Lemma [3.171 O

Lemma 3.18. Let L be a commutative K-algebra. Let f : L — L be a K-
derivation. Let n € IN, and let ay,a5,...,a, € IL. Then,

n
flmay---an) =Y fla) [
k=1 i€{1,2,..n};
ik

8First one should show that f (1) = 0 (by applying toa =1 and b = 1). Then, one can prove
Proposition by straightforward induction on 7.
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Proof of Lemma Proposition yields

n
flaay---an) =) aaz---a;i1f (a;) 418442 an
i=1

n
= Z a1z - - ag—1f (Ax) Ags1042 - "l
k=1

~
=f(ag)(ayaz--ax_1) (g 10542 an)
(since IL is commutative)

(here, we have renamed the summation index i as k)

n

S Y F (@) (1) (a1 a0) = k”zlfwk) M«

k=1 ™~ ic{12,..,n};
= H a; :
ic{12,..,n}; ik
ik
This proves Lemma [3.18| O
Lemma 3.19. Let n € IN. Let A = (ai,]-)1<l.<n 1<j<n be an n x n-matrix. Let

pe{l,2,...,n}and g € {1,2,...,n}. Then,
Z (—1)0 H ai,(T(i) = (_1)P+5] det (ANPIN(,]) .

oEeSy; i€{1,2,..n};
o(p)=q i#p

Lemma is [Grinbel), Lemma 6.84]; it is also easy to prove (it is the main
step in the proof of the Laplace expansion formula for the determinant).
Proof of Theorem Write the matrix A € L”*" in the form A = (ai,]')l <i<n, 1<j<n’
Hence, f"" (A) = (f (airj))lgign, 1<j<n (by the definition of f"*"). The definition

of adj A shows that adjA = ((—1)i+j det (ij,~i>>l<,< ;.- Hence, Lemma
<i<n, 1<j<n

3.17|(applied to IL, n, f"*" (A), f (a;;), adj A and (—1)""/ det (A~ ;) instead of K,

m, A, a;j, B and b; ;) yields

Tr (f"" (A)-adjA) = iif (a;;) (—1)" det (Avi ;)
i=1j=

= Flag) (—1) 1 det (Ag i
L L) 1 et ()
=(—1)*
here, we have renamed the summation index i
as k in the outer sum
n o n )
= Z Zf (ﬂlk,]') (—1)k+] det (ANk,Nj) . (12)

k=1j=1
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But the map f is a IK-derivation, and thus is K-linear. Now, (2) (applied to IL
n

instead of K) yields det A = Y. (—1)7 I] 4;,(;)- Applying f to both sides of this
i=1

cEeS,
equality, we find

f(detA)
=f ( Y. (—1)01—[411',0(1'))
TESy i=1
=Y (-1)7f [Ta00 (since the map f is K-linear)
TESy i=1

N——
=1,0(1)42,0(2) """ Un,o(n)

= L (-1f

S

M,e1)2,0(2) " 'an,a(n)>

ceSy, " g
= i f ko (k H Ao (i
k=1 ( ot >) ie{1,2,...n}; -
i£k

(by Lemma applied to

;o (j) instead of a;)

(—1)01:21f <ak,a(k)) [T e

I
g

cEeS, ie{12,..n};
i£k
=Y, )Y (-1)°f <ak,a(k)> IT e (13)
k=1c0€S, i€{1,2,...n};
ik
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But every k € {1,2,...,n} satisfies

) (=17 f <ak,a(k)> [1 4w

oES, ie{12,..n};
= X r
jE{12,..n} 0€Sy;
o(k)=j

(since o(k)€{1,2,...,n} for each 0€S,,)

= Y Y (D)f| aen IT e

j€{1,2,...n} 0E€Sy; —~ i€{1,2,..,n};
o(k)=j NN i#k
(since o (k)=j)

= Y, Y (D) f(ay) TT 4w

j€{1,2,..n} o€Sy; i€{1,2,..n};
o) ik
= ) flay) X 07 [ 4o
je{1,2,..n} oESy; ie{1,.2,..n};
g o) "
:jgl =(-1)* ;;t(ANk,~j)

(by Lemma applied to
L, k and j instead of KK, p and g)

=Y f () (~1) det (Aky)

n
J=1
Hence, (13) becomes

n

f(detA)=3 Y (-1)7f (ak,a(k)> IT e

k=10¢€S, ie{12,..,n};
ik
:.ilf(ak,j)(_l)kﬂ det(ANk,Nj)
=
non )
= 2 Y S (agj) (F1)" 7 det (Ang) = Tr (£ (4) -adj 4)
k=1j=1
(by (12)). This proves Theorem [3.16| O

3.6. The derivative of the characteristic polynomial

The characteristic polynomial x 4 of a square matrix A is, first of all, a polynomial;
and a polynomial has a derivative. We shall have need for a formula for this
derivative:
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Theorem 3.20. Let n € IN. Let A € K"*". Let 9 : K[t] — K |[t] be the differ-
entiation operator (i.e., the map that sends every polynomial f € K|¢] to the

derivative of f). Then,
oxa = Tr(adj (tI, — A)).

Proof of Theorem Proposition shows that 0 : K [f] — K [t] is a K-derivation.
Now, consider the map 9"*" : (K [t])"*" — (K [t])"*" (defined according to Defi-

nition 3.15). It is easy to see that
""" (tB—A) =B (14)

for any n x n-matrix B € K" f| Applying this to B = I,,, we obtain 9"*" (tI, — A) =

In.
The definition of x 4 yields x4 = det (tI, — A). Applying the map 9 to both sides

of this equality, we obtain

dxa = (det (tl, — A)) = Tr | " (tI, — A) -adj (tI, — A)

=1,
by Theorem (applied to K [t], 0 and tI, — A >

( instead of I, f and A)
=Tr| I, -adj(tl, — A) | =Tr(adj(tl, — A)).
:adj(‘t?n_A)
O

This proves Theorem [3.20]
9Proof. Let B € K" " be an n x n-matrix. Write the matrix B in the form B = (birf)1<i<n 1<j<n’
Both matrices A and B belong to K"*";
—aij) = bij

1<i<n, 1<j<n’
i € K and b;; € K and therefore 9 (tb;

Write the matrix A in the form A = (al-,j)
]

thus, every (i,j) € {1,2,...,n}” satisfies a;
(since 0 is the differentiation operator).

Now,
t B
~—~—
ij :(”f/f) <i<n, 1<j<n

1
- <“i,]‘)1§i§n, 1<j<n (thij — ”i/f)lgign, 1<j<n

i,j

=t bi'f)léién, 1<j<n

Hence, the definition of the map 0"*" yields

M (tB— A) = | (thi; — ai;) = (0ij)1cicn 1<jen = B

=bij 1<i<n, 1<j<n

ged.
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We can use Theorem to obtain the following result:

Proposition 3.21. Let n € IN. Let A € K"*". For every j € Z, define an element
¢j € Kby c; = [t"7] xa.

Let Dy, Dy,...,D,_1 be n matrices in K"*" satisfying @ Thus, an n-tuple
(Do, D1, ...,D,,—1) of matrices in K"*" is defined. Extend this n-tuple to a family
(Dk)gez of matrices in K"*" by setting (7). Then, every k € Z satisfies

Tr (Di) = (k+1) ¢y (ks1)- (15)

Proof of Proposition Let 0 : K[t] — K|[t] be the differentiation operator (i.e.,
the map that sends every polynomial f € K [¢] to the derivative of f).

n
Lemma [3.11| (a) yields x4 = Y c,_xt*. Applying the map 9 to both sides of this
k=0

equality, we obtain

Z & since 0 is the differentiation
oxa =0 <Z antk> = Z Cn,kktk_l ( )
= = operator

n . n—1 v
= Y kep k" =Y (k+1) cp eyt
k=1 k=0

(here, we have substituted k 4- 1 for k in the sum). Meanwhile, Theorem yields

n—1 n—1 n—1

oxa =Tr | adj(tl, —A) | =Tr (Z tka> = Y e (D) = Y Tr (Dy) .
Y k=0 k=0 k=0

=Y tD,

k=0
(by (@)

Comparing these two equalities, we obtain

n—1

n—1
Y Tr (D)t =) (k+1) eyt
k=0 k=0

This is an identity between two polynomials in K [t]. Comparing coefficients on
both sides of this identity, we conclude that
Tr (Di) = (k+1) cy—(k41) for every k € {0,1,...,n —1}. (16)

Now, let k € Z. We must prove (15).

If k € {0,1,...,n—1}, then follows immediately from (16). Hence, for the
rest of this proof, we WLOG assume that we don’t have k € {0,1,...,n —1}.
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We don’t have k € {0,1,...,n—1}. Thus, k € Z\ {0,1,...,n—1}. Hence, @)
yields Dy = 0y xn, so that Tr (Dy) = Tr (0, xn) = 0.

Recall again that k € Z\ {0,1,...,n —1}. In other words, we have either k < 0
or k > n. Thus, we are in one of the following two cases:

Case 1: We have k < 0.

Case 2: We have k > n.

Let us first consider Case 1. In this case, we have k < 0. If k = —1, then
holdﬂ Hence, for the rest of this proof, we WLOG assume that k # —1.
Combining k < 0 with k # —1, we obtain k < —1. Hence, k +1 < 0.

The definition of ¢, _ 1) yields ¢,_(x41) = o=k )) |y = [tkH] xa =20
—tk+1
(since k +1 < 0, but x 4 is a polynomial). Hence, (k + 1) c,_(4+1) = 0. Comparing
0
this with Tr (Dy) = 0, we obtain Tr (Dy) = (k 4 1) ¢,,_(41)- Hence, (15) is proven in
Case 1.
Let us now consider Case 2. In this case, we have k > n. Thus, k+1>n+1 > n.
But x4 is a polynomial of degree < n. Hence, [t"] x4 = 0 for every integer
m > n. Applying this to m = k + 1, we obtain [t**1] x4 = 0 (since k + 1 > n).

The definition of ¢, _ (k1) yields ¢, (1) = =) |y = [tkﬂ} xa =0.
—thk+1

Hence, (k+1) c,_(k41) = 0. Comparing this with Tr (Dy) = 0, we obtain Tr (D) =
N e’

=0

(k+1) ¢ (k+1)- Hence, (15) is proven in Case 2.
We have now proven (15) in each of the two Cases 1 and 2. Thus, always
holds. Thus, Proposition is proven. O

3.7. Proof of the trace Cayley-Hamilton theorem
Now, we can finally prove the trace Cayley-Hamilton theorem itself:

Proof of Theorem Proposition[3.9shows that there exist #n matrices Do, Dy, ..., D1
in K"*" such that

n—1
adj (tI, — A) = Y_ t*Dy in (K [t])"".
k=0

Consider these Dy, Dy, ..., D;,—1. Thus, an n-tuple (Dy, D1, ..., D,_1) of matrices in
K"" is defined. Extend this n-tuple to a family (Dy); ., of matrices in K"*" by

19Proof. Assume that k = —1. Then, k+ 1 = 0, so that (k+ 1) Cn—(k+1) = 0. Comparing this with
H/—/

=0
Tr (Dy) = 0, we obtain Tr (Dg) = (k + 1) ¢, (k1); hence, holds, ged.
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setting
(Dr = Opxn forevery k € Z\ {0,1,...,n—1}).
Now, let k € IN. Then, Proposition (applied to n — 1 — k instead of k) yields
Tr(Dp1k) = ((n=1=k)+1)  Cp(n-1-k)+1) = (—k)ck
—~ ~————
:ﬂ*k =Ck
(since n—((n—1—k)+1)=k)
Thus,
i ,
(ﬂ - k) C = Tr D _1—k =Tr Ck_l'AZ
‘:V—’ i=0
=Y Al
(by Lelr;lgna ()

=%t (4) =e o (41,,) - Lo (4)

:Ck

(here, we have split off the addend for i = 0 from the sum)

k _ k ,
= Tr (In) + ;ck_iTr <Al) =cn+ ;Tr <Al> Ch—i-

1

:TI'(Ai ) Cl—i

k .
Solving this equation for } Tr (A') ¢t_;, we obtain
i=1

k .
Y Tr (A’) cr_i = (n—k)cy — cxn = ncy — key — ney = —kcy.
—_———

i=1
:i’lekak =nck

k .
Adding ke to both sides of this equation, we obtain kcx + Y. Tr (A) ¢x—; = 0. This
i=1
proves Theorem O

3.8. A corollary

The following fact (which can also be easily proven by other means) follows readily
from Theorem
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| Corollary 3.22. Let n € N. Let A € K"*". Then, [t""!] x4 = — Tr A.

Proof of Corollary For every j € Z, define an element ¢; € K by ¢; = [t"7/] xa.

The definition of c; yields ¢c; = [#"~!] x 4. The definition of ¢ yields ¢y = [t”fo] XA =
[ }/
=[tn
[t"] xa = 1 (by Corollary 2.4 (c)).
1 .
Theorem [2.6/ (applied to k = 1) yields 1c; + Y Tr (A') ¢;—; = 0. Thus,
i=1
() 1
1C1 = — Tr (A C1—j = —Tr A C1—1 = —Tr A.
= 1 i) =7
~~ 4 =co=1
ITI‘(Al)C1,1

Comparing this with 1c; = ¢; = [t"71] x4, we obtain [t" 1] x4 = —Tr A. This
proves Corollary O

4. Application: Nilpotency and traces

4.1. A nilpotency criterion

As an application of Theorem let us now prove the following fact (generalizing
[m.se1798703] and part of [Robins61, Corollary 1]):

Corollary 4.1. Let n € IN. Let A € K"*". Assume that
Tr <Ai> =0 foreveryi € {1,2,...,n}. (17)

(@) Then, n! A" = 0,,xp.
(b) If K is a commutative Q-algebra, then A" = 0;;x5.

(c) We have n!y 4 = n!t".

(d) If K is a commutative Q-algebra, then x4 = t".

Proof of Corollary @1} For every j € Z, define an element ¢; € K by ¢; = [t"7/] xa.

The definition of ¢y yields ¢y = [t”fo] xa = [t"] xa =1 (by Corollary 2.4/ (c)).
N’
=[t"]
We now claim that

ke, =0 for every k € {1,2,...,n}. (18)
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[Proof of (I8): Let k € {1,2,...,n}. Then, every i € {1,2,...,k} satisfies i €
{1,2,...,n} and therefore also

Tr (Ai) —0 (19)
(by (17)). Now, Theorem [2.6] yields

key + igk;Tr (Ai> cr—i = 0.

Solving this equation for kci, we obtain

kep=— Y Tr (Ai> Chi=—Y 0cp_i=—0=
i=1 i,()-/ i=1
(by (19) =0
This proves (18).]
Now, we claim that
nlcy =0 for every k € {1,2,...,n}. (20)
[Proof of (20): Let k € {1,2,...,n}. The product 1-2-----n contains k as a

factor, and thus is a multiple of k; in other words, n! is a multiple of k (since
nl=1-2-.... n). Hence, n!cy is a multiple of kcy. Thus, follows from (18).]
Finally, we observe that

nle,_r =0 for every k € {0,1,...,n—1}. (21)

[Proof of (21): Let k € {0,1,...,n —1}. Then, n —k € {1,2,...,n}. Hence,
(applied to n — k instead of k) yields n!c,_; = 0. This proves (21).]

n
Now, Corollary 3.2 yields x4 = Y. c,_t*. Substituting A for ¢ in this equality,
k=0

n
we obtain x4 (A) = ¥ c¢,_xAF. Multiplying both sides of the latter equality by !,
k=0

we obtain

n n n—1
nlxa (A) = n! Z ey AK = 2 nle, A* = Z nle, y AX+nl ¢y A"
k=0 k=0 k=0 "~ —~

:O :C():l
(by 1)
(here, we have split off the addend for k = n from the sum)
n—1
= Y 0A* +nlA" = n1A".
k=0
h\,—/

=0
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Hence,
mA" =n! xa(A) = 0uxn.
=0
(by Tgegrzl;n
This proves Corollary 4.1 (a).
(b) Assume that K is a commutative Q-algebra. Corollary 4.1| (a) yields n!A" =

1 .
0,x1. Now, — € Q, so that we can multiply an n x n-matrix in K"*" by - (since
n! n!

1 1 1
K is a Q-algebra). We have En! A" = A", Hence, A" = p Q!\fg = EOW” = 0,xn-
S~ =0y xn

=1
This proves Corollary [4.1] (b).

n
(¢) Multiplying the equality x4 = Y. c¢,_it* by n!, we obtain
k=0

n n n—1
nlxa =nlY ey 1t =Y nle, 4t =Y nle, pt5 +nlcyy t"
k=0 k=0 k=0"">7" - :‘“’Cozl
(by 1))

(here, we have split off the addend for k = n from the sum)
n—1
= Y 0t* +nlt" = nit".
k=0
——
=0
This proves Corollary .| (c).

(d) Assume that K is a commutative Q-algebra. Corollary [4.1] (c) yields n!x4 =
n!t",

1 1
Now, 1 € Q, so that we can multiply any polynomial in K [¢] by po (since K is

1 1 1

a Q-algebra). We have —n!xa = xa. Hence, x4 = —nlxa = —n!t" = t". This
n! n! =~ n!
\:’1/ =nlt"

proves Corollary [4.1] (d). O

4.2. A converse direction

The following result — in a sense, a converse of Corollary 4.1/ (d) — also follows from

Theorem

Corollary 4.2. Let n € N. Let A € K"*". Assume that x4 = t". Then, Tr (A") =
0 for every positive integer i.
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Proof of Corollary .2} For every j € Z, define an element ¢; € K by ¢j = [t"7/] xa.
Then, each positive integer j satisfies

C]' = 0. (22)

[Proof of (22): Let j be a positive integer. Thus, j # 0, so that n — j # n and thus
[t"71] (#") = 0. In view of x4 = t", this rewrites as [#" /] x4 = 0. But the definition
of ¢; yields ¢; = [t"/] x4 = 0. This proves .]

The definition of ¢y yields ¢y = [t” O] xa=[t"]xa=1(by Corollary(c)).

N——

=[t"]
Now, we claim that

Tr (AF) =0 for every positive integer p. (23)

[Proof of (23): We shall prove by strong induction on p:

Induction step: Fix a positive integer k. Assume (as the induction hypothesis) that
holds whenever p < k. We must now prove that holds for p = k.

From (applied to j = k), we obtain c¢x = 0.

We have assumed that holds whenever p < k. In other words,

Tr (AP) =0 for every positive integer p < k. (24)
Now, Theorem [2.6] yields

ke + iTr (Ai) cr—i = 0.

i=1

Hence
> » YT (a (2"

0=k Cx + T( )Ckz TI'( )Ck—i: TI‘(AZ>Ck_i—|—TI' A>Ck—k
~ i =1 e —r ~
= -0 =cp=1

(by ,

applied

to p=i)

(here, we have split off the addend for i = k from the sum)

k-1
=Y Ocp_; +Tr (A*) = Tr (AF).
(4) = ()
N’
=0
Thus, Tr (A¥) = 0. In other words, holds for p = k. This completes the
induction step. Thus, is proven by strong induction. ]
We have thus proven that Tr (A”) = 0 for every positive integer p. Renaming the
variable p as i in this statement, we conclude that Tr (A') = 0 for every positive
integer i. This proves Corollary O
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5. More on the adjugate

I shall now discuss various other properties of the adjugate adj A of a square matrix
A.

5.1. Functoriality

For any n € IN and m € IN, a homomorphism f : I — IM between two rings IL and
M gives rise to a map f"*™ : L"*™ — IM"*™ (as defined in Definition [3.15). We
recall some classical properties of these maps f**":

Proposition 5.1. Let IL and M be two commutative rings. Let f : . — M be a
ring homomorphism.

(@) For every n € N and m € IN, the map f**™ : L"*" — M"*™ is a homo-
morphism of additive groups.

(b) Every n € N satisfies f"*" (I,,) = I,.

(c) Foreveryn € N, m € N, p € N, A € L' and B € L"™*F, we have
frP(AB) = frm(A) - fF (B).

(d) For every n € IN and m € IN and every A € L"*" and A € IL, we have

[ (AA) = f(A) frm (A).

Now, let me state the classical (and simple) fact which is often (somewhat incom-
pletely) subsumed under the slogan “ring homomorphisms preserve determinants
and adjugates”:

Proposition 5.2. Let IL and M be two commutative rings. Let f : L. — M be a
ring homomorphism. Let n € IN. Let A € IL"*".

(a) We have f (det A) = det (f"*" (A)).

(b) Any two elements u and v of {1,2,...,n} satisfy f*=Dx=1(A_, ) =
(fnxn (A)>Nu/rvv’
(c) We have f"*" (adj A) = adj (f"*" (A)).

Proof of Proposition Proving Proposition [5.2]is completely straightforward, and
left to the reader. O

5.2. The evaluation homomorphism

We shall apply the above to relate the determinant and the adjugate of a matrix A
with those of the matrix tI,, + A:
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Proposition 5.3. Let ¢ : K[f] — K be the map which sends every polynomial
p € K |[t] to its value p (0). It is well-known that ¢ is a K-algebra homomorphism.
Let n € N. Let A € K"*". Consider the matrix tI, + A € (K [t])"*". Then:

(a) We have e (det (tI, + A)) = det A.
(b) We have ¢"*" (adj (tI, + A)) = adj A.
(c) We have ¢"" (tI, + A) = A.

Proof of Proposition We have
" (tB+A)=A

for every B € K" [l Applying this to B = I,, we obtain ¢"*" (tI, + A) = A.
This proves Proposition 5.3 (c).

(a) Proposition 5.2] (a) (applied to K [¢], K, ¢ and tI, + A instead of L, M, f and
A) yields

e (det (tI, + A)) = det (e (1, + A)) = det A.
T/

This proves Proposition [5.3] (a).

(b) Proposition [5.2] (c) (applied to K [¢], K, ¢ and tI, + A instead of L, M, f and
A) yields

& (adj (1, + A)) = adj ( (H, + A)) = adj A.
_zjq_/
This proves Proposition [5.3| (b). O]

If A € K'™" is a square matrix, then the matrix tI, + A € (K[t])"*" has a
property which the matrix A might not have: namely, its determinant is regular.
Let us first define what this means:

Definition 5.4. Let A be a commutative ring. Let a € A. The element a of A is
said to be regqular if and only if every x € A satisfying ax = 0 satisfies x = 0.

Instead of saying that a is regular, one can also say that “a is cancellable”, or
that “a is a non-zero-divisor”.

A basic property of regular elements is the following:

Lemma 5.5. Let A be a commutative ring. Let a be a regular element of A. Let
b and c be two elements of A such that ab = ac. Then, b = c.

" Proof. This equality is similar to |i and is proven analogously.
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Proof of Lemma[5.5] We have a (b —c) = ab_ —ac = ac —ac = 0.

Now, recall that the element a of A is regalcllar if and only if every x € A satisfying
ax = 0 satisfies x = 0 (by the definition of “regular”). Hence, every x € A
satisfying ax = 0 satisfies x = 0 (because the element a of A is regular). Applying
this to x = b — ¢, we obtain b — ¢ = 0 (since a (b — ¢) = 0). Thus, b = c¢. This proves
Lemma O

Regular elements, of course, can also be cancelled from matrix equations:

Lemma 5.6. Let n € IN and m € IN. Let a be a regular element of K. Let
B € K"™"™ and C € K"*" be such that aB = aC. Then, B = C.

Proof of Lemma Write the n x m-matrices B and C in the forms B = (b; ;)

1<i<n, 1<j<m

and C = (Cirf>1§i§n, I<j<m Then, aB = (abi/]')lgign, I<j<m and aC = (”Cirf)lgign, \<j<m
Hence,
(abirf)lgign, I<jm = aB = aC = (aci/]')lgign, 1<j<m”
In other words,
ab; ; = ac; ; for every (i,7) € {1,2,...,n}t x{1,2,...,m}.
J J y L]
Thus,
bij = ci for every (i,j) € {1,2,...,n} x{1,2,...,m}

(by Lemma applied to b = b;; and ¢ = ¢;j). Hence, (b;;), ., I<j<m =
(Ci,j)1§ign, 1<j<m’ Thus, B = (biff)lgign, 1<j<m (Cirf)lgign, 1<j<m C. Lemma

b.6]is proven. O

One important way to construct regular elements is the following fact:

Proposition 5.7. Let n € IN. Let p € K[| be a monic polynomial of degree n.
Then, the element p of K [¢] is regular.

Proof of Proposition 5.7} Proposition is precisely [Grinbel6b) Corollary 3.15]
O]

12In a nutshell, the proof in [Grinbel6b| Corollary 3.15] proceeds as follows: The polynomial p
is monic of degree n; thus, p = t" 4 (lower order terms) (where “lower order terms” means
a K-linear combination of monomials ¢ with i < n). On the other hand, if x € K [t] is such
that px = 0, then we can write x as x = at" 4 (lower order terms) for some a € K and some
m € N (where “lower order terms” means a K-linear combination of monomials # with i < m).
Multiplying the equalities p = t" + (lower order terms) and x = at” + (lower order terms), we
find

px = at"*™ + (lower order terms).

Hence, from px = 0, we obtain a = 0. Thus, if x € K|[t] is such that px = 0, then the highest-
degree term of x is 0. But this clearly entails x = 0. Thus we have shown that p is regular.
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Corollary 5.8. Let n € IN. Let A € K"*". Consider the matrix tI, + A €
(IK [])"".
Then, the element det (¢I, + A) of K [t] is regular.

Proof of Corollary 5.8} Proposition 2.2] (a) (applied to I, and A instead of A and B)
yields that det (tI, + A) € K|[t] is a polynomial of degree < n in t. Proposition
(0) (applied to I, and A instead of A and B) yields that [t"] (det (I, + A)) =
det (I,) = 1.

So we know that the polynomial det (tI, + A) € K[| is a polynomial of degree
< n, and that the coefficient of " in this polynomial is [¢"] (det (tI, + A)) = 1.
In other words, the polynomial det (tI, + A) € K |[t] is monic of degree n. Thus,
Proposition 5.7| (applied to p = det (I, + A)) shows that the element det (tI, + A)
of K [t] is regular. This proves Corollary O

A square matrix whose determinant is regular can be cancelled from equations,
as the following lemma shows:

Lemma 5.9. Let n € IN. Let A € K"*". Assume that the element det A of K is
regular. Let m € IN.
(@) If Be K"™™ and C € K"*™ are such that AB = AC, then B = C.
(b) If B € K™*" and C € KK™*" are such that BA = CA, then B = C.
Proof of Lemma Define an element a of K by a = det A. Recall that the element

det A of K is regular. In other words, the element a of K is regular (since 2 = det A).
Theorem [3.7)yields A-adjA =adjA- A = detA - I,.

(@) Let B € K" and C € K"*" be such that AB = AC. We must prove that
B =_C.

We have
adjA-AB=detA- I,B =aB.
N—— N~
=det A-I, —4 =B
Thus,

B =adjA- AB,=adjA-AC =detA- ,C = aC.
2 _ — = -
:AC :detAIn =a :C
Lemma [5.6] thus yields B = C. This proves Lemma [5.9) (a).

(b) The proof of Lemma (b) is similar to the proof of Lemma (@) (but
now we need to work with BA -adjA and CA - adj A instead of adjA - AB and
adj A - AC). The details are left to the reader. O

5.3. The adjugate of a product

Corollary 5.8| can be put to use in several circumstances. Here is a simple example:
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Theorem 5.10. Let n € IN. Let A and B be two n x n-matrices. Then,
adj (AB) = adj B - adj A.
Theorem [5.10] is the statement of [Grinbel5, Exercise 6.33]; see [Grinbel5, solu-
tion of Exercise 6.33] for a proof of this theorem. We shall show a different proof

of it now.
We begin by showing a particular case of Theorem [5.10;

Lemma 5.11. Let n € IN. Let A and B be two n X n-matrices. Assume that the
elements det A and det B of K are regular. Then, adj (AB) = adjB - adj A.

Proof of Lemma Theorem [3.7] yields
A-adjA=adjA-A =detA-I,.
Theorem [3.7| (applied to B instead of A) yields
B-adjB =adjB-B =detB- I,.
Theorem [3.7| (applied to AB instead of A) yields
AB -adj(AB) = adj (AB) - AB = det(AB) - I,..
Now,

AB-adjB-adjA=A-detB-I,-adjA
—_——

N———
—det B-I, =detB-A
=detB-A-adjA =detB-detA -,
—
=det A-I,

—=detA-detB-I,.
Comparing this with

AB-adj(AB) = det (AB) I, =detA-detB- I,

———

=det A-det B
(by [Grinbel5} Theorem 6.23])

we obtain AB-adjB-adjA = AB-adj(AB). Lemmal5.9) (a) (applied to 1, B - adjB -
adj A and B - adj (AB) instead of m, B and C) therefore yields B -adjB -adjA =
B - adj (AB) (since the element det A of K is regular). Thus, Lemma 5.9| (a) (applied
ton, B, adjB - adj A and adj (AB) instead of m, A, B and C) yields adjB -adj A =
adj (AB) (since the element det B of K is regular). This proves Lemma O

We now derive Theorem from this lemma:
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Proof of Theorem Define the K-algebra homomorphism ¢ : K[| - K as in
Proposition
Define two matrices A and B in (K [t])"*" by A = tI,, + A and B = tI, + B.

From A = tI, + A, we obtain ¢"*" (adj A) = """ (adj (tI, + A)) = adj A (by
Proposition 5.3| (b)). Similarly, " *" (adj E) = adj B.
From A = tI, + A, we obtain ¢"*" <,2[> = ¢"™" (tl, + A) = A (by Proposition

(c)). Similarly, e"*" <§> = B.
Corollary [.8| shows that the element det (tI, + A) of K [t] is regular. In other
words, the element det A of K [#] is regular (since A = tI, + A). Similarly, the

element det B of K [t] is regular. Lemma [5.11| (applied to K [t], A and B instead of
K, A and B) thus yields

adj <A§> — adjB - adj A.
Applying the map €"*" to both sides of this equality, we obtain
g <adj (Av§>> =" <ad]B adj A) =" <ad] B) e (ad] A>

=adj B :ad] A

by Proposition [5.1] (c), applied to
Kt], K, & n, n, adj B and adj A
instead of L, M, f, m, p, A and B

= adj B - adj A.

Hence,
adjB-adjA = e"" (adj (AE)) = adj (e”X” (Aﬁ)) (25)

(by Proposition 5.2/ (c), applied to K [t], K, e and AB instead of I, M, f and A).
But Proposition (o) (applied to K [t], K, ¢, 1, n, A and B instead of L, M, f,
m, p, A and B) shows that

gnxn (AB) — ghxn (A)/ii/(i)/ = AB.

—A —B

Hence, becomes

adjB-adj A = adj | & (AB) | = adj (AB).

N———
=AB

This proves Theorem O
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5.4. Determinant and adjugate of an adjugate
Our next target is the following result:
Theorem 5.12. Let n € IN. Let A be an n x n-matrix.
(@) If n > 1, then det (adj A) = (det A)" .
(b) If n > 2, then adj (adj A) = (det A)" 2 A.
Again, we shall first prove it in a particular case:

Lemma 5.13. Let n € IN. Let A be an n X n-matrix. Assume that the element
det A of K is regular.

(@) If n > 1, then det (adj A) = (det A)" .
(b) If n > 2, then adj (adj A) = (det A)" 2 A.

Before we start proving Lemma let us first recall the following fact: If n € IN,
A € K and C € K", then
det (AC) = A" detC. (26)
(In fact, this is precisely [Grinbelb, Proposition 6.12] (applied to C instead of A).)

Proof of Lemma Theorem [3.7] yields
A-adjA =adjA-A=detA- I,

(a) Assume that n > 1. Now,

det | A-adjA | =det(detA-I,) = (det A)" det (1)
det A I/ — 1
=de An =

(by (applied to det A and I, instead of A and C))
— (det A)" = det A - (det A)" 1.

Thus,

detA- (det A)" ! =det(A-adjA) = detA - det (adj A).
Hence, Lemma (applied to A = K, a = detA, b = (detA)" ! and ¢ =
det (adj A)) yields (det A)" 1 = det (adjA) (since det A is a regular element of
K). This proves Lemma (a).

(b) Assume thatn > 2. Thus, n—1 > 1and n > 2 > 1. Now, Lemma (a)
yields

det (adj A) = (det A)" ! = det A - (det A)" D1 (sincen —1 > 1)

=(detA)"?

—detA- (detA)" 2.
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But Theorem [3.7] (applied to adj A instead of A) yields

adjA -adj(adjA) =adj(adjA) -adjA = det(adjA) - L.

Now,
A-adjA-adj(adjA) = A-det(adjA) -, = det(adjA) A
~~ 4 S——r
—det(adj A)-I, —det A-(det A)" 2
—detA- (detA)" 2 A.
Hence,

detA- (detA)" A= A-adjA-adj(adjA) = detA - I, - adj (adj A)
——’
=det A-I
=detA-adj(adjA).

Hence, Lemma [5.6| (applied to 7, det A, (det A)"~* A and adj (adj A) instead of

a, B and C) yields (detA)" * A = adj(adj A) (since det A is a regular element of
K). This proves Lemma (b). O

Let us now derive Theorem from this lemma:

Proof of Theorem [5.12] Define the K-algebra homomorphism ¢ : K[tf] — K as in
Proposition 5.3

Define a matrix A € (K [t])"*" by A = tI, + A. Corollary shows that the
element det (¢, + A) of K [t] is regular. In other words, the element det A of K [t]
is regular (since A = tI, + A).

From A = tI, + A, we obtain &"*" <adj Av> = " (adj (tI, + A)) = adj A (by
Proposition |5.3| (b)) and ¢ <det ﬁ) = ¢(det (tI, + A)) = det A (by Proposition
().

(a) Assume that n > 1. Lemma (a) (applied to K [t] and A instead of K and
A) yields det (adj A) = (det A’)H.

Now, Proposition (@) (applied to K [t], K, € and adj A instead of L, M, f and
A) yields

€ (det (adj A>> = det | " <adj A) = det(adjA).

=adj A
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Hence,
n—1
- -1 -
det(adjA) = ¢ | det (adjA) | =¢( (detd)" ) = |e(deta
J ]
—_—— —_———
—(det A)""" =det A
(since ¢ is a KK-algebra homomorphism)
= (detA)" 1,

This proves Theorem (a).
(b) Assume that n > 2. Lemma (b) (applied to KK [t] and A instead of K and

~——
=tl,+A

A (by Proposition (c)). Proposition (c) (applied to K [t], K, & and adj A
instead of L, M, f and A) yields

~ ~\ =2 - ~
A) yields adj <ade> = (detA)n A. We have ¢"*" A ) =" (tl, + A) =

e (adj (adj A)) =adj | " (adj K) =adj(adjA).
—_——
=adj A

Thus,

. . _ uxn ) L~ _ axn ~\n—-2 -
adj (adj A) = " | adj (ad] A) =" ((det A) A)
—(detA)" A

— e (de A>)_,<i>,

~(e(aerd)

(since ¢ is a K-algebra
homomorphism)

by Proposition 5.1] (d) (applied to K [t], K, ¢, n, A
A\ -2
and (det A>n instead of L, M, f, m, A and A)

n—2

= |e (detﬁ) A= (detA)" 2 A,

E/_/
=det A

This proves Theorem (b). O
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5.5. The adjugate of A as a polynomial in A

Next, let us show that the adjugate of a square matrix A is a polynomial in A (with
coefficients that depend on A, but are scalars — not matrices):

Theorem 5.14. Let n € IN. Let A € K"*". For every j € Z, define an element
Cj ceK by ¢ = [tnfj] XA- Then,

n—1 )
adjA = (—1)" 1 Y en1iAl
i=0

One consequence of Theorem is that every n x n-matrix which commutes
with a given n x n-matrix A must also commute with adj A.
We prepare for the proof of Theorem with two really simple facts:

Lemma 5.15. Let n € IN. Let u and v be two elements of {1,2,...,n}. Let A € K.
Let A be an n x n-matrix. Then,

(AA) = Ao

~U,~T

Proof of Lemma [5.15] This follows from Lemma [3.8| (applied to u = 0 and B = A).
[

Proposition 5.16. Let n be a positive integer. Let A € K"*" and A € K. Then,
adj (LA) = A" 1adj A.

Proof of Proposition Recalling the definitions of adj (AA) and adj A (and using
Lemma [5.15), the reader can easily reduce Proposition to (applied ton —1
and A.;.; instead of n and C). O

Now, let me show a slightly simpler variant of Theorem

Lemma 5.17. Let n be a positive integer. Let A € K"*". For every j € Z, define
an element ¢; € Kby ¢; = [t"7/] x4. Then,

n—1 )
adj(—A) = )_ ¢y 1A
=0

Proof of Lemma For every j € Z, define an element ¢; € K by ¢; = [t"7/] xa.
Proposition shows that there exist n matrices Dy, D1, ..., D,,_1 in K"*" such
that

n—1
adj (tI, — A) = Y_ t*Dy in (K [t])"". 27)
k=0

October 23, 2025



The trace Cayley-Hamilton theorem page 40

Consider these Dy, D1, ..., D;,—1. Thus, an n-tuple (Dy, D1, ..., D,_1) of matrices in
K"*" is defined. Extend this n-tuple to a family (Dy),., of matrices in K"*" by
setting (7). Lemma (c) (applied to k = n — 1) yields

n—1

Y cu-1-iA" = Dy1_(4-1) = Do. (28)
i=0

On the other hand, define the K-algebra homomorphism ¢ : K[t] — K as in
Proposition[5.3] This homomorphism ¢ satisfies € () = 0. Also, it satisfies ¢ (u) = u
for every u € K. Hence, the map &¢"*" : (K [t])"*" — K"*" (defined as in Definition

3.15)) satisfies
""" (F)=F for every F € K"*". (29)

But Proposition [5.1] (a) (applied to L = K[t], M = K, f = ¢ and m = n) yields
that the map ¢"*" : (K [t])"*" — K"*" is a homomorphism of additive groups.
Hence,

n—1 n—1
ghxn (Ztka> — Z ghxn (tka)
k=0 k=0 ———
—e(#)en(Dy)
(by Proposition [5.1](d) (applied to
K[t], K, ¢ n, Dy and tk
instead of I, M, f, m, A and A))

n—1
= Ig € <tk> e (Dy)

———
H/—/k =Dy
=(el) oy @)
(since e is a ring  (applied to F=Dj))
homomorphism)
k
n—1 n—1 . 0 n—1 .
=Y (e®)| Dek=) 0De=10" Do+) 0 Dy
k=0 —VO k=0 -1 k=1

(sincz k>1)
here, we have split off the addend for k = 0
from the sum (since 0 € {0,1,...,n—1})

n—1
=Dy + Y _ 0Dy = Dy. (30)
El

:Onxn

But applying the map &”*" to both sides of the equality (27), we obtain

n—1
Snxn (ad] (tIn — A)) = €n><n (Z tka> = DO
k=0
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(by (30)). Thus,

Do=e" |adj | tu—A | | =& (adj (ty+ (~A))) = adj (~A)
=tl,+(—A)

(by Proposition [5.3| (b), applied to —A instead of A). Hence, becomes

n—1 )
Z Cn_l_iAl = DO = ad] (—A) .
=0
This proves Lemma O

Finally, we are ready to prove Theorem [5.14

n—1 .
Proof of Theorem We must prove the equality adjA = (=1)""" ¥ ¢,_1_;AL
i=0
This is an equality between two n x n-matrices, and thus obviously holds if n =
0. Hence, we WLOG assume that n # 0. Thus, n is a positive integer. Hence,

Proposition (applied to A = —1) yields

adj (—A) = (—1)" adj A.

Therefore,
n—1 )
adjA = (-1)"" adj(—A) =(-1)""Y c, 1A
— i=0
= Z Cn—l—iAi
(byligmma
This proves Theorem O

5.6. Minors of the adjugate: Jacobi’'s theorem

A minor of a matrix A is defined to be a determinant of a square submatrix of A.
A theorem due to Jacobi connects the minors of adj A (for a square matrix A) with
the minors of A. Before we can state this theorem, let us introduce some notations:

Definition 5.18. Let n € N and m € N. Let A = (a;;),_, _ beann x
/ <i<n, 1<j<m

m-matrix. Let iy,1p,...,1, be some elements of {1,2,...,n}; let ji,ja,...,j» be

some elements of {1,2,...,m}. Then, we shall use sub(] 1’].2""’5”3 A as a synonym

L . (i1112/"'/
]1/]2/~--/]'D

wnr A, Thus, for every i € {1,2,...,n}" and j €

{1,2,...,m}", a u x v-matrix sub]; A is defined.

for the u x v-matrix sub
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elements of I. (Thus, Y1 =} i.)

‘ Definition 5.19. If I is a finite set of integers, then ) I shall denote the sum of all
iel

of all elements of I in increasing order (with no repetitions). (For example,

Definition 5.20. If I is a finite set of integers, then w (I) shall denote the list
w({3,4,8}) = (3,4,8).)

The following fact is obvious:

| Remark 5.21. Let n € IN. Let I be a subset of {1,2,...,n}. Then, w(I) €
(1,2,...,n}1.

Now, we can state Jacobi’s theorem/%}

Theorem 5.22. Let n € IN. For any subset I of {1,2,...,n}, we let I denote the
complement {1,2,...,n} \ I of I.

Let A be an n x n-matrix.

Let P and Q be two subsets of {1,2,...,n} such that |P| = |Q| > 1. Then,

det (subzg%) (adj A)) = (—1)=PHEQ (de’cA)|Q|_1 det (subzgg)) A) .

We shall not give a standalone proof of this theorem; instead, we will merely
derive it from results proven in [Grinbel5]. Namely, in [Grinbel5| Corollary 7.255],
the following was proven:

Lemma 5.23. Let n € IN. For any subset I of {1,2,...,n}, we let I denote the
complement {1,2,...,n} \ I of I.

Let A be an n X n-matrix.

Let P and Q be two subsets of {1,2,...,n} such that |P| = |Q|. Then,

det A - det (subzgg)) (adj A)) = (—1)EPT2Q (get A)‘Q‘ det (subZEg)) A) .

We shall also use the following obvious lemma:

Lemma 5.24. Let L and M be two commutative rings. Let f : L — M be any
map. Letn € N and m € IN. Let A € L™,
Letu € Nand v € N. Leti € {1,2,...,n}" and j € {1,2,...,m}". Then,

fuxv (subg A) = Sub]; (fnxm (A)) :

13This is [Grinbel5), Corollary 7.256]. It also appears in [Prasol94, Theorem 2.5.2] (in a different
form).
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Proof of Theorem 522, Define the K-algebra homomorphism ¢ : K[t] — K as in
Proposition

Define a matrix A € (K [t])"" by A = tI, + A. Corollary 5.8 shows that the
element det (tI, + A) of K [#] is regular. In other words, the element det A of K [¢]
is regular (since A = tI,, + A).

We have |Q| —1 € IN (since |Q| > 1). Lemma(applied to K [¢] and A instead
of K and A) yields

_ . |0 w(P) ~
det A - det (SUbZE%) (ade)) = (—1)EPe (det A) | det (subw(P) A)
N————
—(det A) (det 4)'%"
(since |Q|>1)

= (—1)ZP+ZQ (detg> (detg>|Q|_1 det <subw ?) E)

g
/N TN
e}
N—r

= detA . (—1)EPTEQ (det A) o det (subzgg)) A) .
)

Hence, Lemma 5.5 (applied to A = K[t], a = det A, b = det (subzg%) (adj g)
~ -1 P) ~
and ¢ = (—1)E"E€ <det A) © det (subzgg)) A)) yields

det (subzgl%) (adj Zf)) = (—1)EPTee (det g) ot det (subzg)) g)

(since the element det A of K [t] is regular). Applying the map ¢ to both sides of
this equality, we obtain

(s () (02
— ((_1)2P+ZQ (detﬁ) ot det (subzg)) K))
= (—1)EZPFIQ <g <det g>>|Q|l € (det (subzgg K)) (31)

(since ¢ is a K-algebra homomorphism).
The definition of P yields P = {1,2,...,n} \ P. Hence,

‘13( = {1,2,...,n}| - |P| (since P C {1,2,...,n})
\_\,_/

=n

=n—|P|.

Similarly,

Q] — 11— |Q|. Notice that )1’5‘ —n— |P| =n—|Q|.
-0
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But Remark[5.21|(applied to I = P) yields w (P) € {1,2,...,n}" = {1,2,...,n}!9
(since |P| = |Q|). Also, Remark5.21|(applied to I = Q) yields w (Q) € {1,2,...,~n}|Q|.
Furthermore, Remark |5.21| (applied to I = 13) yields w <13> € {1,2,...,n}’P| =

{1,2,...,71}”_‘@ (since ‘13 — n — |Q|). Finally, Remark [5.21| (applied to I = Q)

yields w <Q> € {1,2,...,71}@ ={1,2,...,n}" 19 (since @‘ =n—|Q|).
Recall that adj A € (K [t])"*". Furthermore,

gnxn (adj A ) —= ¢ (adj (tI, + A)) = adj A
(by Proposition [5.3] (b)).
We have w (P) € {1,2,...,n}% and w (Q) € {1,2,...,n}. Hence,

subzgl%) (adj g) e (K [#])leIel,

Thus, Proposition 5.2/ (a) (applied to K [t], K, ¢, |Q| and subZE%) (adj ﬁ) instead of
L, M, f, nand A) yields

€ <det (subzgl%) <adj ﬁ))) = det elQxIQl (subzgl%) <adj Av))

'

ZSHng%) (S”X”(adj g)) R
(by Lemma 5.24] (applied to K[t], K, ¢, 1, adj A, |Q], |Q|,
w(P) and w(Q) instead of L, M, f, m, A, u, v, i and j))

(P)
—_—
=adj A

= det subZ(Q) g (adjg> )

= det (subzgl%) (adj A)> . (32)
Comparing this with (31), we obtain

det <SUbZE1%) (adj A)>

= (—1)ZP+ZQ (s (det/T)) ot € <det (subuwjgg)) A)) . (33)

Recall that ¢"*" ( A ) =" (tl,+ A) = A (by Proposition(c)).
=tl,+A
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On the other hand, w (ﬁ) e {1,2,...,n}" 1% and w (é) e {1,2,...,m" 12
Hence,

—
)
~

subz(~) A e (K [t])(”—IQI)X(”—IQI)_

QO
)

(

Hence, Proposition (@) (applied to K [f], K, &, n — |Q| and subz ) A instead of

L, M, f, nand A) yields

—
el
N—

¢ (det (sub”?)
(et (s

o g))  det £(1=1Q))x (n=|Q)) (subw

%)

[ J/
-~

w(P) ~

:subw(é)(enxn(A)) .

(by Lemma (applied to K[t], K, ¢, n, A, n—|Q|, n—|Q|,
w(é) and w(ﬁ) instead of I, M, f, m, A, u, v, i and j))

O

= det SUbZEg)) g <A)
=A
= det (SUbZE;) A) . (34)

Also, ¢ [ det _A ) = ¢(det (tI, + A)) = det A (by Proposition(a)).

=tI,+A
Now, (33) becomes

det (subzgl%) (adj A))

Q-1

_ (—1)EPEe <detﬁ> € (det (Sszgg)) ~))

A’—J
=det A

(by (39)
_ - w(P)
= (—1)EPre (detA)‘QI det (SUbw(Q) A) .

This proves Theorem O
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5.7. Another application of the tI, + A strategy

The strategy that we have used to prove Theorem Theorem and Theorem
(namely, replacing a matrix A € K" by the matrix tI, + A € (K[t])""",
whose determinant is a regular element of K [t|; and then applying the homo-
morphism ¢ to get back to A) has many applications; not all of them concern the
adjugate of a matrix. As an example of such an application, let us prove a neat
property of commuting matrices:

Theorem 5.25. Let n € IN. Let A, B and S be three n x n-matrices such that
AB = BA. Then,
det (AS + B) = det(SA+ B).

Again, we start by showing a particular case of this theorem:

Lemma 5.26. Let n € IN. Let A, B and S be three n x n-matrices such that
AB = BA. Assume that the element det A of K is regular. Then,

det (AS + B) = det(SA+ B).

Proof of Lemma Define two n x n-matrices X and Y by X = AS+ Band Y =
SA + B. Comparing

X A= (AS+B)A=ASA+BA

~~
=AS+B
with
A Y =A(SA+B)=ASA+ AB = ASA + BA,

=SA+B =BA
we obtain XA = AY. Now, comparing

det (XA) = det (AY) = detA-detY
=AY

with

det (XA) =detX-detA =detA-detX,
we obtain det A - detX = detA -detY. Lemma (applied to K, det A, detX
and detY instead of A, a, b and c) thus yields det X = detY (since the element
det A of K is regular). In view of X = AS+ B and Y = SA + B, this rewrites as
det (AS + B) = det (SA + B). This proves Lemma [5.26] O

Proof of Theorem [5.25] Define the K-algebra homomorphism ¢ : K[f] — K as in
Proposition Thus, ¢ is a ring homomorphism. Hence, Proposition {5.1] (a) (ap-
plied to L = K[t|, M = K and m = n) shows that the map ¢"*" : (K [t])"*" —
K"*" is a homomorphism of additive groups.
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Recall that every n x n-matrix in IK"*" can be considered as a matrix in (K [t])"*".
In other words, for each F € K"*", we can consider F as a matrix in (K [¢t])"*";
therefore, €"*" (F) is well-defined. We have

""" (F)=F for every F € K"*". (35)

(In fact, the proof of (35) is identical with the proof of (29 . we gave above.)

Let A be the matrix tIn + A € (K[t])"". Thus, A = tI, + A. Applying the
map £"*" to both sides of this equality, we find &**" (/T) =" (tl, + A) = A (by
Proposition 5.3| (c)).

Corollary 5.8 shows that the element det (¢, + A) of K[t] is regular. In other
words, the element det A of K [#] is regular (since A = tI,, + A).

Let us consider the matrix S € K"*" as a matrix in (K [#])"""
matrix in IK"*" can be considered as a matrix in (K [£])""").

Similarly, let us consider the matrix B € K"*" as a matrix in (K [t])"”". Then,

(since every n X n-

A B=(tl,+A)B=t I,B + AB = tBIl, +BA
=tl,+A =B=BI, =BA  =BtI,
= B-tl, + BA=B(tl, + A) = BA.

N———
=A

Hence, Lemma (applied to K [¢] and A instead of K and A) yields
det (As n B> — det (sE + B) . (36)

Proposition [5.2| (a) (applied to K [t], K, ¢ and AS + B instead of I, M, f and A)
yields
€ (det (/TS + B)) = det <S”X” <AS + B>> .
In view of

ghtxn <AS + B) ghtxn (/TS) 4 ghxn (B)
—_——
:Enxn(g),snxn(s)
(by Proposition [5.1] (b)
(applied to K[t], K, ¢, n, 1, Aand S
instead of I, M, f, m, p, A and B))
( since the map €"*" is a homomorphism )

of additive groups

— ghxn (AV) . ghxn (S) 4+ gtxn (B)
/, N—— —_——

=S —B
=4 (by (by
(applied to F=S)) (applied to F=B))
= AS+ B,
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this becomes

€ <det (ES + B)) =det | " (ﬁS + B)

J

—AS+B
= det (AS+B). (37)

Similarly,
e ¢ (det (SA+B)) = det(SA +B).

Comparing this with

e | det (S/T + B) —¢ <det (As + B)) — det (AS + B) (by (7)),
—_———
:da(gS+B)
(by (6))
we obtain det (AS + B) = det (SA + B). This proves Theorem O

5.8. Another application of the strategy: block matrices

nxn

The same strategy (replacing A € K"*" by tI, + A € (K[t])""") turns out to
be useful in proving a formula for determinants of block matrices with a certain
property.

We will use [Grinbelb, Definition 6.89] in this section. Roughly speaking, this
definition says that if n, n’, m and m’ are four nonnegative integers, and if A €
K"*m B ¢ ]K”X’”I, C e K"*M and D € K"*" are four matrices, then ( él g )
shall denote the (n + n’) x (m + m’)-matrix obtained by “gluing the matrices A, B,
C and D together” in the way the notation suggests (i.e., the matrix B is glued to
the right edge of A, and then the matrices C and D are glued to the bottom edges
of A and B, respectively). For example, if n =2, n' =2, m =2 and m’ = 2, and if

a1 ain bll b12
Y B=( M 2, 38
( ax1 a2 ) ( by1 bap > (38)
C= < ‘11 2 ) and D = ( i iy ) (39)
1 €2 )7 dyy dap )’

then

a1 a1 big bip
> ary azp by bop
| aa cp dig dip

Cp1 C22 da1 dop

U w
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There are more general versions of this “gluing operation” that allow for more than
four matrices; but we will only concern ourselves with the case of four matrices.
We are aiming to prove the following theorem:

Theorem 5.27. Let n € IN. Let A, B, C and D be four n x n-matrices such that
AC = CA. Then, the (2n) x (2n)-matrix ( é g ) satisfies

A B
det( C D):det(AD—CB).

Theorem appears, e.g., in [Silves00, (14)]. Our proof of this theorem will
closely follow [Silves00, proof of Lemma 2]. We will use the following obvious
lemma:

Lemma 5.28. Let L and M be two commutative rings. Let f : L — M be any
map. Let n, n’/, m and m’ be four nonnegative integers. Let A € IL"*™, B € Lrxm
C e IL" XM and D € IL" X" be four matrices. Then,

g (& 0)) = (L 2 ),

Example 5.29. For this example, set n = 2 and n=2and m =2 and m' = 2,
and let the 2 x 2-matrices A, B, C and D be given by and (39). Then, Lemma

5.28| says that
(A B\ _ [ A f22(B)
(6 D))_<fm(€) fM<D>>'

Both the left and the right hand side of this equality are easily seen to equal

flay) f(a2) f(b11) f(b12)
flazn) flaz2) f(b21) f(b22)
fle11) flep) f(din) f(di2)
flea1) flea2) f(da1) f(d2p2)

Next, let us recall a result from [Grinbel5] (a version of the Schur complement
theorem):
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Proposition 5.30. Let n € N and m € IN. Let A € K**", B € K™, C € K"*"
and D € K™*™  Furthermore, let W € K"*™ and V € K™*" be such that
VA = —WC. Then,

detW.det( A B ) =detA-det(VB+WD).

CcC D

Proposition appears (with proof) in [Grinbel5| Exercise 6.35], so we will not
prove it here.

Let us next prove the particular case of Theorem in which we assume det A
to be regular:

Lemma 5.31. Let n € IN. Let A, B, C and D be four n x n-matrices such that
AC = CA. Assume that the element det A of K is regular. Then, the (2n) x (2n)-

) A B .
matrix ( C D ) satisfies

A B
det< C D):det(AD—CB).

Proof of Lemma The matrix ( é IB) ) is an (n 4 n) x (n 4 n)-matrix (by its

definition), i.e., a (2n) x (2n)-matrix (since n + n = 2n).
We have CA = — (—A) C (since — (—A) C = AC = CA). Thus, Proposition [5.30]
(applied to V = C and W = —A) yields

det(—A) - det ( é g ) =detA-det| CB+(—A)D
— ——
=CB—AD
— det A - det (CB — AD). (40)

But (applied to —1 and CB — AD instead of A and C) yields
det ((—1) (CB — AD)) = (—1)" det (CB — AD). (41)

Also, (applied to —1 and —A instead of A and C) yields det ((—1) (—A)) =
(—=1)"det (—A). Inview of (—1) (—A) = A, thisrewritesasdet A = (—1)" det (—A).
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Hence,
det A det( B >
S—— D
=(=1)"det(—A)
A B
= (—1)"det (- det(CD)

=det A- det CB—AD)
(by .)
= (—1)"det A-det(CB— AD) =detA-(—1)"det(CB — AD)
—det((—1)(CB—AD))
(by (41))

— detA-det | (—1)(CB— AD) | = detA - det(AD — CB).
—AD—CB

Lemma (applied to K, det A, det < Ié g > and det (AD — CB) instead of A,

a, b and c) thus yields det ( Ié g ) = det (AD — CB) (since the element det A of
K is regular). This proves Lemma O

We are now ready to prove Theorem

Proof of Theorem The matrix ( A isa (2n) x (2n)-matrix. (This is proven

B
C D
in the same way as in our proof of Lemma [5.31})

Define the K-algebra homomorphism ¢ : K [f| — K as in Proposition Thus, ¢
is a ring homomorphism. Hence, Proposition (@) (appliedtoL =K [t|, M =K
and m = n) shows that the map &"*" : (K [¢])"*" — K"*" is a homomorphism of
additive groups.

Recall that every n x n-matrix in K"*" can be considered as a matrix in (K [¢]
In other words, for each F € K"*", we can consider F as a matrix in (K [t])"*";
therefore, €"*" (F) is well-defined. We have

)Tan

" (F)=F for every F € K"*", (42)
y

(In fact, the proof of (42) is identical with the proof of (29 . we gave above.)

Let A be the matrix tIn + A € (K[t])"*". Thus, A = tI, + A. Applying the
map €"*" to both sides of this equality, we find &"*" (ﬁ) =" (tl, + A) = A (by
Proposition [5.3] (c)).

Corollary (5.8 shows that the element det (I, + A) of K[t] is regular. In other
words, the element det A of K [t] is regular (since A = tI,, + A).
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Let us consider the matrix B € K"*" as a matrix in (K [t])"*" (since every n x
n-matrix in IK"*" can be considered as a matrix in (K [¢t])"*"). Similarly, let us
consider the matrices C and D as matrices in (K [t])"*".

Notice that (applied to F = B) yields ¢"*" (B) = B. Similarly, ¢"*" (C) = C
and ¢"*" (D) = D.

Now,

A C=(tl,+A)C=t I,C + AC = tCI, +CA
=tli+A =C=Cl, =CA  =C¢tl,
= C-tl, + CA=C(tl,+ A) = CA.

———

=A

Thus, Lemma (applied to K [t] and A instead of K and A) yields

det(g g):det<AD—CB>

(since the element det A of K [t] is regular). Applying the map ¢ to both sides of
this equality, we find

s(det( ‘g g )) :£<det (AD—CB)). 43)

But Proposition [5.2{ (a) (applied to K [#], K, ¢ and AD — CB instead of I, M, f and
A) yields

¢ (det (AD — CB)) = det (¢"" (AD ~CB)) .

In view of
e (AD — CB) = e (AD) _ e (CB)
N\ — J \—— e’
__ XN A“ nxn(p :ﬁnX”(C)-fz”X”(B)
" ( )8 (D) (by Proposition[5.1] (b)
(by Proposition 5.1] (b) (applied to KIf], K, ¢, 1, 1, C and B

(applied to K[t], K, &, n,1n, Aand D instead of IL, M, f, m, p, A and B))
instead of L, M, f, m, p, A and B))

( since the map """ is a homomorphism )

of additive groups
T =D —C —B
= AD —CB,
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this becomes

e <det (ZD - CB)) — det | emn (AD - CB)

(.

=AD—-CB
= det (AD — CB). (44)

But Propositiong (a) (applied to K [t], K, ¢, n 4+ n and < ’é g > instead of IL,
M, f, n and A) yields

(&gl ((A8))

On the other hand, Lemma (applied to K [t], K, ¢, n, n, n and A instead of
L, M, f,n,m,m' and A) yields

e (&)= () ) -2 )

(since "> (K) = A and ¢€"(B) = B and ¢"*"(C) = C and ¢"*" (D) = D).
Taking determinants on both sides of this equality, we find

(n+n)x (n+n) A B N A B
det(s ((C D)))—det<c L
A B — (n+n)x(n+n) A B

det(c D)—det(e c D

:s(det<‘é g)) (by @5))
=¢ (det (gD — CB)) (by (@3))
= det (AD — CB) (by (44)) .
This completes the proof of Theorem O

Theorem has an analogue for m x m block matrices (see [Silves00, Theorem
1] or [LomQuil6, Chapter II, Lemma 5.30 and Exercise 26]), which too is proved
using our “tI,, + A” trick.

(@SS

Hence,
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5.9. The trace of the adjugate

The following neat result follows so easily from Theorem and Theorem
that it would be strange not to mention it:

Theorem 5.32. Let n € IN. Let A € K"*". For every j € Z, define an element
¢j € Kby ¢; = [t"7] xa. Then,

Tr(adj A) = (=1)" 1epq = (=1)"! [tl] Xa.

In other words, the trace of the adjugate adj A of an n x n-matrix is the coefficient
of t in the characteristic polynomial x 4.
Proof of Theorem The definition of ¢, yields ¢, 1 = [t”_(”_l)} xa = [t xa
(sincen —(n—1) =1).

It is easy to see that Theorem holds for n = 0 Thus, for the rest of
this proof, we can WLOG assume that we don’t have n = 0. Assume this. Hence,

n # 0, so that n > 1 (since n € IN). Therefore, n —1 € IN.
Thus, Theorem [2.6] (applied to k = n — 1) yields

n—1

(n—1)c,_1+ 2 Tr (A’) Ch1—i = 0.
i=1

Subtracting (n — 1) ¢,—1 from both sides of this equation, we obtain
n—1 )
YT <A1> o1 i=—(n1—1)cur1. (46)
i=1
But Theorem yields
n—1 )
adjA = (-1)""" Y ¢, 1AL
i=0
Applying the map Tr : K"*" — K to both sides of this equality, we obtain

n—1 )
Tr(adjA) =Tr ((—1)”1 ) Cn—l—iAl>
i=0

= (~1)"! n;j en1 i Tr (A7) (47)

14Proof. Assume that n = 0. Thus, 1 > 0 = n. But Corollary (@) yields that x4 € K|[t] is a
polynomial of degree < n in t. Hence, [t""] x4 = O for every integer m > n. Applying this to
m = 1, we obtain [t!] x4 = 0 (since 1 > n). Also, adjA is an n x n-matrix, and thus a 0 x 0-
matrix (since n = 0). Hence, Tr (adj A) = 0 (since the trace of a 0 x 0-matrix is 0). Comparing this

with (=1)""' ¢,.; =0, we obtain Tr (adjA) = (-1)""' ¢, ., = (=1)" ' [t!] x4. Hence,
N~ S~
=[1]xa=0 =[1"]xa

we have proven Theorem under the assumption that n = 0.
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(since the map Tr : K"*" — K is K-linear). But n — 1 > 0 (since n > 1); therefore,
0 € {0,1,...,n—1}. Hence, we can split off the addend for i = 0 from the sum

n—1 .
Y. cn—1-i Tr (A"). We thus obtain
i=0

n—1 ) n—1 )
1._20 Cp_q1—; Ir (Al) = &_1_0 Tr | A° + Z_Zl Cp_1—;iIr (Al)/

=1,

=Cp_1 :Tr(A")Cnflfi

=, 1Tr )+ ZTr( )cn_l_i:cn_1n+(—(n—1)cn_1)

-~

=—(n—-1)c,_1
(by @)
=mn—(m—-1))cp_1=cp_1.
—_—
=1
Hence, becomes
n 1 _ (_1\n—1 _(_1\yrn—1|a
Tr(adjA) = ch 1— 1Tr< ) = (—1) Crn-1 (—1) [t ] XA-
>y — 1
70\;71 [t ]XA
This proves Theorem ]

5.10. Yet another application to block matrices

Let us show one further formula for determinants of certain block matrices that
can be proved using our “replace A by tI, + A” strategy.

We will again use [Grinbel5, Definition 6.89] in this section. We shall further-
more use the following notation:

entry of B. (This entry is, of course, the only entry of B. Thus, the 1 x 1-matrix

Definition 5.33. If B is any 1 x 1-matrix, then entB will denote the (1,1)-th
B satisfies B = ( entB ).)

We now claim the following:

Theorem 5.34. Let n € N and m € IN. Let A € K" and D € K" be
two square matrices. Let p € K"*! and g € K"™*! be two column vectors. Let
v € K" and u € K" be two row vectors. Then,

det( 21 ;;Dv ) =detA-detD —ent(u(adjA) p) -ent(v(adjD)q).
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Example 5.35. Let us see what Theorem says in the case when n = 2 and
m = 2. Indeed, let n = 2 and m = 2 and

A= ( A1 12 ) and D= < diy dip ) and
a1 a2 dy1 dap
v=_(v vy) and u=(u up).
Then,
po = ( pio1 pioz ) and qu = ( qit Qi ) .
p201 Pp202 qa2U1  qauz
Hence,
a11 412 Pp191 pP102
< A po > _ | @1 422 P21 p202
qu D qiuy quua dig dip

qouy qouy dpy  dap

Hence, the claim of Theorem [5.34] rewrites as follows in our case:

M1 42 PpP1091 p1o2
a1 az2 201 P202
det ’ pd ;Zl
qiur qiu2 a1 1,2
qoui qoup doy  dap

_ det( a1 412 > -det( dig dip )
a1 a2p dy1 dap
. 411 a1.2 P1
—ent d
ent (e (aai (22 52 )) (0)
L d d
ent (o e (s (52 22 )) ().

In order to prove Theorem we will need one standard result (known as the
matrix determinant lemma):

Theorem 5.36. Let n € IN. Let u be a column vector with n entries, and let v
be a row vector with n entries. (Thus, uv is an n x n-matrix, whereas vu is a
1 x 1-matrix.) Let A be an n x n-matrix. Then,

det (A+uv) =detA+ent(v(adjA)u).

See [Grinbelb, Theorem 7.262] for a proof of Theorem
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We will furthermore need the following three trivial lemmas:

I Lemma 5.37. Let C € K'*! be an 1 x 1-matrix. Let A € K. Then, ent (AC) =
AentC.

| Lemma 5.38. Let B and C be two 1 x 1-matrices. Then, ent (BC) = ent B - ent C.

Lemma 5.39. Let IL and M be rings. Let f : L — M be any map. Let B € L'*1.
Then, ent (f1*! (B)) = f (entB).

Finally, we will need a simple property of regular elements in a commutative
ring:

Lemma 5.40. Let A be a commutative ring. Let a be a regular element of A. Let
m € IN. Then, a” is a regular element of A.

Proof of Lemma The element a is regular. In other words,
every x € A satisfying ax = 0 satisfies x = 0 (48)

(by the definition of “regular”).
Now, let x € A satisfy a™x = 0. We shall show that x = 0. Indeed, we shall first
prove that
a"ix =0 foreachi € {0,1,...,m}. (49)

[Proof of (49): We proceed by induction on i:

Induction base: We have ™ %x = a™x = 0 (by assumption). Hence, (49) holds for
i=0.

Induction step: Let j € {1,2,...,m}. Assume that holds for i = j —1. We
must show that holds for i = j as well.

We have assumed that holds for i = j — 1. In other words, a”~(~Dx = 0.
In other words, a"/*1x = 0 (since m — (j—1) = m — j+1). In other words,
aa™ ix = 0 (since a™ It = ga™J). Hence, (applied to a"Jx instead of x)
yields a"Jx = 0. In other words, holds for i = j. This completes the induction
step. Thus, is proved by induction.]

Now, (applied to i = m) yields a™ ™x = 0. Since ﬁ:_ " x = x, this rewrites

=q0=1
as x = 0.
Forget that we fixed x. We thus have shown that every x € A satistfying a"x = 0

satisfies x = 0. In other words, the element a” of A is regular (by the definition of
“regular”). This proves Lemma O

Now, we can approach the proof of Theorem using the same technique as
various theorems proved above. We begin by proving it in the case when det A is
regular:
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Lemma 5.41. Let n € IN and m € IN. Let A € K" and D € K"*™ be two
square matrices. Assume that the element det A of K is regular. Let p € K"*!
and g € K™*! be two column vectors. Let v € K™ and u € K" be two row
vectors. Then,

det( (ﬁt ;l;) ) =detA-detD —ent(u(adjA)p) -ent(v(adjD)q).

Proof of Lemma Set A = det A. Thus, the element A of K is regular (since the
element det A of K is regular). Hence, Lemma (applied to A = K and a = A)
shows that A™ is a regular element of K.

It is furthermore easy to see that

Aadj (AD) = A™ adj D. (50)

[Proof of : If m = 0, then holds for trivial reasonﬂ Thus, for the rest
of this proof, we WLOG assume that we don’t have m = 0. Hence, m is a positive
integer (since m € IN). Therefore, Proposition (applied to m and D instead
of n and A) yields adj(AD) = A" ladjD. Hence, A adj(AD) = AA" ladjD =

—— N—

=Am-ladjD =A"
A™adj D. This proves (50).]
Define two matrices W € K"*"™ and V € K"*" by
W = Al and V = —quadj A.
Then,
V.. A= —qu a&jA . f} =—qu detA -1, = —quAl,
:—quade :detA~In . X&d A
(by Theorem 3.7) (since A=det A)

= —Aqul, = —Aqu = —Wqu

(since — W gqu = —Alyqu = —Aqu). Hence, Proposition 5.30 (applied to B = pv

=Aly
and C = qu) yields

A pov

detW-det( qgu D ) = detA-det(Vpv+ WD).

15Proof. Assume that m = 0. The matrices A adj (AD) and A" adj D are m x m-matrices (since D is
an m x m-matrix). In other words, the matrices A adj (AD) and A" adj D are 0 x 0-matrices (since
m = 0). Hence, these two matrices Aadj(AD) and A™adjD are equal (since there exists only
one 0 x 0-matrix, and therefore any two 0 x O-matrices are equal). In other words, A adj (AD) =
A" adj D. Thus, we have proved under the assumption that m = 0.
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In view of
by (26), applied to m and I,
_ _ m
det_\%—/ = det (Aln) = A di(,lfl ( instead of n and C

=1
— ™

and det A = A, we can rewrite this as

/\m-det<£l Igj)z/\-det(va-i—WD). (51)

Let us define two 1 x 1-matrices B and C by
B=u(adjA)p € KI*! and C =v-adj(AD) - (—q) € K*1,
Next, we observe that

V. pv+ W D

=—quadjA =Al,
= (—quadjA)pv+A1,D=(—q) u(adjA)p v+ AD = (—q)Bv+AD
=(— ut j % =D =B
(=quadjA)p (since B=u(adj A)p)
— AD + (—q) Bo = AD + (—q) (Bv). (52)

Note that AD € K" " and —g € K"™*! and Bv € K. Hence, Theorem m
(applied to m, —q, Bv and D instead of n, u, v and A) yields

det (AD + (—q) (Bv))

= det (AD) +ent | (Bv)-adj(AD) - (—q)
w—/ N vl
=A"detD
(by (26), applied to m and D
instead of n and A)

-~

=B(v-adj(AD)-(—9))

= A"detD+ent | B(v-adj(AD)-(—gq)) | =A"detD+ ent(BC)

.

~ ~—

B-ent C

=C =ent B-e
(since C=v-adj(AD)-(—q)) (by Lemma
= A"detD +entB - entC.

In view of (52), we can rewrite this as

det (Vpv+ WD) = A" detD +entB -ent C.
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Thus, becomes

A po

)\m-det( qu D ) = A - det(Vpv+ WD)

=A" det D+ent B-entC
=A-(A"detD+entB-entC)
= AN"detD 4+ AentB -entC
—_—

=AentC-entB
= AN"detD + AentC - ent B
= AA"detD — (—A)entC - entB. (53)

However, Lemmal5.37] (applied to —A instead of A) yields ent ((—A) C) = (—A) entC.
Thus,

(—A)entC = ent ((/\) \C/, ) =ent [ (—A)v-adj(AD) - (—q)
=v-adj(AD)-(—q) —Ao-adj(AD)-q
=v-Aadj(AD)-q

=ent|v-Aadj(AD)-gq | =ent|v-(A"adjD)-q
N— \ -~ v/
—A"adjD —\".o(adj D)g
(by (0))
=ent(A"-v(adjD)gq) = A"ent (v (adjD)q)
(by Lemma applied to A" and v (adjD)gq instead of A and C). Thus,
becomes

A po

)Lm-det<qu D):/\AmdetD— (=A)entC -entB

—_——
=A"ent(v(adjD)q)
= AA"detD — A" ent (v (adjD)q) - ent B
=A".(AdetD —ent(v(adjD)q) -entB).

Since A" is a regular element of K, we can thus conclude that

det(cﬁl ;17;) ) = AdetD —ent(v(adjD)gq) - entB

(by Lemma applied to A = Kand a = A" and b = det( qét ;g; ) and

c = AdetD —ent(v(adjD)q) - entB). In view of A = detA and B = u(adjA) p,
we can rewrite this as

det ( (;; ’gj ) =detA-detD —ent(v(adjD)q) -ent (u (adj A) p)

=detA-detD —ent(u(adjA) p) -ent(v(adjD)q).
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This proves Lemma O
We can now derive Theorem from Lemma by the same recipe as before:

Proof of Theorem .34, Define the K-algebra homomorphism ¢ : K[f] — K as in
Proposition Thus, ¢ is a ring homomorphism.

Recall that every n x n-matrix in IK"*" can be considered as a matrix in (K [t])"*".
More generally, every k x f-matrix in IK¥** (for any nonnegative integers k and /)

can be considered as a matrix in (K [t])kxg. In other words, for each F € K**¢, we
can consider F as a matrix in (K [t])**/; therefore, %/ (F) is well-defined. We have

< (F)=F for every F € K<*. (54)

(In fact, the proof of is analogous to the proof of we gave above.)
Let A be the matrix tI, + A € (K[t])"*". Thus, A = tI, + A. Applying the

map £"*" to both sides of this equality, we find £"*" (A) =" (tI, + A) = A (by

Proposition 5.3 (c)).

Corollary shows that the element det (I, + A) of K [t] is regular. In other
words, the element det A of K [{] is regular (since A = tI,, + A).

Let us consider the matrix A € K"*" as a matrix in (K [t])"”*" (since every
n x n-matrix in K"*" can be considered as a matrix in (K [#])"*"). Similarly, let
us consider the matrices D € K", p € K< qg € K™l ¢ € K™ and u €
K!*" as matrices in (K [£]))™™, (K [f]))"?, (K [])™, (K[])"*™ and (K[t])"*",
respectively.

Notice that (applied to k = n and ¢ = n and F = A) yields ¢"*" (A) = A.
Similarly, "< (D) = D and &' (p) = p and ¢"*! (g) = g and &!*" (v) = v and
e (u) = u and "™ (pv) = pv and ™" (qu) = qu.

In the proof of Theorem we have already shown that

e (adj A) =adjA and € (det A) = det A.
Next, we claim that
€ <ent (u (adj A) p)) =ent(u(adjA)p). (55)

[Proof of : Define the 1 x 1-matrix B = u (adj ﬁ) p € (K[f))"*. Then, Lemma
(applied to L = K [t] and M = K and f = ¢) yields ent (¢!*! (B)) = ¢ (ent B).
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However, from B = u (ad] > ((ad] A) > we obtain

el (B) = ¢l¥1 (u ((ad] A) ))
glxn (u) nx1 (( A) P) (by Theorem 5.1 (c))

_Enxn(ad]A) gnxl(p)
(by Theorem [5.] (c))
=u-e" (adj A) e (p) =u(adjA) p.
—_——

=adjA =P

In view of this, we can rewrite the equality ent (¢!*1 (B)) = & (entB) (which we
have proved in the previous paragraph) as

ent (u (adjA)p) =e(entB) =¢ (ent (u (adj K) p))

(since B =u <adj ]{) p). This proves .]

Furthermore, we have € (A) = A for each A € K (by the definition of €). Applying
this to A = det D, we find
e (detD) = detD.

Also, v (adjD)gq € K'™! and thus ent (v (adjD)q) € K. Recall again that we
have ¢ (A) = A for each A € K. Applying this to A = ent (v (adj D) q), we obtain

e(ent(v(adjD)g)) =ent(v(adjD)q) (56)
(since ent (v (adj D) q) € K). N
Now, Lemma (applied to K [t] and A instead of K and A) yields

A po\ _ T B 5 ‘ .
det ( qu D ) =detA-detD —ent (u (ad] A) p) ent (v (adjD)q)

(since the element det A of K [¢] is regular). Applying the map ¢ to both sides of
this equality, we find

€ (det ( A po ))
qu D
— ¢ (det A-detD — ent (u (adj A) p) - ent (v (aci D) g))
— ¢ (det A“)/.ij\eftg)— € (ent (u (adj A) p) )J-E(ent (v (jdj D) q))J

- =detD —ent(u(adi =ent(v(adj D)q)
det A en;cl(;(;l)p) (by (56))
(since ¢ is a ring homomorphism)
=detA-detD —ent(u(adjA) p) -ent(v(adjD)q). (57)
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However, (ﬁl Ig isan (n 4 m) x (n 4+ m)-matrix in (K [¢])" (4 Thys,

A

Proposition 5.2 (a) (applied to K [t], K, &, n 4+ m and ( lg ) instead of IL, M,

f,nand A) yields

A po ) (m)x(nm) [ A po
e(det(qu D )) det (e qu D . (58)

On the other hand, Lemma (applied to K [t], K, &, m, n, m, A, pv and qu
instead of L, M, f, n’, m, m’, A, B and C) yields

s(n+m)><(n+m) (( A po )) _ gnxn (A) gnxm (p’()) _ ( A po )
qu D gmxn (qu) ghmxm (D) qu D
(since ¢"*" (ﬁ) = A and ¢ (pv) = pv and ¢"*" (qu) = qu and €"*" (D) = D).
Taking determinants on both sides of this equality, we find

(n+m)x (n+m) A pv _ A po
aa (s (4 ))) ().
Hence,

A po _ (ntm)x(uam) [ [ A po
det(qu D)-det(ﬁ qu D

:€<det<g P”)) (by (58))

qu D
= detA-detD —ent(u(adjA) p) -ent (v (adjD) q) (by (57) .

This completes the proof of Theorem [5.34] O

Note that Theorem generalizes the following known fact (e.g., [Grinbeld),
Exercise 6.60 (a)]):

Corollary 5.42. Let n € IN. Let u € K"*! be a column vector with 1 entries,
and let v € K" be a row vector with n entries. (Thus, uv is an 1 X n-matrix,
whereas vu is a 1 x 1-matrix.) Let h € K. Let H be the 1 x 1-matrix ( h ) € KI*L
Let A € K"*" be an n x n-matrix. Then,

A u .
det( ” H>:hdetA—ent(v(ad]A)u).
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Proof of Corollary [5.42] (sketched). Consider the 1 x 1identity matrix I; = ( 1 ). Then,
I; is both a row vector and a column vector, and we have u = ul; and v = L;v.
Moreover, the adjugate of any 1 x 1-matrix is ( 1 ) (since the determinant of a
0 x O-matrix is defined to be 1). Thus, in particular, adjH = ( 1 ) = I4. Further-
more, from H = ( h ), we obtain det H = h. Now, from u = ul; and v = Iju, we
obtain

A u '\ A uly
det(v H)_det(hv H)

=detA-detH —ent(v(adjA)u)-ent | I &dj H)L
—h 7

by Theorem appliedto1, H, u, I;, I and v
instead of m, D, p, q, v and u

=detA-h—ent(v(adjA)u) -ent(ILh : 11_)/

—hdet A -7
=hdetA —ent(v(adjA)u)-ent ()
—

=1
=hdetA—ent(v(adjA)u).

This proves Corollary O
Another particular case of Theorem is the following;:

Corollary 5.43. Let n and m be two positive integers. Let A € K"*" and D €
K™*™ be two square matrices. Let B be the n x m-matrix whose (n,1)-th entry
is 1 and whose all other entries are 0. Let C be the m X n-matrix whose (1,7)-th
entry is 1 and whose all other entries are 0. Then,

det ( Ié g ) = detA-detD —det(A~y,~n)-det (D ~1)-
(Recall that we are using the notations from Definition 3.5])

Example 5.44. Let us see what Corollary says in the case when n = 2 and
m = 3. Indeed, let n =2 and m = 3 and

g dig dip dig
A= ( al’l a1,2 > and D= d2/1 dyo da3 .
21 #22 dz1 d3p daj

Then, the matrices B and C defined in Corollary are
0 00O
B = ( 10 0 ) and C= (
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Hence,
a1 aip 0 0 0
a1 4azp 1 0 0
) =1 0 1 dyg dip di3
0 0 dy1 dorp dos
0 0 d31 d3p dss

Therefore, the claim of Corollary rewrites as follows in our case:

O ™

L11’1 01,2 0 0 0

Ll2,1 azlz 1 0 0
det 0 1 dl,l d1,2 d1,3
0 0 dyy dop dos
0 0 d3g dsp ds3

dip dip dig

= det ( 1 M2 ) - det ( dy1 dap daj ) —det (a1 ) 'det< dap b ) )

a a d d
21 22 ds1 ds3p dsp 32 ©33

Proof of Corollary (sketched). What follows is by far not the easiest proof of Corol-
lary but it puts the corollary in the context of Theorem [5.34]

We let p € K"*! be the column vector whose n-th entry is 1 and whose all other
entries are 0.

We let ¢ € K"™*! be the column vector whose 1-st entry is 1 and whose all other
entries are 0.

We let v € K™ be the row vector whose 1-st entry is 1 and whose all other
entries are 0.

We let u € K" be the row vector whose n-th entry is 1 and whose all other
entries are 0.

Thus,
0 1
0 0
p: GIK”Xl, q: O Elexll
0 :
1 0
v=(100 -+ 0)eK>™, u=(00 --- 0 1)eK™.

Now, it is easy to see (using just the definition of a product of two matrices) that
the following four claims hold:

Claim 1: We have qu = C.

Claim 2: We have pv = B.
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Claim 3: Every m x m-matrix Y satisfies

ent (vYg) = (the (1,1)-thentry of Y). (59)

Claim 4: Every n X n-matrix X satisfies

ent (uXp) = (the (n,n)-th entry of X). (60)
Now, Theorem yields

det( (;L ’g] ) =detA-detD —ent(u(adjA)p)-ent(v(adjD)q).

In view of pv = B and qu = C and

ent (u (adjA) p) = (the (n,n)-th entry of adj A)

(by (60), applied to X = adj A)
= (=)™ det(Apn) (by the definition of an adjugate)

=(-1)*"=1
(since 2n is even)

— det (ANI’I,NVZ)

and

ent (v(adjD)g) = (the (1,1)-th entry of adjD)
(by (59), applied to Y = adj D)
= (—1)"" det (Dq 1) (by the definition of an adjugate)

———
=1

= det (DNl,Nl) ,

we can rewrite this as

det ( Ié g ) = detA-detD —det(A~y,~n)-det(Dq1 1) -

This proves Corollary O

6. Further remarks

We end by mentioning some related results about traces of matrices.
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6.1. Almkvist's theorem

It is well-known from linear algebra (see, e.g., [Axler25| 8.16 and, implicitly, 8.18
(c)]) that when K is a field, any nilpotent n x n-matrix A € K"*" satisties A" = 0
and Tr A = 0. For general commutative rings K, neither of these two claims is

true; for example, the 1 X 1-matrix A = ( 2 ) over K = Z/8 is nilpotent, but

neither A! nor Tr A vanishes. Thus, we cannot expect Corollary to have a
straightforward converse. However, some things in this direction can be said. In
1973, Gert Almkvist proved (as part of a more extensive result [Almkvi73, Theorem
1.7 (i)]) the following fact:

Theorem 6.1. Let n € IN and k € IN. Let A € K"*" be a matrix such that
AK1 = 0. Then,
(Tr A)"™ 1 = 0.

This does not easily follow from our above methods. However, Almkvist gave
an elegant proof using exterior algebra, which was nicely exposed by Zeilberger in
[Zeilbe85] (and again by Lombardi and Quitté in [LomQuil6, Chapter II, Exercise 2
part 2b]). With some work, this proof can be rewritten to avoid any use of exterior
algebra; as its core is a simple identity combining determinants and traces. To state
it, we need two pieces of notation:

e If m € N and iy,1ip,...,iy, € IN satisfy iy + i + - - - + i, = m, then the multi-

. .. m ) m!
nomial coefficient | . . . | shall be defined as the number ————.
11,12, ...,1n 1lip! - - 1,!

This number is well-known to be an integer (see [Grinbel5, Exercise 3.1 and
Remark 3.10]).

* If B is a matrix and j is a positive integer, then row; B shall denote the j-th
row of the matrix B (assuming, of course, that B has at least j rows).

Now we are ready to state the identity crucial for proving Theorem

Proposition 6.2. Let n € IN. Let A € K"*" be a matrix. For any n integers

i1,i2,...,in € N, we let M;, ;, ; denote the n x n-matrix whose rows are

Trow1 (Ai1> , TOW> (Ai2> , ..., TOWy, (Ai”> .

Then, for each m € IN, we have

(TI‘ A)m = Z ( " . ) det (Mi1,i2,-~-,in) .
)EN";

.(i1/1:2/--~/in . 1,12,...,1n
11+ip+-+ip=m
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Once proved, Proposition |6.2|implies Theorem [6.1|almost immediately, since any
n-tuple (iy,ip,...,iy) € IN" satisfying i1 + iy + - - - + i, = m = nk+ 1 will contain
at least one entry i; > k + 1 (by the pigeonhole principle, if you wish). Proposition
in turn, can be proved by induction on m using the following three lemmas:

Lemma 6.3. Let n € IN. Let A and B be two matrices in IK"*". For each j €
{1,2,...,n},let B; be the 1 x n-matrix obtained from B by replacing the j-th row

of B by the j-th row of BA. Then,

n
Edet (B;) = (Tr A) - detB.
]:

Proof idea for Lemma 6.3} Hint: Laplace expansion (more precisely, [Grinbel5, The-
orem 6.82 (a) and (b) and Proposition 6.96 (b)]). More specifically, expand each

det <B]’> along the j-th row, showing that

n n )
det (Bf) = kzl 21(—1)f+q Bjj Ay, det (B.j ) for each j € {1,2,...,n}
= q=

(where X;; denotes the (i,j)-th entry of any matrix X). Then, sum over all j,
and recombine the resulting triple sums into Laplace expansions (this time along
columns). O]

Lemma 6.4. Let m € N and iy,i,...,iy € Nbesuchthati;y+i,+---+i, =m >
0. Then,

i in) oo N2 = Ly,

1]21

Proof idea for Lemma This is an easy computation using the fact that (k —1)! =
k!/k for each positive integer k. O

Lemma 6.5. Let n € IN. Let A € K"*" be a matrix. For any n integers
i1,1p,...,ip € N, we let M i, denote the n x n-matrix whose rows are

il/i2/-~-/

rowq (Ail) , TOW»> (Aiz) , ..., TOWy (Ai”> .

Let iy,1ip,...,i, € IN. Then,

n
Z det (Mil/1'2/~..,ijfllij+1/ij+1/ij+2/---rin) = (TrA) - det (Mil,iz,...,in) :
j=1
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_i,» and show that each of
O

Proof idea for Lemma Apply Lemmal6.3[to B = M
the matrices B]( is precisely M

i1,ip,..

il/iZI--~/ij—1/ij+1/ij+1/ij+2/--~/in .

Proof idea for Proposition Induct on m. In the induction step (from m — 1 to m),

start by substituting Lemma [6.4] into the right hand side. Interchange the summa-

tion signs and substitute i; for i; — 1. Then use Lemma [6.5] to simplify the inner
n

sum ]51 det (Mil,z'z,...,z'j,l,ij+1,i]-+1,ij+2,...,z'n) : O

Proof idea for Theorem Apply Proposition [6.2 to m = nk + 1. Observe that each

n-tuple (i1,ip,...,in) € IN" satisfying iy + iy + --- + i, = nk+ 1 has at least one

entry 1] > k+1, and thus the matrix M iy, i has a zero row (since Al — 0

entails A’ = 0). O

We leave it to the reader to prove the following “supplemental law” to Theorem
6.1i

Theorem 6.6. Let n € N and k € IN. Let A € K™ be a matrix such that
AK1 = 0. Then,

(Tr A)™ = (Z!’f]! (det A)F.

6.2. Tr (A”) in characteristic p

Another folklore property of traces (see, e.g., https://math.stackexchange.com/
questions/3044716/ ) is the following:

Theorem 6.7. Let p be a prime number. Assume that p = 0 in K.
Let n € N. Let A € K"*" be a matrix. Then,

Tr (AP) = (Tr A)P.

There are easy and direct ways to prove this using a cyclic group action (see
[Steinl17, §2] for a proof in the particular case K = Z/p, which is easily adapted
to the general casg™®). But it can also be derived from Corollary or from
Proposition We leave the details to the reader.

16Note that this particular case takes the simpler form Tr (A?) = Tr A (in Z/ p), since Fermat’s Little
Theorem ensures that b” = b for each b € Z/p. In the general case, Fermat’s Little Theorem no
longer applies, so the Freshman’s Dream formula (u + v)? = u? 4+ v” must be used instead.
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6.3. Another formula for derivations of det A

Besides Theorem there is another formula for the image of a determinant
under a derivation:

Theorem 6.8. Let L be a commutative K-algebra. Let f : L — L be a
K-derivation. Let n € N. Let A = ()., 1<j<n € L"*" For each
k € {1,2,...,n}, let A} be the matrix (f%: (”irf))lgign, 1<j<n € L**" (where
Jki is the Kronecker delta, i.e., the number 1 if k = i and the number 0 if k # i).
Then,

n
f(detA) =) detAy.
k=1

We leave the (easy) proof to the reader.
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