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Abstract. The somewhere-to-below shuffles are the elements

bpi= ey +CyCrpg + Y12t T Y1,

(for £ € {1,2,...,n}) in the group algebra k [S,] of the n-th symmetric
group S,. Their linear combinations are called the one-sided cycle shuf-
fles. We determine the eigenvalues of the action of any one-sided cycle
shuffle on any Specht module S* of S,,.
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1. Introduction

This paper is a continuation of [GriLaf22] with other means. Specifically, our goal
here is to answer some natural representation-theoretical questions around the
somewhere-to-below shuffles in the symmetric group algebra (including [GriLaf22,
Question 16.12]).

At the present moment, this paper is just an outline; one day it will grow to
contain complete proofs.

We recall that the somewhere-to-below shuffles are n special elements t1,t,...,t, of
the group algebra k [S,] of a symmetric group S;; they are defined by

tei=cycpteyc o HCyCp ooty g, € KI[SH],

where cyc, ;. denotes the cycle thatsends £ — {+1— £+2+— - = k— {
(and leaves all remaining elements of [n] = {1,2,...,n} unchanged). Together
with their linear combinations (called the one-sided cycle shuffles), they have been
introduced and studied in the paper [GriLaf22] (published with abridgements as
[GL24 by Lafreniere and the present author. One of the main results is [GriLat22,
Theorem 11.1], which constructs a basis (ay),cs, of k[Sn] on which each of the
shuffles t1,t,...,t, acts (by right multiplication) triangularly —i.e., which satisfies

apty € spania, | v < w} forallw e S,and ¢ € {1,2,...,n}

(for an appropriate total order < on S;). This entails that the shuffles t1,t,...,t,
and their linear combinations have integer eigenvalues; these eigenvalues have in-
deed been found ([GriLaf22, §12]) along with their multiplicities ([GriLat22, §13]).
As a further consequence, the k-subalgebra of k|[S,| generated by t,tp,...,t,
is isomorphic to an algebra of upper-triangular matrices, and the commutators
[ti, tj] := t;jt; — t;t; are nilpotent; a followup work [Grinbe23] proves even stronger
claims.

IThe numbering of results in [GriLaf22] and in [GL24] is identical except for Section 9, so the
reader can consult either version.
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However, like any elements of the group algebra k [S,], the shuffles t,tp, ..., t,
act not just on the whole algebra k [S,], but on any of its modules, i.e., on any
representation of S,,. Thus, the question about eigenvalues can be asked for each
representation of S, in particular for the Specht modules (which are the irreducible
representations of S, at least in characteristic 0).

The main goal of this paper is to answer this latter question. Let us give a quick
outline of the answer (which was announced in [Gril.af24, §11]ﬂ

We shall use some basic notions from the representation theory of S, and from
symmetric functions; the reader can find all prerequisites in [Fulton97, Chapters 6
and 7]. For any partition A of n, a Specht module S A is defined, which is a represen-
tation of S, with a basis indexed by standard tableaux of shape A. (In [Fulton97],
it is called S*.) This S,-module S” is irreducible when k has characteristic 0. Each
u € k[Sy] acts (on the left) on this Specht module S*; we let L, (1) denote this
action (viewed as a k-module endomorphism of SM.

We let A denote the ring of symmetric functions over Z (defined in [Fulton97,
§6.2]). We recall that it has a basis (5)) is 4 partition Of Schur functions s ).

For each m € IN, we let h;, € A denote the m-th complete homogeneous sym-
metric function. For each m > 1, we let z,, € A denote the Schur function

Zm = S(m-1,1) = hy—1h1 — hy € A

A set of integers is called lacunar if it contains no two consecutive integers. For
each lacunar subset I of [n — 1], we define a symmetric function

m
zp:=hj 1 Hzij—ij,l € A,
=2

where iy,ip,...,i, are the elements of I U {n+ 1} in increasing order (so that
im =n+1land I = {ij <ip <---<ipy_1}). When this symmetric function z;
is expanded in the basis (5)) ) i 4 partition Of /A, the coefficient of a given Schur func-
tion s, shall be called ¢}. This coefficient ¢} is actually a Littlewood-Richardson
coefficient (since z; is a skew Schur function), hence a nonnegative integer.

We now claim the following:

Theorem 1.1 (part of Theorem [4.3). Let A be a partition. Let wy,wy,...,wy €
k. Then, the eigenvalues of the operator L) (witq + waty + - - - + wyty) on the
Specht module S* are the linear combinations

wimyq + womyg + - - - + wymy for I C [n — 1] lacunar satisfying cf‘ # 0,

where the m ; are certain nonnegative integers defined combinatorially (namely,
my k is the distance between k and the smallest element of I U {n 4 1} thatis > k).

2The formulation in [GriLaf24) §11] uses the Frobenius characteristic map, but this has turned out
to be a red herring.
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The algebraic multiplicities of these eigenvalues are the ¢} in the generic case (i.e.,
if no two I's produce the same linear combination; otherwise the multiplicities
of colliding eigenvalues should be added together). Moreover, if all these linear
combinations are distinct, then L) (w1t] + waty + - - - + wpty) is diagonalizable.

The proof of this theorem will rely on the filtration 0 = Fp C F; C F, C --- C
F¢., = k[Sn] of k[Sy] introduced in [GriLaf22, §8.1]. We call this the Fibonacci
filtration of k [S,], as its length f,, ;1 is the (n + 1)-st Fibonacci number. We note
that this filtration is not completely canonical, as it depends on the choice of a
listing Q1,Q>,...,Qy,,, of all lacunar subsets of [n — 1] in the order of increasing
sum of elements (the ties can be broken arbitrarily, whence the non-canonicity).
Much about this filtration was already understood in [GriLaf22], but we will need
some additional information about the action of S, on its subquotients F;/F;_:

Let A be the k-algebra k [S,], and let T be its k-subalgebra generated by t1, t5, . .., ty.
Then, each F; is a left ideal of A but is also fixed under right multiplication by each
ty; therefore, each F; is an (A, T )-subbimodule of A. Thus, each subquotient F;/F;_1
of the Fibonacci filtration is an (.4, 7 )-bimodule. As a right 7-module, it is scalar
(meaning that each ¢, acts on it by a scalar, which is in fact the integer mg, , from
[GriLaf22, Theorem 8.1 (c)]). As a left A-module (i.e., as a representation of S,), we
describe it explicitly here:

Theorem 1.2 (part of Theorem . Leti € [f41]-

Consider the lacunar subset Q; of [n—1] (from the above listing
Q1,Q2,---,Qy,,,)- Write the set Q;U {n+1} as {iy <ip <--- <in}, so that
im = n+ 1. Furthermore, set iy := 1. Set j := iy — ix_1 for each k € [m]. Note
thatj; > 0and jp,j3,...,jm >1and j1 +jo+ -+ jm = im — io = 1.

For each p € IN, we let H;, denote the trivial 1-dimensional representation of
Sp (that is, the k-module k on which S, acts trivially), and we let Z;, denote the
reflection quotient representation of S, (that is, the free k-module k” on which
Sp acts by permuting the coordinates, divided by the submodule consisting of
all vectors of the form (a,a,...,a) € k?). Then,

Fi/Pifl = Inds” (7‘[]1 (%9 2]2 (039 2]3 R R Zm)

Sj1><Sj2><~--><Sjm /,

the first tensorand is an H,
while all others are Z’s

as Sp-representations. Here, we embed S; x S, X --- X §; into S, by the usual
parabolic embedding (since j; + jo + - - - + jm = n).

This theorem will be a crucial stepping stone on our way to Theorem

We note that neither of our two main results requires any assumption about
the characteristic of k. However, in positive characteristic, care must be taken to
distinguish between the reflection quotient representation Z, in Theorem [1.2{ and
the reflection subrepresentation R, (which consists of the zero-sum vectors in k?);
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the two representations have the same dimension p — 1 (for p > 1), but are not
isomorphic unless chark # p or p < 2.

We suspect that our results can be generalized (“g-deformed”) from the symmet-
ric group algebra to the Hecke algebra H, (S,). Most results from [GriLaf22] can
definitely be generalized this way, as will be detailed in forthcoming work.

Acknowledgements The author would like to thank Sarah Brauner, Nadia Lafrenieére,
Martin Lorenz, Victor Reiner, Sheila Sundaram and Mark Wildon for inspiring dis-
cussions.

2. Definitions and notations

2.1. Basics

We recall some notations from [Grilaf2?2].

Let k be any commutative ring. (We don’t require that k is a field or a Q-algebra,
but the reader can think of k = Q as a standing example.)

Let N := {0,1,2,...} be the set of all nonnegative integers.

For any integers a and b, we set

[a,b]:={keZ | a<k<b}={a,a+1,...,b}.

This is an empty set if 2 > b. In general, [a, b] is called an integer interval.

Foreachn € Z, let [n] := [1,n] ={1,2,...,n}.

Fix an integer n € IN. Let S, be the n-th symmetric group, i.e., the group of all
permutations of [n]. We multiply permutations in the “continental” way: that is,
(o) (i) = (o (i)) for all r,0 € S, and i € [n].

For any k distinct elements iy, iy, ..., i of [n], we let CYCi, iy it be the permuta-
tion in S, that sends iy, 1y, ...,ik_1, ik to i3,13, ..., ik, i1, respectively while leaving all
remaining elements of [n] unchanged. This permutation is known as a cycle. Note
that cyc; = id for any single i € [n].

For any i € [n — 1], we denote the cycle cyc;;; by s; and call it a simple transpo-
sition.

2.2. Somewhere-to-below shuffles, A and T

Let A be the group algebra k [S,]. In this algebra, define n elements ¢4, t, ..., t, by
settin

by = cyep+eyey i FCyC i at e H Ve, 0 € K([SH]

for each ¢ € [n]. Thus, in particular, t, = cyc, = id = 1 (where 1 means the unity
of k [Sy]). The n elements t4,t,...,t, are known as the somewhere-to-below shuffles.

3We view S, as a subset of k [S,] in the obvious way.
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We let 7 be the k-subalgebra of A generated by these n somewhere-to-below
shuffles tq,f,...,t,. Clearly, A is an (A, T )-bimodule (with A acting from the left
by multiplication, and 7 acting from the right by multiplication).

2.3. Some S,-representation theory

We recall that the representations of the symmetric group S, (over k) are precisely
the left k [S,]-modules, i.e., the left A-modules. We will use the following four
classes of S,-representations in particular:

1. The Specht modules S*: If A is any partition of 1, then the Specht module S*
is a representation of S, constructed using the Young diagram of shape A.
For its definition, see [Gri25, Definition 5.4.1 (b)] (where it is called & Y()‘)) or
[Fulton97, §7.2] (where it is called S*). If k is a field of characteristic 0, then
the Specht module S* is irreducible.

2. The trivial representation H,: We let H,, denote the k-module k, equipped with
a trivial S,-action (thatis, c-v = v for all o € S, and v € k). This is called
the trivial representation of S,. It is isomorphic to the Specht module S,

3. The natural representation Ny,: We let N, denote the free k-module k" =
{(v1,v2,...,v,) | all v; € k}, on which S, acts by permuting the coordinates:

g- (Z)l, 02,... ,Z)n) = (vrl(l),vrl(z), .. '/U(T*l(n)> forall o € Sn.

This is called the natural representation of S,.

4. The reflection quotient representation Z,: If n > 0, then the natural representa-
tion V;, has a 1-dimensional subrepresentation

Dy :={(v1,v2,...,0,) | allv; are equal} = {(a,a,...,a) | a € k}.

The quotient
Zy = N, n/ Dy,

is thus another representation of S,. This Z, is called the reflection quo-
tient representation of S,. As a k-module, it is free of rank n — 1 (with ba-
sis (e1,€2,...,6,-1), where eq,ey,...,e, are the standard basis vectors of k").
Here and in the following, the notation ¥ denotes the residue class of a vector
v modulo some submodule (the submodule is to be inferred from the context).

If k is a field of characteristic 0 (or, more generally, if # is invertible in k), then
this representation Z,, is isomorphic to the Specht module S~11). Without

any such assumptions, Z, is isomorphic to the dual (S (”_1'1)> " of this Specht
module. (See Proposition [2.1] below.)
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If V is any k-module, then V* shall denote its dual k-module Homy (V, k). If V
is an Sy-representation, then its dual V* becomes an S,-representation as well (see
[Gri25, §5.19.3)).

Proposition 2.1. Let n > 1 be an integer. Then:
(@) The reflection quotient representation Z, is isomorphic (as an S,-

representation) to the dual (8 (”’1'1)) " of the Specht module S("~11).

(b) If n is invertible in k, then Z,, is isomorphic (as an S,-representation) to
the Specht module S*~11),

This proposition is clearly part of the folklore, but we outline a proof in the
Appendix (Section [A) for the sake of completeness.

2.4. Tensor products, induction and induction products

We shall now discuss certain ways to produce new representations from old.

The symbol “®” shall always mean a tensor product over k, unless a different
base ring is provided as a subscript.

It is well-known that if A and B are two k-algebras, then the tensor product
U ® V of any left A-module U and any left B-module V is canonically a left A ® B-
module. An analogous construction exists for tensor products of k left modules.
Thus, if U is a representation of a group G, and if V is a representation of a group
H, then U ® V is a representation of G x H, and a similar fact holds for tensor
products of k representations.

We recall the notion of an induced representation: If G is a group, and if H
is a subgroup of G, then any H-representation V gives rise to a G-representation
Ind$, V defined by

Indf V =k [G] @y V, (1)

where we view k [G] as a (k[G], k [H])-bimodule while viewing V as a left k [H]-
module (so that the tensor product over k [H| becomes a left k [G]-module). This
G-representation Ind§; V is called the induced representation of V to G.

We furthermore recall the notion of an induction product ([Fulton97, §7.3]):

Definition 2.2. Let n and m be two nonnegative integers. Then, the direct prod-
uct S, X Sy, can be canonically embedded as a subgroup into S;, 1, by the group
morphism that sends each pair (¢, 7) € S;, X Sy, to the permutation o * T € S44
that applies ¢ to the first n elements while applying T (appropriately shifted)
to the last m elements of [n+m|. (To be fully precise: ¢ * T is the permu-
tation of [n+ m| that sends 1,2,...,n to 0(1),0(2),...,0(n) while sending
n+1l,n+2,....n+mton+7t(l),n+7(2),...,n+ 7 (m).) This is called the
parabolic embedding of S, X Sy, into Sy4.

Now, if U is an S,-representation and if V is an S;-representation, then the
tensor product U ® V is an S, x Sy,-representation, and thus (by the embedding
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of S;; X Sy, into S, 4, We just explained) we can construct the induced represen-
tation o
UxV = IndS:;"gm (U V)

of Sy4m. This induced representation U * V is called the induction product of U
and V.

More generally, if ny,ny, ..., ny are any k nonnegative integers, and if U; is an
Su,-representation for each i € [k], then the induction product Uy * Uy * - - - * Uy is
defined to be the S;, 1y, +...4n -Tepresentation

Sn +no+---+n
Indg 18 s, (@@ @ Uy),
where we embed S, X S, X - -+ X Sy, into Sy, 41y +--. 40, in the obvious way (hav-
ing each S, act on an appropriate interval®). The latter embedding is again
called the parabolic embedding of S, X Sy, X -+ - X Sy into Sy 4yt tomy.-

These induction products satisfy associativity up to isomorphism: e.g., we have
(UxsV)«sW=2UxV«W=ZUx (VW) for all U, V, W. More generally:

Proposition 2.3. Let 1y, ny, ..., 1y be any k nonnegative integers, and let U; be an
Su,-representation for each i € [k|. Let i € [0,k]. Then,

Up s Up -k U & (Uyp s Up - U)o (Ujpq o Ujyoo - - x Uy)

This is again a folklore result, but we sketch a proof in the Appendix (Section
to fill a little gap in the literature.

2.5. Lacunar sets and the submodules F (I)

Next, we recall some more concepts from [GriLaf22].

If I is a finite set of integers, then we let sum I denote the sum of all elements of
I. For instance, sum {3,7} = 3+ 7 = 10.

Let (fo, f1, f2,...) be the Fibonacci sequence. This is the sequence of integers de-
fined recursively by

fo=0, fi=1, and fm = fm—1+ fm—o forallm > 2.

“To make this precise: Let m; := ny +ny + -+ + n; for each i € [0,k]. Then, the integer interval
[n1 + 1y + - - - + ng] is partitioned into the intervals [m;_1 + 1, m;] for all i € [k]. The embedding
of Sy, X Spy X -+ - X Sy, into Sy 4y .. +n, sends each k-tuple (0,02,...,0%) € Sy X Spy X -+ X Sy,
to the permutation o1 * 0 * - - - % 0% € Sy, 4up+-..+n, defined by

(op % 0p % -+ 0p) (Mj_1 +x) 1= mj_1 +0; (x) for each i € [k] and each x € [n;].
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We shall say that a set I C Z is lacunar if it contains no two consecutive integers
(i.e., there exists no i € I such that i+ 1 € I). For instance, the set {1,4,6} is
lacunar, while the set {1,4,5} is not.

The number of lacunar subsets of [n — 1] is the Fibonacci number f,1. Let
Q1,Q2,--.,Qy,,, be all these f,;,1 lacunar subsets of [n — 1], listed in an order that
satisfies

sum (Qq) < sum (Qz) < --- <sum (Qy, ,)- (2)

We fix this order once and for al]ﬂ Many of our constructions will formally (though
rather shallowly) depend on this order.
For any subset I of [1], we define the following:

e We let I —1 denote the set {i—1 | iel} = {je€Z | j+1€1}. For in-
stance, {2,4,5} —1 = {1,3,4}. Note that I is lacunar if and only if I N
(I-1)=0.

e We let I’ be the set [n—1]\ (IU(I—1)). This is the set of all i € [n—1]
satisfying i ¢ I and i +1 ¢ 1. We shall refer to I ! as the non-shadow of I.

For example, if n = 5, then {2,3} = [4] \ {1,2,3} = {4}.

e We let
F(I):={q€kl[Sy] | gsi=qforallieI}.

We can rewrite this equality as
F(I)={tekl[S,] | tsj=tforalljeI'}
={teA | tsj=tforalljecI'} (3)
(since k [S,] = A).

3. The first main theorem: the Fibonacci filtration

3.1. The theorem
For each i € [0, f,,+1], we define a k-submodule

Fi:=F(Q1) +F(Q2) + -+ F(Qi) of k [Sy]
(so that Fy = 0). In [GriLaf22, Theorem 8.1], the following is shown:
Theorem 3.1.

(@) We have
0=FCHhRCRC: - CF, 6 =Kk[S].

In other words, the k-submodules Fy, Fy, ..., Fr form a k-module filtra-
tion of k [Sy].

5For n < 3, this order is uniquely defined. For n > 3, we need to make a choice.
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(b) We have F; - t; C F; for each i € [0, f,,+1] and ¢ € [n].
(c) For eachi € [f,+1] and ¢ € [n], we have
F;i- (t; —mg,¢) € Fi1.

Here, mq, ¢ is a certain integer whose definition we will give in Subsection
(as we will not use it until then).

The filtration0=F CFH C KR C--- CF;, =k [Sn] will be called the Fibonacci
filtration of A. We can easily see that it is a filtration of (\A, T")-bimodules:

| Proposition 3.2. Leti € [0, f,11]. Then, F; is an (A, T )-subbimodule of A.

Proof. For any I C [n], the set F (I) is closed under addition and left action of A
(by its very definition), hence is a left .A-submodule of A. Thus, F; (being defined
as a sum of such sets F (I)) is also a left A-submodule of A. Moreover, F; is also
closed under right multiplication by each t, (by Theorem 3.1 (b)), and hence under
the right action of 7 (since 7 is the subalgebra generated by ty,ty,...,t,). Thus,
F; is also a right 7-submodule of A. Altogether, we conclude that F; is an (A, T )-
subbimodule of A. O

Proposition shows that the subquotients F;/F;_1 are (A, T )-bimodules as
well. In particular, they are therefore left .A-modules, i.e., representations of S,.
Our second main theorem characterizes these representations:

Theorem 3.3. Let i € [f,4+1]. Consider the lacunar subset Q; of [n —1]. Write
the set Q;U{n+1} as {i] <ip < --- <ip}, so that i, = n+ 1. Furthermore, set
ip := 1. Set j := iy — ix_q for each k € [m]. (Note that j; > 0and jo,j3,...,jm > 1
and ji; +j» + - - + jm = n; this follows from Lemma [3.4 below (applied to I =
Qi).) Then,

F/F_4 E:Hjl * ij *Zj3 LI *ijj

the first factor is an H,
while all others are Z’s

as Sy-representations.

We will spend the rest of this section proving this theorem, then restating it (in
the characteristic-0 case) using Littlewood—Richardson coefficients.

3.2. Lemmas on F (Q;)

First, let us show some lemmas about lacunar sets I and the corresponding k-
modules F (I):
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Lemma 3.4. Let I be a lacunar subset of [n —1]. Write the set IU {n+1} as
{i1 <ip <---<ip}, so that i, = n + 1. Furthermore, set iy := 1. Set j 1= iy —
ix_1 for each k € [m]. Then, j; > 0and jp,j3,...,jm > land j1 +jo+ -+ jm = n.

Proof. By definition, we have j; = i; —ip > 0, since i1 > 1 = ij.

Next, we recall that the set I is lacunar. This lacunarity is preserved even when
we insert the new element n + 1 into this set, since all existing elements of I are <
n —1 (since I C [n — 1]) and thus cannot be consecutive with n + 1. That is, the set
IU{n+ 1} is again lacunar. Since we have written this set as {i; < i, < --- < iy},
this yields that any k € [2, m] satisfies iy — ix_q > 1. In other words, any k € [2, m]
satisfies jx > 1 (since jp = ix — ix_1). In other words, j,j3, ..., jm > 1.

It remains to prove that j; 4 j» + - - - + j, = n. But recall that jy = i — i1 for
each k € [m]. Hence,

m m
- i, — by the tel incipl
k_Zl ; e~ fi1) \Z”,’/ \10,, (by the telescope principle)
=n+1 =1
=n+l-1=n.
In other words, j1 +j2 + - - - + jm = n. Thus, Lemma 3.4]is fully proved. N

Lemma 3.5. Leti € [f,,1]. Consider the lacunar subset Q; of [n — 1]. Write the set
QiU{n+1}as {i; <ip <--- <iy}. Furthermore, set iy := 1. Set j; := iy — i1
for each k € [m]. Then, the k-module F;/F;_1 is free of rank

m

" TTG-1).

fljalm!

Proof. We have Q; C [n —1]. Hence, n + 1 is the largest element of Q; U {n +1}.
Thus, from Q;U{n+1} = {i; <i, < --- < iy}, we obtain

im =n-+1 and Qi:{i1<i2<"'<im,1}.

Lemma(apphedtol = Q) shows that j; +jo+ - -+ ju = n. Let (] j " j )
1,12, ,1m

denote the multinomial coefficient % We know from [GriLaf22, Theorem

Jiij2:c Jm
13.1 (a) and (¢)] (applied to p = m — 1) that the k-module F;/F;_1 is free of rank

n m
o= 1. . . k—1).
(o) TTGD

!
In view of ( " ) = n—, this is precisely the claim of Lemma
]1/]2/ 7 Jm ]1']2 ] !

- ! -
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Lemma 3.6. Let I be a subset of [n]. Let j € I. Then, there exists a lacunar subset
J of [n — 1] such that sum ] < sumI and J' C I' U {j}.

Proof. Set K := (I\ {j})U{j—1}if j > 1, and otherwise set K := I\ {j}. Then, K
is a subset of [n] and satisfies sum K < sum I (since K is obtained from I by remov-
ing the element j and possibly inserting the smaller element j — 1). Furthermore,
[GriLaf22, Proposition 8.6 (a)] says that K’ C I' U {j}.

Now, [GriLat22, Corollary 8.8] (applied to K instead of I) shows that there exists
a lacunar subset | of [n — 1] such that sum ] < sumK and |’ C K’. Consider this J.

The set | is a lacunar subset of [n — 1] and satisfies sum ] < sum I (since sum ] <
sumK < sumI) and J' C I' U {j} (since ]' C K’ C I'U{j}). Hence, such a ] exists.
This proves Lemma O

Lemma 3.7. Let i € [f,11]. Consider the lacunar subset Q; of [n — 1]. Write the
set QiU{n+1}as{iy <ip <--- <ip}. Letk € [m —1]. Then,

{t eF (Ql) | tSik = t} C F_1.

Proof. As in the proof of Lemma we find Q; = {iy <ip <--- <iy_1}. Thus,
ix € Q; (since k € [m—1]). Hence, Lemma (applied to I = Q; and j = i)
shows that there exists a lacunar subset ] of [# — 1] such that sum] < sum (Q;)
and J' € Q! U {it}. Consider this J. Since ] is lacunar, we have | = Qs for some
s € [fut+1). Consider this s. Thus, Qs = J, so that sum (Q;) = sum] < sum (Q;)
and therefore s < i (by ). Hence, s < i—1, so that F(Qs) C F;_; (since the
definition of F;_j says that F;_ 1 = F(Qq) + F(Q2) +---+ F(Qj_1)). In view of
Qs = J, we can rewrite this as
F(]) € B

Now, (3) (applied to Q; instead of I) shows that
F(Qi)={te A | tsj=tforallje Qi},
so that

{teF(Q) | tsiy =t}
={te A | tsj=tforallj € Q; and also ts;, =t}
={te A | tsj=tforallje QiU {i}}

C{teA|tsj=tforalljec]} (since J' C Q; U {i})
=F(]) (by (), applied to ] instead of I)
C F .

Thus, Lemma [3.7] follows. O
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3.3. The elements Vp

Lemma 3.8. Let i € [f,,11]. Consider the lacunar subset Q; of [n — 1]. Write the
set Q;U{n+1}as {i; <ip <--- <ip}. Furthermore, set ip := 1.

For each k € [m], let J; denote the integer interval [ix_1, iy — 1]. Note that the
intervals |1, ]2, ..., Jm are disjoint and — except possibly for J; — nonempty (J;
is empty if and only if 1 € Q;), and their union is [n]. Thus, we can view the
direct product S;, x Sj, X --- x §j, as a subgroup of S, in the obvious way (each
factor Sj_acts on the elements of J; while leaving all remaining elements of [n]
unchanged).

For each (m —1)-tuple p = (p2,p3,---,Pm) € J2 X J3 X - -+ X ], (that is, with
px € Ji for each k € [2, m]), we define an element

0ESy;
o (Jx)=]x for each ke[m];
o (ix_1)=px for each ke[2,m]

Then:
(@ For any 7 = (m,72,...,Tw) € Sp XS, x---x 5, and p =
(P2, P3/---,Pm) € J2 X J3 X -+ X ]y, we have
TVP - VTP,
where

™p = (2 (p2), w5 (P3) /- -, T (pm)) = (T (p2), T(p3),-- -, T(pm)) -
(b) The left A-module F (Q;) is generated (as a left A-module) by any single
element of the form V, (withp € Jo X J3 X -+ X ).
(c) Let £ € [2,m]. For each k € [2,m]\ {¢}, let py € Jx be an element. Then,
Z v(pz,pgg,...,pm) € F_1.

pe€ly

(Note that the elements po, p3, ..., Pr—1, Prs1, Pes2,-- -, Pm in this sum are fixed,
whereas p; runs through the set J,.)

Proof. As in the proof of Lemma[3.5, we find iy, = n+1and Q; = {iy <ip < -+ <ipy_1}.

(@ Let 7 = (1, 2,...,T) € Sjy xS, x--- xSy, and p = (p2,p3,.--,Pm) €
Jo X J3 X -+ X J;;. Recall that

Vp = ) 0.
TESy;
o(Jx)=]x for each ke[m];
o (ix_1)=py for each k€[2,m]
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Multiplying this equality by T from the left, we obtain

TVp = ) T0 = ) o

oESy; oESy,;
o(Jx)=Jk for each ke[m]; (o (Jx))=7(Ji) for each ke[m];
o (ix_1)=py for each ke [2,m] (0 (ix_1))=17(py) for each ke[2,m]

here, we have replaced the conditions “o (Jx) = J¢”
and “o (ix_1) = px” under the summation sign
by the conditions “7 (¢ (Jx)) = 7 (Jk) ”
and “t (0 (ix_1)) = T (px) ” (which are equivalent to
the former two conditions because T is injective)

= Y. o

0ESy;
(1) (Jx) =] for each ke[m];
(t0) (ix_1)=T7(px) for each ke [2,m]
since each k € [m] satisfies T (¢ (Jx)) = (10) (Jx)
and 7 (0 (ix—1)) = (10) (f—1) (ifk>1)
and T (Jx) = Jx (since T € Sj, x 5, X --- X §;,)
oeSy;
o (Jx)=] for each ke[m];
o (ix_1)=1(py) for each ke [2,m]
here, we have substituted ¢ for to in the sum,
since the map S, — S, ¢ — 70 is a bijection

= Vaip

(by the definition of V¢p, since tp = (7 (p2),7T(p3),.-.,7(pm))). This proves
Lemma [3.§] (a).

(b) The definition of the non-shadow Q! yields
Qi =[n—1\(QU(Qi—1)

:[Tl—l]\({il<i2<"'<im,1}U{Z’1—1<l’2—1<"'<im,1—1})

(since Q; = {i1 <ip < -+ <ip_1}). In other words, Q) consists of all elements of
[n — 1] except for those of the forms iy — 1 and i for k € [m —1].

Let T be the subgroup of S, generated by the simple transpositions s; with j € Q;.
Thus, T’ is generated by all simple transpositions sy, sy, ...,s,_1 except for those of
the forms s; 1 and s; for k € [m — 1] (by the description of Q; in the previous
paragraph). Hence, every permutation w € I preserves the intervals [, 2, ..., i
as well as the elements iy,1p,...,1;_1.

Conversely, if some permutation w € S, preserves the intervals [y, J2,..., ] as
well as the elements iy, 1,...,1,_1, then w must belong to I' (because such a per-
mutation w must preserve the intervals J; = [ip, i1 — 1] as well as Ji \ {ix_1} =
lix_.1+1, iy — 1] for all k € [2,m] (since it preserves both J; and i;_1) as well as
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the length-1 intervals {i; 1} for all k € [2,m], and thus must be a composition
of permutations of these intervals; but any such permutation belongs to I' (since
any permutation of an integer interval [, b] can be written as a product of simple
transpositions s; with j € [a,b — 1})).

The subgroup I of S, acts from the right on S, (simply by right multiplication),
and thus also acts k-linearly from the right on A = k|[S,] (by linear extension),
making A into a permutation moduleﬁ of . Applying (3) to I = Q;, we see that

F(Q)={te A | tsj:tforalleQg}
={te A | tw=tforallweT}

(since T is the group generated by the s; with j € Q}, and therefore the condition
“ts; = t for all j € Q;” is equivalent to “tw = t for all w € T"”). Thus, F (Q;) is the

space of fixed point of the right I'-action on A.

However, we know from the basic theory of group actions (see, e.g., [Lorl§,
§3.3.1, “Invariants of Permutation Representations”]) that when a finite group G
acts on a set X, the space of fixed points of the corresponding permutation module
is spanned by the orbit sumﬂ Hence, the k-module F (Q;) is spanned by the orbit
sums of the right I'-action on S, (since F (Q;) is the set of fixed points of the right I'-
action on A, which is the permutation module corresponding to the right I'-action

on Sy). In other words, F (Q;) is spanned by the orbit sums ) o for T € S, (since
oetl
each orbit of the right I'-action on S, has the form tI'" for some T € S;). As a

left A-module, F (Q;) is therefore generated by any one of these orbit sums (since

any two orbit sums ), ¢ and )} o can be transformed into each other by left
cenl’ cenl

multiplication by 77, | € S, C A, and therefore each of them generates the other).

®Recall the definition of a permutation module:
Let G be a finite group. Let X be a right G-set. Let k(X) be the free k-module with basis X.
Then, k(X) becomes a right k [G]-module, where the action of k [G] on kX) is given by bilinearly

extending the action of G on X (that is, by the rule ( Y. zxgg> < Y. ﬁxx) =Y X agBxgx).
g€G xeX geG xeX

This is called the permutation module corresponding to the right G-set X.
In our present setup, we apply this construction to G =I' and X = S,,.
7Recall the definition of a space of fixed points: If a k-module V is equipped with a linear right
action of a group G (that is, if V is a right k [G]-module), then its space of fixed points is defined
to be the set {a € V | ag =a for all g € G}. This is a k-submodule of V.
8In more details:
Let G be a finite group. Let X be a right G-set. Consider the corresponding permutation
module k(X), with its right G-action.

For each G-orbit O on X, we define the orbit sum zp = Y. x € k&), Now, the known fact
x€O
that we are citing here is saying that these orbit sums zp (as O ranges over all G-orbits on X)
form a basis of the space of fixed points of k() (as a k-module).
In [Lor18| §3.3.1, “Invariants of Permutation Representations”], this is stated for left G-actions,
but the case of right G-actions is analogous.
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Now, let p = (p2,p3,---,Pm) € Jo X J[3 X - -+ X J;. We shall now show that V,
is one of these orbit sums we just mentioned. Indeed, let (), be the set of all
permutations o € S, that satisfy “o (Jx) = Ji for each k € [m]” and “o (ix_1) = px
for each k € [2,m]”. Then, the definition of V, can be rewritten as

V=) 0. (4)

o€y

We shall now show that (), is an orbit of the right I'-action on S, (that is, a left
coset of I'in Sy)).

First, we show that the set (), is nonempty. Indeed, it is easy to construct some
permutation T € )p: Namely, we pick a permutation 7y € Sj, arbitrarily. Fur-
thermore, for each k € [2,m], we pick a permutation 7, € S, that sends i;_; € Ji
to px € Jx. The m-tuple (11,72, ..., Tyy) then belongs to Sy, x Sj, x --- x §;, and —
viewed as an element of S, via the embedding S;, x Sj, x --- x §;, — S, — belongs
to (p.

Hence, ), is nonempty. Pick any T € Qp. Then, 7 (Jx) = Ji for each k € [m],
and 7 (ix_1) = py for each k € [2,m]. Moreover, these equalities remain valid if we
replace T by Tw for any w € I' (because every permutation w &€ I preserves the
sets J1, J»,..., Jm as well as the elements iy,iy,...,i,,_1). Thus, for each w € I', we
have Tw € ()p as well. In other words, TI" C ().

Conversely, we claim that (3, C 7I'. Indeed, let ¢ € (), be arbitrary. Then,
each k € [m] satisfies 0 (Jx) = Jx = 7T (Jx), whereas each k € [2,m] satisfies
o(ix.1) = pr = T(ix_1). Set w = T lo € S,; thus, each k € [m] satisfies
w (Jx) = 71 (o (Jk)) = Ji (since we just saw that o (J;) = 7 (Ji)), and each k € [2,m]
satisfies w (ix_1) = T ! (0 (ix_1)) = ix_1 (since we just saw that o (ix_1) = T (ix_1))-
Thus, the permutation w € S, preserves the intervals [y, J», ..., i as well as the
elements iy,iy,...,1,—1. Hence, w € I' (because if some permutation w € S, pre-
serves the intervals [, |5, ..., | as well as the elements iy, 1, ...,i,,_1, then w must
belong to I'). Now, from w = 710, we obtain ¢ = Tw € 1T (since w € I). Forget
that we fixed 0. We thus have proved that ¢ € 7T for each ¢ € Op. In other words,
Op C 1T

Combining this with 7T C (), we obtain (), = 7I'. Hence, (), is an orbit of the

right I'-action on S,. Thus, Y o is an orbit sum of this action. In view of (4), this
ey

means that V is an orbit sum of this action. Hence, as a left A-module, F (Q;) is
generated by V, (since we have shown that F (Q;) is generated by any one of the
orbit sums). This proves Lemma [3.§] (b).

(c) Let
9= ) Y (p2,p3,eepm) ()

pe€ly

We then must show that ¢ € F;_;.




Representations of somewhere-to-below shuffles, version 2025-08-01 page 17

We have
0= Z V (p2,p3m) € F(Q))
pr€le ————
€F(Q))

(since Lemma [3.8] (b) shows that Vq€F(Q;)
for any q€ /o X J3x X J)

(since F (Q;) is a k-module). On the other hand,
8= Y. Vipapsim

Pe€le
=) )3 o (by the definition of V(,, . )
pe€le TESy;

o(Jx)=]Jx for each ke[m];
0 (ix_1)=px for each k€[2,m]

=) X 0

pe€le 0ESy;
o(Jx)=Jx for each ke[m];
0 (ix—1)=px for each ke[2,m]\{¢};
o(ip—1)=ps
here, we have split up the
condition “o (ix_q) = py for each k € [2,m]”
under the second summation sign
into two: one for k # ¢ and one for k =/

= Y. o (6)

oESy;
o(Jx)=Jk for each ke[m];
o (ix_1)=px for each ke[2,m]\{(};
o(ig-1)€Jy

(here, we have subsumed the two summation signs into one by removing the vari-

able py). The condition “o (iy_1) € J,” under the summation sign in (6) is redun-
dant, since it follows from the condition “c (Jx) = Ji for each k € [m]” (indeed,

the latter condition implies that o (J;) = J, and therefore o | iy 1 | € o (Js) = Jp).
~—

S
Hence, we can remove this condition. Thus, (6) rewrites as

9= Y o. (7)

oeSy;
o(Jx)=J for each ke[m];
0 (ix_1)=py for each ke[2,m]\{¢}

However, the two conditions “o (J;) = Ji for each k € [m]” and “o (ix_1) = px for
each k € [2,m] \ {¢}” under the summation sign in (7) remain unchanged if we
replace ¢ by 0s;, | (since this replacement merely swaps the values of ¢ on iy_4
and iy_q + 1, but this does not break any of the two conditionsﬂ). Hence, the set of

9Here we use the fact that the two elements iy_; and i;_; + 1 lie in the same J; (namely, in
Jo = [i¢_1, ig — 1]). This is because Q; is lacunar, so that i, 1 < iy — 1.
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the permutations ¢ over which we sum in (7) is fixed under right multiplication by
si,_,- Therefore, the whole sum is fixed under right multiplication by s;, ,. Because
of , this shows that ¢s;, , = ¢. Combining this with ¢ € F (Q;), we obtain

U e {t eF (Qz) | tsif—l = t} CF_4
(by Lemma 3.7 applied to k = ¢ — 1). This proves Lemma [3.§| (c). O

3.4. Linear algebra lemmas
We shall furthermore use two facts from linear algebra over commutative rings:

Lemma 3.9. Let s € IN. Let M and N be two free k-modules of rank s. Then, any
surjective k-linear map p : M — N is an isomorphism.

Proof. This is a well-known folklore result, and follows easily from the known fact
(“Orzech’s theorem” in one of its simplest forms — see, e.g., [GR20, Exercise 2.5.18
(a)], or [Grinbel6, Corollary 0.2] for a more general result) that any surjective en-
domorphism of a free k-module of finite rank is an isomorphism. For the sake of
self-containedness, let me nevertheless give a direct proof:

Let p : M — N be a surjective k-linear map. We must show that p is an isomor-
phism.

Pick bases (eq,€p,...,¢es) and (f1, f2,..., fs) of M and N (these exist, since M and
N are free of rank s). The surjectivity of p then shows that every basis vector f; of
N lies in the image of p. That is, every f; can be written as p (g;) for some vector
gi € M. Choose such vectors g;, and let T : N — M be the k-linear map that sends
the basis vectors f1, f2,..., fs to g1,82,...,8s, respectively. Then, the composition

poT: N — N sends each vector f; to f; (since f; v g; LS p(gi) = fi), and thus is
the identity map idy (since f1, f2, ..., fs form a basis of N).

Now, let A € k°*° be the matrix that represents the linear map p : M — N
with respect to our bases of M and N. Likewise, let B € k**® be the matrix that
represents the linear map 7 : N — M with respect to our bases of N and M. Then,
AB is the matrix that represents the linear map po 7 : N — N with respect to our
basis of N. Therefore, AB is the identity matrix I (since p o T is the identity map
idy, which is represented by the identity matrix I). Hence, det (AB) = det (I;) =1
and thus 1 = det(AB) = det A - det B. This shows that det A is invertible (with

1
inverse det B). Hence, the matrix A is invertible (with inverse 1 adj A, by the

e
well-known identity det A- I, = A-adjA = adj A - A). In other words, the k-linear
map p is invertible (since it is represented by the matrix A), thus an isomorphism.
This proves Lemma O

Lemma 3.10. Let V3, V}, ..., V,, be any k-modules. For each ¢ € [m], let W, be a
k-submodule of V;. For each ¢ € [m], we consider the k-submodule
V1®V2®---®Wg®~~®vnz of VioVh®: - ® V.

This means the tensor product Vi@Vo®--- @V,
in which the /-th factor is replaced by W,
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(a) Then, there is a canonical k-module isomorphism

m
VieVe - @Vu) /), VieWhe oW e V)
(=1

This means the tensor product Vi@V,®---@Vy,
in which the /-th factor is replaced by W,

> (Vi/W) @ (Vo/ W) ® -+ @ (Vi / Wit) -

(b) If V1, V,,...,V, are furthermore left modules over some k-algebras
A1, A, ..., Ay, and if Wi, Wy, ..., W, are their submodules (i.e., each W, is a
left Aj-submodule of V;), then this isomorphism is a left A1 ® Ay ® -+ - @ Ap-
module isomorphism.

Proof. (a) We construct both the isomorphism and its inverse using the universal
properties of tensor products and quotients:

¢ There is a canonical k-linear map
O:ViVLa®--QVy = (Vi/W1) @ (Vo/Wa)® -+ ® (Vi /Why),
sending each pure tensor v1 ® v @ - - - RV t0 V] RV @ - - - @ V. This k-linear
map P is easily seen to vanish on the submodule g NV - W, - Vy),

(=1
and thus factors through the quotient module. Hence, we obtain a k-linear

map

m
O (Vi®Vh®---QVu) /Y Vi@V2® - QW Q- ® Vy)
(=1

= (Vi/W1) ®@ (V2/W2) @ -+ ® (Vi / Win)

sending each 11 @, ® - R Uy OV VT ® - - - @ Ty

¢ Conversely, there is a canonical k-linear map
Y (Vi/ W)@ (Vo/Wa)® -+ @ (Vi /Why)

m
- (VioVa®@---@Vu) /)Y (Vi@Ve - @W,®---® V)
/=1

sending each 77 ® T, ® - ® Uy t0 V] @ V2 ® - - - @ Uy To show that this map
is well-defined, we need to check that 71 ® v, ® - - - ® v, depends only on the
residue classes 7; rather than on the v; themselves (this is easy: replacing v;
by v} with v; — v, € W; only changes v; ® v, ® - - - ® v, by an element of
Viewh® - @W;®---® V) and that this dependence is multilinear (this is
again easy).

Clearly, the maps ® and ¥ are mutually inverse, hence isomorphisms.

(b) This follows easily from the construction in part (a). O
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For our specific needs, we specialize Lemma to the case W; = 0:

Lemma 3.11. Let V4, V;, ..., V;, be any k-modules with m > 1. For each ¢ € [2,m],
let W, be a k-submodule of V. For each ¢ € [2, m], we consider the k-submodule

Viohe W@ @V, ofV1@Vh® &V

This means the tensor product Vi@V,®---@Vy,,
in which the /-th factor is replaced by W,

(@) Then, there is a canonical k-module isomorphism

m
(Vi@Va@--@Vu) /), V@V oW @V
(=2

This means the tensor product Vi@V,®---@Vy,,
in which the /-th factor is replaced by W,

=2VI® (VQ/WQ) & (Vg/Wg) Q- (Vm/Wm)

(b) It V1, V,,...,V, are furthermore left modules over some k-algebras
A1,Ay, ..., Ay, and if each W, with ¢ € [2,m] is a left Aj-submodule of V,
then this isomorphism is a left A} ® Ay ® - - - ® Ay-module isomorphism.

Proof. Apply Lemma to Wi = 0, and observe that V;/0 = V;. O

3.5. Proof of Theorem
We can now prove Theorem

Proof of Theorem We shall use the notations of Lemma Note that each k €
[m] satisfies Ji = [ix_1, ix — 1] and thus

|kl = ik — ik—1 = jik- ®)
Explicitly, there is a bijection
[]k] — ]k/
X i —1+x ©)

for each k € [m].

Consider the tensor product #;, @ N}, ® N, @ - - - ® NVj,,. We recall that the trivial
representation H; = k has a 1-element basis (1), while each natural representation
N, has basis (ep)p clig = (e1,€2,...,¢j,). However, by abuse of notation, we shall
rename the latter basis of N, as (ep)pe]k = (e, €, ,+1,---,6i—1) instead (by
shifting all subscripts up by i,_; — 1, that is, renaming each basis vector e, as
e;,_,—1+x)- Note that this can be done because ji = i — ix_1.

Having renamed the basis vectors of the k-module ./\/]-k, let us also replace the
symmetric group S;, acting on this module accordingly. Namely, we reinterpret the
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symmetric group S; acting on A}, as the symmetric group Sj, using the bijection

between the corresponding sets [ji] and Ji. Thus, the left action of S; on N,
becomes a left action of S, instead; it is still a permutation action (given on our
now-renamed basis by the formula e, = €r(p) for each p € Ji and o € §;,). With
these reinterpretations, the parabolic embedding S;, x S;, X --- X §; — S, becomes
the usual embedding S;, x S§j, X --- x S5 — S;, which simply combines the m
permutations without any need for shifting (i.e., any m-tuple (04,07,...,0m) €
Sj, X §5, X .-+ x §;, is identified with the permutation ¢ € S, that sends each
element x € Ji to oy (x) for each k € [m]).

For each p = (p2,p3,...,pm) € J2 X J3 X - -+ X ]y, we have

Vp € F(Qj) (by Lemma [3.§] (b))
QPZ- (since FIZF(Q1)+F(Q2)++F(QZ))

and thus V_p € F/F_1 (where V_p denotes the residue class of V, € F; in the
quotient F;/F;_1). Hence, we can define a k-linear map

O:H; QN, ON;; @---@N;, = F/F_,
1@ep, ®ep, @ - @ep, = Vp
forany p = (p2,P3,-- -, Pm) € 2 X J3 X -+ X [

(This map is defined by linearity, since the pure tensors of the form 1 ® e, ® ), ®
- ®ep,, withp = (p2,p3,...,Pm) € J2 X J3 X - - - X ], form a basis of the k-module
Hj, @ Nj, @ Nj; @ - - - @ N, .) Consider this map ®.

For each ¢ € [2,m], we can consider the k-submodule H; @ N}, ® Nj; @ - ®
D;,®---QN;, of Hj N, ® N, ® - - - ® N, in which its /-th factor }, is replaced
by its submodule D;, = {(a,4,...,a) | a € k}. We claim that the map ® sends this
submodule to 0. Indeed, this submodule is spanned by sums of the form

Y 1®ep, Qep, ®---Qey,
Pe€lr

(for tixed pa, p3,...,Pe—1,Pr+1,-- -, Pm In the respective intervals J) and the

19Proof. The submodule D;, is spanned by the single vector

(1/ 1/ . /1) - ei[_l + ei[_l-‘rl + tee + ei[—l = Z ep[/
pe€ls

and thus the tensor product H; ® N}, ® Nj; @ --- @D}, ® --- @ N, is spanned by the pure
tensors of the form

l®ep, ®ep, @+ Dep, , & ( )y em) Qepyy @ Bep,
pe€le

= 2 1®ep, ®ep, @+ ey, for fixed po, p3, ..., Pe—1,Pes1s---s Pm-
pe€le
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map P sends such sums to

Z V(Pz,m,n-,;?m) = Z V(leps,m,]?m) = OFi/Fi—l’

Pe€l pe€le
since Lemma ﬁ (c) shows that 3 V(. .)€ Fi1.
pe€le
Thus, the k-linear map

Q:H; N, QN;;®---®N, = F/F4

sends all the k-submodules H; @ N;, ® N}, ®---®@D;, ®@---@N;, for £ € [2,m] to

0. By linearity, we can thus conclude that ® also sends their sum
m

Y (Hy@N, 9N, ®---@Dj,®---®N;,) to 0. Therefore, ® factors through the
(=2
quotient k-module

(H]'1®'/\/]'2®'/\/}3®"'®N'm)/2(Hh®A/}2®AG3®"'®DJ€®"'®N'm)
(=2

= 7'[]‘1 ® (A/}z/pjz) ® (A/}3/Dj3) Q- ® (N'm/Dfm)

by Lemma (a), applied to V; = H;, and V, = N, for £ > 1
and W, =D;, for £ > 1

=M ®Z2,02,® - ®Z, (since N,/ D), = Z, for each p > 0) .
Thus, we obtain a k-linear map
6:7‘[]'1 ®Z]'2®Zj3®---®2jm — F/F_4,
108,06,8 - ®&, — Vp
forany p = (p2, p3,.--, Pm) € o X J3 X -+ X .

Consider this map ®. Using Lemma (a), it is easy to see that this map @ is
Sj, X Sj, X -+ x S -equivarianf!!] and thus is a left k [Sj, x Sj, x - - x S;, ]-module
morphism.

"Proof. Let T = (14, o, ..., Tm) € Sj, X Sj, X - -+ X S be any m-tuple, and let p = (p2, p3, ..., pm) €
Jo X J3 X -+ X Jp,. We shall show that

D(1- (10, R, Re,)) =T P (108, R, ®---Qe,,).

By linearity, this will entail that the map ® is S;, x Sj, X - -+ x §;, -equivariant (since elements of
the form 1®ep, ®ep, @ -+ ®ep, spanH; W Z;, R Z, @ -+ ® Zj ).

Indeed, as we mentioned at the beginning of our proof, we regard each S; as Sj, so
that the permutations 7, 7y, . .., T act not on the sets [j1], [j2], ..., [jm] but rather on the sets
J1,J2, .-, Jm- The embedding of Sj, x Sj, X --- x S, into S, is the usual one, so that our m-tuple
T= (7, T, ..., Tm) is equated with the permutation T € S, given by

T (x) = 7 (%) for each k € [m] and x € J;. (10)
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But the definition of an induction product yields
Sn
=Ind" (5, s, (Hp @ 2@ 2@ 0 Z,)

Jm
=k [S”l®k[sjlx5j2><-~-><sjm] (Hjy© 2,020 ©Z,) (by (@)
=A
= A ®k[5]‘1><5j2><~-><5]‘m] (Hh ® Z]2 ® Z]3 ® T ® Z]m) :
Hence, we can define a left A-module morphism
TZ'H]'l *ZJZ*Z]S**Z]m —>F1‘/Pl‘_1,

a ®k[5jl><5j2><...><5],m] v—a-d (’0)

(this is well-defined, since @ : Hy®Z, Q2,0 --®Z, — F/F_1is a left
k [Sj, x Sj, x -+ x §j ]-module morphism). Explicitly, ¥ is given by

¥ (085, s, 5, (10T D@ 0,) )
e T(e e B E)
=a-Vp foranya e Aand p = (p2, p3 .-, Pm) € J2a X J3 X -+ X I

(by the definition of ®). Hence, using Lemma [3.8| (b), it is easy to see that this map
Y is surjectivi

We now know that Y is a surjective left .A-module morphism from H; * Z;, *
Zi*x---x Zj to F;/F_1. We shall now show that ¥ is an isomorphism.

As in Lemma [3.§] (a), we set

= (n2(p2), B (P3), - T (Pm)) = (T(p2), T(P3),---, T (Pm))-

Now, we have T = (11, T, . . ., Tyy) and thus

T- (108, R, ® - Qe,) =Tl Q0ep, Q Tep, Q- ® Tuep,
=1Q &g (p,) @ Cry(py) @ g, (pr)-
Therefore,

P(1-(1®e,®e, ®- - ®8p,))

=@ (1 By (py) O lry(py) @7+ @ ermuam))

=V (by the definition of ®, since Tp = (T2 (p2), 13 (P3) -+, T (Pm)))
=1Vp (since Lemma 3.8| (a) yields Vp = TVp)
Tt B (108 0T 6 6 )

(since the definition of @ yields Vp = @ (1®7e,, ®,, @ - - ®p,,)). This is precisely what we
wanted to show. Hence, we have proved that the map ® is S;, x Sj, X --- X §; -equivariant.
12Proof, The map Y is left A-linear. Hence, its image is a left .A-submodule of F;/F;_1.
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From Lemma we know that the k-module F;/F;_; is free of rank

m

" TTG-1).

iljaljm!

But the k-module

Sn
Hig# Zpx Zpx- - Zj, =Tndg! o g (M @ 2,0 200 Z;,)

is also free of rankKD|

|Sn| :
-dim (Hj, ® Z;, ®Z L Q- ®Z,)
\’Sjl XS]'ZX- XS]m‘ I Jm/,
! =dim (% ) 11 dim(z;,)
it g =111 )

(since ’H, 1s free of rank 1,
whereas each Z ik is free of rank j,—1)

H ek —1).

11 ']2

Thus, Lemma (applied to M = H;, x Zj, % Z, *---x 2Zj and N = F;/F;_; and

s =

v
% : 1711[ (jt —1) and p = ¥) shows that the surjective k-linear map
2t jmt k=2

By the definition of F;, we have

F,=F(Q1)+F(Q2)+--+F(Q)
=F(Q1)+F(Q2)+ -+ F(Qi-1) +F(Qi) = F1 + F(Qi).

=1

Hence, the composition of canonical maps

projection

F(Q;) " F F/F (11)

is surjective.
But Lemma (b) shows that the left A-module F (Q;) is generated by a single element
of the form V. Hence, the quotient A-module F;/F;_; is generated by a single element of

the form V, (since the map is surjective). But any such element of the form V,, lies in
the image of ¥ (since we have V, = ¥ ( 1 DS, xS}, x5 ] (1®e, e, ®- - ®epm)> when
17%%0 m

P = (P2, p3,--.,Pm))- Thus, the image of ¥ must contain a generator of F;/F;_1, and thus must
be the entire A-module F;/F;,_1 (since this image is a left A-submodule of F;/F;,_1). In other
words, ¥ is surjective.

13Here, we are denoting the rank of a free k-module V by dim V, and we are using the fact that

G
an induced representation Ind% V is free of rank || H|| -dim V (as a k-module) whenever V is

free (as a k-module). (The latter fact is an easy consequence of the fact that k [G] is a free right

k [H]-module of rank ||Ii|| )
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Y:H,*xZ,xZ;x---xZ;, — F/F_1 must be an isomorphism. Since ¥ is a
left A-module morphism, we thus conclude that ‘I’ is a left .A-module isomor-
phism. Therefore, F;/F,_1 = 7-[ x Zi % Z * - as left A-modules, i.e., as
Sp-representations. Hence, Theoremﬁm proved O

3.6. In terms of Littlewood—Richardson coefficients

In the characteristic-0 case, we can restate the claim of Theorem in terms of
Littlewood—-Richardson coefficients. Let us first recount the bare minimum of sym-
metric function theory needed to state this.

We will use standard notations for (integer) partitions; in particular, the size of a
partition A will be denoted by |A|. We let Par denote the set of all partitions. We
let A be the ring of symmetric functions over Z (not over k); we refer to [GR20,
§2.1] or [Sag01), §4.3] for its definition@ To each partition A corresponds a special
symmetric function s, € A called the Schur function; see [GR20, (2.2.4)] or [Sag01,
§4.4] or [Eggl9, Definition 5.3] for its definition. It is well-known (see [Sag01,
(4.26) and Theorem 4.9.4] or [GR20, Definition 2.5.8 and Corollary 2.6.12] or [Egg19,
Theorem 10.40]) that a product s,s, of two Schur functions (for y,v € Par) can
always be written as an IN-linear combination of Schur functions — i.e., there exist
coefficients ci,‘ﬂ, € IN for all A, u,v € Par such that every two partitions u and v
satisfy

Susv =Y c;‘ﬂ,sA. (12)
A€Par
These coefficients cyv are known as the Littlewood—Richardson coefficients. More
generally, if yq,p2,..., 4 are any k partitions, then we can write the product
Su1Su, * * * Sy, in the form

_ A
SurSpua " Spy = Z Chur e i SA (13)
A€Par

“ ” )L
with coefficients cy iz € IN. These “k-Littlewood—Richardson coefficients” ¢y, . ..

are, in fact, easily computed by recursion using the standard Littlewood-Richardson
coefficients cﬁﬂ,: Namely, for k = 0, we have

A Ao (Kronecker delta) ;

for k = 1, we have
c;‘ = Opu (Kronecker delta) ;
and for any higher k, we have

/\ /\
thz Z Clil M2y s Hi—1 V;Pk
VG ar

4Note that [Sag01} §4.3] uses C as the base ring, but everything works for any base ring.
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(since the product s,,5y, - - - S, can be computed as (Su;Su, = Sue_y ) Spp)-
Note that any Schur function s, is homogeneous of degree |A|. Hence, a Littlewood-
Richardson coefficient cﬁ/v is always 0 unless |A| = |u| + |v|. Thus, we can rewrite

the equality as

A
SuSu = ), CuuSh- (14)
A€Par;
IAl=[p|+v|

Likewise, we can rewrite (13) as

_ A
S‘uls.u2 o Sﬂk - Z C]ll,],lQ,...,yks/\' (15)
A€Par;
IA=pa |+ 2]+ [k

We note that there is a second Littlewood-Richardson rule ([Sag01, Theorem
4.9.2], [GR20, (2.6.4)], [Egg19, Theorem 10.40]) that decomposes a skew Schur func-
tion s, ,, into an IN-linear combination of (straight) Schur functions s, as follows:

S\ =Y cﬁ/vsv. (16)

vePar

The formula can also be viewed as a particular case of that second rule, since
the product sy, sy, - - - s, can be written as the skew Schur function sy, i, x...xy, cor-
responding to the skew shape pj * pp * - - - * ;. obtained by attaching the Young
diagrams of piq, ya, ..., 4i to each other along their northeastern/southwestern cor-
ners (see [RW84, §1] for the precise definition; this claim follows from [Eggl9,
Proposition 5.9]; cf. also [Sta24] Figure 7.2]). Thus, a k-Littlewood—-Richardson co-
efficient Cﬁwz,--mk can actually be rewritten as a (regular) Littlewood—Richardson
coefficient using (16): If we write the skew shape piq * jip * - - - x i as a/ B, then

A _ &
Chiy ity — CBA- (17)

The same Littlewood-Richardson coefficients govern the decomposition of in-
duction products of Specht modules into Specht modules in characteristic 0. Namely,
if k is a field of characteristic 0, and if 4 and v are two partitions of respective sizes
i and j, then

2 6

stes'= @ (s (18)

A€Par;

A|=i+
as Si+j—module Indeed, this follows from the Schur function equality us-
ing the Frobenius characteristic map [Sag01, Theorem 4.7.4] (in fact, this map — or,
rather, its inverse — sends Schur functions s, to Specht modules S?, while send-
ing products of symmetric functions to induction products of representationﬂ.

15The notation V®* means the direct sum V&V & --- @ V of k copies of V.
16For products with two factors, this is proved in [Sag01, Theorem 4.7.4] (using characters and
Frobenius reciprocity). For products with k factors, it follows from the two-factor case using

Proposition
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Likewise, if k is a field of characteristic 0, and if uy, yp, ...,y are k partitions of
respective sizes iy, 1y, . .., iy, then

®c}
SM 5 SH2 5 ... 5 SHk = D <8A> H1M b (19)

A€Par;
|/\|=i1+i2+"'+ik

as S;, 4i,+...+i,-modules. When k is a field of characteristic # 0, or, more generally,
just any commutative ring, then the isomorphisms and still hold in a
weaker form, where the direct sums are replaced by filtrations whose subquotients
are Specht modules of the form S* (see [Cla91, Theorem 9.7] for the more general
problem of finding such filtrations of skew Specht moduleﬂ.

Now, Theorem [3.3| gives rise to the following decomposition of F;/F;_:

Corollary 3.12. Assume that k is a field of characteristic 0.

Let i € [fy+1]. Consider the lacunar subset Q; of [n —1]. Write the set Q; U
{n+1} as {iy <ip <--- <ipy}, so that i, = n+ 1. Furthermore, set iy := 1.
Set jx := iy —ix_q for each k € [m]. (Note that j; > 0 and j»,/3,...,jm > 1 and
j1+j2+ -+ jm = n; this follows from Lemma 3.4] (applied to I = Q;).)

Let Par, be the set of all partitions of n. Then,

ot , ,
F/F1= & (SA) (1) (2=11), (j3=11), s (im=11)

A€Pary,

. . A
(where the subscripts in €, (=11, (5=11), s (jm—1,1

lowed by the partitions (jx — 1,1) for all k € [2,m]).

) are the partition (j;) fol-

Proof. The set Q; U {n + 1} is lacunar (since Q; is lacunar, and since Q; C [n — 1]
ensures that n 4 1 is larger than any element of Q; by at least 2). In other words,
every k > 1 satisfies iy > i;_1 + 1. Hence, every k > 1 satisfies j > 1 (since
jx = ix — ix_1) and therefore

Z;, = SU=11) (20)

(by Proposition 2.1] (b), since ji is invertible in k).
Also, we have H, = § (P) for each p € N (since both Hy and S (P) are trivial
1-dimensional representations of S,). Thus, H; =S (1),

7Indeed, the induction product S¥1 * SH2 x - - - x SFk is easily seen to be isomorphic to the skew
Specht module S*/F, where /B = py * pip * - - - * yy. Thus, [Cla91, Theorem 9.7] (applied to
this skew diagram «/f) yields a Specht series (i.e., a filtration whose subquotients are Specht
modules of the form S*) for S#1 « S¥2 x . . . s Stk,
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Now, Theorem [3.3] yields
Fi/Fi—l = 7—[]1 * 2]2 * Z]3 kooee X Z]m

4

the first factor is an H,
while all others are Z’s

~ 51 5 SUa—11) 4 §U—11) 5 . .y Slm—11)
since H;, = SU1), and since Z, = SUk=11) for each k > 1
(by @0))

o (s i), (1), (5-10), - Gm-11) (by (D))

A€Par;
[Al=j1t+j2++jm

I

®ct | . . ,
— @ (3/\> (1), (2=11), (j3=11), o (jm—11) (since ]'1 _|_]'2 4+ .. _|_]'m — n)
A€Par;
A

e (y)ﬂac?h), (1) (5-10), . Gn-11)

A€Pary,

This proves Corollary O

4. The Specht module spectrum

4.1. The theorem

We need a few more notations from [GriLaf22]. For any subset I of [n], we define
the following:

o We let I be the set {0} UTU {n + 1}. We shall refer to I as the enclosure of I.
For example, if n = 5, then @3\} ={0,2,3,6}.

 For any ¢ € [n], we let m ; be the number

(smallest element of T that is > €> —lel0n+1—¢]C[0,n].

For example, if n = 6 and I = {2,5}, then
(mp1, mpo, my3, mra, mys, mreg) = (1, 0,2, 1,0, 1).

We note that an ¢ € [n] satisfies m;, = 0 if and only if £ € T (or, equivalently,
¢el).

We recall that any partition A of n gives rise to an S,-representation called the
Specht module SMIfAisa partition of 1, and if a € A, then the actionof 1 on' S A
(that is, the k-linear map SN — S*, w — aw) will be denoted by L, (a).
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Definition 4.1. Let A be a partition of n. Let I be a lacunar subset of [n — 1]. Write
theset IU{n+1} as {i; <ip <--- <ip}, so that i, = n+ 1. Furthermore, set
ig := 1. Set ji := iy — ix_q1 for each k € [m]. (Note that Lemma shows that
jl > 0 and jz,jg, .. -/jm > 1, hence jz,j3, .. -/jm > 2)

13 _Ri .« . /\
The m-Littlewood—Richardson coefficient i), (h=11), (5—11), o (jm—11

fined in (13), where the subscripts are the partition (j;) followed by the partitions
(jx — 1,1) for all k € [2,m]) will then be denoted by c7.

) (as de-

As we recall from Corollary if I = Q; for some i € [f,+1], then this coeffi-
cient ¢} is the multiplicity of the Specht module S* in the left .A-module F;/F;_;
when k is a field of characteristic 0. Indeed, we can rewrite Corollary as
follows using Definition

Corollary 4.2. Assume that k is a field of characteristic 0.
Leti € [f,+1]. Let Par, be the set of all partitions of n. Then,

F/F_ 42 @ <8A> @C/(\Qi _

A€Pary,

We shall now state our first main theorem:

Theorem 4.3. Let k be any field. Let A be a partition of n. Let wy, w», ..., w, € k.
For each subset I of [n], we set

wr = wimyq +woympp + -+ -+ wyMmp, € k.

Then:

(a) The eigenvalues of the operator L) (wit; + waty + - - - + wpty) on the Specht
module S are the elements

wy for all lacunar subsets I C [n — 1] satisfying ¢} # 0,

and their respective algebraic multiplicities are the ¢} in the generic case (i.e., if
no two I’s produce the same wj; otherwise the multiplicities of colliding eigen-
values should be added together).

(b) If all these w; (for all lacunar subsets I C [n — 1] satisfying ¢} # 0) are
distinct, then Ly (wyt] + waty + - - - + wpty) is diagonalizable.

(c) We have

IC[n—1] is lacunar;
c}#0
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To prove this theorem, we will need a further theorem, which “maps” the Fi-
bonacci filtration from A to a given Specht module S*:

Theorem 4.4. Let k be any field of characteristic 0. Let A be a partition of n.
Then, there exists a filtration

= F} A A A A~ A oA
O=F  CF  CF, & CHCEHCRKR=S

(note the “backward” indexing!) of the Specht module S* by left T-submodules
with the following four properties:

1. Each subquotient F} | /F? (for i € [f,+1]) has dimension céi as a k-vector

space (see Definition 4.1 for the meaning of ¢}).
2. In particular, an i € [f,;1] satisfies F* ;| = F/ if and only if C)éi =0.

3. On each subquotient F} | /F} (for i € [f,1]), each element t, € T (for
¢ € [n]) acts as multiplication by the scalar m_ ;.

4. More generally, on each subquotient F' /F} (for i € [fu41]), each
element P(ty,ty,...,ty,) € T (where P is a polynomial in n non-
commuting indeterminates over k) acts as multiplication by the scalar

p (inrlf mQ,2,--+, inﬂ)'

4.2. Lemmas about S,-representations

In order to prove Theorem and Theorem we need a few lemmas about
left A-modules (i.e., representations of S,). We begin with something basic and
well-known (see, e.g., [EGH ™11, last paragraph of §5.13]):

Proposition 4.5. Assume that k is a field of characteristic 0. Let A and u be two
partitions of n. Then, the Specht modules S* and S¥ satisfy

k, if A=y
Hom 4 <S)‘, S”) ~ )] Hs as k-vector spaces.
0, ifA#u

(Here and in the following, “Hom 4" always stands for the set of left .A-module
morphisms. This is always a k-vector space, but usually not an .A-module on
any side.)

For the sake of completeness, we give a proof of this proposition in the Appendix

(Section [A).
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Lemma 4.6. Assume that k is a field of characteristic 0. Let A be a partition
of n. Define the contravariant functor Hom 4 (—, S*) from the category of left
A-modules to the category of k-vector spaces that is given by

X — Hom 4 (X, S/\> on objects
and likewise on morphisms. (This is a contravariant Hom functor.)

This contravariant functor Hom 4 (—,SA) is exact (i.e., respects exact se-
quences).

Proof. The k-algebra A = k[S,] is semisimple (by Maschke’s theorem, since k is
a field of characteristic 0). Hence, every short exact sequence of left A-modules
is split. Consequently, any Hom functor from the category of left .A-modules is
exac Thus, the contravariant Hom functor Hom 4 (—, §%) is exact. This proves
Lemma O

Note that the Specht module S* in Lemma could be replaced by any left
A-module, but we will use S* only. The same applies to the following lemma:

Lemma 4.7. Let A be a partition of n. Let | be a left A-submodule of A (that is,
a left ideal of A). Then, there is a canonical k-vector space isomorphism

Hom 4 (A/], S)‘> = {vesA | ]v:o},
frf(la).

Proof. The left A-module morphisms from .A/] to S* can be identified with the left
A-module morphisms from A to S that vanish on J. Thus, we obtain a k-vector

18We remind the reader of the proof of this fact: Let F be a contravariant Hom functor from the
category of left A-modules (the case of a covariant Hom functor is analogous). We must show
that F is exact.

Let0 - X — Y — Z — 0 be a short exact sequence of left .A-modules. Then, this sequence is
split (since every short exact sequence of left .A-modules is split), and thus is isomorphic to the
obvious exact sequence 0 = X — X® Z — Z — 0. The Hom functor F sends the latter sequence
to another short exact sequence 0 — F (X) — F (X) & F (Z) — F (Z) — 0 (since Hom functors
respect finite direct sums). But F is a functor; thus, F sends any two isomorphic complexes to
two isomorphic complexes. Hence, because the two short exact sequences0 —+ X — Y — Z = 0
and 0 =+ X — X @& Z — Z — 0 are isomorphic, their images under F must also be isomorphic.
In other words, the image of the short exact sequence 0 — X — Y — Z — 0 under F is
isomorphic to the image of 0 =+ X — X @® Z — Z — 0 under F. But the latter image is exact, as
we have shown. Hence, the former image is also exact.

Thus, F sends the original short exact sequence 0 — X — Y — Z — 0 to a short exact
sequence. Since this is true for any short exact sequence 0 -+ X — Y — Z — 0, we thus have
shown that the functor F respects short exact sequences. In other words, F is exact, ged.
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space isomorphism

® : Homy <A/], S)‘> — {g € Hom 4 <A, S)‘> | ¢()) = O},
fi (A—>SA, ar—>f(ﬁ)>.
However, recall the well-known k-vector space isomorphism Homy (A, M) = M
that holds for any k-algebra A and any left A-module M. Thus, in particular, the

left A-module morphisms from A to S* can be identified with the elements of S*
via the k-vector space isomorphism

Y : Hom 4 <.A, SA> —~ SY
g g(la).

This latter isomorphism has the property that a left .A-module morphism g €
Hom 4 (A, S") satisfies ¢ (J) = 0if and only if its image ¥ (g) satisfies ] - ¥ (g) = 0

(since g(J) =g(J-14) =7J-g(14) =]-¥(g)). Thus, ¥ can be restricted to a k-
N——
=¥(g)

vector space isomorphism

¥ . {gEHomA (A, SA)  ¢()) :0} — {UES/\ | ]vzo},
g+ 8(1la).
The composition ¥’ o ® is thus a k-vector space isomorphism
Hom 4 (A/], S)‘> — {v e St | Jo= O},
frfa).

This is clearly canonical in ], so that Lemma [4.7]is proved. O

4.3. The proofs
We are now ready to prove Theorem 4.4 and Theorem [4.3] in this order.
Proof of Theorem For each i € [0, f,11], we define a subset F* of S* by

FA::{UESA | Fﬂ]zO}.

1

This subset F/ is actually a left 7-submodule of S* (since Proposition 3.2 shows
that F; is a right 7-submodule of A) [’] Moreover, because of

0=FCHRCRC - -CF, =k[S]=A4

9Proof. To show that F? is closed under addition, we observe that any v, w € F satisfy v+ w € FA
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we have
A A A A A
S :F() QPl QFz 2"'2an+1:0-

This is a left 7-module filtration of S*, albeit written backwards. We can rewrite it
as
_ A A A A A A _ QA
O_an+1 g an+1_1 ngn+1_2 g ng g Fl g FO _8 .

Our goal is to show that this filtration satisfies the four properties 1, 2, 3 and 4
claimed in Theorem

For this purpose, we fix i € [f,41]. First, we shall show property 3. We must
show that each element t, € T acts on F* | /F* as multiplication by the scalar mg_ .
So we let £ € [n] and ¥ € F} | /F? (with v € F* ) be arbitrary. We must show that
tg5 = in,gU in FA 1/FA

We have v € Fi)‘_ 1- In other words, v € S*and F_qv = 0 (by the definition of
FM ).

Theorem 3.1| (¢) yields F; - (t, —mg, ;) C Fi_1. Hence,

F- (tp—mg,¢)v C F_qv =0,

CF_1

so that F; - (t, — mg,¢) v = 0. In other words, (t, —mq. ;) v € F? (by the definition
of P)‘) In other words, tjv —mq, v € FA In other words, t,v = mg. ¢ in F)‘ 1/1—”)‘

In other words, t,0 = mg, /v in Fi)‘_ 1/ Fi)‘. Thus, the proof of property 3 is complete.
Property 4 follows immediately from property 3.
Let us now prove property 1.
Note that F; is a left .A-submodule of .4 (by Proposition [3.2). Lemma [4.7 shows

that whenever | is a left A-submodule of A (that is, a left ideal of A), there is a
canonical k-vector space isomorphism
Hom 4 (A/], 3A> ~ {v eS| Jo= o},
fref1a).

Thus, we have

{v eS| Jo= 0} ~ Hom 4 (A/], 8)‘> 1)

(because v, w € Fl-)‘ entails Fiv = 0 and F;w = 0 and thus F; (v+w) C Fv + Fw = 0, so that
~
=0 =0

F; (v+w) = 0 and therefore v + w € F}).

To show that F/ is closed under the left T-action, we observe that any t € 7 and v € F/* satisfy
tv € Pl.)‘ (because v € Fi)L entails F;u = 0; but we have F;t C F; since F; is a right 7-submodule of
A; thus F; (tv) = \Ff/v C Fo = 0 and therefore F; (fv) = 0, so that tv € F}).

CF,

i

An even simpler argument shows that 0 € Fl/\.
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canonically for each left A-submodule | of A. Now, the definition of F} yields

F} = {v €S | Fo= o} ~ Hom 4 (A/Fi, 3A> (22)

1

canonically (by (21)) and similarly
F, = Homy (A/Fi_l, 3A> . (23)

However, Lemma shows that the contravariant functor Hom 4 (—, S*) from
the category of left A-modules to the category of k-vector spaces is exact. Hence,
applying this contravariant functor to the exact sequence

O%Fi/Fifl _>‘A/Fi71 —)A/Fl — 0

of left A-modules, we obtain an exact sequence
0 — Hom4 (A/Fi, S)‘) s Hom 4 <A/Fi_1, S") s Hom 4 (F,- JE 1, SA) 50

of k-vector spaces. In view of (23) and (22), we can rewrite this latter exact sequence
as
0— F) - F*, — Homy <Fi/Fi_1, $A> 0.

The arrow FZ.)‘ — FZ.)‘_ ; here is the canonical inclusion (since the isomorphisms in
and are the canonical ones), and thus we obtain

i—

Hom 4 (Fi/Pi_l, SA) ~ ) /F} (24)

from the exactness of our sequence.
However, Corollary [4.2] says that

E/F 2 @ (8. (25)
vePary,
Hence,

Hom 4 (Fi/Fi_l, SA> ~ Hom 4 ( P (s, SA>

vePary,

=~ P (Hom A (5”, SA))@%Z' (26)

vePary,

(since Hom functors respect finite direct sums).
But each v € Par,, satisfies

Hom 4 (SV, SA) = {:)(/’ i z ; i'. (by Proposition[4.5)
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and thus

et ko ifv=A\ % [k, ifv=A;
(HOHIA <Sl/, S/\)) Q; o~ 4 . 4 o~ ’ - Y
0, ifv#A 0, if v# Al
Thus, we can rewrite as

Hom 4 (Fi/Fi_l, S)‘> ~ D

vePary,

k®CVQi, ifv=A; _ I(@Céi,
0, ifv#A

Comparing this with (24), we see that
A
Fr/F =K

Thus, the k-vector space F* | /F* has dimension c/éi. This proves property 1.
Property 2 follows immediately from property 1 (since F* | = F/ is equivalent to
dim (F* ,/F}) = 0). Hence, our proof of Theorem (4.4is complete. O

Proof of Theorem In the following, the word “dimension” will always refer to the
dimension of a k-vector space, even if some other module structures are present.
Thus, in particular, the dimension of a 7-module X will mean the dimension of X
as a k-vector space.

(a) Let us first assume that k is a field of characteristic 0. We shall later extend
this to the general case.
Theorem shows that there exists a filtration

0=F CF CF ,C---CHCKCR=8 (27)

of the Specht module S* by left T-submodules with the four properties 1, 2, 3 and
4 stated in Theorem Consider this filtration. Fix any basis (v1,vp,...,05) of S A

that conforms with this filtration (i.e., a basis that begins with a basis of F]?n 1

then extends it to a basis of F;‘ 2 then extends it to a basis of P;‘ Y and so on),

so that each F} is spanned by v1, vy, ..., v for some j (i) € [0,s]. Note that the
inclusions in yield

0=j(fut1) <j(far1=1) <j(fur1-2) <+ <j(2) <j(1) <j(0) =s.

Note that each i € [f,41] satisfies j (i) = dim (F}) and j (i —1) = dim (F},) and
thus

ji=1)=j(i) = dim (F;) —dim (F') = dim (F},/F})
=g (28)

(by property 1 of our filtration).
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The operator L) (wit; + waty + - - - + wnty) preserves the filtration (since
this filtration is a filtration by left 7-submodules, but w1t + waty + -+ - + wnty €
T). Hence, the matrix M that represents this operator with respect to the basis
(v1,02,...,0s) is block-upper-triangular with blocks of sizes

ji—1)—j() foralli € [f,41]

(because, e.g., the fact that the operator preserves F} means that the first j (i)

columns of the matrix M have zeroes everywhere below the j (i)-th row). Moreover,
property 4 of our filtration shows that the element w1t + waty + -+ +wuty € T
acts as multiplication by the scalar

WM, 1 + W2 + - -+ + Wy, n = W, (by the definition of w(,)

on each subquotient Fl-)i 1/ FZ-/\. In other words, for each v € Fi{ 1, the vector 7 €
Fi{ 1/ Fi)‘ satisfies
(wity +waty + - - - + wpty) -0 = WD, (29)

and therefore

(La (wity + waty + - - + wpty)) (0)
= (witi +waty + -+ - + wpty) -0

= wp,v + (some element of Ff) (by (29))

= wq,v + (some linear combination of vy, vy, ..., Uj(i))

(since F/ is spanned by vq,0y, . .. ,0j(i))- We can apply this in particular to v = v;
iﬁrteach k € [j(i—1)] (since F*, is spanned by 01,02, ...,0ji-1)), and conclude
a

(Lx (wity + waty + - - - + wnty)) (vk)

= W,k + (some linear combination of v, 5, .. .,vj(i))

foreach k € [j (i —1)].

Thus, the matrix M that represents the operator L, (w1fy + waty + -+ - + wnty)
with respect to the basis (v1, vy, ..., vs) is not only block-upper-triangular, but also
has the property that its i-th diagonal block (for each i € [f,41], counted from the
end) is the scalar matrix wq, - Ii;i_1)_ji) = wg; - Ic;é (by ). Consequently, the
matrix M is upper-triangular, and its diagonal entries are the elements wq, for all
i € [fus1], with each wg, appearing c)éi times (this means that if CAQi = 0, then wy,
does not appear at all).

Of course, this allows us to read off the eigenvalues of this matrix M, and
thus of the operator L) (wqt] + waty + - - - + wyty) (since the eigenvalues of a tri-
angular matrix are just its diagonal entries). We conclude that the eigenvalues
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of L (wity 4 wyty + - - - 4+ wyty) are the elements wq, for all i € [f,41], with each
wq, appearing with algebraic multiplicity Céi. Since Q1,Qy,...,Qy,,, are just the
lacunar subsets of [n — 1|, we can rewrite this as follows: The eigenvalues of
L) (wity + waty + - - - + wpty) are the elements wy for all lacunar subsets I C [n — 1],
with each w; appearing with algebraic multiplicity ¢}. We can restrict this list to
those lacunar subsets I C [n — 1] that satisfy ¢} # 0 (since an eigenvalue w; that
appears with algebraic multiplicity ¢} = 0 simply does not appear at all).

This proves Theorem (a) in the case when k is a field of characteristic 0. It
remains to extend the proof to the case when k is an arbitrary field. But there is
a standard trick for this: We recast our result as a polynomial identity. Namely,
Theorem [4.3| (a) is saying that
A
det (xidgy — Ly (w1t + waby + - -+ waty)) = I (x — wy)T

N C _
This is the characteristic polynomial of the IE[n=1] lacunar

endomorphism L (w1t +waty+-+wnty) of S*

in the polynomial ring k [x]. This is a polynomial identity in the indeterminates
X, w1, Wy, . .., wy (since the Specht module S A has a basis consisting of the standard
polytabloids, and the action of S, on this basis is independent of the base field k).
Thus, knowing that this identity holds whenever k is a field of characteristic 0, we
can immediately conclude that it holds for all fields k (and even all commutative
rings k). This proves Theorem @4.3| (a) in the general case.

(c) Again, let us first assume that k is a field of characteristic 0. Recall the
filtration constructed in the proof of part (a). As we saw in that proof, the
element wity + waty + - -+ + wyty, € T acts as multiplication by the scalar wg, on
each subquotient F* | /F} of that filtration. In other words, for each i € [f,11], we
have

(Wit +woty + -+ -+ wyty) 0 = w0 for each v € F} | /F},

that is,
(Wit + waty + -+ wyty) v — wg.v € F} for each v € F ;.
In other words, for each i € [f,11], we have
(L (wity 4+ waty + -+ - + waty) — wg, idgr) F CFM
Hence, the operator
[T (L (wits +wats+ - - + watn) — wg, idg1) € Endy (SA>
i€[fns1]

sends the whole S* to 0 (because its first factor sends S* = Fé‘ down to Fl)‘, then
its second factor sends Ff‘ further down to Fé\, then its third factor sends Fz)‘ onward

20This product is well-defined (and does not depend on the order of its factors), since all its factors
(being polynomials in L (wity + waty + - - - + wyty)) commute.
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to Fé‘, and so on, until the last factor sends F} o , down to Ff‘ = = 0). Moreover, for

this to hold, we do not actually need all the an factors of this product, but rather
only those factors that correspond to the numbers i € [f,1] satisfying c #0

(because if ch = 0, then property 2 of our filtration shows that F} , = F?, and thus
we don’t need to apply the Ly (wit1 + waty + - - - + wyty) — wq, idga factor to send
us from F!' | down into F}'). Hence, the operator

[T (Li(wit+wats+ - - + wuty) — wg, idgn) € Endy (SA)
€[ fur1);
o

sends the whole S* to 0 as well. In other words,

H (L/\ (w1t1+w2t2—i—~~~—|—wntn)—inidSA) = 0.
ie)[\fn-&-l};
ch;éO

Since Q1,Q»,...,0Q .40 are just the lacunar subsets of [n — 1], we can rewrite this as

IC[n—1] is lacunar;

c#o

This proves Theorem @4.3|(c) in the case when k is a field of characteristic 0. Just as in
our proof of part (a), we can derive the general case from this case by a polynomial
identity argument (treating wi, wy, ..., w; as indeterminates, and now considering
polynomials with values in Endy (S%), which can be encoded as tuples of usual
polynomials).

(b) Theorem- 4.3|(c) shows that the endomorphism L) (w1t + waty + - - - + wnty) €
Endy (S%) is annihilated by the polynomial I1 (x —wp) € k [x] (mean-
IC[n—1] is lacunar;
cf‘;éo
ing that the polynomial vanishes when we substitute the endomorphism for x).
But it is well-known that a linear endomorphism (of a finite-dimensional k-vector
space) that is annihilated by a polynomial of the form [] (x — r) with pairwise dis-
tinct scalars r is always diagonalizable. Hence, if the w; in the above polynomial
are pairwise distinct, then the endomorphism L) (w1t 4+ waty + - - - + wpty) is di-
agonalizable. This proves Theorem 4.3 (b). O

5. Final remarks

Thus we have computed the eigenvalues — and their algebraic multiplicities — for
the action of any one-sided cycle shuffle wit; + waty + - - - + wyt, on any Specht
module S*. With a trivial amount of work, we could extend this analysis to
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the action of any element of 7 (that is, of any noncommutative polynomial in
t1,t2,...,ty). This automatically allows us to identify the eigenvalues of such ele-
ments on any S,-representation V, as long as the decomposition of V into Specht
modules is known.

The proof of our result was achieved in a rather roundabout way: We did no
work in the Specht modules S* themselves. Instead, we used a filtration of A
(the Fibonacci filtration) whose subquotients F;/F;_; we were able to decompose
into Specht modules (Theorem [3.3). Then, we “projected” this filtration onto each
Specht module S* (Theorem 4.4) and used the semisimplicity of A (actually, the
complete reducibility of S* would have sufficed) to triangularize the action of T~
on S*. This is in contrast to other instances of similar questions, such as the recent
[AFBC™24], where the solution requires significant exploration of the inner life of
St

Our above method for proving Theorems and — in which we used the
Fibonacci filtration to triangularize Ly (w1t + waty + - - - + wyty) — is partly gener-
alizable:

Proposition 5.1. Let A be a k-algebra, and let T be a k-subalgebra of A. Let
0O=hCHChC ---CF,=A (30)

be a filtration of A by (A, T)-subbimodules. Let V be any left A-module. If B is
any (A, T)-subbimodule of A, then we can define a left T-submodule

VB.={veV | Bu=0}
of V. Then, we have a filtration
0=VinCcvimacylm2ac...cvh=v (31)

of V by left T-submodules.

(@) Its subquotients V% -1/VE can be canonically embedded into
Homy (Fi/Fi—1, V) as left T-modules. Thus, if some element ¢t € T acts
triangularly from the right on the filtration (meaning that it acts as a scalar
on each subquotient F;/F;_1), then it also acts triangularly from the left on the
filtration (31).

(b) If k is a field and the algebra A is semisimple, then these embeddings
VEi1/VE — Homy (F;/Fi_1, V) are isomorphisms. Thus, in this case, know-
ing the dimensions of the Hom-spaces Hom 4 (F;, V) allows us to compute the
multiplicities of eigenvalues for a triangular t € T acting on V.

Proof. This is implicit in our above proofs of Theorems 4.4 and (4.3 (where A, T

and V were taken to be A, 7 and S*, and where the submodules Vi were called

FM. O
1
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A. Omitted proofs

In this appendix, we give proofs to some folklore facts about representations of
symmetric groups.

Proof of Proposition |2.1| (sketched). We will use the notations from [Gri25].

Let (e1,e,...,en) be the standard basis of the natural representation N, = k™.
The symmetric group S, acts on it by the rule 0 - ¢; = ¢,(;) forall o € S, and i € [n].
The subrepresentation D, is then spanned by the single vector ey + ey + -+ -+ e, =

1,1,...,1).
( Conside)r the Young diagram Y ((n — 1,1)) of the partition (n — 1,1). This Young
diagram gives rise to a Young module M=11) = pY((7=11)) and a Specht mod-
ule S(=11) .= SY((n-11)),

The Young module M("~11) has a basis formed by the n-tabloids of shape
Y ((n —1,1)). We will use the short notation k for the n-tabloid of shape Y ((n —1,1))
that has the entry k in cell (2,1), as in [Gri25, Example 5.3.16].

The Specht module S(*~11) is the submodule of M (*~11) spanned by the poly-
tabloids er = T (2,1) — T'(1,1), or, equivalently, by the differences k—{fork # ¢
in [n].

We can identify the S,-representation M
Ny by the isomorphism

(n=11) with the natural representation

ML) A,
E — ég.

Then, the Specht module S"~11) is spanned by the differences ¢; — e, for k # ¢

in [n]. Hence, S"*~11) is the zero-sum subrepresentation of N, (called R (k") in
[Gri25, §4.2.5]).

(@) Let (ej,e3,...,e;) be the dual basis of the standard basis (ej, ey, ...,e,) of
N Thus, each i € [n] satisfies ef € N/, and each i,j € [n] satisfy ef (¢;) =
(Kronecker delta). Furthermore, o (ef) = e;(z.) for each 0 € S, and i € [n].

Now, consider the k-linear map

®: M1 N,
ke (for all k € [n]).

This map @ is invertible (since (E)k . and (ef), <[ are bases of the k-modules
en

M=11) and N}, respectively) and S,-equivariant (since each k € [n] and ¢ € S,

satisfy o (E) =0 (k) and o (ef) = € (k))- Hence, this map @ is an isomorphism of

Sy-representations.
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Now, consider the subrepresentation S"~11) = span, {E —0 | k# E} of M(n=11),
The image of this subrepresentation under @ is

o <8(n71,1)>

=span, {ef —e; | k # (} (since S=11 = span, {E —0 | k# E})
={wie] +ages +- - +ane, €N | v +ap+---+a, =0}
because if v1,vy,...,v, are any n vectors in a k-module V,
then span, {vx —vy | k # (}
( ={mo+mvy+---+ao, €V | ey +ap+---+a, =0} )
={heN; | h(ex+ex+---+e,) =0}
since each k-linear map h € N’ can be written uniquely
( as xe] + ape; + - - - + aye;, and then it )
satisfies oy +ap + -+ - +ap =h(eg+ex+--- +ey)

={heN,; | h(D,) =0} (since D, = span, {e1 +e,+ - +eu})
since the k-linear maps h € N} satisfying h (Dy,) =0
>~ (N, /Dy)* are in canonical bijection with
the k-linear maps h € (NV,,/D,)*
=z (since N, /Dy, = 2,),

and this is an isomorphism of S,-representations. On the other hand, however, we
also have @ (8 ("’1'1)> >~ S("=11) a5 S, -representations (since ® is an isomorphism
of S,-representations). Thus,

S ~ @ (S(”_l’l)) = Z, as Sy-representations.
Taking duals, we thus obtain
(8 (”*1’1)>* > (Z5)* as S,-representations. (32)
But the k-module Z, = N,/D, = k"/span, {(1,1,...,1)} has a finite basis
(namely, (e1,e3,...,6,-1), as can be easily seen from basic linear algebra). Hence,

[Gri25| Proposition 5.19.22 (b)] shows that (Z})" = Z, as S,-representations. In
view of this, we can rewrite as follows:

Sn=11) "o Z as S,-re i
= Z, n-representations.

This proves Proposition 2.1] (a).

(b) Assume that 7 is invertible in k. Then, [Gri25, Proposition 4.2.28 (a)] says
that k" = R (k") & D (k"), where we are using the notations of [Gri25]. In our
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notations, this is saying that A;, = S(*~11) @ D, (since the submodule S(*~11) =
spany {E —0 | k# E} of M"=11) corresponds to the zero-sum subrepresentation

R (k") = span, {e; —e; | k # £} of K"). Hence, SV = N, /D, = Z, as S;-
representations. This proves Proposition [2.1{ (b).
Alternatively, we can prove Proposition 2.1 (b) directly: Let

avg := % (T+2+4---+m) =) je MO,
j=1

The k-linear map

0: Ny, — S-11)

ej— i —avg (forall i € [n])
_ _ no_ 1 n - =
is well-defined (since each i € [n] satisfies i —avg = i— ), j = — % (1’ — ]> €
eSh-11)

S(=11)) and S,-equivariant (since we can easily see that ¢ - avg = avg for each o €
S,). It furthermore sends e; +e> + - - - +e¢,, to 0, and thus vanishes on the submodule
D,. Hence, it factors through a k-linear map ¢’ : N,/D, — S (n=11) " This latter
map ¢’ is easily seen to be invertible (indeed, it sends the basis (e7,e,...,&,_1) of
N,/ D,, to the basis (i —avg, 2— avg, ..., n—1- @) of S("=11)) ‘and thus is an

isomorphism of S,-representations (since it is S,-equivariant). Hence, S("~11) =

N, /D, = Z, as Su-representations. Proposition (b) is now proved again. O

Proof of Proposition We shall use the following general facts about induced rep-
resentations ([GR20, Exercise 4.1.2] and [GR20, Exercise 4.1.3], respectivel:

¢ Transitivity of induction: Let G be a group. Let H be a subgroup of G. Let I be
a subgroup of H. Let U be a representation of I. Then,

Ind$ Ind? U = Ind$ U. (33)

* Monoidality of induction: Let G; and G; be two groups. Let H; be a subgroup
of Gy, and let H; be a subgroup of G,. Let Wj be a representation of Hj, and
let W, be a representation of Hj. Then,

25 00 0 = (maf0) o (o). o9

Now, set G; := Sy, 4nyt--4m; and Hy := Sy X Sy, X -+- X Sy, and Wy := U1 ®
Uy ® - - - ® U (a representation of Hi) and Go := Sy, +n;,p++n, and Hp := Sy, | X

2 The facts are stated in [GR20] only for k = C, but the proofs work equally well for any k.
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Snig X+ » X Sy and Wy := U1 ® U4 @ - - - ® Uy (a representation of Hp). Then,
by the definition of induction products, we have

Sy 1+t
UpsUps---xU; =Ind " "2" +’Xsn,(U1®U2®---®Ui):Indgllwl

Sy X Sy X+
(by the definitions of G; and H; and Wj) and likewise

Upp1 % Ujpx - x Uy = Ind%2 Ws.
Thus,

\(ul*uz*"'*uiz*\(ui+1*ui+2*"'*u1<)1

-

G G
=Ind;}} Wy =Ind; W
_ Gy Gy
= (ndf Wi ) + (ndf2 W)
o S;1l+n2+-~~+nk G1 Gy
- Ind5"1+n2+"'+”iXS"i+1+"i+2+'“+nk ((IndHl Wl) ® <IndH2 W2>>

(by the definition of an induction product)

o Sn1+n2+...+nk Gl G2 by the definitions
=Indg ' ¢, \( (IndHl Wl) ® <Inde WZ) >) < of G1 and G
glndlilli?izz (W1 @W,)
(by (39)

S+t tn
o IndG11X+G22+ +ny (Indl(—;llligzz (W1 ® WZ))

Sty -
>~ Ind Hlli hz,; (W @ Wa) (by an application of (33))
> Ind T (@U@ @ Uy)

S,,1 ><S,,2 ><-~~><Snk
(since the definitions of H; and H, yield

Hy x Hy = (Spy X Spy X =+ X Sp;) X (S
gLS;/ll><.S;/12><"'><LS;/lk

X Spyy X oo X Spy)

i1 Niy2

and

WiegW,= (U @h®  @U;)® (U @U@ - @ Uy)
2L RU®---® U,

and both of these isomorphisms are canonical and “fit together” in that the latter
isomorphism respects the action of the former groupﬂ. In view of

Sn Noy+-+n
UpsUp -+ Upy =Ind, " 027" 0 (U1 @U@ - @ Uy)

S,,1 ><S,,2x-~-><5nk

Sy iy tetn
22 Alternatively, ~ you can argue directly: Both IndHlli Ij; K (W ® W) and
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(by the definition of the induction product), we can rewrite this as
(Ul*uz*---*ui)*(Ui+1>|<u,-+2*--->|<uk) gul*l,b*---*uk.
This proves Proposition O

Proof of Proposition The following proof works more generally when k is a com-
mutative ring in which n! is invertible.

We shall use the notations of [Gri25, Chapter 5]. Pick any n-tableau P of shape A
and any n-tableau Q of shape u. Consider the corresponding Young symmetrizers
Ep and Eg (as defined in [Gri25, Definition 5.11.1]). From [Gri25} (228)], we have
S* = AEp and S* = AEqg. Hence, Homy (S, S*) = Hom 4 (AEp, AEp) (since
Hom 4 is functorial).

From [Gri25, Lemma 5.11.13], we know that the coefficient of the permutation
id € S, in Ep is 1. Thus, the single element Ep is k-linearly independent. Hence,
kEp = k as k-module.

!
However, [[Gri25, Theorem 5.11.3] shows that E% = ;—)"Ep. This shows that the

= o (PN (Y
element Ep := “—Ep € A is idempotent (since E2=(2Ep) =X E% =
n! n! n! N~~~
n!
:f_)‘EP
A _ _ A
FEP = Ep). Moreover, Ep is a nonzero scalar multiple of Ep (since the scalar ]

is clearly nonzero). Thus, AEp = AEp.

But [EGH"11, Lemma 5.13.4] says that if A is a k-algebra and ¢ € A is an
idempotent, then Homy4 (Ae, M) = eM for any left A-module M. Applying this to
A=Aande=Epand M = AEg, we find

Hom 4 (AEp, AEq) = EpAEq = EpAEq
(since E p is a nonzero scalar multiple of Ep). Altogether,
A ~ =
Hom 4 (8 ,SV) > Hom, | AEp, AEq | = Hom, (AEP, AEQ)

= AEp
~ Ep AE. (35)

S”1+”2+“‘+”k .
Ir1dsn1 NN (U3 @ Uy ® - - - ® Uy) can be written as

k [Sn1+n2+---+nk} ® (U1 ® UZ K& uk)
modulo the relation
oo 0% %0%) @ (U QU @+ Qug) — 0 R (01U @ 0oUip @ -+ - @ Ol

forall o € Sy 4nyt-4n, and o; € Sy, and u; € U;.
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Now, if A # u, then [Gri25|, Proposition 5.11.15] (applied to S = P and T = Q)
shows that EpaEg = 0 for all a € A, and thus Ep AEg = 0. Hence, if A # p, then
becomes

Hom 4 (SA,SP‘> ~ EpAEq = 0. (36)

This proves Proposition [4.5/in the case when A # u.

Thus, we now WLOG assume that A = u. Hence, # = A and thus S¥ = S* =
AEp. Hence, the same argument that we used to prove can be applied to A
and P instead of y and Q. This results in

Hom 4 (S)‘, SA> ~ Ep AEp. (37)

However, [Gri25, Proposition 5.11.5] (applied to T = P) shows that each a € A
satisfies EpaEp = xEp for some ¥ € k. In other words, each a € A satisfies
EpaEp € KEp. In other words, Ep AEp C KEp. On the other hand, each k¥ € k
satisfies

A | A
K n. K
xEp = L - —Ep € LEP.AEP C EpAEp.
n! A n!
e~
=E3=EplEp
cEpAEp

Thus, kEp C Ep AEp. Combining this with Ep AEp C kEp, we obtain
EpAEp = KEp.

Hence, becomes
Hom 4 (S)‘, SA> ~ EpAEp = kEp & k.

In other words, Hom 4 (SA, S*) = k if A = p. Thus, Proposition is proved in
the case A = u as well. O
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