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Abstract. We study n-homomorphisms in the sense of Khudaverdian—
Voronov, but generalized to maps from arbitrary rings to arbitrary
commutative rings. We show that the sum of an n-homomorphism
and an m-homomorphism is an (n 4+ m)-homomorphism, and that
the composition of an n-homomorphism and an m-homomorphism
is an nm-homomorphism. The proofs are entirely combinatorial.

This note is a long answer to one of my own MathOverflow questions. The
answer (which was obtained with the help of GPT-5.4, though written up en-
tirely on my own) did not fit in a MathOverflow post, so I have made it into a
note.

Acknowledgments. I have used GPT-5.4 via Christian Stump’s convenient
https://sciencebench.ai/ front-end. I thank Christian for his work on this.

0.1. n-homomorphisms

The notion of an n-homomorphism is a generalization of the notion of a pseu-
dorepresentation, which was introduced by Taylor in [Taylor91] (based on an
idea of Wiles [Wiles88, proof of Lemma 2.2.3]).

We first introduce some notations. Rings are always understood to be asso-
ciative and unital (but not necessarily commutative); ring morphisms preserve
the unity (unless we speak of “nonunital ring morphisms”). For any nonneg-
ative integer n, we let [n] denote the set {1,2,...,n}, and we let S, denote the
n-th symmetric group (i.e., the group of permutations of this set [n]). If 0 is a
permutation of a finite set (e.g., of [n]), then (—1)” shall denote the sign of .

(If o € Sy, then (—1)7 = (=1)""9), where ¢ (¢) is the number of inversions of ¢.)
The cycles of a permutation ¢ shall be understood in the usual combinatorial
sense; for example, the permutation

7] =171,
i—8—1
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of [7] has the four cycles (1,7), (2,6), (3,5) and (4). (Fixed points are 1-cycles.)
Note that cycles are only well-defined up to cyclic rotation; for example, (2,6)
and (6,2) are the same cycle.

In [BucRee97], Buchstaber and Rees defined the notion of an n-homomorphism
between commutative rings; it was studied further in [BucRee01], [BucRee(04]
and [KhuVor20] (among other works), although mostly only for commutative
Q-algebras. We shall here generalize it to a notion of n-homomorphisms from
an arbitrary (not necessarily commutative) ring A to a commutative ring B. We
define it as follows:

Definition 0.1. Let A be a ring, and let B be a commutative ring. Let f : A —
B be any Z-linear map.

(a) We say that f is central if we have

f(aa") = f (a'a) foralla,a’ € A.

(b) If f is central, and if n is a nonnegative integer, then we define the
Z-multilinear map f, : A" — B by

fn (1111112;---ran)

=Y. =07 JI f(ayay,---a) 1)

eSS, C:(Z.l,l'z,‘..,ik)
is a cycle of

(we will see in a moment why this is well-defined). For example, for
n = 3, this is saying that

fa(a1,a2,a3) = f (a1) f (a2) f (a3) — f (a1) f (a2a3) — f (a2) f (a143)
— f(a3) f (ma2) + f (a1a2a3) + f (a1a3a2)

(here, the first addend corresponds to the permutation o = id € S3
with its three cycles (1),(2),(3); the second addend corresponds to
the transposition t,3 € S3 that swaps 2 and 3 and has two cycles (1)
and (2, 3); the following two addends similarly correspond to the trans-
positions t; 3 and t »; and the last two addends correspond to the two
3-cycles in S3).

Note that the right hand side of is well-defined, since
the centrality of f ensures that the value f (a;a;---a;) does
not depend on where we start indexing the cycle ¢ (in-
deed, if we replace the cycle (i1, ip, ... i) by its cyclic rotation
(ipipt1,--- ik 01,02, ..., ip—1), then the centrality of f shows that

f(aiyai, - a) = f <”in“ip+1 SRR '”ip71>)'
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The map f, is called the n-Frobenius map of f. For instance, for all
a,b,c € A, we have

— f(b) f (ac) — f (c) f (ab) + f (abc) + f (acb) .

As we will soon see (Proposition [0.6), the map f, can also be defined
recursively by

fn (611,[12,. . -/an)

= f (lln) fn—l (ﬂl, anz,.. .,an_l)

n—1
- Z fi’l—l (all az,...,q4; 1,2y, 011,42, +, ﬂn—l) . (2)
i=1

(c) Let n be a nonnegative integer. We say that f is an n-homomorphism (or
Frobenius n-homomorphism) if f is central and satisfies f,+1 = 0 (identi-
cally).

Example 0.2. The only 0-homomorphism is the zero map. The 1-
homomorphisms are just the nonunital ring homomorphisms. The 2-
homomorphisms are the central maps f : A — B that satisfy

f(a) f(b) f(c) = f(a) f(bc) — £ (b) f (ac) — f (c) f (ab) + f (abe) + f (ach)
=0 foralla,b,c € A.

An example of an n-homomorphism is the trace map Tr : B**" — B from
the matrix ring B"*" (sending each n X n-matrix to its trace). Indeed, the fact
that Tr,; 1 = 0 on B"*" is known as the fundamental trace identity for n x n-
matrices, and goes back to Frobenius; proofs can be found (e.g.) in [Laue87,
Corollary], [Dotsenll, Theorem 1], [Morell9, §VII.7.3.2] or [Proces76, Theo-
rem 4.3 (b)].

This general concept of an n-homomorphism also covers another classical
notion: that of a pseudocharacter, as considered (e.g.) in [Dotsenl1], [Morel19,
§VIL.7.3], [Bellail0, Definition 2.2], [Rouqui%6], [Chenev08], generalizing the
pseudorepresentations introduced by Taylor in [Taylor91] (which, in turn, were
based on an idea of Wiles [Wiles88, proof of Lemma 2.2.3]). Again, much of
the literature requires that A is a Q-algebra or at least n! is invertible. If we
turn a blind eye to this requirement, then n-homomorphisms are more or less
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the same as pseudocharacters: A Z-linear map f : A — B from a ring A to a
commutative ring B is an n-homomorphism if and only if the corresponding
B-linear map

f:B®zA—B,
b&a s bf (a)

is a pseudocharacter of degree n. Conversely, a B-linear map f : A — B
from a B-algebra A to its (commutative) base ring B is a pseudocharacter of
degree n if and only if it is an n-homomorphism. Thus, the concept of an n-
homomorphism and that of a pseudocharacter of degree n subsume each other
(again ignoring the invertibility requirement). Apparently the two respective
communities (pseudocharacters and n-homomorphisms) are mostly unaware
of one another, even though both credit Frobenius for the original idea.

In this note, I will prove certain basic (but nontrivial) properties of n-homomorphisms
in full generality, most importantly [KhuVor20, Theorem 3.2], without assum-
ing A commutative or n! invertible. The method used in [KhuVor20] becomes
unusable in this generality, so one is forced to do combinatorics.

The first main result of this note is a generalization of the first part of [KhuVor20),
Theorem 3.2] (also part of [Rouqui96, Lemme 2.8]):

Theorem 0.3. Let A and B be two rings, with B commutative. Let f : A — B
be an n-homomorphism, and let g : A — B be an m-homomorphism. Then,
f + g is an (n + m)-homomorphism.

In short: the sum of an n-homomorphism with an m-homomorphism is an
(n 4+ m)-homomorphism.

The second main result generalizes the second part of [KhuVor20, Theorem
3.2]:

n,m € N. Let f : B — C be an n-homomorphism, and let g : A — B be an

Theorem 0.4. Let A, B and C be three rings, with B and C commutative. Let
m-homomorphism. Then, f o g is an nm-homomorphism.

In short: the composition of an n-homomorphism with an m-homomorphism
is an nm-homomorphism.

The proofs will use some auxiliary results that may well be useful on their
own. In particular, Theorem is a formula for the n-Frobenius maps of a
composition of two central maps; this formula was found by the GPT-5.4 LLM
when I asked it for a proof of Theorem

Remark 0.5. It is worth mentioning the “aspirational” properties of n-
homomorphisms and pseudocharacters, as they can be helpful. A pseu-
docharacter of degree n wishes to be the character of an n-dimensional repre-
sentation of the algebra (in the sense that the latter are always instances of the
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former, and in some sense “generic” ones; see, e.g., [Dotsenll, Proposition
2]). An n-homomorphism wishes to be a sum of n ring homomorphisms (see
[KhuVor20, §1.2]). The former wish can be fulfilled under certain restrictive
conditions (see, e.g., [Morell9, §VII.7.3.4]). I don’t know when and to what
extent the latter can be fulfilled. However, when it can be fulfilled, Theorem
becomes obvious, and Theorem (0.4f also becomes easy (if f : B —+ Cis a
sum of n (nonunital) ring homomorphisms, and if g is an m-homomorphism,
then f o g is an nm-homomorphism, as can be easily proved using Theorem
0.3). Sadly, this approach seems to be unsuited for the generality in which
we have stated the above theorems.

0.2. Recursion and explicit formula

First, I will pay a debt from Definition [0.1] (b), by proving the equivalence of
the two definitions of n-Frobenius maps:

Proposition 0.6. Let A be a ring, and let B be a commutative ring. Let f :
A — B be a central Z-linear map.

The recursive definition (2)) of f, (with the base case fj () := 1) is equivalent
to the explicit definition (T).

Proof sketch. We use as the definition of f,. Thus, we must prove that f,
satisfies the recursion (2).
Letn > 1and ay,4ay,...,a, € A. Then, (1) becomes

fl’l (alzﬂzf---;an)

- Z (_1)0 H f (ailaiz ’ "aik)

ocEeSy, F:(i1/i2/'~rik)
is a cycle of

Y Y (0 JT flanasay) )

i=1 U’EISn,' C:(il,iz,...,ik)
o(i)=n is a cycle of o

(since each o € S, satisfies o (i) = n for a unique element i € {1,2,...,n}).
We shall now rewrite the addends of the outer sum here, showing that they
correspond (up to sign) to the addends on the right hand side of (2).

We start with the addend for i = n.

Each permutation T € S,_1 can be extended to a permutation T € S, by
setting T (n) := n and T (i) := (i) for all i < n. The assignment T — T
defines a bijection from S, 1 to {¢ € S;, | o (n) = n}. Let us use this bijection
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to reindex a sum:

Z (_1)0 H f (ailaiz o 'aik)

0ESy; C:(il,i2,...,ik)
o(n)=n is a cycle of o
T
- Z tl) H f (ailaiz T aik)
TES, 1 \/_: C:(il,ig,...,ik)
=1 is a cycle of T
(since T has the same ~
inversions as T) —F(an) I f(”ilﬂiz“'ﬂik)

C:(il,iz,...,ik)
is a cycle of T
(since the cycles of T are the cycles of T
plus the additional 1-cycle (n))

= ), ()" f(an) I flaygay---ay)

TGS,,,_1 CI(il,i2,...,ik)
is a cycle of T

=fla) Y (D7 I f(aa;,---a)

TGSnfl C:(il,iz,...,ik)
isa cycle of T

:fnfl (a1/a2/"~/an71 )
(by the definition of f,_1)

:f(an)fn—l (ﬂl,ﬂz,...,an_l). (4)

Now, leti € {1,2,...,n —1}. Let us define n — 1 elements a},4},...,a), ; of
A by
!/ !/ /!
(at,a,...,a,_1)
= (all Az, ., 8i—1,i0n,Ai4+1, 342, -+, anfl) . (5)
That is, we set a} := a;a, and
a,:=a, forallr#i. (6)

Let t;,, € Sy be the transposition that swaps i with n.
Let T € 5,_1 be any permutation. Then, the permutation T € S, (defined

. ~ . b, T
above) sends n to n. Hence, the permutation Tot;, € S, sends i oS .
Moreover, this permutation T o t; , has “almost” the same cycles as 7: Namely,
let

d= (jl/jZ/---/jf)
be the cycle of T that contains i, indexed in such a way that i = j,. (If T fixes i,
then this is a 1-cycle, i.e., we have ¢ = 1.) Then, the cycles of T o t;,, are exactly
the cycles of 7, except that the cycle d is replaced by
dl = (jl/er .. .,jg, 7’1) .
(To see this, just observe that T o t;,, transforms the inputs j, and n as follows:

tin T tin . LT . -~ .
je=i"3n s nand n 3 i =j, + ji. On all other inputs, Tot; , does not differ
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from T, since t;, only affects the inputs i and n.) In other words, the cycles
of Tot;, are exactly the cycle d' = (j1,ja,...,js,n) and the cycles of T distinct
from d. Therefore,

H f (ailaiZ o 'uik)

c=(i1,i2,--/ix)
is a cycle of Tot; ,

=f (a]'lajz e 'aféa") ’ (.H . f (ﬂilaiz e 'aik) : (7)
C=(11,12,---,2f

is a cycle of T
distinct from d

However, for each cycle ¢ = (iy, iy, ..., ;) of T distinct from d, we have
aja;, -4, = agap, - ap (8)
(because ¢ # d ensures that ¢ does not contain i, and therefore all elements
i1,1,...,i of ¢ are distinct from i and thus satisfy a;1 = a;, and agz = a;,
and so on (by (6)); hence, a; a; ---a; = aja;,---a;). Meanwhile, the cycle
d = (j1,j2,---,j¢) of T contains i only as its last entry j, = 7, and therefore
all the previous elements ji, jo, ..., js—1 of d are distinct from i and thus satisfy
/ _ ] / _ ) . . . /
a; = aj and a; = aj, and so on (by (6)), whereas its last entry satisfies aj,
a; = a;a, = a;,a, (since i = j;). Therefore,

/ / / U . © e e e . . — . © e e .
ajaj, - -a;, 4;, = aj,aj, -~ j, j,n = Aj; Aj, aj,an-

In other words,
—gd .4 4 =44 ...4
Aj,8jy * - Aj,An = 5 @5, - -~ GG, @j, = a5, d, ©)

Using (9) and (8), we can rewrite (7)) as

[T f(anay,---a)

C:(il,iz,...,ik)
is a cycle of Tot;

— A U U T ral oo
_f<aflaj2 a]ﬁ) H . f<a11alz alk)
c=(i1,ip,..-,ix)

is a cycle of T
distinct from d

= II f (aflafz---aﬁk)- (10)

c=(i1,ip,..,ik)
is a cycle of T

Finally,
()™= () (-1
N——~ N———
=(-1)7 oo =1
(since T has the same (since tral}sposmons
inversions as T) have sign —1)

= —(=1)". (11)
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Forget that we fixed 7. Thus, for each permutation T € S,_;, we have con-
structed a permutation Tot;, € S, that sends i to n and satisfies and
(II). Moreover, the assignment T +— T ot;, defines a bijection from S,_1 to
{7 €Sy | o(i) =n} (because if ¢ € S, sends i to n, then cot, I sends 1 to n
and thus has the form T for a unique T € S, _1). Let us use th1s bijection to

reindex a sum:
Z (_1)0 H f (ailaiz o 'aik)

UESy; c=(i1,i,--dk)
o(i)=n is a cycle of &
Tot;
= Z (=1 H f (uilaiZ o 'aik)
TES,, 1 C=(i1,i2,...,ik)
is a cycle of Tot;
[

NV
— I 4l !/
= _ I f<a11alzmaik>
c=(i1,ip,-..,ix)
is a cycle of T

(by (0D)

== L 0" TT f(ddyodf)

TGSn_1 c= (11,12, ,lk)
is a cycle of T

-~

=fu_1 (aﬁ,a’z,...,a;lil)
(by the definition of f,_1)

= —fu_1 (ay,a5,... a4, 1)
= —fu-1(a1,82, ..., 8;-1,0in, Ai11,0i42, - - -, Op—1) (12)
(by @)
Forget that we fixed i. So we have proved for eachi € {1,2,...,n—1}.

Now, splitting off the i = n addend from the outer sum on the right hand side
of (3), we obtain

fn(ay,az,...,a,) = Z (-1)7 H f (ﬂilaiz o 'aik)

TESy; C:(il,iz,...,ik)
o(n)=n is a cycle of o
:f(an)fnfl(a1/a2/~~/an71)
(by @)
n—1
o
+ Z (_1) H f (ailaiz T aik)
i=1  o€Sy; c=(i1,i2,--ix)
o(i)=n is a cycle of ¢

(. J
~"

:—fn,1 ({11,{12,...,Lll',l,ﬂ,'ﬂn,[lile,ﬁi+2,...,an,1)

(by (12))
= f(an) fu_1 (a1, a2,...,8,_1)
1

— Y faor(a1,80, ..., 01,0400, 8141, 8140, ., (p—1) -

This proves (2). Thus, Proposition [0.6)is proved. O
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0.3. Symmetry of n-Frobenius maps

Next, we note something simple:
Proposition 0.7. Let A be a ring, and let B be a commutative ring. Let f :
A — B be a central Z-linear map. Let n € IN. Then, the map f, : A" — B

is symmetric in its n inputs. That is, if T € S, is any permutation and
ai,az,...,a, € A, then

fn (ar(l)/ar(Z)/- : -/ar(n)> = fu(ay,a2,...,an).

Proof. Let T € S, and ay,4ay,...,a, € A. Then, (I) yields

fi’l (al/aZI"'laTl)

= Z (=1)7 H f (aldaiz ' "aik>
€Sy C:(il,iz,...,ik)
is a cycle of

- Z (_1)0 H f (ajlajz ’ "ajk) (13)

c€eSs, c=(J1,j2-1jk)
is a cycle of

and

fn (%(1), Ar(2) -+ aT(n))
=) -7 I f(aT(il)aT(iz)"'aT(ik)>- (14)

cESy, C=(i1,i2,...,ik)
is a cycle of o

However, recall that conjugate permutations have the same cycle type. More
concretely: If o € S, is any permutation, then the cycles of the permutation
ToocotT ! are in bijection with the cycles of o: Namely, if (i1,7,...,i) is a
cycle of o, then (7 (i1),T (i2),...,T (ix)) is a cycle of To oo 77!, and this gives
a 1-to-1 correspondence between the cycles of o and the cycles of Too o771

Thus, if o € S, is any permutation, then

IT  f (acaet e

C:(il,iz,...,ik)
is a cycle of

= I f(aj,aj, -~ aj) -
c=(j1j2,--/jk)

is a cycle of Togor 1
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Substituting this into (14), we obtain

fa (ar(l)r Ar(2) -+ ar(n))
- Z (-1)7 H f (ajlajz e ajk)

TEeSy, M c=(j1,j2--1ji)
=(=1)"" is a cycle of Togot ™!
(since conjugate permutations
have the same sign)

Togor 1
= Z (=1)™"° H f(ajlajz . 'afk)
0ES, c=(j1oj2sjk)
is a cycle of TogoT™

— Z (—1)0 1_[ f (ahafz o 'a]'k)
TESy c=(j1.f2r-jk)
is a cycle of

1

(here, we have substituted ¢ for To o o t~! in the sum, because conjugation

by T is a bijection from S, onto itself). Comparing this with (13), we obtain
fn <aT(1),aT(2), .. .,af(n)) = fu (a1,az,...,a,). This proves Proposition O

The proof of Proposition can be somewhat generalized, essentially re-
placing the permutation T by a bijection between two finite sets of integers. We
record the result, since it will prove useful later on:

Proposition 0.8. Let A be a ring, and let B be a commutative ring. Let f :
A — B be a central Z-linear map.

Let U = {uj,uy,...,u,} be a finite set of integers (with uq,uy, ..., u, dis-
tinct). Let Si7 denote the group of all permutations of U. Let 4, be an element
of A for each u € U. Then,

f”l (auvauz/"'/aun) = Z (_1)“ H f(aliaiz"'aik)'

DCESU C:(il,iz,...,ik)
is a cycle of «

Proof. Let T : [n] — U be the map that sends each i € [n] to u;. This map
T is a bijection (indeed, it is surjective because U = {uy,uy,...,u,}, and it is
injective since uy, uy, ..., u, are distinct). Hence, for each permutation o € S,
the composition T o 0 o 771 is a permutation of U. Thus, we obtain a map

Sn — Su,
o ToroT 1, (15)
which is easily seen to be a group isomorphism. Intuitively speaking, Toc o7~ !
is what you obtain if you take the permutation ¢ of [n] and rename each element

i € [n] (say, in the two-line notation of ¢, or in the cycle decomposition of )
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as T (i). In particular, the cycles of the permutation T oo o T~! (for a given
o € Sy) are in bijection with the cycles of o: Namely, if (71,1, ..., i) is a cycle of
o, then (7 (i1), 7 (i2),...,T (ix)) is a cycle of To o o T71, and this gives a 1-to-1
correspondence between the cycles of o and the cycles of T oo ot !. Thus, if
o € Sy is any permutation, then

I1 f (aT(il)aT(iz) . 'aw'k))

C:(il,iz,...,ik)
is a cycle of

= H f (aha]é o 'afk) : (16)
C:(jlij/---/jk)

is a cycle of TogoT ™!
Moreover, if o € S, is any permutation, then
(_1)(7 — (_1)”[00'0’[71 ) (17)

(This is easiest to see by factoring ¢ into a product of transpositions; see [Grinbel5),
Exercise 5.12].)

But each i € [n] satisfies a,, = a(; (since the definition of 7 yields 7 (i) = u;,
thus a.(;) = ay,). Therefore,

f?l (aulz auzl sy aun)

= fn (ﬂr(1)/ Ar(2)r-- - ﬂr(n)>

=), (=1 I1 f(ar(il)ar(iz)"'ar(ik))

oeS, C:(il,iz,...,ik)

= (;1 )Tl is a cycle of ¢
y (17) ~ ~~ -
= II flapap-aj)

c=j1,j2/--1jx)

is a cycle of TogoT™

(by (16))
<by (1), applied to a.(;, instead of ai>
ogot™!
=), (=)™ [T flea,-a)

TESy c=(j1,j2,Jk)
is a cycle of TogoT™

=Y -0 JI fl(aja,---a;)
xESy c=(j1,j2,---1jk)
is a cycle of

1

(here, we have substituted a for Toc o 7~ ! in the sum, since the map is a
bijection). Renaming the index (ji,j2,...,jx) as (i1, 12, ..., i) on the right hand
side, we can rewrite this as

f”l (auvauz/"'/aun) = Z (_1)lx H f(aliaiz"'aik)'

DCESU C:(il,iz,...,ik)
is a cycle of «

Thus, Proposition [0.8|is proved. O
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0.4. The sum of two n-homomorphisms

The proof of Theorem [0.3| will require two lemmas:

Lemma 0.9. Let A be a ring, and let B be a commutative ring. Let f : A — B
be any central Z-linear map. Let m € IN be such that f,, = 0. Then, f, =0
for all n > m.

Proof sketch. 1f some positive integer n satisfies f,_1 = 0, then f, = 0 as well
(by the recursion (2)). Hence, Lemma [0.9| follows easily by induction on n. [

Lemma 0.10. Let A and B be two rings, with B commutative. Let f : A — B
and ¢ : A — B be two central Z-linear maps. Let ay,ay,...,a4, € A be some
elements.

For any subset I = {iy,iy,...,ix} of [p] (with iy, iy, ..., i distinct) and any
central map h : A — B, let us define

hi (ﬂ) = hy (ail,aiz,...,aik) € B.

(This is well-defined, i.e., does not depend on the order in which we label
the elements of I as ij,1y,. .., i, because Proposition shows that the map
hy is symmetric.)

Then,
(f—i—g)p (a1,a2,...,ap) = Z fu(a)-gv(a).
uuv=[p|

Here, the notation “U UV = [p]” means that U and V are two disjoint sets
whose union is [p] (that is, U is a subset of [p], and V is its complement in

).

Proof of Lemma (sketched). From (1) (applied to f + g and p instead of f and
n), we have

(f+g)p (a1,a2,...,ap)
— Z (_1)0 H (f+g) (ailaiz o 'uik)

[ J/

O’ESP C:(il,iz,...,ik) R
is acycle of ¢ =f (i aiy--a;, )+ (ai aiy-ai,)

= Z (_1)0 H (f (ailaiz T aik) +8 (ai1ai2 o 'aik)) : (18)

oES) .c:(il,z'z,...,ik)
is a cycle of &

Now, fix a permutation o € Sp. If we expand the product

[T (f(aa,---a) +g(aa,---a)), (19)

c=(i,ip,..,ix)
is a cycle of &

then we obtain a sum over all ways to choose, for each cycle ¢ = (iy,1y, ..., i)
of o, one of the two addends of the sum f (a;,a;, - - - a;,) + g (a;,a;, - - - a; ). Such
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“ways to choose” can be viewed as colorings of the cycles of ¢, in which each
cycle is either colored red (meaning that the f (a;,4;, - - - 4;, ) addend is chosen)
or colored blue (meaning that the g (ﬂilﬂiz e aik) addend is chosen). Thus, the
expanded form of can be written as follows:

[T (f(anas,---ai) +g(anai,---a;))

CI(il,iz,...,ik)
is a cycle of

= Z H {f (ajai, - - -a; ), if cis red;

coloring of all cycles of ¢ ¢=(iy,i,...,ig) 8 (ail Ajy = aik) ’ if ¢ is blue.
in red and blue is a cycle of &

Equivalently, instead of coloring cycles, we can just as well color the elements
of these cycles red and blue (viz., all elements of all red cycles are colored red,
while all elements of all blue cycles are colored blue). These colorings are not
arbitrary, but must have the property that each cycle is either completely red
(i.e., all its elements are red) or completely blue (i.e., all its elements are blue);
in other words, they must have the property that ¢ sends red elements to red
elements and blue elements to blue elements. Thus, the above expanded form
of can be rewritten as follows:

[T (f(anas,- i) +g(aiai, - a;))

C:(il,iz,...,ik)
is a cycle of

coloring of all elements of [p] c=(i1,i2,..,ix) {

in red and blue; is a cycle of o

o sends red elements to red elements
and blue elements to blue elements

f(ajai,---a;), if cisred;

g (ayai,---a;), if cisblue

(where “c is red” means that all elements of ¢ are red, and likewise for “blue”).

Of course, a coloring of all elements of [p] in red and blue is the same thing
as a decomposition of [p] into two disjoint subsets U and V (where U is the set
of all red elements and V is the set of all blue elements); in other words, it is a
choice of two sets U and V such that U LI V = [p]. Moreover, the condition “c
sends red elements to red elements” is simply saying that o (U) C U, whereas
the condition “o sends blue elements to blue elements” is saying that o (V) C
V. Hence, our above expanded form of can be rewritten as follows:

[T (f(anas,---ai) +g(anai,---a;))

c=(i1,iz,-.. k)
is a cycle of ¢

UUV:[M; C_(il,llz,..‘,l'k){
c(U)CU; isacycleof o

o(V)cv

f(ajai,---a;), ifcCU;

20
g (apai,---a;), ifcCV 20)
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(where “c C U” means that all elements of ¢ belong to U, and likewise for
IIC g VII).

Forget that we fixed 0. We thus have proved for each o € S,. Now,
becomes

(f+8), (a1,az,...,ap)

- Z (_1)0 H (f (uilaiz o 'aik) +8 (ailaiz T aik))

vESy c=(i1,2,.-/ik)
is a cycle of &
-z g

f(ayai,---a;), ifcCU;
g (apai,---a;), ifcCV

(TGSP UUV:[p], C:(il,iz,...,ik)
o(U)CU; isacycleof o
o(V)CV
(by @0))
ST G ) B R A=A
UuV=[p] €Sy c=(i1,in,./ix) 8 (ailaiZ o 'aik) , ifcCV
c(U)Cu; is a cycle of o
c(V)Cv

(here, we have interchanged the two summation signs).

Now, fix a decomposition U U V = [p] of the set [p] into two disjoint subsets
U and V. Then, any permutation ¢ € S, satisfying o (U) C Uand ¢ (V) C V
can be “decomposed” into a pair (&, ) consisting of a permutation « := o |y
of U and a permutation B := ¢ |y of V. To put it more formally: There is a
bijection

from {permutations o € S, satisfying ¢ (U) C Uand ¢ (V) C V}
to Sy x Sy

(where Sx denotes the group of permutations of any set X) that sends each ¢
to (a,B) := (¢ |u, ¢ |v). Moreover, the cycles of the former permutation ¢ are
simply the cycles of the two “component” permutations « and S, and it is easy
to see that the sign of ¢ is given by
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(this follows, e.g., by writing « and B as products of transpositions). Hence,

Z (_1)(7 H {f (ailaiz o 'aik) , ifcCU;

g (apai,---a;), ifcCV

O'GSP; C:(il,iz,...,ik)
c(U)CU; is a cycle of
o(V)CV
= Y IT {f(%% eay), ifeCU;
(a,8)€Sy % Sy c=(i1,i2, ik 8 (anai,---a;), ifcCV

is a cycle of « or of 8

= Y D) TT f (e oay)
(a,‘B)GSuXSV C:(il,iz,...,ik)
is a cycle of «

[T s(aa,---a;)

C:(il,iz,...,ik)
is a cycle of B

- Z (=1)" H f (ailaiz T aik)

aEeSy C:(il,iz,...,ik)
is a cycle of «

Y (—=1)F IT s(ayay---a;)|. (22)
ﬁESV C:(il,iz,...,ik)
is a cycle of B

However, if we write the set U in the form U = {uq,up, ..., u,} (With uq, up, ..., u,
distinct), then

fu(a) = fr (auy, Auy, - - -, Au,) (by the definition of fi;)
= Z (—1)“ H f (lll'llliz cee llik) (23)

aeSy c=(i1,iz,.- ix)
is a cycle of «

(by Proposition applied to r instead of n). Thus, we have shown that

Y, -0 IT  flayay---a) = fu(a).

OCESU C:(il,iz,...,ik)
is a cycle of «

Similarly,
Z (_1)ﬁ H g(ailaiz"'aik) =gv (a).

IBESV C:(il,iz,...,ik)
is a cycle of B
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Substituting these two equalities into (22)), we obtain

)G | {f(”ﬁ”iz"'ﬂik)f ifc C U

g (apai,---a;), ifcCV

0'65‘,7; C:(il,iz,...,ik)
c(U)CU; is a cycle of
o(V)CV
= fu(a)-gv (a). (24)

Now forget that we fixed the decomposition U LI V = [p]. Now, substituting

into (21), we obtain
(f+g)p (a1/a2/---/ap) = Z fU (a).gv(a)'
]

uuv=[p
This proves Lemma [0.10] O

Proof of Theorem |0.3| (sketched). The map f is central (being an n-homomorphism).
Similarly, g is central. Thus, it is easy to see that f + g is central. It remains to
show that (f +¢), 1 = 0.

Let p:=n+m+1. Letay,ay,...,ap € A. Then, Lemma 0.10] yields

(f+8),(a,a...,0p) = Z[]fu(a)-gv(a), (25)
p

uuv=

where the notations are as defined in Lemma
Now, fix any decomposition U LUV = [p] of [p] into two disjoint subsets U
and V. We shall show that

fu(a)-gv (a) =0. (26)
[Proof: From U UV = [p], we obtain
Ul+|Vi=uuv|=lpll=p=n+m+1>n+m.

Hence, we must have |U| > n or |V| > m (since otherwise, we would have
both |U| < n and |V| < m, and therefore we could add these two inequalities
together and obtain |U| + |V| < n 4+ m, which would contradict |U| + |V| >
n + m). We WLOG assume that |U| > n (since the |V| > m case is analogous).
Thus, U] > n+ 1. But f,;1 = 0 (since f is an n-homomorphism). Hence,
Lemma 0.9 (applied to |U| and n + 1 instead of n and m) yields fj;;; = 0 (since
|U| > n+1). Now, let us write the set U in the form U = {uy,uy,...,u,}
(with uq, uy, ..., u, distinct). Then, r = |U| and therefore f, = f‘u| = 0. But the
definition of f; (see Lemma yields

fu(a)= fr (au,uy, ..., au,) =0.
=0
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Hence, fi; (a) - gv (a) = 0- gy (a) = 0. This proves (26).]

Forget that we fixed the decomposition UL V = [p]. We have thus shown
that holds for each such decomposition. In other words, all addends on
the right hand side of are 0. Hence, the whole right hand side is 0, and so
we can rewrite as

(f+8),(a,a2...,ay) =0.

Since ay,ay,...,a, were chosen arbitrarily, this proves that (f + g) p = 0. In

other words, (f +¢), .1 = 0 (since p = n + m + 1). This completes the proof
of Theorem O

0.5. The composition formula

Next, we introduce some notations. A set partition (henceforth just partition) of
a finite set ] means a set {1, J2,. .., Jx} of disjoint nonempty subsets of ] whose
unionis J[{U o U---U Jr = J. These subsets [1, J5,..., Ji are called the blocks of
the partition. For instance, the five partitions of [3] are]

{{1,2,3}} (with 1 block) and

{{1,2},{3}} and {{1,3},{2}} and {{2,3},{1}}
(with 2 blocks each) and

{{1},{2},{3}} (with 3 blocks) .

Note that {{1,3},{2}} and {{2},{3,1}} are the same partition. We let II;
denote the set of all partitions of the finite set J. Note that the empty set & has
a unique partition, which has 0 blocks; that is, [Tz = {&}.

The following formula (discovered by GPT-5.4) will be crucial to our proof of
Theorem

Theorem 0.11. Let A, B and C be three rings, with B and C commutative.
Letg: A — Band f : B— C be two central Z-linear maps. Let h := fog:
A — C. Letay,ap,...,a, € A. For any subset P = {p1, pa, ..., pr} of [n] (with
p1, P2, - - ., pr distinct), we set

bp := gr (ap,, ap,, ..., ap,). (27)

(This is well-defined, i.e., does not depend on the order in which we label the
elements of P as py, p2, ..., pr, because Proposition shows that the map g,
is symmetric.) Then,

hn (al,az,...,an): Z fk (bpl,bpz,...,bpk).
ﬂ:{Pl,Pz,...,Pk}EH[n]

Recall that for any integer r > 0, we let [r] denote the set {1,2,...,r}.
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(The expression f (bpl,bpz,...,bpk) here is well-defined, i.e., does not de-
pend on the order in which we label the blocks of 7w as P, P, . . ., Py, because
Proposition [0.7] shows that the map fj is symmetric.)

Proof. 1 would welcome an inclusion/exclusion argument using cycles of per-
mutations, but GPT-5.4 suggests an induction proof instead, and that shall do.
We induct on n.
Base case: For n = 0, the claim of Theorem is saying that o () = fo ()
(since I1jp) = Iy = {@}), which is clear because both sides equal 1.
Strictly speaking, this is enough to complete the base case, but let us also
check the n =1 case.
For n = 1, the claim of Theorem [0.11] is saying that h; (a1) = fi <b{1}>.

Since fi = f and hy = h and by, = g1(a1) = g(a1), this boils down to
h(a1) = f (g (a1)), which follows from /1 = f o g. Thus, the base case is proved.
Induction step: Let n > 2. Assume (as induction hypothesis) that Theorem
holds for n — 1 instead of n. We must now prove it for n.
The induction hypothesis yields

hn—l (allaZI"'/aTl—l) = Z fk (bpllbpzr"'/bpk) . (28)
HZ{Pl,Pz,...,Pk}EH[nfl]

Moreover, for each i € [n — 1], we define n — 1 elements agi),ag), el a,(f)_l of A

by

(s,40,....a0,)

= (all az,...,4;-1,2{ny,0;11,;42,- .., an—l) (29)
(these are what we called a}, 4}, ...,a], ; in (5)), and then the induction hypoth-
esis (applied to these n — 1 elements) yields

B (a0, 0l ) = y fi (65,65, b)) (30)
ﬂ:{Pl,Pz,...,Pk}EH[n_l]

where for any subset P = {p1, p2, ..., pr} of [n — 1] (with py, p2, ..., pr distinct),
we set

bg) = gr (aé,il),agz), .. .,agf)> . (31)
Note that if P is a subset of [n — 1] and if i € [n — 1] is such that i ¢ P, then

bp = b\ (32)

(Indeed, let P be a subset of [n — 1], and let i € [n — 1] be such that i ¢ P. Then,
writing P as P = {p1,p2, ..., pr} (with py, pa,..., p, distinct), we see that each

k € [r] satisfies px # i (since i ¢ P = {p1,p2,...,pr}) and therefore agk) = ap,
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(since shows that a](i) = a; for all j # i). Hence, the right hand side of
equals the right hand side of (27). Therefore, the same holds for the left hand
sides as well. In other words, we have bg) = bp. This proves (32).)

Note also that yields by, = g1 (an) = g (an).
Next, we observe that each subset P of [n — 1] satisfies

bpugny = bebpny — Y 0%, (33)
iepP
(Indeed, let P be a subset of [n—1]. Write P as P = {p1,p2,...,p:} (with

p1,p2,- .., pr distinct). Then PU {n} = {p1,p2,..., pr,n} (with p1,pa,...,pr,n
distinct because P C [n — 1]), hence

bpuny = 8r1 (py Apyy -+ p,, an) (by @7)). (34)
But each i € [r] satisfies
b = g (e al?, .. (by GD)

-~

= (apl g eesllp_y Apilinllp; /“pi+2/---/”pr)
(indeed, all k#i satisfy px#p; (since p1,pz,...,pr are distinct)

and thus a;,ii):apk (by @9),
whereas u;’;i):apiun (again by 29)))

=g (ap,, py o Ap, 1 Apn, Ay, A, Ap, ) - (35)
Now, the recursion (applied to g, r +1 and (”pw Apy, - -, Ap,, an) instead of f,
nand (aq,ay,...,a,)) yields
Sr+1 (apy, apy, ..., ap,, ay)
= w& (apl,apz,...,apr)l

=bgyy =bp

r
- 2@’ (aplfapz" s Api s Apiln, Apiys Qpigre vy apr)
i=1

J/
~

_b(pi)
P
(by (5))
r )
= b{n}bp — Zlbépl) = b{n}bp — Zpbg)
1= jE

(here, we have substituted j for p; in the sum, since P = {p1,p2,..., pr} with
p1,P2, - ., pr distinct). Thus, we can rewrite as

bpugny = bpbe =) by = bpbiy — Y by

jepP icP
I
(since B is -y bl(;l)

commutative) icp
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This proves (33).)
Let del : ITj,) — ITj,_;) be the map that transforms each partition 77 of [n] into

a partition of [n — 1] by deleting the element n from the block of 7t that contains
it (and deleting this block if it becomes empty). For instance, for n = 4, we have

del ({{1,4},{2,3}}) = {{1},{23}}  and
del ({{1},{2,3}, {4}}) = {{1}, {2.3}}.

Thus, we can split the sum on the right hand side of Theorem as follows:
Z fk (bPlszZI---/bPk)

n:{Pl,P2,...,Pk}€H[n]

= ) ) fi (bp,, bp,, ..., bp,) . (36)
w={Q1,Q2,--Qr}elly 1) 7T={P,Pp,... P} €llpy;
del(r)=w

Now, fix a partition w = {Q1,Qo, ..., Qs} € )

Which partitions 77 € IIj,| satisfy del (1) = w ? In other words, which
partitions of [n] become w after we remove the element # (and the block that
contains it, in case it becomes empty)? Stated this way, the question is trivial:
those partitions that can be obtained from w either by adding a new block {n}
or by inserting n into one of the existing blocks Q1, Q», ..., Q. Thus, there are
precisely ¢ + 1 partitions 7t € II}, that satisfy del (1) = w: namely, the one
partition

{Ql/ QZ/ sy Qﬁ/ {7’1}}
and the ¢ partitions

{Ql,Qz,...,Q]'U{n},...,Qg} fOI']'E[f]

(the notation “Q1,Q2,...,QjU{n},...,Q,” means “take the list Q1, Q>,...,Qy
and replace its j-th entry by Q; U {n}"”). Hence,

Z fk (bplle2/~~-/bPk)

ﬂz{Pl,Pz,...,Pk}EH[n];

del(m)=w
= fﬁJrl (le’bQZ’ oo le@’ b{n}>
14
—|—pr (lelezlle]U{n}lle/> (37)
j=1

(where “bg,, bg,, .- -, ijU{n}/ ..., bg,” means “take the list bg,, bg,,...,bg, and
replace its j-th entry by ijU )
Now, let j € [¢]. Then, Q; C [n — 1] (since Q; is a block of w € II},_y)) and

thus "
1
bo,utny = babimy = ) b,

ZEQ]'
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(by (83), applied to P = Q;). Hence,

fo (boubosr- - bguny -+ b,

:f€ (le,sz,.. bQ b{n} — Z bQ] bQ)

1€Q]
= £ (bau by - bg by, - g,
o Z fe (lebe2' . "b() sz) (38)
i€Q;

(since the map fy is Z-multilinear and thus, in particular, linear in its j-th argu-
ment). Moreover, for each k € [(] \ {j} and each i € Q;, we have Q; N Q; = &
(since w is a set partition, so that its blocks are disjoint) and thus i ¢ Qy (since

i € Q)) and therefore by, = b . (by (32), applied to P = Qy). Hence, in the

sum on the right hand side of (38 ., we can replace each by, by b(Qi Thus, (3
rewrites as

fi (boubau -+ b+ bo)
= f, (vasz"“ bobiny, - -, sz)

= e (b0 b b b))

i€Q; —~
:(bg)l,bgz,...,bg)g)
= f, (le,bQZ,... bQ.b{n},...,bQﬂ)
= L e (Vg boh - b)) (39)

i€Q;
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Forget that we fixed j. Summing the equality over all j € [¢], we find

™~

fi (b1 bay -+ boyuguys -1 ba, )

14
_ 21 <fg (b1 b0y -+ bQbiay -1 bg, )
]:

(i) () (i)
- Z fe (le’sz""’er) )

i€Q;

~.
I

/
_ Efg (b1 bQy -+ by -1 b0, )
=

{
(0 0 0
=Y X A (bgLbE by (40)

j=1 ieQ;

4 n—1
In this equality, we can replace the two summation signs ), ) by ) (since
j=1 ieQ; ~ i=1

the sets Q1,Qz,...,Q, form a set partition of [n — 1], so that each i € [n — 1]
appears in exactly one of these sets). Thus, this equality simplifies to

4
Z%ff (le, sz,. . '/ijU{n}/' . .,bQ/>
]:

4
gfg (b1 bg -+ bo by /b0, )
P

n—1 . ) .
- fi (bgi,bgi,...,bg) . (41)
i=1
Substituting this into (37), we find

fi (bpy bpy, -, br,)
n:{Pl,Pz,---/Pk}EH[n];
del(m)=w

= fr+1 (lebezf""sz'b{ﬂ})

14
+ Efg (b1 b0y -+ boy by -+ b0, )
=

n—1
(i) 7.(0) (i)
_ i_zlfg (lel,lez,...,bQé) . (42)
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However, the recursion (applied to £+ 1 and (le, bg,,...,bg,, b {n}) in-
stead of n and (ay, 4y, ...,4ay,)) yields

ff—i—l (le, sz" ce sz’ b{”})
=f <b{n}> fe (lebezf - "sz)
J4
_ gfg (b1 bays- /bbb,
=
=f <b{n}> fe (lebezf - "sz)
14
_ ;fg (b1 basr- /b biay - b, ) -
=
In other words,
fev1 (vasz'“"bQé’b{”})
Y4
+ Zlfg (le,sz, .. -/ijb{n}/ .. .,bQé>
j=
=f (b{n}) fe (bQ1'bQ2/ - "sz) :

Substituting this into (42), we obtain

Z fk(bpllbpzl"'/bpk)

ﬂ:{Pl,Pz,...,pk}EH[n],'

del(m)=w
=f (b{n}> fe (lebez' - "bQé’)
n—1
(i) 1) (i)
. 1221 fo (b3 b b)) - (43)

Forget that we fixed w. So we have proved for each partition w =
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{01,Q2,...,Qs} € I1;,_1). Now, becomes

Z fk(bpllbpzl"'/bpk)

ﬂI{Pl,Pz,...,Pk}GH[n]

= ) Y. fx (bp,, bp,, ..., bp,)
w={Q1,Q2,...,.Qu} e,y 7={Py,Pa,..., P} L]}y
del(m)=w

- Z <f (b{”}> fe (lebezf""er)

w={Q1,Q2-.,.Qr} T}y

n—1 . . .
S5 (0 ) ) (by @)
i=1

=f| by Y. fe (bg, by, -+, bq,)
w:{QllQZP--/Q(!}EH[Yl*l]
=g(an) ~ 4
= r fk(bpl,bpz,.--,bpk)

w={ Py, Py P FETT, )
=hy_1(a1,a2,-..,8,—1)

(by @8))
n—1
B (1) 5(@) (i)
.Z Zt f <bQ1’bQ2""’bQé>
i=1 w:{QllQZI“'er}GH[H—l]
_ v e (bgfbg;bg;)

m={ P Py P} €My _y)
() @ @)

=h,_1 (”1 Sy enesl

n—1
(by (B0))
- f (g (an)) hi’l—l (ﬂl,ﬂz, .. -/an—l)
th(a )

(since fog=h)

n—1
=)
i=1

(60,49,....a9)

:(al,az,...,ai_l,aian,ai+1,ai+2,...,an,1)
(by @9))
= h(an) hy—1(ay,a,...,a,-1)

n—1

— Y hy_1 (@, a2, .., 8i-1, 8100, 841, 8142, - - -, An—1) -
i=1
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On the other hand, the recursion (2) yields

h?’l (a11a2/ . '/al’l)
=h (an) hnfl (611, az,... /anfl)
n—1
— Z hn—l (Lll,az, e, ai1,04i0y, [1i+1, ai+2, v ,[ln_l) .
i=1

Comparing these two equalities, we find

hn (al,az,...,an) = Z fk (bpl,bpz,...,bpk).
H:{Pl,Pz,...,Pk}GH[n]

This is precisely Theorem for our n. So we have finished the induction
step, and thus the proof of Theorem [0.11} O

0.6. The composition of n-homomorphisms

Proof of Theorem[0.4, Let h := fog : A — C. Thus, we must show that & is
an nm-homomorphism. In other words, we must show that & is central and
satisfies ;11 = 0.

Since g is central, it is easy to see that / is central as well (indeed, all a,4’ € A
satisfy

h(ad) =

(g (aa")) (since h = fog)
(g (d'a)) (since g is central, so g (aa") = g (a'a))
(a'a) (sinceh = fog),

which shows that / is central). Thus, it remains to prove that k11 = 0.

Set N :=nm+1. Letay,ay, ..., an € A. We shall prove that iy (a1, a2, ...,an) =
0.

For any subset P = {p1, p2,..., pr} of [N] (with p1, p2, ..., p, distinct), we set

f
f
h

bp == gr (ap,, ap,, ..., ap,) .

(This is well-defined for the same reason as in Theorem [0.11}) Then, Theorem
(applied to N instead of n) shows that

I (a1, 82, ..., aN) = L fic (bpy by, b, ) (44)
n:{Pl,Pz,...,Pk}GH[N]

(where fi (bpl,bpz, ceey bpk) is well-defined for the same reason as in Theorem
0.11]).
However, we claim that any partition 7t = {Py, P5,..., P} € Il satisfies

fk (bpl,bpz,...,bpk) =0. (45)
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[Proof: Let T = {Py,P5,..., P} € Iy be any partition. Since f is an n-
homomorphism, we have f,,1 = 0. Thus, if k > n+1, then fy = 0 as well
(by Lemma applied to B, C, n + 1 and k instead of A, B, m and n), and
therefore certainly holds in this case. Hence, for the rest of this proof of
(45), we WLOG assume that k < n + 1. Therefore, k < n, so that n > k. Now,
since {Py, Py, ..., Pt} is a partition of [N], we have

P+ |P|+ -+ |P| =]|[N]|]=N=nm+1>_n_m>km.
>k

Hence, at least one of the k addends |P;|,|P,|,...,|P| must be larger than
m (because otherwise, we would have |P;| < m and |P,| < m and ... and
|P¢| < m, and therefore, adding these k inequalities together, we would obtain
|Pi| + |Po| 4+ |P| <m+m+ - - 4+ m = km, which would contradict |P;| +
k t;I;es

|P2| + -+ - 4+ |P¢| > km). In other words, there exists some j € [k] such that
]Pj‘ > m. Consider this j. Now, recall that g is an m-homomorphism; thus,
Sm+1 = 0. Write the set Pjas P; = {p1,p2,--.,pr} (With p1, p2, ..., pr distinct);
thus, r = ‘Pj‘ > m. Therefore, r > m + 1. Hence, from ¢,,11 = 0, we obtain
gr = 0 (by Lemma applied to g, m + 1 and r instead of f, m and n).

But the definition of bp, yields bp, = g; (ap,, apy, ..., ap,) = 0 (since g = 0).

Thus, fi (bp,, bp,, ..., bp,) = 0 as well (since f; is a Z-multilinear map, and thus
vanishes if any of the k inputs is 0). This proves (45).]

Now, substituting into (44), we find

hN(a1/a2""’aN): Z 0=0.
n={Py,Py,.... P}l

Since we have proved this for all a,4ay,...,any € A, we thus obtain iy = 0. In
other words, h,;,+1 = 0 (since N = nm 4 1). As we said, this completes the
proof of Theorem O
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