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Abstract. We study n-homomorphisms in the sense of Khudaverdian–
Voronov, but generalized to maps from arbitrary rings to arbitrary
commutative rings. We show that the sum of an n-homomorphism
and an m-homomorphism is an (n + m)-homomorphism, and that
the composition of an n-homomorphism and an m-homomorphism
is an nm-homomorphism. The proofs are entirely combinatorial.

This note is a long answer to one of my own MathOverflow questions. The
answer (which was obtained with the help of GPT-5.4, though written up en-
tirely on my own) did not fit in a MathOverflow post, so I have made it into a
note.

Acknowledgments. I have used GPT-5.4 via Christian Stump’s convenient
https://sciencebench.ai/ front-end. I thank Christian for his work on this.

0.1. n-homomorphisms

The notion of an n-homomorphism is a generalization of the notion of a pseu-
dorepresentation, which was introduced by Taylor in [Taylor91] (based on an
idea of Wiles [Wiles88, proof of Lemma 2.2.3]).

We first introduce some notations. Rings are always understood to be asso-
ciative and unital (but not necessarily commutative); ring morphisms preserve
the unity (unless we speak of “nonunital ring morphisms”). For any nonneg-
ative integer n, we let [n] denote the set {1, 2, . . . , n}, and we let Sn denote the
n-th symmetric group (i.e., the group of permutations of this set [n]). If σ is a
permutation of a finite set (e.g., of [n]), then (−1)σ shall denote the sign of σ.
(If σ ∈ Sn, then (−1)σ = (−1)ℓ(σ), where ℓ (σ) is the number of inversions of σ.)
The cycles of a permutation σ shall be understood in the usual combinatorial
sense; for example, the permutation

[7] → [7] ,
i 7→ 8 − i
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of [7] has the four cycles (1, 7), (2, 6), (3, 5) and (4). (Fixed points are 1-cycles.)
Note that cycles are only well-defined up to cyclic rotation; for example, (2, 6)
and (6, 2) are the same cycle.

In [BucRee97], Buchstaber and Rees defined the notion of an n-homomorphism
between commutative rings; it was studied further in [BucRee01], [BucRee04]
and [KhuVor20] (among other works), although mostly only for commutative
Q-algebras. We shall here generalize it to a notion of n-homomorphisms from
an arbitrary (not necessarily commutative) ring A to a commutative ring B. We
define it as follows:

Definition 0.1. Let A be a ring, and let B be a commutative ring. Let f : A →
B be any Z-linear map.

(a) We say that f is central if we have

f
(
aa′
)
= f

(
a′a
)

for all a, a′ ∈ A.

(b) If f is central, and if n is a nonnegative integer, then we define the
Z-multilinear map fn : An → B by

fn (a1, a2, . . . , an)

= ∑
σ∈Sn

(−1)σ ∏
c=(i1,i2,...,ik)
is a cycle of σ

f
(
ai1 ai2 · · · aik

)
(1)

(we will see in a moment why this is well-defined). For example, for
n = 3, this is saying that

f3 (a1, a2, a3) = f (a1) f (a2) f (a3)− f (a1) f (a2a3)− f (a2) f (a1a3)

− f (a3) f (a1a2) + f (a1a2a3) + f (a1a3a2)

(here, the first addend corresponds to the permutation σ = id ∈ S3
with its three cycles (1) , (2) , (3); the second addend corresponds to
the transposition t2,3 ∈ S3 that swaps 2 and 3 and has two cycles (1)
and (2, 3); the following two addends similarly correspond to the trans-
positions t1,3 and t1,2; and the last two addends correspond to the two
3-cycles in S3).

Note that the right hand side of (1) is well-defined, since
the centrality of f ensures that the value f

(
ai1 ai2 · · · aik

)
does

not depend on where we start indexing the cycle c (in-
deed, if we replace the cycle (i1, i2, . . . , ik) by its cyclic rotation(
ip, ip+1, . . . , ik, i1, i2, . . . , ip−1

)
, then the centrality of f shows that

f
(
ai1 ai2 · · · aik

)
= f

(
aip aip+1 · · · aik ai1 ai2 · · · aip−1

)
).
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The map fn is called the n-Frobenius map of f . For instance, for all
a, b, c ∈ A, we have

f0 () = 1;
f1 (a) = f (a) ;

f2 (a, b) = f (a) f (b)− f (ab) ;
f3 (a, b, c) = f (a) f (b) f (c)− f (a) f (bc)

− f (b) f (ac)− f (c) f (ab) + f (abc) + f (acb) .

As we will soon see (Proposition 0.6), the map fn can also be defined
recursively by

fn (a1, a2, . . . , an)

= f (an) fn−1 (a1, a2, . . . , an−1)

−
n−1

∑
i=1

fn−1 (a1, a2, . . . , ai−1, aian, ai+1, ai+2, . . . , an−1) . (2)

(c) Let n be a nonnegative integer. We say that f is an n-homomorphism (or
Frobenius n-homomorphism) if f is central and satisfies fn+1 = 0 (identi-
cally).

Example 0.2. The only 0-homomorphism is the zero map. The 1-
homomorphisms are just the nonunital ring homomorphisms. The 2-
homomorphisms are the central maps f : A → B that satisfy

f (a) f (b) f (c)− f (a) f (bc)− f (b) f (ac)− f (c) f (ab) + f (abc) + f (acb)
= 0 for all a, b, c ∈ A.

An example of an n-homomorphism is the trace map Tr : Bn×n → B from
the matrix ring Bn×n (sending each n × n-matrix to its trace). Indeed, the fact
that Trn+1 = 0 on Bn×n is known as the fundamental trace identity for n × n-
matrices, and goes back to Frobenius; proofs can be found (e.g.) in [Laue87,
Corollary], [Dotsen11, Theorem 1], [Morel19, §VII.7.3.2] or [Proces76, Theo-
rem 4.3 (b)].

This general concept of an n-homomorphism also covers another classical
notion: that of a pseudocharacter, as considered (e.g.) in [Dotsen11], [Morel19,
§VII.7.3], [Bellai10, Definition 2.2], [Rouqui96], [Chenev08], generalizing the
pseudorepresentations introduced by Taylor in [Taylor91] (which, in turn, were
based on an idea of Wiles [Wiles88, proof of Lemma 2.2.3]). Again, much of
the literature requires that A is a Q-algebra or at least n! is invertible. If we
turn a blind eye to this requirement, then n-homomorphisms are more or less
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the same as pseudocharacters: A Z-linear map f : A → B from a ring A to a
commutative ring B is an n-homomorphism if and only if the corresponding
B-linear map

f̃ : B ⊗Z A → B,
b ⊗ a 7→ b f (a)

is a pseudocharacter of degree n. Conversely, a B-linear map f : A → B
from a B-algebra A to its (commutative) base ring B is a pseudocharacter of
degree n if and only if it is an n-homomorphism. Thus, the concept of an n-
homomorphism and that of a pseudocharacter of degree n subsume each other
(again ignoring the invertibility requirement). Apparently the two respective
communities (pseudocharacters and n-homomorphisms) are mostly unaware
of one another, even though both credit Frobenius for the original idea.

In this note, I will prove certain basic (but nontrivial) properties of n-homomorphisms
in full generality, most importantly [KhuVor20, Theorem 3.2], without assum-
ing A commutative or n! invertible. The method used in [KhuVor20] becomes
unusable in this generality, so one is forced to do combinatorics.

The first main result of this note is a generalization of the first part of [KhuVor20,
Theorem 3.2] (also part of [Rouqui96, Lemme 2.8]):

Theorem 0.3. Let A and B be two rings, with B commutative. Let f : A → B
be an n-homomorphism, and let g : A → B be an m-homomorphism. Then,
f + g is an (n + m)-homomorphism.

In short: the sum of an n-homomorphism with an m-homomorphism is an
(n + m)-homomorphism.

The second main result generalizes the second part of [KhuVor20, Theorem
3.2]:

Theorem 0.4. Let A, B and C be three rings, with B and C commutative. Let
n, m ∈ N. Let f : B → C be an n-homomorphism, and let g : A → B be an
m-homomorphism. Then, f ◦ g is an nm-homomorphism.

In short: the composition of an n-homomorphism with an m-homomorphism
is an nm-homomorphism.

The proofs will use some auxiliary results that may well be useful on their
own. In particular, Theorem 0.11 is a formula for the n-Frobenius maps of a
composition of two central maps; this formula was found by the GPT-5.4 LLM
when I asked it for a proof of Theorem 0.4.

Remark 0.5. It is worth mentioning the “aspirational” properties of n-
homomorphisms and pseudocharacters, as they can be helpful. A pseu-
docharacter of degree n wishes to be the character of an n-dimensional repre-
sentation of the algebra (in the sense that the latter are always instances of the
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former, and in some sense “generic” ones; see, e.g., [Dotsen11, Proposition
2]). An n-homomorphism wishes to be a sum of n ring homomorphisms (see
[KhuVor20, §1.2]). The former wish can be fulfilled under certain restrictive
conditions (see, e.g., [Morel19, §VII.7.3.4]). I don’t know when and to what
extent the latter can be fulfilled. However, when it can be fulfilled, Theorem
0.3 becomes obvious, and Theorem 0.4 also becomes easy (if f : B → C is a
sum of n (nonunital) ring homomorphisms, and if g is an m-homomorphism,
then f ◦ g is an nm-homomorphism, as can be easily proved using Theorem
0.3). Sadly, this approach seems to be unsuited for the generality in which
we have stated the above theorems.

0.2. Recursion and explicit formula

First, I will pay a debt from Definition 0.1 (b), by proving the equivalence of
the two definitions of n-Frobenius maps:

Proposition 0.6. Let A be a ring, and let B be a commutative ring. Let f :
A → B be a central Z-linear map.

The recursive definition (2) of fn (with the base case f0 () := 1) is equivalent
to the explicit definition (1).

Proof sketch. We use (1) as the definition of fn. Thus, we must prove that fn
satisfies the recursion (2).

Let n ≥ 1 and a1, a2, . . . , an ∈ A. Then, (1) becomes

fn (a1, a2, . . . , an)

= ∑
σ∈Sn

(−1)σ ∏
c=(i1,i2,...,ik)
is a cycle of σ

f
(
ai1 ai2 · · · aik

)

=
n

∑
i=1

∑
σ∈Sn;

σ(i)=n

(−1)σ ∏
c=(i1,i2,...,ik)
is a cycle of σ

f
(
ai1 ai2 · · · aik

)
(3)

(since each σ ∈ Sn satisfies σ (i) = n for a unique element i ∈ {1, 2, . . . , n}).
We shall now rewrite the addends of the outer sum here, showing that they
correspond (up to sign) to the addends on the right hand side of (2).

We start with the addend for i = n.
Each permutation τ ∈ Sn−1 can be extended to a permutation τ̂ ∈ Sn by

setting τ̂ (n) := n and τ̂ (i) := τ (i) for all i < n. The assignment τ 7→ τ̂
defines a bijection from Sn−1 to {σ ∈ Sn | σ (n) = n}. Let us use this bijection



Compositions of n-homomorphisms, version March 29, 2026 page 6

to reindex a sum:

∑
σ∈Sn;

σ(n)=n

(−1)σ ∏
c=(i1,i2,...,ik)
is a cycle of σ

f
(
ai1 ai2 · · · aik

)
= ∑

τ∈Sn−1

(−1)τ̂︸ ︷︷ ︸
=(−1)τ

(since τ̂ has the same
inversions as τ)

∏
c=(i1,i2,...,ik)
is a cycle of τ̂

f
(
ai1 ai2 · · · aik

)
︸ ︷︷ ︸
= f (an) ∏

c=(i1,i2,...,ik)
is a cycle of τ

f (ai1
ai2 ···aik)

(since the cycles of τ̂ are the cycles of τ
plus the additional 1-cycle (n))

= ∑
τ∈Sn−1

(−1)τ f (an) ∏
c=(i1,i2,...,ik)
is a cycle of τ

f
(
ai1 ai2 · · · aik

)
= f (an) ∑

τ∈Sn−1

(−1)τ ∏
c=(i1,i2,...,ik)
is a cycle of τ

f
(
ai1 ai2 · · · aik

)
︸ ︷︷ ︸

= fn−1(a1,a2,...,an−1)
(by the definition of fn−1)

= f (an) fn−1 (a1, a2, . . . , an−1) . (4)

Now, let i ∈ {1, 2, . . . , n − 1}. Let us define n − 1 elements a′1, a′2, . . . , a′n−1 of
A by (

a′1, a′2, . . . , a′n−1
)

:= (a1, a2, . . . , ai−1, aian, ai+1, ai+2, . . . , an−1) . (5)

That is, we set a′i := aian and

a′r := ar for all r ̸= i. (6)

Let ti,n ∈ Sn be the transposition that swaps i with n.
Let τ ∈ Sn−1 be any permutation. Then, the permutation τ̂ ∈ Sn (defined

above) sends n to n. Hence, the permutation τ̂ ◦ ti,n ∈ Sn sends i
ti,n7→ n τ̂7→ n.

Moreover, this permutation τ̂ ◦ ti,n has “almost” the same cycles as τ: Namely,
let

d = (j1, j2, . . . , jℓ)

be the cycle of τ that contains i, indexed in such a way that i = jℓ. (If τ fixes i,
then this is a 1-cycle, i.e., we have ℓ = 1.) Then, the cycles of τ̂ ◦ ti,n are exactly
the cycles of τ, except that the cycle d is replaced by

d′ := (j1, j2, . . . , jℓ, n) .

(To see this, just observe that τ̂ ◦ ti,n transforms the inputs jℓ and n as follows:

jℓ = i
ti,n7→ n τ̂7→ n and n

ti,n7→ i = jℓ
τ̂7→ j1. On all other inputs, τ̂ ◦ ti,n does not differ
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from τ, since ti,n only affects the inputs i and n.) In other words, the cycles
of τ̂ ◦ ti,n are exactly the cycle d′ = (j1, j2, . . . , jℓ, n) and the cycles of τ distinct
from d. Therefore,

∏
c=(i1,i2,...,ik)

is a cycle of τ̂◦ti,n

f
(
ai1 ai2 · · · aik

)
= f

(
aj1 aj2 · · · ajℓan

)
· ∏

c=(i1,i2,...,ik)
is a cycle of τ

distinct from d

f
(
ai1 ai2 · · · aik

)
. (7)

However, for each cycle c = (i1, i2, . . . , ik) of τ distinct from d, we have

ai1 ai2 · · · aik = a′i1 a′i2 · · · a′ik (8)

(because c ̸= d ensures that c does not contain i, and therefore all elements
i1, i2, . . . , ik of c are distinct from i and thus satisfy a′i1 = ai1 and a′i2 = ai2
and so on (by (6)); hence, a′i1 a′i2 · · · a′ik = ai1 ai2 · · · aik). Meanwhile, the cycle
d = (j1, j2, . . . , jℓ) of τ contains i only as its last entry jℓ = i, and therefore
all the previous elements j1, j2, . . . , jℓ−1 of d are distinct from i and thus satisfy
a′j1 = aj1 and a′j2 = aj2 and so on (by (6)), whereas its last entry satisfies a′jℓ =
a′i = aian = ajℓan (since i = jℓ). Therefore,

a′j1 a′j2 · · · a′jℓ−1
a′jℓ = aj1 aj2 · · · ajℓ−1 ajℓan = aj1 aj2 · · · ajℓan.

In other words,

aj1 aj2 · · · ajℓan = a′j1 a′j2 · · · a′jℓ−1
a′jℓ = a′j1 a′j2 · · · a′jℓ . (9)

Using (9) and (8), we can rewrite (7) as

∏
c=(i1,i2,...,ik)

is a cycle of τ̂◦ti,n

f
(
ai1 ai2 · · · aik

)
= f

(
a′j1 a′j2 · · · a′jℓ

)
· ∏

c=(i1,i2,...,ik)
is a cycle of τ

distinct from d

f
(

a′i1 a′i2 · · · a′ik

)

= ∏
c=(i1,i2,...,ik)
is a cycle of τ

f
(

a′i1 a′i2 · · · a′ik

)
. (10)

Finally,

(−1)τ̂◦ti,n = (−1)τ̂︸ ︷︷ ︸
=(−1)τ

(since τ̂ has the same
inversions as τ)

(−1)ti,n︸ ︷︷ ︸
=−1

(since transpositions
have sign −1)

= − (−1)τ . (11)
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Forget that we fixed τ. Thus, for each permutation τ ∈ Sn−1, we have con-
structed a permutation τ̂ ◦ ti,n ∈ Sn that sends i to n and satisfies (10) and
(11). Moreover, the assignment τ 7→ τ̂ ◦ ti,n defines a bijection from Sn−1 to
{σ ∈ Sn | σ (i) = n} (because if σ ∈ Sn sends i to n, then σ ◦ t−1

i,n sends n to n
and thus has the form τ̂ for a unique τ ∈ Sn−1). Let us use this bijection to
reindex a sum:

∑
σ∈Sn;

σ(i)=n

(−1)σ ∏
c=(i1,i2,...,ik)
is a cycle of σ

f
(
ai1 ai2 · · · aik

)
= ∑

τ∈Sn−1

(−1)τ̂◦ti,n︸ ︷︷ ︸
=−(−1)τ

(by (11))

∏
c=(i1,i2,...,ik)

is a cycle of τ̂◦ti,n

f
(
ai1 ai2 · · · aik

)
︸ ︷︷ ︸

= ∏
c=(i1,i2,...,ik)
is a cycle of τ

f
(

a′i1
a′i2 ···a

′
ik

)
(by (10))

= − ∑
τ∈Sn−1

(−1)τ ∏
c=(i1,i2,...,ik)
is a cycle of τ

f
(

a′i1 a′i2 · · · a′ik

)
︸ ︷︷ ︸

= fn−1(a′1,a′2,...,a′n−1)
(by the definition of fn−1)

= − fn−1
(
a′1, a′2, . . . , a′n−1

)
= − fn−1 (a1, a2, . . . , ai−1, aian, ai+1, ai+2, . . . , an−1) (12)

(by (5)).
Forget that we fixed i. So we have proved (12) for each i ∈ {1, 2, . . . , n − 1}.

Now, splitting off the i = n addend from the outer sum on the right hand side
of (3), we obtain

fn (a1, a2, . . . , an) = ∑
σ∈Sn;

σ(n)=n

(−1)σ ∏
c=(i1,i2,...,ik)
is a cycle of σ

f
(
ai1 ai2 · · · aik

)
︸ ︷︷ ︸

= f (an) fn−1(a1,a2,...,an−1)
(by (4))

+
n−1

∑
i=1

∑
σ∈Sn;

σ(i)=n

(−1)σ ∏
c=(i1,i2,...,ik)
is a cycle of σ

f
(
ai1 ai2 · · · aik

)
︸ ︷︷ ︸

=− fn−1(a1,a2,...,ai−1,aian,ai+1,ai+2,...,an−1)
(by (12))

= f (an) fn−1 (a1, a2, . . . , an−1)

−
n−1

∑
i=1

fn−1 (a1, a2, . . . , ai−1, aian, ai+1, ai+2, . . . , an−1) .

This proves (2). Thus, Proposition 0.6 is proved.
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0.3. Symmetry of n-Frobenius maps

Next, we note something simple:

Proposition 0.7. Let A be a ring, and let B be a commutative ring. Let f :
A → B be a central Z-linear map. Let n ∈ N. Then, the map fn : An → B
is symmetric in its n inputs. That is, if τ ∈ Sn is any permutation and
a1, a2, . . . , an ∈ A, then

fn

(
aτ(1), aτ(2), . . . , aτ(n)

)
= fn (a1, a2, . . . , an) .

Proof. Let τ ∈ Sn and a1, a2, . . . , an ∈ A. Then, (1) yields

fn (a1, a2, . . . , an)

= ∑
σ∈Sn

(−1)σ ∏
c=(i1,i2,...,ik)
is a cycle of σ

f
(
ai1 ai2 · · · aik

)
= ∑

σ∈Sn

(−1)σ ∏
c=(j1,j2,...,jk)
is a cycle of σ

f
(
aj1 aj2 · · · ajk

)
(13)

and

fn

(
aτ(1), aτ(2), . . . , aτ(n)

)
= ∑

σ∈Sn

(−1)σ ∏
c=(i1,i2,...,ik)
is a cycle of σ

f
(

aτ(i1)aτ(i2) · · · aτ(ik)

)
. (14)

However, recall that conjugate permutations have the same cycle type. More
concretely: If σ ∈ Sn is any permutation, then the cycles of the permutation
τ ◦ σ ◦ τ−1 are in bijection with the cycles of σ: Namely, if (i1, i2, . . . , ik) is a
cycle of σ, then (τ (i1) , τ (i2) , . . . , τ (ik)) is a cycle of τ ◦ σ ◦ τ−1, and this gives
a 1-to-1 correspondence between the cycles of σ and the cycles of τ ◦ σ ◦ τ−1.
Thus, if σ ∈ Sn is any permutation, then

∏
c=(i1,i2,...,ik)
is a cycle of σ

f
(

aτ(i1)aτ(i2) · · · aτ(ik)

)
= ∏

c=(j1,j2,...,jk)
is a cycle of τ◦σ◦τ−1

f
(
aj1 aj2 · · · ajk

)
.
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Substituting this into (14), we obtain

fn

(
aτ(1), aτ(2), . . . , aτ(n)

)
= ∑

σ∈Sn

(−1)σ︸ ︷︷ ︸
=(−1)τ◦σ◦τ−1

(since conjugate permutations
have the same sign)

∏
c=(j1,j2,...,jk)

is a cycle of τ◦σ◦τ−1

f
(
aj1 aj2 · · · ajk

)

= ∑
σ∈Sn

(−1)τ◦σ◦τ−1

∏
c=(j1,j2,...,jk)

is a cycle of τ◦σ◦τ−1

f
(
aj1 aj2 · · · ajk

)
= ∑

σ∈Sn

(−1)σ ∏
c=(j1,j2,...,jk)
is a cycle of σ

f
(
aj1 aj2 · · · ajk

)

(here, we have substituted σ for τ ◦ σ ◦ τ−1 in the sum, because conjugation
by τ is a bijection from Sn onto itself). Comparing this with (13), we obtain
fn

(
aτ(1), aτ(2), . . . , aτ(n)

)
= fn (a1, a2, . . . , an). This proves Proposition 0.7.

The proof of Proposition 0.7 can be somewhat generalized, essentially re-
placing the permutation τ by a bijection between two finite sets of integers. We
record the result, since it will prove useful later on:

Proposition 0.8. Let A be a ring, and let B be a commutative ring. Let f :
A → B be a central Z-linear map.

Let U = {u1, u2, . . . , un} be a finite set of integers (with u1, u2, . . . , un dis-
tinct). Let SU denote the group of all permutations of U. Let au be an element
of A for each u ∈ U. Then,

fn (au1 , au2 , . . . , aun) = ∑
α∈SU

(−1)α ∏
c=(i1,i2,...,ik)
is a cycle of α

f
(
ai1 ai2 · · · aik

)
.

Proof. Let τ : [n] → U be the map that sends each i ∈ [n] to ui. This map
τ is a bijection (indeed, it is surjective because U = {u1, u2, . . . , un}, and it is
injective since u1, u2, . . . , un are distinct). Hence, for each permutation σ ∈ Sn,
the composition τ ◦ σ ◦ τ−1 is a permutation of U. Thus, we obtain a map

Sn → SU,

σ 7→ τ ◦ σ ◦ τ−1, (15)

which is easily seen to be a group isomorphism. Intuitively speaking, τ ◦σ ◦ τ−1

is what you obtain if you take the permutation σ of [n] and rename each element
i ∈ [n] (say, in the two-line notation of σ, or in the cycle decomposition of σ)
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as τ (i). In particular, the cycles of the permutation τ ◦ σ ◦ τ−1 (for a given
σ ∈ Sn) are in bijection with the cycles of σ: Namely, if (i1, i2, . . . , ik) is a cycle of
σ, then (τ (i1) , τ (i2) , . . . , τ (ik)) is a cycle of τ ◦ σ ◦ τ−1, and this gives a 1-to-1
correspondence between the cycles of σ and the cycles of τ ◦ σ ◦ τ−1. Thus, if
σ ∈ Sn is any permutation, then

∏
c=(i1,i2,...,ik)
is a cycle of σ

f
(

aτ(i1)aτ(i2) · · · aτ(ik)

)
= ∏

c=(j1,j2,...,jk)
is a cycle of τ◦σ◦τ−1

f
(
aj1 aj2 · · · ajk

)
. (16)

Moreover, if σ ∈ Sn is any permutation, then

(−1)σ = (−1)τ◦σ◦τ−1
. (17)

(This is easiest to see by factoring σ into a product of transpositions; see [Grinbe15,
Exercise 5.12].)

But each i ∈ [n] satisfies aui = aτ(i) (since the definition of τ yields τ (i) = ui,
thus aτ(i) = aui). Therefore,

fn (au1 , au2 , . . . , aun)

= fn

(
aτ(1), aτ(2), . . . , aτ(n)

)
= ∑

σ∈Sn

(−1)σ︸ ︷︷ ︸
=(−1)τ◦σ◦τ−1

(by (17))

∏
c=(i1,i2,...,ik)
is a cycle of σ

f
(

aτ(i1)aτ(i2) · · · aτ(ik)

)
︸ ︷︷ ︸

= ∏
c=(j1,j2,...,jk)

is a cycle of τ◦σ◦τ−1

f (aj1
aj2 ···ajk)

(by (16))(
by (1), applied to aτ(i) instead of ai

)
= ∑

σ∈Sn

(−1)τ◦σ◦τ−1

∏
c=(j1,j2,...,jk)

is a cycle of τ◦σ◦τ−1

f
(
aj1 aj2 · · · ajk

)
= ∑

α∈SU

(−1)α ∏
c=(j1,j2,...,jk)
is a cycle of α

f
(
aj1 aj2 · · · ajk

)
(here, we have substituted α for τ ◦ σ ◦ τ−1 in the sum, since the map (15) is a
bijection). Renaming the index (j1, j2, . . . , jk) as (i1, i2, . . . , ik) on the right hand
side, we can rewrite this as

fn (au1 , au2 , . . . , aun) = ∑
α∈SU

(−1)α ∏
c=(i1,i2,...,ik)
is a cycle of α

f
(
ai1 ai2 · · · aik

)
.

Thus, Proposition 0.8 is proved.
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0.4. The sum of two n-homomorphisms

The proof of Theorem 0.3 will require two lemmas:

Lemma 0.9. Let A be a ring, and let B be a commutative ring. Let f : A → B
be any central Z-linear map. Let m ∈ N be such that fm = 0. Then, fn = 0
for all n ≥ m.

Proof sketch. If some positive integer n satisfies fn−1 = 0, then fn = 0 as well
(by the recursion (2)). Hence, Lemma 0.9 follows easily by induction on n.

Lemma 0.10. Let A and B be two rings, with B commutative. Let f : A → B
and g : A → B be two central Z-linear maps. Let a1, a2, . . . , ap ∈ A be some
elements.

For any subset I = {i1, i2, . . . , ik} of [p] (with i1, i2, . . . , ik distinct) and any
central map h : A → B, let us define

hI (a) := hk
(
ai1 , ai2 , . . . , aik

)
∈ B.

(This is well-defined, i.e., does not depend on the order in which we label
the elements of I as i1, i2, . . . , ik, because Proposition 0.7 shows that the map
hk is symmetric.)

Then,
( f + g)p

(
a1, a2, . . . , ap

)
= ∑

U⊔V=[p]
fU (a) · gV (a) .

Here, the notation “U ⊔ V = [p]” means that U and V are two disjoint sets
whose union is [p] (that is, U is a subset of [p], and V is its complement in
[p]).

Proof of Lemma 0.10 (sketched). From (1) (applied to f + g and p instead of f and
n), we have

( f + g)p
(
a1, a2, . . . , ap

)
= ∑

σ∈Sp

(−1)σ ∏
c=(i1,i2,...,ik)
is a cycle of σ

( f + g)
(
ai1 ai2 · · · aik

)︸ ︷︷ ︸
= f (ai1

ai2 ···aik)+g(ai1
ai2 ···aik)

= ∑
σ∈Sp

(−1)σ ∏
c=(i1,i2,...,ik)
is a cycle of σ

(
f
(
ai1 ai2 · · · aik

)
+ g

(
ai1 ai2 · · · aik

))
. (18)

Now, fix a permutation σ ∈ Sp. If we expand the product

∏
c=(i1,i2,...,ik)
is a cycle of σ

(
f
(
ai1 ai2 · · · aik

)
+ g

(
ai1 ai2 · · · aik

))
, (19)

then we obtain a sum over all ways to choose, for each cycle c = (i1, i2, . . . , ik)
of σ, one of the two addends of the sum f

(
ai1 ai2 · · · aik

)
+ g

(
ai1 ai2 · · · aik

)
. Such
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“ways to choose” can be viewed as colorings of the cycles of σ, in which each
cycle is either colored red (meaning that the f

(
ai1 ai2 · · · aik

)
addend is chosen)

or colored blue (meaning that the g
(
ai1 ai2 · · · aik

)
addend is chosen). Thus, the

expanded form of (19) can be written as follows:

∏
c=(i1,i2,...,ik)
is a cycle of σ

(
f
(
ai1 ai2 · · · aik

)
+ g

(
ai1 ai2 · · · aik

))

= ∑
coloring of all cycles of σ

in red and blue

∏
c=(i1,i2,...,ik)
is a cycle of σ

{
f
(
ai1 ai2 · · · aik

)
, if c is red;

g
(
ai1 ai2 · · · aik

)
, if c is blue.

Equivalently, instead of coloring cycles, we can just as well color the elements
of these cycles red and blue (viz., all elements of all red cycles are colored red,
while all elements of all blue cycles are colored blue). These colorings are not
arbitrary, but must have the property that each cycle is either completely red
(i.e., all its elements are red) or completely blue (i.e., all its elements are blue);
in other words, they must have the property that σ sends red elements to red
elements and blue elements to blue elements. Thus, the above expanded form
of (19) can be rewritten as follows:

∏
c=(i1,i2,...,ik)
is a cycle of σ

(
f
(
ai1 ai2 · · · aik

)
+ g

(
ai1 ai2 · · · aik

))

= ∑
coloring of all elements of [p]

in red and blue;
σ sends red elements to red elements
and blue elements to blue elements

∏
c=(i1,i2,...,ik)
is a cycle of σ

{
f
(
ai1 ai2 · · · aik

)
, if c is red;

g
(
ai1 ai2 · · · aik

)
, if c is blue

(where “c is red” means that all elements of c are red, and likewise for “blue”).
Of course, a coloring of all elements of [p] in red and blue is the same thing

as a decomposition of [p] into two disjoint subsets U and V (where U is the set
of all red elements and V is the set of all blue elements); in other words, it is a
choice of two sets U and V such that U ⊔ V = [p]. Moreover, the condition “σ
sends red elements to red elements” is simply saying that σ (U) ⊆ U, whereas
the condition “σ sends blue elements to blue elements” is saying that σ (V) ⊆
V. Hence, our above expanded form of (19) can be rewritten as follows:

∏
c=(i1,i2,...,ik)
is a cycle of σ

(
f
(
ai1 ai2 · · · aik

)
+ g

(
ai1 ai2 · · · aik

))

= ∑
U⊔V=[p];
σ(U)⊆U;
σ(V)⊆V

∏
c=(i1,i2,...,ik)
is a cycle of σ

{
f
(
ai1 ai2 · · · aik

)
, if c ⊆ U;

g
(
ai1 ai2 · · · aik

)
, if c ⊆ V

(20)
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(where “c ⊆ U” means that all elements of c belong to U, and likewise for
“c ⊆ V”).

Forget that we fixed σ. We thus have proved (20) for each σ ∈ Sp. Now, (18)
becomes

( f + g)p
(
a1, a2, . . . , ap

)
= ∑

σ∈Sp

(−1)σ ∏
c=(i1,i2,...,ik)
is a cycle of σ

(
f
(
ai1 ai2 · · · aik

)
+ g

(
ai1 ai2 · · · aik

))

= ∑
σ∈Sp

(−1)σ ∑
U⊔V=[p];
σ(U)⊆U;
σ(V)⊆V

∏
c=(i1,i2,...,ik)
is a cycle of σ

{
f
(
ai1 ai2 · · · aik

)
, if c ⊆ U;

g
(
ai1 ai2 · · · aik

)
, if c ⊆ V

(by (20))

= ∑
U⊔V=[p]

∑
σ∈Sp;

σ(U)⊆U;
σ(V)⊆V

(−1)σ ∏
c=(i1,i2,...,ik)
is a cycle of σ

{
f
(
ai1 ai2 · · · aik

)
, if c ⊆ U;

g
(
ai1 ai2 · · · aik

)
, if c ⊆ V

(21)

(here, we have interchanged the two summation signs).
Now, fix a decomposition U ⊔ V = [p] of the set [p] into two disjoint subsets

U and V. Then, any permutation σ ∈ Sp satisfying σ (U) ⊆ U and σ (V) ⊆ V
can be “decomposed” into a pair (α, β) consisting of a permutation α := σ |U
of U and a permutation β := σ |V of V. To put it more formally: There is a
bijection

from
{

permutations σ ∈ Sp satisfying σ (U) ⊆ U and σ (V) ⊆ V
}

to SU × SV

(where SX denotes the group of permutations of any set X) that sends each σ
to (α, β) := (σ |U, σ |V). Moreover, the cycles of the former permutation σ are
simply the cycles of the two “component” permutations α and β, and it is easy
to see that the sign of σ is given by

(−1)σ = (−1)α (−1)β
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(this follows, e.g., by writing α and β as products of transpositions). Hence,

∑
σ∈Sp;

σ(U)⊆U;
σ(V)⊆V

(−1)σ ∏
c=(i1,i2,...,ik)
is a cycle of σ

{
f
(
ai1 ai2 · · · aik

)
, if c ⊆ U;

g
(
ai1 ai2 · · · aik

)
, if c ⊆ V

= ∑
(α,β)∈SU×SV

(−1)α (−1)β ∏
c=(i1,i2,...,ik)

is a cycle of α or of β

{
f
(
ai1 ai2 · · · aik

)
, if c ⊆ U;

g
(
ai1 ai2 · · · aik

)
, if c ⊆ V

= ∑
(α,β)∈SU×SV

(−1)α (−1)β

 ∏
c=(i1,i2,...,ik)
is a cycle of α

f
(
ai1 ai2 · · · aik

)
 ∏

c=(i1,i2,...,ik)
is a cycle of β

g
(
ai1 ai2 · · · aik

)

=

 ∑
α∈SU

(−1)α ∏
c=(i1,i2,...,ik)
is a cycle of α

f
(
ai1 ai2 · · · aik

)
 ∑

β∈SV

(−1)β ∏
c=(i1,i2,...,ik)
is a cycle of β

g
(
ai1 ai2 · · · aik

) . (22)

However, if we write the set U in the form U = {u1, u2, . . . , ur} (with u1, u2, . . . , ur
distinct), then

fU (a) = fr (au1 , au2 , . . . , aur) (by the definition of fU)

= ∑
α∈SU

(−1)α ∏
c=(i1,i2,...,ik)
is a cycle of α

f
(
ai1 ai2 · · · aik

)
(23)

(by Proposition 0.8, applied to r instead of n). Thus, we have shown that

∑
α∈SU

(−1)α ∏
c=(i1,i2,...,ik)
is a cycle of α

f
(
ai1 ai2 · · · aik

)
= fU (a) .

Similarly,

∑
β∈SV

(−1)β ∏
c=(i1,i2,...,ik)
is a cycle of β

g
(
ai1 ai2 · · · aik

)
= gV (a) .
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Substituting these two equalities into (22), we obtain

∑
σ∈Sp;

σ(U)⊆U;
σ(V)⊆V

(−1)σ ∏
c=(i1,i2,...,ik)
is a cycle of σ

{
f
(
ai1 ai2 · · · aik

)
, if c ⊆ U;

g
(
ai1 ai2 · · · aik

)
, if c ⊆ V

= fU (a) · gV (a) . (24)

Now forget that we fixed the decomposition U ⊔ V = [p]. Now, substituting
(24) into (21), we obtain

( f + g)p
(
a1, a2, . . . , ap

)
= ∑

U⊔V=[p]
fU (a) · gV (a) .

This proves Lemma 0.10.

Proof of Theorem 0.3 (sketched). The map f is central (being an n-homomorphism).
Similarly, g is central. Thus, it is easy to see that f + g is central. It remains to
show that ( f + g)n+m+1 = 0.

Let p := n + m + 1. Let a1, a2, . . . , ap ∈ A. Then, Lemma 0.10 yields

( f + g)p
(
a1, a2, . . . , ap

)
= ∑

U⊔V=[p]
fU (a) · gV (a) , (25)

where the notations are as defined in Lemma 0.10.
Now, fix any decomposition U ⊔ V = [p] of [p] into two disjoint subsets U

and V. We shall show that

fU (a) · gV (a) = 0. (26)

[Proof: From U ⊔ V = [p], we obtain

|U|+ |V| = |U ⊔ V| = |[p]| = p = n + m + 1 > n + m.

Hence, we must have |U| > n or |V| > m (since otherwise, we would have
both |U| ≤ n and |V| ≤ m, and therefore we could add these two inequalities
together and obtain |U| + |V| ≤ n + m, which would contradict |U| + |V| >
n + m). We WLOG assume that |U| > n (since the |V| > m case is analogous).
Thus, |U| ≥ n + 1. But fn+1 = 0 (since f is an n-homomorphism). Hence,
Lemma 0.9 (applied to |U| and n + 1 instead of n and m) yields f|U| = 0 (since
|U| ≥ n + 1). Now, let us write the set U in the form U = {u1, u2, . . . , ur}
(with u1, u2, . . . , ur distinct). Then, r = |U| and therefore fr = f|U| = 0. But the
definition of fU (see Lemma 0.10) yields

fU (a) = fr︸︷︷︸
=0

(au1 , au2 , . . . , aur) = 0.
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Hence, fU (a) · gV (a) = 0 · gV (a) = 0. This proves (26).]

Forget that we fixed the decomposition U ⊔ V = [p]. We have thus shown
that (26) holds for each such decomposition. In other words, all addends on
the right hand side of (25) are 0. Hence, the whole right hand side is 0, and so
we can rewrite (25) as

( f + g)p
(
a1, a2, . . . , ap

)
= 0.

Since a1, a2, . . . , ap were chosen arbitrarily, this proves that ( f + g)p = 0. In
other words, ( f + g)n+m+1 = 0 (since p = n + m + 1). This completes the proof
of Theorem 0.3.

0.5. The composition formula

Next, we introduce some notations. A set partition (henceforth just partition) of
a finite set J means a set {J1, J2, . . . , Jk} of disjoint nonempty subsets of J whose
union is J1 ∪ J2 ∪ · · · ∪ Jk = J. These subsets J1, J2, . . . , Jk are called the blocks of
the partition. For instance, the five partitions of [3] are1

{{1, 2, 3}} (with 1 block) and
{{1, 2} , {3}} and {{1, 3} , {2}} and {{2, 3} , {1}}

(with 2 blocks each) and
{{1} , {2} , {3}} (with 3 blocks) .

Note that {{1, 3} , {2}} and {{2} , {3, 1}} are the same partition. We let ΠJ
denote the set of all partitions of the finite set J. Note that the empty set ∅ has
a unique partition, which has 0 blocks; that is, Π∅ = {∅}.

The following formula (discovered by GPT-5.4) will be crucial to our proof of
Theorem 0.4:

Theorem 0.11. Let A, B and C be three rings, with B and C commutative.
Let g : A → B and f : B → C be two central Z-linear maps. Let h := f ◦ g :
A → C. Let a1, a2, . . . , an ∈ A. For any subset P = {p1, p2, . . . , pr} of [n] (with
p1, p2, . . . , pr distinct), we set

bP := gr
(
ap1 , ap2 , . . . , apr

)
. (27)

(This is well-defined, i.e., does not depend on the order in which we label the
elements of P as p1, p2, . . . , pr, because Proposition 0.7 shows that the map gr
is symmetric.) Then,

hn (a1, a2, . . . , an) = ∑
π={P1,P2,...,Pk}∈Π[n]

fk
(
bP1 , bP2 , . . . , bPk

)
.

1Recall that for any integer r ≥ 0, we let [r] denote the set {1, 2, . . . , r}.
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(The expression fk
(
bP1 , bP2 , . . . , bPk

)
here is well-defined, i.e., does not de-

pend on the order in which we label the blocks of π as P1, P2, . . . , Pk, because
Proposition 0.7 shows that the map fk is symmetric.)

Proof. I would welcome an inclusion/exclusion argument using cycles of per-
mutations, but GPT-5.4 suggests an induction proof instead, and that shall do.

We induct on n.
Base case: For n = 0, the claim of Theorem 0.11 is saying that h0 () = f0 ()

(since Π[0] = Π∅ = {∅}), which is clear because both sides equal 1.
Strictly speaking, this is enough to complete the base case, but let us also

check the n = 1 case.
For n = 1, the claim of Theorem 0.11 is saying that h1 (a1) = f1

(
b{1}

)
.

Since f1 = f and h1 = h and b{1} = g1 (a1) = g (a1), this boils down to
h (a1) = f (g (a1)), which follows from h = f ◦ g. Thus, the base case is proved.

Induction step: Let n ≥ 2. Assume (as induction hypothesis) that Theorem
0.11 holds for n − 1 instead of n. We must now prove it for n.

The induction hypothesis yields

hn−1 (a1, a2, . . . , an−1) = ∑
π={P1,P2,...,Pk}∈Π[n−1]

fk
(
bP1 , bP2 , . . . , bPk

)
. (28)

Moreover, for each i ∈ [n − 1], we define n − 1 elements a(i)1 , a(i)2 , . . . , a(i)n−1 of A
by (

a(i)1 , a(i)2 , . . . , a(i)n−1

)
:= (a1, a2, . . . , ai−1, aian, ai+1, ai+2, . . . , an−1) (29)

(these are what we called a′1, a′2, . . . , a′n−1 in (5)), and then the induction hypoth-
esis (applied to these n − 1 elements) yields

hn−1

(
a(i)1 , a(i)2 , . . . , a(i)n−1

)
= ∑

π={P1,P2,...,Pk}∈Π[n−1]

fk

(
b(i)P1

, b(i)P2
, . . . , b(i)Pk

)
, (30)

where for any subset P = {p1, p2, . . . , pr} of [n − 1] (with p1, p2, . . . , pr distinct),
we set

b(i)P := gr

(
a(i)p1 , a(i)p2 , . . . , a(i)pr

)
. (31)

Note that if P is a subset of [n − 1] and if i ∈ [n − 1] is such that i /∈ P, then

bP = b(i)P . (32)

(Indeed, let P be a subset of [n − 1], and let i ∈ [n − 1] be such that i /∈ P. Then,
writing P as P = {p1, p2, . . . , pr} (with p1, p2, . . . , pr distinct), we see that each
k ∈ [r] satisfies pk ̸= i (since i /∈ P = {p1, p2, . . . , pr}) and therefore a(i)pk = apk
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(since (29) shows that a(i)j = aj for all j ̸= i). Hence, the right hand side of (31)
equals the right hand side of (27). Therefore, the same holds for the left hand
sides as well. In other words, we have b(i)P = bP. This proves (32).)

Note also that (27) yields b{n} = g1 (an) = g (an).
Next, we observe that each subset P of [n − 1] satisfies

bP∪{n} = bPb{n} − ∑
i∈P

b(i)P . (33)

(Indeed, let P be a subset of [n − 1]. Write P as P = {p1, p2, . . . , pr} (with
p1, p2, . . . , pr distinct). Then P ∪ {n} = {p1, p2, . . . , pr, n} (with p1, p2, . . . , pr, n
distinct because P ⊆ [n − 1]), hence

bP∪{n} = gr+1
(
ap1 , ap2 , . . . , apr , an

)
(by (27)) . (34)

But each i ∈ [r] satisfies

b(pi)
P = gr

(
a(pi)

p1 , a(pi)
p2 , . . . , a(pi)

pr

)
︸ ︷︷ ︸

=(ap1 ,ap2 ,...,api−1 ,api an,api+1 ,api+2 ,...,apr)
(indeed, all k ̸=i satisfy pk ̸=pi (since p1,p2,...,pr are distinct)

and thus a
(pi)
pk

=apk (by (29)),

whereas a
(pi)
pi =api an (again by (29)))

(by (31))

= gr
(
ap1 , ap2 , . . . , api−1 , api an, api+1 , api+2 , . . . , apr

)
. (35)

Now, the recursion (2) (applied to g, r + 1 and
(
ap1 , ap2 , . . . , apr , an

)
instead of f ,

n and (a1, a2, . . . , an)) yields

gr+1
(
ap1 , ap2 , . . . , apr , an

)
= g (an)︸ ︷︷ ︸

=b{n}

gr
(
ap1 , ap2 , . . . , apr

)︸ ︷︷ ︸
=bP

−
r

∑
i=1

gr
(
ap1 , ap2 , . . . , api−1 , api an, api+1 , api+2 , . . . , apr

)︸ ︷︷ ︸
=b

(pi)
P

(by (35))

= b{n}bP −
r

∑
i=1

b(pi)
P = b{n}bP − ∑

j∈P
b(j)

P

(here, we have substituted j for pi in the sum, since P = {p1, p2, . . . , pr} with
p1, p2, . . . , pr distinct). Thus, we can rewrite (34) as

bP∪{n} = b{n}bP︸ ︷︷ ︸
=bPb{n}

(since B is
commutative)

− ∑
j∈P

b(j)
P︸ ︷︷ ︸

= ∑
i∈P

b(i)P

= bPb{n} − ∑
i∈P

b(i)P .



Compositions of n-homomorphisms, version March 29, 2026 page 20

This proves (33).)
Let del : Π[n] → Π[n−1] be the map that transforms each partition π of [n] into

a partition of [n − 1] by deleting the element n from the block of π that contains
it (and deleting this block if it becomes empty). For instance, for n = 4, we have

del ({{1, 4} , {2, 3}}) = {{1} , {2, 3}} and
del ({{1} , {2, 3} , {4}}) = {{1} , {2, 3}} .

Thus, we can split the sum on the right hand side of Theorem 0.11 as follows:

∑
π={P1,P2,...,Pk}∈Π[n]

fk
(
bP1 , bP2 , . . . , bPk

)
= ∑

ω={Q1,Q2,...,Qℓ}∈Π[n−1]

∑
π={P1,P2,...,Pk}∈Π[n];

del(π)=ω

fk
(
bP1 , bP2 , . . . , bPk

)
. (36)

Now, fix a partition ω = {Q1, Q2, . . . , Qℓ} ∈ Π[n−1].
Which partitions π ∈ Π[n] satisfy del (π) = ω ? In other words, which

partitions of [n] become ω after we remove the element n (and the block that
contains it, in case it becomes empty)? Stated this way, the question is trivial:
those partitions that can be obtained from ω either by adding a new block {n}
or by inserting n into one of the existing blocks Q1, Q2, . . . , Qℓ. Thus, there are
precisely ℓ + 1 partitions π ∈ Π[n] that satisfy del (π) = ω: namely, the one
partition

{Q1, Q2, . . . , Qℓ, {n}}
and the ℓ partitions{

Q1, Q2, . . . , Qj ∪ {n} , . . . , Qℓ

}
for j ∈ [ℓ]

(the notation “Q1, Q2, . . . , Qj ∪ {n} , . . . , Qℓ” means “take the list Q1, Q2, . . . , Qℓ

and replace its j-th entry by Qj ∪ {n}”). Hence,

∑
π={P1,P2,...,Pk}∈Π[n];

del(π)=ω

fk
(
bP1 , bP2 , . . . , bPk

)

= fℓ+1

(
bQ1 , bQ2 , . . . , bQℓ

, b{n}

)
+

ℓ

∑
j=1

fℓ
(

bQ1 , bQ2 , . . . , bQj∪{n}, . . . , bQℓ

)
(37)

(where “bQ1 , bQ2 , . . . , bQj∪{n}, . . . , bQℓ
” means “take the list bQ1 , bQ2 , . . . , bQℓ

and
replace its j-th entry by bQj∪{n}”).

Now, let j ∈ [ℓ]. Then, Qj ⊆ [n − 1] (since Qj is a block of ω ∈ Π[n−1]) and
thus

bQj∪{n} = bQj b{n} − ∑
i∈Qj

b(i)Qj
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(by (33), applied to P = Qj). Hence,

fℓ
(

bQ1 , bQ2 , . . . , bQj∪{n}, . . . , bQℓ

)
= fℓ

bQ1 , bQ2 , . . . , bQj b{n} − ∑
i∈Qj

b(i)Qj
, . . . , bQℓ


= fℓ

(
bQ1 , bQ2 , . . . , bQj b{n}, . . . , bQℓ

)
− ∑

i∈Qj

fℓ
(

bQ1 , bQ2 , . . . , b(i)Qj
, . . . , bQℓ

)
(38)

(since the map fℓ is Z-multilinear and thus, in particular, linear in its j-th argu-
ment). Moreover, for each k ∈ [ℓ] \ {j} and each i ∈ Qj, we have Qk ∩ Qj = ∅
(since ω is a set partition, so that its blocks are disjoint) and thus i /∈ Qk (since
i ∈ Qj) and therefore bQk = b(i)Qk

(by (32), applied to P = Qk). Hence, in the

sum on the right hand side of (38), we can replace each bQk by b(i)Qk
. Thus, (38)

rewrites as

fℓ
(

bQ1 , bQ2 , . . . , bQj∪{n}, . . . , bQℓ

)
= fℓ

(
bQ1 , bQ2 , . . . , bQj b{n}, . . . , bQℓ

)
− ∑

i∈Qj

fℓ
(

b(i)Q1
, b(i)Q2

, . . . , b(i)Qj
, . . . , b(i)Qℓ

)
︸ ︷︷ ︸

=
(

b(i)Q1
,b(i)Q2

,...,b(i)Qℓ

)
= fℓ

(
bQ1 , bQ2 , . . . , bQj b{n}, . . . , bQℓ

)
− ∑

i∈Qj

fℓ
(

b(i)Q1
, b(i)Q2

, . . . , b(i)Qℓ

)
. (39)
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Forget that we fixed j. Summing the equality (39) over all j ∈ [ℓ], we find

ℓ

∑
j=1

fℓ
(

bQ1 , bQ2 , . . . , bQj∪{n}, . . . , bQℓ

)
=

ℓ

∑
j=1

(
fℓ
(

bQ1 , bQ2 , . . . , bQj b{n}, . . . , bQℓ

)
− ∑

i∈Qj

fℓ
(

b(i)Q1
, b(i)Q2

, . . . , b(i)Qℓ

))

=
ℓ

∑
j=1

fℓ
(

bQ1 , bQ2 , . . . , bQj b{n}, . . . , bQℓ

)
−

ℓ

∑
j=1

∑
i∈Qj

fℓ
(

b(i)Q1
, b(i)Q2

, . . . , b(i)Qℓ

)
. (40)

In this equality, we can replace the two summation signs
ℓ

∑
j=1

∑
i∈Qj

by
n−1
∑

i=1
(since

the sets Q1, Q2, . . . , Qℓ form a set partition of [n − 1], so that each i ∈ [n − 1]
appears in exactly one of these sets). Thus, this equality simplifies to

ℓ

∑
j=1

fℓ
(

bQ1 , bQ2 , . . . , bQj∪{n}, . . . , bQℓ

)
=

ℓ

∑
j=1

fℓ
(

bQ1 , bQ2 , . . . , bQj b{n}, . . . , bQℓ

)
−

n−1

∑
i=1

fℓ
(

b(i)Q1
, b(i)Q2

, . . . , b(i)Qℓ

)
. (41)

Substituting this into (37), we find

∑
π={P1,P2,...,Pk}∈Π[n];

del(π)=ω

fk
(
bP1 , bP2 , . . . , bPk

)

= fℓ+1

(
bQ1 , bQ2 , . . . , bQℓ

, b{n}

)
+

ℓ

∑
j=1

fℓ
(

bQ1 , bQ2 , . . . , bQj b{n}, . . . , bQℓ

)
−

n−1

∑
i=1

fℓ
(

b(i)Q1
, b(i)Q2

, . . . , b(i)Qℓ

)
. (42)
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However, the recursion (2) (applied to ℓ+ 1 and
(

bQ1 , bQ2 , . . . , bQℓ
, b{n}

)
in-

stead of n and (a1, a2, . . . , an)) yields

fℓ+1

(
bQ1 , bQ2 , . . . , bQℓ

, b{n}

)
= f

(
b{n}

)
fℓ
(
bQ1 , bQ2 , . . . , bQℓ

)
−

ℓ

∑
i=1

fℓ
(

bQ1 , bQ2 , . . . , bQi b{n}, . . . , bQℓ

)
= f

(
b{n}

)
fℓ
(
bQ1 , bQ2 , . . . , bQℓ

)
−

ℓ

∑
j=1

fℓ
(

bQ1 , bQ2 , . . . , bQj b{n}, . . . , bQℓ

)
.

In other words,

fℓ+1

(
bQ1 , bQ2 , . . . , bQℓ

, b{n}

)
+

ℓ

∑
j=1

fℓ
(

bQ1 , bQ2 , . . . , bQj b{n}, . . . , bQℓ

)
= f

(
b{n}

)
fℓ
(
bQ1 , bQ2 , . . . , bQℓ

)
.

Substituting this into (42), we obtain

∑
π={P1,P2,...,Pk}∈Π[n];

del(π)=ω

fk
(
bP1 , bP2 , . . . , bPk

)

= f
(

b{n}

)
fℓ
(
bQ1 , bQ2 , . . . , bQℓ

)
−

n−1

∑
i=1

fℓ
(

b(i)Q1
, b(i)Q2

, . . . , b(i)Qℓ

)
. (43)

Forget that we fixed ω. So we have proved (43) for each partition ω =
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{Q1, Q2, . . . , Qℓ} ∈ Π[n−1]. Now, (36) becomes

∑
π={P1,P2,...,Pk}∈Π[n]

fk
(
bP1 , bP2 , . . . , bPk

)
= ∑

ω={Q1,Q2,...,Qℓ}∈Π[n−1]

∑
π={P1,P2,...,Pk}∈Π[n];

del(π)=ω

fk
(
bP1 , bP2 , . . . , bPk

)

= ∑
ω={Q1,Q2,...,Qℓ}∈Π[n−1]

(
f
(

b{n}

)
fℓ
(
bQ1 , bQ2 , . . . , bQℓ

)
−

n−1

∑
i=1

fℓ
(

b(i)Q1
, b(i)Q2

, . . . , b(i)Qℓ

))
(by (43))

= f

 b{n}︸︷︷︸
=g(an)

 ∑
ω={Q1,Q2,...,Qℓ}∈Π[n−1]

fℓ
(
bQ1 , bQ2 , . . . , bQℓ

)
︸ ︷︷ ︸

= ∑
π={P1,P2,...,Pk}∈Π[n−1]

fk(bP1 ,bP2 ,...,bPk)

=hn−1(a1,a2,...,an−1)
(by (28))

−
n−1

∑
i=1

∑
ω={Q1,Q2,...,Qℓ}∈Π[n−1]

fℓ
(

b(i)Q1
, b(i)Q2

, . . . , b(i)Qℓ

)
︸ ︷︷ ︸

= ∑
π={P1,P2,...,Pk}∈Π[n−1]

fk

(
b(i)P1

,b(i)P2
,...,b(i)Pk

)
=hn−1

(
a(i)1 ,a(i)2 ,...,a(i)n−1

)
(by (30))

= f (g (an))︸ ︷︷ ︸
=h(an)

(since f ◦g=h)

hn−1 (a1, a2, . . . , an−1)

−
n−1

∑
i=1

hn−1

(
a(i)1 , a(i)2 , . . . , a(i)n−1

)
︸ ︷︷ ︸

=(a1,a2,...,ai−1,aian,ai+1,ai+2,...,an−1)
(by (29))

= h (an) hn−1 (a1, a2, . . . , an−1)

−
n−1

∑
i=1

hn−1 (a1, a2, . . . , ai−1, aian, ai+1, ai+2, . . . , an−1) .



Compositions of n-homomorphisms, version March 29, 2026 page 25

On the other hand, the recursion (2) yields

hn (a1, a2, . . . , an)

= h (an) hn−1 (a1, a2, . . . , an−1)

−
n−1

∑
i=1

hn−1 (a1, a2, . . . , ai−1, aian, ai+1, ai+2, . . . , an−1) .

Comparing these two equalities, we find

hn (a1, a2, . . . , an) = ∑
π={P1,P2,...,Pk}∈Π[n]

fk
(
bP1 , bP2 , . . . , bPk

)
.

This is precisely Theorem 0.11 for our n. So we have finished the induction
step, and thus the proof of Theorem 0.11.

0.6. The composition of n-homomorphisms

Proof of Theorem 0.4. Let h := f ◦ g : A → C. Thus, we must show that h is
an nm-homomorphism. In other words, we must show that h is central and
satisfies hnm+1 = 0.

Since g is central, it is easy to see that h is central as well (indeed, all a, a′ ∈ A
satisfy

h
(
aa′
)
= f

(
g
(
aa′
))

(since h = f ◦ g)
= f

(
g
(
a′a
)) (

since g is central, so g
(
aa′
)
= g

(
a′a
))

= h
(
a′a
)

(since h = f ◦ g) ,

which shows that h is central). Thus, it remains to prove that hnm+1 = 0.
Set N := nm+ 1. Let a1, a2, . . . , aN ∈ A. We shall prove that hN (a1, a2, . . . , aN) =

0.
For any subset P = {p1, p2, . . . , pr} of [N] (with p1, p2, . . . , pr distinct), we set

bP := gr
(
ap1 , ap2 , . . . , apr

)
.

(This is well-defined for the same reason as in Theorem 0.11.) Then, Theorem
0.11 (applied to N instead of n) shows that

hN (a1, a2, . . . , aN) = ∑
π={P1,P2,...,Pk}∈Π[N]

fk
(
bP1 , bP2 , . . . , bPk

)
(44)

(where fk
(
bP1 , bP2 , . . . , bPk

)
is well-defined for the same reason as in Theorem

0.11).
However, we claim that any partition π = {P1, P2, . . . , Pk} ∈ Π[N] satisfies

fk
(
bP1 , bP2 , . . . , bPk

)
= 0. (45)
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[Proof: Let π = {P1, P2, . . . , Pk} ∈ Π[N] be any partition. Since f is an n-
homomorphism, we have fn+1 = 0. Thus, if k ≥ n + 1, then fk = 0 as well
(by Lemma 0.9, applied to B, C, n + 1 and k instead of A, B, m and n), and
therefore (45) certainly holds in this case. Hence, for the rest of this proof of
(45), we WLOG assume that k < n + 1. Therefore, k ≤ n, so that n ≥ k. Now,
since {P1, P2, . . . , Pk} is a partition of [N], we have

|P1|+ |P2|+ · · ·+ |Pk| = |[N]| = N = nm + 1 > n︸︷︷︸
≥k

m ≥ km.

Hence, at least one of the k addends |P1| , |P2| , . . . , |Pk| must be larger than
m (because otherwise, we would have |P1| ≤ m and |P2| ≤ m and . . . and
|Pk| ≤ m, and therefore, adding these k inequalities together, we would obtain
|P1|+ |P2|+ · · ·+ |Pk| ≤ m + m + · · ·+ m︸ ︷︷ ︸

k times

= km, which would contradict |P1|+

|P2| + · · · + |Pk| > km). In other words, there exists some j ∈ [k] such that∣∣Pj
∣∣ > m. Consider this j. Now, recall that g is an m-homomorphism; thus,

gm+1 = 0. Write the set Pj as Pj = {p1, p2, . . . , pr} (with p1, p2, . . . , pr distinct);
thus, r =

∣∣Pj
∣∣ > m. Therefore, r ≥ m + 1. Hence, from gm+1 = 0, we obtain

gr = 0 (by Lemma 0.9, applied to g, m + 1 and r instead of f , m and n).
But the definition of bPj yields bPj = gr

(
ap1 , ap2 , . . . , apr

)
= 0 (since gr = 0).

Thus, fk
(
bP1 , bP2 , . . . , bPk

)
= 0 as well (since fk is a Z-multilinear map, and thus

vanishes if any of the k inputs is 0). This proves (45).]

Now, substituting (45) into (44), we find

hN (a1, a2, . . . , aN) = ∑
π={P1,P2,...,Pk}∈Π[N]

0 = 0.

Since we have proved this for all a1, a2, . . . , aN ∈ A, we thus obtain hN = 0. In
other words, hnm+1 = 0 (since N = nm + 1). As we said, this completes the
proof of Theorem 0.4.
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