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Abstract. We generalize and prove the recursive relation

SS(Vy= Y Sy (Vv/L)

LCV line

conjectured by I. G. Macdonald for his “7th variation” of the Schur
functions. This variation is a family of polynomials over a finite field
that mimic the (straight and skew) Schur polynomials using powers
of the Frobenius.

kkok

In [Macdon92|], lan Macdonald discusses nine variations on the Schur functions.
One of them — the 7th Variation in his numbering — can be described as a
“function field version”, in that it is defined over a finite field IF, and exhibits
GL (V)-symmetry rather than merely S,-symmetry. Macdonald proves several
properties of this family, including Jacobi-Trudi formulas, a sum-over-tableaux
formula, and a dual-Cauchy-like identity.

In this note, we shall prove a further property, which Macdonald left un-
proved [Macdon92, (7.25 ?)]: a recursion for the 7th Variation Schur polynomi-
als Sy (V). We will in fact generalize it to the skew version S, (V) of these
polynomials, showing that any finite-dimensional vector subspace V of a com-
mutative F-algebra and any two partitions A and y of length < dim V satisfy

SA/y (V) = Z S/\/y (V // L)/
LCV line (i.e.,
1-dimensional subspace)
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where we assume that A is an integral domain with an invertible Frobenius
morphism (so that S/, is well-defined) (Theorem . Here, V // L denotes
the internal quotient of V by L, consisting of the products of elements of all
cosets of L in V. Along the way, we will show a Pieri-like recursion (Lemma
R.11). After proving the above recursion, we will use it to show the explicit

formula
n

S\ (V) = )y [THy, (Vi // Vi)
V=Vy>V; > >V,=0 i=1
is a complete flag in V
(Theorem [3.T), spelling out the argument left to the reader by Macdonald in
[Macdon92]. (In the appendix, we will also spell out some other implicit argu-
ments from [Macdon92].)

Update: After posting the first version of this note, I have learned
that a slight generalization of Theorem [1.3| was proved by Hoang in
2025 [Hoang25, Theorem 1.24]. He also gave a proof of (an equiv-
alent form of) Theorem in [Hoang?25, Theorem 1.26]. I was un-
aware of his work when I wrote this note, and would like to thank
him for informing me of it and making it available. The proofs I
give below are largely the same, although more detailed and more
explicit about the algebraic infrastructure built upon.

1. Definitions and results

We will study the 7th Variation of Schur functions [Macdon92, 7th Variation].
First, we shall recall the relevant definitions (following [Macdon92, errata] for
the right level of generality).

1.1. Macdonald’s 7th Variation

We let N := {0,1,2,...}, and we set [n] := {1,2,...,n} for each n € N.

Fix a finite field F := [F; and any commutative F-algebra A. If x1,x3,..., %, €
A are elements, and if & = (a1, a2,...,a,) € IN" is an n-tuple of nonnegative
integers, then we define the a-alternant

AM:@(Jj M
ijeln]

in A. We also define the special n-tuple
b:=m—-1,n-2,...,1,0) € N".

We define the addition of n-tuples in IN" entrywise (i.e., if a, p € IN" are two
n-tuples, then a + B denotes the n-tuple whose i-th entry is the sum of the i-th
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entries of x and B). Recall that a partition is a weakly decreasing finite tuple of
positive integers. Any partition of length < n is identified with an n-tuple by
inserting trailing zeroes at its end. For any partition A = (A1, Ay, ..., A,) € N”
and any 7 elements xq,x2,...,x; € A, we set

SA (Xl,x2,. . .,xn) = AA+5/A5,

where the quotient is taken “universally” (i.e., we treat the xq,x2,...,x, as
independent indeterminates, then compute the quotient A, ;/A; in the poly-
nomial ring F[x1,Xp,...,%,], and only then substitute the original values of
X1,X2, ..., X, back). This is a polynomial in x1, x, . .., X;, and can be easily seen
to be GL,-invariant, i.e., we have

S/\ (x1/x2/---/xn) :S/\ (yllyZI"-/yn) (2)

whenever (x1,x2,...,x,) and (y1,Y2,...,Yn) are two bases of the same F-vector
subspace of A (see [Macdon92, first paragraph on page 24] for the proof). Thus,
for any finite-dimensional F-vector subspace V of A and any partition A of
length < dim V, we can set

SA (V) = SA(xl,xz,...,xn), (3)

where (x1,x2,...,Xy) is an arbitrary basis of V' (the result will not depend on
the choice of this basis). We also set

Sy(V):=0 if A is a partition of length > dim V. 4)

These S, (V) are Macdonald’s 7th variation of the Schur functions. He intro-
duced them in [Macdon92, 7th Variation] and proved several of their properties,
in particular defining a skew version S/, (V), to which we shall come later.
The problem we are interested in involves subspaces and “internal quotients”,
which we shall introduce now.

1.2. Internal quotients

If U is a finite-dimensional F-vector subspace of A, then the polynomial

fu®):=T] (t+u)cAlt]

uel

is a g-polynomial, i.e., it is an F-linear combination of the monomials #7 for
i € IN (see [Macdon92, (7.7) and (7.8)] or [Grinbel6, Theorem 1.6]). In particular,
it satisfies fi; (x +y) = fu (x) + fu (y) in the polynomial ring A [x, y] as well as
fu (At) = Afy (t) for each A € F (since each A € F satisfies A7 = A). Thus, this
polynomial fi; defines an F-linear map

fu:A—A,
v fu(v),
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which contains U in its kernel (because for each v € U, we have fu (v) =

fu(v) =TI (v+u) =0). When A is an integral domain, the kernel of this
——

uel
=0 for u=—v

map j?u is precisely U.

Now, if U C V are two finite-dimensional F-vector subspaces of A, then we
define the internal quotient V // U to be the image fi; (V) of the subspace V
under the F-linear map fu: A — A. This is an F-vector subspace of A again.
If A is an integral domain, then this internal quotient V' // U is isomorphic to
the actual quotient V /U (by the first isomorphism theorem, since the F-linear
map fu |y : V — A has kernel U and image V // U); thus, Macdonald simply
denotes it by V/U. We shall stick with the safer notation V // U, however.
Either way, the design behind V' // U is for V // U to act as a “canonical internal
copy” of the quotient space V /U inside A, in which each coset of U in V is
replaced by the product of all vectors in this coset. The magic of the Frobenius
endomorphism v — 1 ensures that this replacement does not disturb the linear
structure.

1.3. Macdonald’s conjectural recursion

A line in an F-vector space W means a 1-dimensional vector subspace of W.
The set of all lines in W is known as the projective space P (W).
Now Macdonald’s conjecture [Macdon92, (7.25 ?)] says the following;:

Theorem 1.1. Assume that A is an integral domain. Let V be a finite-
dimensional F-vector subspace of A. Let A be a partition of length < dim V.
Then,

Sa(Vy= ), Sx(V/L).

LCV line

(The sum ranges over all lines L in V.)

Macdonald proved this for A = (1") in [Macdon95, §1.2, Example 26 (d)].

We shall prove Theorem [1.1)in the general case, along with a generalization
to skew partitions. Before we do any of this, however, we need to introduce
more notations.

1.4. On the Frobenius morphism

The skew version of Macdonald’s 7th Variation requires a certain technical con-
dition on A, defined in terms of the so-called Frobenius morphism. Let us
briefly recall it.

The Frobenius morphism ¢ of the commutative F-algebra A is defined to be
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the map

p:A— A,
a—al.

It is well-known that ¢ is an F-algebra endomorphism (since F = F;). Note
that _ 4
¢' (a) = a” foreacha € Aandi e N. 5)
If A is an integral domain, then the Frobenius morphism ¢ is injective (since
a1 = 0 entails 2 = 0 in this case). However, ¢ is often not surjective (since not
every element of A is a g-th power). The next remark shows some ways to find
commutative F-algebras whose ¢ is bijective:

Remark 1.2.

(@) Let IN [1/4] denote the set of all nonnegative rational numbers of the
form i/q/ with i,j € IN. We call these numbers nonnegative g-local inte-
gers. Their set N [1/g] is a monoid under addition (and even a commu-
tative semiring).

If A is a polynomial ring F [x1,x2,...,x,] over F, then the Frobenius
morphism ¢ : A — A is not surjective (unless n = 0), but A can
be embedded into a larger commutative F-algebra A whose Frobenius
morphism ¢ : A — A is invertible. This larger algebra A can be de-
tined informally as the ring of all “polynomials” in xq,xy,...,x, over
F, where the exponents are not restricted to nonnegative integers but
can be any nonnegative g-local integers. Formally speaking, this is the
monoid algebra (over F) of the additive monoid (N [1/4])" (where we
rename each element (ay,ay,...,a,) € (N[1/g])" of this monoid as the
monomial x{'x5? - - - x§"). The embedding of A into A is the obvious
one (sending each x; to x;). Note that Aisan integral domain (this can
be proved in the same way as for usual polynomial rings over a field).

(b) More generally, if A is any commutative F-algebra whose Frobenius
morphism ¢ : A — A is injective, then we can construct a commuta-
tive F-algebra A that contains A as a subalgebra and has an invertible
Frobenius morphism ¢ : A — A Namely, we define A as a direct limit
of an infinite sequence

A A At

of copies of A, where each copy embeds into the next via the F-algebra
morphism ¢. We call this A the perfect closure of A (see, e.g., [Leptie22,
Proposition 1.4]). If A is a polynomial ring F [x1, x2, ..., X], then this A
is isomorphic to the monoid algebra A from Remark [1.2](a). In general,
if A is an integral domain, then A is an integral domain as well.
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1.5. The skew 7th Variation

We need some more notations before we can state our result.
For every r € IN and any finite-dimensional F-vector subspace V of A, we set

H; (V) =S4 (V)

and

. ry ._—
E, (V) := San (V), where (1") := (LL,l) .
r times
Note that if 7 > dimV, then E, (V) = S() (V) = 0 by (@), since (1") is a
partition of length r. These polynomials H, (V') and E, (V) are analogues of the
complete homogeneous and elementary symmetric polynomials, respectively.
We also set H, (V) := 0 and E, (V) := 0 for all negative r.

Macdonald makes the following definition: If A is a commutative F-algebra
whose Frobenius morphism ¢ : A — A is invertible, and if A = (A1, Ay, ..., Ak)
and u = (p1,M2,..., i) are two partitions, and if V is a finite-dimensional
F-vector subspace of A, then the skew 7th Variation Schur polynomial of V corre-
sponding to A/u is defined by

S (V) = et ( (7 Hy -y V), )- ©
Here, the power ¢"i /™! of ¢ is well-defined even if the exponent is negative,
since ¢ is invertible. It is easy to see (see [Macdon92, errata, “page 26, (7.11)"])
that the right hand side of (6) does not depend on k (as long as A and u have
length < k each). It is furthermore easy to see that

Sa/u (V) =0 unless y C A 7)

(a particular case of [Macdon92, (7.12)]); this means that the “interesting” skew
7th Variation Schur polynomials are indexed by skew partitions. If the Frobe-
nius morphism ¢ : A — A is not invertible, then we can still define S/, (V) in

the perfect closure A of A, provided that ¢ is injective.
As usual, we let @ denote the empty partition (). If A is any partition and V
is any finite-dimensional F-vector subspace of A, then

Srie (V) =5 (V). (8)

(This follows by comparing @ with [Macdon92, (7.10)] if the length of A is
< dim V. Otherwise, both sides of this equality are 0, since [Macdon92, (7.12)]
shows that 5,4 (V) = 0 (because A| — @] = A} = £(A) > dim V) whereas ()
yields Sy (V) =0.)

We are now able to state the skew generalization of Theorem [1.1| that consti-
tutes the main result of this paper:
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Theorem 1.3. Assume that A is an integral domain such that the Frobenius
morphism ¢ : A — A is invertible. Let V be a finite-dimensional F-vector
subspace of A. Let A and u be two partitions of length < dim V' each. Then,

Sau(V)= ), Sau(V//L).

LCYV line

Applying Theorem [1.3|to u = @ (the empty partition), and simplifying using
(8), we obtain Theorem in the case when A is an integral domain whose
Frobenius morphism ¢ is invertible. From this case, we can easily deduce the
general case (see Section in the Appendix). Our main quest is thus to prove
Theorem

2. Lemmas and the proof

2.1. A few elementary lemmas

In preparation for the proof, we first establish some lemmas about finite fields
and permutations. The first one helps us simplify (or complicate, depending
on one’s viewpoint) sums over lines in V:

Lemma 2.1. Let V be a finite-dimensional F-vector space. Let A be an F-
vector space. Let by be an element of A for each line L C V. Then,

Z bp=— Z bspan(w)-

LCYV line weV\{0}

Proof. We have g = 0 in F (since F = F;), and thus g — 1 = —1 in F. Moreover,
for each line L C V, we have |L| = g (since a line is a 1-dimensional F-vector
space) and 0 € L, and therefore

[LA{O} = [L] -1=q—1 )
(since |L| = g).
For each vector w € V' \ {0}, the span span (w) is a line in V. Thus,

Z bspan(w) = Z Z bspan(w) = Z Z br

weV\{0} LCV line weV\{0}; ~— LCV line weV\{0};

span(w)=L =br span(w)=L

(since span(w)=L) ——

= Y b
wel\{0}

=[L\{0}|b

= Y [L\N{0}o=(-1) Y} b=- ) b
Lthne‘:qil—“ :’;? LCV line LCV line

(by ©))
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This yields the lemma. O

Our next lemma is so trivial it is barely worth the name. Following Macdon-

ald, we use the notation 7t (U) for the product [] u of all nonzero vectors
uel\{0}

in a finite-dimensional F-vector subspace U of A. The lemma gives an explicit

formula for this product when U is a line:

Lemma 2.2. Let v € A be nonzero. Then,

7 (span (v)) = —v71 L. (10)

Proof. By its definition, 7t (span (v)) is the product of all nonzero vectors in
span (v).

However, the elements of span (v) are precisely the vectors av for a« € F,
and furthermore these vectors are all distinct (since v is nonzero). Hence, the
nonzero vectors in span (v) are precisely the vectors av for « € F\ {0}, and
furthermore these vectors are all distinct. Therefore, their product is

[T ()={ ] a-oFMOL

«eF\{0} acF\ {0}

However, Wilson’s theorem for finite fields says that J] «a = —1 H
weF\{0}

Moreover, |F \ {0}| = g — 1 (since |F| = g), so that 0/F\{0}| = ¢9-1 Hence,

H (IXU) = H % v'F\{OH — —Z)q_l.
xeF\{0} xeF\{0} -1
N—_— —

=—1

Since we previously saw that the product of the nonzero vectors in span (v)

is I (av), we thus conclude that this product is —v9~!. In other words,
weF\{0}

7 (span (v)) = —v7~1. This proves Lemma 2.2] O

The next three lemmas are staples in combinatorial number theory:

IWe recall the proof: In the product [] «, each factor a can be paired with its inverse
xeF\{0}

a~! unless it equals this inverse (i.e., unless & = a~1). Thus, all the factors of this product

cancel out except for those that satisfy « = a~!. But the latter factors are precisely 1 and —1

(since &« = a~! is equivalent to a?> = 1, that is, > — 1 = 0, that is, (« — 1) (¢ + 1) = 0, that

is, & € {1,—1}), and multiply to —1 (this holds even if these two factors are equal, which

happens when char F = 2). Hence, the entire product ] « simplifies to —1.
weF\{0}
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I Lemma 2.3. Let i € N be such thati < g — 1. Then, ¥ a’ = 0.
a€eF

Proof. Well-known, but let us give a proof nevertheless. If i = 0, then y" _a' =

a€eF a0

Y. 1=|F| =¢q=0in F. Thus, we WLOG assume that i > 0. Hence, the poly-
«x€F

nomial x'*! — x € F[x] is a nonzero polynomial of degree i + 1. Therefore, this
polynomial has at most i + 1 roots in F. Since i +1 < g (because i < g — 1),
this shows that this polynomial has fewer roots in F than F has elements. Thus,
there exists some u € F that is not a root of this polynomial. Consider this
u. Then, u™™ —u # 0, so that u (u' —1) = '™ —u # 0. Thus, u # 0 and
ut —1#0.

Now, u # 0 shows that u is invertible in the field F, and thus the map
F — F, a — un is a bijection. Hence, substituting ua for « in the sum ) ol we

«cF

obtain ¥ a' = ¥ (ua)' =u’ ¥ a'. Therefore,

acF aEF =~~~ a€F

—uinl
(ui—1> Zoci:uiz:oci— thi:O
acF xcF xcF

(since ¥ a' = u' ¥ a'). We can divide this by u’ — 1 (since u’ — 1 # 0), and

xcF a€F
obtain Y &' = 0. This proves Lemma 2.3 O

acF

Lemma 24. Let P € A|ty, ty,...,ty] be a polynomial of total degree <
n (g —1) in n variables t1, t,, ..., t, over A. Then,

Y., P(a,a...,a,) =0.

q,00,...,0,€EF

Proof. The claim depends A-linearly on P. Thus, we can WLOG assume that
P is just a monomial #!t7 -+ - £ with i1 + iy + -+ + i, < n(q—1) (since any
polynomial of total degree < n (g —1) inty,ty,...,t, is an A-linear combination
of such monomials). Assume this, and consider these exponents iy, i, ..., .
Then, at least one k € [n] satisfies iy < g —1 (since iy +ip +---+i, <n(g—1))
and therefore Y oc;(" = Y ak =0 (by Lemma applied to i = 7). But
a€F acF
P =t}t}--- i, and therefore

n .
_ iy ip in _ i _
Z P(ay,ap,...,0n) = Z (xlzxz---ocn”—l—[ Z’Xj =0
n1,60,...,0nEF 1,00,...,0nEF j=1 txjeF
=0 for j=k

(since Y aZ‘zO)
leEF
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(since a product is 0 if at least one of its factors is 0). This proves the lemma. [

Lemma 2.5. Let a1, a5, ...,a; be k nonnegative integers, where k > 0. Let V
be an n-dimensional F-vector subspace of A, where n > k. Then,

Z w@ D@ 1+q"2++4"%) _
weV\{0}

Proof. Since k > 0, we have (g —1) (4" + 4"+ --- 4+ g%) > 0 and thus

0= (g 1 +q"2++4"%) _

Hence, we can replace the ).  sign in Lemma 2.5/by a ), sign without
weV\ {0} weV

changing the sum. It thus remains to prove

y w @D +q"2++4"%) _ (11)
weV

For each a € IN, the map

A — A,

a
v +— o1

is an F-algebra endomorphism of A (indeed, it is the a-th power of the Frobe-
nius morphism ¢ of A). Thus, for each 4 € IN and any ay,a2,...,a, € F and
X1,X2,...,X, € A, we have

(@121 + @222 + -+ + )T

a

= lex;’a + azx;’a 4 apal . (12)

Now, fix a basis (x1, X2, ..., X, ) of the F-vector space V. Then, each w € V can
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be uniquely written as a1x1 + apxp + - - - + aux, with aq, a2, ..., &, € F. Hence,

Z w1 (@1 +g"2+-44%)
weV

-1
= Y (mx aoxn o ax,)
01,02, 0y EF f ~ .
=TT (w121 +apxp 4ot ) 1707

j=1

N 4g°2+4---+q%)

J/

k .
= Z H(DC1X1 +062x2—|—..._+_anxn)(qfl)q]

i €F j= ~ g
X1,K2, An€ ] 1 gj q—1
:((“1x1+“2x2+"'+“nxn)q )

g—1

k N
= ) IT| (tax1 +axo+ -+ Xy )

. J/

&1,00,...8n€F  j=1 aj ‘gj i
:txlxlli +0(2Xg +-~~+06an

(by (12), applied to a=a;)

k qa] qa] qﬂ] ‘7_1
= Z H((xlxl + ax, —|—----|—ocnxn) =0

&1,00,...8n€F  j=1

k a; a;

(by Lemma applied to the polynomial P = ] <t1 x’f "+ toxd :
j=1

Aty ty,. .., t,|, which has total degree k (4—1) < n(q—1)). This proves

a; qfl
+-~~+tnxi’) €

<n

(11) and thus the lemma. O

The following purely combinatorial lemma will help us simplify a determi-
nant:

Lemma 2.6. Let n € IN. Let &y > ap > --- > a, be n integers, and let
B1 > B2 > --- > By be n further integers. Assume that

a; — B € {0,1} foralli € [n]. (13)

Let 0 € S, be a permutation such that o # id. Then, there exists an i € [1]
such that a; — B, (;) € {0,1}.

Proof. We have assumed that o # id. Thus, there exists some k € [n] such that
o (k) # k. Consider the smallest such k. Then,

o(j)=j for each j < k (14)

(since our k is the smallest k). Hence, if we had o (k) < k, then we would have
o (0 (k)) = o (k) (by (14), applied to j = o (k)), therefore o (k) = k (because
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o is injective); but this would contradict o (k) # k. Hence, we cannot have
o (k) < k. Thus, we have o (k) > k and therefore o (k) > k (since o (k) # k).
Thatis, o (k) > k+ 1. Hence, k+1 < ¢ (k) < n, so that k + 1 € [n]. Thus, from
B1 > B2 > -+ > Pu, we obtain By x) < Pry1 (since k+1 < o (k)) and Byyq < By
Also, ay > a1 (Which follows from a; > ay > -+ > ay).

We want to find an i € [n] such that a; — B,;) € {0,1}. If ax — By &
{0,1}, then we can just take i = k and be done. Thus, we WLOG assume that
ax — Bo(k) € {0,1}. Thus, 0 < ay — Bo(k) < 1. In other words,

Bok) < &k < Bor) + 1. (15)
But yields ay — Bx € {0,1}. Hence, 0 < ay — Bx < 1. In other words,
Br < o < Br+ 1.

The same argument (applied to k + 1 instead of k) yields

Bi+1 < a1 < Prsa + 1.

If we had o (k) > k + 1, then we would have B, ) < Bry1 (since f1 > B2 >
-++ > By) and therefore B, ) +1 < Bry1, which would entail ay < B +1 <
Br+1 < ari1; but this would contradict ay > a;,q1. Hence, we cannot have
o (k) > k+ 1. Thus, we have ¢ (k) < k+ 1. Combined with ¢ (k) > k + 1, this
leads to o (k) = k+ 1. Therefore, we can rewrite the chain of inequalities
as

Br+1 < ax < Pry1 + 1.

Thus, ax < Bry1 +1 < By (since Bri1 < Bx). Combining this with B < ay, we
obtain
ax = Pr-

Let j := 0! (k). Then, j € [n] and ¢ (j) = k. If we had j < k, then we would
have o (j) = j (by (14)) and therefore k = ¢ (j) = j < k, which is a contradiction.
Thus, we must have j > k. Since o (j) = k # o (k), we furthermore have j # k,
and thus j > k (since j > k). Hence, a; < ay (since a1 > ap > -+ > ayp).
Thus, aj < ax = Br = B,(j) (since k = 0 (j)). Therefore, a; — By(;) < 0, so that
aj — Bo(j) ¢ {0,1}. Thus, there exists an i € [n] such that a; — B,; ¢ {0,1}
(namely, i = j). This completes the proof of Lemma O

2.2. The S,,,

We now come back to the properties of the 7th Variation. More precisely, we
define a variant of it (a 7.5th Variation perhaps) in the skew case.

Convention 2.7. For this whole section, we assume that the Frobenius mor-
phism ¢ : A — A is invertible.
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For any two partitions A and p, we define

g — Ai—i "

Shp (U) 1= det ("B i (U))i,jem €A, (16)
where r € IN is chosen such that both ¢ (A) and ¢ (u) are < r (the exact choice
of r is immaterial, because if A, = y, = 0, then the r-th row of the matrix
(qo)‘i_iEAﬁyjfiﬂ' (LI)> it is (0,0,...,0,1), and thus Laplace expansion along

ijelr

this row shows that

det (@Ai_iEA,-—yj—H-j (u)) = det <¢Ai_iEAi—y]-—i+j (LI))

ijelr] ij€lr—1]

in this case). This is similar to the formula [Macdon92, (7.11")] for Sy, (u),
but probably not directly related. However, it has some properties in common.
First, we have an analogue of [Macdon92, (7.12)]:

Lemma 2.8. Let A and y be two partitions. Let U be an n-dimensional F-
vector subspace of A. Then,

§?\/V(u) =0unless 0 < A; —p; <mnforalli>1. (17)

Proof. This is entirely analogous to [Macdon92, (7.12)]. (See [Macdon92, errata,
proof of (6.10)] for a proof template that can be used almost verbatim here —

just replace A’ and y’ by A and p, and replace CAl—pl—itj <x ] T_V;'Jrj_la) by
@M Er iy (U)2) O
As a particular case of Lemma we see that
§/\/;4 (U) = 0 unless u C A. (18)
Next, we have an analogue of [Macdon92, (7.22)]E|
Lemma 2.9. Let A and p be two partitions. Let U be a line (ie., a 1-

dimensional vector subspace) in A. Recall the notation 7t (U) for the product
of all nonzero vectors in U. Then:

2Unlike Macdonald, we use A/u (not A — ) to denote the skew partition consisting of two
partitions p and A.
We also use the standard notation A; for the i-th entry of a partition A. (If i surpasses the
length of A, then this entry is 0 by definition.)
Recall that a skew partition A/yu is said to be a vertical strip if its Young diagram has no
two distinct cells in the same row. This is equivalent to requiring that each i > 1 satisfies
i <A <pi+ 1
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(@) If A/p is a vertical strip, then we have

Sy (U) = q N (= (U)). (19)
i>1;
Ai>p;

(b) Otherwise, we have N
SA/y (u) =o. (20)

Proof. (b) Assume that A/u is not a vertical strip. Then, some i > 1 satisfies
Ai < ujor Aj > p;+ 1. In other words, some i > 1 does not satisfy 0 < A; — u; <
1. Hence, Lemma 2.8 (applied to # = 1) shows that S, u (U) = 0. This proves
Lemma 2.9] (b).

(a) Let us first compute all the E, (U) for r € Z:

e We have Ej (U) = 1 (since each finite-dimensional vector subspace V of
A satisfies Eg (V) = S(10) (V) = Sz (V) = 1).

e From [Macdon92, (7.20)], we know that 7 (U) = (—1)'E; (U) (since
dim U = 1), and thus

e Recall that if V is a finite-dimensional vector subspace of A, then E, (V) =
0 for all r > dim V and also for all » < 0. In other words, if V is a finite-
dimensional vector subspace of A, then

E,(V)=0 forallv ¢ {0,1,...,dim V}.

Applying this to V = U (which has dimension dim U = 1), we conclude
that
E,(U)=0 forallr ¢ {0,1}. (21)

Now assume that A/ y is a vertical strip. Thus,
Ai—u;i€4{0,1} for each i > 1. (22)
~Let n € N be such that both £ (A) and ¢ () are < n. Then, the definition of
Sxasu (U) yields

Sasp (U) = det <(PAi_iEAi—y]-—i+j (U))

i,j€n]

=), (_1)01—[(PAi_iE/\i—yw)—i—i-U(i) u) (23)

oeS, i=1
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(by the definition of a determinant).

We shall now show that the only nonzero addend in the sum on the right
hand side is the addend for ¢ = id. Indeed, let ¢ € S, be a permutation
such that ¢ # id. We have A —1 > A, —2 > -+ > A, —n (since Ay >
Ag > - > Ap)and pp —1 > pp —2 > - -+ > py — n (similarly) and (A; — i) —
(i —i) = Aj —p; € {0,1} for each i € [n] (by (22)). Hence, Lemma [2.6| (applied
to a; = A; —iand B; = p; — i) shows that there exists an i € [n] such that

(A —i) — (yg(i) -0 (1)) ¢ {0,1}. Consider this i. Then,

A=ty — i+ (1) = (i =) = (moy =0 (1)) € {0,1}.

Thug, yields EAi,yU(i),iJrg(i) (U) = 0, so that @Ai_iEAi—ya<i)—i+a(i) u) =
@"i7'0 = 0 as well. .
Thus, we have found an i € [n] such that GDAi_IE/\i—y(,(,-)—i+a(i) (U) = 0. In

other words, the product H e E Ni—to(s) —i+o(i) (U) has at least one factor

equal to 0. Thus, this whole product is 0.
Forget that we fixed o. We thus have shown that if ¢ € S, is a permutation

such that ¢ # id, then the product H @Y E), g~ +o(i) (U) is 0. Conse-

quently, in the sum on the right hand 51de of (23), all addends with ¢ # id are
0. Thus, (23) simplifies to

Sau(U) = (1) IE)\ i —itid(i ¢ Ep_p, (U)
Z — E Vd()v H —Hi
—EAifyiflJrz(u)
=Ep—, (U)
= T ¢ "Erp (U) (24)
ie[n];
NiF i

(here, we have removed all the factors with A; = y; from the product, since they
all equal @' E,, .y, (U) = ¢Fi~'1 =1).
N———
=Eo(U)=1
But shows that each i € [n] satisfies A; — u; € {0,1}, so that A; > u;.
Hence, the condition A; # u; under the product sign in is equivalent to
A; > p;. That is, we can rewrite as

Sap W) =TT " "Er—p (U). (25)

ie[n];
Ai>pi

Moreover, if i € [n] satisfies A; > u;, then it satisfies A; — u; = 1 (since
yields A; — p; € {0,1}, but A; — y; cannot be 0 because of A; > p;) and thus




The V' / L recursion for Macdonald-7s, version June 1, 2026 page 16

Ep,—py; (U) = E1 (U) = —m (U). Hence, we can rewrite as

Sup (W) = TT % (- ().
o
Comparing this with
[T ¢" (- ()

i>1;
Ai>

= | IT " (=7 () [T ¢ (~m(u))
e A

-~

=1
(indeed, this is an empty product,
since each i>n satisfies A;=0
(because £(A)<n) and ;=0 (since £(p)<n)
and thus cannot satisfy A;>p;)

= I[ o (- (),

ie[n];
Ai>pi
we obtain N ‘
SipU) = [T ¢4 (- (U)).
i>1;
Ai> i
This proves Lemma 2.9 (a). O

Most importantly, we have a formula akin to [Macdon92, (7.18)]:

Lemma 2.10. Assume that A is an integral domain such that the Frobenius
morphism ¢ : A — A is invertible. Let A and y be two partitions. Let U C V
be two finite-dimensional F-vector subspaces of A. Then,

Sy (Viu) =Y. (-n)MNMs, (V). glimV/DS, (), (26)

v

where the sum ranges over all partitions v.

Proof. For any finite-dimensional F-vector subspace W of A, we define the two
Z x Z-matrices

. i+lypy. .
H (W) = (qo H]_I(W))i’jez and

E(W) = ((-1) ¢/E; s (W)

ijeZ
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over A. From [Macdon92, (7.9)], we know that these two matrices are upper-

triangular and mutually inverse. In particular, (H (U)) ™! = E (U).
Moreover, from [Macdon92, (7.17) (ii)], we have

H(V)=H(V //U)- iU (HU)),

where an algebra morphism such as ¢dim(V/t)

ing it to each entry of the matrix. Thus,

is applied to a matrix by apply-

H(V /)= H (V) (500 ()

—H (V) "m0 | (H ()
~—
—E(U)
(since ¢ is an algebra morphism)
=H(V) ¢ (E(U)). 27)

From this equality, we proceed using the Cauchy-Binet theorem, analogously
to [Macdon92, proof of (7.18)] (see [Macdon92, errata, “page 19, proof of (6.13)”]
for the details of that proof), to prove (26). See the Appendix (Section for
the details of this argument. O

2.3. Proof of the recursion

One last formula — a sort of Pieri rule — will be crucial to our proof of Theorem

L3

Lemma 2.11. Assume that A is an integral domain such that the Frobenius
morphism ¢ : A — A is invertible.

Let n € IN. Let V be an n-dimensional F-vector subspace of A. Let A and u
be two partitions of length < n. Let £ € V be nonzero, and let L = span (¢) C
V. For any vertical strip A /v, we set

q(Av):=(q—1) ) gt

i>1;
Ai>v;

Then,

Sau(V /L) = Y ()M, (V).

A/v is a vertical strip

(The sum is understood to range over all partitions v such that A/v is a
vertical strip.)
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Proof. We have dimL = 1 (since L is the span of the nonzero vector /) and
dim V = n, so that

dim (V/L) =dimV —dimL = n — 1.
=n =1

Moreover, from L = span (£), we obtain (using the notation 7 (L) defined pre-
viously)
7 (L) = 7 (span (£)) = —¢£171 (28)

(by Lemma 2.2} applied to v = ¢, since ¢ is nonzero).
Applying to U = L, we obtain

Syyu(V /L) = Z(—l)MHV| Svu (V) piim(V/L) Saw (L)

v h\,ld
(since di;l(é)V/L):n—l)
=Y (-1 Ms,, (V) 9"1S, (L), (29)
v

If v is a partition for which A/v is not a vertical strip, then (20) (applied to
v and L instead of u and U) yields S,,, (L) = 0. Thus, in the sum on the
right hand side of (29), all addends corresponding to such partitions v vanish.
Consequently, we can simplify the sum by removing all these addends, and
obtain

Syu(ViLy= Y ()M Ms, vy ¢S, (L), (30)
AJvisa
vertical strip

Now, let v be a partition such that A /v is a vertical strip. Then, (applied
to L and v instead of U and y) yields

Saw (L) = 1;1 e E\(/LJ)

A =i

(by 28))
et e

/\,’>1/1' )\i>1/i
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Applying the algebra morphism ¢"~! to both sides of this equality, we find

Z 71—1+)Li—i
_ qn71+/\i7i i>1; 7
q)nfls)\/v H qon 1 Al z( —1) — H (gq—l) — (gq71>)\i>vi
i>1; ~ v i>1;
A>T — gl (1) Ai>vj
_ qul ql’l*l“r/\l'fi
(by @)
(q—l) Y qn 14+A;—i
i>1;
— E Ai>v; — gq()\,v) (31)
. 1A —i An—1—i
(since (7 -1) L q" *llz(w—D‘gtﬂﬁ”l’zq@LW)
[ ¥4 g 121
Ai>v; :q/\i+"_1_i Ai>v;

Forget that we fixed v. We thus have shown that holds for each partition
v such that A /v is a vertical strip. Thus, becomes

Al— .
Sup(V/L) = Y ()M, (V)9 15y, (L)
ol e
tical stri =(aA)
vertical strip by .)
Al—
= )y (-l |V‘£q()‘”)sv/y( ).
Alvisa
vertical strip
This proves Lemma O

Proof of Theorem[I.3] Let n = dim V. Thus, |V| = |F|" = ¢" (since |F| = g), so
that |V \ {0}| = ¢" — 1. The partitions A and p have length < dim V = n; thus,
n > 0, so that 4" = 0mod q and therefore 4" = 0 in F. Hence, 4" —1 = —1in F.
For any vertical strip A/v, define q (A, v) as in Lemma It is clear that
q (A, A) =0, since the sum is empty for v = A.
By Lemma 2.1| (applied to A = A and b = S,,, (V // L)), we have

Z SA/y (V // L)

LCV line

=— ) Sr/u (V // span (w))
weV\{0} ~ ~ d
= )y ()M Mpatng, ()

A/v is a vertical strip

(by Lemma applied to {=w and L=span(w))

S Y (=1)=Iv wq(/\ﬂ/)sv/y (V)

weV\{0} A/vis a vertical strip

= — Z (_1)|M_|V‘ ( Z wq(/\,v)) Sv/y (V) (32)
A/v is a vertical strip weV\{0}
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(here, we have interchanged the summation signs).

Now, let v # A be a partition such that A /v is a vertical strip. Then, v C A,
so that the partition v has length < 7 (since A has length < 1). Moreover, from
v # A, we conclude that at least one positive integer i > 1 satisfies v; # A; and
therefore v; < A; (since v C A entails v; < A;), that is, A; > v;.

Let i1,ip,...,1; be all the positive integers i > 1 satisfying A; > v; (listed
without repetitions, so there are k of them). Then, each of these positive integers
i1,i3,...,ix must be < n —1 (since both A and v have length < 7, so that each
i > n must satisfy A; = 0 = v;, and therefore each positive integer i > 1
satisfying A; > v; must be < n — 1). Hence, there are at most n — 1 of them. In
other words, k < n —1 < n. That is, n > k. But we must also have k > 0 (since
we have shown that at least one positive integer i > 1 satisfies A; > v;).

For each j € [k], set a; := A; +n —1—1i;. This is a nonnegative integer,
because we have i; < n — 1 (since each of the positive integers iy, 1y, ..., i is

gn—l)andthusaj:/\ij+n—1— ij Z)LijJrn—l—(n—l) = Ai; 2 0.

<n—1

Hence, Lemma [2.5| shows that

Y o@D (33)
weV\{0}

Since

qa1+qa2+...+quk

k k .
_ qa]- — q)\zj+n*1*l] (Since a]- — /\ij +n— 1-— l])
j=1 j=1
- Z An—1—i since iy, 1y, ..., i are precisely the
n = 1 positive integers i > 1 satisfying A; > v; )’
A>v;
we have
(=1) (" +q+ - +q%) = (9-1) ) " =q(A,v)
i>1;
/\li_>l/l‘

(by the definition of q (A, v)). Thus, we can rewrite as

Yy wi =o. (34)
weV\{0}

Forget that we fixed v. We thus have proved for each partition v # A
such that A /v is a vertical strip. Thus, on the right hand side of (32), all addends
of the outer sum are 0 except for the addend for v = A. Hence, simplifies
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to

Y Sy (VL =) @t s, (V)
LCV line ' " | wev\{0} ] '

—(_1)021 (since q(A,A)=0)

= — ( ) 1) Sau(V) == (=1)Sx/u (V) =S/ (V).

weV\{0}
=[V\{0}]
:q”—]_
=—1inF
This proves Theorem O

3. Macdonald’s sum-over-flags formula

3.1. The sum-over-flags formula

Macdonald viewed Theorem [1.1| as a stepping stone towards an explicit sum-
over-flags formula for the 7th Variation Schur functions ([Macdon92, (7.24 ?)]):

Theorem 3.1. Assume that A is an integral domain. Let n € IN. Let V be an
n-dimensional F-vector subspace of A. Let A = (A1, Ay, ..., A,) be a partition
of length < n. Then,

n
Sy (V) = Y [THx (Vi /1 V2).
V=Vy>V;>->V,=0 i=1
is a complete flag in V

Since Macdonald does not explain how this can be derived from Theorem
we shall do this here. We do still need some preparations.

3.2. Lemmas

If V is a finite-dimensional F-vector subspace of A, then 7t (V) shall denote

the product J] wu of all nonzero vectors in V. This product will play an
uev\ {0}
important role in the next few lemmas.

Lemma 3.2. Let n be a positive integer. Assume that A is an integral domain.
Let V be an n-dimensional F-vector subspace of A. Let V =V, >V} > --- >
Vi, = 0 be a complete flag in V. Then,

7 (V) =T 7 (Vies /1 V).
i=1
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Proof. For each i € [n], we have (Vi1 // Vi) = Il u (by [Macdon92,
ueV_1-V;

(7.21)], applied to U = V;_1 and U’ = V;). Multiplying these n equalities, we
tind

n

[Tevasvo= 11 T1 - w= IT u= I
i=1 ueVi_1-V ueVo—Vy uev-{0}

uec VO Az
(since Vp—Vj, is the union of the
disjoint sets V;_1—V; for all i€[n])

(since Vp = V and V, = 0 = {0}). But we also have 7 (V) = [ u by
uevV—{0}

the definition of 7 (V). Comparing these two equalities, we find 7 (V) =

n

[T 7 (Vi1 // V;). This proves Lemma O

i=1

Lemma 3.3. Let U be a 1-dimensional F-vector subspace of A. Let r be a
positive integer. Then,

(U) - ¢ (H—1 (U)) = —H, (U).
Proof. The first equality in [Macdon92, proof of (7.22)] says that
H, (U) = (1) T 'm(U). (35)
=1

The same argument (applied to » — 1 instead of r) yields

j=1
1r 1
' H <(P] I ) (since ¢ is a ring morphism)
j=1 ~ .
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(here, we have substituted j — 1 for j in the product). Thus,

7

w(U) - (Ho (U) = m(U) g;g:jl¢f%WU>
~ — ]':

=¢%7(U) —(-1)"
= 1r(U)
=— (-1 'nu) []¢ 'n ()
j:2
— 11 g/ (U)
j=1

r

= ()L 'm(U) = —H, (u).

j=1
—H,(U)
(by @3))
This proves Lemma O

Lemma 3.4. Let n be a positive integer. Let V be an n-dimensional F-vector
subspace of A.

Let A = (Aq,Ap, ..., Ay) be a partition with A, > 1. Let A &1 be the
partition (A1 —1,A, —1,...,A, — 1). Then,

Sx(V) = (=1)" 7 (V) - (Sac1 (V)7

Proof. More generally, for any n-tuple p = (B1, B2,--.,Bn) € N", weset &1 :=
(B1—1,B2—1,...,Bs,—1). This is an n-tuple of integers, but belongs to IN" if
all entries of B are > 1. In particular, A ©1 € IN”, since each j € [n] satisfies
A=Ay > 1

Let B be the polynomial ring F [x1, X2, ..., x,]. Let W be the F-vector subspace
span (x1,xy,...,x,) of B. Then, the definition of S, (x1,x2,...,xy) yields

Sx(x1,%0,...,%n) = Apss/ As, (36)
where the a-alternants A, for all « € IN" are defined in . Similarly,
Sxe1 (¥1,%2, -+, Xn) = Apat)+s/ As- (37)
Now, define an n-tuple B = (B1,B2,...,Bfn) € N" by B := A+, so that
Bj = Aj+mn —jfor each j € [n]. From A + ¢ = B, we obtain

/5,
A/\+(5 = Aﬁ = det (X? ]> (38)

ije[n]
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by (1). Moreover, each j € [n] satisfies B; = A; +n—j > 1. Thus, each

N / V/
>1 >0

i Fi-1 B\ Fi-1
_ a7 _ (.4 _ q
i =X = (xi ) =P\

(by the definition of ¢). Hence, we can rewrite as

Bi—1
A/\+5 = det (gO (X? )>
ijen]
Bi—1
= ¢ (det ((xf ! ) )) (39)
i,jen|

(since ¢ is a ring morphism and thus commutes with determinants).
However, (A61)+Jd=(A+J)©1=ppo 1 Hence,
——

-

=p

g1
Aro1)+s = Apor = det ((x? ] ) . ]> (by (@)
ijeln

In view of this, we can rewrite (39) as

i,j € [n] satisfy

Arts =@ (A(A@1)+5> :
Thus, becomes

Sx(x1,%2,..., %) = éw /As=¢ (A(A@1)+5> /As
:Q"(A(Ael)+§)
_ ¢ <A(A@1)+(5> 9 (As) (40)
¢ (As) As

Applying th t to th titi 1")y=11,1,...,1 | instead of
pplying the same argument to the partition (1") ( ,) instead o

n times
A, we obtain

¢ (A 5
S(ln) (xl,xz,...,xn) = ( (aneh+ ) . (P(A(S)

¢ (As) As
_ 2(A) 94 (since (1Mel)+d= (5)
@ (A(g) A5 N’
—— =0

=1

_ 9 (4)
As
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Thus,

= S(ln) (Xl, X2, .. .,xn) = S(l”) (W)

by the definition of S(yn) (W),
since (x1,xp,...,X,) is a basis of W

=E, (W) (by the definition of E, (W))

— (1) (W)
(since [Macdon92, (7.20)] says that 7 (W) = (—1)" E,, (W)). Substituting this
into (40), we obtain

¢ (A(/\el)Jr(S)

Sy(x1,%x2,...,%,) = (=) (W).
A( 1,42 n) ¢(A5) ( ) ( )
In view of
¢<A(A@1)+§> A?A@l)Jr(S (by the definiti f )
= e definition o
¢ (As) Aj g !
q
= | Apenyrs/As
N——’
=Sxc1 (X1,X2, %)
(by 7))

= (Spe1 (x1,x2, ..., x2))7,

we can rewrite this further as

Sa(x1,%2,...,%0) = (Sae1 (x1, %2, ..., x1))T- (=1)" T (W)
= (=1)" 7t (W) - (Sre1 (x1,x2, ..., x,))7. (41)

Now, pick a basis (v1,vy,...,v,) of the n-dimensional F-vector space V. Let
us substitute vy, vy, ...,v, for x1,x3,...,x, on both sides of . This substitu-
tion transforms S, (x1,x,...,%,) into Sy (V) (since Sy (V) = S) (v1,02,...,0n)
was defined by substituting vy,vy,...,v, for x1,x2,...,x, in the polynomial
Apys/As = Sy (x1,%2,...,xn)), and transforms Sy~ (x1, X, ..., x,) into Syo1 (V)
(for analogous reasons); furthermore, it transforms 7 (W) into 7 (V) (since this
substitution turns the F-linear combinations of the x1, xy, ..., x, into the corre-
sponding F-linear combinations of vy,vy,...,v,, and is injectiv. Hence, the
result of applying this substitution to is

SA (V)= (=1)"m(V)-(Srer (V)7
This proves Lemma [3.4] O

3In more detail: Let ¢ : B — A be the map that substitutes v1,v,,...,v, for x1,x2,...,x, in
any given polynomial f € B = F[x,xp,...,x,]. Then, ¢ is an F-algebra morphism, and
sends x1,x7,...,Xx, to v1,0,...,v,. Hence, ¢ restricts to an isomorphism from the F-vector
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3.3. Proof of the formula

Proof of Theorem We use strong induction on |A| 4+ n. The base case (|A| +n =
0) is entirely trivial (because in this case, n = 0, so that V = 0 and A = @). For
the induction step, we fix a positive integer N. We assume (as the induction
hypothesis) that Theorem holds whenever [A| +7n < N. We must now
prove Theorem 3.1| whenever |A| +n = N.

So we fix some 1 and A satisfying |A| +#n = N. Then, |A|+n = N > 0, so that
n > 0 (since n = 0 would force A = @ and thus [A|+n = |@]| +0 = |&| = 0).
Hence, A, is well-defined. We are in one of the following two cases:

Case 1: We have A, = 0.

Case 2: We have A, > 1.

Let us consider Case 1. In this case, we have A, = 0. Thus, the partition A
has length < n = dim V. Hence, Theorem [I.1] yields

S\(Vy= Y., Sy(V/L). (43)

LCYV line

Now, let L be any line in V. Then, dimL = 1. But what we said about
internal quotients long agoﬁ entails that V // L = V/L as F-vector spaces, via
the canonical isomorphism

V/L—-V /L,
0 fL(v) = fL(v). (44)

space W to V (since ¢ sends the basis (x1,x7,...,x,) of W to the basis (v1,vy,...,v,) of V).
Therefore, 1 also restricts to a bijection from W \ {0} to V' \ {0}. In other words, the map

WA {0} — V\ {0},
u— P (u) (42)
is a bijection.
But the definition of v (V) yields 7 (V) = [] . Similarly, 7 (W) = ] u. Ap-
uev\{0} ueW\{0}

plying the map ¢ to the latter equality, we find

uew\{0} ueW\ {0}

Pp(r(W)) =9y ( 11 u) = J] v (since 1 is an F-algebra morphism)

= H u
uev\{o}

(here, we have substituted u for ¢ (1) in the product, since the map is a bijection).
Comparing this with 7(V) = T[] u, we obtain ¢ (7w (W)) = 7 (V). In other words,
uev\{0}

the substitution of v1,vy,...,v, for x1,xp,...,%, transforms 7t (W) into 7t (V) (since this
substitution is precisely ).

4specifically: the fact that if A is an integral domain, and if U C V are two finite-dimensional
F-vector subspaces of A, then the internal quotient V' // U is isomorphic to the actual quo-
tient V /U
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Thus, dim (V // L) = dim (V/L) = dimV — dim L = n — 1. In other words, the
—— \,1_/
=n =
vector space V' // L is (n — 1)-dimensional. Hence, by the induction hypothesis,
we can apply Theorem [B.1to V // L and n — 1 instead of V and n (since A, = 0
yields A = (A1, Ag, ..., Ay—1)). We thus obtain
n—1
SA\(V//L)= Y Hy, (Wit // Wy). (45)
V//L=Wy>W;>->W,_1=0 i=1
is a complete flag in V //L
However, it is well-known (the “lattice isomorphism theorem”) that there is
an inclusion-respecting bijectiorﬂ

{subspaces U of V such that V > U > L} — {subspaces of V/L},
uUu—u/L,

which furthermore reduces the dimension of the subspace by 1 (meaning that
dim (U/L) = dim U — 1 for any U).

We can use the isomorphism to replace V/L by V // L here; thus we
obtain an inclusion-respecting bijection

{subspaces U of V such that V> U > L} — {subspaces of V // L},
U~ fL(U)=U//L,

which again reduces the dimension of the subspace by 1 (since dim (U // L) =
dim (U/L) = dim U — 1 for any U).

Since this bijection is inclusion-respecting and reduces dimension by 1, we
thus obtain a bijection

{complete flags V=V, >V; >--- >V, 1 =L>0in V}
— {complete flags V //L=Wy >W; > --->W,_1=0inV // L}

that sends each flag V =V > V; > --- >V, 1 =L >0totheflag V // L =
Wo > Wp > --- > W,_1 = 0 given by W; = V; // L. Using this bijection to
reindex the sum in (#5), we can rewrite as

n—

1
S\(V//L)= Y. Hy, ((Viea // L) // (Vi // L)).
V=Vp>V;>--->V, 1=L>0 i=1
is a complete flag in V

(46)
However, [Macdon92, (7.16)] says that if U, V, T are three subspaces of A
satisfying T < U <V, then

VU= (V/T)/U/JT).

SHere and in the following, the word “subspace” means “F-vector subspace”. A map ¢ whose
domain and target consist of sets is said to be inclusion-respecting if it has the property that
if two sets A and B in its domain satisfy A C B, then ¢ (A) C ¢ (B).
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Hence, for each i € [n — 1] and each complete flag V=V, > V; > --- >V, 1 =
L > 0in V, we obtain

Viex // Vi=(Viea // L) // (Vi // L) (47)

(since L < V; < V:_q). Thus, becomes

n—1
S\(V//L) = Yy [TH. | Vi /L) 1/ (Vi /L)

V=Vy>V;>-->V,_1=L>0 i=1 h M

i lete flag i =Vi_1//'Vi

is a complete flag in V (by @)
n—1

= y [T Hy (Vi // V). (48)

V=Vp>Vi>--->V, 1=L>0 i=1

is a complete flag in V

Forget that we fixed L. We thus have proved for each line L in V.
Substituting into (43), we find

n—1
Sa(V) = Y. Y. [THx (Viea /' V)
LCV line V=Vy>V;>-->V, 1=L>0 i=1

is a complete flag in V

[ J/
-~

V=Vy>Vi>--->V, 1>0
is a complete flag in V

= )y
V=Vy>Vi> >V, =0
is a complete flag in V
(here, we have set V;,,=0 for the sake of uniformity)

n

—1
= )3 [1Hx (Viea // V2). (49)
V=Vo>Vi>>V,=0 i=1
is a complete flag in V

However, A, = 0, and thus H,, (V,,_1 // V) = Ho(V,,—1// Vi) = 1 (since
n—1

Hy (U) = 1 for any subspace U of A). Hence, the product [T Hy, (Vi—1 // V})
i=1

does not change if we extend it to encompass i = n (since the extra factor that
it thus gains is Hy, (V,,—1 // Vi) = 1). Thus, by extending this product in this
way, we can rewrite as

n

Sy(V) = ). [THN (Via /1 V).
V=Vy>Vi>>V,=0 i=1
is a complete flag in V

In other words, Theorem 3.1/ holds for our n and A. This completes the induc-
tion step in Case 1.
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Let us now consider Case 2. In this case, we have A,, > 1. Hence, Lemma 3.4
yields
Sx(V) = (=1)"m (V) (Srer (V) (50)
where A ©1 has been defined in Lemma Since A& 1| = |A| —n < |A]
(because n > 0), we have |A © 1| +n < |A| + n. Thus, the induction hypothesis
shows that Theorem |3.1 holds for A © 1 instead of A. That is, we have

n
Sre1 (V) = Y [THA -1 (Viea / V) (51)
V=Vo>Vy>->V,=0 i=1
is a complete flag in V
(since A©1 = (A1 —1,A,—1,...,A, —1)). Taking this equality to the g-th
power, we find

q
n
(Sae1 (V)T = )3 [THx- (Vi // V)
V=Vp>Vi>--->V,=0 i=1
is a complete flag in V
n
=9 ). [THx -1 (Viea /1 Vi)

V=Vo>V1>--->V,=0 i=1
is a complete flag in V

(by the definition of ¢)

n

= > [ Lo (Hy1 (Via // V)
V=Vo>Vi>-->V,=0 i=1
is a complete flag in V

(since ¢ is an F-algebra morphism) .
Substituting this into (50), we obtain
n
Sy(V) = (=1)"m (V) )y [To (Hy-1 (Vi1 // V)

V=Vy>Vi>>V,=0 i=1
is a complete flag in V

n
= Y. (-1)" m(V) Jle(Hy=1 (Vier /' VY))
V=1>Vi>e V=0 T~ L=l
is a complete flag in V =11(-1) =I17(Via//V})
= (‘E;}Lemma
n n n
~ Yy (<1 TT7 Vit 7/ Vo) - T L9 (Haoa (Vi // V2)

V=Vp>V;>--->V,=0 i=1 i=1 i=1
is a complete flagin V. > ~~

(=7t(Viea //Vi)-9(Hp;-1(Viea // Vi) )

J/

=

n
= D TT(—7 Vit // Vi) - ¢ (Hor (Via // V) -
V=Vy>Vi>-->V,=0 i=1
is a complete flag in V
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However, if V = Vy > Vi > ... >V, = 0 is a complete flag in V, and if
i € [n] is arbitrary, then the F-vector subspace V;_; // V; of A is 1-dimensiona]|ﬂ
and thus satisfies

w(Viea /) Vi) -9 (Hy—1 (Viea // Vi) = —Hy, (Vi /] Vi)
(by Lemma applied to U = V;_1 // V; and r = A;), so that
—7t (Vi1 // Vi) - @ (Hr—1 (Vier // Vi) = Ha, (Viea /) Vi) (52)

Hence, we can continue our computation of S, (V) as follows:

n

Sp(V) = )3 [T(=m(Viea // Vi) - @ (Hp o1 (Viea // Vi)
V=V>Vi>->V,=0 i=1" ~~
is a complete flag in V =Hy,(Vi-1//'V;)
(by (2))

n

— 2 HH)\I' (‘/1'71 // ‘/l) .
V=Vp>V;>>V,=0 i=1
is a complete flag in V
In other words, Theorem 3.1/ holds for our n and A. This completes the induc-
tion step in Case 2.
Hence, the induction step is completed in both cases. Thus, the inductive
proof of Theorem [3.1)is complete. O

A. Appendix: Folklore proofs

A.1. Appendix: Details for the proof of Lemma [2.10

In our above proof of Lemma we have said that can be derived from
using the Cauchy-Binet theorem. Let us explain in detail how this deriva-
tion proceeds. We will need a tailored variant of the Cauchy-Binet theorem,
which we shall first derive from a more classical version.

For the rest of this section, we fix a commutative ring R.

We shall use matrices whose rows and columns can be indexed by arbitrary
objects, not just numbers. An I x [-matrix (where I and | are two sets) is a
matrix whose rows are indexed by the elements of I and whose columns are
indexed by the elements of J. The space of all I x J-matrices over R will be
called RIXT If A — (aifj)iel i is any I x [-matrix, and if (i1,ip,...,0) € I¥ and

(ji,j2,---,je) € J' are any finite lists of elements of I and ], respectively (for

some k, / € IN), then sub/21 A shall denote the k x f-matrix <a1~ j )
i1 ) xelk], yelo)

®Indeed, the same reasoning that gave us dim (V // L) = dim (V /L) above can be used to

show that dim (V;_¢ // V;) = dim (V;_1/V;). But dim (V;_1/V;) = 1since V.=V, > V; >

- >V, = 01is a complete flag. Hence, dim (V;_1 // V;) = dim (V;_1/V;) = 1, so that
Vi_1 // V; is 1-dimensional.
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One of the forms of the Cauchy—Binet theorem (see, e.g., [Grinbe20, Corollary
7.182]) says the following:

Proposition A.1. Let A € R"*? and B € RP*™ be two matrices over R. Let
u € N. Let (i1,1p,...,iy) € [n]" and (j1,72,---,ju) € [m]" be two u-tuples of
elements of [n] and [m], respectively. Then,
J1j2seeerju
det (subii,ii,...,iu (AB)>
= Y det (Sszgll,}f,z.'.'f,}'ug" A) - det <sub7g11’{§'2',‘j_’{b§u B) , (53)
81<82<""<8u

where the sum ranges over all strictly increasing u-tuples (g1, 82,--.,8u) €

[p]".

By relabelling the rows and columns of both matrices A and B here, we can
rewrite this result in the following equivalent form:

Proposition A.2. Let N and M be two finite sets, and let P be a finite totally
ordered set. Let A € RN*P and B € RP*M be two matrices over R. Let
u € N. Let (i1,ip,...,iy) € N* and (j1,2,--.,ju) € M" be two u-tuples of
elements of N and M, respectively. Then,

J1sJ2se-sfu
det (subii,ij,...,iu (AB))
= Z det (subi{f%""-’gu A) - det (sub?l’{é'z';.'f.];}u B) p (54)

7 -~/lu
81<82<<&u

where the sum ranges over all strictly increasing u-tuples (g1, 82,---,8u) €
P,

Proof. Just rename the elements of N as 1,2,...,n, rename the elements of M
as 1,2,...,m, and rename the elements of P as 1,2,..., p in increasing order.
Then, the claimed equality becomes precisely (53). O

Reversing the order of the totally ordered set P, we can replace the condition
g1 < §2 < -+ < g under the summation sign in by the opposite condition
g1 > g2 > --- > gy (that is, we can sum over the strictly decreasing u-tuples
instead of the strictly increasing ones). Thus, we transform Proposition [A.2]into
the following proposition:

Proposition A.3. Let N and M be two finite sets, and let P be a finite totally
ordered set. Let A € RN*F and B € RP"*M be two matrices over R. Let
u € N. Let (i1,ip,...,iy) € N* and (j1,j2,--.,ju) € M" be two u-tuples of
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elements of N and M, respectively. Then,
det (sub], 2" (AB))
= Y det (sublglll’if%"“.’g” A) - det <subj1’j2""’j“ B) , (55)

seeerlu 81,82+, 8u
81>82>>Qu

where the sum ranges over all strictly decreasing u-tuples (g1,92,-..,8u) €
p*.

Now, let us restrict this result to upper-triangular matrices.

First we recall how they are defined: If P is a totally ordered set, then a
P x P-matrix C = (Cz‘,j)ie p, jep © RP*P is said to be upper-triangular if its entries
satisfy ¢;; = 0 whenever i > j.

Now, if the matrices A and B in Proposition are upper-triangular, then
the sum on the right hand side of can be made significantly shorter by
removing many vanishing addends:

Proposition A.4. Let P be a finite totally ordered set. Let A € RP*P and
B € RP*P be two upper-triangular matrices over R. Let u € IN. Let
(i1,ip,...,1y) € P* and (j1,j2,...,ju) € P" be two u-tuples of elements of
P. Assume thati; > iy > --->1i,and j; > jp > --- > j,. Then,

det (subﬁj{f;:j:{fz (AB))
= y det (subf'5>5" ) - det (subly2 %, B). (56)

yeeerd
81>82>">8u; !
i <gi <ji for all ke[u]

Proof. Write the P x P-matrices A and Bas A = (a;;),_p jepand B = (Bif) icp iep

Let (91,82, ---,8u) € P" be a strictly decreasing u-tuple of elements of P.
Thus, g1 > g2 > - > gQu.

We will use the following classical and easy fact (see, e.g., [Grinbe20, Exercise
6.47 (a)]): If C = (Cx'y)x,ye[u] € R"*" is a u X u-matrix, and if X and Y are two

subsets of [u] satisfying |X| + |Y| > u and (c,y =0forallx € Xandy € Y),
then detC = 0. We will refer to this fact as the too-many-zeroes lemma. This
lemma gives us two consequences in our specific situation:

e If some k € [u] satisfies i > g, then
det (sub?ll’gz."”-’g” A) = 0. (57)

seeerlu

[Proof: Assume that some k € [u] satisfies iy > gk. Consider this k.
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Jeeirly

g1/g2/--~/gu _ i 1 J— ..
We have sub; 72" 7%" A = <a1x,gy)x’y€ J (since A = (a’J)ieP, jeP)‘

Now, let x € {1,2,...,k} and y € {k,k+1,...,u} be arbitrary. We shall
show that a; o = 0.

Indeed, from x € {1,2,...,k}, we obtain x < k and thus i, > i (since
ip > ip > --- > iy). Moreover, from y € {k,k+1,...,u}, we obtain
y > k, hence k < y and thus g > g, (since g1 > g» > -+ > gy). Thus
iy 2 ix > &k = &y, so that Bipg, = 0 (since the matrix A = (ai,j)

icp, jep 18
upper-triangular).

Forget that we fixed x and y. We thus have shown that a; o = 0 for all
x € {1,2,...,k} and y € {k,k+1,...,u}. Hence, the too-many-zeroes

lemma (applied to the matrix subgl’.gz""if” A = ( instead of

2,0, Bizgy x,y€u]

C = (ery)xye[u]' and to the sets {1,2,...,k} and {k,k+1,...,u} instead
of X and Y) yields det (sublglllleug” A) =0 (since |{1,2,...,k}[+ {kk+1,...,u}| =

g

=k =u—k+1
k+ (u—k+1) =u+1> u). This proves (57).]
e If some k € [u] satisfies gx > ji, then
det (subf/z"%, B) = 0. (58)

[Proof: This is analogous to the proof of (but now using B, b; ;, gx and
Jy instead of A, jj, ix and gy).]

* Thus, if we don’t have (i < gx < ji for all k € [u]), then

81/82/--/8u jl/jZ/---rjll _
det (Subil,iz,-.-,ill A> * det <Subg1/g2/“_/gu B) — O. (59)
[Proof: Assume that we don’t have (i} < gx < ji for all k € [u]). Hence,
there exists some k € [u] such that we don’t have iy < gy < jx. Consider
this k. Thus, we have i, > gx or gx > ji (since we don’t have i < gx < jy).
In the former case, we have
81/82//8u J1ij2reee _
det <Subi1,i2. . A) -det (SUbgl,gz,...,gu B) = 0.

seerlu

(.

-~

=0
(by (57), since ix>gy)

In the latter case, we have

81182/«~-/gu jl/jZ/“-/]‘M _
det (subil,iz,...,iu A) det <Sub31132/~--r8u B> =0.

~\~

.

=0
(by (B9), since gi> i)
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Thus, det (sublglllgg2 8 A) det (sub]glljg,2 ]lé,u B) = 0 is proved in both
cases. This completes the proof of (59).]

Forget that we fixed (g1, 42, - - ., gu). We thus have proved for each strictly
decreasing u-tuple (1,82, ...,8u) € P* that does not satisfy (ix < g < ji for all k € [u]).
Now, (applied to N = P and M = P) becomes

det (subﬁjjz e (AB))

_ 81,82/ 2
- Z det < b11 ip 1 ) - det < bgl 82 8u B)
81>82>>8u
_ 81,82/ 12
- Z det < b11 ip 1 ) - det < bgl 82 8u B)
8§1>82>>8u;
i <gk <ji for all ke[u]

(here, we have removed all addends that don’t satisfy (ix < g, < ji for all k € [u])
from our sum, since shows that all these addends are 0). This proves
(56). O

We shall now extend (56) to infinite matrices. It is not always possible to
multiply two P x P-matrices A, B € RP*P when the set P is infinite; for exam-
ple, the product (1 )ZJGZ (1)1,]62 makes no sense because its entries would be

the divergent infinite sums ) 1. However, in some cases, such products are
kez
defined. One such case is when the matrices are upper-triangular and the set P

is equipped with an interval-finite total order. We recall the definition:

If P is a totally ordered set, and if i,j € P are two elements, then the interval
[i,j]p is defined to be the set {k € P | i <k <j}. A totally ordered set P is
said to be interval-finite if for any two elements i,j € P, the interval [i,j], =
{keP | i<k<j}is finite. If P is an interval-finite totally ordered set, and
if A= (aij);cp iep € RP*Fand B = (bij),p iep € RP*P are two upper-
triangular P x P-matrices, then the product AB is well-defined, since its (i, j)-th
entry (for all 7,j € P) is

) a; by, j = Y apby
kePp S~ kelif)p

=0 unless ke[i,j]p —_———
(because a; =0 when k<i, a finite sum,

whereas bk,j:O when k>j) since [i,]p is finite

Moreover, this product AB is itself upper-triangular (since [i,j], = @ unless
i <j).
We can now generalize to infinite matrices:

Proposition A.5. Let P be an interval-finite totally ordered set. Let A € RP*P
and B € RP*P be two upper-triangular matrices over R. Let u € IN. Let
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(i1,i2,...,1y) € P* and (j1,j2,-..,ju) € P" be two u-tuples of elements of P.
Assume thati; > iy > --- >i,and j; > j» > --- > j,. Then,

j1/j2/'~~/fu
det <SUbi1,i2,...,iu (AB))
_ 81,82,/ 8u jl/jZ/--«/ju
= 2 det (Subil,iz,...,iu A) det <SUbg1,gz,...,gu B) : (60)
8§1>82>>8u;
i <gr<ji for all ke[u]

Proof. If u = 0, then the claim is trivial (since the determinant of a 0 x 0-matrix
is 1). Thus, we WLOG assume that u > 1.

Pick two elements m_ € P and m; € P such that all the 2u elements
i1,12,. ., iu, j1,j2, . - ., ju belong to the interval [m_,m], (this is always possi-
ble: just let m_ be the smallest of these 2u elements, and m_ be the largest of
them). This interval [m_, m ], is finite (since P is interval-finite). Moreover, the
definition of m_ and m yields (i1,ia,...,iy) € [m—,my]p and (j1,j2,.--,ju) €
[m_, my]p.

Write the P x P-matrices A and B as A = (a; ) and B = (bi;),.p iep
iep, jep € RP*P we let C be
- € Rlm-mlpx[m-m+lp - (This
ij€[m—mi]p

is simply the submatrix of C in which only the rows and the columns indexed
by the elements of [m_,m.]p have been kept.) Thus, A = (a;) and

- - - ij€(m_mi]p
B= <bf/i)i,je[m,,m+]1,' Clearly, these matrices A and B are upper-triangular (since
A and B are).

It is easy to see that

i€P, jeP
For each upper-triangular P x P-matrix C = (c; ;)

the [m_,my|p x [m_,m]p-matrix (c;;)

AB=A-B. (61)
n

7Proof: Leti,j € [m_,my]p. Then, the (i,j)-th entry of AB is the sum ¥ a; kb j, whereas the

kep
(i,j)-th entry of A - B is the sum y a; by j. But these two sums are equal, since
ke[m_,my]p
Y aibei= ). Ak b+ ). aigbij+ ) ik by
kep kep; ~ kep; kep; S~~~
k<m_ . =0 ) m_<k<m k>m =0 )
(s1nce'k<m,§l N . (since k>m 4 >j
(because i€[m_,my]p), _ Y (because je[m_,m|p),
hence i>k, but B is er-triangular
but A is upper-triangular) Kelm—mi]p ut B is upper-triangular)
because each k € P satisfies
either k <m_orm_ <k <myork>my
= Z Obk,j + Z Eli,kbk,]' + Z a; 0 = Z ai’kbk,j.
keP; ke[m_,my]p keP; ke[m_,my]p
k<m_ k>my
———— —_———

=0 =0
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But we can apply to [m_,my]p, A and B instead of P, A and B (since
[m_, m]|p is finite). Thus we obtain

det (subfl’fz’ o (A B))
2s /Zu
_ 81,82/--/8u e ]1/]2/ /]ll D
= Z det (Subil,iz,...,iu A) -det ( ubg e, B) . (62)
8§1>82>">8u;
ikSngjk for all kE[u]

Here, the indices g1, 2, - - ., gu in the sum are supposed to belong to [m_, m.] P
but we could just as well relax this requirement and instead demand them to
belong to P, because the second condition “i < g < ji for all k € [u]” would
force them to belong to [m_, m |, anyway (indeed, if i < gi < ji forall k € [u],
then each k € [u] satisfies m_ < iy < g < jx < my and thus g € [m_, m,]p).
Thus, the sum on the right hand side of ranges over the exact same u-tuples
(81,82 ---,8u) as the sum on the right hand side of (60). Moreover, each such
u-tuple (81,92, - -.,Su) satisfies

blglngr rgug_subglrng /guA
112++slu 19,12,/

(since A is a submatrix of A that preserves the same indexing as A: i.e., the

(i, j)-th entry of A equals the (i, j)-th entry of A whenever the former is defined)
and L
] /]2/ /]ll D - ]1/]2/"-/]11
bg11/g2/ gu B — SUbglng/m/gu B
(similarly). Hence, we can rewrite as

det (sub]1 2l (}[ E))

11 /er rlu

I g1/g2/-~-/gu e ]1/]2/ r]u D
- y det (sub. Sy -det( ubl T, B)
g1>ng>~-~>g]?; , — _
<3k <] 11 ke g g &
h=8k=Jifora ] _Sszllzzz ruuA ZSUb]gl1]§2 guB
— g1/g2/-~-/gu J1/]2s++/]u
- )3 det (SUbil,iz,...,iu A) det (SUbngz,...,gu B) -
81>82>>8u;
iy <gi <ji for all ke[u]
In order to prove (60), it thus remains to show that
]1/]2/ /]u ]1/]2/ /]ll
subll/ZZ/ /Zu (AB) o Subl 12/ /lu <A B> (63)

But this is easy: We have

subfr (AB) = sublitl (4B)

11/12/ /114 Z1/12/ /114

So we have showed that the (i, j)-th entries of the matrices ABand A-B are equal Since we
have showed this for all 7,j € [m_, m]p, we thus conclude that AB=A-
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(since AB is a submatrix of AB that preserves the same indexing as AB: i.e.,

the (i, j)-th entry of AB equals the (i, j)-th entry of AB whenever the former is
defined) and thus

sub/!" (AB) = subl 2l (AB) = subl2 (A B).
182, lu 11,12,..,1y

llliZI"'/ u

N———"
oy 1)
This proves (63). Thus, our proof of is complete. O

Let us also record a simple property of determinants:

Lemma A.6. Let u € N. Let A = (A, Ap,...,Ay) and v = (vq,15,...,vy) be
two partitions of length < u. Let (c;;) € R" " be any u X u-matrix.

Then,

ijelu]

AVt _ (_1\IAM= .
det((( DA CZJ)i,je[u]) = (=1 det<<cl'1>i/j€[u}>'

Proof. For any i,j € [u], we have
(_1)/\,‘71/]‘71'+]' — (_1)()\i,1‘)+(]',1,j) _ (_1))\,‘*1' (_1)]'71/]‘ . (64)

But the matrix <(—1)A"_i (—1)7" Cz’,j) s iclu] is obviously obtained from the
ijelu

matrix (c;;) by the following operations:

i,j€u]
1. Scale the i-th row by the factor (—1)" " for each i € [u].
2. Scale the j-th column by the factor (—1)j i for each j € [u].

The effect of these operations on the determinant of the matrix is that the

u . u .
determinant gets multiplied by (H (—1)Ai_l) [1(—1)Y"" ] (because when
i=1 j=1
we scale a row or a column of a matrix by a factor A, the determinant of this
matrix gets multiplied by A). Thus,

det (((—1)?\11' (_1)]'*%‘ Ci’j)i,je[u]) = (ﬁ(—l)Aii> (.” (_1)]"’;‘) det <(Cif]')i,je[u]) .
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(” <—1>Aff) ( <—1>f”f)
i=1 j=1 y

/
~"

In view of

,

'

:(_1)(A1—1)+(A2—2)+...+(Au—u) (-1 (1=v7 )+ (2= )+ (u—va)

_1)(A1+/\2+~~~+Au)—(1+2+~~-+u) —(

~ ~—

1424+ +u) — (v +vp+-+vy )

—~

_1)
) MAAg+-+Ay) = (1424 +u) (_1)(1+2+-~~+u)—(v1+1/2+~-~—|—vu)

(1)’
(_1)((/\1+)\2+"'+/\u)—(1+2+-~~+M))+((1+2+-~-+u)—(1/1+1/2+---+1/u))
(_1)(/\1+)\2+...+/\u)—(V1+v2+--~+vu) _ (_1)|A|—|v\

(because A + Ay + -+ -+ Ay = [A| and v1 + 15 + - - - + v, = |v]), we can rewrite
this as

det (<(_1)Ai—i (_1)j—Vj Ci’j>i,]'€[u}) — (_1)\/\|—|v| det <(Ci/f)i,je[u]> .

Using (64), we can furthermore rewrite this as

R e — (—1)A= .

det ((( 1) CZ’]>i,je[u]> (~)M det ((cig), jepy) -

Thus, Lemma [A.6]is proved. O
We can now finish the proof of Lemma

Details for the proof of Lemma We must derive from (27).
Pick u € IN such that both ¢ (A) and ¢ (u) are < u. Thus, A = (A1, Ay, ..., Ay)

and p = ({1, U2, - -, Pu)-

Let R be the commutative ring A. Clearly, the totally ordered set Z is interval-
finite. Recall that both matrices H (V') and E (U) are upper-triangular matrices
in AZ*Z —= RZ*Z_ Hence, the matrix pd™(V/U) (E (U)) is upper-triangular as
well (since q)dim(v/ U is a ring endomorphism). Moreover, from yq > uy >

- > Hy (since p is a partition), we obtain yq —1 > up —2 > -+ > uy — u.
Similarly, Ay =1 > A —2> - > A, —u.

Thus, we can apply toP=Zand A =H (V) and B = ¢d™(V/U) (E (1))
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and iy = pix — x and j, = Ay —y. As a result, we obtain

M—=1,A=2,.. Ay— i
det <subﬂij/ﬂ;§wmrz (H (V) - (Pdlm(V/U) (E(U)) )

- 81,82,-,8u
- 81>82>Z >Qu; det (Subﬁlflz,uzfl...,yufu (H (V)))
o &ur
Hr—k<gr<Ar—k for all ke[u]

- det (subg) o142 2t ((lim(V/U) ( (u)) ) )
_ v1—1vm—2,..v,—u
N Sy >Z Sy det (SUbAul—LVZ—Z,...,]lu—u (H (V))>
12V 2 2Vy;
Mk —k<vp—k<Ap—k for all ke[u]

-det (subjl 72 2 (V) (B (u))) ) (65)
(here, we have substituted vy — k for g in the sum, noting that this substitution
transforms the chain of inequalities g1 > ¢» > --- > gy intov; —1 > 1, —2 >
-+ > v, — u, which is equivalent to v; > v > --- > v, because vy,12,...,vy
are integers). Of course, the condition “py —k < vp —k < Ay —k for all k € [u]”
under the summation sign in is equivalent to “py < v < Ay forall k € [u]”;
thus the summation sign can be rewritten as follows:

V2V > 20y, V2V > 20y, (v1,v2,0,V11)
pr—k<vg—k<Ay—k forall ke[u]  pp<vx<Ayforallk€[u] is a partition of length <u;
i <vg <Ay for all ke[u]

(because the condition “u; < v < Ay for all k € [u]” forces all v to be non-
negativ and then the condition “vy > v, > --- > v,” is simply saying that
(vq,va,...,vy) is a partition of length < u). Thus, we can rewrite as

1—Lpp—2,..,1uy—u
- Y det (sub}l “}%2 %t (H(V)))

”ll _1/]’12_2/“'/}’[“ —u
(V1/V2/“'/V1,l)

is a partition of length <u;
Hr < <Ay for all ke[u]

. det (SubAl—l,Az—z,...,Au—u <q)dim(V/U) (E (u)))) _

n—1Lv,-2,...v,—u

det (subﬁl_l’)‘rz"“’/\“_” (H (V) q)dim(V/ll) (E (u))))

8since it entails vy > ;> 0 for each k € [u]
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In view of (27)), we can furthermore rewrite this as

M=1A-2,..,Ay—
det (suby! ~}2 2l (H(V // U)))

- Y det (subll "}z %t (H(V)))

u1—Lpp—2,.. py—u
(V1/V2/~~-/Vu)

is a partition of length <u;
Hr < <Ay for all ke[u]

v=_11,V2,..,Vis)
is a partition of length <u;
uCvCa
(since the condition “py <vg <Ay for all ke[u]”
is equivalent to “uCvCA” when v=(v1,vy,...,vy))
AM—1A =2, A,—u dim(V/U
- det <Sub1/11—1,1/22—2,...,1/u—u <§0 (v/u) (E (U))) )

~

Y1) gt (sub 12 () i

v —Lvp—=2,..vy—u
(since (pdim(v/ Uisa ring morphism, and thus commutes
with taking determinants and submatrices)

- Y det (subly j72 5"t (H(V)))

=L pup—2,.. 4y —u
v=(v1,V2,..., Vi)

is a partition of length <u;
uCvCa

. dim(V/L) (det (Sub;\l—mz—z,..‘,)\u—u (E (u))>> _ (66)

n—1Luvn-2,...v,—u

Furthermore, if v = (v, 12, ...,1y) is any partition of length < u, then

—1v—2,..,v,—u o c—x+1
sl AT ) = (0 0 ),

(since H(V) = (¢"H <V)>i,jez>

— Ux—x+1
<(P Hy,—p—y+x (V)) xyelu]

and thus

u1—Lpup—2,... ,py—u

o foerl

= det <<§0 Hy, —pe—ytx (V)>x,y€[u})
B pi—j+1 L

= det ((cp J Hvz'*#rlﬂ (V)>j,ie[uJ)

= det ((qﬂ‘j‘]'-HHvimiﬂ (V))ijqu])

since the determinant of a matrix
equals the determinant of its transpose

= Sv/y (V) (by @) . (67)

d_et (subl/l—l,VZ—z,...,l/u—u (H (V)))
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The same argument (but with V and v replaced by V' // U and A) shows that

det (subiijﬁji%ﬁijz (H(V // U))>
=Sy (V//U).

Furthermore, if v = (v, 1,

(68)
..., V) is any partition of length < u, then
Sub/\lfl,/\zfz,...,)\ufu (E (u))

v1—1vm—2,.v,—u

o . Ay—y —(vx—x) Ay—
= (oW, g @)

(since E(U) ((—1)];1' ¢} (u)>i,jeZ)
_ <(_1)Ay7vxfy+x qDAy—yEAy_VX_yH(U))

x,y€u
and thus

det (Sub/\lfl,)\z—z,...,/\u—u (E (U))>

v1—1v—2,....v,—u

_ 1My Ve—yx A —y
det ((( 1M ¢ VEN, vyyix (W)Wdu])
— — )iV i L

det <(( 1) / q) E/\i—Vj—1+] (U)>],ZE[H]>

— det <<(_1))\1’Vji+j (P)\i—iE)Li—vj—i—l—j (u)>1]€[ul>

since the determinant of a matrix
equals the determinant of its transpose

_ (_1)I)\HV| det ((@AiiEA1Vji+f (u))ije[u])

N

:gx\/v(u)
(by (16))
(by Lemma applied to ¢;; = go)”*iEA,.fvjfiJrj (U))

= (—nM=Ms, ). (69)
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Using (67), and (69), we can rewrite the equality as

dim(V Al=lv| &
Sy (VI U) = ). Susu (V) - V1) ((—1)| =1 SA/V(U)>
V:(V1/V2/~~/Vu) ~ N~ -
is a partition of length <u; :(_1)\/\\7\14(Pdim(V/U)’S“MV(u)
pevel (since (pdim(V/ U is a ring morphism)

- )y (=DM Sy (V) D, ()

v=(v1,V2,..., Vi)
is a partition of length <u;
HCvCA

_ Z (_1)|M—|v\ Sv/],t (V) . godim(V/U)g/\/v (u) (70)

v is a partition;
uCvCAa

(here, we have removed the condition “v has length < u” from the summation
sign, since this condition is automatically implied by the condition “v C A”).
This is almost the desired formula (26). The only difference is that the right
hand side of contains more addends than the right hand side of , since
the partition v is not required to satisfy u C v C A in (26). However, this
difference is immaterial: If a partition v does not satisfy u C v C A, then

* it either fails to satisfy 4 C v, in which case we have S, ,, (V) = 0 by @)
and therefore

(_1)|A\f|v\ Sv/y (V) . (Pdim(V/u)g)\/v (u) —0;
=0 ~

e or it fails to satisfy v C A, in which case we have S, /, (U) = 0 by and
therefore

(_1)‘/\|_|V| Sl//y (V) X gOdirn(V/U) S/\/l/ (u) —0.
=0

In both cases, we obtain (—1)*71V! Sv/u (V) @dim(V/U)g, , (U) = 0. Thus,
all addends on the right hand side of that don’t appear on the right hand
side of are 0, and therefore do not affect the sum. Consequently, the two
right hand sides are equal. Thus, follows from , so that the proof of
Lemma is complete. O

A.2. Appendix: Proof of Theorem [1.]]

To prove Theorem we need two simple functoriality lemmas. The first is a
functoriality for the S,:
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Lemma A.7. Let A and B be two commutative F-algebras. Let ¢ : B — A be
an F-algebra morphism, and let V be a finite-dimensional F-vector subspace
of B. Assume that the restriction ¢ |y is injective. Let A be a partition. Then,

P (Sa (V) =Sx(p(V)).

Proof. Pick a basis (v1,v,...,v,) of the F-vector space V. Then, the n-tuple
(¥ (v1),¢ (v2),...,¥ (vy)) is a basis of ¥ (V) (since the restriction ¥ |y is injec-
tive). Hence, dim (¢ (V)) =n =dim V.

We are in one of the following two cases:

Case 1: We have £ (A) > n.

Case 2: We have / (A) < n.

Consider Case 1 first. In this case, ¢ (A) > n. Hence, A has length ¢ (A) >
n = dim V. Thus, {#) shows that S, (V) = 0. But A also has length £ (A) > n =
dim ( (V)), and therefore (4) shows that S, (¥ (V)) = 0. Hence, Lemma
holds in Case 1 (since both S, (V) and S, (y (V)) are 0).

Let us now consider Case 2. In this case, £ (1) < n. Now, (3) yields S, (V) =
Sx(v1,vy,...,v4), and similarly

Sa(@ (V) =Sa (@ (1), ¢ (v2),--, ¢ (vn))
(since (¢ (v1),¢¥ (v2),...,¢ (vn)) is a basis of ¢ (V)).

However, Sy (v1, 0y, ...,0,) is defined by substituting v1, vy, ..., v, for x4, x2,. .., X,
into a certain polynomial A5/ As € F [x1,x2,...,Xx,]; likewise,
Sy (v1),¢ (v2),...,9P (vn)) is defined by substituting i (v1) , ¢ (v2),..., P (Vi)
into the same polynomial. Hence,

Sa(@(v1), ¥ (v2),-., 9 (0n)) = ¢ (Sr (01,02, -, 0n))

(since 1 is an F-algebra morphism and thus commutes with polynomials). In
other words, Sy (¥ (V)) = ¢ (Sx (V)) (since Sy (¢ (V) = Sr (¢ (v1), ¢ (v2), ..., P (vn))
and S, (V) =S, (v1,v2,...,v,)). Thus, Lemma is proved in Case 2.

We have now proved Lemma in both Cases 1 and 2. Hence, Lemma |A.7]
always holds. [

Our next functoriality lemma says that internal quotients are functorial with
respect to F-algebra morphisms that are injective on the relevant subspaces:

Lemma A.8. Let A and B be two commutative F-algebras that are integral
domains. Let ¢ : B — A be an F-algebra morphism, and let U C W be two
finite-dimensional F-vector subspaces of B. Assume that the restriction ¢ |
is injective. Then, ¥ |/ is an F-vector space isomorphism from W // U to

Y (W) 7/ ¢ (U).
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Proof. We assumed that the restriction ¢ | is injective. Hence, the restriction
P |y is injective as well (since U C W). Thus, the map U — ¢ (U), u — ¢ (u)
is a bijection.

By definition of internal quotients, we have

W/ U= fu(W) = {fu@w) | wew}

:{H(w+u) ]weW} (71)

uel

(since each w € W satisfies fi; (w) = fur (w) = [1 (w + u) by the definition of
uel
fu) and similarly

¢(W)//¢(U)={ [[ w+u) | wElP(W)}' (72)

uep(U)

Applying the map ¢ to both sides of (71), we find

1/J(W//U):1/)<{H(w+u) | weW})

uel

:{47 (H(w+u)> | wew}. (73)
uel

However, each w € W satisfies

¢(H(w+u)>

ueld

=T (¥ (w) + ¢ (u) (since ¥ is an F-algebra morphism)

uel

=[] W@ +uw

ueyp(U)

(here, we have substituted u for ¢ (u) in the product, since the map U —
Y (U), u— ¢ (u) is a bijection). Thus, we can rewrite as

w(W//U){ [T W) +u) | weW}

ueyp(U)

{ [[ w+u) | w€¢(W)}

ueyp(U)
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(here, we have substituted w for i (w) in the set, since 1 (W) is the set of all
¥ (w) with w € W). Comparing this with (72), we obtain

yW/U) =y W)/ U).

Thus, the restriction ¥ |y ,/u is a well-defined and surjective map from W // U
to ¢ (W) // i (U). Of course, this restriction is furthermore F-linear (since ¢ is
F-linear). It remains to prove that it is injective; then (combined with F-linearity
and surjectivity) it will automatically follow that ¢ |,/ is an isomorphism.
So let us prove that ¢ | is injective. Since ¥ |/ is F-linear, it suffices
to show that Ker (¢ |w /) = 0.
Soletr € Ker (¢ |wyyu)- Thus,r e W// Uand ¢ (r) =0. Sincer e W // U =

fu (W), we can write r as ¥ = fi; (w) for some w € W. Consider this w. Then,

r=fu(w)=fu(w)=T] (w+u)

uel

(by the definition of fi;), and thus

P =y (Hu(w+u>> = 11 (@) +¢ ()
(since 1 is an F-algebra morphism), so that ulgu (Y (w)+¢u) =¢(r) =0.

Since A is an integral domain, this entails that ¢ (w) + ¢ () = 0 for some u € U
(because a product in an integral domain can only be 0 if one of its factors is

0). Consider this u. Thus, ¥ (w) + ¢ (u) =0, so that ¢ (w) = —¢ (u) = P (—u)
(since ¥ is an F-algebra morphism). Since ¢ | is injective (and since w € W
and — u € —U C U C W), we thus conclude that w = — u € —U C
u eu
S

U C Ker fy (since we know that fi; always contains U in its kernel). Thus,
fu (w) =0, so that r = fi; (w) = 0.

Forget that we fixed r. We thus have shown that » = 0 for each € Ker (¢ |w /u)-
Hence, Ker (¢ |w/u) = 0, so that ¢ |/ is injective. As we explained above,
this completes the proof of Lemma |A.8 O

We can now derive Theorem from Theorem

Proof of Theorem We cannot directly apply Theorem since we have not
assumed that the Frobenius morphism ¢ : A — A is invertible. Instead, we
shall apply Theorem to a new F-algebra B whose Frobenius morphism is
invertible, and then transport the result to A via an F-algebra morphism.

Here are the details: Let n = dim V, and pick a basis (v1,v,...,v,) of the
F-vector space V. Let B be the polynomial ring F [x1,xy,...,X,] in n indeter-
minates. By its universal property, there is an F-algebra morphism ¢ : B — A
that sends each x; to v;. Consider this . Let W be the F-vector subspace of
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B spanned by x1,x),...,x, (that is, the space of all homogeneous polynomi-
als of degree 1 in B). Then, the F-linear map ¢ sends the basis (x1,x2,...,X,)
of W to the basis (v1,v2,...,v,) of V. Thus, ¢ restricts to a vector space iso-
morphism from W to V. In particular, the restriction ¢ | is injective, and
we have ¢ (W) = V. Moreover, the lines L C V are exactly the images of the
lines M C W under this isomorphism from W to V, and this yields a 1-to-1
correspondence M +— 1 (M) between the lines M C W and the lines L C V.
However, Remark (@) (applied to B instead of A) shows that B can be
embedded into a larger commutative F-algebra B whose Frobenius morphism
¢ : B — B is invertible. Consider this larger algebra B. Moreover, B is an
integral domain (again by Remark (a)). Hence, we can apply Theorem

to B, W and @ instead of A, V and . This yields

SaioW)= Y SusW/L)= Y Sys(W//M).
LCW line MCW line

In view of (8), we can rewrite this as

SSW)= Y. Sy(W/M). (74)
MCW line

This is an equality in B, thus an equality in B (since both of its sides lie in the
subring B of B).

Let us now apply the F-algebra morphism ¢ : B — A to both sides of this
equality. Thus, we find

pSx(W) =9 < Y., S\(W// M))

MCW line

= Y pSa(W/ M) (75)
MCW line
(since ¢ is F-linear). However, Lemma (applied to W instead of V) yields
P (Sy(W)) = Sy (¢ (W)) (since the restriction ¢ | is injective). In view of
i (W) = V, we rewrite this as ¢ (S) (W)) = S, (V). Comparing this with (75),
we obtain
SS(Vy= Y. ¢9(Sa(W/ M)). (76)
MCW line
Now, let M C W be a line. Then, Lemma (applied to U = M) yields
that ¢ |y ,/m is an F-vector space isomorphism from W // M to ¢ (W) // ¢ (M).
Hence, in particular, the restriction ¢ |y ;5 is injective, and we have i (W // M) =
K(W) /(M) =V // ¢ (M). Therefore, Lemma |A.7| (applied to W // M in-

~

=V
stead of V) yields

YA WA M))=Sa |y (W M) | =S, (Vg (M)).
~——

N —

=V//$p(M)
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Forget that we fixed M. We thus have proved that
P(SAy(W//M))=S5,(V//yp(M)) for each line M C W.

Thus, we can rewrite (76) as

SS(Vy= Y Sa(V/pM)= Y Sy (V/L)

MCW line LCV line

(here, we have substituted L for i (M) in the sum, since we have a 1-to-1 corre-
spondence M +— 1 (M) between the lines M C W and the lines L C V). Thus,
Theorem [1.1]is proved. O
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