A left ideal Gelfand model for the
symmetric group

Sarah Brauner, Patricia Commins,
Darij Grinberg, Franco Saliola

working draft, April 1, 2026

Contents

(1. Introduction|

[2. General theorems on multiplicity-free left ideals|

2.1. Basics and definitionsl . . . ... .. ... ... ... . .

R.2. Commutativity of Endy Jand J[/,J]] =0 . ... ............
2.3. Leftideals of A are generated by idempotents| . . . . ... ... ...
4
5

R.4. Commutativity of [Jand of K¥J| . . . . ... ..............

. Some 1-dimensional spaces| . . . ... ... ... ... 0 0L
R.6. Closerstudyof /]| . . ... ... ... ... ..........
R7 Splitness| . .. ...... ... ... ... .. ... ... ..
2.8. The left ideal ] as a nonunital algebra] . . . ... ...... ... ...
2.9. The nonunital subalgebra JJ| . . ... ... ... ... ... ... ..
2.10. Appendix: Sums of non-isomorphic irreducibles are direcf . . . . . .

3.3. The filtration (Gyu),e| - - - - - - o o oo
3.4. Proving the Geltandness half-combinatorially| . . ... ... ... ..
B.4.1. The nonvanishing: statement| . . . . ... ............
B.4.2. (%) The nonvanishing: bad proof] . . . ... ...........
B.4.3. The nonvanishing: good proof] . . ... .............
B.4.4. Consequences of nonvanishing . . . .. ............ .

4.5.  Proof of th ltand modell . . . . .. ... ... ... L.
B.5. Further corollaries| . ... ... ... ... ... .. ... .. ...,
B.6. The decomposition of G, into Specht modules| . . . . ... ... ...




Left ideal Gelfand model page 2

.7._Relation to the involution Gelfand modell . . . . . .. ... ... ... 52

B.8. Questions] . . . . .. . . . ... e 54

4. The dyadic shuffles 54
4.1. Definition via matchings| . . . . ... ... ... ... .. ... ... .. 54
4.2, Definition vi NtSl . . e e 55
4.3. Commutativity and integrality of eigenvalues| . . . . ... ... ... 61
4.4. The bottom-to-random connection| . . . . . .. ... ... ....... 62
45, Connectionwithwp|. . . . ... ... ... .. ... ... ........ 67

This is a working draft. It will need a lot of editing. Some of the lemmas are
probably redundant or can be found in the literature. Sections marked with (*)
contain ideas and to-do lists rather than actual results, and will likely be removed
(if the ideas don’t work out) or elaborated upon (if they do).

This paper will likely be split into two eventually.

1. Introduction

Ever since Alfred Young’s legendary “On quantitative substitutional analysis” pa-
per series [Young?77], the group algebra Q [S,] of the symmetric group S, has been
studied as the origin of permutational symmetries on vectorial objects such as poly-
nomials and tensors. While the representations of the algebra (i.e., of the symmetric
group) are well-understood at least in characteristic 0, there has come forth a steady
stream of remarkable families of elements of Q [S,| that exhibit surprising, nontriv-
ial and often deep properties. We shall refer to these elements as shuffles, as many
of them (viz., those with nonnegative coefficients) can be interpreted as random
ways to shuffle a deck of cards. Some of these shuffles actually originated in this
card-shuffling context, such as the top-to-random, bottom-to-random and Gilbert-
Shannon-Reeds shuffles (see [DiaFul23|] for these and many others), though the
latter have independently arisen in the study of Hochschild cohomology of com-
mutative algebras (see [GerSch87] and [DiaFul23, §5.6E|). Others originate, e.g.,
in Lie theory (the Dynkin and Klyachko idempotents [Reuten93, Theorem 8.16],
[BleLau92]) or in real algebraic geometry ([KarPur23, §3]).

Two particularly mysterious families of shuffles in Q [S,] were constructed in
the memoir [ReSaWell|] by Reiner, Saliola and Welker. The first of them - the
random-to-random shuffles, denoted V(k,lﬂ*k) in [ReSaWell]] — has since seen its main

properties proved ([DieSall8|], [Lafren19], [AFBCCL24], [BCGS25]). We shall here
study the second, which we call the dyadic shuffles (V(Zk 1n-2%) in [ReSaWelll). De-

spite these two families being constructed in parallel ways in [ReSaWell] (as “sym-
metrizations” of BHR shuffles) and — to some extent — having analogous proper-
ties, we have found their similitude to be shallow, and the proofs we will give use

!Not all of us agree with the characterization of Hochschild cohomology as “an esoteric part of
modern algebra”.
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methods entirely different from those that have worked for the first family. (In
particular, while the first family can be g-deformed into the Hecke algebra, no such
deformation has been found for the second family.)

The easiest way to define these dyadic shuffles is by

Sy = )_ incmaty (w)w € Q[S,]

weSy,

1
for all n,k € IN, where incmaty (w) denotes o times the number of ways to

choose 2k distinct elements il,iz,...,ik,jl,jz,...,jk € {1,2,...,n} such that each
pe{1,2,...,k} satisfies i, < j, and w (i,) < w (jp). (Alternatively, we can remove
the — factor and instead impose the additional condition i; < iy < --- < i}.) As an

k!
example, using one-line notation, incmat, (13254) = 10. (This is a restatement of

Definition below, except that we shall use an arbitrary field k of characteristic
0 instead of the Q here.) Clearly, S, is a known central element (the sum of all
permutations in S;), while S,  is just 0 when 2k > n. It is the intermediate shuffles
Sut, Sz Sy 1n/2) that are interesting.

The major surprises — already proved in [ReSaWell| Theorem 1.6] — are that

(@) these shuffles S0, Sp1, Snp, - - - all commute, and

(b) each of them has nonnegative integer eigenvalues (when acting by left or right
multiplication on Q [S,] or on any representation of Q [S;]).

The proofs in [ReSaWell] rely fundamentally on a Gelfand model of S,: a rep-
resentation of S, that can be decomposed as a direct sum of all irreducible rep-
resentations (i.e., all Specht modules S* with A a partition of 1), each appearing
exactly once. The specific model constructed in [ReSaWell, §5.1] is the Whitney
homology of a poset, or rather a copy thereof in Q [S,] identified using character
computations.

In the present work, we shall simplify this by finding a much simpler Gelfand
model of S;: Namely, our Gelfand model is

G == span (Gi, iy, s ivjoric | 110020+ s ik 1o 2, - - -, Jk € [1] are distinct) € Q[S,],

where
R -1
Gi1,i2,---,ik) Jrj2rdfi " Z w " eQ [S”] :

wWESy;
w(is)<w(js) for all s€{1,2,....k}
This is a left ideal of Q[S,], thus a representation, and we will show that it is
a Gelfand model using the basic theory of Specht modules. It is related to the
classical Gelfand model of Kodiyalam—Verma [KodVer04] and Adin-Postnikov—
Roichman [AdPoRo08, Theorem 1.2]; in fact, it has a filtration whose associated
graded object is canonically isomorphic to the latter. More usefully for us, it con-
tains all the dyadic shuffles S, ;, and even better, we have S, ; € G*G, where *

April 1, 2026
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denotes the antipode map of Q [S,] (the linear map sending each permutation to
its inverse). This alone is sufficient to prove the above properties (a) and (b) by
general properties of Gelfand models. In fact, our paper begins with a general
study of Gelfand models of S, (most of them generalizable to finite-dimensional
split semisimple algebras, though we don’t elaborate on this).

We then move on to proving new properties of the dyadic shuffles. Among them
are the identities

(n i ék - 1)) Spj—1=Suk (Bn— (n—2k)) = (B, — (n—2k)) Sy,

where B, is the bottom-to-random shuffle (i.e., the sum of the cycles (n,n —1,...,j)
forallj€{1,2,...,n}), and

k . .
B B i(n—2i\ (2k—2i)!
wWoSy k = Spxwo = ;:0: (1) (Zk _ Zi) 2k (=)t i)!Sn,ir

where wy € S, is the permutation sending 1,2,...,nton,n—-1,...,1.

Finally (TODO: this part needs to be written up), we take a bite off one of the
open problems of [ReSaWelll], namely the computation of the eigenvalues of the
S, x acting on Specht modules S*. For general reasons, at most one of these eigen-
values is nonzero for each choice of k and A (which means that it can also be viewed
as the trace of S, acting on S A, that is, as its value under the irreducible character
corresponding to A); this nonzero value is a positive integer. But a combinato-
rial or even just manifestly positive formula for this value is far from known (see
[ReSaWell, Problem 5.5]). Lafreniére conjectured a formula [Lafren19, Conjecture
142] for all hook-shaped partitions A as well as general recursions which hold for all
A. We prove each of her conjectures (TODO).

Plotlines: After this introduction, the paper is structured as follows:

1. In Section |2, we prove general properties of multiplicity-free representations
and Gelfand models of S,, over a field k of characteristic 0. We suspect that
these are folklore to the experts, but we could not find them explicitly stated
in the literature, whence we lay out the (fairly easy) proofs here.

2. In Section 3, we construct the left ideal G of k[S,] and prove that it is a

Gelfand model of S;,. We furthermore study its canonical filtration and use it
to recover the results of [KodVer04] and [AdPoRo08, Theorem 1.2].

3. In Section [}, we introduce the dyadic shuffles S, x and prove various identi-
ties holding for them. We reprove their commutativity and the nonnegative
integrality of their eigenvalues using the Gelfand model G.

4. In Section ?? (TODO), we examine the eigenvalues of the S, k. First, we prove
Lafreniere’s conjectures on recursions satisfied by the eigenvalues of S, as
k grows. Then, we prove her conjecture for the eigenvalues of S, on hook-
shaped Specht modules.

April 1, 2026
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Notations. We shall follow the notations of [Grinbe24] whenever possible (but
not in the notations for the antipode and the dual space). We fix a field k of char-
acteristic 0. Rings and algebras are associative and unital by default. We let n be a
nonnegative integer, and S, be the symmetric group of the set [n] := {1,2,...,n}.
The group algebra k [S,] of this group will be denoted by .A. The notation “A - n”
means “A is a partition of n”. Young diagrams will be drawn in English notation.
The Specht modules (i.e., the irreducible representations of S,, constructed using
polytabloids) are denoted by S*, where A I~ n. Further notations will be introduced
along the way.

2. General theorems on multiplicity-free left ideals

In this section, we shall study the general behavior of a multiplicity-free represen-
tation of S,. Many of our results are likely to be implicit in the literature in some
form or another, and generalize far beyond the case of S,-representations, but we
will restrict ourselves to S, to keep our focus.

2.1. Basics and definitions

Let k be a field of characteristic 0. Let n € IN. Consider the symmetric group S,.
Let A be the group algebra k [S,,]. Thus, the representations of S, over k are the
left A-modules. We recall that the k-algebra A is semisimple; thus, each repre-
sentation of S;, can be decomposed as a direct sum of irreducible representations.
The irreducible representations of S, are (up to isomorphism) the Specht modules
S corresponding to the partitions A of n. Moreover, each Specht module S* is
absolutely irreducible, i.e., satisfies

End 4 <S)‘) ~ Kk (1)

as k-algebras. For the proofs of these facts, see [EGHetc11), §5.12-§5.13] (or combine
[Grinbe25, Proposition 4.5] with the fact that a k-algebra that is = k as a k-module
must also be = k as a k-algebra). Note that every irreducible representation I of
Sy is isomorphic to some Specht module §*, and thus satisfies

End 4 >k )

as k-algebras (by (I))).

April 1, 2026
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A representation of S, is said to be multiplicity-free if it can be written as a direct
sum of mutually non-isomorphic irreducible representations of S;,,. Well-known ex-

amples of multiplicity-free representations are the restrictions Resﬁi*l S* of Specht

modules S of the symmetric group S, 1 (see, e.g., [Sagan01, Theorem 2.8.3 part
1]). We shall, however, focus on a different source of examples.

Let | be a left ideal of the group algebra A such that | is multiplicity-free as
a representation of S, (that is, | can be written as a direct sum of mutually non-
isomorphic irreducible representations of S;;). We shall derive some properties of
J from this. In Section {4} these will be used to provide an alternative proof of
[ReSaWell, Theorem 1.6]; they also yield some stronger claims along the same
lines.

2.2. Commutativity of End4J and J[],]] =0

The following is a well-known property of multiplicity-free modules over a split
semisimple algebra:

| Proposition 2.2.1. The endomorphism algebra End 4 | is commutative.

Proof. Let ] =1 ® I, ® - - - ® Iy be a decomposition of | into irreducible subrepre-
sentations (this exists because A is semisimple). Then, these irreducible addends
Ii,I,. .., I are pairwise non-isomorphic (since | is multiplicity-free), and thus their
pairwise hom-spaces Hom 4 (I, I) with a # b are all 0 (by Schur’s lemma or by
[Grinbe25, Proposition 4.5]). Hence, the canonical “block-diagonal” embedding

k
[[End4 (L) = Endy (h® L& &),
j=1

fi 0 -~ 0
0 .0
Guforfi s | © " L
o o --- fk

is surjective (since any endomorphism f € Endy (I1 @ L & - - - @ Ii) that does not
lie in its image would have a nontrivial projection on some Hom 4 (I, ;) with
a # b). Therefore, this embedding is a k-algebra isomorphism. Thus, we have the
k-algebra isomorphism

k k
Endy] =Endq(h@L®- @ L) =[[Enda ([;) 2] [k =K~

]

~

~k
(by @)

Hence, End 4 | is commutative, since k¥ is commutative. O

April 1, 2026
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Recall that the commutator [u,v] of two elements u,v € A is defined to be uv —
vu € A. Furthermore, the commutator [U, V] of two k-vector subspaces U and V of
A is defined to be the span of all commutators [u,v] = uv — vu with u € U and
veV.

| Theorem 2.2.2. We have [ [],]] = 0.

Proof. 1t suffices to show that J[a,b] =0 foralla € Jand b € J. So let us fixa € |
and b € J. Consider the map

pa:]— 7,

X — Xxa.

This map p, is well-defined (since a € | and since | is a left ideal), and is left .A-
linear. Thus, p, € End 4 J. Similarly, we can define an analogous map p, € End 4 |
that sends each x to xb. Since End 4] is commutative (by Proposition 2.2.T), we
have p; 0 pp = pp © ps. In other words, each x € | satisfies xab = xba. In other

words, each x € ] satisfies x [a,b] = 0. In other words, [ [a,b] = 0. This proves
Theorem O

Note that the “opposite” version [],]]] = 0 of Theorem does not hold in
general.

Remark 2.2.3. More generally, Proposition and Theorem hold if we re-
place A by any finite-dimensional semisimple k-algebra R with the property that
all irreducible left R-modules satisfy (2). Indeed, the above proofs use nothing
but the conditions we just listed.

2.3. Left ideals of A are generated by idempotents

For our next vanishing commutator theorem, we need a general property of left
ideals of group algebras ([Weyl53, Theorem (3.7.A)]):

Theorem 2.3.1. Let G be a finite group. Let I be a left ideal of the group algebra
k[G]. (We are still assuming that k has characteristic 0.) Then, there exists an
idempotent e € I such that I =k [G] -e.

Proof. A left ideal of k [G] is a left G-subrepresentation of k [G]. Thus, Maschke’s
theorem shows that there is a left k [G]-linear projection v : k [G] — I. Consider
this 7.

Set e := (1) (where 1 is the unity of k [G]). Then, e € I. Thus, k[G]-e C I
(since I is a left ideal). Furthermore, each x € I satisfies

x =77 (x) (since 7T is a projection onto I)
=7 (xl)=xm(1) (since 7t is left k [G] -linear)
\;,e-/
= xe.

April 1, 2026
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Applying this to x = ¢, we find e = ee. This shows that ¢ is idempotent. Further-
more, I C k[G] - e (since we showed that each x € I satisfies x = xe € k[G] - e).
Combined with k [G] - e C I, this yields I = k[G] - e. Thus, the proof of Theorem
is complete. O

Remark 2.3.2. More generally, Theorem holds if we replace k [G] by any
finite-dimensional semisimple k-algebra (since Maschke’s theorem is a general
property of such algebras).

2.4. Commutativity of [*] and of K*]

Next, let us consider the antipode of the group algebra k [S,]. This is the k-linear

map from k [S,] to k[S,] that sends each w € S, to w~!. This antipode will be

denoted by x +— x*. It is known to be an involutive k-algebra anti-automorphism
(see [Grinbe24, §3.11.4], where this map is denoted by S). We let |* denote the
image of the left ideal | under this antipode. We now claim the following;:

| Theorem 2.4.1. We have [J*], J*]] = 0.
More generally:

Theorem 2.4.2. Let K be a further left ideal of A that is multiplicity-free as a
representation of S,,. Then, [K*], K*]] = 0.

Before we prove this, we pave our way with several well-intended lemmas. The
first is a well-known basic fact about rings (see, e.g., [EGHetcl1l, Lemma 5.13.4]):

Lemma 2.4.3. Let R be a ring, and let M be a left R-module. Let ¢ € R be
idempotent. Then, Hompg (Re, M) = eM as abelian groups (where Hompy denotes
the hom-space of left R-modules).

Moreover, if R is a k-algebra, then this isomorphism is an isomorphism of
k-vector spaces.

Proof of Lemma (sketched). 1t is easy to see that the maps
Hompg (Re, M) — eM,
frrfle)
and

eM — Hompg (Re, M),
x — (Re > M, r+— rx)
are Z-linear and mutually inverse. Thus, they are isomorphisms of abelian groups.

When R is a k-algebra, they are furthermore k-linear and thus are isomorphisms
of k-vector spaces. O

April 1, 2026
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Lemma 2.4.4. Let V and W be two left ideals of A that are non-isomorphic and
irreducible as representations of S;,. Then, VIW = 0.

Proof. The irreducible representations V and W are non-isomorphic. Hence, Schur’s
lemma shows that Hom 4 (V, W) = 0. In particular, for any x € W, the map

V—-W,
yr—=yx

must be 0 (since this map is left A-linear and thus belongs to Hom 4 (V, W) = 0).
But this means that yx = 0 for all y € V and x € W. In other words, VIW = 0,
ged. O

Lemma 2.4.5. Let e € A be an idempotent such that the left A-module Ae is
irreducible. Then, the left A-module Ae* is also irreducible.

Proof. Assume the contrary. Then, the left A-module .Ae* is not irreducible.

First, we observe that Ae # 0 (since Ae is irreducible), so that e # 0 and therefore
e* # 0 (since the antipode map A — A, x — x* is bijective). Therefore, Ae* # 0.

But we assumed that Ae* is not irreducible. Hence, Ae* is not indecomposable
(by the Maschke theorem). Since Ae* # 0, this shows that Ae* is a direct sum
P @ Q of two nontrivial left .A-submodules P and Q. Consequently, the hom-space
Hom 4 (Ae*, Ae*) has dimension > 2 (since it contains at least the projections onto
P and Q).

But Lemma (applied to R = A and M = Ae) yields Hom 4 (Ae, Ae) = eAe.
Thus,

eAe = Homy (Ae, Ae) = End 4 (Ae) =k

(by (@), applied to V = Ae, since Ae is irreducible).

Applying the antipode anti-isomorphism 4 — A, x — x* to ede = k, we
obtain e*A4e* = k. Furthermore, ¢ is idempotent, so that ¢* is idempotent as
well (since x — x* is an algebra anti-morphism). Thus, Lemma yields
Hom 4 (Ae*, Ae*) = e*Ae* = k, so that dim (Hom 4 (Ae*, Ae*)) = dimk = 1.
This contradicts the fact that the hom-space Hom 4 (Ae*, Ae*) has dimension > 2.
This contradiction shows that our assumption was false. Hence, Lemma is
proved. O

Lemma 2.4.6. Let V and W be two left ideals of A that are irreducible as repre-
sentations of S,,. Then, dim (V*W) < 1.

Proof. We know that V is a left ideal of the algebra A = k[S,|. Hence, Theorem
(applied to G = S, and I = V) shows that there exists an idempotent e € V
such that V =k [S,] - e. Consider this e. Then, V = k[S,,] - e = Ae. Hence, the left
A-module Ae is irreducible (since V is irreducible). Thus, Lemma yields that
the left A-module Ae* is irreducible.

April 1, 2026
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The element e is idempotent. Hence, ¢* is idempotent as well (since the antipode
A — A, x — x* is an algebra anti-morphism). Therefore, Lemma (applied
to A, W and ¢* instead of R, M and e) yields Hom 4 (Ae*, W) = e*W as k-vector
spaces.

But all irreducible left A-modules I satisfy Hom 4 (I,I) = End4 I = k (by (2))
and thus dim (Hom 4 (I, I)) = 1. Hence, any two irreducible left A-modules P and
Q satisfy dim (Hom 4 (P, Q)) < 1 (indeed, dim (Hom4 (P,Q)) is 1 if P = Q and
0 otherwise). Thus, in particular, dim (Homy (Ae*, W)) < 1 (since Ae* and W
are two irreducible left A-modules). In view of Hom 4 (Ae*, W) = ¢*W, we can
rewrite this as dim (e*W) < 1.

However, AW = W (since W is a left ideal of A). From V = Ae, we obtain V* =
(Ae)* = e* A, so that VW = e* AW = ¢*W. Thus, dim (V*W) = dim (e'W) < 1.

This proves Lemma O

Proof of Theorem Decompose the S,-representation | as a direct sum of irre-
ducible subrepresentations:

J=h®Lh®d D

These subrepresentations [y, J», . . ., J are pairwise non-isomorphic (since | is multiplicity-
free). Likewise, decompose the S,-representation K as a direct sum of pairwise
non-isomorphic irreducible subrepresentations:

K=Ki®oKy®---DK,.

Now, we have .
]:]1@]2@"'@]k:z;]i ©)

and similarly i

/
K=Y K.
j=1

The latter equality entails (by applying the antipode to both sides)
K" =) K. (4)
Multiplying this with (3), we find
4 k
K] = (LK) (L) =Xk
j=1 i=1 ji

Hence, in order to achieve our goal (of showing that [K*], K*]] = 0), it shall suffice
to prove that

KiJiy K| =0 (5)

April 1, 2026
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foralli,u € {1,2,...,k} and j,v € {1,2,...,¢}. So let us prove this.
Fix i,u € {1,2,...,k} and j,v € {1,2,...,¢}. We must prove . Our proof
depends on some cases:

e Case 1: Assume that i # u. Then, the left A-modules J; and [, are not iso-
morphic (since [y, J2, ..., Jx are pairwise non-isomorphic). Thus, Lemma
(applied to V = J; and W = ], yields J;J, = 0. The same argument (with the
roles of i and u interchanged) yields J,J; = 0. Now,

Kilo K| SKT Koly +Kou KiJi S K Jifu + K5 July =0,
—~— - ~— ~—

A= AT, =0 -
since [, is a (since J; is a
left ideal) left ideal)

In other words, [K]* Ji, K3 ]u} = 0. Hence, (5) is proved in Case 1.

e Case 2: Assume that j # v. Then, the left A-modules K; and K, are not
isomorphic (since Ky, Kj,...,K, are pairwise non-isomorphic). Hence, ma
(applied to V = K; and W = Ky) yields K;K, = 0. Applying the an-
tipode (i.e., the algebra anti-automorphism a — a*) to this equality, we obtain
K¥K; = 0 (since (KiKo)™ = K7K?). The same argument (with the roles of j
and v interchanged) yields Ki K = 0. Note that K; is a left ideal of A; hence,
AK; = Kj. Applying the antipode to this equality, we obtain KA = K.
Similarly, K3.A = K;. Now,

Ky Kol € KT KiJut KoJy KiJi © KK Ju+ KK Ji = 0,
CKr A=K CK3A=K3 \-;/0-/ -

In other words, [K]* Ji, K3 ]u} = 0. Hence, (5) is proved in Case 2.

® Case 3: Assume that i = u and j = v. Lemma (applied to V = K;

and W = ;) yields that dim (K]* ]i) < 1 (since K; and J; are left ideals that are
irreducible as representations of S;;). Thus, any two elements of K]* J; are scalar
multiples of each other (unless one of them is 0), and therefore commute. In

other words, [K;k i, K]* ]i] = 0. Since i = u and j = v, we can rewrite this as

[K}k]i, K3 ]u} = 0. Hence, (5) is proved in Case 3.

We have now proved (5) in all three cases. Hence, (5) always holds. As explained
above, this yields [K*], K*J] = 0 and thus proves Theorem [2.4.2] O

April 1, 2026
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Remark 2.4.7. More generally, Theorem and the lemmas we used in its
proof hold if we replace A by any finite-dimensional semisimple k-algebra R
with the property that all irreducible left R-modules satisfy and with an
algebra anti-automorphism R — R, a — a*.

2.5. Some 1-dimensional spaces

Recall that | is a left ideal of A that is multiplicity-free as an S,-representation.

Lemma 2.5.1. Let K be an irreducible representation of S,. Then,
dim (Homy (J,K)) < 1.

Proof. Decompose the S,-representation | as a direct sum of irreducible subrepre-
sentations:

J=heh® &

These subrepresentations [y, /2, . . ., J are pairwise non-isomorphic (since | is multiplicity-
free). Hence, at most one of them is isomorphic to K. In other words, we are in one
of the following two cases:
Case 1: There is a unique i € {1,2,...,k} such that J; = K.
Case 2: Thereisnoi € {1,2,...,k} such that J; = K.
Let us first consider Case 1. In this case, there is a unique i € {1,2,...,k} such
that J; = K. Consider this i. Now, from [ =1 ® [, ® --- ® J and K = [;, we obtain

Hom 4 (J,K) ZHomu (1 ® L ® - ®J, Ji)

k
) @HomA (Jr, Ji) = Homyu (Ji, Ji)
r=1

(since the irreducible representations |y, J, .. ., J are pairwise non-isomorphic, and
thus the Schur lemma shows that Hom 4 (], J;) = 0 for all  # i). Thus,

Hom 4 (J, K) = Hom 4 (J;, J;) = End s (J;) = k

(by (2)) and therefore dim (Homy4 (J,K)) = dimk = 1. Hence, Lemma is
proved in Case 1.

Let us now consider Case 2. In this case, there isno i € {1,2,...,k} such that
Ji = K. Hence, each i € {1,2,...,k} satisfies |; 2 K and therefore Hom 4 (J;, K) =0
(by the Schur lemma, since both representations J; and K are irreducible). Now,
from =18, ® - P Ji, we obtain

k
Hom 4 (J,K) 2 Homu (1 ® o, ® -+ ® Jr, K) = @ Homy (J;,K) = 0.
i1 5,_/
(as wej_ust saw)

Hence, dim (Hom 4 (J,K)) = 0 < 1. Thus, Lemma is proved in Case 2. Thus
the proof of Lemma is complete. O
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Lemma 2.5.2. Let K be an irreducible representation of S,. Let a € J. Then,
dim (aK) < 1.

Proof. Theorem (applied to G = S;; and I = ]) shows that there exists an
idempotent e € ] such that ] = Ae. Consider this e.
Now, from a € | = Ae, we obtain a = be for some b € A, and thus

dim (aK) = dim (beK) < dim (eK)

(since there is a surjective k-linear map eK — beK sending each vector v € eK to
bv € bekK).
But | = Ae, and thus Hom 4 (J,K) = Homy (Ae,K) = eK by Lemma
Hence,
dim (Homy (J,K)) = dim (eK). (6)

But Lemma yields dim (Hom 4 (J,K)) < 1. In view of (6), we can rewrite this
as dim (eK) < 1. Hence, dim (aK) < dim (eK) < 1. This proves Lemma O

Remark 2.5.3. More generally, Lemma and Lemma hold if we replace
A by any finite-dimensional semisimple k-algebra R with the property that all
irreducible left R-modules satisfy (2).

2.6. Closer study of [J*]

We continue with our study of an arbitrary multiplicity-free left ideal | of A. First,
some general properties of representations of S, need to be proved. Recall that if
V and W are two representations of S, then a k-bilinear map f : V. x W — U into
some vector space U is said to be S,-invariant if it satisfies

f(gv,gw) = f(v,w) forallge Syandv € Vandw € W.

We also let VV denote the dual space Hom (V, k) of any k-vector space V (since
the notation V* is already taken for something else). If V is a representation of
S,, then VV canonically becomes a representation of S, as well (known as the
(contragredient) dual of V). See [Grinbe24, §5.19.3] for details (but beware that V" is
denoted by V* there).

Recall that if V and W are two k-vector spaces, then any k-bilinear form f :
V x W — k gives rise to two k-linear maps

fL:V—=WwY,
v — (the k-linear map W — k, w — f (v, w))

and

fR W — V\/,
w — (the k-linear map V — k, v — f (v,w))

April 1, 2026



Left ideal Gelfand model page 14

(see [Grinbe24, §5.19.2]). If these two maps f; and fr are bijective (thus k-vector
space isomorphisms), the form f is said to be nondegenerate. Note that when V and

W are finite-dimensional, this nondegeneracy is equivalent to saying that Ker f; =
0 and Ker fr = 0.

Lemma 2.6.1. Let V and W be two finite-dimensional representations of S, over
k. Then, the S-invariant bilinear forms f : V x W — k form a vector space,
which is isomorphic to Hom 4 (W, VV).

Proof. Clearly, the S;-invariant bilinear forms f : V x W — k form a vector space.
Moreover, the map

curry : {bilinear forms f : V x W — k} — Homy (W, V"),
f=fr

(where fr is defined as above) is easily seen to be a k-vector space isomorphism
(indeed, this is a linear-algebraic version of the standard “currying isomorphism”,
which turns a two-variable function into a one-variable function that outputs one-
variable functions). Moreover, it sends the S,-invariant bilinear forms f : V. x W —
k into the S,-equivariant linear maps W — V'V, that is, into the .A-linear maps
W — VY (since A = k|[S,]). This is an if-and-only-if statement (i.e., only S,-
invariant f’s give rise to A-linear fgr’s). Thus, by restricting this isomorphism
curry, we obtain a k-vector space isomorphism

{Sp-invariant bilinear forms f : V. x W — k} — Hom 4 (W, V),
f fre
This proves Lemma O

Lemma 2.6.2. Let V be any irreducible representation of S, over k. Then:

(a) There is a nondegenerate symmetric S,-invariant bilinear form g : V xV —
k.

(b) Any Sy-invariant bilinear form f : V x V — k is symmetric.

(c) Any Sy-invariant bilinear map f : V x V — U into any vector space U is
symmetric.

Proof. (a) We know that V is isomorphic to a Specht module S* for a partition A
of n. Consider this A. Thus, we must find a nondegenerate symmetric S;-invariant
bilinear form S* x $* — k. But the existence of such a form is a well-known fact
(implicit in [Wildon18, proof of Corollary 3.5], where it is shown that the symmetric

Sp-invariant form (-, -) on the Young module M* satisfies S* N (S*) = 0, whence
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the restriction of this form to the Specht module S* is nondegenerat. Thus, part
(a) is proved.

(b) The representation V is irreducible. Thus, End 4 V = k (by (2)).

Part (a) shows that there is a nondegenerate symmetric S,-invariant bilinear form
g : VxV = k. Consider this g. Since g is S,-invariant and nondegenerate, we
conclude that the dual space V" (with the contragredient representation of S,) sat-
isfies V¥ = V as S,-representations (by the standard isomorphism induced by g).
In other words, V¥ = V as A-modules. Thus, Hom 4 (V, VV) &2 Homy (V, V) =
End4V k.

Lemma shows that the S;-invariant bilinear forms f : V. x V — k form a
k-vector space, which is isomorphic to Hom 4 (V, V). Since Hom 4 (V, VV) 2k,
this vector space is isomorphic to k, thus 1-dimensional. Since there is at least one
nondegenerate symmetric form in this space (by part (a)), we thus conclude that
any form in this space is a scalar multiple of this one form, and thus is symmetric.
This proves part (b).

(c) This follows from part (b) by decomposing f into its coordinates. (In more
details: Let U be any vector space. Let f : V x V — U be an S,-invariant bilinear
map. Let # : U — k be any k-linear map. Then, the map 7o f : VxV — ks
an Sy-invariant bilinear form, and thus is symmetric (by part (b)). In other words,
n(f(v,w)) = n(f(w,v)) for all v,w € V. Since this holds for all k-linear maps
n : U — k, we thus conclude that f (v,w) = f (w,v) for all v,w € V (since two
vectors in U that become equal upon application of every k-linear map to k must
have been equal in the first place). In other words, f is symmetric.) O

Lemma 2.6.3. Let V and W be two non-isomorphic irreducible representations
of S,, over k. Then:

(@) Any Sy-invariant bilinear form f : V. x W — k is 0.

(b) Any S,-invariant bilinear map f : V x W — U into any vector space U is 0.

Proof. (a) As in the proof of Lemma (b), we can see that VV = V. Moreover, the
Sp-invariant bilinear forms f : V. x W — k form a k-vector space that is isomorphic
to Homy4 (W, V) (by Lemma 2.6.1) and therefore to Hom 4 (W, V) (since VV = V).

But Homy (W, V) = 0, since V and W are irreducible and non-isomorphic. Thus,
Lemma follows.

(b) Follows from (a) just like Lemma (c) follows from Lemma (b). [

20n the nose, the argument in [Wildon18| proof of Corollary 3.5] requires k to have characteristic

0; but the claim S* N (S /\)J‘ = 0 holds more generally when #! is invertible in k. One way to
see this is as follows: Assume that n! is invertible in k. Then, the partition A is char k-regular.

Hence, [Wildon18, Theorem 5.7] shows that S* (S’\)L. Hence, S* N (S)‘)L # S, Since St is

irreducible, this yields that SN (S)‘)l = 0, because S* N (S)‘)L is an S,-subrepresentation of
Sh.
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Lemma 2.6.4. Let V and W be two left ideals of A that are non-isomorphic and
irreducible as representations of S;,. Then, V*W = 0.

Proof. The map

VW= A,
(v,w) — v'w

is bilinear and S,-invariant (since (gv)* (gw) = v* ¢* gw = v* ¢ lgw = v*w for
—~— ~—

—g-1 =1
all g € S, and all v € V and w € W). Thus, it is 0 by Lemma (b). In other
words, v*w =0 for all v € V and w € W. In other words, VW = 0. O

Lemma 2.6.5. Let V be a left ideal of A that is irreducible as a representation of
Sn. Then, v*w = w*v for any v,w € V.

Proof. The map

VxV = A,
(v, w) — v*w

is bilinear and S;-invariant (as we saw in the proof of Lemma 2.6.4). Hence, it is
symmetric by Lemma (c). In other words, v*w = w*v for any v, w € V. O

Lemma 2.6.6. Let V be a left ideal of A that is irreducible as a representation of
Sy. Then, dim (V*V) = 1.

Proof. Lemma (applied to W = V) yields dim (V*V) < 1.

On the other hand, V # 0 (since V is irreducible), so that V* # 0.

Now, let us decompose the semisimple algebra A itself into a direct sum of
irreducible S,-subrepresentations: A =1; & I, & - - - & I,. Of course, these subrep-
resentations Iy, I, . .., I; are left ideals of A.

On the other hand, V = AV (since V is a left ideal of A). Applying the antipode
(i.e., the algebra anti-morphism A — A*, a — a*) to this equality, we obtain

V*:V*A:V*(Il@lz@@lg) (Sil’lceA:h@IzEB---@Ig)
:V*Il—l—V*IQ—l——l—V*Ig

Hence, at least one of the products V*I;, V*I,, ..., V*I; must be nonzero (since
V* £ 0). In other words, there exists some j € {1,2,...,¢} such that VI # 0.
Consider this j. From V*I; # 0, we obtain V = [; (otherwise, Lemma would
yield V*I; = 0). Hence, V*V = V*I; # 0. Thus, dim (V*V) > 0. Combining this
with dim (V*V) < 1, we obtain dim (V*V) = 1. This proves Lemma O
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I Theorem 2.6.7. We have v*w = w*v for all v,w € J.

Proof. Decompose the S,-representation | as a direct sum of irreducible subrepre-
sentations:

J=h®hLd Dk ()

We must show that v*w = w*v for all v,w € J. This equality is linear in each of
v and w. Thus, it suffices to show that v*w = w*v for all i,j € {1,2,...,k} and all
v € Jiand all w € J; (by @)). So let us fix i,j € {1,2,...,k}. We must prove that
v'w = w*v.

If i = j, then this follows from Lemma (applied to V = J; = J;). Thus, we
WLOG assume that i # j. Then, J; and J; are non-isomorphic as representations of
Sy (since ] is multiplicity-free). Hence, Lemma 2.6.4 yields J;]J; = 0. Thus, v*w = 0
(since v € J; and w € J;). Similarly, w*v = 0. Hence, v*w = 0 = w*v, qed. O

Theorem 2.6.8. Each element of J*] is invariant under the antipode. In other
words, for each x € [*], we have x* = x.

Proof. Each x € J*J is a k-linear combination of elements of the form w*v with

w,v € J. Thus, it suffices to show that (w*v)* = w*v for all v,w € J. But this is

now easy: For any v, w € ], we have (w*v)* = v* (w*)" = v*w = w*v (by Theorem
N’

=w

2.6.7). This proves Theorem [2.6.8| O

2.7. Splitness

Theorem 2.7.1. Let a € . Then, there exists a multiset Z, of elements of k such

that [T (a —A) = 0. (In other words, the minimal polynomial of a over k factors
AEZ,
into linear factors.)

Proof. We say that a k-linear endomorphism f of a finite-dimensional vector space

V is split if there exists a multiset Z¢ of elements of k such that [] (f —Aid) =0
AGZf

(that is, if the minimal polynomial of f factors into linear factors — or, equiva-
lently, if all eigenvalues of f belong to k). Clearly, if fi, f2,..., fx are split en-
domorphisms of vector spaces Vi, Vj,..., Vi, respectively, then their direct sum
e - Dfy c End(V1 &V, & --- @ V) is split again. Furthermore, any vector
space endomorphism of rank < 1 is split (indeed, if f is vector space endomor-
phism of rank < 1, then f o (f — (Tr f)id) = 0).

We say that an element b € A acts splitly on a left A-module U if and only if there

exists a multiset Z; ;; of elements of k such that | J] (b—A) | -U = 0. Thus,
/\EZb,U

we must prove that a acts splitly on the left regular A-module A (since this will
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yield | JI (a—A)|-A=0andthus [] (a—A)=0). Note that an element
AEZy A AEZp A

b € A acts splitly on a left A-module U if and only if the action of b on U is a split
endomorphism of U.
Decompose the left regular A-module A as a direct sum of irreducible subrepre-
sentations:
A=L1 L& P L.

It suffices to show that a acts splitly on each of these subrepresentations Ly, Lo, ..., Ly,
since the action of a on the full A is just the direct sum of these actions.

So letus fixi € {1,2,...,k}. We must show that a acts splitly on L;. It suffices to
prove that the action of a on L; has rank < 1 (as a k-linear map), since any vector
space endomorphism of rank < 1 is split .

So we need to show that the image of 4 on L; has dimension < 1. In other words,
we need to show that dim (aL;) < 1.

But this follows immediately from Lemma (applied to K = L;), since the
representation L; is irreducible. O

2.8. The left ideal | as a nonunital algebra

Each left ideal of an algebra A is a nonunital subalgebra. Sometimes, this nonunital
subalgebra does in fact has a unity (although this unity is usually not the unity of
A). Usually, it does not. The situation for left ideals of group algebras is as follows:

Proposition 2.8.1. Let G be a finite group. Let A be its group algebra k [G]. Let
I be any left ideal of A. Then:

(@) The nonunital k-algebra I has a right unity.

(b) The nonunital k-algebra I has an actual (two-sided) unity if and only if I is
a (two-sided) ideal of A.

Proof. Theorem says that there exists an idempotent ¢ € I such that [ = Ae
(since A = k [G]). Consider this e. Clearly, ee = e (since e is idempotent). Each x € I
satisfies x € [ = Ae and thus x = ae for some a € A, so that xe =a_ee = ae = x.
=e

This shows that e is a right unity of I. Thus, part (a) is proved.

(b) < Assume that I is a two-sided ideal of A. Thus, I is both a left ideal and
a right ideal of A. Hence, by part (a), we know that I has a right unity (since I is a
left ideal). An analogous argument, with the order of factors reversed, shows that
I has a left unity (since [ is a right ideal). These two unities must be equal (indeed,
if we call them r and ¢, then r = {r = /), and thus must be a unity. So I has a unity.
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=—>: Assume that I has a unity. Let u be this unity. Then, ue = u (since e is a
right unity of I), so that u = ue = e (since u is a unity of I). Hence, ¢ is a unity of
I (since u is a unity of I). Therefore, el = I. In view of I = Ae, we can rewrite this
as eAe = Ae. Therefore, Ae = e Ae C eA.

A
C

Now, let ¢ € eA. We shall show that ¢ = ce. To wit, let x :=c(1 —e). Lety € A
be arbitrary. Then, ye € Ae = I, so that e - ye = ye (since e is the unity of the algebra
I). Thus, (1 —e)ye = ye —e-ye = 0. Furthermore, we can write ¢ as ¢ = ez for

N~
=ye
some z € A (since ¢ € eA). Consider this z. Now,

2
()= v 2 y=cll-eyc (1-ey=c(l-e)yez(l-e)y=0.
=c(1—e) =c(1—e) =ez -0
Hence, the element xy of A is nilpotent, and thus the element 1 — xy is invertible
(since 1 minus a nilpotent element is always invertible).

Forget that we fixed y. We thus have shown that 1 — xy € A is invertible for
each y € A. In other words, x belongs to the Jacobson radical of the ring A.
But A is semisimple (by Maschke’s theorem, since A is the group algebra of the
finite group G over the field k of characteristic 0). Hence, the Jacobson radical
of A is 0. Therefore, x = 0 (since x belongs to this Jacobson radical). Hence,
O0=x=c(l—e)=c—ce sothatc = ce € Ae.

Forget that we fixed c. We thus have shown that ¢ € Ae for each c € eA. In other
words, eA C Ae. Combining this with Ae C eA, we obtain Ae = eA.

Thus, I = Ae = eA. This shows that I is a right ideal of A. Since I is also a left
ideal, we conclude that I is a two-sided ideal of A. O

Proposition (b) (applied to G = S;) shows that a left ideal I of A = k[S;]
rarely has a unity. Indeed, the group algebra A = k [S,] has only finitely many two-

sided ideals (in fact, the Artin-Wedderburn theorem shows that A = J] k/V*f,
Abn

and each matrix ring k/**/1 is a simple k-algebra; thus, the two-sided ideals of A

correspond to the 21{A""}| many subproducts of the direct product [T k/**/v), but
AFn
has infinitely many left ideals when n > 3.

Proposition yields a direct (and rather disappointing) answer to the ques-
tion when the nonunital k-algebra | has a unity. The multiplicity-freeness is mostly
a hindrance here. However, the multiplicity-freeness of | gives the following struc-
tural property of J:

Proposition 2.8.2. Let | = [ ® , ® --- @ Jy be a decomposition of | into ir-
reducible S,-subrepresentations. Then, | = J; X J X --- X Ji as nonunital k-
algebras.

Proof. The subrepresentations |y, >, ..., Jx are pairwise non-isomorphic (since ] is
multiplicity-free). Hence, Lemma shows that J;J; = 0 for all i # j. There-
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fore, the canonical k-vector space isomorphism J; X J, X --- X J — ] is actually a
nonunital k-algebra isomorphism. O

2.9. The nonunital subalgebra [J*]

The product J*] is a nonunital subalgebra of A as well, since J* JJ*] C J*]. When

cJ
does it have a unity? This has a rather tricky answer, depending somewhat on k:

Proposition 2.9.1. Let | = [; ® [, @ --- @ Jx be a decomposition of | into irre-
ducible S;,-subrepresentations. Then:

k
(@) We have J*J = [] (J/];) as nonunital k-algebras.

i=1

(b) Let ko be the k-vector space k, turned into a nonunital k-algebra by defin-
ing the product of any two elements to be 0. Then, [*] = k” x kg_r as
nonunital k-algebras for some r € {0,1,...,k}.

(c) Assume that k is an ordered field (for instance, Q or R). Then, J*] = k¥ as
nonunital k-algebras. In particular, [*] has a unity.

Proof. (a) The subrepresentations [i, J», ..., Jy are pairwise non-isomorphic (since |
is multiplicity-free). Hence, Lemma W shows that J/']; = 0 for all i # j. Now,
k

from[=[1BL®---PJr = Y% Ji;, we obtain
i=1

k ¥k k k ko k k
J*] = (ZL‘) Y L= 1Y 0=Y ) T =Y
i=1 i=1 i=1 j=1 i=1 j=1 =~~~ i=1
=0 for all i#j
Moreover, the sum on the right hand side here is a direct sum (because the addends
Ji']i are subspaces of the respective J; and thus are linearly disjoint). Thus,

k
'] = @ (J'J:) (an internal direct sum) .
i=1

Moreover, (J*];) (]]?“]]) = 0 for all i # j (since J;J; € J{ and J/J; C J; but J7]; =

k
0). Thus, the canonical k-vector space isomorphism [] ( Jf ]i) — J*] is actually a
i=1
nonunital k-algebra isomorphism. This proves part (a).

(b) This will follow from part (a), once we show that eachi € {1,2,...,k} satisfies
J7Ji 2 kor J]J; = ko. So let us show this.
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Leti € {1,2,...,k}. Then, we must prove that J/'J; = k or [/]; = k. It suffices
to prove that dim (J/J;) = 1, since every nonunital k-algebra of dimension 1 is
isomorphic to either k or kg (depending on whether its product takes any nonzero
value or does not). But this equality follows from Lemma (applied to V = ;).
As explained above, this completes the proof of part (b).

(c) This will follow from part (a), once we show thateachi € {1,2,...,k} satisfies
JJi = k. So let us show this.

Leti € {1,2,...,k}. Then, we must prove that J*]; = k. In the proof of part (b),
we have already seen that J*J; = k or [F]; = ko, so we only need to rule out the
case J'J; = ko.

But k is an ordered field. Thus, we have the following simple fact:

Star positivity trick: For any nonzero x € A, we have x*x # 0.

Proof of the star positivity trick: Let x € Abe nonzero. Write xasx = )} g, where
g€Sy
¢¢ € k are scalars. Then, the coefficient of the identity permutation id € S, in x*x

is easily seen to be )’ (jf,. But Y Cé > 0 (since x # 0 shows that at least one
8€Su 8€S,

of the ¢, is nonzero, but a sum of nonzero squares in an ordered field is always

positive). Hence, the coefficient of the identity permutation id € S, in x*x is > 0.

Thus, x*x # 0, ged. O

Now, Lemma (applied to V = J;) yields dim (J}J;) = 1. Hence, J]; # 0, so
that there exists some nonzero x € J7J;. Consider this x. By the star positivity trick,
we thus conclude that x*x # 0. Since x € J'J;, this shows that the product of the
nonunital algebra [J; is not identically 0. Hence, the case JJ; = kg is impossible.
This completes the proof of part (c). O

The claim of Proposition (c) holds more generally for any field k, as long as
the left ideal | is defined over an ordered subfield of k. In particular, it holds when
] is defined over Q, which is the case for most combinatorially meaningful J’s.

2.10. Appendix: Sums of non-isomorphic irreducibles are direct

Let us finally state a basic property of representations which is surely well-known,
but which we could not locate in the literature. We shall use it later on. It says that
any sum of pairwise non-isomorphic irreducible representations (inside a larger
representation) of A must be a direct sum. More generally, this holds for any
finite-dimensional k-algebra instead of A:

Proposition 2.10.1. Let R be a finite-dimensional k-algebra. Let V be a left R-
module. Let I}, I, ..., Iy be pairwise non-isomorphic irreducible submodules of
V. Then, the sum Iy + I + - - - + I; is a direct sum.
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Proof sketch. We induct on k. The base case (k = 0) is obvious, so we step to the
induction step (from k — 1 to k). Thus, we assume (as the induction hypothesis)
that the sum Iy + I + - - - + [;_1 is a direct sum. Hence, there exist left R-linear
projections 7z; : Iy + I + - - 4+ Iy_1 — I forall j € [k —1].

Now, the intersection Iy N (I} + I, + - - -+ [y_1) is a left R-submodule of I, and
thus equals I or O (since I is irreducible, so that the only left R-submodules of
I are I and 0). Since [y N (L + L+ -+ Ix_1) = I is impossible (because I; N
(L4+L+---+Iq1) = Iy would yield Iy C I; + I + - - - + I;_1, and thus at least
one of the projections 7r; would yield a nontrivial left R-module morphism

inclusion

Ik — Il+12+"'+1k_1ﬂ>l',

and this would entail Iy = [; by Schur’s lemma, contradicting the non-isomorphy
of Iy, I, ..., Ix), we thus obtain Iy N (I + I +---+ I;_1) = 0. Since the sum [ +
Iy 4 - - - 4 Ix_4 is a direct sum, this yields that the sum I; + I, + - - - + I is a direct
sum. This completes the induction step, and thus proves Proposition O

3. The left ideal Gelfand model

We shall now apply the above general theory to a specific left ideal of A = k [S,].
As before, we fix n € IN.

3.1. Definition

Welet [m] := {1,2,...,m} for each m € Z. Thus, S, is the group of all permutations
of [n] ={1,2,...,n}.
For any i # jin [n], we let t;; € S, denote the transposition swapping i with j.
For any 2k distinct elements 71,1, ..., ik, j1,j2, - - -, jx € [11], we define
Giy g, it ot -= ). w e A (8)

wWESy,;
w(is)<w(js) for all s€ k]

Example 3.1.1. Let [iyi; - - - i,] be shorthand for the permutation in S, that sends
1,2,...,ntoiy,is,...,iy. For n = 3, we have

Gy1= Yy, wt=[231]"+[321] "+ [312] " = [312] + [321] + [231].
wWES3;
w(3)€<5’)(1)

For n = 4, we have
Gigoa= Yy, w'
WESy;
w(l)<w(2);
w(3)<w(4)
= [1234] "+ [1324] " + [1423] " 4+ [2314] ' 4 [2413] ' 4 [3412] !
— [1234] + [1324] + [1342] + [3124] + [3142] + [3412] .
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Clearly, for any 2k distinct elements iy, iy, . .., i, j1,j2, - - -, jx € [1] and any permu-
tation o € Si, we have
Gig(l),ig(z),...,ig(k),’ ]‘0.(1),]'(7(2>,...,]'[7(k) - Gil,iz,...,ik; jl,jz,...,jk' (9)
That iS, Gil./iZﬂ--rik; jl/erm/jk
not on their order.
It is also easy to see that

depends only on the set of the pairs (i1, 1), (i2,/2), ---, (ix, k),

WGil,iz,...,ik; ook — Gw(il),w(iz),...,w(ik); w(j1),w(j2),w (i)

for any permutation w € S,. Hence,
g .= Span (GilliZI'--/ik; [ | i1,1ip,..., ik/ jl/j2/ ces /jk € [7’1] are distinct)

is a left ideal of A.

3.2. The main result

Most of this section will be spent proving the following description of the left A-
module structure of this ideal G (implicit in [ReSaWel1| §5.1]):

Theorem 3.2.1. This left ideal G is a Gelfand model of S;; that is, G is isomorphic
to the direct sum of all the Specht modules S* with A I- 1.

As a consequence of Theorem it will follow that the representation G of
Sy is multiplicity-free. Hence, Theorem will yield that [G*G, G*G] = 0. This
generalizes the commutativity part of [ReSaWell| Theorem 1.6]. Furthermore, The-

oremwill yield G [G, G| = 0.

3.3. The filtration (G,,)

Before we prove Theorem we define a filtration on G.
Namely, for each m € Z, we define the k-vector subspace

meZ

Gm 1= span (Gi1,iz,...,ik; J1J2s-rjk | k< m) of A.

This G, is always a left ideal of A (for the same reason as why G is). Moreover,
Gm = G whenever 2m > n. Thus, we obtain a filtration (0 =G_1 C Gy C --- C G, = G)
of G by left A-submodules. We can easily derive an upper bound on the dimen-
sions of its subquotients (later we shall see that this upper bound is, in fact, the
actual dimension):
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Lemma 3.3.1. Let m € Z. An m-matching of [n] shall mean a set of m disjoint
2-element subsets of [n]. Then,

dim (G / G—1) < (# of m-matchings of [n]). (10)

Proof. The definitions of G, and G,,,_1 show that the quotient vector space G,/ G,,—1
is spanned by the family

(11)

(GilfiZ'""im; J1rJ25eerm ) 11,82,esim,j1,J2,---,Jm are 2m distinct elements of [n]
(this is an empty family if 2m > n). Moreover, if we swap an i, with the respective

jp in Gil/izl"'/im; jl/jZ/"-/jm’ then We Obtain

Gil/iZ/'--/ipflljp/ip+1/--'im; j11j2/~'-/jp71/ip/jp+1 /~~-/jm

= Z w ! = Z w!

WESy; WESy;
w(is)<w(js) for all s#p; w(is)<w(js) for all s#p;
w(jp)<w(ip) butnotw(ip)<w(jr,)

since i, # jp, and thus w (ip) # w (j,) forallw € Sy,
so that the condition “w (j,) < w (i) ”
is equivalent to “not w (i,) < w (j,) "

S T
wWEeSy; weSy;
w(is)<w(js) for all s#p w(is)<w(js) for all s

~~ ~~

=G

:Gil,i2,...,1'p71,ip+1,m,im; Jd2redp—1idp1rdm 11,09 eeesltt; J1,2 e rfm

= GilIin---/ipflrip+lr-~-/im; jl/jZ/-“/]‘pflljpﬂ»l/~--rjm - Gil/iZ/---rim; jl/jZ/---/jm
N _

egm—l
mod G,,,_1,

-G

il /i2/---/im; ]1 /j2/-"/jm

so that

Gil/i2/---/ip71/jp/ip+1/"-im; j11j2/~--/]'pfllip/jp#»l/“'/jm
= =Giviayecvin; jusjarenin in G/ Gm—1- (12)

Thus, in the quotient k-vector space Gn /Gy 1, the residue class Gi i,....in: i1jzrjm
merely flips its sign when we swap some i, with the corresponding j,. Hence, up
to sign, this class depends only on the m disjoint sets {i1, j1}, {i2,j2}, - .-, {im,jm},
not on the ordered pairs (i1,j1), (i2,j2), ..., (im, jm) (and, as we know from (9),
it also does not depend on the order in which these m sets are listed). This shows
that the family is highly redundant, and can be reduced to a smaller family

indexed by the m-matchings of [n] (just take one choice of G;, j,,...i,.; i1 js...jm fOT €ach
m-matching) that still spans G,/ G,,—1. Consequently,

dim (G / G—1) < (# of m-matchings of [n]).
This proves Lemma [3.3.1] O
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3.4. Proving the Gelfandness half-combinatorially

We continue on our way towards the proof of Theorem [3.2.1

The key tool will be a proposition (Proposition 3.4.1) showing that for each
Specht module S, there is a nonzero element GZ-*1 ooy o €T € G*S* (where er
is a polytabloid corresponding some n-tableau T of shape A, and where G
is one of the generators of G). This proposition will yield that G has a submodule

isomorphic to § A. Thus, G will contain a submodule isomorphic to P S* (since
AbFn

the Specht modules S* are simple and non-isomorphic). On the other hand, we
will show that the dimension of G agrees with the dimension of @ S*, so this

*

Aln
submodule must be in fact the whole G. Thus, Theorem [3.2.1| will follow.
We consider this to be a half-combinatorial proof. Proposition will be
proved combinatorially, and the dimensions will be computed combinatorially, but

the deduction of @ S = G from éD S* C G and dim <EB SA> = dimg is an
AbFn Abn Abn
intrusion of linear algebra.

3.4.1. The nonvanishing: statement

The crux of our proof is the following fact, which will take us a while to prove:

t

Al
Proposition 3.4.1. Let A be a partition of n. Let k = } 71 , where A is the
i>1

conjugate partition of A. Let T be any n-tableau of shape A (that is, any tableau of
shape A with entries 1,2,...,n in some order). Then, there exist some 2k distinct
elements iy, iy, ..., i, j1,J2,- - -, Jx € [n] such that

*
Gl’1,i2,~--,ik; g2k €T 70,

where er € 8" is the polytabloid corresponding to T.

Note that the k in Proposition can also be described as (n —6) /2, where 0
is the number of odd-length columns of the Young diagram Y (A).

3.4.2. (*) The nonvanishing: bad proof

We shall give two proofs of Proposition one bad, one good. The bad one is
easier to explain, but has some disadvantages, the main of which is that it really
requires k to have characteristic 0, whereas the proposition only needs n! to be
invertible in k.

Bad proof of Proposition Tile each column of T with vertical dominoes, except
possibly for the bottommost cell of this column (which cannot be tiled if the column
has odd length). Thus, we have altogether put k disjoint dominoes into T. Label
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these dominoes as D1, Dy, ..., Dy. For each m € {1,2,...,k}, let i, and j,, be the
entries of T in domino D,, from top to bottom. We claim that these i,,’s and j,,"s
satisfy

*
Gzl 12,00/l jl,jz,---/jkeT 7& 0.

Here is an example:

Indeed, we recall the Specht-Vandermonde avatar of Young and Specht modules
([Grinbe24, Theorem 5.6.1]): There is an injective morphism ,B of Sn-representations
from the Young module M" to the polynomial ring P = k[x1,x2,...,%,] that

sends each n-tabloid T to the monomial ] er(l)

i€[n]
the row of T in which i lies. Restricting this B to the Specht module S*, we see that

, where rr (i) is the number of

Bler) =]V (xT(l,j)fxT(zJ‘)' . "xT@}fi)) '

j=1
where V (y1,¥2,...,yx) denotes the Vandermonde determinant det (y;‘*l) el
i,j€
T (vi — y]-) for any y1,v2, .-, Yx-

i>j

Thus,

k
‘B<G11 i, lk?]d/]'z/--vfkeT)

- G;kl 12 lk; jl/j2/-~~/j]§ IB (eT)

——

-~

= x w
WESy; =[[V]«x X s
w(im)<w(jm) for each m  j=1 TQ) T 2))7 T(AJ#,;‘)

= Z w - HV< T(1,j)7 XTZ]) xT(/\#,j))
weSy; j>1 ]
w(im)<w(jm) for each m

= )3 [TV (xwwu,f))fxww(z,j))/ Xy (r(u ]-)))

WESy; 7
w(im)<w(jm) for each m

— Z HV <x5(1,]-),x5(2’]-),...,xS<A;,j>)

S is an n-tableau of shape A; j>1
S increases on each domino Dy,

where “S increases on D,,” means that the two
values of S on D, increase from top to bottom
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Clearly, it will suffice to show that this sum is # 0 (because (0) = 0). Being a
polynomial in x1,x9,...,x,, it will of course be # 0 if we can show that it gives
a positive real number when we evaluate it at (x1,x2,...,x,) = (a1,a2,...,a,) for
any strictly increasing n-tuple a; < a; < --- < a, of reals. So let us do this.

Fix a strictly increasing n-tuple aq < ap < --- < a,, of reals. We must show that

Z HV (aS(l,j)/aS(Z,j)/- . "aS<At ])) > 0.

S is an n-tableau of shape A; j>1 J"
S increases on each domino Dy,

We can break the sum up according to the column-tabloid S (that is, we bunch
column-equivalent tableaux S together), and then the product can be factored out
of the sum, and we can deal with each column separately. We thus are left with
proving the following fact: For any p € IN and any p reals by < bp < --- < by, we

have
Z % (ba(l)/ ba(Z)/- cey bg(p)> >0

TESp;
o(1)<o(2);
o(3)<o(4);

(where the relations under the summation sign go up to ¢ (p) or o (p — 1) depend-
p) = (“1)7V (by,by,..., by)
and V (bl, by,..., bp) > 0, this boils down to showing that

Y. (-1)7>0.
TESy;
o(1)<o(2);
o(3)<o(4);

ing on the parity of p). Since V <ba(1),ba<2), e by

But this sum is actually | p/2]!, as we can show as follows:

e If p is even, then

Y, (=17 =[p/2]t Y (=1)° (by symmetry)

TESy; UESy;

o(1)<o(2); o(1)<o(2);

o(3)<o(4); 0(3)<o(4);

o(1)<o(3)<<0(p-1)
= [p/2]Y,
according to the formula Y (—1)7 = 1 that Gjergji Zaimi

TESy;

r(1)<o(2);

o(3)<o(4);

o(1)<o(3)<<o(p-1)
proved in https://math.stackexchange.com/a/58941/ (brief outline of the
proof: define a sign-reversing involution () on the set of all ¢ € S, that satisfy
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c(l)<oc@B)and o (2) <oc(4)and --- and o (1) <o (3) <--- <o(p—1)
but are not the identity; this involution () shall pick the smallest k satisfying
0 (2k—1) =0 (2k+1) — 1 and swap the values of ¢ at 2k and 2k + 2).

e If pis odd, then o (p) is not constrained at all in our sum, and so we can cycle
it through all possible values (i.e., replace ¢ by cocyc;; ; , forallie [p]);
this givesusal+ (—1) +1+ (—1) +--- 4+ 1 = 1 factor that we can factor out
and are left with the corresponding sum for p — 1 instead of p. Since p — 1 is
even, this is done in the previous bullet point.

Altogether, we obtain

Y., (-1)7=[p/2]!>0,
TESy;

c(1)<o(2);

c(3)<o(4);

ged. O

3.4.3. The nonvanishing: good proof

Let us now give the good proof of Proposition This needs a bit of preparation.
For the rest of Subsubsection we fix the following notations: Let A be a
partition of n. Let

k:ZL/\f/ZJ and p:HMf/ZJ!,

i>1 i>1

where A! is the conjugate partition of A. Tile each column of the Young diagram
Y (A) with vertical dominoes, except possibly for the bottommost cell of this col-
umn (which cannot be tiled if the column has odd length). Thus, we have altogether
put k disjoint dominoes into Y (). Label these dominoes as D1, D, ..., Dy in arbi-
trary order. For each m € [k], let ¢;;, and d,, be the cells in domino D,, from top to
bottom. Note that ¢, lies in an odd row of Y (A), while d,, is the southern neigh-
bor of ¢, and thus lies in an even row. For instance, for A = (4,3,3,1), we have
k=24+14+1+0 = 4 and (choosing to label the dominoes from left to right and
from top to bottom in each column) D; = {(1,1), (2,1)} and D, = {(3,1), (4,1)}
and D3 = {(1,2), (2,2)} and Dy = {(1,3), (2,3)}, and the cells ¢1,d1,...,c4,d4
look as follows:

€1 C4
dq dy
C2
dp

Let Tab (A) be the set of all n-tableaux of shape A. Note that these n-tableaux are
defined as the bijections Y (A) — [n]; thus, there are n! of them. For any n-tableau
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S € Tab (A), we write eg for the corresponding polytabloid in the Specht module
S (see [Grinbe24, Definition 5.4.1 (a)]).

An n-tableau S € Tab (A) will be called domino-standard if it satisfies S (¢;;) <
S (dy) for each m € [k]. An n-tableau S € Tab (A) will be called column-standard
if its entries increase down each column. Clearly, each column-standard tableau is
domino-standard, but not conversely.

Now, we shall show that any n-tableau T € Tab (A) satisfies

GT(ey), T(ca), ) T(ey); T(dy), T(da), ..., T(d) €T 7 O-

This will clearly prove Proposition [3.4.1 First, however, we need some lemmas.
If a and b are two integers, then [a, b] shall denote the integer interval

{xeZ | a<x<b}={aa+1,...,b}.
Lemma 3.4.2. Let t4,t5,...,t,; be m distinct integers. Assume that
by <ty <tg<--- (13)

(the last element of this chain of inequalities is either ¢, or t,,_1, depending on
whether m is even or odd). Assume furthermore that

tii <t for each even i € [m]. (14)

Finally, assume that there exist no a,b € [m] satisfying a = bmod 2 and t, < f;
with the property that none of the numbers h € {t1,t,,...,t,} satisfy t, < h < t;.
Then,

1<t < <ty

Proof. We let {1,3,5,...}_,, denote the set of all odd integers in [m]. Likewise,
{2,4,6,...} -, shall denote the set of all even integers in [m].

The m integers ti,tp,...,tn are distinct, but we only care about their relative
order, not about their exact values. Thus, we can WLOG assume that they are
1,2,...,m in some order (otherwise, just relabel them as 1,2, ..., m preserving their
relative order). Assume this. Then, the assumption “there exist no a,b € [m]
satisfying a = bmod2 and t, < t, with the property that none of the numbers
h e {t,t,..., tm} satisfy t, < h < t,” can be rewritten in the simpler form “there
exist no a,b € [m] satisfying 2 = bmod2 and f, < f, with the property that
t, —ta = 1”. In other words, there exist no a,b € [m] satisfying @ = bmod 2 such
that t, and t;, are two consecutive integers. That is, no two of the integers t1, 3, t5, . . .
(the list continues until running out of subscripts) are consecutive, and no two of
the integers ty, t4, tg, . . . are consecutive. In other words, the two sets {t,t3,ts,...}
and {t,ty,t6,...} are lacunalﬂ Of course, these two sets are disjoint, and their
union is {t1,t,...,tm} = [m] (since we assumed that the integers t1,f,...,t, are

3 A subset of Z is said to be lacunar if it contains no two consecutive integers.
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1,2,...,m in some order). But it is not hard to see that the only ways to write the
set [m] as a union [m] = L U M of two disjoint lacunar sets L and M are

[m] ={1,3,5,...} ., U{2,4,6,...} -, and
[m] ={2,4,6,...}.,U{1,3,5,...} .,

(because if, say, 1 € L, then 2 € M by the lacunarity of L, therefore 3 € L by
the lacunarity of M, therefore 4 € M by the lacunarity of L, and so on, eventu-
ally resulting in L = {1,3,5,...}_,, and M = {2,4,6,...}_,; the case 1 € M is
analogous). Hence, we are in one of the following two cases:

Case 1: We have {t1,13,t5,...} = {1,3,5,...} ., and {t2, ts, ts,...} = {2,4,6,...}

Case 2: We have {tl, t3, ts, .. } = {2,4, 6, .. };m and {tz, g, te, . . } = {1, 3, 5, .. }

Consider Case 1. In this case, {t1,t3,t5,...} = {1,3,5,...} ., and {2, ta, ts, ...}
{2,4,6,...} ., The latter equality, combined with , yields t = 2 and t;, = 4
and t¢ = 6 and so on. Hence, using (14), we easily see that t; = 1 (since yields
t1 < tp = 2) and t3 = 3 (since yields t3 < t4 = 4, but the values 1 and 2 are
already taken by t; and t;) and t5 = 5 (since yields t5 < tg = 6, but the values
1,2,3,4 are already taken by t;, t5, 3, t4) and so on (except that we don’t get t,,, = m
in this way if m is odd, since there is no t,,1). Altogether, we thus have shown that
t; = i for each i € [m — 1] (whether even or odd). This entails that t,, = m holds
as well (since the numbers tq,t5,...,t, are 1,2,...,m up to order, so one of them
must be m), and thus we have t; = i for each i € [m]. Thus, t; < fp < - -+ < t,. This
proves Lemma [3.4.2)in Case 1.

Now consider Case 2. In this case, {t1,t3,t5,...} ={2,4,6,...} ., and {tp, ts, te,...} =
{1,3,5,...}.,,- The latter equality, combined with 1} yields t, = 1 and t4, = 3
and t¢ = 5 and so on. But yields t; < t, = 1, which is absurd. Thus, Case 2
cannot happen, and so the proof of Lemma is already complete. O

A CIA

me
me

Lemma 3.4.3. Let T € Tab (A). Then, in S*, we have

* J—
GT(e)), T(ca), oy T(ch); T(dy), T(da), ..., T(de) €T = )3 es.
SeTab(A)
is domino-standard

Proof. Each n-tableau S € Tab (A) can be written as wT for a unique permutation
w € Sy. Moreover, the former n-tableau S is domino-standard if and only if it
satisties

S (cs) < S(ds) for all s € [k|,
that is, if the latter permutation w € S, satisfies
w (T (c5)) < w (T (ds)) for all s € [k]

(because S = wT shows that S(cs) = w (T (¢s5)) and S (ds) = w (T (ds)) for all
s € [k]). Hence, there is a bijection

{weS, | w(T(cs)) <w(T(ds)) forall s} — {domino-standard S € Tab (1)},
w— wiT.
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Hence, we can substitute S for wT in the sum Y eg, and thus obtain
SeTab())
is domino-standard

). es = Y euT- (15)

SeTab(A) WESy;
is domino-standard w(T(cs))<w(T(ds)) for all s

On the other hand, the definition of Gr(¢), 1(c,), .., T(cx); T(ds), T(da), .., T(d;) Yields

-1
GT(c1), T(ca), oy T(ex); T(dy), T(da), - T(dy) = ZS: w L.
wWeSy,
w(T(cs))<w(T(ds)) for all s

Applying the linear map x — x* to this equality (which sends each w™! to w), we
obtain

G;(cl), T(c3), ..., T(ck); T(dv), T(d), ..., T(dy) — g . w.
w(T(cs))<w(T(71’5)) for all s

Hence,
GT(e)), T(ca), v T(cy); T(dy), T(da), .., T(de) €T
weESy; :\e;-;
w(T(cs))<w(T(ds)) forall' s (by [Grinbe24, Lemma 5.4.6 (a)])
= Z €T
weSy;
w(T(cs))<w(T(ds)) for all s
= )3 es (by (@5)) -
SeTab(A)
is domino-standard
This proves Lemma [3.4.3] O

Lemma 3.4.4. In S*, we have

Y, es=p ), e
S€Tab(A) SeTab(A)
is domino-standard is column-standard

Proof of Lemma For any n-tableau S € Tab (A), let ¢ (S) be the column-standard
tableau obtained from S by sorting the entries within each column S so that they
increase from top to bottom. Thus, we have defined a map

¢ : Tab (1) — {column-standard Q € Tab (A)}.
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For instance,

¢:325r—>1 5
8|7 316
116 417
4 8

We call ¢ the column-sorting map, since it sorts each column. Note that if S; and S
are two column-equivalent n-tableaux, then ¢ (S1) = ¢ (S2).
Now, we claim a combinatorial equality:

Claim 1: Let Q € Tab (A) be column-standard. Then,

0g—1
Y. (1) =p (16)
SeTab(A)
is domino-standard;

$(5)=Q

(Recall that S and Q are bijections from Y (A) to [n], so that Qo S~ ! :
[n] — [n] is a well-defined permutation of [n] and thus has a sign

(—1)57)

Proof of Claim 1. The below proof is secretly a retelling of Gjergji Zaimi’'s sign-
reversing involution in https://math.stackexchange.com/a/58941/, although it
would take us even further afield to explain the precise correspondence.

The n-tableau Q is column-standard, thus domino-standard, and clearly satisfies
¢ (Q) = Q. Hence, the sum on the left hand side of contains at least the
addend for S = Q, and this addend is (—1)QOQ_1 = (-1 =1.

If a cell c € Y (A) belongs to one of the dominoes D1, Dy, ..., Dy, then the partner
of ¢ shall mean the unique cell of this domino that is not c. A cell that doesn’t
belong to any of Dy, Dy, ..., Dy has no partner. Thus, for each m € [k], the cells ¢,
and d,, are each other’s partners.

For any n-tableau S € Tab (A) and any i € [n], we let r5 (i) denote the number of
the row in which S contains the entry i. A swappable pair of an n-tableau S € Tab (A)
shall mean a pair (i, ) of elements of [n] such that

1. we have i < j;
2. the entries i and j lie in the same column of S;

3. we have g (i) = rg (j) mod 2 (that is, the distance between the cells of S that
contain i and j is even);

4. none of the numbers / that lie in the same column of S as i and j satisfy
i <h<j.
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For instance, the 9-tableau 4 8 |has only one swappable pair, namely (3,5).
7 9
1
2

(The pairs (1,4) and (2,7) would fail the fourth condition.)

We note that a column-standard tableau S will never have any swappable pairs.
(Indeed, if (i, ) is a swappable pair of S, then conditions 2 and 3 in the definition of
“swappable pair” ensure that there is at least one cell between the cells containing
i and j in S in the column that contains these two cells; but then the column-
standardness of S implies that this cell contains some entry h satisfying i < h < j,
and this contradicts condition 4 of the definition.)

It is easy to see that if (i, ) is a swappable pair of an n-tableau S € Tab (A), then
the n-tableau t; ;S (that is, the tableau obtained from S by swapping the entries i
and j) has the properties that

S is domino-standard
if and only if ¢; ;S is domino-standard (17)

(since the condition “rg (i) = rs(j)mod2” ensures that each of the dominoes
D1, D, ..., Dy contains at most one of i and j, and then the condition “none of
the numbers / that lie in the same column of S as i and j satisfy i < h < j” ensures
that swapping i with j does not disturb their order relations with their potential

partners) and
¢ (i;S) =9 (S) (18)

(since t; ; merely swaps two entries in the same column of S). Also, in this situation,
the tableau t; ;S has the same swappable pairs as S.

We say that an n-tableau S € Tab (A) is swappable if it has a swappable pair;
otherwise, we call it unswappable. We have

Y ()=, (19)
SeTab(A)

is domino-standard
and swappable;

$(5)=Q

since we can find a sign-reversing involution on the indexing set of this sum (this
involution takes any swappable domino-standard S € Tab (A) satisfying ¢ (S) = Q,
finds its lexicographically minimal swappable pair (i, j), and swaps the entries i and
jin S, thatis, sends S to tiiS; then, because of and , the tableau t; ;S is again
a swappable domino-standard n-tableau in Tab (A) satisfying ¢ (t;;S) = Q, so we
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have an involution on our handsﬁ and this involution is sign-reversing because

-1

(D@D = @ (since (18) ! =57 o)
= ()& () = — ()t
——

=-1

for each S € Tab (1)). Now, each S € Tab (A) is either swappable or unswappable
(but never both); thus,

D P D G A S DR b

S€Tab(A) S€Tab(A) SeTab(A)
is domino-standard; is domino-standard is domino-standard
#(S)=Q and swappable; and unswappable;
9(5)=Q ) 9()=Q
(by (19)
- Y
S€Tab(A)

is domino-standard
and unswappable;

$(5)=Q
Hence, in order to prove Claim 1, it suffices to show that
Y ()T =p (20)
SETab(A)

is domino-standard
and unswappable;

¢(5)=Q

For this, we need to better understand the structure of unswappable domino-
standard n-tableaux S € Tab (7).

To do so, we define yet another operation of n-tableaux of shape Y (A). Namely,
a biswap shall mean an operation that can be applied to an n-tableau S € Tab (A). It
proceeds by choosing two distinct dominoes D, and D}, that lie in the same column,
and swapping the values of S in cells ¢, and ¢j, and simultaneously swapping the
values of S in cells d, and d}, (so that the pair of values of S in the two cells of D,
gets swapped with the corresponding set in D;). Visually speaking, this amounts to
swapping the entire dominoes D, and Dy, (including all their entries). For instance,

one biswap takes the 9-tableau 317 o 1]7 (where the yellow and the green
6|5 8|5
219 219
4 4
1 3
8 6

“Here we are using the fact that the tableau t; ;S has the same swappable pairs as S.
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rectangles are the two dominoes D, and D, that we have swapped). Note that
entries in cells outside of D1, D,, ..., Dy do not change at all under biswaps.
Note a few properties of biswaps:

* Any biswap can be undone by another biswap. Thus, there is an equivalence
relation on Tab (A) in which two n-tableaux S1, S, € Tab () are equivalent if
and only if one of them can be transformed into the other by a sequence of
biswaps.

¢ Each equivalence class of this equivalence relation has size p. (Proof: This
is saying that any given n-tableau S € Tab (A) can be transformed into ex-
actly p distinct n-tableaux using sequences of biswaps. But the definition of
a biswap shows that a sequence of biswaps amounts to an arbitrary permu-
tation of the dominoes (or, more precisely, their sets of entries) within each
column of S (since any permutation of dominoes can be achieved by suc-
cessively swapping pairs of dominoes); since the number of dominoes inside
the i-th column of S is |A!/2], we thus conclude that the number of such

permutations is [] |Af/2|! = p. All these p permutations lead to different
i>1

n-tableaux, since the entries of S are distinct. Hence, in total, we get p distinct

tableaux by applying sequences of biswaps to S.)

¢ If we apply a biswap to a domino-standard tableau, then we obtain another
domino-standard tableau. (Indeed, domino-standardness is preserved be-
cause a biswap “moves dominoes wholesale”.) In other words, biswaps pre-
serve domino-standardness.

e The set of swappable pairs of a tableau S € Tab (A) is preserved under
biswaps (since a biswap keeps each entry in its original column, and can
only move it by an even number of rows). Thus, if we apply a biswap to an
unswappable tableau, then we obtain another unswappable tableau. In other
words, biswaps preserve unswappability.

* When we apply a biswap to an n-tableau S € Tab (A), the sign ( —1)Q°S_1 is
unchanged. (This is because a biswap amounts to two swaps of two entries,
so that the permutation Q 0 S~1 € S, is multiplied by two transpositions and
therefore preserves its sign.)

Now, let BSTab (Q) be the set of all tableaux S € Tab (A) that can be obtained
from Q by a sequence of biswaps. This is an equivalence class of the equivalence
relation mentioned in the first bullet point above, and thus has size p (by the sec-
ond bullet point). Moreover, it contains the tableau Q, which is domino-standard
(since it is column-standard) and unswappable (since a column-standard tableau
will never have any swappable pairs). Hence, all tableaux S € BSTab (Q) are
domino-standard and unswappable (since biswaps preserve domino-standardness
and unswappability), and of course satisfy ¢ (S) = Q (since S is obtained from Q
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by a sequence of biswaps, hence is column-equivalent to Q, and thus transforms
back into Q when we apply the column-sorting map ¢). Thus,

BSTab (Q) C {S € Tab (A) is domino-standard and unswappable | ¢ (S) = Q}.
(21)

We shall now prove the converse inclusion. For this purpose, let S € Tab (A)
be domino-standard and unswappable such that ¢ (S) = Q. We shall show that
S € BSTab (Q).

Indeed, consider the elements of S in the even rows (i.e., in the 2-nd, 4-th, 6-th,
etc. rows). In each column of S, we can permute the entries in the even rows
arbitrarily using a sequence of biswaps (at the cost of also permuting some en-
tries in odd rows). (For instance, we can swap the entries S (2r1,j) and S (2ry, )
by applying the biswap that swaps the domino containing the former with the
domino containing the latter. As a side-effect, this biswap will also swap the en-
tries S (2r1 — 1,j) and S (2rp — 1, ), but this does not trouble us, since these entries
do not lie in even rows. By a sequence of such swaps, we can achieve any permu-
tation of the entries in the even rows in the j-th column of S.)

Thus, in particular, we can apply a sequence of biswaps to S that results in
a tableau S’ whose entries in the even rows increase top-to-bottom down each

column (i.e., that satisfies S’ (2,j) < S’ (4,j) < S' (6,j) < --- < § (2 L)\;/ZJ ,]) for
each j > 1). Consider this tableau S’. Then, S’ is obtained from S by a sequence
of biswaps. Since S is domino-standard and unswappable, the same holds for S’

(because biswaps preserve domino-standardness and unswappability). Fix j > 1.
Then,

§'(2,)) < S (4,)) <8 (6,)) <--- < (2|A/2] )

(by the construction of S’) and
S"(i—1,j) < S (i) for each even i € [)ﬂ

(since S’ is domino-standard), and furthermore, there exist no a,b € [A;] satisfying
a = bmod2 and S’ (a,j) < S’ (b,j) with the property that none of the numbers
h € {S'(l,j), s (2,j), ..., § <)L]t,]>} satisfy S’ (a,j) < h < S’ (b,j) (since S’ is
unswappable, but such 4 and b would make (S’ (a,7), S’ (b,j)) a swappable pair of
S’). Therefore, Lemma [3.4.2| (applied to m = A; and t; = S’ (i,j)) shows that

§' (1)) <8 @) < <8 (AL).

We have proved this for each j > 1, so we have proved that S’ is column-standard.
Thus, ¢ (S’) = S’ (since ¢ fixes every column-standard tableau). But S’ is obtained
from S by a sequence of biswaps, hence is column-equivalent to S; thus, ¢ (S') =
¢ (S) = Q. Therefore, Q = ¢ (S') = S'. Since S’ is obtained from S by a sequence
of biswaps, we thus conclude that Q is obtained from S by a sequence of biswaps.
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Therefore, in turn, S is obtained from Q by a sequence of biswaps. Hence, S €
BSTab (Q).

Forget that we fixed S. We thus have shown that S € BSTab (Q) whenever
S € Tab (M) is domino-standard and unswappable such that ¢ (S) = Q. In other
words,

{S € Tab (1) is domino-standard and unswappable | ¢ (S) = Q} C BSTab (Q).
Combining this with (2I), we obtain
{S € Tab (1) is domino-standard and unswappable | ¢ (S) = Q} = BSTab (Q).

Hence,

D O P VR
SeTab(A) S€BSTab(Q)

is domino-standard
and unswappable;

¢(5)=Q

Furthermore, if S € BSTab (Q), then (—1)Q°S_1 = 1 (because when we apply

a biswap to an n-tableau S € Tab (1), the sign (—1)Q°571 is unchanged; but S €
BSTab (Q) shows that S can be obtained from Q by a sequence of biswaps; hence,

(—1)2°" = (=1)®Q" = (~1)4 = 1). Hence,

01
Y%= Y 1= BsTb(Q) =y
SEBSTab(Q) T SEBSTab(Q)

(since BSTab (Q) has size p). Therefore,

) ) R Y () L)
SeTab(A) SEBSTab(Q)

is domino-standard
and unswappable;

$(5)=Q
This proves (20), and thus concludes the proof of Claim 1. O
Now,
) eg = Y. Y. e (22)
SeTab(A) Q€Tab(A) SeTab(A)
is domino-standard is column-standard is domi?;)—st?gndard;
#(S)=

(here, we have split up the sum according to the value of ¢ (S), noting that ¢ (S) is
always column-standard). However, if Q,S € Tab (A) are two n-tableaux satisfying
¢ (S) = Q, then Q is column-equivalent to S (since ¢ is the column-sorting map,
which only moves the entries within their columns), so that Qo S~! € C(S) and

thus e = (—1)Qosf1 es (by [Grinbe24, Lemma 5.4.6 (a)], since Q = (Qo S™1) Sand

April 1, 2026



Left ideal Gelfand model page 38

QoS! e (S)), sothates = (—1)Q°S_1 e( (since the number (—1)QOS_1 e {1,-1}
is its own inverse). Hence, can be rewritten as
e

S€Tab(A)
is domino-standard

- ¥ Y (1% e

Q€Tab(A) S€Tab(A)
is column-standard is domino-standard;
P(5)=Q

~~

=P
(by Claim 1)

- Z peqg = Z pes =p- Z es.

Q€Tab(A) S€Tab()) SeTab(A)
is column-standard is column-standard is column-standard
This proves Lemma [3.4.4] O

Lemma 3.4.5. In S, we have

Z €g # 0.
S€Tab(A)
is column-standard

Proof. We recall that the Specht module S* is a submodule of the Young module
M?*, which has a basis consisting of all n-tabloids T of shape A (see [Grinbe24),
Definition 5.3.15]). The set {n-tabloids of shape A} is equipped with a total order
called the Young last letter order (see [Grinbe24, Proposition 5.7.7]); explicitly, two
n-tabloids P and Q satisfy P < Q if and only if the largest number i € [1] that lies
in different rows in P and Q appears further north in P than in Q. Note that the
largest n-tabloid S of shape A with respect to this order is the n-tabloid Smax, Where
Smax € Tab (A) is the standard tableau that contains the numbers 1,2,...,A; in its
first row, the numbers A1 +1,A1 +2,...,A1 + Ay in its second row, and so on (i.e.,
the cells of Smax are filled with the numbers 1,2, ..., n in lexicographic order).

It is well-known ([Grinbe24, Lemma 5.7.9 (b)]) that each column-standard n-
tableau S € Tab () satisfies

es = S+ (a linear combination of n-tabloids P with P < S) .

Hence,

Y, s
SeTab(A)
is column-standard
= Z (S + (a linear combination of n-tabloids P with P < S))
S€Tab())
is column-standard

= kSmax + (a linear combination of n-tabloids P with P < Sma) (23)
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(since Spmay is the largest n-tabloid S of shape A), where « is the number of column-
standard n-tableaux S € Tab (A) satisfying S = Smax. Now, it is clear that x is
a positive integer, and in fact ¥ can be easily computed explicitly: Any n-tableau
S € Tab (A) that satisfies S = Smax (that is, is row-equivalent to Smax) is column-
standard (since any entry in the i-th row of Smax is larger than any entry in the
j-th row of Smax when i < j, and thus a horizontal permutation cannot break the
column-standardness of Smax). Thus, x is simply the number of all n-tableaux
S € Tab (A) satisfying S = Smax. In other words, « is the number of all n-tableaux
S that are row-equivalent to Smax. Therefore,

K = |R (Smax)| = AMIA AL -

(by [Grinbe24, Proposition 5.5.7 (a)]). Either way, we conclude that x # 0. Thus, the
right hand side of the equality has the form “nonzero multiple of Smax plus a
linear combination of smaller n-tabloids”, and therefore is nonzero. Hence, so is
the left hand side. This proves Lemma [3.4.5| O

Proof of Proposition Let i1,12,...,0, j1,j2, - - -, jx be the 2k distinct integers
T(Cl), T(Cz), ey T(Ck), T(dl), T(dz), ey T(dk)

(these are distinct, since all entries of T are distinct). Then,

* _ *
Gil,iz,...,ik; jl,jz,...,jkeT - GT(C]), T(Cz), veey T(Ck); T(dl), T(dz), eery T(dk)eT

= Y. es (by Lemma 3.4.3))
SeTab(A)
is domino-standard

=p- Y. es (by Lemma [3.4.4)) .
SeTab(A)
is column-standard

Since p = [] [Al/2]! # 0 and Y es # 0 (by Lemma [3.4.5), the right
i>1 SeTab())
is column-standard

hand side of this equality is # 0. Thus, so is the left hand side. In other words,
G .er # 0. This proves Propositionw O

i11i2/-~~/ik; jl /]’2/"-/]

3.4.4. Consequences of nonvanishing

In order to draw conclusions from Proposition we need the following fact
about Specht modules:

Lemma 3.4.6. Let V be a left ideal of A. Let A be a partition of n. Then,
Hom 4 (SA, V) ~ *SA as k-vector spaces.

Proof. We have S* =2 AE7, where Ep = Vo VRowT is the Young symmetrizer
corresponding to any n-tableau T of shape A (see [Grinbe24, §5.5] for all these
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notations). We know that Er is quasi-idempotent, i.e., we have E2 = h'Er for a
E
nonzero scalar i*. Thus, setting f := h—I, we have f2 = f and S* = Af.
From S & Af, we obtain the k-vector space isomorphism

HomA (SA/ V) =~ HomA (Af, V)
= fv (by Lemma since f2 = f)

N N since the antipode A — A, x — x*
= (V) is a k-vector space isomorphism
=V f* (since the antipode is a k-algebra anti-morphism) .

But f = % yields f* = % = % using the notation Fr from [Grinbe24, Propo-
sition 5.11.19]. Thus, Af* = AFr. But AFr = S by [Grinbe24, Proposition 5.11.19
(0)]. Hence, Af* = AF = S,

Moreover, V* is a right ideal of A (since V is a left ideal), and therefore V* =
V*A. Hence, R

V' ff=VTAff 2 VIS

Therefore, our above isomorphism becomes

Hom 4 (S", V) o Y YRS,
This proves Lemma [3.4.6] O
Corollary 3.4.7. Let A be a partition of n. Then:

(@) We have G*S* #£ 0.
(b) We have Hom 4 (8%, G) # 0.

Proof. (a) This follows from Proposition since Gy, j,,...ii; j1jors € 9 and er €
St

(b) Lemma yields Hom 4 (S*,G) = G*S* # 0 by part (a). This completes
the proof of part (b). O

3.4.5. Proof of the Gelfand model

Proof of Theorem A matching of [n] shall mean a set of disjoint 2-element sub-
sets of [n] (that is, an m-matching of [n] for some m € Z).

Corollary (b) shows that each Specht module S* for A I 7 is contained in
G (that is, can be embedded in G). Since these Specht modules are irreducible and
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mutually non-isomorphic, this shows that their direct sum @ S* is contained in
Aln
G as well (since Proposition [2.10.1] says that a sum of non-isomorphic irreducible
representations is always a direct sum).
Now we shall show that the dimensions of & S* and G are the same. Indeed,
Abn
recall the filtration (0 =G_1 C Gy C --- C G, = G) from Subsection 8.3} Thus,

m=0

<(# of m-matchings of [n])

(by ([I0))
n
< Y (# of m-matchings of [n])

m=0
= (# of matchings of [n])
= (# of involutions of [n]) (24)

(since the matchings of [n] are in bijection with the involutions of [1] ). But a well-
known enumerative result (see, e.g., [Leeuwe95, Proposition 1.3.2] or [Grinbe24,
Corollary 5.21.11]) says that

(# of involutions of [n])

= Z (# of standard tableaux of shape A) . (25)
AFn

Furthermore, it is well-known that
dim S* = (# of standard tableaux of shape A) (26)
for each A - n. Hence, becomes

dim G < (# of involutions of [n])
= ) _ (# of standard tableaux of shape A) (by (29))

Abn S o
=dim
(by (26 i)
= ZdlmSA d1m€9$A
An A1

Since @ S” is contained in G, we thus conclude that the direct sum @ S* is G.

An ) Abn
In other words, G is a Gelfand model, qed. O
>The bijection is well-known and simple: If M = {{i1, j1}, {i2,j2}, ---, {im,jm}} is a matching of
[n], then t; ;i t;, i, -t i, € Sy is an involution of [n]. Conversely, if ¢ is an involution on [n],

then the corresponding matching is {{i,o (i)} | i € [n] with o (i) # i}.
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3.5. Further corollaries

Having proved Theorem let us now reap some rewards from our above argu-
ments.

Corollary 3.5.1. Let A be a partition of n. Then:
(@) We have dim (G*S*) = 1.
(b) We have dim (Hom 4 (S*,G)) = 1.
(c) We have
G*S* = k- Y es.

SeTab(A)
is column-standard

Proof. (b) Theorem yields that G is multiplicity-free as a left A-module. Mean-

while, S is an irreducible representation of S,. Thus, Lemma (applied to
] =G and K = 8") yields dim (Hom 4 (S*,G)) < 1. But Corollary (b) yields

Hom 4 (8*,G) # 0, thus dim (Hom 4 (§*,G)) > 1. Combining these two inequali-
ties, we obtain dim (Hom 4 (S*,G)) = 1. This proves part (b).

(a) Lemma 3.4.6: yields Hom 4 (8%, G) = G*S*. Hence, G*S* = Hom 4 (S*,G),
*S

so that dim (G = dim (Hom 4 (8%, G)) = 1 by part (b). This proves part (a).
(c) Part (a) shows that dim (G*S*) = 1. Hence, in order to prove part (c), it
suffices to show that the vector Yy es is nonzero and belongs to G *SA.
SeTab())

is column-standard

The former follows from Lemma The latter is because G*S? contains

GT(er), T(ca), . T(c); T(dy), T(da), ., T(d) €T

= ) es (by Lemma [3.4.3))
SeTab(A)
is domino-standard

=p- ) es (by Lemma [3.4.4)
SeTab(A)
is column-standard

and thus also y es (since p is invertible). O
SeTab(A)
is column-standard

3.6. The decomposition of G,, into Specht modules

Our next goal is to extend Theorem from the entire representation G to its
submodules Gy, by identifying which Specht modules S* it contains. This requires
some precursory work.
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For each partition A, let us set
ky:i=)_ |A1/2]. (27)
i>1
If m € Z, and if S is a set, then an m-matching of S shall mean a set of m disjoint
2-element subsets of S. For example, {{1,5}, {2,3}} is a 2-matching of [7]. An

m-matching of [n] will simply be called an “m-matching”, without mention of [n].
We recall a well-known formula for counting m-matchings:

Proposition 3.6.1. Let m € IN. Let N be an n-element set. Then,

, n\ (2m)!
(# of m-matchings of N) = ( 2m> il

Proof. We shall use the following terminology: If M is an m-matching of N, then:

* The elements of N that are contained in the edges of M are called the partici-
pants of M.

¢ For any participant p of M, there is a unique participant 4 of M such that
{p,q} € M; this g will be called the M-partner of p.

Note that any m-matching M of N necessarily has exactly 2m participants (since
it has m edges, all of which are disjoint, and each of which contains 2 elements).

Now, pick an arbitrary total order on the set N. Each m-matching M of N can be
constructed as follows:

1. Choose the 2m participants of M. This amounts to choosing a 2m-element

subset of N, and thus can be done in ( 27ﬂ> ways.

2. Let p be the smallest participant of M. Choose the M-partner g of p. This
can be done in 2m — 1 ways (since g must be one of the 2m participants but
also differ from p). The edge {p,q} will belong to M. We shall refer to the
participants p and q as matched (since they have already been assigned their
M-partners), and to the remaining 2m — 2 participants as unmatched.

3. Let p’ be the smallest unmatched participant of M. Choose the M-partner g’
of p’. This can be done in 2m — 3 ways (since 4’ must be one of the 2m — 2
unmatched participants but also differ from p’). The edge {p’, 4’} will belong
to M. The participants p’ and 4’ now change their status from “unmatched”
to “matched”, so that 2m — 4 participants remain unmatched.

4. Let p” be the smallest unmatched participant of M. Choose the M-partner
q" of p’. This can be done in 2m — 5 ways (since g’ must be one of the
2m — 4 unmatched participants but also differ from p”). The edge {p”, 4"}
will belong to M. The participants p”’ and ¢” now change their status from
“unmatched” to “matched”, so that 2m — 6 participants remain unmatched.
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5. And so on, until we are left with no more unmatched participants, and we
have discovered all m edges in M.

The total number of ways to perform this construction is

(”). 2m—-1)2m—-3)2m—5)---1 = <n)(22mn;1)'|

2m N\ ~ . 2m
(2m)! (2m)!

(2m) (2m —2) (2m —4)---2 2mm!

2m)!
Hence, the # of m-matchings of N is n ) 2m) . This proves Proposition3.6.1, [
2m ) 2"Mm!

Let us now show that the inequality in Lemma is an equality:
Corollary 3.6.2. Let m € Z. Then,

dim (G /Gu—1) = (# of m-matchings of [n]).

Proof. Forget that we fixed m. We must prove that
dim (G /G—1) = (# of m-matchings of [n]) (28)

for all m € Z. However, in our above proof of Theorem we added together
the inequalities

dim (G /G—1) < (# of m-matchings of [n]) (29)
forall m € {0,1,...,n}, and obtained the inequality dimG < dim @ S A which is
An
actually an equality (since we showed shortly thereafter that the direct sum @ S*
Aln

is G). Hence, all the inequalities (29) must be equalities. In other words, holds
forall m € {0,1,...,n}. Since (28) also holds for all m € Z\ {0,1,...,n} (since for
all such m, both sides of are 0), we thus conclude that holds for all m € Z.

This proves Corollary ]

Next, we need a combinatorial lemma:
Lemma 3.6.3. Let m € Z. Then,

(# of m-matchings of [n]) = ) _ (# of standard tableaux of shape A).

Abn;
k,\:m
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First proof of Lemma (sketched). Each m-matching M = {{iy,j1}, {iz,jo}, ---, {im,jm}}
of [n] gives rise to an involution t; ;t;, i, - - t;, ;. € Sn that has exactly n — 2m fixed

points (viz., all elements of [n] other than the 2m numbers iy, 1,12, 2, - - -, im, jm)-

Thus, we obtain a bijection from the set {m-matchings of [n]} to the set

{involutions of [n] with exactly n — 2m fixed points}. Hence,

(# of m-matchings of [n])
= (# of involutions of [n] with exactly n — 2m fixed points) . (30)

But it is well-known that there is a bijection between the involutions of [1#] and
the standard tableaux of all shapes A - n, given by the RSK algorithm (see, e.g.,
[Fulton97, last paragraph of §4.1] or [Stanle23, proof of Corollary 7.13.9]). Further-
more, it is known (see [Fulton97, §4.2, Exercise 4] or [Stanle23, Exercise 7.28 (a)])
that when this bijection sends an involution w to a standard tableau T of some
shape A, we have

(# of fixed points of w) = (# of odd-length columns of Y (1))
=n-—2k A-

Hence, this bijection restricts to a bijection between the involutions of [n] with
exactly n — 2m fixed points and the standard tableaux of all shapes A I- n satisfying
n —2k), = n —2m, that is, ky = m. Thus, by the bijection principle,

(# of involutions of [n] with exactly n — 2m fixed points)

= Y (# of standard tableaux of shape A).

Abn;
k/\Im

In view of this, we can rewrite (30) as

(# of m-matchings of [n]) = )_ (# of standard tableaux of shape A).

Abn;
k)‘:m

This proves Lemma O

Second proof of Lemma (sketched). The following proof avoids the use of the RSK
algorithm. Instead, we proceed similarly to the proof of in [Leeuwe95, §1.3].
(See also [Grinbe2X, §3.2].)

Given two partitions A and p, we write A <y if and only if Y (A) C Y (u) and
Y (#) \ Y (A)| = 1 (in other words: if and only if i covers A in Young’s lattice).
Note that A < p entails |A| = |u| — 1.

For any n € IN, we define the polynomial

o(n):=Y ez,

AbFn
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where f* is the number of standard tableaux of shape A. Our main goal will be
proving the recurrence

cn)=cmn—-1)+mn—-1)toc(n—2) (31)

forall n > 2.
To this end, we begin by showing the following statement (which generalizes
[Leeuwe95, (1)]):

Sublemma A: For any partition A, we have

Y- tu = kx4 ¢ Y thn,

u is a partition; u is a partition;
A< u<A

Proof of Sublemma A. Regard partitions as infinite sequences of integers (with in-
finitely many 0’s in their tails), and regard such sequences as elements of the Z-
module Z®. In particular, write A as (A1, A2, A3,...) (so that A; = 0 for all suffi-
ciently large 7). Let {i; < i, < --- < iy} be the set of all i > 1 satisfying A; > A;;1.
For each p > 1, let €, be the vector (0,0,...,0,1,0,0,0,...) € Z* with the 1 in its
p-th position. Thenfr7

* The partitions u satisfying A < u are precisely

)\+€1; )\+€i1+1/ A+€i2+1/ sy )\_i_eim—‘rl/

®Here is an example, showing a partition A as well as all partitions y satisfying A <  (these are
obtained by adding one of the green cells to the Young diagram of Y (A)) as well as as all
partitions y satisfying u < A (these are obtained by removing one of the red cells from the Young
diagram of Y (A)):

ih1+1
i

ir+1

i3

i3+1
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and their respective numbers k, are

k Aep = k A and
ki if i, is even;
ke, =19, b ' 32
Ateip i {kA +1, ifiy,is odd. (32)
Hence,
m o hy if i, is even;
DRSEEIES o A &
u is a partition; p=1 gAT, if Ip 18 odd.
A<p
* The partitions p satisfying u < A are precisely
)\—E’il, /\—GZ’Z, ey )L—Gim,
and their respective numbers k;, are
ky—1, ifi,iseven;
k/\fei = . .p . (34)
P ki, if iy is odd.
Hence,
m o (¢ka=1 " if i is even;
Y. tknzz{h L (35)
 is a partition; p=1 £, if Ip 18 odd.
u<A
Now, our goal is to prove that
R I o S Y )
u is a partition; W is a partition;
A< u<A
Using and (35), we can rewrite this as
mo | ha if i, is even; m (a1 if i is even;
tkMrZ{kH ol :tkMrtZ{k ol
p=1 |4, ifipis odd =1 [t if i is odd.
But this is obvious. Hence, Sublemma A is proved. O
Sublemma B: Given two partitions A # v, we have
(# of partitions y such that A <y and v < )
= (# of partitions y such that y <A and y <v).
Proof of Sublemma B. This is [Leeuwe95, (2)]. O
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Hereon for the rest of this proof, all summation indices are understood to be

partitions. Thus, for example, the summation sign “ ). ” means a sum over all
W p<A
partitions y satisfying y < A.

Sublemma C: For any nonempty partition A, we have

e r o

i p<A

Proof of Sublemma C. This is [Leeuwe95, (3)], and is pretty obvious: Any standard
tableau of shape A must have the number 7 in exactly one of its “corner cells” (i.e.,
those cells of Y (A) whose removal from Y (A) would yield the diagram Y () of a
partition u), and upon removing this entry, produces a standard tableau of shape
u for a unique partition y satisfying y < A. This gives a bijection from the set of
all standard tableaux of shape A to the set of all standard tableaux of shape p with
i < A. Sublemma C follows by the bijection principle. O

Sublemma D: For any partition A, we have

L = (al+ D

W A<p
Proof of Sublemma D. See [Leeuwe95, Lemma 1.3.1] or [Grinbe2X|, Lemma D]. ]
Now, let n > 2. Then,

o(n) = ZfAt‘kA =) ( ) f”) thr (by Sublemma C)

Abn AEn \p; u<A
—Lp L
U An;
u<A

we have || = |A| —1, and thus the
condition A I 7 is equivalent to y -n —1

:ZfﬂztkA

uFn—1 A p<A

_ Z A Z sy here, we have renamed y and A
as A and u

( because under the condition yu < A, )

AFn—1 u; A<y

=) i <tk)* +t ) tk”> (by Sublemma A)

AFn—1 U u<A
AFn—1 An—1 u; <A
NV
:0’(1’1—1) =Y fyt Y tk/\

ukFn—1 A A<
(here, we renamed A and y as y and A)

=c(n—1)+ Y f't Yy

puFn—1 A A<y
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In view of

Yo fre 30

puFn—1 A A<u

SV
I

because under the condition A < y,
we have |A| = |u| — 1, and thus the

A;ZLZ; condition y = n —1is equivalent to A = n — 2
= Y & Y o= 3 e A+ f
AFn—2  A<p AFn—2 :;T
H’_/A (since AFn—2)
=([A[+1)f
(by Sublemma D)
=m-1t Y *fr=m-1)t Y fFhr=m-1ton-2),
AFn—2 AFn—2
N——
=0(n—-2)

we can rewrite this as
ocn)=cn—-1)+mn-1)tc(n—-2).

This proves (31).
Let [t"] f denote the coefficient of " in an arbitrary polynomial f € Z [t]. (This is

0 when m < 0 or m > deg f.) The recurrence can be rewritten as the recurrence

[#"] (e () = ["] (¢ (n = 1) + (1 = 1) - ["7] (e (n - 2))

for the coefficients of ¢ (1), where m € Z is arbitrary and where n > 2. Using this
recurrence (and the fact that ¢ (0) = ¢ (1) = 1), it is now straightforward to see
that

2m ) 2Mm!

But the left hand side [t"] (o (1)) of this equality is Y. f* by the definition of
Abn;

("] (o (n)) = ( n ) @m)t o each m € N.

k,\:m
o (n). Hence, for each m € IN, we have

Y. A=t (o (n) = ( " ) (2m)! _ (# of m-matchings of [n])

Mg |
Pyt 2m ) 2"m!
k)\:m

(by Proposition [3.6.1). This equality also holds for negative integers m (since both
sides are 0). Thus, it holds for all m € Z. Lemma is proved again. O

We can now describe the submodules G, of G and their quotients as representa-
tions of Sy:
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Theorem 3.6.4. Let m € Z. Then,

Gn = P s and Gn/Gm = P St
Abn; Abn;
kASm k/\:m

Proof. Let A be a partition of n satisfying k) < m. Then, we can choose any n-
tableau T of shape A, and then Proposition .41 (applied to k = k) shows that
there exist some 2k, distinct elements iy, 1>, .. lkA, JuJ2r 0k, € [n] such that

G! j eT 7& 0.

i1,i2,. ]1 JJj2s

This shows that G/ S* # 0 (because Gl e, € G (since k), < m) and
A

er € S). However, Lemma n yields HomA (S/\ Gm) = G;,S* # 0. That is, the
Specht module S* is contained in G, (that is, can be embedded in G,,).

Forget that we fixed A. We thus have shown that for any partition A of n sat-
isfying k), < m, the Specht module S* is contained in G,,. Since these Specht
modules are irreducible and mutually non-isomorphic, this shows that their direct

sum @ S A is contained in G, as well (since Proposition [2.10.1|says that a sum of
Abmn;
k)\Sm

non-isomorphic irreducible representations is always a direct sum).

Now we shall show that the dimensions of @ S* and G,, are the same. Indeed,
Abn;
k)LSWl

recall the filtration (0=G 1 C Gy C --- C G, = G) from Subsection Thus,
(0=G_1CGyC - C Gy =Gp) is a filtration of G,,. Hence,

dim (Gy,) = Z dim (G;/Gi_1)

i=0
: <(# of i-matchings of [n])
(by Lemma [3.3.1)

m
<Y (#of i-matchings of [n])

=0
= Y. (# of standard tableaux of shape A)

An;
ky=i
(by Lemma[3.6.3] applied to i instead of )
m
= Z # of standard tableaux of shape A)
i=0 Abmn; ~ d
ky=i =dim &t
\_\,_./ (by )
= L
Abn;
k/\gm
= Y dimS* =dim P St
Aln; AMn;
k/\ém k/\gm
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Since @ S” is contained in G,,, we thus conclude that the direct sum @ S*

AbFn; Abn;
kr<m ky<m
is G, This proves
Gn = P St (36)
AFn;
k)\gm
The same reasoning (applied to m — 1 instead of m) shows that
Gn1= @ S\ (37)
Aln;
k,\gm—l

Now it remains to prove that G,,/G,, 1 = @ S*. For this purpose, we re-
Abn;
k)\:nm
call the following fact (an easy consequence of the Krull-Remak-Schmidt theorem
[EGHetc11, Theorem 3.8.1], or — because A is semisimple — of the Jordan-Holder

theorem [EGHetc11] Theorem 3.7.1]):

Cancellativity of A-modules: Let U, V,W be three finite-dimensional left
A-modules. HUPW=ZV PW, then U = V.

The semisimplicity of A yields
gm = gmfl % (gm/gmfl) = (gm/gmfl) b gmfl

~ (Gu/Gu1)® | P S (by B7)),
e

so that

1%

Gn/Gn-1)e| @ S'|=2d.=2P s (by (36))

Abn; Abn;
k,\gmfl k)\gm

It

Dsle| @ s
Abn; Abn;
k/'\:m k)\gﬂ’lfl

Applying the cancellativity of A-modules to U = G, /Gp—1 and V = @ -y, S

k/\Im
and W= -, S, we thus obtain
k,\gmfl
gm/gm—l = @ S/\.
AbFmn;
kA:m
This completes the proof of Theorem [3.6.4} O
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Corollary 3.6.5. Let A be a partition of n. Let m € Z be such that m < k,. Then,
G:SM = 0.

Proof. Lemma yields Hom 4 (8%, Gi) = G, S* as vector spaces.
If u is a partition of n satisfying k, < m, then p # A (since k, < m < k, entails
ky # k) and thus p # A) and therefore A # , so that

Hom 4 (SA, Sﬂ) —0 (38)

by Schur’s lemma (since the irreducible S,-representations S* and S* are not iso-
morphic (since A # p)).
But Theorem [3.6.4] (with the index A renamed as y) yields G, = @ -y, SV

ky<m

Hence,

Hom 4 (S/\, gm) ~ Homy | S, @) 8" | = @ Homy S/‘,SP’> — 0.

pkn; pbn; ~~

ky<m ky<m (by:)
Comparing this with Hom 4 (S*, G,) = G;;,S*, we obtain G;;,S* = 0, and so Corol-
lary is proved. O

3.7. Relation to the involution Gelfand model

The Gelfand model G of S, is closely related to the famous involution Gelfand
model V,, from [AdPoRo08, §1.1] (see also [KodVer04]).

Indeed, let m € Z. Let F,;; be the free k-module with basis consisting of all the
2m-tuples (iy,1,...,im; j1,J2,---,jm) Of distinct elements of [n] (viewed as formal
symbols). This F, ;; becomes an S,-representation, where S, acts entrywise on the
tuples (i.e., a permutation is applied to each entry of the tuple). Now, let V,, ;; be
the quotient vector space of F;;; modulo the relations

(1,02, ooyl J1sJ20 -0 m) = (ig(l),ig(z),-~~,ia(m)} ja(l)/ja(z)/---/jo'(m))

forall ¢ € Sy, and all (iy, i, ..., im; j1,j2,---,Jjm), and

~

il/ iZI L /ip—lljp/ lp—l—l/ L /lﬂ’I/ jl/jZ/ L /jp—li lp/]p—l—ll L /]m)
— (i, 00, ims J1,J2, -0 Jm)

for all (i1,i2,...,im; j1,j2,---,jm) and all p € [m].
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This quotient space V, 5, is still an S,-representation (since the relations are pre-
served under the S,-action). It is easy to see that it has a basis consisting of the
elements

(i1/i2/' . IZTI’ZI j11j2/' . /]m)

indexed by all m-matchings {{i1,j1}, {i2,j2}, ---, {im, jm}} of [n], as long as we
make sure to pick one representative (iy,io, ..., im; j1,J2,---,jm) for each m-matching
(different representatives will lead to different signs of (i1, iz, ..., im; j1,j2, -, jm))-

As we saw in the proof of Lemma the quotient vector space G,/ Gy,—1 is
spanned by the family

(Gil,iz,...,im; jl/j2/--~rjm)z'l,iz,...,im,jl,jz,...,jm are 2m distinct elements of [n] /

and this family is subject to the obvious relation

Gil/in-“/im; jl/er---rjm = Gia(])ria(z)/---/ig(m); ja(l)/jg(Z)/-“/jg(m)

for all ¢ € S, (indeed, this holds even in G,,, without the overlines) and the less
obvious relation for all p € [m]. Thus, there is an S,-equivariant linear map

Ebm . Vn,m — gm/gmfll

(il/ iz’ cccy im; jl’jz’ ttt ,jm) '—> Gil/iZ/n-/im; jl/]‘2/~-/]'m'

This map 1, is surjective, since G,/ G,,—1 is spanned by the family . Since its
domain V},;; and its codomain G,/ G,,—1 have the same dimension (by Corollary
B.6.2), this entails that this map i, is also injective, and thus is an isomorphism of
Su-representations. Hence,

G/ Gm-1= Vam as Sy-representations.

But the S;-representation V}, ;, is just an isomorphic copy of the m-th degree compo-
nent of the famous involution Gelfand model V,, from [AdPoRo08, §1.1] (see also
[KodVer04]): Indeed, we can replace each 2m-tuple (i1,i,...,im; ji,j2,---,jm) €
Vim by the involution t;, j,t;, ;- - ti,j, multiplied by (—1)* of s satisfying s>z 4, got
an isomorphism from the former to the latter. Hence, G,/ G,,—1 is isomorphic to
the m-th degree component of V;, as well.

Now, forget that we fixed m. We thus have shown that for each m € Z, the
Sp-representation G,,/G,,—1 is isomorphic to the m-th degree component of the

involution Gelfand model V,,. Hence, the associated graded object @ (Gm/Gm-1)

of our filtered S;,-representation G is isomorphic to the Gelfand model Vu. But
since we are in characteristic 0, Maschke’s theorem ensures that all exact sequences

n
of S,-representations split, and therefore G = @ (G/G;u—1) as representations of

m=
Su. Hence, G is also isomorphic to the Gelfand model V,,. This gives a new proof
of the fact that V}, is a Gelfand model.
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3.8. Questions

Question 3.8.1. What is G*G ? Proposition (c) shows that this is a nonunital
subalgebra of A isomorphic to k?("), where p (n) = |{A - n}|. But how exactly
does it lie inside A ? Is there a simple basis?

| Question 3.8.2. How much of the above still holds in the Hecke algebra?

4. The dyadic shuffles

We shall now reap some concrete harvest of our theory.

As we recall, A = k[S,] is the group algebra of the symmetric group S, =
{permutations of [n]} over the characteristic-0 field k. The antipode map of A
is the k-linear map a — a* that sends each w € S, to w™!. This is a k-algebra

anti-automorphism of A.

4.1. Definition via matchings

An edge will mean a 2-element subset of [n].

A permutation w € S, is said to increase on a subset of [n] if the restriction of w to
this subset is an increasing function. In particular, a permutation w € S, increases
on an edge {i < j} if and only if w (i) < w (j).

For instance, the permutation w € S; with one-line notation [3124] increases on
the edges {1,4}, {2,3}, {2,4}, {3,4} but not on the edges {1,2}, {1,3}.

A set of k disjoint edges will be called a k-matching. A permutation w € S, is
said to increase on a k-matching M if and only if w increases on each edge P € M.

For instance, the permutation w € Ss with one-line notation [24513] increases on
the 2-matching {{1,3},{4,5}}, but not on the 2-matching {{1,3},{2,5}}, since it
fails to increase on the edge {2,5}.

Given a permutation w € S, and an integer k > 0, we define incmat; (w) to
be the number of all k-matchings on which w increases. This number is called
noninv(zkrln,zk) (w) in [ReSaWell].

For instance, the permutation [24513] € S5 (written here in one-line notation) in-
creases on exactly four 2-matchings, which are color-coded on its one-line notation
here:

24513, 24513, 24513, 24513

(each color represents an edge, which consists of the positions at which this color
appears). Thus, incmat; ([24513]) = 4.

Definition 4.1.1. For any k € IN, we define the dyadic shuffle

Sy =) incmat (w)w € A.
wWES,
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This S, x is denoted by v(zk 1n-2%) in [ReSaWell].
Example 4.1.2. (a) We have

Sno=Y, incmaty (w) w= Y w.
wES, — wWES,

=1
(since there is only one 0-matching,
namely {}, and each w increases on it)

(b) To compute S, 1, we note that the 1-matchings are just singletons consisting
of a single edge {i < j}, and a given permutation w € S, increases on such
a matching if and only if w (i) < w(j). Thus, for any permutation w € S,
the number incmat; (w) counts the pairs (i < j) of elements of [n] satisfying
w (i) < w (j). These pairs are known as the noninversions of w. For instance, for
n = 3, we have

S31 = Z incmaty (w) w
weS;

= 3[123] 4+ 2[132] + 2 [213] + [231] + [312],

where [i1iy - - - iy] denotes the permutation with one-line notation (iy, iy, ..., in).

(c) If 2k > n, then there exist no k-matchings, since there are no 2k distinct
elements in [n]. Hence, in this case, we have incmaty (w) = 0 for all w € S,,, and
thus S, = 0.

Among the main results of [ReSaWell] are the following two theorems (both
parts of [ReSaWell, Theorem 1.6]):

Theorem 4.1.3. The dyadic shuffles S, 0, S;,1, Sy 2, - . . pairwise commute. That is,
[Sn,l-, Sn,]} =0foralli,j € N.

Theorem 4.1.4. For each k € IN, there exists a multiset Z; of integers such that

IT (Syxk—A) = 0. (In other words, the minimal polynomial of S, over k
/\EZk

factors into linear factors defined over Z.)

We shall recover these results as consequences of our theory in this section. First,
however, we shall give another definition of the dyadic shuffles.

4.2. Definition via descents

The descent set Desw of a permutation w € S, is defined to be the set of all i €
[n — 1] such that w (i) > w (i + 1). Its elements i are called the descents of w.

A composition of n means a tuple (a1,a2,...,ax) of positive integers satisfying
K1+ + -+ ap =n.
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For any composition & = (a1, ay,...,&x) of n, define a subset D (a) of [n — 1] by
D(D{) = {0(1,0(1—|—0(2,...,0€1+0(2+---+0ék,1},

and define the element

Xei= Y wleA (39)

WESy;
DeswCD ()
In other words, X, is the sum of the minimum-length right coset representatives in
S« \ Su, where S, is the Young subgroup of S,, corresponding to « (that is, the group
of permutations that permute the smallest a1 elements of [n] among themselves, the
next-smallest a, elements of [#] among themselves, and so on).
These X, have significant overlap with the G . defined in (8):

il,iz,...,ik; jl,jz,...,j

Proposition 4.2.1. Let a be any composition of n that consists of k many 2’s and
n — 2k many 1’s in any order. Then,

X =G

il,iz,...,ik; jl/]’Z/m/]'k

for an appropriate choice of 2k distinct elements i1,17, ..., i, j1,j2,-- -, jk € [1].

Proof. An example first: If a is the composition (1,2,2,1,2), then X, = Go47: 353,
because the condition Desw C D (1,2,2,1,2) on a permutation w € Sg is equivalent
to the condition

(w(2) <w(3) and w(4) <w(5) and w (7) < w(8)).

Let us now handle the general case. The composition « has k + (n —2k) =n —k
entries, which include k many 2’s and n — 2k many 1’s. Any of the k many 2’s in
« leads to two consecutive elements a1 +ap + -+ - +a;_1 and aq +ar + - - - + «; of
D («) U {0,n} having a “gap” of a; = 2 between them, so that the intermediate
integer a1 +ay + - - - +a;_1 + 1 belongs to the complementary set [n — 1] \ D («).
This accounts for all elements of [n — 1] \ D (). Thus, we can write the set [n — 1] \
D («) in the form

[n—l]\D(zx) :{il <ip < - <ik}

for some k numbers iy < i < --- < iy in [n — 1] that are “socially distanced” (i.e.,
each i differs from the previous i;_; by at least 2). Consider these ij,1, ..., .
Hence, the 2k numbers i1,i; + 1,ip,ip + 1,...,10, i, + 1 are distinct (since each i
differs from the previous i;_1 by at least 2). Hence, Gj, i, ... ij+1,iy+1,...i,+1 is well-
defined.

Now, a permutation w € S, satisfies Desw C D (a) if and only if none of
i1,ip,...,1 is a descent of w (since D («) = [n — 1]\ {iy,ip,...,ix}), that is, if and
only if it satisfies w (i;) < w (is + 1) for each s € [k]. Thus, the definition of &,
can be rewritten as

-1
Xy = Y. W = Giy iy, i i+1,ip+1,.. i+ 1
wESy;
w(is)<w(is+1) for all se[k]
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(by ). Hence, Xy = G iy,..it; j1,jo,...j fOT an appropriate choice of 2k distinct ele-
ments i, iy, ..., 0, j1,J2,- - -, Jk € [n] (namely, for js = is 4+ 1). This proves Proposition

21 O

Remark 4.2.2. Let iy,iy,...,0k j1,j2,---,jx € [n] be 2k distinct elements. If
is < js for all s € [k], then the permutations w~! for w € S, satisfying
w (is) < w (js) for all s € [k] are the minimum-length right coset representatives

in (S{ilrjl} X Sigjpy X1 X S{ik/fk}> \ Sn, where Sy jiy X Sgipjpy X o X Sy iy
is the order-2f subgroup of S, generated by the commuting transpositions

tivjir tinjor -+ o tij- Thus, G iy i-in i i the sum of these minimum-length
right coset representatives in this case. But this does not hold if some is > Js.

Now we claim:

Theorem 4.2.3. Let k € IN be such that 2k < n. Then,

1 i
Sk = m){(ﬂllnfzk)X(zk,ln—zk)- (40)
Here, (2%, 1”’2") denotes the composition of n that begins with k many 2’s and
continues with n — 2k many 1’s.

Proof. We have

D ((2k,1"—2k)) = {2,4,6,...,2k} U {2k+1,2k+2,2k+3,...,n— 1}
all integers froE 2k+1ton—1

= [n—1\{1,3,5...,2k—1}.

Thus, a permutation w € S, satisfies Desw C D ((Zk, 1”_2k)) if and only if it satis-
fiesDesw C [n —1]\{1,3,5,...,2k — 1}, thatis, if and only if none of 1, 3,5, ..., 2k —
1is a descent of w, that is, if and only if it satisfies w (2s — 1) < w (2s) for all s € [k].
Hence, the definition of X (2512 can be rewritten as

X(zkllnfzk) - Z w_l- (41)
wESy;
w(2s—1)<w(2s) for all s€[k]

Applying the antipode map a > a* to this equality, we obtain

X(*zk/ln—zk) = Z X (42)

XESy;
x(25s—1)<x(2s) for all s€[k]

(since the antipode map sends w ™! to w for each w € S,)). Multiplying the equalities
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and together, we find
x _ -1
X(2k11n72k) X(zk,ln_Zk) — 2 X Z w

XESy; wWESy;
x(2s—1)<x(2s) for all se[k] w(2s—1)<w(2s) for all s€[k]

= ) xw !

X, WES,;
x(2s—1)<x(2s) for all s€[k];
w(2s—1)<w(2s) for all s€ k]

— Y. u

u,WweS,;
(uw)(25—1)<(uw§(25) for all s€[k];
w(2s—1)<w(2s) for all s€[k]

(here, we have substituted uw for x in the sum). In other words,

X(*zk,lnfzk)X(zk,ln*Zk) = Z p(u)u, (43)

UES,

where p (1) € Z is the number of all permutations w € S, that satisfy
(uw) (2s — 1) < (uw) (2s) and w (2s — 1) < w(2s) for all s € [k].
Clearly, it suffices to show that
p(u) = k! (n —2k)!incmaty (u) for each u € S,

(because then, dividing (@3) by k! (n — 2k)! will result in (40)).
This we can show bijectively: Fix u € S,. Let K be the set of all permutations
w € Sy that satisfy

(uw) (2s — 1) < (uw) (2s) and w (2s —1) < w (2s) for all s € [k].
Thus, p (1) = |K|. For each permutation w € K, the k-matching

My = {{w (1), w (2)}, {w(3),w@4)}, ..., {w(2k=1),w(2k)}}

has the property that u increases on My, (by the definition of K). Conversely, any k-
matching on which u increases can be written as My, for k! (n — 2k)! many distinct
permutations w € K (indeed, we must ensure that the k edges of the k-matching
are the k edges {w (1), w(2)}, {w(3),w(4)}, ..., {w(2k—1),w (2k)} in one of
k! possible orderd’] and then the values w (2k +1), w (2k +2), ..., w (n) must be
the remaining n — 2k elements of [n] in one of (n — 2k)! possible orders). Hence,
there is a k! (n — 2k)!-to-1 correspondence between the permutations w € K and
the k-matchings on which u increases. Therefore, |K| equals k! (n — 2k)! times the
number of the latter matchings, which of course is incmaty (#). In other words,
p(u) = k!(n—2k)!incmaty (1), since p (u) = |K|. This completes the proof of
p(u) = k!(n—2k)!incmaty (u). This, in turn, completes the proof of Theorem
4.2.3 O

In order to satisfy the condition w (2s — 1) < w (2s) for all s € [k], we must make sure to let

w (2s — 1) be the smaller and w (2s) the larger of the two elements of the corresponding edge of
the k-matching.
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| Proposition 4.2.4. Let k € N. Then, S, = Sy k-

Proof. This follows from , since (a*a)" = a*a for every a € A. Alternatively, this
can be derived from the definition of S, k, since every permutation w € S, satisfies
incmaty (w) = incmaty (w™!) (this follows from a direct bijection: w increases on
an edge {i,j} if and only if w~! increases on {w (i), w (j)}). O

Corollary 4.2.5. Recall the left ideal G defined in Theorem Then, each
k € IN satisfies
X(zkllnfzk) € g if 2k <mn, (44)

and

Sux € G*G. (45)

Proof. WLOG assume that 2k < n (since otherwise, is vacuously true, whereas
is obvious because Example (c) shows that S, x = 0).
Thus, Proposition (applied to a = (2%, 1"72F)) shows that

Xk n-26) = Givjig,eis ju o

for an appropriate choice of 2k distinct elements 1,1, ..., i, j1,j2,-- -, jk € [1] (in-
deed, it is easy to see that X (2k1m-26) = G13,..2k—1; 24,..2k)- Hence, X (2% 11-20) €eg
by the definition of G. This proves . Furthermore, becomes

J— 1 * k
Sn;k - m i)((zk,lank)J f(‘(zkllnfzk)l € g g
eg” €g
(since X(szH*Zk) €qg)
This proves (45). O

We can generalize Theorem turther:
Theorem 4.2.6. Let k € IN be such that 2k < n. Then:

(a) Let a be any composition of n that consists of k many 2’s and n — 2k many
1’s in any order. Then,

1
Spx = XX, (46)

k! (n — 2k)

(b) Letiy, iy, ..., i f1,j2, - - -,k be any 2k distinct elements of [n]. Then,

1

Sn,k - k! (n _ zk)!Gzl,zz,...,zk; ]1,]2,...,]kGllflz,-.-,lk; J1/J2/-/]k
(where G i, ...ii; j1,joji i as defined in ).
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Proof. (b) The 2k numbers iy, 1y,. .., i, j1,J2,- - -, jx are distinct. In other words, the
2k numbers iy, j1,12,j2, - - ., ik, jx are distinct. Thus, there is a permutation u € S,
that sends the numbers 1,2,3,4,...,2k — 1,2k to the numbers i1, j1, 12, j2, - - -, ik, jks
respectively. Pick such a u. Thus, for each s € [k], we have

is=u(2s—1) and js = u(2s). (47)
Now, we shall show that

Gi1,i2,...,ik; J1/J25--1Jk - uX(zk’:lVIka)'

Indeed, (8) shows that

. . . . . . — _1
G11112/"'/lk; ]1’]2/"'/.”( o Z w
wESy;

w(is)<w(js) for all s k]

= Y w™! (by (@7))

WESy;
w(u(2s—1))<w(u(2s)) for all s€[k]

_ > (wu )"

wWESy; —
(wuil) (u(25—1))< (wufl) (u(2s)) for all sek]  =uw-!
- T
wWESy;

w(2s—1)<w(2s) for all s€ k]
(since (wu~1)(u(2s—1))=w(2s5—1)
and (wuil)(u(Zs))zw(Zs))

(here, we have substituted wu ! for w in the sum)

= uwl=u w !
)» )»

WESy; WESy;
w(2s—1)<w(2s) for all se€[k] w(2s—1)<w(2s) for all s€ k]
:X(Zkfln—Zk)
(by E1)

= uX(zklln—Zk) .

Applying the antipode map a — a* to this equality (recalling that this map is an
anti-algebra morphism), we obtain

G*

ll/iZI-"/ik; ]1 /j2/"'/jk

= X(*zk,lnfzk) \ u* , = X(*zk'lnfzk)u_l'
|
(singeuu €Sy)
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Hence,

1
=7 Gii Givia,o i juino
k! (n - Zk)! 11,0200 0k; J1J20erfk " W1A20 0k J1/]2, ’]E

-~ -~

Ezk 1n— Zk) _1 _”X(zk,lank)

1 * -1 1 .
- k! (Vl — 2k)!X(2k11n72k) ux(zk,lnfzk) = k! (T’l o 2k)' X(zkllnfzk)x(zkllnfzk)
=1
~ S (by @)).

This proves Theorem [4.2.6] (b).
(a) Proposition #.2.1] y1e1ds that

Xa:G'

ll/i2/-~-/ik; jl er/“-/jk

for an appropriate choice of 2k distinct elements iy, 1y, ..., i, j1,j2, - - -, jx € [1n]. Con-

sider these 2k elements. Then, using Xy = Gy, j,,...i\; i1 ja,....jx» W€ Obtain
1 * 1 *
k!'(n — Zk)!X‘X o = k! (n — 2k)! G” 1eeeilks JUJ2rew+rJk iyt Jioroit

Lk (by Theorem (b)) .
This proves Theorem [4.2.6| (a). O

4.3. Commutativity and integrality of eigenvalues
We can now prove Theorem and Theorem

Proof of Theorem Theorem shows that the left ideal G of A is a Gelfand
model of S,. In particular, it is thus multiplicity-free. Hence, Theorem (ap-
plied to | = G) yields [G*G, G*G] = 0. In other words, any two elements of
G*G commute. Since shows that all of S, 0,S,1, 50,2, ... are elements of G*G,
we thus conclude that S0, Sy,1, Snp, . . . pairwise commute. This proves Theorem
4.1.3] O

Various variants of Theorem can be proved in the same way: for instance,
we conclude that if «, 3, y, 6 are four compositions of n that consist only of 1’s and
2’s, then Xy Xy and X7 X5 commute. We can also use Theorem to conclude

that X, [Xg, Xy ] = 0and S, [Xy, Ag] = 0 and so on.

Proof of Theorem Let k € N. Theorem shows that the left ideal G of A
is a Gelfand model of S;,. In particular, it is thus multiplicity-free. But (49) yields
Spx € G*G C G (since G is a left ideal of A). Therefore, Theorem 2.7.1| (applied to
J = G and a = S, ) shows that there exists a multiset Z, of elements of k such that

I (Sn,k - )‘) =0.
AEZ,
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But we want a multiset of integers, not a multiset of elements of k. For this, we
use a standard trick: Apply the argument above to k = Q; then, Z, is a multiset
of elements of Q. In other words, the left action of S, x on Q [S,] is a linear endo-
morphism whose minimal polynomial factors into linear factors over Q. That is, all
eigenvalues of this endomorphism belong to Q. But this endomorphism is defined
over Z, so it is represented by an integer matrix, and thus its eigenvalues (being the
roots of the characteristic polynomial of this matrix) must be integral over Z. Thus,
these eigenvalues belong to Q but are integral over Z. The only such numbers are
integers. Hence, these eigenvalues are integers. Denoting their multiset (with their
multiplicities) by Z;, we then conclude that Z; is a multiset of integers satisfying

IT (Syx—A) = 0. This holds over Q, thus also over Z, and thus (by base change)
AEZ

over all k. This proves Theorem O

4.4. The bottom-to-random connection

Let us set
B := Xn-11) forany n > 1

(and By := 0). This element B}, is known as the bottom-to-random shuffle, and is part
of a family of shuffles studied in [BCGS25] and references therein.

Remark 4.4.1. For each j € [n], let zj € Sy be the cycle (n,n—1,...,]) (which is
id when j = n). Then,

By =Xpu_1py=2z21+tz2+ -+ 2z (43)

Proof. We have D ((n —1,1)) = {n — 1}. Hence, the permutations w € S, satisfy-
ing Desw C D ((n —1,1)) are the permutations w € S, whose only descent (if they
have any) is n — 1. But these permutations are exactly the cycles (j,j+1,...,n) for
j € [n], and their inverses are the cycles (n,n—1,...,j) = z; for j € [n]. Hence,
X—11) =21+ 22+ -+ + 2, follows from the definition of X(,,_1 ). ]

Let us set S, _1 := 0. We now claim the following:

Theorem 4.4.2. Let k € IN. Then,

("5 ) Skr = Sk (B (0= 20) 9)

= (B, — (n—2k)) S (50)

Proof. The antipode map a — a* fixes the elements S,y and S, x_; (by Proposition
4.2.4), but is an anti-algebra isomorphism. Hence, applying it to the equality
yields the equality (50), and vice versa (since a** = a for each a € A). Therefore, it
will suffice to prove (50).
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For any i € Z, let M; ([n]) denote the set of all i-matchings of [n]. We shall use
Iverson bracket notation for truth values (that is, if A is a statement, then [.A] shall
be the integer 1 if A is true and the integer 0 otherwise); thus, each w € S, satisfies

incmat, (w) = ) [w increases on P (51)
PeM([n])

(by the definition of incmaty (w)). Hence, the definition of S, x becomes

Sy =) incmaty (w) w
weSy,

=Y Y [wincreases on P]w (by (51))

weS,  PeMy([n])

= Y Y [w increases on P]w. (52)
PeMy([n]) weSn

Also, applying the antipode map a — a* to (48), we obtain

j€ln]

These two equalities yield

(B — (1 —2k)) Sux

= ( Y. z].’1 —(n— Zk)) Y. Y [w increases on P]w
j€ln]

PEMk([Tl]) weSy,

— Z Z [w increases on P)| (ZH z]-_1 —(n— 2k)> w
jeln

PeMi([n]) weSn
= Y Y. ) [wincreases on P] zj_lw
PeM([n]) jeln] weSy

—(n—2k) ) Y [w increases on P]w
PeMy([n]) wESn

— Z Z Z [z]-w increases on P| w

PeM(n]) jeln] wES,

—(n—2k) ) Y [w increases on P]w (53)
PeMy([n]) wESn

(here, we have substituted zjw for w in the third sum).
On the other hand, applying to k — 1 instead of k, we find

Spk-1= Z Z [w increases on P| w.
PeMy_q([n]) wESy
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i Multiplying this equality by (n —2 ;k a 1)) , we obtain

2
= ¥ )(n—zgk—l)) Y [w increases on P]w
(

PEMy_1([n] WESn
= (n -2 2k B 1)) Z [w increases on Q] w. (54)
QeM;_1([n]) WESy

However, the map

{(P,e) | P€ M;([n]) ande € P} — My ([n]),
(Pe) = P\ {e}

(in common language: remove an edge from a k-matching to obtain a (k—1)-

n—2(k— 1)>-t0-1 map (i.e.,, each Q € M;_q1([n]) has exactly

matching) is a ’

(n—z(k—l)

” ) many preimages under this mapﬂ Hence, for any w € S, we

have

) (n —2 ék a 1)> Y [w increases on Q] w
QeMi_1([n])

wEeSy,

= ) Y ) [wincreases on P\ {e}] w.

PeMy([n]) e€P wes,

Thus, rewrites as
n—2(k-1
( ( )) Sn,k—l

2
= Y Y. ) [wincreases on P\ {e}] w. (55)

PeM([n]) e€P weS,

8This equality holds even when k = 0, since both of its sides are 0 in this case (because S, 1 = 0

and because M _; ([n]) = 9). 2(k 1)>

2

many pairs (P,e) satisfying P € My ([n]) and e € P and P\ {e} = Q. But this is clear: Any

such pair is obtained by picking an edge e that is disjoint from all the k — 1 edges of Q (this

n—2(k-1)
2

elements of e from), and setting P = Q U {e} (this can be done in only one way).

9To prove this, we need to check that for each Q € M;_; ([n]), there are exactly

can be done in many ways, since there are n — 2 (k — 1) elements to choose the
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In view of and (55), we can rewrite our goal (52) as

Y. Z Y [zjw increases on P] w

PeM([n]) je[n] weSn

—(n—2k) ) Y [w increases on P]w
PeM([n]) weSn

= Y Y. ) [wincreases on P\ {e}] w. (56)

PeM([n]) e€P weS,

We shall prove this “addend by addend”; i.e., we shall show that every P &
My ([n]) and every w € S, satisfy

Y [zjw increases on P] — (n — 2k) [w increases on P]

j€[n]

= ) _ [wincreases on P\ {e}]. (57)
ecP

Once this is shown, multiplying this equality by w and summing it over all P &
My ([n]) and w € S, will yield the desired (56).

Thus, let us now show (57). Let P € M ([n]) and w € S,,. Then, it is easy to see
that

[w increases on P] = [ | [w increases on f]
fep

and likewise

[w increases on P\ {e}] = [] [w increases on f]
feP\{e}
for every e € P,

and furthermore, each j € [n] satisfies

[zjw increases on P|

- H |zjw increases on f ]|

fep
[w increases on f|, ifj ¢ w(f);
=T]41 if j = w (max f); (58)
fer o, if j = w (min f)

(the last equality sign requires a moment of thoughtm). Note that the product in

either agrees entirely with the product [] [w increases on f] or differs from
fepP

19Proof: We just need to show that

[w increases on f|, ifj & w(f);
[zjw increases on f] = ¢ 1, if j = w (max f);
0, if j = w (min f)
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the latter product in only one factor, since j = w (max f) or j = w (min f) can
happen only for one edge f € P.
Now, we have three possible cases:

® Case 1: The permutation w increases on fewer than k — 1 edges of P. In this
case, the equality is true since all the truth values in it are 0 (this in-
cludes [z;w increases on P, since the product in agrees with the product

[T [w increases on f] in all but at most one factors, but at least two factors of
fep
the latter product are 0).

* Case 2: The permutation w increases on exactly k — 1 edges of P. In this case,
let ¢ be the unique edge of P on which w does not increase. Then, shows
that [zjw increases on P] equals 1 for j = w (maxg) and equals 0 for all other
j’s. Hence, the equality rewrites as

1—(n—2k)-0=1,

foreach j € [n] and f € P. Soletj € [n] and f € P. Write the edge f as {p < q}. Hence, the
permutation w € S, increases on f if and only if w (p) < w(q). Likewise, zjw increases on f

if and only if (zjw) (p) < (zjw) (q), that is, zj (w (p)) < z; (w(q)). Now, we are in one of the
following three cases:

e Case 1: We have j ¢ w(f). In this case, we have j ¢ w(f) = {w(p),w(q)} (since

f=A{p.q}) sothatw(p),w(q) € [n]\ {j}. Hence, the inequality zj (w(p)) < zj (w(q))
is equivalent to w (p) < w (q) (because since the permutation z; is increasing on the set
[n] \ {j}, which contains both w (p) and w (q)). In other words, the permutation z;w
increases on f if and only if the permutation w does. In other words,

[zjw increases on f] = [w increases on f].

e Case 2: We have j = w(max f). But f = {p < g} entails g = max f, so that w(q) =
w (max f) = j and therefore z; (w (q)) = z;(j) = n. But p # g and thus z; (w (p)) #
zj(w(q)) = n. Hence, zj (w(p)) < n = zj(w(q)) holds automatically in this case. In
other words, zjw increases on f automatically. Hence,

[zjw increases on f] = 1.

® Case 3: We have j = w (min f). In view of f = {p < q}, this rewrites as j = w (p). Hence,
zj(w(p)) = zj (j) = n is always larger than z; (w (q)) (since p # g). In other words, z;w
does not increase on f. Hence,

zjw increases on f] = 0.
Combining the results of these three cases, we obtain

[w increases on f], ifj ¢ w(f);
[zjw increases on f] = ¢ 1, if j = w (max f);
0, if j=w (minf),

qed.
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which is true.

® Case 3: The permutation w increases on all k edges of P. In this case,
shows that [z;w increases on P| equals 1 for (1 — 2k) + k values of j (namely,
for all j € [n] that belong to no edge in P, as well as for the w (max f) for all
f € P). Hence, the equality rewrites as

(n—2k)+k)—(n—2k)-1=k,
which is true again.

So has been proved, and thus as well. As we said above, this completes
the proof of Theorem O

| Corollary 4.4.3. Let k € N. Then, S, (B, = B;; S,y k-

Proof. Theorem yields S, (Bn — (n —2k)) = (B}, — (n—2k)) S, . Adding
(n — 2k) S, x to both sides of this equality, we obtain S, (B, = B;;S, . This proves

Corollary O

The following corollary was conjectured by Nadia Lafreniere:

Corollary 4.4.4. Let k € IN. Let V be a left A-module. Let v € V be such
that S, x_1v = 0 and S, v = uv for some nonzero scalar y € k. Then, B;v =
(n — 2k) v.

Proof. Theorem yields

(85~ =260 S = ("2 T )

Hence,
8= =20 S0 = ("2 V) San =0
\_\,_/

Since S, kv = pv, we can rewrite this as (B;, — (n —2k)) yv = 0. Dividing this
equality by y (since y is nonzero), we obtain (B}, — (n — 2k)) v = 0, so that B;v =
(n —2k) v. O

4.5. Connection with w,

Let wy € S;; be the permutation that sends 1,2,...,nton,n—1,...,1. Clearly, wy is
an involution, i.e., we have w 1 — wy. Moreover, the map wy is strictly decreasing.
We claim the following:
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| Proposition 4.5.1. Let k € IN. Then, wyS,, x = S, xwo.

Proof. This is equivalent to wpS, (w, T = S,k This, in turn, is equivalent to
incmaty, (wo_ 1uw0> = incmaty (1) for all u € S, (by the definition of S, ). So
let us prove the latter equality.

Fix u € S,. The symmetric group S, acts on the set [n]; hence it also acts
on the set of edges (a permutation w € S, sends an edge {i,j} to w({i,j}) :=
{w (i), w (j) }) and also acts on the set of k-matchings (a permutation w € S, sends
a k-matching M to the k-matching w (M) := {w (e) | e € M}).

We claim the following:

Claim 1: Let e be an edge. Then, u increases on e if and only if w, Yuwg
increases on wy (e).

Proof of Claim 1. Write the edge e as e = {i <j}. Then, from i < j, we obtain
wo (1) > wo (j) (since wy is strictly decreasing). Now, from e = {i < j}, we obtain

wo (¢) = {wo (i), wo (j)} = {wo (j) < wo (i)}

(since wy (i) > wo (j)). Hence, we have the following chain of equivalences:

wy'u wy increaseson  wp(e)
——

~— =
=wy _wo1 ={wo(j)<wo(i)}

1.

— (wouwo increases on {wy (j) < wo (i )})

= (wouw(jl) (wo (7)) < <wouw51> (wo (7))
=wo(u(j)) =wo (u(i))
= (wo (u (7)) < wo (u(i)))
> (u(j) >u(i) (since wy is strictly decreasing)
= (u(i) <u(j))
<= (u increases on e) (since e = {i < j}).

In other words, (u increases on e) <= (wa Yuwy increases on wy (e)). This proves
Claim 1. u

Claim 2: Let M be a k-matching. Then, u increases on M if and only if

wy Luwg increases on wy (M).
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Proof of Claim 2. We have the following chain of equivalences:

(u increases on M)
<= (u increases on e for each e € M)

= (wg Yuwy increases on wy (e) for each e € M)
(by Claim 1)
= (wa Yuwy increases on each f € wy (M)>

since the edges f € wy (M)
are precisely the wy (e) fore € M

< (wa 1uw0 increases on wy (M)) .
This proves Claim 2. O

Now, the definition of incmat; (wg 1uw0> yields

incmaty (wo_ 1uw0)
= (# of all k-matchings M such that w, Yuwy increases on M)

= (# of all k-matchings M such that w, 'uwj increases on wy (M))

here, we substituted wy (M) for M, since
the action of wy on {k-matchings} is bijective

= (# of all k-matchings M such that u increases on M)

(by Claim 2)
= incmaty (u) (by the definition of incmaty (u)).
This completes our proof. O

We can actually improve Proposition
Proposition 4.5.2. Let k € IN. Then,

k (=20 (2k —2i)!
= = —]_ ! . . [ o
woSy k = Sy kW0 l;:)( ) (Zk B Zi) T (k= i>!8n,1

Proof. We begin with some simple observations:
If M is a k-matching, then any subset I of M is an i-matching, where i = |I|.
Moreover:

Claim 1: Leti € {0,1,...,k}. Let I be an i-matching. Then, the number

. o . (n—=2i\ (2k—2i)!
of all k-matchings M satisfying I C M is ( ok 21,) m
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Proof of Claim 1. The i edges of I are disjoint (since I is a matching), and each of
them has size 2. Let Nj be their union. Thus, N is a 2i-element subset of [n].
Hence, [n] \ Nj is an (n — 2i)-element set.

In order to construct a k-matching M satisfying I C M, we must only choose its
remaining k — i edges (after the i edges inherited from I). These k — i edges must
be k — i disjoint 2-element subsets of [1n] \ N (since they must be disjoint from the
edges in I). In other words, they must form a (k — i)-matching of [n] \ Nj. This
requirement is both necessary and sufficient. Hence,

(# of k-matchings M satisfying I C M)
= (# of (k —1i)-matchings of [n]\ Ny)

. : by Proposition
_ AN
= ( " 21)) (2 (k=) ( applied to n —2i, k —i and [n]\ Nj )

_ k=i (k — i
2 (k 287 (k= i)! instead of nn, k and N
_(n—=2i\ (2k —2i)!
- \2k —2i) 2k=i (k — i)l
This proves Claim 1. O

Claim 2: Let w € S, be a permutation. Let e be an edge. Then, the
permutation w increases on e if and only if the permutation wow does
not increase on e.

Proof of Claim 2. Write the edge e as e = {i < j}. Then, wy(e) = wo ({i < j}) =
{wo (i) > wo (j)} (since wy is strictly decreasing, so that i < j entails wy (i) >
wo (j)). Moreover, from i < j, we obtain i # j, so that w (i) # w (j) (since w is
a permutation and thus injective). Now, we have the following chain of equiva-
lences:

(w increases on e)

= (w(i) <w(j)) (since e = {i < j})
— (w(i) <w(j)) (since w (i) # w (j))
> (wo (w (i) > wo (w(j))) (since wy is strictly decreasing)
since wy (w (1)) = (wow) (i)
= (@)= @0 0 () = ) )
<= (we don’t have (wow) (i) < (wow) (j))
<= (wow does not increase on ¢) (since e = {i < j}).
This proves Claim 2. l

However, for each w € S,,, we have

incmaty (w) = Z 1 (59)
M is a k-matching;
w increases on M
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(since a sum of 1s equals the number of addends). Hence, the definition of S, &
becomes

Sup =Y, incmaty (w)w =) Y. 1w (by G9))
weS, weS, M is a k-matching;
w increases on M

= Y. Y, w (60)

M is a k-matching weS,, increases
on M

By the same argument, for any i € IN, we have

Spi= ) ) w. (61)

I is an i-matching w&€S,, increases
on I

However, multiplying the equality by wo from the left, we find

woSy k = Wo ) ). w

M is a k-matching w€S,, increases
on M

= ) ) Wow. (62)

M is a k-matching w€S,, increases
on M

However, for any k-matching M and any w € S,, we have the chain of equiva-
lences

(w increases on M)

<= ((w increases on ¢) for each edge e € M)

<= ((wow does not increase on ¢) for each edge e € M) (by Claim 2)
<= (wow increases on no edge e € M).
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Thus, for each k-matching M, we have

) Wow

wES,, increases
on M

= Y. Wow

wWESy;
wow increases on no edge ec M

B Z W here, we have substituted w for wow
o in the sum

wES, increases
on no edge ec M

by the Principle of Inclusion and Exclusion,

=) (—1)'1 | ) w specifically [Grinbe21 Theorem 6.2.9]

IeM WESy increases with M instead of [#]

on each edge el

~ Y ) y “ ( since “w increases on each edge e € I” )

oM weS, mereases is equivalent to “w increases on [

on I

£ I
= SO RID M

i=0 ICM; wES,, increases

[I=i

I| on |

(here, we have split up the first sum according to the value |I|, since |I| € {0,1,...,k}
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for each I C M). Plugging this into (62), we obtain

k
woSpx = Y. Y. )Y (-1 Y, w

M is a k-matching i=0 ICM; wWES,, increases
|I|=i on I

k
=) B )y Y w
i=0 M is a k-matching ICM; vV~ weESy, increases
|I|=i =(-1) on I
~~ (since |I|=i)

Lis an i-matching M is a k-matching;
IcM
(since an i-element subset of a k-matching
is always an i-matching)

S DR D

I is an i-matching M is a k-matching; wES, increases
ICM on [
n-20\ (k20!
“\2k —2i ) 2k (k — i)

(since Claim 1 says that this sum has
n—2i\ k-2t

2k —2i ) 2k~ (k — i)l O

all of which equal (—l)i)
k . .
n—ZZ) (2k — 2i)! i
i=0 <2k —2i 2k : (k o l)! I is an i-matching weS;, inCIreases
on

BV a
:Sn,i

(by 1))
k . .
B i [(m—20 (2k —2i)! '
_g( 1 <2k—2i) k=i (k—i)!S"”'

Combining this with the equality woS,, x = S, xwo from Proposition [4.5.T we obtain
the claim of Proposition O
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