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Abstract

In the present paper we prove an identity concerning Pfaffians similar to
the well-known Grassmann—Pliicker relations for determinants, using tools from
multilinear algebra. More precisely, we shall derive the identity as a corollary to
an equation concerning skew-symmetric bilinear forms and operators, acting on
the exterior algebra A(M) of an R-module M over some fixed commutative ring
R with 1 € R.
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1 Introduction

The Pfaffian Pf(A) = Pf,(A) = Pf%(A) of a skew-symmetric! (n x n)-matrix

0 Q12 Q13 e Q1n
—a12 0 23 Tt Qo
A= —Q13 —Q93 0 (1].)
Ap—1.n
—Q1p —Q2n —Qp—1n 0

with coefficients a;; (1 < ¢ < j < n) in some commutative ring R has played an
important role in many branches of mathematics, in particular in determinant theory,
in symplectic geometry and in differential geometry (see for example [A, Chapter III];
[K, Kapitel 9]; [St]; [DFN, Sect. 34]; and [Sp, Chap. 13, Sect. 3]).

There are many ways to define the Pfaffian. A rather conceptual way is the follow-
ing:

Let Skew,, : rings — sets denote the covariant functor from the category rings of
commutative rings into the category sets of all sets which associates to each commu-
tative ring R the set Skew, (R) of all skew-symmetric (n x n)-matrices over R and let
Forget : rings — sets denote the forgetful functor from rings into sets which associates
to a commutative ring R the set R itself. Then

Pf = an = (Pfg)Rerings

can be defined as the unique natural transformation from Skew,, back into Forget such
that
(PEE(A))? = det(A) (1.2)

holds for every commutative ring R and every A € Skew,(R), normalized in case n = 0
mod 2 such that for
a0 a2

(I,,, denoting the identity (m x m)-matrix) one has?
Pf(Ag) := (—1)m/20/2-1/2, (1.3)

This means that the natural transformation Pf? : Skew,, — Forget which maps for every
R a matrix A € Skew,,(R) onto (Pff(A))2 coincides with the natural transformation
“det” from Skew,, into Forget, given by forming the determinant.

In case n =1 mod 2 we have of course Pf(A) = 0 for all A € Skew,(R).

LComment by DG: A skew-symmetric matrix here means a square matrix A that satisfies AT = —A
and whose diagonal entries are 0. Several sources refer to such matrices as alternating instead.

2Comment by DG: The formula (1.3) has been corrected (the original had 1 on the right hand
side).



In case n =0 mod 2 one can describe the Pfaffian equivalently as a polynomial
Pf(Xl27 Xl37 s 7Xln7 X23a <. 7X2n7 <. 7Xn—1,n) S Z[X127 Xl37 v 7Xn—l,n]

such that for each commutative ring R and each A € Skew, (R) of the form (1.1) one
has
Pf((llg, ais, ... 7an—1,n)2 = det(A), (12/)

normalized such that?

. . n
Pf(ayg, ars, . .., Gn_1,) i= (—1)/PDO2D2 for g, = {17 forj—i= 2’
0, otherwise.
(1.3)
Much more constructively, on the other hand, one can define, for given R, even n,
and A € Skew,,(R) of the form (1.1), the value of Pf,,(A) in a recursive way by

Pf2<(_212 “(1)2» ‘=ai,  (a;2 € R) (1.4)

for n = 2 and by

Pf,(A) =Y (=1) - ay; - Pf,5(AD)  forn >4, (1.5)

Jj=2

where AY) denotes the (n — 2) x (n — 2)-matrix one gets from A by eliminating the
first and the jth row and column?.

Of course, whatever definition one starts with, the point which needs proof is that
both definitions are indeed equivalent, that is, that a natural transformation as de-
scribed in the first definition exists® and can be constructed according to the second
one. In this note we shall provide such a proof by starting with still another definition,

3Comment by DG: The formula (1.3') has been corrected (the original had 1 on the right hand
side).
4Comment by DG: I would include the base case

Pfy (0 x 0-matrix) :=1 (1.4

for the sake of completeness. This way, (1.4) becomes a particular case of (1.5).

5 Comment by DG: The uniqueness of this natural transformation follows from what was said above
about polynomials: Any natural transformation from Skew,, to Forget is uniquely determined by its
value on the “generic skew-symmetric matrix”

0 X12 X13 Xln
—X12 0 Xo3 Xon
X=|-X13 —Xoz3 O .
: . Xn—l,n
*Xln *X2n e *Xn—l,n 0



based on exterior algebra concepts. The reason for doing this, though, is not so much to
provide a rather nice and conceptual proof of the above-mentioned facts but rather to
establish—in the course of doing this—a certain identity concerning the Pfaffian which
can be viewed as a straightforward generalization of the famous Grassmann—Pliicker
identities.

To be more explicit, consider as above a skew-symmetric (n X n)-matrix A of the
form (1.1) with coefficients in some commutative ring R—with n even or odd—and for
each subset I C {1,...,n} of cardinality, say, m let A(I) denote the skew-symmetric
(m X m)-matrix one gets from A by eliminating all rows and columns not indexed by
indices from I. Moreover, put

p(I) := Pf(A(I)) for every I C {1,...,n}, (1.6)

where—as usual—Pf(A(2)) := 1. Then the following result holds:

Theorem 1. For any two subsets I, I, C {1,...,n} of odd cardinality and elements
i1yt €{1,...,n} with i) <iy < --- < i and

{il,iz,...,it} = Il AIQ = (Il\jg) U (12\11)

one has
t

D (DT p(l A} - p(Ie A {ir}) = 0. (1.7)

=1

Note that in the case in which A is a skew-symmetric (3m) x (3m)-matrix of the
form

A1m4+1 * A13m
0 . .
A= Amm+1 " Am,3m ’
_al,m+1 e _am,m+1
. . 0
—Q1,3m e —Qm,3m
over the polynomial ring Z[Xi2, X13,...,Xn—1,,]. For the natural transformation Pf,, this value

must be a polynomial Pf,,(X) that squares to det X. This uniquely determines this polynomial up
to sign (if such a polynomial exists). For n =0 mod 2, the sign is then uniquely determined by the
additional requirement (1.3'). For n =1 mod 2, the sign does not matter, since a classical argument
shows that det X = 0 (in fact, X7 = —X and thus det (X7) = det (—X) = —det X because n is
odd, and therefore —det X = det (XT) = det X, so that det X = 0), and the zero polynomial 0 has
only one square root, which of course is 0. Thus, in both cases, the polynomial Pf, (X) is uniquely
determined (if it exists); and this, in turn, determines the whole natural transformation Pf,, (since
any skew-symmetric matrix A is the image of X under an appropriate ring homomorphism from
Z[Xlg, X13, . 7Xn—1,n] to R)



I equals {1,...,2m+1}, and Iy equals {1,...,m,2m+2,...,3m}, the above identity
indeed yields the Grassmann-Pliicker identities® (for more details see [W4, Sect. 7]).

The above identity was discovered by the second named author in [W1, Proposi-
tion 2.3] while trying to understand the geometric algebra associated with A-matroids
(cf. [B1, B2, BDH, DH, W2, W3, W4]). Though the identity looks very “classical,”
we have sofar been unable to find any reference to it in the existing literature. While
the original proof given in [W1] and based on the recursive definition of the Pfaffian
outlined above is rather computational, the new proof presented here is more concep-
tual and, we hope, transparent—at least, once one is willing to accept” exterior algebra
concepts as something of that sort.

The outline of the paper is as follows:

In Section 2 we present the basic exterior algebra machinery we shall need later on.
In Section 3 we associate with any skew-symmetric bilinear form g : M x M — R,
defined on some R-module M over a commutative ring R, a canonical R-linear map,
also called 3, from the exterior algebra A(M) of M back into R such that S(mAm') =
B(m,m') for all m,m’ € M, and we establish

Theorem 2. For all my,...,m, € M one has

Blma A== Amy) = PE((B(mi, m;))ij=1...n)-

Here we assume the Pfaffian to be defined recursively according to (1.4) and (1.5).
In Section 4 we prove a simple identity between the values of 3, namely

Theorem 3. For all mq,...,mg,nq,...,n; € M one has

k
i=1

l
:—Z(—l)Jﬁ(nl/\/\n],l/\nﬁl/\/\nl)ﬁ(n]/\ml/\/\mk)

J=1

Moreover, we will show that Theorem 1 is a simple consequence of Theorem 3, thus
establishing the primary goal of this note. Even so, we go on in Section 5 to show as
promised how the exterior algebra machinery we have set up before can also be used
to give a rather conceptual proof of the identity (1.2), where again we assume that the
Pfaffian is defined recursively according to (1.4) and (1.5).

6 Comment by DG: This conclusion rests on the known fact that every m x m-matrix B satisfies

0 B (m—
P%((_BT 0)):(—1)( D/2 det B.

"Comment by DG: In the original, “except”.



2 Some Exterior Algebra

As above, let R denote a commutative ring and let M be a left R-module. Adopting
standard notations we denote by A(M) the exterior algebra of M, which we assume
to contain R as a subring and M as an R-submodule so that—with “A” denoting the
multiplication in the exterior algebra—A (M) can be considered as a graded R-algebra

A(M) = @ A(M) = Ag(M) & M(M) @ -+ & Ay (M) & - - (2.1)
k=0
with Ag(M) = R, A;(M) = M, and A(M) the R-submodule of A(M) generated® by
all products of the form mq A -+ Amy with mq,...,my € M. As usual, we also put
A(M):= P M(M) (22)
k=0 mod 2
and
AOn= @ A, (2.3
k=1 mod 2
so that
AM)=A (M) A_(M) (2.4)

can also be viewed as a bigraded algebra®.
For z € A(M) and k € Ny we denote by *) € Ay(M) its component in Ay(M),
that is, the unique element in A, (M) such that z —2®) € D, Ai(M). Hence, ) =0

for almost all k € Ny and =z = @), ™) Similarly, we put

= @ z®) e AL (M),

k=0 mod 2
xT o= @ z®) e A_(M),
k=1 mod 2
and T := 27 — 27, so that x = 27 & 2~ is the decomposition of x relative to the

bigraded structure (2.4) of A(M), and one has T = z as well as

TANY=TAY for all x,y € A(M).
Recall that the R-multilinear map
et MF — Ap(M) = (ma, ... ,mp) = my A= Amy,

satisfies Ag(myq,...,my) = 0 whenever m; = m;,; for some i € {1,...,k — 1}, and
that for every other R-multilinear map \ : M*¥ — N from M?* into some R-module N

8 Comment by DG: Removed the comma before “generated” to make this less ambiguous.
9Comment by DG: The word “bigraded” means “Zs-graded” in this paper.

6



with A(my, ..., my) = 0 whenever m; = m;,; for some i € {1,... k — 1} there exists
a unique induced R-linear map A : A (M) — N such that the diagram

commutes. Equivalently, given an R-bilinear map A : M x Ay_1(M) — N, there exists
a unique induced R-linear map \ : Ap(M) — N with \(m,z) = X(m/\:c) forallm e M
and x € Aj_1(M) if and only if \(m,mAz)=0for allm € M and x € Ay_o(M). 1°
This observation is the key for many recursive constructions of maps defined on A(M):

For instance, if ¢ : M — A(M) is an R-linear map, then there exists a unique R-linear
extension ¢ : A(M) — A(M) satisfying ¢(R) = {0} and

omAz)=pm)ANz—mAp(x) foralmeM and xz e A(M) (2.5)
if and only if
e(m) Am=mAp(m) foral me M. (2.6)

Indeed, putting = := m in (2.5) yields that (2.6) must hold if ¢ can be extended to
some o : A(M) — A(M) such that (2.5) is satisfied. Vice versa, if (2.6) holds then
© can be constructed recursively on each Agx(M), k > 2, so that (2.5) holds, because,
independent of the actual value of @(x), (2.6) implies

e(m) A(mAz)—mA (p(m) ANz —mAP(z)) =0

for all m € M and x € A(M).
Note that (2.5) implies

k
@(ml VANRRRIVAY mk) = Z(_1>i—1m1 VANERRIVAY m;_1 N go(mz) N m;+1 VANRREIVAY mi.

i=1

k
:Zml/\-~~/\mi,1/\gp(mi)/\miﬂ/\--«/\mk (27)

i=1

for all mq,...,m; € M and therefore also

Plxny)=px) Ny+zANp(y) forall x,y € A(M). (2.8)

10 Comment by DG: Indeed, the “only if” part is clear (since m A (mAx) = 0), whereas the “if” part
is an easy consequence of the previous sentence: If A(m,mAx) =0 for all m € M and = € Ag_o(M),
then the R-multilinear map \ : M¥ — N sending each (my,...,my) € M* to A\(my, maA---Amy) € N
satisfies the property that X'(maq,...,my) = 0 whenever m; = m;11 for some i € {1,...,k — 1} (this
is clear for ¢ > 1, and follows from the A(m, m A ) = 0 assumption when ¢ = 1), and thus induces a
unique R-linear map N Ax (M) — N; this latter map N is precisely the X that we are looking for.

7



11

Note also that for any two elements r{,79 € R and R-linear maps
©1,p2 + M — A(M)

satisfying (2.6), R-linearity of the formulas (2.5) and (2.6) ensures also that ¢ :=
c1 1o M — A(M) satisfies (2.6) and that

P=ri-p1+7r2 P (2.9)

Finally, note that (2.6) holds in particular for all R-linear maps ¢ : M — R C
A(M), so definitely all these maps can be extended as described above. For such maps
© we evidently have

P(A(M)) C Ap_1(M) for all k € N, (2.10)

They also satisfy

P(p(m)) =0 and w(m) = p(m) for each m € M. (2.11)
These conditions in turn imply!?
P(p(x)) =0 forall z € A(M), (2.12)
13 as follows directly by induction on
min{k € Ny | 2() = 0 for all ¢ > k}

14 4n view of the formula

P(@(m A x)) =3(p(m) Az —mA ()
= @(p(m) A ) pm A p(z))
= §(p(m)) A+ p(m) A 3(x)

— (m) A@(x) +m A p(@(x)) (2.13)
15 for all m € M and x € A(M).

Y Comment by DG: A linear map f : A(M) — A(M) satisfying f(z Ay) = f(x) Ay +Z A f(y)
for all z,y € A(M) is sometimes called a superderivation of A(M). Thus, (2.8) shows that @ is a
superderivation of A(M).

12 Comment by DG: This is all under the condition that ¢ : M — R.

13 Comment by DG: Thus, @ can be used to define a chain complex

o Ay(M) 5 AL (M) Z5 Ag(M) — 0.

4 Comment by DG: Typo corrected in the above display, and min(...) replaced by min{...}.
15 Comment by DG: Corrected the sign before the m A §(@(x)) term (it was a — in the original).

8



Hence, for R-linear maps'® 1,00 : M — R and ¢ := ¢; + 5 we have

0=008=(p1+®2)0 (@1 +2)
=PioPr+Piop+popi+ 0P

=GioPs+ P07 (2.14)
and therefore
Propr=—prop1. (2.15)
Similarly, (2.7) implies by induction relative to k that for m,..., my; € M and for
R-linear maps'” ¢1,..., ¢ : M — R one has
@ O---0 @(ml JANEIIVAN mk) = det((gpi(mj))i,jzlwk) (216)

and therefore, using (2.15),

Q/OT O-++0 @(ml VANKIIRNVAN mk) = (-1)k(k_1)/2 det((cpi(mj))i’jzlw,k). (217)

3 Exterior Algebra and Skew-Symmetric Bilinear
Forms

Continuing with our notations let us now assume that in addition to R and M we
are given a skew-symmetric R-bilinear form!'® 8 : M x M — R or—equivalently—an
R-linear map g : Aoy(M) — R. As (m,) : M — R C A(M) : m' — [(m,m)

~

is R-linear, we can apply Section 2 to extend this map to an R-linear map (5(m,-) :
A(M) — A(M) : x — B(m, x) satisfying!®

-~

Blm,m/' Ax) = B(m,m') -z —m'AB(m,z) (3.1)

for all m,m’ € M, x € A(M), as well as®

~

B(m,@(x)) = —@(B(m, x)) (3.2)

16 Comment by DG: Added “R-linear maps”.

17 Comment by DG: Added “for R-linear maps”.

18 Comment by DG: A skew-symmetric R-bilinear form (also known as an alternating R-bilinear
form) means an R-bilinear form 3 : M x M — R that satisfies 8(m,m) = 0 for each m € M. This
automatically implies S(m,n) = —fS(n,m) for all m,n € M. Each skew-symmetric R-bilinear form
B: M x M — R can be written as ' o \y for a unique R-linear map ' : Ao(M) — R. By abuse of
notation, we denote the latter 5’ by 5 as well.

19 Comment by DG: In the notations of Section 2, this map E(m, -) is @, where ¢ is the R-linear
map B(m, .

20 Comment by DG: Specifically: the equalities (3.2), (3.3), (3.4) and (3.5) follow from (2.15), (2.12),
(2.10), (2.9), respectively.



2L for all m € M, R-linear maps ¢ : M — R, and z € A(M),

B(m, B(m, z)) =0, (3.3)
B(m, Ap(M)) € Ay (M), (3.4)

and
E(rl “my + Ty M, T) =17 - B(ml,x) + 7y - B(mg,az) (3.5)

for all m,my,my € M, x € A(M), 11,79 € R.

In consequence, we can extend [ : Ay(M) — R, considered as an R-linear form
defined on As(M), recursively to a uniquely determined R-linear form 5 : A(M) — R
satisfying 5(r) = r for all r € R as well as

B(m Az)=B(B(m,z)) forallme M and z € A(M) (3.6)
in view of the formula??

B\(m,m/\x) :B(m,m)/\x—m/\g(m,x):—m/\g(m,x) (3.7)

2L Comment by DG: Typo corrected (3(m,x) replaced by B(m,m))

22 Comment by DG: Let me explain the proof of the well-definedness of this form 8 : A(M) — R in
a bit more detail:

First, we define an R-linear form S : Ay (M) — R for each k > 0 by recursion on k, starting with
Bo =id and 31 = 0. For each k > 1, if we assume that S;_o : Ay_2(M) — R has already been defined,
then we define 8 : Ay (M) — R by

~

Br(m A x) = Br—2(B(m,x)) forallme M and x € Ap_1(M); (3.6")

this is well-defined for the following reason: Recall from Section 2 that given an R-bilinear map
A M x Ap_1(M) — N, there exists a unique induced R-linear map A : Ap(M) — N with A(m,z) =
Am A z) for all m € M and # € Ay_1(M) if and only if A(m,m A z) = 0 for all m € M and
x € Ay_o(M). We apply this construction to N = R and to the R-bilinear map A : M xAp_1(M) — R
given by A(m,z) = Bk,g(g(m,x)) for all m € M and x € Ap_1(M), which is well-defined by (3.4),
and which satisfies A(m,m A x) =0 for all m € M and z € Ay_o(M) because

A(m,m A z) = Br_aof

(here we have assumed k > 3 in the third-to-last equality sign; the case kK < 3 can be done by
hand). Thus, we obtain a unique induced R-linear map A : Ay(M) — R with A(m A z) = A(m,z) =
Bk,g(g(m,x)) for all m € M and z € Ax_1(M). We denote this map h) by Bk; then the equality just
stated is (3.6"), and so the recursive definition of J; is complete.

Now, the R-linear form 8 : A(M) — R is the sum of the forms 8y : Ax(M) — R over all k > 0
(that is, it sends each = € Ax(M) to Bi(x) for each k > 0). By linearity, its property (3.6) follows
from (3.6").

10



which together with (3.3) and (3.4) implies that in the case  has been defined on
@D, Ai(M) such that*® (3.6) holds, the resulting map

M x A(M) = R : (m,z) — B(B(m, z))
satisfies

B(B(m,m Aw)) = B(=m A

forall m € M and x € Ay (M) 24

Note that (3.6) implies that S(m) = 0 for all m € M, and thus S(A_(M)) = 0,
because, using (3.4), it implies easily by induction on k that f(x) = 0 for all z in
Ap(M), k=1 mod 2. Thus g “lives” essentially on A, (M).

Obviously, for my, ms,...,m, € M one has
B(mi Amy) = B(my, my) (3.8)
and
Blmy A= Amy,) = B (my,mag A -+ Amy,))
= ( B(my,m;) - mg/\-~-/\mj_1/\mj+1/\~--/\mn>

B(ml,m]) ﬂ(mg VANRIVAY m;—q A mijiq VANRREIVAY mn)

<.
||
N

(3.9)

for n > 2, ?° so if the Pfaffian is defined recursively according to (1.4) and (1.5), we
indeed have

Theorem 2. For all my,...,m, € M one has

Blmy A Amy,) = Pff((ﬁ(mi, m;))ij=1,.. n) (3.10)

4 The Pfaffian Identity

Continuing with our notations we now prove

2 Comment by DG: “@, ., Ax(M)” corrected to “@, ., Ai(M)”.
24 Comment by DG: In the original, this was “z € Ax(M)”, which would not fit with the domain of

the map.
25 Comment by DG: Added “for n > 2.

11



Theorem 3. With R, M, and 5 : Ay(M) — R as above we have

k
i=1
1
== (=1 Bl A Angoy Ang A Amg) - Blng Amy A+ Amy)
j=1
for all mq,...,mg,ny,...,n; € M.

Proof. This formula follows immediately from the equations

Blm; Any A Ang) = B(B(my,ng A+ Any))

l

B

- ~ @)

(—1)3'71 : ﬁ(mi,nj) N VANCIVAN nj—1 VAN Njy1 VANRIERIVAN nl>
j=1

(—1)3'71 . ﬁ(mi,nj) . ﬁ(nl VANEIEIAN n]’,1 A nj+1 FANCIEIIVAN nl)

I
AMN

1

J

for 1 <3<k and

k
Blng Amy A--- Amy) = z:(—l)i_1 - B(ng,mg) - Blmg A=~ Amy_y Amypq A= Amy)
i=1
for1 <j<I. ]
Now assume that xq,...,z, € M and put
p(I) = B(Tay A+ N gy)
for any subset I = {ay,...,ax} C{1,...,n} witha; <ay <---<a; *°.
Next assume that Iy, I, are two arbitrary subsets of the index set Iy := {1,...,n}.
Write I} = {ay,...,ax}, o = {b1,..., b}, where a1 < --- < ap and by < --- < ;. Put
m; = g, fori=1,... k and n; := x, for y = 1,...,l. Then Theorem 3 implies

k
Z(—l)i “B(xay AN Ny Ny N Ng,) - B(Tay Aoy A A y,)
i=1
_l’_
J

(—1)j . ﬁ(l’bl VANCIIRIVAN l’bj_l A Ty
1

N Nay) - B(xp, ATy Ao N2g,) =0

l
j+1

26 Comment by DG: In the original: “for I = {ay,...,ax} € {1,...,n} and a1 < ay < -+ < a;”;
edited for additional clarity.

12



Note that for all i =1, ...,k one has

0’ if a; € [2,

Lo NTp, N--- NXp )= )
B(a; A ) {(—1)#{7|bﬂ'<“i}-p(IQA{ai}), otherwise,

and for all j = 1,...,[ one has similarly

0, if b; € I,

N Lgy N Ny, ) = ;
Blwp; N a, Tar) {(_1)#{l|ai<ba‘} -p(ly & {b;}), otherwise.

Finally, note that with [1 Al = {c1,...,a}, 0 <o < - <¢,and a; = ¢; € [1\ I
for some i € {1,...,k} and 7 € {1,...,t} one has

(1) (_1)#{j\bj<ai} = (=1)"

Y

because

T=#{ce [ AL |c<a;}
=#{ceh\L|c<a}+#{ce L\ |c<a}
=H#{ceh\L|c<a}+#{cehinl|c<a}

+#{ce L\ |c<a}+#{ce LNl |c<a}
=#{cel|c<a}+#{celh|c<a;}
=i+ #{j|b; <a;} mod 2.

Similarly, for b; = ¢, € Iy \ I for some j € {1,...,(} and 7 € {1,...,t} one has
(=17 (=¥l = (1
Hence, Theorem 3 indeed yields that

t

S plh A {er}) I A {er}) =0,

T=1

.....

(n x n)-matrix A € Skew, (R) is of this form for some M, g, and xy,...,2, € M,
Theorem 1 follows.

5 The Pfaffian and the Determinant

In this section we use our exterior algebra formalism to prove

Wy

2T Comment by DG: The “c,”s in the preceding equality were called “i,”s in the original; fixed for
consistency with the equality It A Iy = {c1,..., ¢}
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Theorem 4 (J. F. Pfaff). For R, M, [ as above and my,...,m, € M one has

B(my A Amy)? = det((B(mi, m;))ije1,.n)- (5.1)
Note that Theorem 2 and Theorem 4 yield the classical relation (1.2).
To prove Theorem 4 it is convenient to define an R-linear map I : A(M) — A(M)
recursively by
Is(r):=r  forreR, (5.2a)
Is(m Ax) :=mAIg(x) + B(m, Is(z))  forme M, xeAM). (5.2b)
Since (3.1) and (3.3) imply
m A (m A Ig(x) + B(m, Iy(x)) + B(m,m A Is(x) + B(m, I5(x)))
= m A B(m, Is()) + B(m,m) - Is(x) —m A B(m, Is(x)) + Blm, B(m, Is(x))) = 0
—independent of the actual value of Iz(x)—the map Iz is indeed well defined.

In order to study Iz we first observe that for every R-linear® ¢ : M — R and its
canonical extension @ : A(M) — A(M) one has

I5(p(z)) = p(15(x)) for all z € A(M). (5.3)

29 If x € R, then both sides in (5.3) vanish; thus by induction it suffices to observe
that by (2.5), (5.2b), and (3.2) the assumption I3(@(z)) = @(I5(x)) implies

Is(@(m A1) = Ig(p(m) - & —m A @(x))

= @(m) - Is(x) = m A I5(@ () = Blm, I5(@(x)))
= p(m) - Iy(x) —m A @(I5(x)) = B(m, B(I5(x))
= @(m A Is(x)) + (B(m, Is(x)))

= @(Is(m N x)).

Next we prove that with Py : A(M) — Ag(M) : z — 2@ denoting the canonical
projection from A(M) onto Ag(M) = R one has

Py(Is(x)) = B(z) for all z € A(M). (5.4)
For x € R we have indeed Py(Ig(x)) = © = f(x). By linearity we may now assume
that z = mqy A --+ A my, for some my,...,m; € M and that (5.4) is true for all

o € @) A;(M). Then we get, by (5.2b), (5 3)30, (3.4), and (3.6),
Po(Ig(my A+ Amy)) = O(B\(ml,fg(mg/\ Amg)))
= PQ(I ( (ml, mo JANKIIRIVAN mk)))

:B(ml/\/\mk)’

28 Comment by DG: Added “R-linear”.
29 Comment by DG: Removed “m € M and”.

30 Comment by DG: Specifically, (5.3) is being applied to ¢ = B(my,-) to obtain Iz(B(my,z)) =
B(ma, Ig(z)) for all z € A(M).
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so (5.4) follows by induction.
Now let '3 : M x M — R denote the skew-symmetric R-bilinear form given by

B(my, msa) == B(mg, my) = —B(my, my) for mqy, my € M.

The induced R-linear form '3 : A(M) — R satisfies B(x) = 0 for all z € A_(M), and
(3.9) implies by induction for kK =0 mod 2 and all my,...,my € M:

B(my A~ Amy,) = (_1)16'(’6*1)/2 SB(my A Amy)

_{ﬁ(ml/\---/\mk), for k=0 mod 4,

5.5
—B(my A+ Amy), for k=2 mod 4. (5:5)

Theorem 4 now follows directly from (5.4) and (5.5)3! once we have proved that for
all k € N and my,...,my € M the following much stronger identity holds:

Theorem 4’. For R, M, [ as above and my, ..., m; € M one has

-----

Proof. Note first that (2.8) and (2.9) imply

B(m,x Ay) = B(m,z) ANy +T A B(m,y) (5.6)
and . R

for all m € M and x,y € A(M). Now assume that m € M and y € A(M) satisfy
m Ay =0. Then Iy(m Ay) =0, so that (5.2b) and (5.7) yield®?

m A L(y) = =B(m, Iis(y)) = Blm, Is(y)).

Hence, for any € A(M) we have®3

Islm A @) A La(y) = (m A Tg(w) + B(m, Is(x))) A L(y)
= B(m, Ig(x)) A Iig(y) + Ig(x) Am A Tis(y)
B(m, Is(x)) A Lg(y) + Is(x) A B(m, Iis(y))

and thus by (5.6)3!

I(m A ) A L(y) = B(m. Is(x) A L(y). (5.8)

31 Comment by DG: ... and from the fact that the projection Py is a ring homomorphism

32 Comment by DG: Added some more details to this sentence.

33 Comment by DG: The second equality sign in the following computation relies on the (easy) fact
that every m € M and z € A(M) satisty m Az =Z Am.

34 Comment by DG: We are still assuming m Ay = 0 here.
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It follows by induction that for ms,...,my € M, y € A(M), and ¢; := B(m;,*)
(i=1,...,k) % one has®
Ig(my A - Amy) ALig(my A=< Amyg Ay)
:B(ml,fg(mg/\~-/\mk)/\[tg(ml/\--‘/\mk/\y))
= o1 (Ls(ma Ao Amy) ALig(my A== Amy, Ay))
=-~2@0-~-0@(Lg(m1/\~-/\mk/\y))
= Ig(Pro---opp(mi A= Amy AY))

37 and therefore, putting y := 1 and using (2.17),

Ig(my A Amg) A Lig(mag A== Amy,)
= I (@o-uo@(ml/\‘H/\mk))

_1)k(k—1)/2 det (((pi(mj))i,jzl,w,k))
HE=D/2 det ((B(mi my) )i et k) -
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