A tour around Quadrilateral Geometry / Darij Grinberg

In this notewe will performalittle mentaltour aroundElementaryGeometry We beginwith a
propertyof generalquadrilateralsspecifyingon circumscribedjuadrilateralswe will establisha
propertyof them andfinally passoverbackto generaljuadrilateraldy provingthe converseof this
property Theresultsl amgoingto dealwith arenot newthemselveshowever theirinterconnection
shownin this noteseemdo be asnewas2004, discoveredy Marcello Tarquini[3].

81. Thefour excirclesof aquadrilateral

(SeeFig. 1.) ConsideranarbitraryquadrilaterahBCD. The externalanglebisectorsof theangles
DAB, ABC, BCD, CDAwill beabbreviatedsexternalanglebisectorsof A, B, C, D.

The externalanglebisectorsof A andB meetat X. The externalanglebisectorsof B andC meetat
Y. Theexternalanglebisectorsof C andD meetat Z. Theexternalanglebisectorsof D andA meetat
W.

If Fisthepointof intersectiorof BC andDA, then(in the configurationof Fig. 1) thepoint X is
themeetof theanglebisectorsof FAB andABF, i. e. theincenterof triangleFAB. Thus Xis the
centerof a circle touchingthe segmenAB andthe segment$A andFB (i. e., theextension®f the
segment8C andDA). Analogousstatementsrevalid for Y, Z, W. Altogether thepointsX, Y, Z, W
arethe centersof four circles eachof thesetouchingonesideof the quadrilateraABCD internally
andthe extension®f thetwo adjacensides Thesefour circleswill be calledexcirclesof the
quadrilateraABCD.

Fig. 1

We follow my note[4] andshowatheoremdatingbackto Hadamard2, Problem66], if not
alreadyknownearlier

Theorem 1. ThepointsX, Y, Z, Wlie onacircle, i. e. thequadrilateraXYZWis inscribed(Fig.



2).
Theproofis notspectacularSinceZ lies on the externalanglebisectorsof BCD andCDA, we
haveA ZCD = 90° - = A BCDand A ZDC = 90° - + A CDA, hence

AYZW= ACZD=180°- AZCD- AZDC

— 180° - (90°— %ABCD) - (90°— %ACDA) - %ABCD+ L4 coa

Similarly,

AWXY= %ADAB+ %AABC

This entails

%ABCD+ %ACDA+ %ADAB+ %AABC

£ (ABCD+ A CDA+ ADAB+ 4 ABC) = + « 360° = 180"

AYZW+ AWXY

Hence thequadrilateraXYZWis inscribed whatprovesTheoreml.

Fig. 2
Theoreml is notvery extraordinaryin itself, butit is fundamentafor the observationsve will
makeafterwardsNotethat Theoreml is containedn Satz1.10.1 of [1].
82. The circumcenter of XYZW
Oneof my own resultsshownin [4] is:



Theorem 2. Theperpendicularso AB, BC, CD, DA throughthepointsX, Y, Z, W (i. e, theradii
of the excirclesto their internaltangencypointswith the sideg areequidistanfrom the circumcenter
M of thequadrilateraXYZW In otherwords thereexistsa circle centerecat M andtouchingthe
perpendiculargo AB, BC, CD, DA throughX, Y, Z, W (Fig. 3).
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Fig. 3

Thefollowing proof (Fig. 4) is a simplificationof the proof| gavein [4]: Let the perpendicularso
AB andBC throughX andY meetthelinesABandBC at X' andY’, andlet X" andY” bethe
projectionsof M onthesetwo perpendiculars

As theline XY is the externalanglebisectorof ABC, we have A XBX = A YBY. In the
right-angledtrianglesBX' X andBY'Y, we have A BXX = 90° — A XBX and
ABYY = 90° - AYBY; thus ABXX = ABYY, i.e. AYXX' = AXYY'. Ontheotherhand
YM = XM, for M is thecenterof thecircle throughX, Y, Z, W, andconsequentlyAXMY is isosceles
and A YXM= A XYM Therefore AY'YM = AXYM—- AXYY = AYXM- AYXX = AX'XM.
FurthermoreobviouslytheanglesA YY'M and A XX’M areequal(bothare90°), andYM = XM.
This showsthatAYY'M = AXX"M, andMY” = MX". In otherwords thedistancerom M to the
perpendiculato BC throughY equalsthedistancefrom M to the perpendiculato AB throughX.
Similarly, this distanceequalsthe distancefrom M to the perpendiculato CD throughZ, andthe
latterequalsto the distancerom M to the perpendiculato DA throughW. Hence the pointM indeed
is equidistanfrom thefour perpendicularso AB, BC, CD, DA throughX, Y, Z, W. This proves
Theorem2.
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83. Thecircumscribed quadrilateral
Now we restrictourselvedo a specialkind of quadrilateralsNamely, let ABCDbea
circumscribedjuadrilaterabndO its incenter [A circumscribedjuadrilateralis a quadrilateral
havinganincircle] Thenwe have(Fig. 5):

Fig. 4



Fig. 5

Theorem 3. ThediagonalsXZ andYWof the quadrilateraXYZWmeetat O.

Proof (Fig. 6). If ABandCD meetatE, thentheraysEA andED form theangleAED. Theserays
aretouchedby the excirclesof the quadrilaterahBCD centerecht W andY on onehand andby the
incircle of quadrilaterahBCD centerecat O onthe otherhand Hence thecenters\, Y, O lie onthe

anglebisectorof theangleAED, i. e, thepoint O lieson YW, Similarly, O lieson XZ, andTheorem3
is proven



Fig. 6

In thefollowing, we will usethe shorthandhotationperpenbisectofor perpendiculamisector

Letx, y, z, wbetheperpendicularso AB, BC, CD, DA throughX, Y, Z, W. Theoren? states
thatthesedliinesx, y, z, w areequidistanfrom M, i. e. that
d(M; x) =d(M; y) =d(M; z) =d(M; w), whered(P; g) signifiesthedistancerom apoint
Ptoalineg. Letd = d(M; x) = d(M; y) = d(M; z) = d(M; w).

Themidpointof thesegmenOM will bedenotedoy M’ (Fig. 7).

Sincetheincircle of ABCDtoucheghefour segment®\B, BC, CD, DA, its centerO liesonthe
internalanglebisectorsof theanglesDAB, ABC, BCD, CDA

Sincetheinternalandthe externalanglebisectorsof anangleareperpendiculato eachother, we
haveA OCZ = 90° and A ODZ = 90°, sothatC andD lie onthecircle with diameterOZ
Consequentlythe perpenbisectoof the segmenCD passeshroughthe centerof this circle, i. e.
throughthe midpointQ of OZ

Letx, y', Z, w betheperpenbisectorsf thesegmenté\B, BC, CD, DA. Sincez . CD and
Z 1 CD, wehaveZ | z Hencetheperpenbisectar of CD is parallelto zandpasseshroughQ.

Thehomothetywith centerO andfactor% mapsZ to themidpointQ of OZ, hencetheline z
passinghroughZ is mappedo the parallelto z throughQ, i. e. to theline Z. Ontheotherhand
obviously, theimageof M in this homothetyis the midpointM’ of OM. Hence afterthefundamental
propertiesof homothetiesd(M'; Z) = £ «d(M; z),i.e.d(M’; Z) = 1d. Similarly,
d(M’; xX') =d(M’; y) =d(M’; w) = 1d. Hence thepointM’ is equidistanfrom the
perpenbisectorg, y', Z, w of AB, BC, CD, DA. We canstatethefollowing:



Fig. 7

Theorem 4. ThemidpointM’ of the segmen©OM is equidistanfrom the perpenbisectorsf the
segment#B, BC, CD, DA. In otherwords thereexistsa circle centerecat M’ andtouchingthe
perpenbisectorsf thesegment#\B, BC, CD, DA (Fig. 8).
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Fig. 8
84. PB-quadrilaterals
Let ABCDagainbe anyquadrilateral The perpenbisectorsf the segment®A andAB meetat A'.
The perpenbisectorsf the segment#\B andBC meetat B'. The perpenbisectorsf the segment8C
andCD meetat C'. The perpenbisectorsf the segment€D andDA meetatD’.
ThequadrilateralA’B'C'D’ will be calledthe PB-quadrilateralof the quadrilateraABCD. (" PB”
is ashorthandor ” perpenbisectots) (SeeFig. 9.)



Fig. 9

Obviously, thequadrilateralA’'B'C'D’ degenerate® a pointif thequadrilateraABCDis inscribed
(in fact, the perpenbisectorsf the sidesof aninscribedquadrilaterahll passthroughthe
circumcentey. Ontheotherhand we aregoingto considerthe casewhenthe quadrilateraABCDis
circumscribedThen Theoremd4 secureshe existenceof a circle touchingthe perpenbisectorsf AB,
BC, CD, DA. In otherwords thequadrilateralA'B'C'D’ formedby theseperpenbisectoris
circumscribedHence we may state

Theorem 5. The PB-quadrilaterabf a circumscribedjuadrilaterals a circumscribedjuadrilateral
again(Fig. 10).



Fig. 10

Thisresulthasakind of converse

Theorem 6. If ABCDis anarbitrary, but notinscribed quadrilateralandif the PB-quadrilaterabf
ABCDis circumscribedthenthe quadrilateraABCDis circumscribedtoo.

85. Proof of the Converse

In orderto prove Theoremg, we will makeuseof alemmarelatedto the” secondyeneratioh of
thePB-quadrilaterali. e. the PB-quadrilaterabf the PB-quadrilateral

Theorem 7. If A’'B'C'D’ is the PB-quadrilaterabf anarbitraryquadrilateraABCD, and

A"B"C"D" is thePB-quadrilaterabf A'B'C'D’, thenthequadrilateralABCDandA"B"C"D" are
homothetig(Fig. 11).



Fig. 11

Proof. We beginby consideringA’B'C'D’. Theline A'B’ is the perpenbisectoof AB; hence
A'B' 1L AB, andsimilarly, B'C' 1 BC, C'D’ L CDandD’A’ 1 DA.

ThepointA’ is the meetof the perpenbisectorsf DA andAB, i. e. of the perpenbisectorsf two
sidesof ADAB. Hence A’ alsolies onthe perpenbisectoof thethird sideBD. Similarly, C’ lies on this
perpenbisectoHence A'C’ is the perpenbisectoof BD, andA'C’ 1 BD. Similarly, B'D' L AC.

Thesamecanbeappliedto A"B”"C"D" to obtainA"B” L A'B’, B'C" 1 B'C’, C"D" 1 C'D/,
D"A" 1 D'A', A'C" L B'D' andB"D" 1L A'C'.

FromA’B"” 1L A'B' andA'B’ 1 AB, weinfer A"B" || AB; similarly, B’C” || BC, C'D"” || CD
andD”A" || DA. FromA’C" 1 B'D’ andB'D’ 1 AC, weconcludeA”’C" || AC; likewisg
B'D" | BD.

Therewith we haveobtainedsix parallelismsn total: Any sideor diagonalof the quadrilateral
A"B"C"D" is parallelto the correspondingideor diagonalof the quadrilateraABCD. Now, from
this, the homothetyof the quadrilateralABCD andA”B”C"D” canbeinferredasfollows: Since
A'B" || AB, B'C" | BC, A’C" || AC, thetrianglesABCandA’B"C" arehomotheticlet Z betheir
homotheticcenter Then a homothetywith centerZ andfactorZC" : ZC (with directedlengths
transformsAABC to AA”"B”C". ThehomotheticcenterZ is theintersectiorof thelinesAA’, BB,
cc'.

Similarly, thereis a homothetywith acenterZ’ andfactorZ'C” : Z'C transformingACDA to
AC’"D"A”; herebythehomotheticcenterZ’ is theintersectiorof thelinesCC’, DD”, AA".

Now, thepointsZ andZ’ coincide bothof thembeingintersection®f AA” andCC’; hencethe
factorsZzC' : ZCandZ'C" : Z'C areequal too. Therefore thereis oneandthe samehomothety
transformingAABC to AA"B”C" andACDA to AC"D"A", andconsequentlythis homothetywill map



the quadrilateralABCDto the quadrilateralA”B”C"D". Hence thetwo quadrilateral@rehomothetic
proving Theorem?.

This proof of Theorem? is indicatedquite laconicallyin [1], Satz1.3.2.

Let'sfinally concludewith the proof of Theorent. Assumethe quadrilateraABCD s not
inscribed andits PB-quadrilateralA’B'C'D’ is circumscribedTo showthatABCDis circumscribed
too.

Accordingto Theorem?7, the PB-quadrilateralA”B"C"D” of A'B'C'D’ is homothetico ABCD.
Ontheotherhand sincethe quadrilateralA’'B’'C'D’ is circumscribedTheoremb yieldsthatits
PB-quadrilateralA” B”"C"D" is alsocircumscribedandhence the quadrilateraABCD homotheticto
A"B"C"D" is circumscribedtoo. This provesTheoremg.
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