
A tour around Quadrilateral Geometry / Darij Grinberg
In this notewewill performa little mentaltouraroundElementaryGeometry. Webeginwith a

propertyof generalquadrilaterals; specifyingoncircumscribedquadrilaterals, wewill establisha
propertyof them, andfinally passoverbackto generalquadrilateralsby provingtheconverseof this
property. TheresultsI amgoingto dealwith arenot newthemselves; however, their interconnection
shownin this noteseemsto beasnewas2004, discoveredby MarcelloTarquini[3].

§1. The four excircles of a quadrilateral
(SeeFig. 1.) ConsideranarbitraryquadrilateralABCD. Theexternalanglebisectorsof theangles

DAB, ABC, BCD, CDAwill beabbreviatedasexternalanglebisectorsof A, B, C, D.
Theexternalanglebisectorsof A andB meetat X. Theexternalanglebisectorsof B andC meetat

Y. Theexternalanglebisectorsof C andD meetat Z. Theexternalanglebisectorsof D andA meetat
W.

If F is thepointof intersectionof BC andDA, then(in theconfigurationof Fig. 1) thepointX is
themeetof theanglebisectorsof FAB andABF, i. e. theincenterof triangleFAB. Thus, X is the
centerof a circle touchingthesegmentAB andthesegmentsFA andFB (i. e., theextensionsof the
segmentsBC andDA). Analogousstatementsarevalid for Y, Z, W. Altogether, thepointsX, Y, Z, W
arethecentersof four circles, eachof thesetouchingonesideof thequadrilateralABCD internally
andtheextensionsof thetwo adjacentsides. Thesefour circleswill becalledexcirclesof the
quadrilateralABCD.

A

B
C

D

X

Y

Z

W

Fig. 1
Wefollow my note[4] andshowa theoremdatingbackto Hadamard[2, Problem66], if not

alreadyknownearlier:
Theorem 1. ThepointsX, Y, Z, W lie ona circle, i. e. thequadrilateralXYZWis inscribed(Fig.



2).
Theproof is not spectacular. SinceZ lies on theexternalanglebisectorsof BCDandCDA, we

have
�

ZCD � 90° � 1
2

�
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�
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Similarly,
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This entails
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Hence, thequadrilateralXYZWis inscribed, whatprovesTheorem1.
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Theorem1 is not veryextraordinaryin itself, but it is fundamentalfor theobservationswewill

makeafterwards. NotethatTheorem1 is containedin Satz1.10.1 of [1].
§2. The circumcenter of XYZW

Oneof my ownresultsshownin [4] is:



Theorem 2. Theperpendicularsto AB, BC, CD, DA throughthepointsX, Y, Z, W (i. e., theradii
of theexcirclesto their internaltangencypointswith thesides) areequidistantfrom thecircumcenter
M of thequadrilateralXYZW. In otherwords, thereexistsa circle centeredat M andtouchingthe
perpendicularsto AB, BC, CD, DA throughX, Y, Z, W (Fig. 3).
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Thefollowing proof (Fig. 4) is a simplificationof theproof I gavein [4]: Let theperpendicularsto

AB andBC throughX andY meetthelinesAB andBC at X � andY� , andlet X � � andY� � bethe
projectionsof M on thesetwo perpendiculars.

As theline XY is theexternalanglebisectorof ABC, wehave � XBX� � � YBY� . In the
right-angledtrianglesBX� X andBY� Y, wehave � BXX� � 90° � � XBX� and

� BYY� � 90° � � YBY� ; thus, � BXX� � � BYY� , i. e. � YXX� � � � XYY� � . On theotherhand,
YM � XM, for M is thecenterof thecircle throughX, Y, Z, W, andconsequently, � XMY is isosceles,
and � YXM � � XYM. Therefore, � Y� � YM � � XYM � � XYY� � � � YXM � � YXX� � � � X � � XM.
Furthermore, obviouslytheangles� YY� � M and � XX� � M areequal(bothare90°), andYM � XM.
This showsthat � YY� � M � � XX � � M, andMY� � � MX � � . In otherwords, thedistancefrom M to the
perpendicularto BC throughY equalsthedistancefrom M to theperpendicularto AB throughX.
Similarly, this distanceequalsthedistancefrom M to theperpendicularto CD throughZ, andthe
latterequalsto thedistancefrom M to theperpendicularto DA throughW. Hence, thepointM indeed
is equidistantfrom thefour perpendicularsto AB, BC, CD, DA throughX, Y, Z, W. This proves
Theorem2.
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§3. The circumscribed quadrilateral

Now werestrictourselvesto a specialkind of quadrilaterals. Namely, let ABCDbea
circumscribedquadrilateralandO its incenter. [A circumscribedquadrilateral is a quadrilateral
havinganincircle.] Thenwehave(Fig. 5):
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Theorem 3. ThediagonalsXZ andYWof thequadrilateralXYZWmeetat O.
Proof (Fig. 6). If AB andCD meetat E, thentheraysEA andED form theangleAED. Theserays

aretouchedby theexcirclesof thequadrilateralABCDcenteredat WandY ononehand, andby the
incircle of quadrilateralABCDcenteredat O on theotherhand. Hence, thecentersW, Y, O lie on the
anglebisectorof theangleAED, i. e., thepointO lies onYW. Similarly, O lies onXZ, andTheorem3
is proven.
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In thefollowing, wewill usetheshorthandnotationperpenbisectorfor perpendicularbisector.
Let x, y, z, w betheperpendicularsto AB, BC, CD, DA throughX, Y, Z, W. Theorem2 states

thattheselinesx, y, z, w areequidistantfrom M, i. e. that
d M; x � d M; y � d M; z � d M; w , whered P; g signifiesthedistancefrom a point
P to a line g. Let d � d M; x � d M; y � d M; z � d M; w .

Themidpointof thesegmentOM will bedenotedby M � (Fig. 7).
Sincetheincircle of ABCD touchesthefour segmentsAB, BC, CD, DA, its centerO lies on the

internalanglebisectorsof theanglesDAB, ABC, BCD, CDA.
Sincetheinternalandtheexternalanglebisectorsof anangleareperpendicularto eachother, we

have � OCZ � 90° and � ODZ � 90°, sothatC andD lie on thecircle with diameterOZ.
Consequently, theperpenbisectorof thesegmentCD passesthroughthecenterof this circle, i. e.
throughthemidpointQ of OZ.

Let x � , y � , z� , w � betheperpenbisectorsof thesegmentsAB, BC, CD, DA. Sincez � CD and
z � CD, wehavez ! z. Hence, theperpenbisectorz" of CD is parallelto zandpassesthroughQ.

Thehomothetywith centerO andfactor 1
2 mapsZ to themidpointQ of OZ; hence, theline z

passingthroughZ is mappedto theparallelto z throughQ, i. e. to theline z" . On theotherhand,
obviously, theimageof M in this homothetyis themidpointM " of OM. Hence, afterthefundamental
propertiesof homotheties, d M " ; z" # 1

2 $ d M; z , i. e. d M " ; z" # 1
2 d. Similarly,

d M " ; x " # d M " ; y " # d M " ; w " # 1
2 d. Hence, thepointM " is equidistantfrom the

perpenbisectorsx " , y " , z" , w " of AB, BC, CD, DA. Wecanstatethefollowing:
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Theorem 4. ThemidpointM % of thesegmentOM is equidistantfrom theperpenbisectorsof the

segmentsAB, BC, CD, DA. In otherwords, thereexistsa circle centeredat M % andtouchingthe
perpenbisectorsof thesegmentsAB, BC, CD, DA (Fig. 8).
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§4. PB-quadrilaterals

Let ABCDagainbeanyquadrilateral. Theperpenbisectorsof thesegmentsDA andAB meetat A & .
Theperpenbisectorsof thesegmentsAB andBC meetat B & . Theperpenbisectorsof thesegmentsBC
andCD meetat C & . Theperpenbisectorsof thesegmentsCD andDA meetat D & .

ThequadrilateralA & B & C & D & will becalledthePB-quadrilateralof thequadrilateralABCD. (”PB”
is a shorthandfor ”perpenbisectors” .) (SeeFig. 9.)
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Obviously, thequadrilateralA ' B ' C ' D ' degeneratesto a point if thequadrilateralABCD is inscribed

(in fact, theperpenbisectorsof thesidesof aninscribedquadrilateralall passthroughthe
circumcenter). On theotherhand, wearegoingto considerthecasewhenthequadrilateralABCD is
circumscribed. Then, Theorem4 securestheexistenceof a circle touchingtheperpenbisectorsof AB,
BC, CD, DA. In otherwords, thequadrilateralA ' B ' C ' D ' formedby theseperpenbisectorsis
circumscribed. Hence, wemaystate:

Theorem 5. ThePB-quadrilateralof a circumscribedquadrilateralis a circumscribedquadrilateral
again(Fig. 10).
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This resulthasa kind of converse:
Theorem 6. If ABCD is anarbitrary, but not inscribed, quadrilateral, andif thePB-quadrilateralof

ABCD is circumscribed, thenthequadrilateralABCD is circumscribed, too.
§5. Proof of the Converse

In orderto proveTheorem6, wewill makeuseof a lemmarelatedto the”secondgeneration” of
thePB-quadrilateral, i. e. thePB-quadrilateralof thePB-quadrilateral:

Theorem 7. If A ( B ( C ( D ( is thePB-quadrilateralof anarbitraryquadrilateralABCD, and
A ( ( B ( ( C ( ( D ( ( is thePB-quadrilateralof A ( B ( C ( D ( , thenthequadrilateralsABCDandA ( ( B ( ( C ( ( D ( ( are
homothetic(Fig. 11).
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Proof. Webeginby consideringA ) B ) C ) D ) . Theline A ) B ) is theperpenbisectorof AB; hence,

A ) B ) * AB, andsimilarly, B ) C ) * BC, C ) D ) * CD andD ) A ) * DA.
ThepointA ) is themeetof theperpenbisectorsof DA andAB, i. e. of theperpenbisectorsof two

sidesof + DAB. Hence, A ) alsolies on theperpenbisectorof thethird sideBD. Similarly, C ) lies on this
perpenbisector. Hence, A ) C ) is theperpenbisectorof BD, andA ) C ) * BD. Similarly, B ) D ) * AC.

Thesamecanbeappliedto A ) ) B ) ) C ) ) D ) ) to obtainA ) ) B ) ) * A ) B ) , B ) ) C ) ) * B ) C ) , C ) ) D ) ) * C ) D ) ,
D ) ) A ) ) * D ) A ) , A ) ) C ) ) * B ) D ) andB ) ) D ) ) * A ) C ) .

FromA ) ) B ) ) * A ) B ) andA ) B ) * AB, we infer A ) ) B ) ) , AB; similarly, B ) ) C ) ) , BC, C ) ) D ) ) , CD
andD ) ) A ) ) , DA. FromA ) ) C ) ) * B ) D ) andB ) D ) * AC, weconcludeA ) ) C ) ) , AC; likewise,
B ) ) D ) ) , BD.

Therewith, wehaveobtainedsix parallelismsin total: Any sideor diagonalof thequadrilateral
A ) ) B ) ) C ) ) D ) ) is parallelto thecorrespondingsideor diagonalof thequadrilateralABCD. Now, from
this, thehomothetyof thequadrilateralsABCDandA ) ) B ) ) C ) ) D ) ) canbeinferredasfollows: Since
A ) ) B ) ) , AB, B ) ) C ) ) , BC, A ) ) C ) ) , AC, thetrianglesABCandA ) ) B ) ) C ) ) arehomothetic; let Z betheir
homotheticcenter. Then, a homothetywith centerZ andfactorZC) ) : ZC (with directedlengths)
transforms+ ABC to + A ) ) B ) ) C ) ) . ThehomotheticcenterZ is theintersectionof thelinesAA) ) , BB) ) ,
CC) ) .

Similarly, thereis a homothetywith a centerZ ) andfactorZ ) C ) ) : Z ) C transforming+ CDA to
+ C ) ) D ) ) A ) ) ; hereby, thehomotheticcenterZ ) is theintersectionof thelinesCC) ) , DD ) ) , AA) ) .

Now, thepointsZ andZ ) coincide, bothof thembeingintersectionsof AA) ) andCC) ) ; hence, the
factorsZC) ) : ZCandZ ) C ) ) : Z ) C areequal, too. Therefore, thereis oneandthesamehomothety
transforming+ ABC to + A ) ) B ) ) C ) ) and + CDA to + C ) ) D ) ) A ) ) , andconsequently, this homothetywill map



thequadrilateralABCD to thequadrilateralA - - B - - C - - D - - . Hence, thetwo quadrilateralsarehomothetic,
provingTheorem7.

This proofof Theorem7 is indicatedquitelaconicallyin [1], Satz1.3.2.
Let’s finally concludewith theproofof Theorem6. AssumethequadrilateralABCD is not

inscribed, andits PB-quadrilateralA - B - C - D - is circumscribed. To showthatABCD is circumscribed,
too.

Accordingto Theorem7, thePB-quadrilateralA - - B - - C - - D - - of A - B - C - D - is homotheticto ABCD.
On theotherhand, sincethequadrilateralA - B - C - D - is circumscribed, Theorem5 yieldsthatits
PB-quadrilateralA - - B - - C - - D - - is alsocircumscribed, andhence, thequadrilateralABCDhomotheticto
A - - B - - C - - D - - is circumscribed, too. This provesTheorem6.
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