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Abstract. For any positive integer k and nonnegative integer m, we
consider the symmetric function G (k, m) defined as the sum of all mono-
mials of degree m that involve only exponents smaller than k. We call
G (k,m) a Petrie symmetric function in honor of Flinders Petrie, as the co-
efficients in its expansion in the Schur basis are determinants of Petrie
matrices (and thus belong to {0,1, —1} by a classical result of Gordon
and Wilkinson). More generally, we prove a Pieri-like rule for expand-
ing a product of the form G (k,m) - s, in the Schur basis whenever y is a
partition; all coefficients in this expansion belong to {0,1,—1}. We also
show that G (k,1),G (k,2),G (k,3),... form an algebraically indepen-
dent generating set for the symmetric functions when 1 — k is invertible
in the base ring, and we prove a conjecture of Liu and Polo about the
expansion of G (k,2k — 1) in the Schur basis.
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kkok

Considered as a ring, the symmetric functions (which is short for “formal power
series in countably many indeterminates x1, x2, x3, ... that are of bounded degree
and fixed under permutations of the indeterminates”) are hardly a remarkable
object: By a classical result essentially known to Gauss, they form a polynomial
ring in countably many indeterminates. The true theory of symmetric functions
is rather the study of specific families of symmetric functions, often defined by
combinatorial formulas (e.g., as multivariate generating functions) but interacting
deeply with many other fields of mathematics. Classical families are, for example,
the monomial symmetric functions m,, the complete homogeneous symmetric functions
hy, the power-sum symmetric functions p,, and the Schur functions s,. Some of these
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families — such as the monomial symmetric functions m, and the Schur functions
sy — form bases of the ring of symmetric functions (as a module over the base ring).

In this paper, we introduce a new family (G (k,m));~. ;> of symmetric func-
tions, which we call the Petrie symmetric functions in honor of Flinders Petrie. For
any integers k > 1 and m > 0, we define G (k, m) as the sum of all monomials of de-
gree m (in x1, X, X3, ...) that involve only exponents smaller than k. When G (k, m)
is expanded in the Schur basis (i.e., as a linear combination of Schur functions s,),
all coefficients belong to {0,1, —1} by a classical result of Gordon and Wilkinson,
as they are determinants of so-called Petrie matrices (Whence our name for G (k, m)).
We give an explicit combinatorial description for the coefficients as well. More gen-
erally, we prove a Pieri-like rule for expanding a product of the form G (k,m) - s,
in the Schur basis whenever y is a partition; all coefficients in this expansion again
belong to {0,1, —1} (although we have no explicit combinatorial rule for them). We
show some further properties of G (k, m) and prove that if k is a fixed positive inte-
ger such that 1 — k is invertible in the base ring, then G (k,1),G (k,2),G (k,3), ...
form an algebraically independent generating set for the symmetric functions. We
prove a conjecture of Liu and Polo in [LiuPol19, Remark 1.4.5] about the expansion
of G (k,2k — 1) in the Schur basis.

This paper begins with Section [I, in which we introduce the notions and nota-
tions that the paper will rely on. (Further notations will occasionally be introduced
as the need arises.) The rest of the paper consists of two essentially independent
parts. The first part comprises Section [2, in which we define the Petrie symmetric
functions G (k,m) (and the related power series G (k)) and state several of their
properties, and Section |3, in which we prove said properties. The second part is
Section 4, which is devoted to proving the conjecture of Liu and P010E| A final
Section |5| adds comments, formulates two conjectures, and (in its last subsection)
explores a more general family of symmetric functions that still shares some of the
properties of the Petrie functions G (k, m). (As a byproduct of the latter generaliza-
tion, a formula for the antipode of G (k,m) — Corollary — emerges.)
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Remarks

1. A short exposition of the main results of this paper (without proofs), along with
an additional question motivated by it, can be found in [Grinbe20al.

2. While finishing this work, I have become aware of three independent discov-
eries of the Petrie symmetric functions G (k, m):

(@) In [DotWal92, §3.3], Stephen Doty and Grant Walker define a modular com-
plete symmetric function h!;, which is precisely our Petrie symmetric function
G (k,m) up to a renaming of variables (namely, their m and d correspond to

our k and m). Some of our results appear in their work: Our Theorem

is (a slight generalization of) [DotWal92, Corollary 3.9]; our Theorem is
(part of) [DotWal92, Proposition 3.15] restated in the language of Hopf al-
gebras. The h:i are studied further in Walker’s follow-up paper [Walker94],
some of whose results mirror ours again (in particular, the maps ¥* and ¥,
from [Walker94] are our f, and v).

(b) The preprint [FuMei20] by Houshan Fu and Zhousheng Mei introduces the
Petrie symmetric functions G (k,m) and refers to them as truncated homoge-
neous symmetric functions h,[j;_”. Some results below are also independently
obtained in [FuMei20]. In particular, Theorem is a formula in [FuMei20,
§2], and Theorem is equivalent to [FuMei20, Proposition 2.9]. The partic-

ular case of Theorem when k = Q is part of [FuMei20, Theorem 2.7].

(c) The paper [BaAhBel8|] by Bazeniar, Ahmia and Belbachir introduces the sym-

metric functions G (k, m) as well, or rather their evaluations (G (k, m)) (x1, x2, . .

Xn)
at finitely many variables; it denotes them by EFY (n) = ESD (x1,%2,...,%n).

Ahmia and Merca continue the study of these ET(,IZc - (x1,x2,...,%,) in [AhmMer20].

Our Theorem is equivalent to the second formula in [AhmMer20, Theo-
rem 3.3] (although we are using infinitely many variables).

(d) The formal power series G (k) also appears in [FulLan85, Chapter I, §6], un-
der the guise of Bott’s cannibalistic class 6/ (e) (for j = k and rewritten in the
language of A-ring operationsE[) ; it is used there to prove an abstract Riemann—
Roch theorem. An application to group representations appears in [AtiTal69].

2See [Hazewi08, §16.74] for the connection between symmetric functions (over Z) and universal
operations on A-rings. To be specific: If a is an element of a A-ring A, then the canonical A-
ring morphism Az — A (where Az is the ring of symmetric functions over Z) that sends
e = X1+ x2+x3+--- € Az toa € A will send the Petrie symmetric function G (k,m) to
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3. The Petrie symmetric functions have been added to Per Alexandersson’s col-
lection of symmetric functions at https://www.symmetricfunctions.com/petrie.
htm .

Remark on alternative versions

This paper also has a detailed version [Grinbe20b], which includes some proofs that
have been omitted from the present version (mostly basic properties of symmetric
functions).

1. Notations

We will use the following notations (most of which are also used in [GriRei20),

§2.1]):
e Welet N ={0,1,2,...}.

¢ The words “positive”, “larger”, etc. will be used in their Anglophone mean-
ing (so that 0 is neither positive nor larger than itself).

* We fix a commutative ring k; we will use this k as the base ring in what
follows.

* A weak composition means an infinite sequence of nonnegative integers that
contains only finitely many nonzero entries (i.e., a sequence (a1, a2, a3,...) €
IN* such that all but finitely many i € {1,2,3,...} satisfy a; = 0).

¢ We let WC denote the set of all weak compositions.

¢ For any weak composition « and any positive integer i, we let «; denote the i-
th entry of « (so that @ = (a1, a2, a3, ...)). More generally, we use this notation
whenever « is an infinite sequence of any kind of objects.

* The size || of a weak composition « is defined to be a1 +ap + a3+ --- € IN.

* A partition means a weak composition whose entries weakly decrease (i.e., a
weak composition « satisfying ay > ap > a3 > ---).

o If n € Z, then a partition of n means a partition o having size n (that is,
satisfying |a| = n).

* We let Par denote the set of all partitions. For each n € Z, we let Par, denote
the set of all partitions of n.

the “m-th graded component” of Bott’s cannibalistic class 6% (a). (Bott’s cannibalistic class 6* (a)
itself is defined only if a is a “positive element” in the sense of [FulLan85] (or can only be defined
in an appropriate closure of A). When it is defined, it is the image of the series G (k). Otherwise,
its “graded components” are the right object to consider.)



https://www.symmetricfunctions.com/petrie.htm
https://www.symmetricfunctions.com/petrie.htm
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¢ We will sometimes omit trailing zeroes from partitions: i.e., a partition A =
(A1, A2, As, . ..) will be identified with the k-tuple (A1, Ay, ..., Ax) whenever k €
IN satisfies A1 = Agip = Ago3 = -+ = 0. For example, (3,2,1,0,0,0,...) =
(3,2,1) = (3,2,1,0).

* The partition (0,0,0,...) = () is called the empty partition and denoted by @.

* A part of a partition A means a nonzero entry of A. For example, the parts of
the partition (3,1,1) = (3,1,1,0,0,0,...) are 3,1, 1.

e We will use the notation 1% for “1,1,...,1” in partitions. (For example,
a/—/
k times
(2,1*) = (2,1,1,1,1). This notation is a particular case of the more general
notation m* for “m,m, ..., m” in partitions, used, e.g., in [GriRei20, Definition
D —

k times

2.2.1])

* We let A denote the ring of symmetric functions in infinitely many vari-
ables x1,xp,x3,... over k. This is a subring of the ring k [[x1, x2, x3,...]] of
formal power series. To be more specific, A consists of all power series in
k [[x1, x2, x3,...]] that are symmetric (i.e., invariant under permutations of the
variables) and of bounded degree (see [GriRei20, §2.1] for the precise meaning
of this).

* A monomial shall mean a formal expression of the form xj'xy2x3>--- with

« € WC. Formal power series are formal infinite k-linear combinations of
such monomials.

o For any weak composition «, we let x* denote the monomial x]'x?x3° - - .
e The degree of a monomial x* is defined to be |«|.

* A formal power series is said to be homogeneous of degree n (for some n € IN)
if all monomials appearing in it (with nonzero coefficient) have degree n. In
particular, the power series 0 is homogeneous of any degree.

o If f € k|[[x1,x2,x3,...]] is a power series, then there is a unique family

(fi)ien = (fo, f1,f2,...) of formal power series f; € k[[x1,x,x3,...]] such
that each f; is homogeneous of degree i and such that f = ) f;. This family
ieIN

(fi)ien is called the homogeneous decomposition of f, and its entry f; (for any
given i € IN) is called the i-th degree homogeneous component of f.

* The k-algebra A is graded: i.e., any symmetric function f can be uniquely
written as a sum ) f;, where each f; is a homogeneous symmetric function
icIN
of degree i, and where all but finitely many i € IN satisfy f; = 0.
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We shall use the symmetric functions m, hy, 5, pn, 5) in A as defined in [GriRei20),
Sections 2.1 and 2.2]. Let us briefly recall how they are defined:

 For any partition A, we define the monomial symmetric function m, € A byﬂ

my :Zx”‘,

where the sum ranges over all weak compositions « € WC that can be ob-
tained from A by permuting entriesﬂ For example,

_ 2.2 2. .2 2.2
Mop1) = Y. X;x7 Xy + ) X7Xjx; + Y. XiX7 X
i<j<k i<j<k i<j<k

The family (m,),cp,, (that is, the family of the symmetric functions m, as A
ranges over all partitions) is a basis of the k-module A.

* For each n € Z, we define the complete homogeneous symmetric function h, € A

by
— — X _
hn— Z Xig Xiy *++ Xj, = Z X = Z my.
i1 <ip<---<iy xeWGC; A€Pary,
|a|=n

Thus, hy =1 and h, =0 for all n < 0.

We know (e.g., from [GriRei20, Proposition 2.4.1]) that the family (,),~; =
(h1,hy, h3,. . .) is algebraically independent and generates A as a k-algebra. In
other words, A is freely generated by hy, hy, h3, . .. as a commutative k-algebra.

* For each n € Z, we define the elementary symmetric function e, € A by

en = ). XXX, = Y. x".
i1 <ip<---<ip a€WCN{0,1}%;
|oe|=n
Thus,ep =1land e, =0foralln < 0. If n > 0, then e, = m(in), where, as we
have agreed above, the notation (1) stands for the n-tuple (1,1,...,1).

* For each positive integer 1, we define the power-sum symmetric function p,, € A
by
Pu= XXy = .

* For each partition A, we define the Schur function s, € A by

S\ = ZXT;

3This definition of 71, is not the same as the one given in [GriRei20, Definition 2.1.3]; but it is easily
seen to be equivalent to the latter (i.e., it defines the same m,). See [Grinbe20b] for the details of
the proof.

“Here, we understand A to be an infinite sequence, not a finite tuple, so the entries being permuted
include infinitely many 0’s.
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where the sum ranges over all semistandard tableaux T of shape A, and where
xT denotes the monomial obtained by multiplying the x; for all entries i of T.
We refer the reader to [GriRei20, Definition 2.2.1] or to [Stanle01, §7.10] for
the details of this definition and further descriptions of the Schur functions.
One of the most important properties of Schur functions (see, e.g., [GriRei20,
(2.4.16) for y = ] or [MenRem15| Theorem 2.32] or [Stanle01, Theorem 7.16.1
for u = @] or [Sagan20|, Theorem 7.2.3 (a)]) is the fact that

s, = det ((h/\i—i+j)1<i<€, 1§j§€> W

for any partition A = (A1, Ay, ..., Ap). This is known as the (first, straight-shape)
Jacobi-Trudi formula.

The family (s)),cpyy i @ basis of the k-module A, and is known as the Schur
basis. 1t is easy to see that each n € IN satisfies s,y = hy and s(jn) = en.
Moreover, for each partition A, the Schur function s, € A is homogeneous of
degree |A|.

Among the many relations between these symmetric functions is an expression
for the power-sum symmetric function p, in terms of the Schur basis:

Proposition 1.1. Let n be a positive integer. Then,

Proof. This is a classical formula, and appears (e.g.) in [Eggel9, Problem 4.21],
[GriRei20, Exercise 5.4.12(g)] and [MenRem15| Exercise 2.2]. Alternatively, this is
an easy consequence of the Murnaghan-Nakayama rule (see [MenRem15, Theorem
6.3] or [Sam17, Theorem 4.4.2] or [Stanle01, Theorem 7.17.3] or [Wildon15, (1)]),
applied to the product p,sg (since sg = 1). O

Finally, we will sometimes use the Hall inner product (-,-) : A x A — k as defined
in [GriRei20, Definition 2.5.12]E| This is the k-bilinear form on A that is defined by
the requirement that

(SA/Su) = Orp for any A, u € Par

SHowever, it is denoted by (-, ) rather than by (-,-) in [GriRei20]. (That is, what we call (a,b) is
denoted by (4, b) in [GriRei20].)

The Hall inner product also appears (for k = Z and k = Q) in [Eggel9] Definition 7.5],
in [Stanle01}, §7.9] and in [Macdon95, Section 1.4] (note that it is called the “scalar product”
in the latter two references). The definitions of the Hall inner product in [Stanle01, §7.9] and
in [Macdon95, Section 1.4] are different from ours, but they are equivalent to ours (because of
[Stanle01) Corollary 7.12.2] and [Macdon95| Chapter I, (4.8)]).
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(where 8, , denotes the Kronecker delta). Thus, the Schur basis (s)),cp,, of A is

an orthonormal basis with respect to the Hall inner product. It is easy to seeﬁ that
the Hall inner product (-, -) is graded: i.e., we have

(f,g)=0 2)

if f and g are two homogeneous symmetric functions of different degrees. We shall
also use the following two known evaluations of the Hall inner product:

| Proposition 1.2. Let 1 be a positive integer. Then, (h,, p,) = 1.

| Proposition 1.3. Let 1 be a positive integer. Then, (e, pn) = (—1)""".

See Subsection 3.2/ for the proofs of these two propositions.

2. Theorems

2.1. Definitions

The main role in this paper is played by two power series that we will now define:

Definition 2.1. (a) For any positive integer k, we le

Gky= Y x~ (3)
aeWC;
a;<k for all i

This is a symmetric formal power series in k [[x1, X2, x3, . . .]] (but does not belong
to A in general).
(b) For any positive integer k and any m € IN, we let

Gkm)= Y x*eA (4)
aeWC;
|a[=m;
w; <k for all i

6Gee, e.g., [GriRei20, Exercise 2.5.13(a)] for a proof.
"Here and in all similar situations, “for all i’ means “for all positive integers i”.
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Example 2.2. (a) We have

G(2) = Z x“
aeWC;
w;<2 for all i

=14+x1+x0+x34+ -+ x1% + X1X3 + XpX3+ - - -
+ X1XoX3 + X1X2X4 + X2X3Xg + - - -

= 2 2 xilxiz---xim = Z em.

melN 1<ii<ip<---<ipy melN

J/

N~
:em

(b) For each m € IN, we have

G(2,m)= Z x* = Z Xiy Xiy * X, = €.

aeWC; 1<ii<ip <+ <ipy
|| =m;
a;<2 for all i

We suggest the name k-Petrie symmetric series for G (k) and the name (k, m)-Petrie
symmetric function for G (k, m). The reason for this naming is that the coefficients of
these functions in the Schur basis of A are determinants of Petrie matrices, as we
will see in Subsection 3.7

2.2. Basic identities
We begin our study of the G (k) and G (k, m) with some simple properties:

Proposition 2.3. Let k be a positive integer.
(@) The symmetric function G (k, m) is the m-th degree homogeneous compo-
nent of G (k) for each m € IN.

(b) We have
= k
0 1 -1
Gly= Yy x= x m =),
aeWC; A€Par; i=1
w;<k for all i Ai<k for all i
(c) We have
Gmy= Y x*= Y m
aeWC; A€Par;
|| =m; A|=m;
w; <k for all i Ai<k for all i

for each m € IN.
(d) If m € N satisfies k > m, then G (k, m) = hy,.
(e) If m € N and k = 2, then G (k, m) = ey,.
(f) If m =k, then G (k,m) = hy, — pm-
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Proving Proposition 2.3l makes good practice in understanding the definitions of
my, hn, en, pn, G (k) and G (k,n). We omit the proof here; it can be found in full
(hardly necessary) detail in [Grinbe20bl].

Parts (d) and (e) of Proposition show that the Petrie symmetric functions
G (k,m) can be seen as interpolating between the h,, and the e,.

2.3. The Schur expansion

The solution to [Stanle01, Exercise 7.3] gives an expansion of G (3) in terms of
the elementary symmetric functions (due to I. M. Gessel); this expansion can be
rewritten as

2, if3|m—mn;

GB)= Y e+ Y cunemen, where ¢, = (—1)" 7" {_1, €3 1m

nelN m<n

We shall instead expand G (k) in terms of Schur functions. For this, we need to
define some notations.

Convention 2.4. We shall use the Iverson bracket notation: i.e., if A is a logi-
cal statement, then [A] shall denote the truth value of A (that is, the integer

1, if Ais true;
0, if Ais false

1<i<t, 1<j<0 for the ¢ x ¢-matrix whose

(i,j)-th entry is a; ; for each i,j € {1,2,...,(}.

We shall furthermore use the notation (4, ;)

Definition 2.5. Let A = (A1, Ay,...,Ay) € Parand u = (y1, 2,...,4¢) € Par, and
let k be a positive integer. Then, the k-Petrie number pet, (A, u) of A and p is the
integer defined by

Note that this integer does not depend on the choice of ¢ (in the sense that it
does not change if we enlarge ¢ by adding trailing zeroes to the representations
of A and p); this follows from Lemma 2.7 below.

Example 2.6. Let A be the partition (3,2,1) € Par, let i be the partition (1,1) &
Par, let £ = 3, and let k be a positive integer. Then, the definition of pet, (A, )
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yields

pety (A, p)
= det (([0 SA—pj—itj< k})1<i<é, 1<j<€>

[0§/\1—ﬂ1<k] [0§/\1—]¢2+1<k] [0§/\1—]J3+2<k]
= det [0§A2—}11—1<k] [03/\2—}42<k] [0§/\2—]J3+1<k]
[0§)&3—‘M1—2<k] [0§A3—y2—1<k] [0§/\3—y3<k]

0<3—1<k [0<3—-1+1<K [0§3—0+2<k])

=det| 0<2-1-1<k] [0<2—-1<k] [0<2-0+1<K]
0<1-1-2<k] [0<1—-1-1<k [0<1-0<K]
since Ay =3and Ay =2and A3 =1
and yy =1land yp =1l and u3 =0
0<2<k] [0<3<k] [0<5<Kk]
=det| [0<0<k [0<1<k] [0<3<Kk] |.
0<-2<k] [0<-1<kl [0<1<K]

Thus, taking k = 4, we obtain

0<2<4] [0<3<4] [0<5<4]
pet,(A,u) =det| [0<0<4] [0<1<4] [og3<4])
0<-2<4] [0<-1<4] [0<1<4]
110
=det| 1 1 1 | =0.
00 1)

On the other hand, taking k = 3, we obtain

[0 <
pet; (A, u) =det[ [0<0<3] [0<1<3] [0<3<3]
0<-—2<3] [0<-1<3] [0<1<3]

):1.

Lemma 2.7. Let A € Par and p € Par, and let k be a positive integer. Let / € IN
be such that A = (A1, Ay, ..., Ap) and u = (p1, 42, .., p¢). Then, the determinant

det (( 0<Aj—pj—i+j<K] )1<i<€, 1<].<£) does not depend on the choice of .

0<2<3] 3 < 3] m<5<ﬂ)

o= o |
Y e )

1
=det| 1
0

See Subsection 3.6 for the simple proof of Lemma
Surprisingly, the k-Petrie numbers pet; (A, ) can take only three possible values:
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Proposition 2.8. Let A € Par and u € Par, and let k be a positive integer. Then,
pet, (A, u) € {-1,0,1}.

Proposition 2.8| will be proved in Subsection
We can now expand the Petrie symmetric functions G (k, m) and the power series
G (k) in the basis (5)),cpa, Of A:

Theorem 2.9. Let k be a positive integer. Then,

G (k)= ) pet;(A,2)s).
A€Par

(Recall that @ denotes the empty partition () = (0,0,0,...).)

We will not prove Theorem directly; instead, we will first show a stronger
result (Theorem , and then derive Theorem [2.9| from it in Subsection 3.10

Corollary 2.10. Let k be a positive integer. Let m € IN. Then,

G(k,m)= Y pet. (A @)s,.

A€Pary,

Corollary easily follows from Theorem using Proposition (a); but
again, we shall instead derive it from a stronger result (Corollary[2.18) in Subsection
B.10

We will see a more explicit description of the k-Petrie numbers pet, (A, @) in
Subsection 2.4l

Remark 2.11. Corollary in combination with Proposition shows that
each k-Petrie function G (k, m) (for any k > 0 and m € IN) is a linear combination
of Schur functions, with all coefficients belonging to {—1,0,1}. It is natural to
expect the more general symmetric functions

Gkk,m= Y X where 0 < k' <k,

aeWC;
|a|=m;
k' <wa;j<k for all i

to have the same property. However, this is not the case. For example,

G (4,2,5) =mo) = —251,1111) +2521,1,1) — S(221) — 53,1,1) 1 5(3,2)-

2.4. An explicit description of the k-Petrie numbers pet, (A, &)

Can the k-Petrie numbers pet, (A, &) from Definition 2.5 be described more explic-
itly than as determinants? To be somewhat pedantic, the answer to this question
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depends on one’s notion of “explicit”, as determinants are not hard to compute,
and another algorithm for calculating pet, (A, @) can be extracted from our proof
of Proposition (when combined with [GorWil74, proof of Theorem 1]). Nev-
ertheless, there is a more explicit description. This description will be stated in
Theorem further below.

First, let us get a simple case out of the way:

Proposition 2.12. Let A € Par, and let k be a positive integer such that A; > k.
Then, pet; (A, @) = 0.

Proof of Proposition [2.12, Write A as A = (Aq,A2,...,Ay). Thus, £ > 1 (since Ay >
k > 0). Moreover, the empty partition @ can be written as @ = (1, D, ..., Jy)
(since ¥; = O for each integer i > /).

Thus, we have A = (A1, Ay,...,Ay) and @ = (@1, D>, ..., D). Hence, the defini-
tion of pet, (A, @) yields

pet, (A, @) = det 0<A— g —i+j<k
—~—
=0 1<i<t, 1<j</
= det (([0< A =i+ < K)ycic, 1550 ) - (5)
Buteachje {1,2,...,¢} satisties [0 <Ay —1+j<k]=0(since Ay —1+4+ | >
—~—
>1

has first row (0,0, ...,0). Therefore, its determinant is 0. In other words, pet; (A, @) =
0 (since pet, (A, @) is its determinantﬁ). This proves Proposition m O

Stating Theorem will require some notation:

Definition 2.13. For any A € Par, we define the transpose of A to be the partition
Al € Par determined by

(At)i: {je{1,23,...} | Aj > i} for each i > 1.

This partition A! is also known as the conjugate of A, and is perhaps easiest to
understand in terms of Young diagrams: To wit, the Young diagram of A! is
obtained from that of A by a flip across the main diagonal.

One important use of transpose partitions is the following fact (see, e.g., [GriRei20,
(2.4.17) for p = <] or [MenRem15, Theorem 2.32] or [Stanle01, Theorem 7.16.2 ap-
plied to A! and @ instead of A and y] for proofs): We have

Syt = det <<e)\i—i+j>1§i§€, 1S]§£> (6)

Sby
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for any partition A = (Aq,Ay,...,Ay). This is known as the (second, straight-shape)
Jacobi-Trudi formula.
We will use the following notation for quotients and remainders:

Convention 2.14. Let k be a positive integer. Let n € Z. Then, n%k shall denote
the remainder of n divided by k, whereas n//k shall denote the quotient of
this division (an integer). Thus, n//k and n%k are uniquely determined by
the three requirements that n//k € Z and n%k € {0,1,...,k—1} and n =
(n//k) - k+ (n%k).

The “//” and “%” signs bind more strongly than the “+” and “—" signs.
That is, for example, the expression “a + b%k” shall be understood to mean
“a 4 (b%k)” rather than “(a + b) %k”.

Now, we can state our “formula” for k-Petrie numbers of the form pet, (A, &).
Theorem 2.15. Let A € Par, and let k be a positive integer. Let u = A’
(a) If py # 0, then pet, (A, @) = 0.
From now on, let us assume that y; = 0.
Define a (k — 1)-tuple (B1, B2, ..., Br—1) € Z¥~1 by setting
Bi=wui—i foreachi e {1,2,...,k—1}. (7)
Define a (k — 1)-tuple (71,72, .-, 7k—1) € {1,2,...,k}* ! by setting
¥i=14+(Bi—1) %k foreachie€ {1,2,...,k—1}. (8)

(b) If the k — 1 numbers 71,72, ..., 7k—1 are not distinct, then pet, (A, @) = 0.
(c) Assume that the kK — 1 numbers 1, >, ..., Yk—1 are distinct. Let

s=[{@p) e k=13 | i<jandy <y}

Then, pet, (A, @) = (_1)(ﬁl+,32+'"+.Bk71)+8+(71+72+"'+'Yk71).

The proof of this theorem is technical and will be given in Subsection 3.11}
It is possible to restate part of Theorem without using A':

Proposition 2.16. Let A € Par, and let k be a positive integer. Assume that A1 < k.
Define a subset B of Z by

B={A—i|ie{1,23,...}}.

Let0,1,...,k — 1 be the residue classes of the integers 0,1, ...,k —1 modulo k
(considered as subsets of Z). Let W be the set of all integers smaller than k — 1.

Then, pet, (A,@) # 0 if and only if each i € {0,1,...,k—1} satisfies
|(inW)\B| <1
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In Subsection we will outline how this proposition can be derived from
Theorem

The sets B and (iNW) \ B in Proposition @ are related to the k-modular struc-
ture of the partition A, such as the B-set, the k-abacus, the k-core and the k-quotient
(see [Olsson93| §§1-3] for some of these concepts). Essentially equivalent concepts
include the Maya diagram of A (see, e.g., [Cranel8, §3.3]f| and the first column hook
lengths of A (see [Olsson93, Proposition (1.3)]).

2.5. A “Pieri’ rule
Now, the following generalization of Theorem holds:

Theorem 2.17. Let k be a positive integer. Let 1 € Par. Then,

G(k)-su=Y_ pety (A u)sy.
A€Par

Theorem [2.9)is the particular case of Theorem for p = @.

We shall give two proofs of Theorem in Subsections 3.8/ and

We can also generalize Corollary to obtain a Pieri-like rule for multiplication
by G (k, m):

Corollary 2.18. Let k be a positive integer. Let m € IN. Let u € Par. Then,

G(km)-sy= Y  pet (A u)s).

AGParerw

Corollary follows from Theorem by projecting onto the (m + |u|)-th
graded component of A. (We shall explain this argument in more detail in Subsec-

tion )

2.6. Coproducts of Petrie functions

In the following, the “®” sign will always stand for ®y (that is, tensor product of
k-modules or of k-algebras).

The k-algebra A is a Hopf algebra due to the presence of a comultiplication
A: A — A®A. We recall (from [GriRei20, §2.1]) one way to define this comulti-
plication:

9The Maya diagram of ) is a coloring of the set {z + % | z € Z} with the colors black and white,

1
in which the elements A; —i 4 3 (for alli € {1,2,3,...}) are colored black while all remaining

elements are colored white. Borcherds’s proof of the Jacobi triple product identity ([Camero94,
§13.3]) also essentially constructs this Maya diagram (wording it in terms of the “Dirac sea”
model for electrons).




Petrie symmetric functions page 17

Consider the rings

k[[x]] := k[[x1, x2, x3,...]] and k[[x,y]] :=k|[[x1,x2,%3,..., Y1, Y2, Y3, - - .||

of formal power series. We shall use the notations x and y for the sequences
(x1,x2,%3,...) and (y1,Y2,Y3,...) of indeterminates. If f € k|[[x]] is any formal
power series, then f (y) shall mean the result of substituting y1,y2,y3, ... for the
variables x1, X3, x3, ... in f. (This will be a formal power series in k [[y1, y2, 3, - - .]].)
For the sake of symmetry, we also use the analogous notation f (x) for the re-
sult of substituting x1,xp, x3, ... for x1,x2,x3,... in f; of course, this f (x) is just
f. Finally, if the power series f € k|[[x]|] is symmetric, then we use the notation
f (x,y) for the result of substituting the variables x1,x2, X3, ...,Y1,Y2,V3, ... for the
variables x1,x2,x3,... in f (that is, choosing some bijection ¢ : {x1,x2,x3,...} —
{x1,%2,%3,. .., Y1, Y2, Y3, - - - m and substituting ¢ (x;) for each x; in f). This result
does not depend on the order in which the former variables are substituted for the
latter (i.e., on the choice of the bijection ¢) because f is symmetric.

Now, the comultiplication of A is the map A : A — A ® A determined as follows:
For a symmetric function f € A, we have

A(f) =) f1i® foi 9)

icl
where f1;, fo; € A are such that

=Y fi(x) f2 (y). (10)

i€l

More precisely, if f € A, if I is a finite set, and if (f1,1),.; € Al and (f2);c; € Al
are two families satisfying , then A (f) is given by @)
For example, for any n € IN, it is easy to see that

Zez en 1

and thus the above definition of A yields

n
e ) = Zei®en—i-
i=0

A similar formula exists for the image of a Petrie symmetric function under A:

0such bijections clearly exist, since the sets {x1,x2,x3,...} and {x1,x2,x3,...,¥1,Y2,Y3,...} have
the same cardinality (namely, Np). This is one of several observations commonly illustrated by
the metaphor of “Hilbert’s hotel”.

"n the language of [GriRei20, §2.1], this can be restated as A (f) = f(x,y), because A ® A is
identified with a certain subring of k[[x,y]] in [GriRei20, §2.1] (via the injection A ® A —
k[[x,y]] that sends any u ® v € A® A tou (x)v(y) € k[[x,y])]).
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Theorem 2.19. Let k be a positive integer. Let m € IN. Then,

M

A(G(km)) =Y G (ki)®G (km—i).

i=0

The proof of Theorem is given in Subsection it is a simple consequence
(albeit somewhat painful to explain) of (9).

It is well-known that A : A —+ A ® A is a k-algebra homomorphism. Equipping
the k-algebra A with the comultiplication A (as well as a counit ¢ : A — k, which
we won't need here) yields a connected graded Hopf algebra. (See, e.g., [GriRei20),
§2.1] for proofs.)

2.7. The Frobenius endomorphisms and Petrie functions

We shall next derive another formula for the Petrie symmetric functions G (k, m).
For this formula, we need the following definition ([GriRei20, Exercise 2.9.9]):

Definition 2.20. Let n € {1,2,3,...}. We define a map f,, : A — A by
(fy (a) = a (2], x5, x5,...) foreacha € A).
This map £, is called the n-th Frobenius endomorphism of A.

Clearly, this map f, is a k-algebra endomorphism of A (since it amounts to a
substitution of indeterminates). It is known (from [GriRei20, Exercise 2.9.9(d)])
that this map f, : A — A is a Hopf algebra endomorphism of A.

Using the notion of plethysm (see, e.g., [Stanle01, Chapter 7, Definition A2.6] or
[Macdon95, §I.8E[), we can view the map f; as a plethysm with the n-th power-sum
symmetric function py, in the sense that any a € A satisfies f, (a) = a [p,] = pn [4]
as long as k = Z. (Plethysm becomes somewhat subtle when the base ring k is
complicated; f, (a) = a[p,] holds for any k, while f, (a) = p, [a] relies on good
properties of k.) The plethystic viewpoint makes some properties of f;, clear, but
we shall avoid it for reasons of elementarity.

Now, we can express the Petrie symmetric functions G (k,m) using Frobenius
endomorphisms as follows:

Theorem 2.21. Let k be a positive integer. Let m € IN. Then,

G (k,m) = Zﬂ;\} (_1)ihm—ki i (er) -

(The sum on the right hand side of this equality is well-defined, since all suffi-
ciently high i € IN satisfy m — ki < 0 and thus h,,_j; = 0.)

12Note that [Stanle01] uses the notation f [g] for the plethysm of f with g, whereas [Macdon95]
uses the notation f o g for this. We shall use f [g].
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Theorem will be proved in Subsection below.

2.8. The Petrie functions as polynomial generators of A

We now claim the following:

Theorem 2.22. Fix a positive integer k. Assume that 1 — k is invertible in k.

Then, the family (G (k,m)),~; = (G(k,1),G(k,2),G (k,3),...) is an alge-
braically independent generating set of the commutative k-algebra A. (In other
words, the canonical k-algebra homomorphism

K [ug, up,us,...] = A,
Um — G (k,m)

is an isomorphism.)

We shall prove Theorem in Subsection The proof uses the following
two formulas for Hall inner products

Lemma 2.23. Let k and m be positive integers. Let j € IN. Then, (pu, fi (¢j)) =
(1) [m = Kj] k.

| Proposition 2.24. Let k and m be positive integers. Then, (p,;, G (k,m)) = 1 —
[k | m] k.

Both of these formulas will be proved in Subsection as well.

2.9. The Verschiebung endomorphisms

Now we recall another definition ([GriRei20, Exercise 2.9.10]):

Definition 2.25. Let n € {1,2,3,...}. We define a k-algebra homomorphism
vy, : A — A by

(w (hm) = {gm/n' i Z Jl[ :Z; for each m > 0) .

(This is well-defined, since the sequence (hy,hy, h3,...) is an algebraically inde-
pendent generating set of the commutative k-algebra A.)
This map v, is called the n-th Verschiebung endomorphism of A.

Again, it is known ([GriRei20, Exercise 2.9.10(e)]) that this map v, : A — A'is
a Hopf algebra endomorphism of A. Moreover, the following holds ([GriRei20,
Exercise 2.9.10(f)]):

13Here, we are again using the Iverson bracket notation.
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Proposition 2.26. Let n € {1,2,3,...}. Then, the maps f, : A - Aand v, : A —
A are adjoint with respect to the Hall inner product on A. That is, any a € A

and b € A satisfy
(£ (b)) = (Vu (a),b) -

Furthermore, any positive integers n and m satisfy

NPmyn, ifn|m;

Vi (pm) = {O, ifntm (11)

(This is [GriRei20, Exercise 2.9.10(a)].)

2.10. The Hopf endomorphisms U; and V;

In this final subsection, we shall show another way to obtain the Petrie symmet-
ric functions G (k,m) using the machinery of Hopf algebras. We refer, e.g., to
[GriRei20, Chapters 1 and 2] for everything we will use about Hopf algebras.

Convention 2.27. As already mentioned, A is a connected graded Hopf algebra.
We let S denote its antipode.

Definition 2.28. If C is a k-coalgebra and A is a k-algebra, and if f,g: C — A
are two k-linear maps, then the convolution f x ¢ of f and g is defined to be
the k-linear map myo (f®g)oAc : C — A, where Ac : C — C®C is the
comultiplication of the k-coalgebra C, and where my : A® A — A is the k-
linear map sending each pure tensora ® b € A ® A toab € A.

We also recall Definition and Definition We now claim the following.

Theorem 2.29. Fix a positive integer k. Let Uy be the map froSov, : A — A.
Let Vi be the map idp Uy : A — A. (This is well-defined by Definition [2.28}
since A is both a k-coalgebra and a k-algebra.) Then:

(a) The map Uy is a k-Hopf algebra homomorphism.

(b) The map Vi is a k-Hopf algebra homomorphism.

(c) We have Vj (hy,) = G (k,m) for each m € IN.

(d) We have Vi (pn) = (1 — [k | n] k) p, for each positive integer n.

See Subsection for a proof of this theorem.

Note that Theorem can be used to give a second proof of Theorem see
[Grinbe20b] for this.

We also obtain the following corollary from Theorem [2.1%
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Corollary 2.30. Let k and n be two positive integers. Then, there exists a polyno-
mial f € k[x1,x2, x3,...] such that

(1—[k|n]k)pn=f(G(k1),G(k2),G(k3),...). (12)
This corollary will be proved in Subsection [3.16]

3. Proofs

3.1. The symmetric functions &,

We shall now approach the proofs of the claims made above. First, let us introduce
a family of symmetric functions, obtained by multiplying several h;,’s:

Definition 3.1. Let A be a partition. Write A in the form A = (A1, Ay, ..., Ap),
where Ay, Ay, ..., Ay are positive integers. Then, we define a symmetric function
hy e A by

hy = hy by, - hy,.

The symmetric function h, is called the complete homogeneous symmetric function
corresponding to the partition A.

From [GriRei20, Corollary 2.5.17(a)], we know that the families (/)),p,, and
(m) ) epar are dual bases with respect to the Hall inner product. Thus,

(hp, my) = 6p for any A € Par and y € Par. (13)
Let us record a slightly different way to express ,:
Proposition 3.2. Let A be a partition. Then,
hy = hy iy by, -

(Here, the infinite product hy h),h,, - - - is well-defined, since every sufficiently
high positive integer i satisfies A; = 0 and thus h), = hy = 1.)

This is how h, is defined in [Macdon95, Section 1.2].
Proof of Proposition This is an easy consequence of iy = 1. O

3.2. Proofs of Proposition [I.2] and Proposition [1.3]

Proof of Proposition There are myriad ways to prove this. Here is perhaps the
simplest one: Let us use the notation /) as defined in Definition Thus, h(n) =hy,
(since n is a positive integer). Applying to A = (n) and y = (n), we obtain
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<h(n),m(n)> = O(n),n) = 1. In view of h(,) = hy and m(,) = py, this rewrites as
(hy, pn) = 1. This proves Proposition O

Proof of Proposition This is [GriRei20, Exercise 2.8.8(a)]. But here is a self-contained
proof: Proposition [I.1] yields

n—1 ) n—1 )
e = < 3 (‘1)15<n—z>1f>> = L U (enrs(uin))
i=0 i=0 —_———

:<S(1n>’s(n7i,1i) >

(since ey =s(1n))

. n—1 )
i i
=) (-1 <S(1n)z5 n,i,p)> =Y (-1 O(1m), (n—i7)
=), (n-iai) {L if (1) = (n—1i,1%);
(since the basis (s ), cp,y Of A is = . .
orthonormal wifc\h/\reelgpect to 0, if (111) 7& (Tl - L 11)
the Hall inner product) {1’

J/
-~

ifi=n-—1;
0, ifi#En—1

(since we have (1")=(n—i,1")
if and only if i=n—1)

n—1 . T A
R U TS
= 0, ifi#En—1

3.3. Skew Schur functions

Let us define a classical partial order on Par (see, e.g., [GriRei20, Definition 2.3.1]):

Definition 3.3. Let A and p be two partitions.
We say that u C Aif each i € {1,2,3,...} satisfies y; < A;.
We say that u A if we don’t have p C A.

For example, (3,2) C (4,2,1), but (3,2,1) Z (4,2) (since (3,2,1); = 1 is not < to
(4,2)5 = 0).

For any two partitions A and y, a symmetric function s, , called a skew Schur
function is defined in [GriRei20, Definition 2.3.1] and in [Macdon95, §I.5] (see also
[StanleO1, Definition 7.10.1] for the case when u C A). We shall not recall its
standard definition here, but rather state a few properties.

The first property (which can in fact be used as an alternative definition of s, ;)
is the first Jacobi-Trudi formula for skew shapes; it states the following:
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Theorem 3.4. Let A = (A, Ay, ..., Ap) and pu = (u1, 42, - .., jie) be two partitions.

Then,
SA/p = det <(hAi—#j—i+7)1<i<£, 1<i<€) . "

Theorem [3.4/appears (with proof) in [GriRei20), (2.4.16)] and in [Macdon95, Chap-
ter I, (5.4)].
The following properties of skew Schur functions are easy to see:

e If A is any partition, then s, ;5 = s). (Recall that & denotes the empty parti-
tion.)

* If A and y are two partitions satisfying 4 £ A, then's,,, = 0.

3.4. A Cauchy-like identity

We shall use the following identity, which connects the skew Schur functions s, /,,
the symmetric functions h, from Definition 3.1jand the monomial symmetric func-
tions m:

Theorem 3.5. Recall the symmetric functions /, defined in Definition Let p
be any partition. Then, in the ring k [[x, y|], we have

Yo sau(X)sa(y) =suy)- Y ha(x)ma(y).

A€Par A€Par

Here, we are using the notations introduced in Subsection

Theorem [3.5 appears in [Macdon95, fourth display on page 70], but let us give a
proof for the sake of completeness:

Proof of Theorem A well-known identity (proved, e.g., in [Macdon95, Chapter I,
(4.2)] and in [GriRei20, proof of Proposition 2.5.15]) says that

= -1
[T =xy) = 2 mM)m(y). (15)
ij=1 A€Par
(Here, the product sign “ 1" means “ IT 7))
ij=1 (i,j)e{1,2,3,...}?

Another well-known identity (proved, e.g., in [Macdon95, §1.5, example 26] and
in [GriRei20, Exercise 2.5.11(a)]) says that

o0

Y s (s (y) =su(x)- [T (1—xy) "

A€Par i,j=1
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If we swap the roles of x = (x1,x2,x3,...) and y = (y1,¥2,¥3,...) in this identity,
then we obtain

o]

-1
Y sa(Wsau(x) =su(y)- [T (1—wixy)
A€Par i,j=1
In view of
Yoo sa(W)sau(x) =Y, sa/u(X)sa(y)
AePar ——~——— \cPar
=s1/u(x)sr(y)
and

-1

-
-

|
<
Ry
—e

L= yjxi
i,j=1 ji=1 ~~
~— =XiY;

=TI

1

here, we have renamed the index (i,j) as (j,1)
in the product

i

R
Il

—_

A€Par

L5 = E mmy) by @),
l]:

this rewrites as

Yo sau(0sa(y) =su(y)- Y, ha(x)ma(y).

A€Par A€Par

This proves Theorem O

3.5. The k-algebra homomorphism «; : A — k

Recall that the family (hy,),~; = (h1,h2, h3,...) is algebraically independent and
generates A as a k-algebra. Thus, A can be viewed as a polynomial ring in the (in-
tinitely many) indeterminates hy, iy, h3, . ... The universal property of a polynomial
ring thus shows that if A is any commutative k-algebra, and if (a1,4p,4a3,...) is any
sequence of elements of A, then there is a unique k-algebra homomorphism from
A to A that sends h; to a; for all positive integers i. We shall refer to this as the
h-universal property of A. It lets us make the following def1n1t10nﬂ

Definition 3.6. Let k be a positive integer. The h-universal property of A shows
that there is a unique k-algebra homomorphism &, : A — k that sends h; to
[i < k] for all positive integers i. Consider this ay.

14We are using the Iverson bracket notation (see Convention here.




Petrie symmetric functions page 25

We will use this homomorphism «j several times in what follows; let us thus
begin by stating some elementary properties of ay.

Lemma 3.7. Let k be a positive integer.
(a) We have
ay (hy) = [i < k] for all i € IN. (16)

(b) We have
ag (hy) =10 <i <Kk foralli € Z. (17)

(c) Let A be a partition. Define &, as in Definition Then,

Kf (h/\) = [/\i < k for all Z] . (18)

(Here, “for all i” means “for all positive integers i”.)

Proof of Lemma Note that 0 < k (since k is positive).

(@) Let i € IN. We must prove that ay (h;) = [i < k|. If i > 0, then this follows
from the definition of a;. Thus, we WLOG assume that we don’t have i > 0. Hence,
i = 0 (since i € IN). Therefore, h; = hy = 1, so that ay (h;) = a; (1) = 1 (since ay
is a k-algebra homomorphism). On the other hand, i = 0 < k, so that [i < k] = 1.
Comparing this with ay (h;) = 1, we obtain ay (h;) = [i < k]. This proves Lemma
(a).

(b) Let i € Z. We must prove that ay (h;) = [0 <i < k|. If i < 0, then this boils
down to 0 = 0 (since i < 0 entails #; = 0 and thus a (h;) = a; (0) = 0, but also
[0 <i < k] =0). Hence, we WLOG assume that i > 0. Thus, i € IN. Hence, Lemma
- 3.7 (@) yields ay (h;) = [i < k]. On the other hand, the statement “0 < i < k”
is equivalent to the statement “i < k” (since 0 < i holds automatlcallyE[) thus,
[0 <i<k] = [i <k]. Comparing this with ay (h;) = [i < k], we obtain ay (h;) =
[0 < i < k]. This proves Lemma 3.7 (b).

(c) We recall the following simple property of truth values: If £ € N, and if
Ay, Ay, ..., Ay are { logical statements, then

{
H [.Al ./42] [«4/] = [./41 ANAZ N+ A Ag]

i=1
= [A; foralli e {1,2,...,0}]. (19)
Now, write the partition A in the form A = (A1, Ay, ..., Ap), where Aj, Ay, ..., Ay

are positive integers. Then, the definition of &, yields

Iy = I, I, = [Tha,

Bhecause i > 0
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Applying the map aj to both sides of this equality, we find

¢ ¢
ag (hy) = o (H hm) =11 ar ()
i=1 —

i=1
:[Ai<k]
(by (16), applied to A; instead of i)

(since ay is a k-algebra homomorphism)

{
=[] <kl=[Ai <kforallic {1,2,...,0}] (20)
i=1
(by (19), applied to A; = (“A; < k”)).
But we have A = (A1, Ap,...,Ay) and thus Ay 1 = Apyp = Apy3 = -+ = 0. In

other words, we have A; = 0 foralli € {{+1,/+2,(+3,...}. Hence, we have
Ai < kforalli € {{+1,0+2,(+3,...} (since all these i satisfy A; = 0 < k).
Thus, the statement “A; < k for all i” is equivalent to the statement “A; < k for all
ie{1,2,...,0}".
Hence,
[Ai <kforalli] =[A; <kforallie {1,2,...,0}].

Comparing this with (20), we obtain ay (fy) = [A; < k for all i{|. Thus, Lemma
(c) is proved. O

3.6. Proof of Lemma 2.7

Lemma can be proved directly using Laplace expansion of determinants. But
the homomorphism ay from Definition allows for a slicker proof:

Proof of Lemma Recall that aj is a k-algebra homomorphism. Thus, «j respects

determinants; i.e., if (ai/]-)1<l.<m 1<j<m € A is an m X m-matrix, then

a <det ((ai,j)lgigm, 1§j§m>>

= det ((zxk (9))) 1<im 1§j§m) . (21)
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Applying aj to both sides of (14), we obtain

K (S)\/y) = Qg (det ((hAi—P‘j_i+j)1<i<€, 1§j§€))

= det K <h/\i—}l]'—i+]'>

=[0<A;—pj—i+j<k]|
(by (7)) 1<i<t, 1<j<t

(by (21), applied to m = £ and a;; = h)\{_yj_iﬂ)
= det ([0 < As—pj—i+j<K])

(22)

Thus, det ([0 < A= pj—i+j < K])

of ¢ (since ay (s A /V) does not depend on the choice of ¢). This proves Lemma

V! O

We record a useful consequence of the above proof:

1<i<t, 1<j< ﬁ) does not depend on the choice

Lemma 3.8. Let k be a positive integer. Let A and u be two partitions. Then, the
homomorphism ay : A — k from Definition [3.6] satisfies

ar (sa/u) = pety (A, ). (23)

Proof of Lemma [3.8, Write the partitions A and p in the forms A = (A1, Ay,...,Ay)
and p = (p1, 42, ..., ) for some ¢ € N. Then, the equality (22) (which we showed
in our proof of Lemma yields

i (sp/u) = det (([O SAi—pi—itj< kD1<i<£, 1g]'§e> = pet (A, 1)

(by the definition of pet, (A, u)). This proves Lemma O
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3.7. Proof of Proposition

Proof of Proposition Write the partitions A and p in the forms A = (A1, Ap, ..., Ay)
and u = (p1, 42, ..., 4y) for some £ € N E The definition of pet, (A, ) yields

pet, (A, u) = det 0<A—pj—i+j<k

This is equivalent to pj—j<A;—i<p;—j+k

:det(([yj—]'ﬁ Ai—i< Vj_j+k})1<i<£, 1<j<£> : (24)

Let B be the £ x f-matrix ([pj —j < Aj—i < pj—j+k]) € k**. Then,

rewrites as follows:

pet, (A, i) = detB. (25)

We will use the concept of Petrie matrices (see [GorWil74, Theorem 1]). Namely,
a Petrie matrix is a matrix whose entries all belong to {0,1} and such that the 1’s
in each column occur consecutively (i.e., as a contiguous block). In other words, a
Petrie matrix is a matrix whose each column has the form

T
0,0,...,01,1,...,1,0,0,...,0 (26)

J

~\~

a zeroes b ones ¢ zeroes

for some nonnegative integers a,b,c (where any of a,b,c can be 0). For example,

0 01 010
1 0 1 | isa Petrie matrix, but | 1 0 0 | isnot.
000 011

A well-known result due to Fulkerson and Gross (first stated in [FulGro65, §8
says that if a square matrix A is a Petrie matrix, then

detA € {~1,0,1}. 27)

Now, we shall show that B is a Petrie matrix.

Indeed, fix some j € {1,2,...,¢}. We have Ay > Ay > --- > Ay (since A is a
partition) and thus Ay —1 > A, —2 > ... > A, — £. In other words, the numbers
Aj—iforie {1,2,...,0} decrease as i increases. Hence, the setofalli € {1,2,...,¢}
satistying pj —j < A; —i < pj — j + k is a (possibly empty) integer interva]@ Let
us denote this integer interval by I;. Therefore, if we let i range over {1,2,...,(},
then the truth value [pj —j < Aj —i < pj—j+k] will be 1 for all i € I, and 0 for

16Such an ¢ can always be found, since each of A and y has only finitely many nonzero entries.

17See [GorWil74, Theorem 1] for an explicit proof.

18 An integer interval means a subset of Z that has the form {a,a+1,...,b} for some a € Z and
b e Z. (If a > b, then this is the empty set.)
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all other i. Since I; is an integer interval, this means that this truth value will be 1
when i lies in a certain integer interval (namely, I;) and 0 when i lies outside it. In
other words, the j-th column of the matrix B has a contiguous (but possibly empty)
block of 1’s (in the rows corresponding to all i € I;), while all other entries of this
column are 0 (because the entries of the j-th column of B are precisely these truth
values [jj —j < Aj—i < pj—j+k| forallie {1,2,...,£}). Therefore, this column
has the form for some nonnegative integers a, b, c.

Now, forget that we fixed j. We thus have proved that for each j € {1,2,...,¢},
the j-th column of B has the form for some nonnegative integers a, b, c. In other
words, each column of B has this form. Hence, B is a Petrie matrix (by the definition
of a Petrie matrix). Therefore, (applied to A = B) yields detB € {—1,0,1}.
Thus, becomes pet, (A, u) = detB € {—1,0,1}. This proves Proposition

O

3.8. First proof of Theorem 2.17
We are now ready for our first proof of Theorem

First proof of Theorem[2.17} We shall use the notations k [[x]], k[[x,y]], x, y, f (x)
and f (y) introduced in Subsection If R is any commutative ring, then R [[y]]
shall denote the ring R{[[y1,Y2,V3,...]] of formal power series in the indetermi-
nates y1,Y2,Y3, . . . over the ring R. We will identify the ring k [[x, y]] with the ring
(k[[x]]) [ly]] = (k[[x1,x2,x3,...]]) [[y1,¥2,¥3,.-.]]. Note that A C k|[[x]] and thus
Allyl] € (k[x)) [[yl] = k [[x,yl]. We equip the rings k [[yl], A [[y]] and k[[x,]]
with the usual topologies that are defined on rings of power series, where A itself
is equipped with the discrete topology. This has the somewhat confusing conse-
quence that A [[y]] C k[[x,y]] is an inclusion of rings but not of topological spaces;
however, this will not cause us any trouble, since all infinite sums in A [[y]] we will

consider (such as ) sy, (x)sa(y) and Y &y (x) my (y)) will converge to the
AePar AcPar
same value in either topology.

We consider both k [[y]] and A as subrings of A [[y]] (indeed, k [[y]] embeds into
A []y]] because k is a subring of A, whereas A embeds into A [[y]] because A [[y]]
is a ring of power series over A).

In this proof, the word “monomial” may refer to a monomial in any set of vari-
ables (not necessarily in x1, xp, x3, . . .).

Recall the k-algebra homomorphism a; : A — k from Definition This
k-algebra homomorphism &, : A — k induces a k [[y]]-algebra homomorphism
ar [[y]] : Ally]] = k|[]y]], which is given by the formula

(ax [[y]]) Z fan | = Z ag (fo)n

n is a monomial n is a monomial

in y1/y2/y3/“' in y1/y21y3/~~
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for any family (fu), is a monomial in y1,y5,ys,... Of €lements of A. This induced k [[y]]-
algebra homomorphism wy [[y]] is k [[y]]-linear and continuous (with respect to the
usual topologies on the power series rings A [[y]] and k [[y]]), and thus preserves
infinite k [[y]]-linear combinations. Moreover, it extends &y (that is, for any f € A,

we have (ax [[y]]) (f) = ax (f))-

Recall the skew Schur functions s, ,, defined in Subsection 3.3 Also, recall the
symmetric functions %, defined in Definition Theorem [3.5 yields

Y sa ()52 (y) =su(y)- 2 ()ma(y) = ) su(y)ha () maly)

A€Par A€Par A€Par

= (y)ha(x)
= Y su(y)ma(y)ha(x) = Y su(y) ma(y)ha
A€Par \-:\hf;/ A€Par

Comparing this with

Y o sam(X)sa(y) =Y, sa(¥)sasu(x) =Y. sa(y)sasu
AePar S~ \cPar ~——" A€Par
=sa(y)sa/u(x) =S\ /u

we obtain

Yo sa(Wsau= Y, su(y)ma(y)ha

A€Par A€Par

Consider this as an equality in the ring A [[y]] = A [[y1, Y2, V3, -..]]- Apply the map
ar [[y]] : Ally]] = k|[]y]] to both sides of this equality. We obtain

) < Y. sa(y) SA/y) (ax [[y] ( Y suly h/\)-
A€Par A€Par

Comparing this with

(ax [[y]]) (Z sa(y 5A/y>

A€Par
= ) sa(y) (e [lyl]) (sazp)
A€Par -
(s
(since ay[[y]] e tendszxk)
(since the map ay [[y]] preserves infinite k [[y]] -linear combinations)
= 2 sa(y) - a(saze) = X sa(y)-pete (A, ) = ) pety (A, ) -5 (y),
A€Par ~———  A€Par A€Par
=peti(Ap)

(by @3))
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we obtain

Y. pety (A, 1) -5 (y)

A€Par

= (ax [[y]]) (Aezparsu (y) ma (y) h/\) = AGZPMSV (y)maly) (o [:[ay](]h) ghA)

(since a[[y]] extends ay)
(since the map ay [[y]] preserves infinite k [[y]] -linear combinations)

= Y sm(y) mn) = Y si(y)mi(y)-[A <kforalli
Ae€Par :[Ai<kvfor all i) A€Par
(by [18))
= Y [Ai<kforalli]-s, (y)m(y).
A€Par

Renaming the indeterminates y = (y1,Y2,¥3,...) as x = (x1,X2,x3,...) on both
sides of this equality, we obtain

Y. pet (A, p) -5 (x)

A€Par
= Y [Ai<kforalli]-s, (x)my(x) = Y [A;i <kforalli]-s,my
A€Par S~y A€Par
:SV =my
= Z i)\i < k for all il Sy + Z i)\i < k for all il IO
A€Par; ) :’1 A€Par; ‘ :’0
Ai<k for all i (since A;<k for all i) not (A;<k for all i) (since we don’t have “A; <k for all i”)

(since any A € Par satisfies either (A; < k for all i) or not (A; < k for all 7))

= ) sum+ ) Osumy = Y. sumy.

A€Par; A€Par; A€Par;
A<k for all i not (A;<k for all i) A<k for all i
=0
Comparing this with
G (k) sy =sy- G (k) =su- Y, my= Y, sumy,
v A€Par; A€Par;
= )» my Ai<k for all i Ai<k for all i
A€Par;

Ai<k for all i
(by Proposition[2.3] (b))

we obtain

G(k)-spy= ) petp(A,pu) 50 (x) = ) pety (A u)sy.
A€Par ~— A€Par

This proves Theorem
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3.9. Second proof of Theorem [2.17]

Our second proof of Theorem will rely on [GriRei20, §2.6] and specifically on
the notion of alternants. We shall give only a sketch of it; the reader can consult
[Grinbe20b] for the full version.

Second proof of Theorem (sketched). 1f f € k[[x1, x2,x3,...]] is any formal power
series, and if / € IN, then f (x1,x2,...,xy) shall denote the formal power series

f(xl,xz,...,xE,O,O,O,...) € k[[xl,xz,...,xg]]

that is obtained by substituting 0,0,0, ... for the variables xy,1, Xp12, Xyy3,...in f.
Equivalently, f (x1,x2,...,xy) can be obtained from f by removing all monomials

that contain any of the variables xy1, Xy2, X¢43,.... This makes it clear that any
f € k|[[x1,x2,x3,...]] satisfies
f: limf(xl,xz,...,xg) (28)
{—o00

(where the limit is taken with respect to the usual topology on k [[x1, x2, x3, . . .]]).
Let ¢ (1) denote the number of parts of u. Fix an ¢ € IN such that £ > ¢ (u). We
shall show that

(G (k) (x1,x2,...,xp) - sy (x1,%2,...,%p)

= Y pety (A, ) sy (x1,x2,...,%7). (29)
A€Par

Once this is done, the usual “let ¢ tend to co” argument (analogous to [GriRei20),
proof of Corollary 2.6.11]) will yield the validity of Theorem [2.17]

Let P, denote the set of all partitions with at most ¢ parts. Any partition A € P,
satisfies A = (A1, Ay, ..., Ay), and thus can be regarded as an ¢-tuple of nonnegative
integers. In other words, P, C IN‘. More precisely, the partitions A € P, are
precisely the ¢-tuples (A1, Ay, ..., Ay) € NG satisfying Ay > Ap > --- > Ay,

Define the /-tuple p = (£ —1,£—2,...,0) € N’.

For any /-tuple « € IN and each i € {1,2,...,¢}, we shall write &; for the i-th
entry of «.

For any (-tuple & € INY, we let x* denote the monomial x]'x5? - - - x}°.

Let &, denote the symmetric group of the set {1,2,...,¢}. This group &, acts by
k-algebra homomorphisms on the polynomial ring k [x1, x2, ..., x/]. It also acts on
the set N’ by permuting the entries of an /-tuple; namely,

c-B= (50,1(1),160,1(2),...,ﬁ071(€)> forany c € Gyand B € N’

For any ¢ € &, we let (—1)” denote the sign of the permutation o.
If « € N’ is any /-tuple, then we define the polynomial a, € k[x1,x,...,x/]
(called the a-alternant) by

dy = Z (=1)70 (x") = det ((x;ci>1<i<f, 1<]'<€) '

7ES, SISL RS
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We define addition of /-tuples « € IN entrywise (so that (a + B); = &; + p; for
every o, € N¢and i € {1,2,...,£}). Thus, A +p € N’ for each A € Py (since
A € P, C NY.

It is known ([GriRei20, Corollary 2.6.7]) that

Ax+p
S\ (X1,XZ,...,Xg) = (30)
p
for every A € Py.

The partition y has at most ¢ parts (since £ > ¢ (u)). In other words, u € P,.

Now, define & € N’ by a = y + p. Proposition 2.3| (b) yields
— = 0 1 k—1
G (k) —H<xi +x; +- -+ x )
i=1

Substituting 0,0,0, ... for xy.1, Xyp42, Xyy3,... in this equality, we obtain

(G (k)) (xl,xz,. . .,Xg)

= (ﬁ(x?+x}+---+xfl)>- ]o’o[ (0°+01+...+0k71>

i=0+1 ~ - 4

=1
(since 0°=1 and (/=0 for all j>0)

¢

“TT(a0+ o+ an

i=1
- )y le.l xéz T x]Z (by the product rule)

(1jaseerfe) €{0,1,.0 k—1}

Lo ¥ (32)
BENY;
Bi<k for all i

(here, we have substituted B for (ji,j2,...,j¢) in the sum).

(Here and in the rest of this proof, “for all i” means “for alli € {1,2,...,¢}".)

From (31), we see that (G (k)) (x1,x2,...,x/) is a polynomial in k [x1, X2, ..., x/]
(not merely a power series). From (3I), we moreover see that this polynomial
(G (k)) (x1,x2,...,xp) € k[x1,x2,...,x] is invariant under the action of &,.
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But froma, = ¥ (—1)7 0 (x*), we obtain

ey
(G (k) (x1,x2,.., %) - aa = (G (k) (x1,%2, ..., x¢) - Zé (—=1)7 o (x")
= 26 (-7 (G (k) (e1, - x0) o (X%)

=0((G(k))(x1,%2,--,x7))
(since the polynomial (G(k))(x1,x2,...,x¢)
is invariant under the action of &)

= Z (=170 ((G (k) (x1,x2,...,x¢)) -O'(X“)/
6, ~~
7S — o ((G(K)) (X120 ) X
(since &y acts on k[x1,x7,...,x¢]
by k-algebra homomorphisms)

=) (=D7c((G(K)) (x1,x2,..., %) - x*)

ceBy

=Y ()| Y (by B2))

reSy ﬁe]NE;
Bi<k for all i

= X L))

BENY; €6 B
Bi<k for all i =x*tB
= Y Y (1) (x“+ﬁ> = ). g
BENY; i'eeé‘ , BENY;
Bi<k for all i . Bi<k for all i
—Hla+
(by the definition of 2, g)

YENY;
0<7v;—wa;<k for all i

(here, we have substituted < for a + B in the sum).
It is well-known (and easy to check using the properties of determinantﬂ that
if an ¢-tuple v € IN has two equal entries, then

Moreover, any /-tuple v € N’ and any ¢ € &, satisfy
gy = (=1)7 - a,. (35)

(This, too, follows from the properties of determinant@)

Ygpecifically: using the fact that a square matrix with two equal rows always has determinant 0
2gspecifically: using the fact that permuting the rows of a square matrix results in its determinant
getting multiplied by the sign of the permutation
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Let SP, denote the set of all /-tuples § € N’ such that §; > d, > --- > &;. Then,
the map

Py — SP@ p
A= A+p (36)
is a bijection.
If an /-tuple v € IN has no two equal entries, then y can be uniquely written in
the form ¢ - § for some ¢ € G, and some é € SP, (indeed, ¢ is the result of sorting

7 into decreasing order, while ¢ is the permutation that achieves this sorting). In
other words, the map

Sy x SPy — {'y € N’ | the /-tuple 7 has no two equal entries} ,
(0,0)—~0-¢ (37)

is a bijection.
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Now, becomes
(G (k)) (x1,x2,...,%p) - aq

vENS
0<7;,—a;<k for all i

= ). ay + ). Ay

')/ENK} 'YGNE; —0
0<7y;—w;<k for all i; 0<7;—a;<k for all i; (by_)
the ¢-tuple 7y has no two equal entries the ¢-tuple v has two equal entries
- )3 Ay
vENY;

0<7y;—w;<k for all i;
the ¢-tuple v has no two equal entries

= ) [0 <9 —a; <kforalli]-a,

YENY;
the ¢-tuple v has no two equal entries

= Z 0<(0c-9);—a;j<kforalli| - a,;
(0,6)€6,xSP, ‘Tsv-’ ("1)%
=5 1, =(=1)%a;
=y ¥ v by (B5)
(SESPZ (766[

here, we have substituted ¢ - § for v in the sum,
since the map is a bijection

=Y ¥ [0<6 - w<kforalli] -(~1)7a,
6€SP, 0EG, ~ — L

:ﬁ —ai<k]

i=1

4
=1 [0<8i—ay(;) <k]
i=1

08,1y

(here, we have substituted o (i)
for i in the product, since ¢ is a bijection)

4

=Y Y (TT]o<di—amy <k ] (-1)7a

5esSp, o€, \i=1

;r
= ¥ (=17 IT[0<6—a ;) <k]
UEG( i=1

—det( ([0<6i—a;<K])

(by the definition of a determinant)

_ J;SP det (( 0<6—a;<k]),icy 1§jg) as
4

= L det ([0 (A +p) =0 <K)ycicy 1oie) Bt (38)
€y

(here, we have substituted A + p for ¢ in the sum, since the map is a bijection).
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Using the definitions of p and g, it is easy to see that
Atp)i—aj=Ai—pj—i+t] (39)

for every A € Pyand every i,j € {1,2,...,(}.
Now, (applied to A = u) yields

_ Qutp _ Gn

Sy (x1,%2,...,%¢) ” 1,

(since y 4+ p = a). Multiplying this equality by (G (k)) (x1,x2,...,x¢), we find

(G (k) (x1,x2,...,x¢) -5 (x1,%2,...,%p)

a
= (G (k) (x1,%2, ..., %) - =
ap
1
= SG(k))(xl,xz,...,xg)-a%
p ~
:Agjé det(([OS(/\+P)i70¢j<k])1§ig, 1§j§£>“/\+p
(by @8
a
= ) det 0< (A+p);,—aj <k Atp
AEP, — ap
=Ai—pj—it] =
(by " | 1<i</(, 1§]§€ _SA((];C;/-)-IXK)
- Z det <(|:O S )Ll - ]/t] - l+] < ki|)1<i<£, 1<]~<£) 'S)\ (X1,x2,. . .,JCg)
AGPg —~ =t =/=t/)
=pety (A1)

(by the definition of pet; (A,u))

= Y pet (A, p)sy(x1,x2,...,x0) = Y, pety (A, ) sy (x1,x2,...,%),
AEP, A€Par

where the last equality sign is owed to the well-known fact (see, e.g., [GriRei20),
Exercise 2.3.8(b)]) that every A € Par\P, (that is, every partition A having more
than ¢ parts) satisfies s, (x1, x2,...,xy) = 0. Thus, has been proved.

Forget that we fixed ¢. Thus, we have proved for each ¢ € IN that satisfies
¢ > {(u). As we mentioned above, we can now use a standard limiting argument
(using (28)) to obtain the claim of Theorem N

3.10. Proofs of Corollary 2.18, Theorem [2.9 and Corollary 2.10

Having proved Theorem we can now obtain Corollary Theorem 2.9 and
Corollary as easy consequences:
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Proof of Corollary Proposition 2.3/ (a) yields that the m-th degree homogeneous
component of G (k) is G (k,m). Hence, the (m + |u|)-th degree homogeneous com-
ponent of G (k) - s, is G (k,m) - 5, (because s, is homogeneous of degree ||).

Theorem yields

G(k)-su= Y pet, (A u)sy.
A€Par

Taking the (m + |u|)-th degree homogeneous components on both sides of this
equality, we obtain

G(km)-sy= Y pet (A u)s,

A€Par,

(because each Schur function s, is homogeneous of degree |A|, whereas the (m + |p|)-
th degree homogeneous component of G (k) - s, is G (k,m) - s,,). This proves Corol-

lary O
Proof of Theorem Theorem (applied to u = @) yields

G(k)-sg = )_ pet, (A, @)s).
AcPar

Comparing this with G (k) - sz = G (k), we obtain

=1

G (k)= ) pet, (A, 2)s).
A€Par

This proves Theorem O
Proof of Corollary Corollary (applied to y = @) yields
G(km)-sg= ). pet (A Q)s.

AeParnz+\®|

N~
=1 =0

In view of G (k,m) - sz = G (k,m) and m + |&| = m, we can rewrite this as
—

G(k,m)= Y. pet (A 2)s,.

AEPary,

This proves Corollary O

3.11. Proof of Theorem [2.15
Our proof of Theorem will depend on two lemmas about determinants:
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Lemma 3.9. Let m € IN. Let R be a commutative ring. Let (a;;),_,,_ 1<j<m €

R™*™M be an m X m-matrix.
(@) If 7 is any permutation of {1,2,...,m}, then

det (<aT(i)’j>1§i§m, 1§j§m) = (1) et <(ai'j)1§iém, 1§J’£m> '

Here, (—1)" denotes the sign of the permutation 7.
(b) Let uq1,up,...,u, be m elements of R. Let v1,vy,...,v,, be m elements of R.
Then,

m

i=1

Proof of Lemma (@) This is just the well-known fact that if the rows of a square
matrix are permuted using a permutation 7, then the determinant of this matrix
gets multiplied by (—1)".

(b) This follows easily from the definition of the determinant. O

Lemma 3.10. Let k be a positive integer. Let y1,72,...,7x_1 be k — 1 elements of

the set {1,2,...,k}.
Let G be the (k — 1) x (k — 1)-matrix

(1)1 (54 ) %k € {0,1}])

1<i<k—1, 1<j<k-1"
(a) If the k — 1 numbers 1,72, ..., 7r—1 are not distinct, then
detG = 0.
(b) If y1 > 92 > -+ > v,_1, then
detG = (_1)(71+72+---+7k_1)—(1+2+-~-+(k—1)) .

(c) Assume that the kK — 1 numbers 1, 7>, ..., 7r_1 are distinct. Let

¢ = H(i,]') €{1,2,...,k—1}* | i<]'and%<%'}‘-

Then,
detG = (—1)g+(71+72+'"+7k—1)*(1+2+~-~+(k71)) _

Proof of Lemma (a) Assume that the k — 1 numbers 1, >, ..., Y1 are not dis-
tinct. In other words, there exist two elements u and v of {1,2,...,k — 1} such that
u < vand v, = 7,. Consider these u and v. Now, from v, = 7,, we conclude
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that the u-th and the v-th rows of the matrix G are equal (by the construction of
G). Hence, the matrix G has two equal rows (since u < v). Thus, detG = 0. This
proves Lemma (a).

(b) Assume that y;1 > 92 > -+ > 9x_1. Thus, 71,72,...,7k—1 are distinct.
Hence, {v1,72,...,Yk-1} is a (k —1)-element set. But {vy1,72,...,7x_1} is a sub-
set of {1,2,...,k} (since ¥1,72,...,7k_1 are elements of {1,2,...,k}). Therefore,
{71, 72,---,Yk-1} is a (k — 1)-element subset of {1,2,...,k}.

Hence, {71,72,---,vk-1} = {1,2,...,k} \ {u} for some u € {1,2,...,k} (since
any (k — 1)-element subset of {1,2,...,k} has such a form). Consider this u. From
{7,721} = {1,2,...,k} \ {u}, we conclude that 7v1,72,..., 71 are the
k — 1 elements of the set {1,2,...,k} \ {u}, listed in decreasing order (since y; >
Yo > -+ > Yr_1). In other words,

(’)/1,’)/2,...,’ka1) = (k,k—l,...,l/l\,...,Z,l), (40)

where the “hat” over the u signifies that u is omitted from the list (i.e., the ex-
pression “(k,k—1,...,i,...,2,1)” is understood to mean the (k — 1)-element list
(k,k—1,...,u+1,u—1,...,2,1), which contains all k integers from 1 to k in de-
creasing order except for u).

Now, we claim that

(=) [ (o + j) %k € {0,1}]
= (=" i +j € {kk+1}] (41)

foranyie {1,2,...,k—1}and j € {1,2,...,k—1}.

[Proof of (41): Leti € {1,2,...,k—1} and j € {1,2,...,k — 1}. We must prove the
equality (#1).

Fromi € {1,2,...,k—1}, we obtain 1 < i < k—1 and thus k —1 > 1. Thus,
k>k—12>1. Hence, k+1 < 2k, so that (k+ 1) %k = 1.

If we don’t have (v; + j) %k € {0,1}, then both truth values
[(vi+]) %k € {0,1}] and [y;+j € {k,k+1}] are O (indeed, the statement “vy; +
j € {k,k+1}" is false, since otherwise it would imply (; +j) %k € {0,1}), and
therefore the equality simplifies to (—1)")%k0 = (—1)%"7% 0 in this case,
which is obviously true. Hence, for the rest of this proof, we WLOG assume that
we do have (v; + ) %k € {0,1}.

Adding v; € {1,2,...,k} withj e {1,2,...,k—1},wefind y;+j € {2,3,...,2k — 1}.
But if p € {2,3,...,2k — 1} satisfies p%k € {0,1}, then p € {k,k+ 1} (since the
only numbers in {2,3,...,2k — 1} that leave the remainders 0 and 1 upon division
by k are k and k + 1). Applying this to p = ; +j, we obtain v; +j € {k,k+ 1}
(since v +j € {2,3,...,2k— 1} and (7; +j) %k € {0,1}). Hence, k < v; +j < 2k
(since k+1 < 2k), so that (y;+j)//k = 1. But every integer n satisfies n =
(n//k)k+ (n%k). Applying this to n = ;4 j, we obtain y; +j = ((yi +7j) / /k) k+

=1
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((7i +J) %ok) =k + ((vi + ) %k). Hence, (i +j) %k = i +j — k. Thus,

DT (i ke {01 = (<)

(&

-

=(=1)1it

(since (y;+j)%k=";+j—k) (since (%+]) ke {0,1})

Comparing this with

<1>%+f"[m+]e{kk+1}1 (—1)7Hk,

(since 'yi+]€ {kk+1})

we obtain
(—1) R (4 ) %k € {0,13] = (=1)"T [+ € {kk+1}].

This proves (41).]
Now, G is a (k—1) x (k—1)-matrix. For each i € {1,2,...,k—1} and j €
{1,2,...,k—1}, we have

(the (i,])-th entry of G)
= (=) K (4, + j) %k € {0,1}] (by the definition of G)
= ()" *yi+j € {kk+1}] (by @)
1, ifyi+j=k 1, ifj=k—r;
=1, ifyi+j=k+1;, ={-1, ifj=k—v+1;
0, otherwise 0, otherwise

Thus, we can explicitly describe the matrix G as follows: Foreachi € {1,2,...,k—1},
the i-th row of G has an entry equal to 1 in position k — 7; if k —v; > 0, and an
entry equal to —1 in position k — ; + 1 if k — ¢; + 1 < k; all remaining entries of
this row are 0. Recalling ( ., we thus see that G has the following form@

2 Empty cells are understood to have entry 0.
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where the horizontal bar separates the (k — u)-th row from the (k — u + 1)-st row,
while the vertical bar separates the (k — u)-th column from the (k — u + 1)-st col-
umn. Thus, G can be written as a block-diagonal matrix

c— A Ok—1)x (u—1) 42)
O(u—1)x (k—u) B ’

where A is a lower-triangular (k —u) x (k — u)-matrix with all diagonal entries
equal to —1, and where B is an upper-triangular (# — 1) x (# — 1)-matrix with all
diagonal entries equal to 1. Since the determinant of a block-diagonal matrix equals
the product of the determinants of its diagonal blocks, we thus conclude that

detG = det A . det B
=~ —
=(-1)" " B

(since B is an
upper-triangular (1—1)x (#—1)-matrix
with all diagonal entries equal to 1)

(since A is a
lower-triangular (k—u) x (k—u)-matrix
with all diagonal entries equal to —1)

= (-1 ™. (43)

But yields

Mtrtoo At =kt k-1)+ a0+ 241
=(k+(k=-1)+-+241)—u

/

1425tk
=(142++(k—=1))+k

=142+ +(k—1)) +k—u
Solving this for k — u, we find
k—u=Mm+mr+-+rm1)-1+2+--+(k-1)).
Hence, rewrites as

detG = (—1)(71+72+"'+’Yk71)_(1+2+--~+(k—1)) .

This proves Lemma (b).

(c) Assume that the k — 1 numbers 1,72, ..., vk—1 are distinct. Then, there exists
a unique permutation ¢ of {1,2,...,k — 1} such that v,(1) > 7502) > ="+ > Yo—1)
(indeed, this is simply saying that the (k — 1)-tuple (71,72, ...,7x_1) can be sorted
into decreasing order by a unique permutation). Consider this ¢.

Let T denote the permutation o1 Thus, Tis a permutation of {1,2,...,k—1}
and satisfies oo T = id.

Letd1,6,...,0r1 denote the k — 1 elements Yo(1), Yo(2), - - - » Yo(k—1) Of {1, 2,. .., k}.
Thus, for each j € {1,2,...,k — 1}, we have

0 = Yo (j)- (44)
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Hence, the chain of inequalities y,(1) > Yo2) > *** > Yo(k—1) (Which is true) can
be rewritten as 61 > 6y > - -+ > Jk_q.
Moreover, from (@4), we obtain

o1+0+ - +0-1=70)t Vo)t T Vo)
=m+r2+t Y (45)

(since o is a permutation of {1,2,...,k—1}).
Moreover, for each i € {1,2,...,k— 1}, we have

51’(1’) = Yo(1(i)) (by / applied tOj =T (1))
=i (since c(t(i)) =(co1) (i) = i) . (46)
=id

Recall that an inversion of the permutation T is defined to be a pair (i,j) of ele-
ments of {1,2,...,k — 1} satisfying i < j and 7 (i) > 7 (j). Hence,

{the inversions of T}

( )

=G, e{1,2,...,k—1}* | i<jand 7 (i) > 7 (j)
N’

This is equivalent to (51(1') <5T(]~))
(since 61> >-+->6;_1)

J

=@, ) e{1,2,.. . k=1}? | i<jand & < Oy
~~ ~~

=i =7
L by @8)  (by @e)
={j) e{1,2,... k=11 | i<jand % < 7;}. (47)

Recall that the length ¢ (T) of the permutation T is defined to be the number of
inversions of 7. Thus,

¢ (1) = (the number of inversions of T)
= |{the inversions of T}|

:H(i,j)e{l,z,...,k—l}z | i<jand'yi<'yj}‘ (by @7))
=g (by the definition of g).

Recall that the sign (—1)7 of the permutation 7 is defined by (—1)7 = (—1) (7).
Hence, (—1)" = (—1)"(" = (=1)8 (since ¢ (1) = g).
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Let H be the (k — 1) x (k — 1)-matrix

_1\@it)%k s 4 o
(( 1) [(6; 4 ]) %k € {0,1}]>1§i§k1, 1<j<k—1"

Then, we can apply Lemma (b) to 6; and H instead of 7y; and G (since 61,9y, . .., k1
are k — 1 elements of {1,2,...,k} and satisfy d; > dp > - - - > d¢_1). We thus obtain

detH = (_1)((51+52+'"+5k71)_(1+2+"'+(k_1)) — (_1)(71+'}’2+"'+'ka1)_(1+2+"'+(k_1))

(by @5)).

But the definition of G yields

G = | (=) [(y; 4 j) %k € {0,1}]

_(_1)(‘5r(i)+j)°/°k[((ST(I»)—f—j)%ke{O,l}]
(since yields ’)/i:(s’r(i)) 1§1§k*1, 1S]Sk*1

— <(—1)(‘5r<i)+f)%k [((%(i) +f> ok € {0’1}D

1<i<k—1, 1<j<k-1"

Hence,
+] /o Io)
detG = det Se(i) + ]) %ok € {0, 1}])1%“, 1§j§k1)
Lﬁ/det 5+] " [0 +j) %ok € {0, 1}]>1<i<k—1 1<j<k—1
=(-1)f ~ —
(by the definition of H)
by Lemma [3.9(a), applied to m =k —1and R = k
and a;; = (—1) " (5; + j) %k € {0,1}]
= (-1)% detH
(
:(_1)(71+72+ A 1) (1424 +(k-1))
= (=1)8 (=1) 72t re) = (124 (k1))
— (_1)g+('}’1+'}’2+"'+7k71)_(1+2+"'+(k_1)) .
This proves Lemma (). O

Next, we recall a well-known property of symmetric functions:
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Lemma 3.11. Consider the ring A [[t]] of formal power series in one indetermi-
nate t over A. In this ring, we have

1= (Z( ent”> (2}1 t”) (48)
n>0 n>0

Lemma is a well-known identity (see, e.g., [Stanle01, proof of Theorem 7.6.1]
or [GriRei20, (2.4.3)]); for the sake of completeness, let us nevertheless give a proof:

Proof of Lemma Consider the ring (k [[x1, x2, x3,...]]) [[t]] of formal power se-

ries in one indeterminate f over k [[x1, x2, X3, .. .]]. In this ring, we have the equalities
[Ta-xt)" =Y hat" (49)
i=1 n>0
and -
[T +xit) =) ent" (50)
i=1 n>0

(Indeed, the first of these two equalities is [GriRei20, (2.2.18)], whereas the second
is [GriRei20, (2.2.19)].)

Substituting —¢ for t in the equality (50), and multiplying the resulting equality
by (49), we obtain

10-+) (e-o0)- (5 (1)

The left hand side of this equality simplifies to 1, while the right hand side is the
right hand side of (48). Thus, holds, which proves Lemma [3.11]
O

Next, we shall prove yet another evaluation of the homomorphism ay:

Lemma 3.12. Let k be a positive integer such that k > 1. Consider the k-algebra
homomorphism a; : A — k from Definition Also, recall Convention Let
r be an integer such that r > —k + 1. Then,

ar (e,) = (—1) 7" [r%k € {0,1}] . (51)

Proof of Lemma Consider the ring A [[t]] of formal power series in one indeter-
minate t over A. Consider also the analogous ring k [[f]] over k.
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The map vck A — k is a k-algebra homomorphism. Hence, it induces a contin-
uou@ k [[t]]-algebra homomorphism

ag [[t]] = A[H]) = K [[]]
that sends each formal power series ) a,t" € A[[t]] (witha, € A)to Y ay (a,)t".
n>0 n>0

Consider this k [[t]]-algebra homomorphism ay [[£]].
Applying the map «; [[t]] to both sides of the equality (48), we obtain

(e 1) (1) = (e () (():O (-1 t> (zo h t))
= (e [11) ( )y <—1>"entn) (e [1) (2 hnt”>

n>0 n>0

— % ag (1)) = & ag(n)t"
n>0

n>0
(by the definition of ax[[¢]]) (by the definition of a[[t]])

(since ay [[t]] is a k [[t]] -algebra homomorphism)

= Z ap ((=1)"en) "] - Z ay (h
n>0 “~——~—" ‘—V"
=(=1)"ax(en) =[n<k]
(since ay is k-linear) (by .)
= X (=1)"ax (en) t”) ' <2 [n < k] f”)
n>0 n>0 ,
:t0+t1+...+tk71:1 _ tk
1—t
1
= (—1)" ag (en) t" ] - .
( ,§0 " 1—t
Comparing this with
(g [[H]]) (1) =1 (since ay [[t]] is a k [[t]] -algebra homomorphism),

we obtain

_ 1k
(;O(—l)n ay (en) t”) ' 11 —tt =1

22Continuity is defined with respect to the usual topologies on A [[t]] and k [[t]], where we equip
both A and k with the discrete topologies.
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Hence,
11—t 1
n>0 N—_——
:1+tk+t2k+t3k+~'

==t (1 P )
= Y (—1)"* [n%k € {0,1}] "

n>0

(here, we have used that k > 1, since for k = 1 there would be cancellations in
the sum 1 — t + tK — th+1 4 2k p2k41 4 43k 3+l 4 ...y Comparing coefficients
before t" on both sides of this equality, we obtain

(=)™ g (em) = (=)™ [m%k € {0,1}] (52)

for each m € IN.
Multiplying both sides of this equality by (—1)", we obtain

ax (em) = (=)™ %% ok € {0,1}]. (53)
We must prove that
ar (&) = (—1) 7 [r%k € {0,1}] .

If r € IN, then this follows by applying to m = r. Hence, for the rest

of this proof, we WLOG assume that r ¢ IN. Thus, r is negative, so that r €

{-k+2,—-k+3,...,—1} (since r > —k +1). Hence, r%k € {2,3,...,k — 1}, so that

r%k ¢ {0,1}. Consequently, [r%k € {0,1}] = 0. Also, e, = 0 (since r is negative)

and thus ay (¢;) = a; (0) = 0. Comparing this with (—1)"""* [r%k € {0,1}] = 0,
=0

we obtain ay (¢;) = (—=1)"7"* [r%k € {0,1}]. This concludes the proof of Lemma

B.I12
U

Proof of Theorem (a) Assume that uj # 0. But u = Af, whence
=M\, =[{je{1,23...} | Aj >k} (by the definition of A).

Hence,
{je{123,...} | Aj>k}|=m #0.

In other words, the set { j€{1,23,...} | Aj > k} is nonempty. Hence, there exists
some j € {1,2,3,...} satisfying A; > k. Consider this j. We have A} > A, > A3 >
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-++ (since A € Par) and thus Ay > A; (since 1 < j). Hence, Ay > A; > k. Thus,
Proposition yields pet, (A, @) = 0. This proves Theorem (a).

Now, let us prepare for the proof of parts (b) and (c).

Consider the k-algebra homomorphism aj : A — k from Definition

For each i € {1,2,...,k—1}, we have (B; —1)%k € {0,1,...,k—1} (by the
definition of a remainder) and thus v; € {1,2,...,k} (by ). In other words,
Y1, Y2, -+, Yk—1 are k — 1 elements of the set {1,2,...,k}.

Assume that py = 0. Thus, u = (y1, 2, ..., Hx—1) (since pu € Par).

It is known that taking the transpose of the transpose of a partition returns the

original partition. Thus, (/\t)t = A. In view of y = AL, this rewrites as ],tt = A.
Hence, A = u'. Therefore,

Sy = Syt = det ((eyi_i+j)1§i§k—1, 1S]§k—1)

(by (6), applied to y and k — 1 instead of A and ¢), because p = (y1, 2, ..., fg—1)-
Applying the map a; to both sides of this equality, we find

ag (sA) = ay | det A
;\/—/

=e ;
Biti
(since (7) yields p;—i=p;) 1<i<k—1, 1<j<k—1

= (det ((Eﬁﬁj)lgigkq, 1§j§k71>>
= det (((Xk (eﬁ,-+j))1gigk—1, 1§]’§k—1>

(since ay is a k-algebra homomorphism, and thus commutes with taking determi-
nants of matrices). On the other hand,

x| sa = a (sr/z) = pet, (A, D)

=S\/2

(by (23), applied to @ instead of ). Comparing these two equalities, we obtain

pety (A, 2) = det ( (ax (€5,+1)) 1ok 1, 1jck 1) - (54)

Buteachi e {1,2,...,k—1}and j € {1,2,...,k— 1} satisfy k > 1 @and

Bi +j= i — i + j >0—(k—=1)+0=—k+1
:yi—i >0 <k-1 >0
(by (7))

BIndeed, if i € {1,2,...,k—1},then1 <i<k—1land thusk—1>1> 0, so thatk > 1.
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and thus . o
& (ep 1) = (=1) PEEITPHENR (g, 4 j) %k € {0,1}] (55)

(by (51), applied to r = B; + j).
Furthermore, eachi € {1,2,...,k—1}and j € {1,2,...,k — 1} satisfy

_1)(/5i+f)+(ﬁi+f)°/°k [([31 +]) %k € {0,1}]
= (=1)Pi (—1) (=1) D [(y; + ) %k € {0,1}]. (56)

—~

[Proof of (56): Leti € {1,2,...,k—1} and j € {1,2,...,k —1}. The definition of
i yields
’)’i:1+ (‘Bi—l)o/ok El+(‘31—1):‘51m0dk
—_——

=B;—1modk
(since u%k=umod k for any ueZ)

Hence, v; +j=p;+jmodk. Butifu € Z and v € Z satisfy u = vmodk, then
—~—

=p;modk
u%k = v%k. Applying this to u = ; +j and v = B; + j, we obtain (7; + j) %k =
(Bi +j) %k. Hence,

(1P (1) (1) (i + ) ok € {0,1}]
= (=)P (=) (=) P (B, 4 ) %k € {0,1}]

~"

(-1
= (-1) Biti)+(Bi+j) %k [(Bi + ) %k € {0,1}].

This proves (56).]

)(ﬁl’+]')+(/51'+j)"/ok
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Now, becomes

pet, (A, @)
= det & (p+)
———
=(-1) (ﬁi+i)+(ﬁi+1)°/°k[(ﬁi+j)°/oke{0,1}]

(by (5)) 1<i<k—1, 1<j<k—1

=det | | (Z1)EDEHI (B + ) %k € {0,1}]

(.

=(=1)Pi(—1)) (= 1) K[, 4 jyowke {0,1}]
(by @6 1<i<k—1, 1<j<k—1

= det (<(_1)ﬁi (=1 (1) (i + ) ook € {0’1}])1§i§k—1, 1§j§k—1>
1

- , e o
— (E ((_1)!31 (_1)1>> . det (((_1)(’Yf+])/k [(7yi +]) %k € {0'1}])1§i§k—1, 1§j§k—1)

(by Lemma [3.9| (b), applied to m = k — 1 and R = k and |
gy = (—1) T (o, 1 ) %k € {0,1}] and s = (—1)F and v; = (~1)).
Define a (k — 1) X (k — 1)-matrix G as in Lemma Then, this becomes

pet, (A, @)

k=1 . .
= (H ((—1)!51‘(—1)1)) det | (=)™ (7,4 j) %k € {0,1}])

-~

1<i<k—1, 1<j<k—1

=G
(by the definition of G)

= (kﬁ ((_1)ﬁf (—1)1')) - det G. (57)

i=1

Now, we can readily prove parts (b) and (c) of Theorem 2.15

(b) Assume that the kK — 1 numbers 1, 72, .. ., vk—1 are not distinct. Then, Lemma
(a) yields det G = 0. Hence, yields

k-1 _
pet, (A, @) = <q ((_1)ﬁz‘ (_1)z>) ~d\et/_/ — 0.
i= =0

This proves Theorem (b).
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(c) The equality becomes

pet, (A, @) = (lﬁ ) det G

N =(—1)st(ntmttn 1) (142++(k=1))
B kﬁl ) ( ) (by Lemma 3.10] (c))
i=1
k—1 k—1
= ( (—1)/31') (H > )g+(71+vz+ FVe-1) = (1424 (k1))
i=1 i=1

( 1)ﬁ +ﬁ2+ “+Br_1 ( 1)1+2+ +(k—1)

(-1 B1+Bo++Pr1 (_1)1+2+"'+(k*1) ) (_1)g+(71+72+"'+’7k—1)*(1+2+'"+(k*1))

/—\

)
-1) (BitPot+Br—1)+(1+2+-+(k=1))+g+ (11 +72++Yk—1) = (1424 +(k=1))
1) (BitPot+Pr1)+g+(n+r2+t+r1)

= (-
This proves Theorem (). O
The proof of Proposition relies on the following known fact:

Proposition 3.13. Let A € Par. Let u = A'. Then:

(@) If i and j are two positive integers satisfying A; > j, then p; > i.

(b) If i and j are two positive integers satisfying A; < j, then p; </i.

(c) Any two positive integers i and j satisfy A; +p; —i —j # —1.

For each positive integer i, set a; = A; —i. For each positive integer j, set
Bj =u;j—jand 57; = =1 — B;. Then:

(d) The two sets {aq, a2, a3,...} and {51, 12,43, ..} are disjoint, and their union
is Z.

(e) Let p be an integer such that p > A;. Then, the two sets {a1, a2, a3,...} and
{m,n2,...,mp} are disjoint, and their union is

{..,p=3,p—2,p—-1}={keZ | k<p}.

(f) Let p and g be two integers such that p > Ay and g > p;. Then, the two sets
{ar,a0,..., 00} and {11,12,...,7, } are disjoint, and their union is

{(—q,—q+1,...,p—1}={keZ | —q<k<p}.

Note that Proposition (f) is a restatement of [Macdon95| Chapter I, (1.7)].

Proof of Proposition (sketched). Left to the reader (see [Grinbe20b] for a detailed
proof). The easiest way to proceed is by proving (a) and (b) first, then deriving (c)
as their consequence, then deriving (f) from it, then concluding (d) and (e). O
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Proof of Proposition (sketched). Let u = A!. Then, the number of parts of y is A;.
Hence, from Ay < k, we conclude that y has fewer than k parts. Thus, p; = 0.
For each positive integer i, set a; = A; —i. Hence,

{ag,a0,03,...} =< a; | i€{1,23,...} p={N—i|i€{l,23,...}}
—Ai—i
=B (by the definition of B).

For each positive integer j, set ; = pj —jand 5; = —1 — ;. Note that (81,82, ..., Br—1) €
Z+1 is thus the same (k — 1)-tuple that was called (1, s, ...,Br—1) in Theorem
Itiseasy toseethat B > Bo > --- > Brjand Ay —1 > A —2>A3-3>---.

From A; < k, we obtain k —1 > A;. Hence, Proposition (e) (applied to
p = k — 1) yields that the two sets {ay,ap,a3,...} and {11,712, ...,1,_1} are disjoint,
and their union is

{-..,(k=1)—=3,(k—1) —2,(k—1) — 1} = {all integers smaller than k — 1} = W.

Since {w&1,ap,a3,...} = B, we can restate this as follows: The two sets B and
{m1,m2,...,mx_1} are disjoint, and their union is W. Hence, {n1,%2,...,x_1} =
W\ B.

It is also easy to see that B; > B > -+ > By, sothat 7y < 70 < -+ <
Nx—1. Hence, 111,12,...,1x_1 are the elements of the set {#1,72,...,1x_1} listed in
increasing order (with no repetition).

Let us define a (k — 1)-tuple (71,72, ...,7%-1) € {1,2,...,k}* ! as in Theorem
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Now, we have the following chain of logical equivalences:

(pety (A, @) #0)

<= (the k — 1 numbers 1,72, ...,7x_1 are distinct)
(by parts (b) and (c) of Theorem [2.15])
<= (the k — 1 numbers (B1 —1) %k, (B2 —1) %k, ..., (Bx_1 — 1) %k are distinct)
(since y; = 14 (B; — 1) %k for each i)
<= (no two of the k — 1 numbers 1 — 1,82 —1,..., Bx_1 — 1 are congruent modulo k)
<= (no two of the k — 1 numbers B, B2, ..., Bx_1 are congruent modulo k)
<= (no two of the k — 1 numbers —1—p1,—1—Bo,...,—1 — Br_1
are congruent modulo k)
<= (no two of the k — 1 numbers 71,17, ..., fx_1 are congruent modulo k)
(since 7; = —1 — B; for each j)
<= (no two of the k — 1 elements of {#1,%2,...,7x_1} are congruent modulo k)
( since 171,12, . . ., fx_1 are the elements of the set {ny,%2,...,1k_1} )
listed in increasing order (with no repetition)
<= (no two of the k — 1 elements of W \ B are congruent modulo k)
(since {11,112+, 1} = W\ B)
<= (each congruence class i has at most 1 element in common with W \ B)
< (eachie {0,1,...,k— 1} satisfies [in(W\B)| <1)
< (eachi € {0,1,...,k— 1} satisfies |(iNn W)\ B| <1)
(since iN (W \ B) = (iN W) \ B for each i). This proves Proposition O

3.12. Proof of Theorem

Proof of Theorem In this proof, the word “monomial” may refer to a monomial
in any set of variables (not necessarily in x1, x, x3,...).

In the following, an i-monomial (where i € IN) shall mean a monomial of degree
i

We shall say that a monomial is k-bounded if all exponents in this monomial are
< k. In other words, a monomial is k-bounded if it can be written in the form
z‘lllzg2 -+ -z, where 21,2y, ...,z are distinct variables and a1, ay, .. ., a5 are nonneg-
ative integers < k. Thus, the k-bounded monomials in the variables x1, xp, x3, . ..
are precisely the monomials of the form x* for « € WC satisfying («; < k for all 7).
Hence, the k-bounded m-monomials in the variables x1, x2, x3, ... are precisely the
monomials of the form x* for « € WC satisfying |a| = m and («; < k for all 7).
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Now, the definition of G (k, m) yields
Gkm)y= Y x"

aeWGC;
|| =m;
a;<k for all i
= (the sum of all k-bounded m-monomials in the variables x1, x, x3, . . .)

(58)

(since the k-bounded m-monomials in the variables xi, x2, x3, ... are precisely the
monomials of the form x* for « € WC satisfying |«| = m and («; < k for all 7)).

Let us now substitute the variables xi1,x3,x3,...,Y1,Y2,13,... for the variables
X1, X2, X3,... on both sides of the equality . (This means that we choose some
bijection ¢ : {x1,x2,x3,...} = {x1,%2,X3,...,Y1,Y2,Y3, ...}, and substitute ¢ (x;) for
each x; on both sides of (58).) The left hand side of turns into (G (k,m)) (x,y)
upon this substitutio whereas the right hand side turns into

(the sum of all k-bounded m-monomials in the variables xq,x2,x3,...,Y1,Y2,Y3,...)

Thus, our substitution transforms the equality into

(G (k,m)) (xy)

= (the sum of all k-bounded m-monomials in the variables x1, X2, x3,...,Y1,Y2,Y3,---) -

(59)

But any monomial m in the variables xi, xp,x3,...,Y1,Y2,¥3,... can be uniquely
written as a product np, where n is a monomial in the variables x1, xp, x3,... and
where p is a monomial in the variables y1,2,¥3,.... Moreover, if m is written in
this form, then:

¢ the degree of m equals the sum of the degrees of n and p;

e thus, m is an m-monomial if and only if there exists some i € {0,1,...,m}
such that n is an i-monomial and p is an (m — i)-monomial;

¢ furthermore, m is k-bounded if and only if both n and p are k-bounded.

Thus, any k-bounded m-monomial m in the variables x1, x2,x3,...,Y1,Y2,¥3,...
can be uniquely written as a product np, where i € {0,1,...,m}, where n is a
k-bounded i-monomial in the variables x1, x3, x3,... and where p is a k-bounded
(m — i)-monomial in the variables y1,12,ys, . ... Conversely, every such product np

24pecause this is how (G (k,m)) (x,y) was defined

BIndeed, the substitution can be regarded as simply renaming the variables x1,x,x3,... as
X1,%X2,X3,...,Y1,Y2,Y3, ... (in some order). Thus, it turns the k-bounded m-monomials in the vari-
ables x1, xp, x3, ... into the k-bounded m-monomials in the variables x1, x2, x3,..., Y1, Y2, Y3, - - -
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is a k-bounded m-monomial m in the variables x1,x2,x3,...,Y1,Y2,Y3,.... Thus, we
obtain a bijection

|_| ( {k-bounded i-monomials in the variables x1, x, x3, ...}
i€{0,1,...m}

x {k-bounded (m — i)-monomials in the variables y1,y2,y3, .. })
— {k-bounded m-monomials in the variables xq,x2,x3,...,Y1,Y2,Y3,...}
that sends each pair (n,p) to np. Hence,

(the sum of all k-bounded m-monomials in the variables x1, x2, X3, ...,Y1,Y2,Y3,...)

= ) )3 ) np

i€{0,1,...m}  nisa k-bounded p is a k-bounded
i-monomial in the  (j—j)-monomial in the
variables x1,x2,x3, ... variables y1,y2,/3 ..

= ) Y n D

ie{0,1,...m} nisak-bounded p is a k-bounded
i-monomial in the (m—i)-monomial in the
variables x1,x2,x3,... variables y1,y2,3,-..

= Z (the sum of all k-bounded i-monomials in the variables x1, x, x3, .. .)
ie{0,1,....m}

- (the sum of all k-bounded (m — i) -monomials in the variables y1,v2,y3,...).
(60)

Now, let i € {0,1,...,m}. The same reasoning that gave us can be applied
to i instead of m. Thus we obtain

G (k,i) = (the sum of all k-bounded i-monomials in the variables x1, x2, x3, . ..) .
(61)
Also, i € {0,1,...,m}, so that m —i € {0,1,...,m} C IN. Hence, the same
reasoning that gave us can be applied to m — i instead of m. Thus we obtain
G (k,m —i)

= (the sum of all k-bounded (m — i) -monomials in the variables x1, x3, x3,...).

Renaming the variables x1, x2, x3,... as y1,Y2,y3, . . . in this equality, we obtain

(G (k,m —1)) (y)

= (the sum of all k-bounded (m — i) -monomials in the variables y1,12,¥3,...).
(62)

Forget that we fixed i. We thus have proved (61) and (62) for eachi € {0,1,...,m}.
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Now, becomes

(G (k,m)) (x,y)

= (the sum of all k-bounded m-monomials in the variables x1, X2, x3,...,Y1,Y2,Y3,. - )

= Z (the sum of all k-bounded i-monomials in the variables x1, x, x3, .. .)
i€{0,1,...,m} d

—G (k)
(by (61))

- (the sum of all k-bounded (m — i) -monomials in the variables y1,12,y3, .. .)

—(Glkm—i))(y)
(by ©2))

(by (60))
= X Gli) (Glm=i))(y) = Y. (G(ki)(x)(G(km—1i))(y).
ie{0,1,...m} —(G(ki)) (%) ie{0,1,...,m}
Hence, holds for f = G (k,m), I ={0,1,...,m}, (fi,1)ic; = (G (k,1))ic(o1,..m}
and (fZ,i)ieI = (G (k,m — i>)i€{0,1,...,m}' Therefore, @) (applied to these f, I, (fl,i)iel
and (f,);c;) yields

m
AG(km))= Y Gki)®Gkm—i)=) G(ki)®G (km—i).
i€{0,1,...,m} i=0
This proves Theorem [2.19] O

3.13. Proof of Theorem 2.21]

Proof of Theorem Consider the ring (k [[x1, X2, x3, .. .]]) [[f]] of formal power se-
ries in one indeterminate t over k [[x1, X, x3,...]]. We equip this ring with the
topology that is obtained by identifying it with k[[x1, x2,x3,...,t]] (or, equiva-
lently, which is obtained by considering k [[x1, x2, x3,...]] itself as equipped with
the standard topology on a ring of formal power series, and then adjoining the
extra indeterminate t).

Now, consider the map

Fi : k[[x1,x0,x3,...]] = k[[x1,x2,x3,...]],
a—a (x'l‘,xlzc,x'g,...) .

This map Fy is a continuous k-algebra homomorphism (since it is an evaluation ho-
momorphism)?®} Hence, it induces a continuous”| k [[t]]-algebra homomorphism

Ei [[1]] 2 (ke {[xr, 22, x5, 1) [[E]] = (ke [[x1, 22, x5, - ]]) [[2]

261t is well-defined, since k is positive.
¥ Continuity is defined with respect to the topology that we defined on (k [[x1,x2, x3, - . .]]) [[]]-
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that sends each formal power series Y a,t" € (k[[x1,x2,x3,...]]) [[t]] (with a, €

k[[x1,x2,x3,...]]) to ¥ Fi(an)t" girolsider this k [[f]]-algebra homomorphism
Fi [[t]]- In particular, i?s(;tisﬁes
(F¢ [[£]]) (tf) = f for each i € N.
The definition of Fy yields

Fy (x;) = xf foreachi € {1,2,3,...}. (63)

Also, for each a € A, we have
Fy(a)=a (x]f, x5k, ) (by the definition of Fy)

— £ (a) (64)

(since the definition of f; yields f (a) = a (x’f, x]2<, xlg,. . .)). Thus, in particular, each

n € IN satisfies
Fk (en) = fk (€n) (65)

(by (64), applied to a = e,).
Applying the map Fy [[t]] to both sides of the equality (50), we obtain

(Fx [[#]]) (ﬁ(l +xit)> = (Fi [[t]]) (Z ent”) = ) Fi(en) "

i=1 n>0 n>0

(by the definition of Fy [[t]]). Hence,

sz<en>t"=<Fkutn>(ﬁ 1+x1> T (Felle]) (1 +xt)
n>0 i=1 i=1 g

=14+Fi(x)t
(by the definition of Fi[[t]])

since Fy [[t]] is a continuous k [[t]] -algebra homomorphism,
and thus respects infinite products

=T 1+Fe(x)t :H(1+x§‘t).
i=1 \"\fk‘ i=1

(by (63))

)
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Substituting —t* for t in this equality, we find

Yy (en) (_tk)ﬂ _ 1°—°I \(1 + xk <_tk) )j

-~

=1- (x,-t)k
=(1=xit) ()™ (i) -+ () )

(since 1—uk=(1—u) (u0+u1+~~-—|—uk*1)
for any element u of any ring)

=TT (=) (Gt + )+ (i) )

i=1
(ﬁ 1 xit ) (ﬁ((xit)o+(xit)l+"'+(xit)k1))-
i=1 i=1

We can divide both sides of this equality by ] (1 — x;t) (since the formal power
i=1

o0
series [] (1 — x;t) has constant term 1 and thus is invertible), and thus obtain

i=1
0w
n§0Fk (en) <_t ) °° 0 1 oo k-1
s =TT (it + @'+ + () ) =T
IT(1—xt) i=1 ~ i=1 u=0
i=1 k=1
=Y (x;t)"
u=0
= ) (xlt‘)”‘1 (xﬂ)”‘2 (x3t)™
a=(aq,00,83,...)€{0,1,...k—1}°; N '
ai:(OlforzaIBI bu)t finitely man}yi *(xl x22 3 ) P2 443 )

= L
aef{0,1,...k—1}%
is a weak composition
= L
xeWGC;
w; <k for all i

(here, we have expanded the product)

= X1 422483 w1 g 403
= X (g’ ) (£ 2t )
aeWC; ~~ S———
a;<k for all i =x% g Fagtagte _glal

(by the definition of ")  (since aj+ay+az+--=|a|)

= Z x4t
aeEWC;
a;<k for all i
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Hence,

Z X ¢l

aeWGC;
w; <k for all i

Y Fy (en) (—19)"

n>0
= %) = Z Fk (En)
[T (1—xt) nz0 >

i=1

- (Za@ e (L) -
n>0 n>0

%/_/
=Y hitl
j20
=Y Y £ Y = Y fi(en)
n>0;>0 \;n-:] (n,j)EN2
(n,)eN2

This is an equality between two power series in (k [[x1, x2, x3, ..
pare the coefficients of " on both sides of it (where x1, x2, x3, ..

scalars, not monomials), we obtain

«
Lo o xX= ) fle) (-

aeWC; (n,j)€EN?;
a; <k for all i; kn-+j=m
|a|=m N——
=L L

nelN ]EN/

kn+j=m

Now, the definition of G (k, m) yields

Y, x
aeWC;
|a|=m;

a;<k for all i

G (k,m) =

= ) fi(en) (=

But the right hand side of this equality can be simplified.

n € IN, we have

=f(en N ykn
o6 =

n>0

(by @))

(Z fr (en) (—1)

n>0

= ) fi(en) (=

nelN

-y w
aeWC;
w; <k for all i;

|a|=m
X Ny
jEN;
kn+j=m

Z hj = Ny—kn-

jEN;
kn+j=m

10_0[ (1 —x;t)

=Y hpt"

tk”) <;§) hj t7>

D) [[t]]- If we com-

. are considered

X Iy
jEN;
kn+j=m

(66)

Namely, for each

(67)
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[Proof of (67): Let n € IN. We must prove the equality (67). If m — kn < 0, then
hy—kn =0and ). h; = (empty sum) = 0. Thus, if m — kn < 0, then boils
i€IN;
kr{+j:m
down to 0 = 0, which is obviously true. Therefore, for the rest of the proof of
), we WLOG assume that m — kn > 0. Hence, the sum Y}, hj has exactly one
i€IN;
kr{—l—jzm
addend, namely the addend for j = m — kn. Therefore, }. h; = hy_,. This
i€IN;
kn]Jr]':m

proves (67).]
Now, becomes

G(km) =3 filen) (=1)" Y. hi= ) filen) (=1)" Tyt

nelN jEN; nelN
kn+j=m
h
oy &)
=Y (—D)"hypn £ (en) = Y (=1) hyyi - £i ()
nelN ieIN

(here, we have renamed the summation index 7 as 7). This proves Theorem O
Another proof of Theorem is sketched in a footnote in Section 4 below.

3.14. Proofs of the results from Section 2.8l

We shall now prove the results from Section We begin with Lemma This
will rely on the Verschiebung endomorphisms v, introduced in Definition
and on Proposition and the equality (T1).

Proof of Lemma Applying to n = k, we obtain

k , itk | m;
vk(pm>:{op’"/" e Lm - (68)

Applying Proposition ton =k, a = py and b = ¢, we obtain

(P B (¢))) = (Vi (pm) ) - (69)

Now, we are in one of the following three cases:
Case 1: We have m = kj.

Case 2: We have k 1 m.

Case 3: We have neither m = kj nor k { m.
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Let us first consider Case 1. In this case, we have m = kj. Thus, k | m (since
j€IN C Z)and m/k = j. Hence, j = m/k, so that the integer j is positive (since m
and k are positive). But becomes

k , if k| m; )
Vi (Pm) = {Opm/k . kJ(m = kpm/k (since k | m)
= kp; (since m/k =j).

Thus, becomes

= {e;, kp; since the Hall inner product is symmetric
ir KPj P Yy
= <€],p]> :k(—l)]_l = (—1)]_1 k.
——

— _1)]'*1

(by Proposition 1.3} applied to n=j)
Comparing this with
(-1 m=kj] k= (-1)""k,

(sincg m=kj)

we obtain {py, fi (¢;)) = (—1)~" [m = kjl k. Thus, Lemma [2.23)is proven in Case
1.

A similar (but simpler) argument can be used to prove Lemma in Case 2.
The main “idea” here is that k { m implies m # kj. The details are left to the reader.

Let us finally consider Case 3. In this case, we have neither m = kj nor k 1 m.
In other words, we have m # kj and k | m. From k | m, we conclude that m/k
is a positive intege From m # kj, we obtain m/k # j. Thus, the symmetric
functions p,, /x and ¢; are homogeneous of different degree and therefore satisfy
{Pmsk i) =0 (by , applied to f = py,/x and g = ¢)).

Now, becomes

kppse ifk | m; _
Vi (pm) = {Opm/k ika(m = kpm/k (since k | m).

Thus, becomes

(pm.fi (¢))) = <Vk (Pm)/€j> = (kpm/ir€j) =k (pmsks€j) = 0.

:kpm/k =0

2Indeed, it is positive since m and k are positive.
Psince p,,/x is homogeneous of degree m /k, whereas ej is homogeneous of degree j
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Comparing this with

(1) [m=kj] k=0,

=0
(since m#kj)

we obtain (py, fi (¢j)) = (=1)" [m = kj] k. Thus, Lemma [2.23is proven in Case
3.
We have thus proven Lemma in all three Cases 1, 2 and 3. Thus, Lemma

always holds. O

Next, let us prove a simple property of Hall inner products:

Lemma 3.14. Let m, « and p be positive integers. Let a be a homogeneous
symmetric function of degree a. Let b be a homogeneous symmetric function of
degree B. Then, (p, ab) = 0.

Proof of Lemma[3.14, For each n € N, let A, denote the n-th homogeneous com-
ponent of the graded k-algebra A. Thus, a € A, and b € Ag (since a and b are
homogeneous symmetric functions of degrees a and B).

But it is known that the family (%, ), cp,, is a graded basis of the graded k-module
A; this means that for each n € IN, its subfamily (h)),cp,,, is a basis of the k-

module A,. Applying this to n = &, we conclude that the subfamily (/)
is a basis of A,. Hence, a is a k-linear combination of this family (/)
a e Ny).

We must prove the equality (p,,ab) = 0. Both sides of this equality depend
k-linearly on a. Thus, in proving it, we can WLOG assume that a belongs to the
family (1)) cpa;, (because we know that 4 is a k-linear combination of this family).
In other words, we can WLOG assume that a = h) for some A € Par,. Assume
this. For similar reasons, we can WLOG assume that b = h;, for some p € Parg.
Assume this, too. Consider these two partitions A and p.

We have A € Par, and thus |A| = a > 0, so that A # @. Hence, the partition A
has at least one part. Likewise, the partition y has at least one part.

Now, let A U u be the partition obtained by listing all parts of A and of y and
sorting the resulting list in weakly decreasing order@ Using Definition we
can easily see that 1), = hyh,. Comparing this with b \b/ = hjhy, we obtain

—hy =h,

A€Pary

AePar, (since

ab=nh Allu-

But thg partition A Ll u has as many parts as A and y have combined. Thus, the
partition A L u has at least 2 parts (since A has at least one part, and y has at least
one part). Therefore, A LUy # (m) (since the partition A LI y has at least 2 parts,
while the partition () has only 1 part). Now, recall that p,, = m,,) (where, of

30This fact appears, e.g., in [GriRei20, Proposition 2.4.3(j)].
31For example: If A = (5,3,2) and u = (6,4,3,1,1), then AU = (6,5,4,3,3,2,1,1).
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‘" 7

course, the two “m”s in “m,,)” mean completely unrelated things). Thus,

B _ since the Hall inner product
<£T./ \Zé’> N <m(m)’h/\u”> N <h/\u”’m(’”)> ( is symmetric )
:m(m) =MAup

= 0Ly, (m) (by (13))
=0 (since AU # (m)).

This proves Lemma [3.14] O

See [Grinbe20b] for a different proof of Lemma using the graded dual A°
of the Hopf algebra A and the primitivity of the element p,, € A.
We can now prove Proposition

Proof of Proposition Theorem2.21]yields G (k,m) = ¥ (—1)" hy_; - £ (e;). Hence,
icN

(pm, G (k,m)) = <Pm, Y. (—1) g - £ (ei)>

ielN

- 2 (P ki - £ (e) (70)

i€eEIN

(since the Hall inner product is k-bilinear).
Now, we claim that every i € N\ {0,m/k} satisfies

(P h—ri - £ (1)) = 0. (71)

[Proof of (71): Let i € N\ {0,m/k}. Thus, i € N and i ¢ {0,m/k}. From
i ¢ {0,m/k}, we obtain i # 0 and i # m/k. From i # m/k, we obtain ki # m, so
that m — ki # 0.

We must prove the equality (7). If m — ki < 0, then h,,_j; = 0, and therefore

<Pm,hm—ki £ (ei)> = (pm,0) = 0.
el

Hence, the equality is proven if m — ki < 0. Thus, for the rest of this proof,
we WLOG assume that m — ki > 0. Combining this with m — ki # 0, we obtain
m — ki > 0. Thus, m — ki is a positive integer. Also, i is a positive integer (since
i € N and i # 0), and thus ki is a positive integer (since k is a positive integer).
The map f; : A — A operates by replacing each x; by xi.‘ in a symmetric function
(by the definition of f;). Thus, if ¢ € A is any homogeneous symmetric function
of some degree 7, then f; () is a homogeneous symmetric function of degree k1.
Applying this to ¢ = ¢; and v = i, we conclude that f; (¢;) is a homogeneous
symmetric function of degree ki (since ¢; is a homogeneous symmetric function of
degree i). Also, hy,,_j; is a homogeneous symmetric function of degree m — ki.
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Hence, Lemma (applied to &« = m — ki, a = hy,_y;, B = ki and b = f; (e;))
yields (pm, hy—i - i (e;)) = 0. This proves (71).]

Note that eg = 1 and thus f; (¢p) = fx (1) = 1 (by the definition of f).

Note that m/k > 0 (since m and k are positive). Hence, m/k # 0. Now, we are in
one of the following two cases:

Case 1: We have k | m.

Case 2: We have k t m.

Let us consider Case 1 first. In this case, we have k | m. Hence, m/k is a positive
integer (since m and k are positive integers). Thus, 0 and m/k are two distinct
elements of IN (indeed, they are distinct because m/k # 0). Lemma (applied
to j = m/k) yields

(P b (i) = (=)™ [m =k (m/k)] k= (=1)""* " k.
~—

(since m=k(m/k))
Now, becomes

(pm, G (k, m)>
- Z sz m—ki fk (61)>

ieN
= (1) pm ko £ (e0) Y + (D" Com,  Bpemsx Fk (Cmyi)

— VDS e

o (since mik(-)m/kzo)
Y Y ()
ieIN\{0,m/k} 0

(by 1l
here, we have split off the addends for i = 0 and for i = m/k
from the sum (since 0 and m/k are two distinct elements of IN)

= (pmhm) +<—1>m/"<pm, ho -fk(em/k)>+ Y, (-1'0
T e iEN\{0m/k}

(since the Hall inner ;’0
product is symmetric)

= {hwpm) D" b (o)) = 1+ (D) (1) k=1~ K,
| S —— \—f_/ N v

=1 7(71)m/k_1k =—1
(by Proposition -
applied to n=m)

Comparing this with
1— [k|m] k=1-k,

N——

(since k|m)

we obtain (p,, G (k,m)) = 1 — [k | m] k. Hence, Proposition is proven in Case
1.
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Case 2 is similar to Case 1, but simpler because we no longer need to split off the
addend for i = m/k from the sum (since m/k ¢ N in this case). We leave it to the
reader.

We have now proven Proposition both in Case 1 and in Case 2. Hence,
Proposition always holds. O

Theorem will follow from Proposition using the following general cri-
terion for generating sets of A:

Proposition 3.15. For each positive integer m, let v,, € A be a homogeneous
symmetric function of degree m.
Assume that (p,, v;) is an invertible element of k for each positive integer m.
Then, the family (vy),,~; = (v1,02,03,...) is an algebraically independent
generating set of the commutative k-algebra A.

Proof of Proposition Proposition is [GriRei20, Exercise 2.5.24]. O
Proof of Theorem Let m be a positive integer. Proposition yields that

1, ifk|m;
,G (k, =1- k k=1- -k
(s G (k) K | m] {o, b
1, if k| m;
o, ifktm

J1-1-k ifk|m;  J1—k ifk|m;
C)1-0-k ifktm 1, if ktm

Hence, (pm, G (k,m)) is an invertible element of k (because both 1 — k and 1 are
invertible elements of k).

Forget that we fixed m. We thus have showed that (p,;, G (k,m)) is an invertible
element of k for each positive integer m. Also, clearly, for each positive integer m,
the element G (k,m) € A is a homogeneous symmetric function of degree m. Thus,
Proposition (applied to v, = G (k,m)) shows that the family (G (k,m)), ~, =
(G(k,1),G(k,2),G(k3),...)is an algebraically independent generating set of the
commutative k-algebra A. This proves Theorem [2.22] O

3.15. Proof of Theorem 2.29

Proof of Theorem The k-Hopf algebra A is both commutative and cocommuta-
tive (by [GriRei20, Exercise 2.3.7(a)]).

The antipode S of this Hopf algebra A is a k-Hopf algebra homomorphism (by
[GriRei20, Proposition 2.4.3(g)]).

(@) The map f; is a k-Hopf algebra homomorphism (by [GriRei20, Exercise
2.9.9(d)], applied to n = k). The map vy is a k-Hopf algebra homomorphism (by
[GriRei20, Exercise 2.9.10(e)], applied to n = k). Thus, we have shown that all three
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maps fi, S and v are k-Hopf algebra homomorphisms. Hence, their composition
fr o Sovy is a k-Hopf algebra homomorphism as well. In other words, Uy is a
k-Hopf algebra homomorphism (since Uy = fi o S o vy). This proves Theorem [2.29]
(a).

(b) Recall (from [GriRei20| Exercise 1.5.11(a)]) the following fact:

Claim 1: If H is a k-bialgebra and A is a commutative k-algebra, then the
convolution f x ¢ of any two k-algebra homomorphisms f,g: H — Ais
again a k-algebra homomorphism.

The following fact is dual to Claim 1:

Claim 2: If H is a k-bialgebra and C is a cocommutative k-coalgebra,
then the convolution f x ¢ of any two k-coalgebra homomorphisms f, g :
C — H is again a k-coalgebra homomorphism.

(See [GriRei20), solution to Exercise 1.5.11(h)] for why exactly Claim 2 is dual to
Claim 1, and how it can be proved.)

Theorem (a) yields that the map Uy is a k-Hopf algebra homomorphism.
Hence, Uy is both a k-algebra homomorphism and a k-coalgebra homomorphism.

Now, recall that A is commutative, and that idy and Uy are two k-algebra ho-
momorphisms from A to A. Hence, Claim 1 (applied to H = A, A = A, f = idp
and g = Uy) shows that the convolution id xUy is a k-algebra homomorphism. In
other words, V} is a k-algebra homomorphism (since Vj = idp xU).

Next, recall that A is cocommutative, and that id, and Uj are two k-coalgebra
homomorphisms from A to A. Hence, Claim 2 (applied to H = A, C = A, f =idp
and g = Uy) shows that the convolution idp *Uj is a k-coalgebra homomorphism.
In other words, Vj is a k-coalgebra homomorphism (since Vi = ida *Uj).

So we know that the map Vi is both a k-algebra homomorphism and a k-
coalgebra homomorphism. Thus, Vj is a k-bialgebra homomorphism, thus a k-
Hopf algebra homomorphis This proves Theorem (b).

(c) The map vy is a k-algebra homomorphism; thus, v (1) = 1. Now, we have

h if k | m;
) =4 "F / 72
Vic () {0, ikt m 72)

for each m € IN. (Indeed, if m > 0, then this follows from the definition of vi. But
if m = 0, then this follows from v (1) = 1, since hg = 1.)
We have
S (hy) = (=1)"ey, for each n € N. (73)

(This follows from [GriRei20, Proposition 2.4.1(iii)].)

32gince any k-bialgebra homomorphism between two k-Hopf algebras is automatically a k-Hopf

algebra homomorphism
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Each i € IN satisfies

Vi (hii) = {Zfd/k’ 1; lli Jl( Z’ (by (72), applied to m = ki)
= ik (since k | ki)
= h; (since ki/k = i) (74)
and
Uy (hyi) = (fr 0 Sovy) (hy) (since Uy = fr 0 Sowvy)
=6 | S | weln) | [ = | SO) | =6 ((-1)'e:)
& €9) ey
= (1) i (e;) (75)

(since the map f is k-linear).
On the other hand, if j € IN satisfies k 1 j, then

Wik, ifk|j; . .
vi (Bj) = {OZ itk (by (72), applied to m = j)
=0 (since k 1 f) (76)
and
Ui (hj) = (fro Sovy) (h)) (since Uy = f; 0 S ovy)

= (fk O S) Vi (h]) = (fk @) S) (0)
T

(by (706))
=0 (77)

(since the map fy o S is k-linear).

Let Ap be the comultiplication A : A — A ® A of the k-coalgebra A. Let my :
A ® A — A be the k-linear map sending each pure tensora @b € A® A toab € A.
Definition then yields idx Uy = mp o (idy @Uy) o Ap. Thus,

Vi =ida Uy = mp o (idp QU)o A
! A *Ug A © (idy ®Uy) ;\
= mp o (idy ®Uy) o A. (78)




Petrie symmetric functions page 68

Let m € IN (not to be mistaken for the map m,). Then, [GriRei20, Proposition
2.3.6(iii)] (applied to n = m) yields

Y, hi®h
i+j=m
(where the sum ranges over all pairs (i,j) € IN x N with i+ j = m)
m
=) @ by
=0

(here, we have substituted (m —j,j) for (i,j) in the sum). Applying the map
idp ®Uj to both sides of this equality, we obtain

m m
(idp ®@Uyg) (A (hy)) = (idp @Uy) (;}hm_]' & hj) = ;}hm_]‘ @ Uy (hj) .
j= j=
Applying the map m, to both sides of this equality, we find
A ((ida @U) (A (hi)))

= my (Z N—j @ Uy (hj ) Z iUy (hj) (by the definition of m, )
j=0 =
= Y b U ()~ Y oy Uk (1)
=0 j=m+1 \_fo-’
-y (since_m—j<0
iEN (because j>m-+1>m))
= Z My ]Uk Z ouy (h
jeN =m+1
=0
= 2 b Ui () = 3 o Ui (1) + 3 oy Ui (1)
jEN JEN; JEN; T
k|j kfj (by_)
(since each j € IN satisfies either k | j or k J( j (but not both))
= Z hm—juk + Z - ]0 = Z By — ]uk Z hm ki Uk (hkz)
jeEN; jEN; jEN; ieN —
k|j kfj k|j =(—1)'f (e;)
— (by (7))
=0
(here we have substituted ki for j in the sum)
- Z m ki* fk (61)
ielN

Comparing this with

Gkm)= Y (=1) hy i i (&) (by Theorem 2.21]),
ieIN
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we obtain

G (k) = mp ((ida @Ug) (A (hm))) = (14 © (ida @Uy) © A) () = Ve ()

[\

(by: )

This proves Theorem (©).

(d) Let us recall a few facts from [GriRei20].

From [GriRei20, Exercise 2.9.10(a)], we know that every positive integers n and
m satisfy

NPm/n, ifn | m;
= , 79
v (Pm) {0, if n{m )

On the other hand, it is easy to see (directly using the definition of f,;) that every

positive integers n and m satisfy

1 (Pm) = Pum- (80)

Finally, [GriRei20, Proposition 2.4.1(i)] yields that every positive integer n satis-
ties

S(pn) = —pn- (81)

Now, let n be a positive integer. We first claim the following:
Claim 1: We have Uy (pn) = — [k | n] kpn.

[Proof of Claim 1: We are in one of the following two cases:

Case 1: We have k | n.

Case 2: We have k 1 n.

Let us first consider Case 1. In this case, we have k | n. Hence, n/k is a positive
integer. Now, (applied to k and n instead of n and m) yields

Vi (pn) = {ngﬂ/k’ i Z J( Z; = kpu/k (since k | n).
Applying the map S to both sides of this equality, we find
S (Vi (pn)) =S (kpnsk) =k §_(pn/kl (since the map S is k-linear)
oy )

applied to n/k instead of n)
=k (=pu/k) = =kpusx-
Applying the map f; to both sides of this equality, we find
£ (S (Vi (pn))) = £ (=kpus) = =k £ (Pusk) (since the map fj is k-linear)
=P
—Pk(n/k)
(by ,
applied to k and n/k
instead of n and m)

= —kpbkn/ky = —kpn-
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Now, the definition of Uy yields U = f; o S o vi. Hence,

Uy (pn) = (fc 0 S ovi) (pn) = £ (S (Vi (pn))) = —kpn.

Comparing this with
— k[ n] kpn = —kpy,
——

-’
(sinc_e k|n)

we obtain Uy (pn) = — [k | n] kp,. Hence, Claim 1 is proved in Case 1.
Let us now consider Case 2. In this case, we have k { n. But (applied to k and
n instead of n and m) yields

vi (pn) = {I((f”/k' iI;J(Z' =0 (since k {n).

But the definition of Uy yields Uy = f; o S o v¢. Hence,

-
=0

Ui (pn) = (fc 0 Sovi) (pu) = (fx05) (wf)) = (fr05)(0) =0

(since the map fy o S is k-linear). Comparing this with

(sinc_e kin)

we obtain Uy (pn) = — [k | n] kp,. Hence, Claim 1 is proved in Case 2.

We have now proved Claim 1 in both Cases 1 and 2. Thus, Claim 1 always holds.]

Theorem (@) shows that the map Uy is a k-Hopf algebra homomorphism.
Hence, Uy is a k-algebra homomorphism. Thus, Uy (1) = 1.

Now, let Ay be the comultiplication A : A — A ® A of the k-coalgebra A. Let
mp : A ® A — A be the k-linear map sending each pure tensor a® b € A ® A to
ab € A. Then, the definition of Vj yields Vi = idp Uy = mp o (idy ®Uy) o A (by
the definition of convolution).
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But [GriRei20, Proposition 2.3.6(i)] yields Ap (pn) = 1® pn + pn @ 1. Now,
Vi (pn)

:on(idA ®uk)OAA

=mp | (idp @Ug) | Aa (pn)
h\/—/
:1®Pn+Pn®1

=mp | (daA ®@U) (1@ pp+pa ®1)

=ida (1) @Uy (pn)+ida (pr) @U (1)
= mp (id (1) @ Ug (pn) +idp (pn) @ Uy (1))

=1ida (1) - Uk (pn) +ida (pn) - Uk (1) (by the definition of m,)
= —— [K|nJkpn —pn =

(by Claim 1)
= — [k | n]kpn +pn = (1= [k | n]k) pu.

This proves Theorem (d). O

3.16. Proof of Corollary [2.30]

Proof of Corollary Recall that the family (hy),~; = (h1,h2, h3,...) generates A
as a k-algebra. Hence, each ¢ € A can be written as a polynomial in hy, hy, ki3, . . ..
Applying this to ¢ = p,, we conclude that p, can be written as a polynomial in

hi,hy, hs, . ... In other words, there exists a polynomial f € k[xq,xp,x3,...] such
that

Pn = f (hlthI h3/ .. ) . (82)
Consider this f. We shall show that this f satisfies (12). This will clearly prove
Corollary

Consider the map Vj defined in Theorem Theorem (c) yields that
Vi (hm) = G (k,m) for each positive integer m. In other words,

(Vi (1), Vic (h2) , Vi (h3),-..) = (G (k,1),G (k,2),G (k,3),...). (83)

The map Vj is a k-Hopf algebra homomorphism (by Theorem (b)), and thus
is a k-algebra homomorphism. Hence, it commutes with polynomials over k. Thus,

Vie (f (h, ha b, ) = f (Vi (), Vie (h2), Vie (3), ...
= f(G(k1),G(k2),G(k3),...) (by (3)).

Now, applying the map Vj to both sides of the equality (82), we obtain
Vi (pn) = Vi (f (1,2, h3,...)) = f(G (k,1),G (k,2),G (k,3),...).
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Comparing this with
Vi (pn) = (1 = [k | n] k) pn (by Theorem [2.29)(d)) ,

we obtain
(1—1[k|n)k)pn=f(G(k1),G(k2),G(k3),...).

Thus, we have shown that our f satisfies (12). As we said, this proves Corollary
2.30 O

4. Proof of the Liu—Polo conjecture

Let us recall a well-known partial order on the set of partitions of a given n € IN:

Definition 4.1. Let n € IN. We define a binary relation > on the set Par, as
follows: Two partitions A, u € Par, shall satisfy A >y if and only if we have

MAAy+ -+ A > g+ o+ g foreachk € {1,2,...,n}.

This relation > is the greater-or-equal relation of a partial order on Par,, which
is known as the dominance order (or the majorization order).

This definition is precisely [GriRei20, Definition 2.2.7]. Note that if we replace
“foreach k € {1,2,...,n}"” by “for each k € {1,2,3,...}” in this definition, then the
relation > does not change.

Our goal in this section is to prove the conjecture made in [LiuPol19, Remark
1.4.5]. We state this conjecture as followsﬁ

Theorem 4.2. Let n be an integer such that n > 1. Then:

(a) We have
n—2 ;
Lo oma= ) (=1)'s( g gy
A€Pary,; i=0
(n=1,1)pA
(b) We have

N

n—

Z My = Z (_1)is(n—1,n—1—i,1i+1)'

A€Pary,_1; i=0
(n=1n=11)pA

Example 4.3. For this example, let n = 3. Then, n —1 = 2 and 2n — 1 = 5. Hence,
the left hand side of the equality in Theorem 4.2| (b) is

Z m/\ = Z mA - m(2/2/1) + m(z’l’l’]‘) + m(]"]"]"]"]')'
A€Pary,,_q; AcPars;
(n—1n-1,1)pA (22,1)5A

3Note that (n — 1,1 — 1,1) is a partition whenever n > 1 is an integer.
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Meanwhile, the right hand side of the equality in Theorem {4.2| (b) is

n—2 ) 1 )

1 1
L (1) s(ucaa i) = & (D' 5(a2 i) = Sean ~Seann
1= 1=

Thus, Theorem (b) claims that m(y21) + mp11,1) + M1,1,1,1,1) = S221) —
S(2,1,1,1) in this case.

We will pave our way to the proof of Theorem 4.2| by several lemmas. We begin
with a particularly simple one:

Lemma 4.4. Let n be an integer such that n > 1. Let A € Pary,_1. Then,
(n—1,n—1,1)> A if and only if all positive integers i satisfy A; < n.

Proof. This simple proof (an exercise in following Definition is left to the reader.
O

Lemma 4.5. Let n be an integer such that n > 1. Let A € Par,,. Then, (n —1,1)>A
if and only if all positive integers i satisfy A; < n.

Proof of Lemma This is analogous to the proof of Lemma O

The next lemma identifies the left hand side of Theorem (a) as the Petrie
symmetric function G (1, 1), and the left hand side of Theorem |4.2| (b) as the Petrie
symmetric function G (n,2n —1):

Corollary 4.6. Let n be an integer such that n > 1. Then:

(a) We have
Y, my=G(nn).
A€Pary;
(n—1,1)pA
(b) We have

Y, my=Gn2n-1).
A€Pary,_1;
(n=1n=11)pA

Proof. (b) Proposition 2.3](c) (applied to k = n and m = 2n — 1) yields

G(n2n—-1)= 2 x* = Z mp. (84)
aeWC; A€Par;
|a|=2n—1; |A|=2n—1;
a;<n for all i Ai<n for all i

But Lemma [4.4] yields the following equality of summation signs:

A€Pary, _1; A€Pary, _1; A€Par;
(n—1,n—11)pA  A;<nforalli |A|=2n—1;
Aj<n for all i
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Hence,

) my= Y.  m.

AePary,_1; A€Par;
(n—1,n—1,1)pA |A|=2n—1;
Aj<n for all i

Comparing this with (84), we obtain
my=G(n2n—1).

A€Pary, _1;
(n—1,n—11)>A

This proves Corollary [4.6| (b).
(a) This is analogous to Corollary (4.6 (b), but uses Lemma (4.5 instead of Lemma
E4 O

It was Corollary 4.6| that led the author to introduce and study the Petrie sym-
metric functions G (k,m) in general, even if little of their general properties has
proven relevant to Theorem

The next proposition gives a simple formula for certain kinds of Petrie symmetric
functions:

Proposition 4.7. Let n be a positive integer. Let k € {0,1,...,n — 1}. Then,

G (n,n+k) = hyyr — hgpa

Proposition .7 can be viewed as a particular case of Theorem (applied to n
and n + k instead of k and m), after realizing that in the sum on the right hand side
of Theorem only the first two addends will (potentially) be nonzero in this
case. However, let us give an independent proof of the proposition.

Proof of Proposition Fromk € {0,1,...,n —1}, we obtain k < nand thus n+k <
n 4 n. Thus we conclude:

Observation 1: A monomial of degree n + k cannot have more than one
variable appear in it with exponent > n (since this would require it to
have degree > n +n > n +k).

Let 9 be the set of all monomials of degree k. The definition of /i shows that
hy is the sum of all monomials of degree k. In other words,

meNy,

Let 901, be the set of all monomials of degree n + k. The definition of h,,
shows that /1, is the sum of all monomials of degree n 4 k. In other words,

hn+k = Z n. (86)

nEf)ﬁn+k
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Let 91 be the set of all monomials of degree n + k in which all exponents are
< n. These monomials are exactly the x* for « € WC satisfying |¢| = n + k and
(aj < n for all 7). Hence,

2 n= Z x*. (87)
neNn aeWC;
|a|=n+k;

a;<n for all i

But Proposition 2.3| (c) (applied to n and n + k instead of k and m) yields
Gnn+k)y= Y x*= Y  m.

aeWC; A€Par;
|a|=n+k; |A|=n+k;
a;<n for all i Aj<n for all i
Hence,
Gnn+k)= Y x*=)Y n (88)
aeWC; neNn
la|=n-+k;

a;<n for all i

(by (87)).

Clearly, the set 91 is a subset of 9M,, ,, and furthermore its complement 9, \ N
is the set of all monomials of degree n + k in which at least one exponent is > n.
Hence, the map

My x {1,2,3,...} = My \ N,
(m, 1) — m-x}

is well-defined (because if m is a monomial of degree k, and if i € {1,2,3,...},
then m - x}' is a monomial of degree k +n = n + k, and the variable x; appears
in it with exponent > n). This map is furthermore surjective (for simple reasons)
and injective (in fact, if n € M, \ N, then n is a monomial of degree n + k, and
thus Observation 1 yields that there is at most one variable x; that appears in n
with exponent > n; but this means that the only preimage of n under our map is

(—n, z) ). Hence, this map is a bijection. We can thus use it to substitute m - x}' for
x!
1
n in the sum Y. n. We thus obtain

nEM, ., \N

Y oa- ¥ m~x¢=(zm)- ”
ie{l,

nEM,,(\N (mi)eMx{1,2,3,...} meM 2,3,.}

:pn

:hk
(by (83))
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But becomes
ik = Z n= Z n + Z n (since M C M, ¢)
neM,, nfj/t_ . neM, 1 \N
=G(n,n+k) =hypy

(by B8) (by )
=G (n,n+k)+ hgpn.
In other words,
G (n,n+k) = hyyi — hipn.
This proves Proposition 4.7} O
We note in passing that the idea used in the above proof of Proposition 4.7 can be

generalized to yield a second proof of Theorem using an inclusion/exclusion
argument

Corollary 4.8. Let n be an integer such that n > 1. Then:

(a) We have
Z mA = hn - pn.

A€Pary,;
(n=1,1)pA

34 Here is an outline of this second proof: For any positive integer k and any m € IN, we have

Gkmy= Y x= Y (-pl Yy X

xeWGC; 1C{1,23,..} xeWC;
|ac|=m; |ac|=m;
w; <k for all i w; >k for all iel
S —
:<H Xf) v xP
iel BEWG;
|Bl=m—Kk|I]

(by an infinite-set version of the inclusion-exclusion principle)

= )3 <—1>”(Hxi">' Y, X

1C{1,23,...} iel BEWC;
— |Bl=m—k|I|
= Z Z N ——’
PEN  [C{123,..}; =huw_x1
Hl=p

Y r o (H) o

peN 1C{1,23,.}; " \iel
|I]=p :(71)19 :hmfkp
(since |I|=p)
=Y (Dhury Y TIdf= 1 () sy fi(ep)
p p
peN 1C{1,23,...}; i€l peN
I=p
=fi(ep)
(this is easy to check)

= 2 (—1)ihm7ki i (e) -

ielN
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(b) We have
Z my = hyy—1—hy_1Pn-

A€Pary,_1;
(n—=1n-11)pA

Proof. (b) Corollary [4.6| (b) yields

) my=Gn2n—-1)=Gmnn+(n-1)) (since2n —1=n+ (n—1))
A€Pary,_1;
(n—1,n—1,1)>A
= Myy(n—1) — hu-1Pn (by Proposition 4.7, applied to k = n — 1)
- th—l - hn—lpn-

This proves Corollary 4.§] (b).
(a) Corollary [4.6| (a) yields

Y, my=G(nn)=G(nn+0)

A€Pary,;
(n=1,1)pA
=hpto— ho pan (by Proposition 1.7} applied to k = 0)
—h, =1
— hn — pn.
This proves Corollary [4.8] (a). O

Our next claim is an easy consequence of Proposition

Corollary 4.9. Let n be a positive integer. Then,

n—2 .
o —pn =) (_1)Zs(n—1—i,1i+1)‘
i=0
Proof. Proposition [I.1] yields
n—1 ) 0 n—1 .
1 1
pu=2 (“U'su iy = (D0 Seeopy X (5D s
i=0 VT ——— i=1

so that
n—1 ) n—1 . n—1 1
1 1 1—
i pn = z; =) S(n—ii) = i=1 <_ﬁ(:—1) ),S(”_"/F) - i=1 =) *(n-ini)

n—2 ;
= ;} (=1) S(n—1-i1+1)
i=
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(here, we have substituted i + 1 for i in the sum). O
We can now immediately prove Theorem [4.2] (a):
Proof of Theorem |.2) (a). Corollary [4.8| (a) yields

n—2 .
Y my=hy—pa=) (1) S(n-1-i141) (by Corollary [£9) .
A€Pary,; i=0
(n—1,1)5A
This proves Theorem (a). O

We shall use the skewing operators f- : A — A for all f € A as defined in
[GriRei20, §2.8] or in [Macdon95, Chapter I, Section 5, Example 3]. The easiest
way to define them (following [Macdon95, Chapter I, Section 5, Example 3]) is as
follows: For each f € A, we let f* : A — A be the k-linear map adjoint to the map
Ly: A — A, g fg (that is, to the map that multiplies every element of A by f)

with respect to the Hall inner product. That is, = is the k-linear map from A to A
that satisfies

<g,fL (a)>:(fg,a> foralla € Aand g € A.

It is not hard to show that such an operator f= exist The definition of f*
in [GriRei20, §2.8] is different but equivalent (because of [GriRei20, Proposition
2.8.2(i)]). One of the most important properties of skewing operators is the follow-
ing fact ([GriRei20, (2.8.2)]):

Lemma 4.10. Let A and u be any two partitions. Then,

sj (1) = sa/u- (90)
(Here, s)/, is a skew Schur function, defined in Subsection )

Using skewing operators, we can define another helpful family of operators on
A:

Definition 4.11. For any m € Z, we define a map B, : A — A by setting
By (f) = Y (—1) hyrief f forall f € A.
ieN

It is known ([GriRei20, Exercise 2.9.1(a)]) that this map B, is well-defined and
k-linear.

3This is not completely automatic: Not every k-linear map from A to A has an adjoint with respect
to the Hall inner product! (For example, the k-linear map A — A that sends each Schur function
s) to 1 has none.) The reason why the map Ly : A — A, ¢ — fg has an adjoint is that when
f is homogeneous of degree k, this map Ly sends each graded component A, of A to Ay, iy,
and both of these graded components A, and A, are k-modules with finite bases. (The case
when f is not homogeneous can be reduced to the case when f is homogeneous, since each
f € Ais a sum of finitely many homogeneous elements.)
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(Actually, the well-definedness of By, is easy to check: If f € A has degree

d, then all integers i > d satisfy e; f = 0 for degree reasons, and thus the sum
Y. (=1)"hyiei- f has only finitely many nonzero addends. The k-linearity of B,
ieEN

is even clearer.)

The operators B, for m € Z have first appeared in Zelevinsky’s [Zelevi81, §4.20]
(in the different-looking but secretly equivalent setting of a PSH-algebra), where
they are credited to J. N. Bernstein. They have since been dubbed the Bernstein
creation operators and proved useful in various contexts (e.g., the definition of the
“dual immaculate functions” in [BBSSZ13] takes them for inspiration). One of their
most fundamental properties is the following fact (which originates in [Zelevi81,
4.20, (**)] and appears implicitly in [Macdon95| Chapter I, Section 5, Example 29]):

Proposition 4.12. Let A be any partition. Let m € Z satisfy m > A;. Then,

Y (=) hygiei Sa = S(may Ap s, )- (91)
ieN

See [GriRei20, Exercise 2.9.1(b)] for a proof of Proposition Thus, if A is any
partition, and if m € Z satisfies m > A4, then

Bu(sy) =), (—1)i Nyuyi€i-sa (by the definition of By,)
i€eIN
= S(m,)Ll,)\z,)\g,,...) (by ) ° (92)
Lemma 4.13. Let n be a positive integer. Let m € IN. Then, B, (h,) = hyh, —
hm+1hn—1-

Proof of Lemma We have ey = 1 and thus ey = 1+ = id. Hence, ¢5 (hy) = hy.
We shall use the notion of skew Schur functions s, /,, (as in Subsection . Recall
thats,,, = 0 when u Z A.
From e; = S(1) and h,, = S(n), We obtain

ei (hn) = sy (S(n)> = S(n)/(1) (by (00)) .

But it is easy to see that s,),1) = S(,—1). (Indeed, this follows from the com-
binatorial definition of skew Schur functions, since the skew Ferrers diagram of
(n) / (1) can be obtained from the Ferrers diagram of (n — 1) by parallel shif
Alternatively, this follows easily from Theorem because s(;,_1) = hp—-1.)

Thus, we obtain

ef_ (hn) = S(n)/(1) = S(n-1) = hp—1.

36See [GriRei20, §2.3] for the notions we are using here.
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For each integer i > 1, we have

ef (hp) = S(Ll,.) (s(,,,)) (since e = s(li) and h, = s(n)>
=soy/) Gy ED)
=0 <since <1i> Z (n) (because i > 1)) . (93)

Now, the definition of B, yields

By (y) = Y (—1) hyyiei ()

ieN
= (_1)Ohm+0 ey (hn) + (_1)1 hmstei (ha) + 2 (=1) hyyiei ()
\\,1_/51:./\_\11,_/ \‘,I/ ;;,_/ i=2 \_
S o (by ©3)
= hmhn - hm+lhn71-
]
| Corollary 4.14. Let n be a positive integer. Then, B, _1 (h,) = 0.
Proof. Apply Lemma to m = n — 1 and simplify. O

Lemma 4.15. Let m € IN. Let n be a positive integer. Then, By, (pn) = hupn —
hm+n.

Proof. This is [GriRei20, Exercise 2.9.1(f)]. But here is a more direct proof: We will
use the comultiplication A : A — A ® A of the Hopf algebra A (see [GriRei20,
§2.3]). Here and in the following, the “®” sign denotes ®y. The power-sum sym-
metric function pj, is primitive | (see [GriRei20, Proposition 2.3.6(i)]); thus,

A(pn) =1@pn+pr @ 1.

Hence, for each i € IN, the definition of el-L given in [GriRei20| Definition 2.8.1] (not
the equivalent definition we gave above) yields

ei (pn) = (ei, 1) pu + (ei, pu) 1. (94)

%7Recall that an element x of a Hopf algebra H is said to be primitive if the comultiplication Ay of
H satisfies Ay (x) =1@x+x® 1.
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Now, the definition of B, yields

B (pn) = Z (_1>ihm+i ez‘L (pﬂ)
ieN S~
:<eirl>Pn+ ei;Pn>1

(by (94))
= ) (=)' hmsi ({ei, 1) pu + (eis pu) 1)
icIN
= Y (D'hygi- (e Ypn Y (=) hygi - (e, pa) 1
(R ) (R )
:(—1)Ohm+0~(eo,1>pn :(*1)nhm+n'<emi’n>l
(because the Hall inner product (e;,1) (because the Hall inner product {e;,pn)
equals 0 whenever i7#0 (by (@2)), equals 0 whenever i#n (by (2)),
and thus the only nonzero addend of this ~ and thus the only nonzero addend of this
sum is the addend for i=0) sum is the addend for i=n)
0
= (=1) hmso- (o, 1) pu+ (=1)" hypsn - (€n, Pn) 1
—— N N ——
=1 =hy :<1,1>:1 :(_1)”_1
(by Proposition
-1
= Nppn + (_1)11 Bt - (_1)11 14 = hmPn — Npyn-
=—Hhmin
]
Lemma 4.16. Let n be a positive integer. Then,
B, 1 (hn - Pn) = hyp_1 — hnflpn-
Proof. The map B,,_; is k-linear. Thus,
By 1(hn—pn)= Bua1(hu) — Bu_1(pn)
N — —_———
=0 :hnflpn_h(n—l +
(by Corollary (by Lemma n
applied to m=n—1)
= — (hnflpn — h(n—l)—i—n) — h(n—1)+n _hn—lpn - thfl - hn—an-
h\/d
=hau—1
[l

Lemma 4.17. Let n be a positive integer. Then,

n—2

B 1 (hn — pn) = Z (_1)1.5(”,1,”*1,1',1#1)-
i=0
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Proof of Lemma We have

n—2 .
B, 1(hy —pn) =B, (Z (—1)' s(nll.,l,-ﬂ)) (by Corollary 4.9))

i=0

n—2 .
= Z (—1)" B, 1 (S(nflfi 11»“)) (since B,,_1 is k-linear)
i=0

-~

:S(n—l,n—l—i,1i+1)
(by (92), applied to m=n—1
and /\:(nfl—i,li“)
(since n—1>n—1-1))

n—2 .
1
=2, (=1 S(n-1,n-1-i1i+1)"
i=0
O
Now the proof of Theorem 4.2/ (b) is a trivial concatenation of equalities:
Proof of Theorem [4.2] (b). Corollary 4.8 (b) yields
Z my = hyy—1 —hy—1pn = By—1 (hn — pn) (by Lemma [4.16))
AePary, _1;
(n—1,n—11)>A
n—2 .
1
=) (-1 S (n—1,1-1-i11+1) (by Lemma [4.17)) .
i=0
O

5. Final remarks

5.1. SageMath code

The SageMath computer algebra system [SageMath] does not (yet) natively know
the Petrie symmetric functions G (k,m); but they can be easily constructed in it.
For example, the code that follows computes G (k, ) expanded in the Schur basis:

Sym = SymmetricFunctions(QQ) # Replace (Q by your favorite base ring.
m = Sym.m() # monomial symmetric functions
s = Sym.s() # Schur functions

def G(k, n): # a Petrie function
return s(m.sum(m[lam] for lam in Partitions(n, max_part=k-1)))
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5.2. Understanding the Petrie numbers

Combining Corollary with Theorem yields an explicit expression of all
coefficients in the expansion of a Petrie symmetric function G (k,m) in the Schur
basis. It would stand to reason if the identity in Theorem {4.2| (b) (whose left hand
side is G (n,2n — 1)) could be obtained from this expression. Surprisingly, we have
been unable to do so, which suggests that the description of pet, (A, @) in Theorem
might not be optimal.

As to pet, (A, i), we do not have an explicit description at all, unless we count
the recursive one that can be extracted from the proof in [GorWil74].

5.3. MNable symmetric functions

Combining Theorem with Proposition we conclude that for any k > 0
and m € IN, the symmetric function G (k,m) € A has the following property: For

any u € Par, its product G (k,m) - s, with s;, can be written in the form Y, u,s)
Ae€Par
with uy, € {—1,0,1} for all A € Par. It has this property in common with the

symmetric functions h,, and e;; (according to the Pieri rules) and p;, (according to
the Murnaghan-Nakayama rule) as well as several others. The study of symmetric
functions having this property — which we call MNable symmetric functions (in honor
of Murnaghan and Nakayama) — has been initiated in [Grinbe20a, §8], but there is
much to be done.

5.4. A conjecture of Per Alexandersson

In February 2020, Per Alexandersson suggested the following conjecture:

Conjecture 5.1. Let k be a positive integer, and m € IN. Then, G (k,m) - p; € A
can be written in the form Y. u,s) with u, € {—1,0,1} for all A € Par.

A€Par
For example,
G(3,4) P2 =511,1,1,11) T 5222) —SGLL1) — 5(33) T 5(4,2)-

Conjecture 5.1 has been verified for all k and m satisfying k + m < 30.
Note that Conjecture 5.1| becomes false if p is replaced by p3. For example,

G(3,4) p3 = —51,111111) T5221,1,1) —252221) T53,21,1) —S4,1,1,1) — 5(43) +5(52)-

5.5. A conjecture of Francois Bergeron

An even more mysterious conjecture was suggested by Francois Bergeron in April
2020:
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Conjecture 5.2. Let k and n be positive integers, and m € IN. Let V be the
nabla operator as defined (e.g.) in [Berger19, §3.2.1]. Then, there exists a sign
Oukm € {1, —1} such that 0,1 ,, V" (G (k,m)) is an IN [g, t]-linear combination of
Schur functions.

Using SageMath, this conjecture has been checked for n = 1 and all k,m €
{0,1,...,9}; the signs oy k., are given by the following table:

1 2 3 45 6 7 8 9
2|4+ + + + + + + + +
3|+ - - - + + + - -
4+ - + + + - + + 4+
50+ — + - — — + — 4+
6|+ — + — + + + — +
7|+ - + - + - - — +
8l+ — + - + — + + +
I+ - + - + - + - -

(where the entry in the row indexed k and the column indexed m is the sign o7 j ,,
represented by a “+” sign if it is 1 and by a “—" sign if it is —1). I am not aware
of a pattern in these signs, apart from the fact that ¢y, = 1 for all m € N (a
consequence of Haiman’s famous interpretation of V (e;,) as a character), and that
01k m appears to be (—1)’”_1 whenever 1 < m < k (which would follow from the

conjecture that (—1)" "' V (h,,) is an N [g, {]-linear combination of Schur functions
for any m > 1).

5.6. “Petriefication” of Schur functions

Theorem shows the existence of a Hopf algebra homomorphism V. : A — A
that sends the complete homogeneous symmetric functions hy,hy, h3, ... to the
Petrie symmetric functions G (k,1),G (k,2),G (k,3),.... It thus is natural to con-
sider the images of all Schur functions s, under this homomorphism Vj. Experi-
ments with small A’s may suggest that these images Vi (s, ) all can be written in

the form Y u,s) with uy € {—1,0,1}. But this is not generally the case; coun-
A€Par

terexamples include V;3 (5(4,4,4)), Vi (S(4’4)> and V, <5(5,1,1,1,1)>. (Of course, it is

true when A is a single row, because of Vj (s(m)> = Vi (hm) = G (k,m); and it is
also true when A is a single column, because the Hopf algebra homomorphism Vj

commutes with the antipode S that sends hy, — (—1)" e, and s, — (—1)M sy
Note that these images Vj (s, ) are precisely the modular Schur functions s, studied
in [Walker94]].
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5.7. Postnikov’s generalization

At the MIT Algebraic Combinatorics preseminar roundtable (2020), Alexander
Postnikov has suggested a generalization of the Petrie symmetric functions that
preserves some of their more elementary properties. In this subsection, we shall
survey this generalization.

Proofs will be sketched (at best); the reader can find the details in the detailed
version [Grinbe20b].

Convention 5.3. We fix a formal power series F € k [[t]] whose constant term is
1. (We will keep this F fixed throughout the present subsection.)

The notations in the following definition will also be used throughout this sub-
section:

Definition 5.4. (a) Let fo, f1, f2, ... be the coefficients of the formal power series

F,sothat F = ) f,t". Thus, fj is the constant term of F; hence, fy = 1 (since
nelN
the constant term of F is 1).

(b) We set f; = 0 for each negative integer i.
(c) For any weak composition «, we define an element f, € k by

fao = fufarfag o

(Here, the infinite product fu, fa, fas - - - is well-defined, since every sufficiently
high positive integer i satisfies ; = 0 and thus f,, = fo = 1.)
(d) We define the power series

GF - Z faxa~ (95)

aeWC

This is a formal power series in k [[x1, X2, x3, . . .]].
(e) For any m € IN, we define the power series

Gem= Y. fux" (96)
aeWC;
|a|=m

This is a formal power series in k [[x1, X2, x3, .. .]].

Example 5.5. Let us see how these power series Gr and Gr ,, look for specific
values of F.

1
(@) Let F = o— =1+ t+ 4 £ 4. Then, f; = 1 for each i € N. Hence,
fa=1-1-1---.=1for any weak composition a. Thus,

=1

Ge= ). fa x*= ) x*

aeWC _"1 aeWC
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and
GEm = Z fa x* = Z x* = hy, for each m € IN.
weWG; " a€WG;
la|=m =1 la|=m

(b) Now, let F = 1. Then, f; = [i = 0] for each i € IN (where we are using
the Iverson bracket notation from Convention 2.4). Hence, f, = [« = @] for any
weak composition a. Thus, it is easy to see that Gr = 1 and Gr,, = [m = 0] for
each m € IN.

(c) Now, fix a positive integer k, and set F = 1+t + 24 ...+t 1 Then,
fi = [i < k] for each i € N. Hence, f, = [] [a; < k] = [a; < k for all 7] for any

i>1
weak composition a. Thus,

Ge=)_ fu x* =Y [a; <k for all i] x"

eWC v eWC
: =[a;<k for all 7] :

since the [¢; < k for all i] factor

= Z x* makes all addends that don’t
<o<k€}/VC;u , satisfy “a; < k for all i” vanish
o; or all i
=G (k).

Likewise, we can see that Gr,, = G (k,m) for each m € IN. This shows that the
Gr and the Gr,, are generalizations of the Petrie symmetric series G (k) and the
Petrie symmetric functions G (k, m), respectively.

The next proposition generalizes parts (a), (b) and (c) of Proposition

Proposition 5.6. (a) The formal power series Gr,, is the m-th degree homoge-
neous component of Gr for each m € IN.
(b) We have

GFZ Z f,xva Z fAmA:ﬁF(xi).

aeWC A€Par
(c) We have
GF,m = Z faxa = Z f)\m)\ eA

aeWC; A€Par;
la|=m |A|=m
for each m € IN.

(d) The formal power series Gr is symmetric.
(e) We have Gro = 1.

Proof of Proposition [5.6 (sketched). Parts (a), (b) and (c) of Proposition [5.6 generalize
the corresponding parts of Proposition and are proved more or less analo-
gously. (The only novelty is the use of a fact that says that f, = f, whenever
a weak composition & is obtained by permuting the entries of a partition A. Of
course, this fact follows from the definitions of f, and f).)
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Part (d) of Proposition[5.6|is clear from part (b). Part (e) follows from fz =1. O
Next, let us generalize Definition

Definition 5.7. Let A = (A, Ay,...,Ay) € Par and p = (yy,p2,..., 4¢) € Par.
Then, the F-Petrie number pet, (A, u) of A and y is the element of k defined by

petp (A, jt) = det ((f)u—y,-—iJrj) 97)

1<i<, 1§j§£) '

Note that this integer does not depend on the choice of ¢ (in the sense that it

does not change if we enlarge ¢ by adding trailing zeroes to the representations
of A and p); this follows from Lemma 5.9/ below.

Example 5.8. For ¢ = 3, the equality (97) rewrites as

f)\ﬁﬂl fM*Herl fAl*H3+2
petF (A/ “Ll) = det f)\2—141—1 f)\z—yz f)\z—]/l3+1
f)\3*ﬂ1*2 fA3*H2*1 f/\3*ﬂ3

We can now state the generalization of Lemma [2.7] that is needed to justify Defi-
nition 5.7t

Lemma 5.9. Let A € Par and y € Par. Let £ € IN be such that A = (A, Ay, ..., Ay)
and u = (p1,M2,...,4¢). Then, the determinant det ((f/\l-—y]-—iﬂ)

does not depend on the choice of /.

The slickest way to prove Lemma [5.9]is using a k-algebra homomorphism «f :
A — k that generalizes the homomorphism ay from Definition Let us introduce
this homomorphism ar (which will also be used in other proofs). We recall the h-
universal property of A, which was stated in Subsection

Definition 5.10. The h-universal property of A shows that there is a unique k-
algebra homomorphism ar : A — k that sends h; to f; for all positive integers i.
Consider this ar.

We will use this homomorphism ar several times in what follows; let us thus
begin by stating some elementary properties of ar.

Lemma 5.11. (a) We have
ar (hi) = fi for all i € IN. (98)

(b) We have

ar () = f; foralli € Z. (99)
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(c) Let A be a partition. Define &, as in Definition Then,

ap (hy) = fa- (100)
Proof of Lemma (sketched). Analogous to the proof of Lemma O
Proof of Lemma [5.9| (sketched). Adapt any of the two proofs of Lemma (In adapt-
ing the first proof, use ar instead of wy.) O

We now come to more substantive properties of Gr and Gr .
The following theorem generalizes Theorem

Theorem 5.12. We have

Gr = Z petr ()&,@) Sa
A€Par

(Recall that @ denotes the empty partition () = (0,0,0,...).)

The following corollary (which already appeared in [Stanle01, Exercise 7.91 (d)])
generalizes Corollary

Corollary 5.13. Let m € IN. Then,

The following theorem generalizes Theorem

Theorem 5.14. Let y € Par. Then,

Gr-su= ) petp (A p)s)
A€Par

The following corollary generalizes Corollary

Corollary 5.15. Let m € IN. Let u € Par. Then,

Gem-su= ), petp(Au)sy

AGParmHm

Proofs of Theorem [5.14}, Corollary [5.15, Theorem [5.12 and Corollary [5.13| (sketched). These
proofs are analogous to the proofs of Theorem [2.17, Corollary 2.18, Theorem [2.9 -
and Corollary [2.10} respectively (but using ar mstead of ay).
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Proposition [5.6] (c) shows that Gg,, € A for each m € IN. Hence, we can apply
the comultiplication A of the Hopf algebra A to Gr,. The next theorem (which
generalizes Theorem [2.19) gives a simple expression for the result of this:

Theorem 5.16. Let m € IN. Then,

m
A(Gem) = Y_ Gri ® GEm—i.
i=0

Proof of Theorem (sketched). Proposition5.6((b) tells us that Gr = [] F (x;). Com-
i=1
paring this with the equality G = ). Gpy (which follows from Proposition
keN
(a)), we obtain

Y Gpy = HF (101)
keIN

Substituting the variables v1,12,y3, ... for the variables x1, x2, x3, . .. in this equality,
we obtain

o0

Y Gre(y) =TTF ) (102)

keIN i=1
Substituting the variables x1,x2,x3,...,Y1,Y2,Y3,... for the variables x,xp,x3,...

on both sides of the equality Gr = [] F (x;), we obtain
i=1

(np )(ﬁw»): > G (Zcmw)

=1
o 4 =Gri(x)
=) GF,k = Z ka( )

Gy (OD)  (by (103)
= (Z Grx (X)> (Z Grx (Y)> = ). Gri(x)Ggi(y).
keN keN (i,j)eNxIN

Comparing the m-th degree homogeneous components of both sides of this

equality, we find
Gem(xy) =},  Gri(x)Gg;(y)

(i,j))ENxIN;
i+j=m
(since Proposition [5.6] (a) shows that the m-th degree homogeneous component of
Gr (x,y) is Gry, (x,y), while that of the sum ) Gri(x) Grj(y) isthe
(i)ENXN -

homogeneous of degree i+j
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subsum Y Gri(x)Gpj(y)) Thus,

(i,/) ENxN;
i+j=m
Gem(xy)= Y. Gpri(x)Ggi(y)= ), Gri(x)Gem_il(y)-
(i,/)ENxN; i€{0,1,...,m}
i+j=m

Hence, holds for f = Gpu, I = {0,1,...,m}, (f1,i)ic; = (GF/i)ie{O,l,...,m} and
(foi)ic; = (GF/m—i)ie{O,l,...,m}' Therefore, @) (applied to these f, I, (f1,);c; and
(f2,i)icp) yields

m

AGem)= Y, Gri®Gpm_i=)_ Gri®Grm_i
i{0,1,...m} i=0

This proves Theorem O

The next few results we will state rely on the following definition:

Definition 5.17. Let F’ be the derivative of the formal power series F € k[[t]].
/

Let us write the formal power series 7 € k [[t]] (which is well-defined, since F
!/

F
has constant term 1) in the form 7= Y. yut" for some yg, 71,72, --- € k.
nelN

Example 5.18. Let us see how F’ and 7, look for specific values of F.

1
@LetF=-—=1+4+t+t2+t3+.... Then, F = 5, 50 that
1—t (1—1t)
jad 1
= 14t PP = £,
i il Sk %%

Therefore, v, = 1 for each n € IN.

F/
(b) Now, let F = 1. Then, F/ = 0, so that 7= 0= Y 0t". Therefore, v, =0
nelN
for each n € IN.

(c) Now, fix a positive integer k, and set F = 1+t + 24 ...+ t*1 Then,
1—tk

F =
1-—t

, and thus a simple calculation using the quotient rule shows that
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_ k _ p4k—1
F = 1+ (k1) 5 kt . Hence,
(1-1)
F'ool4 (k-1 —ktt 1 VSIS
F (1—t)(1—t) 1—t 1—tk
N N——
:neE]NtL :ne):]N(tk)
=Y -kt Y (tk>n: Yot — Y k"
nelN nelN nelN nelN;
~ ~- kln+1
=Y Jethtk—1
nelN
= Y k"
nelN;
k|n+1
= Z (1—[k|n+1]k)t".
nelN
Therefore, v, =1 — [k | n + 1] k for each n € IN.

The next proposition is easily seen to generalize Proposition [2.24}
| Proposition 5.19. Let m be a positive integer. Then, (pm, Grm) = Ym—1-

The proof of this proposition relies on the following property of the k-algebra
homomorphism ar : A — k from Definition [5.10;

| Lemma 5.20. We have ar (py) = vn—1 for each positive integer m.

Proof of Lemma [5.20| (sketched). Consider the ring A [[t]] of formal power series in
one indeterminate t over A. Consider also the analogous ring k [[t]] over k.

The map ar : A — k is a k-algebra homomorphism, and therefore induces a
k [[t]]-algebra homomorphism

ap [[#] = A[E]] = K [[¢]

that sends each formal power series ). a,t" € A[[t]] (witha, € A)to Y af (a,)t".
n>0 n>0
Consider this k [[t]]-algebra homomorphism af [[t]].
Define the formal power series

H() =TT -0 € (k[lx, v, (], (103)
i=1

Then, from [GriRei20, (2.4.1)], we know that
H(t)=) =Y hat" € A[[H].

hn (x)
n20§’_/ n>0

—Itn
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It is now easy to see that

(ap [[t]]) (H (8)) = F. (104)

(Indeed, this follows by straightforward computations using the definition of ar [[¢]]

from H (t) = Y hut" and from Lemma 5.11{(a).)
n>0

Also, it is easy to see that the map ar [[t]] respects derivatives: i.e., any power
series u € A[[t]] satisfies (ar [[t]]) (/) = ((ar[[t]) (u)). Applying this to u =
H (t), we obtain

(ar [[1]]) (H'(£)) = (grxp [14]) (H (t))) =F. (105)
=F
From [GriRei20, Exercise 2.5.21], we know that
m_ H (1)
EO Pt = Fripy (106)

Applying the map ar [[t]] to both sides of this equality, we find

(ar [[t]]) (Z Pm+1fm> = (e [lt]]) (IZII((:))) B ((o;i[[[[tf]]]])) ((Z((:))))

m>0

(since af [[t]] is a k-algebra homomorphism)
/

F
-~ (by (09 and (I08))
Yt =Y mat".
€N

__n n>0
Comparing this with
(ap [[t]]) ( ) pm+1tm> =Y ap (pmya) " (by the definition of ar [[t]]),
m=>0 m>0
we obtain

Z ap (pmy1) £ = Z Yut".

m=>0 n>0

Comparing t"-coefficients on both sides of this equality, we find
ar (Pnt1) = Tn for each n € IN.

In other words, afr (p) = Ym—1 for each positive integer m. This proves Lemma

5.201 O
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A€Par;
[A|=m

Proof of Proposition (sketched). Proposition(c) yields Gk, = Y. fam,. Hence,

(Pm, GEm) = <Pm, Y. fAm/\> = Y fulpmmy) (107)

A€Par; A€Par;
|A|=m |A[=m

(since the Hall inner product is k-bilinear).

Now, recall that the bases (1)), .p,, and (hp),p., of A are dual to each other
with respect to the Hall inner product (-, -). Hence, every a € A satisfies

a= Y (mya)h,
A€Par
(by a general property of dual bases with respect to symmetric bilinear forms).
Applying this to a = p;;, we obtain

pm=Y, (mypm)yhr= Y, @/\\/P_mz h+ ), (mp, pm) hy

AePar A€EPar; < > A€EPar; "
Al=m = \Pm A Al#m .=
Al (since the Hall inner A7 (by r since m, and pm
product is symmetric) are homogeneous

of degrees |A| and m
(and since |A|#£m))

- Z <pmz m/\> h)\'
A€Par;

|A|=m

Applying the map ar to both sides of this equality, we find

ap (pm) = Y, (pmmy)  ap (hy) (since the map ar is k-linear)
A€Par; tf_/
Al = (by Lemma 511] ()
- Z <pm/m/\> f/\ - Z f/\ <pmz m/\> .
A€Par; A€Par;
[A|=m [A|l=m
Comparing this with (107), we obtain
(Pm, GEm) = & (Pm) = Ym-1 (by Lemma [5.20]) .
This proves Proposition [5.19 O

We can now generalize Theorem m

Theorem 5.21. Assume that all the elements 7, 1, 72, . .. are invertible in k.

Then, the family (Grs),,~; = (Gr1,Gr2,Gr3,...) is an algebraically inde-
pendent generating set of the commutative k-algebra A. (In other words, the
canonical k-algebra homomorphism

k [ul, Un, Uz, .. ] — A,
um —> GF/m
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| is an isomorphism.)

Proof of Theorem (sketched). Analogous to the proof of Theorem but using
Proposition (and Proposition instead of Proposition (and Proposition

2.3). O

Remark 5.22. It is not hard to verify that the converse of Theorem also holds:
If the family (Gru),,~1 = (Gr1,Gr2, Grga,-..) generates the k-algebra A, then
all the elements 7o, 71, 72, . - - are invertible in k. We omit the proof of this.

The next theorem generalizes parts of Theorem (specifically, it generalizes
the properties of the map Vj stated in Theorem even though it defines this

map differently)

Theorem 5.23. The h-universal property of A shows that there is a unique k-
algebra homomorphism Vr : A — A that sends h; to G for all positive integers
i (since Gr; € A for each positive integer 7). Consider this Vr.

(@) This map Vr is a k-Hopf algebra homomorphism.

(b) We have V¢ (hy,) = Gp,, for each m € IN.

(c) We have Vr (pn) = Yu_1pn for each positive integer n. (See Definition [5.17]
for the meaning of v,_1.)

Proof of Theorem (sketched). (b) When m is positive, this follows from the very
definition of Vr. It remains to prove this for m = 0. However, this boils down to
showing that Vr (1) = 1, which is clear (since Vr is a k-algebra homomorphism).

(a) Let A and ¢ be the comultiplication and the counit of the Hopf algebra A.
Both A and ¢ are k-algebra homomorphisms. It suffices to show that Ao Vr =
(VE® VE) o A and € o Vi = e. We shall show that Ao Vg = (VF ® VE) o A only; the
proof of e o Vg = ¢ is similar but much simpler (since ¢ sends any homogeneous
symmetric function of positive degree to 0).

Recall that the family (h,),-, generates A as a k-algebra. Thus, in order to
prove that Ao Vp = (VE® VE) o A, it suffices to prove the equality (Ao Vr) (h,) =
((VE® Vg) o A) (hy) for each n > 1 (since both Ao Vp and (VrF® VE) o A are k-
algebra homomorphisms). In view of Theorem (b), this equality rewrites as

n
A(Grn) = ¥ Gp; ® Gp,—;. But this follows directly from Theorem [5.16
i=0
(c) This is best proved using the notion of a logarithmic derivative. Let us first

define it in full generality, without any assumptions on k.

If R is a commutative ring, and if F € R [[t]] is any formal power series whose
constant term is 1 (or, more generally, any formal power series that has a mul-
tiplicative inverse), then the logarithmic derivative of F is defined to be the formal

/

F
power series 7 € R [[t]] (this is well-defined, since F is invertible). This logarithmic
derivative is denoted by lder F.

38We recall the “h-universal property of A”, which we stated in Subsection
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The following properties of logarithmic derivatives are easy to provelﬂ

1. Let R be a commutative ring. Let u,v € R|[[t]] be two formal power series
whose constant terms are 1. Then, lder (uv) = lder u + lder v.

(Proof: Just recall the definition of logarithmic derivatives and the Leibniz law
(uv) = u'v+ uv'.)

2. Let R be a commutative topological ring. Let (uy),cny = (M0, U1, U2, ...) €

R[[f]]N be a sequence of formal power series whose constant terms are 1.
Let u € R|[[t]] be a formal power series whose constant term is 1. Assume
that lim u, = u (with respect to the standard topology on R [[t]] induced by

n—00
the topology on R). Then, nh_r)n (Ideru,) = lderu (with respect to the same
topology on R [[t]]).

(Proof: Let R [[t]]; be the set of power series in R [[t]] whose constant term is
/

1. Argue that lim (u),) = u’ first; then argue that the map
n—,oo
R < R[t]ly — R[],
(v,w) — g
’ w
is continuous.)

3. Let R be a commutative ring. Let uq,us,...,u, € R|[[t]] be finitely many
formal power series whose constant terms are 1. Then,

n n
lder (H ul-) =) Ideru;.
i=1 i=1

(Proof: Induction on 1, using Property 1 in the induction step.)

4. Let R be a commutative topological ring. Let uy,up,u3,... € R][t]] be in-
finitely many formal power series whose constant terms are 1. Assume that
[o°]

the infinite product [] u; converges (with respect to the standard topology
=1

1=
[ee]

on R[[t]] induced by the topology on R). Then, the infinite sum Y lderu;
i=1
converges as well, and we have

lder (lo—o[ ui) = ilder Uj.
i=1 i=1

(Proof: This is the “n — oo” limit of Property 3. Use Property 2 to pass to this
limit.)

%If R is a commutative Q-algebra, then the logarithmic derivative Ider F of a power series F € R [[t]]
equals the derivative of log F. This trivializes many of the properties stated below; but this
shortcut is not available when R is merely an arbitrary commutative ring.
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5. Let R be a commutative ring. Let u € R [[t]] be a formal power series whose
constant term is 1. Let A € R. Then,

Ider (u (At)) = A - (1deru) (At).

(Proof: This follows from the equality (u (At))" = A - u’ (At), which is an easy
consequence of the chain rule but also easy to check directly.)

6. Let R and S be two commutative k-algebras. Let « : R — S be a k-algebra
homomorphism. As we know, « induces a k [[t|]-algebra homomorphism

al[t]] s R{MH] — S]]
that sends each power series Y. a,t" € R[[t]] (witha, € R) to Y a (a,)t" €
n>0 n>0
S [[H]]-

Let u € R[[t]] be a formal power series whose constant term is 1. Then, the
constant term of the power series (« [[t]]) () is 1, and we have

der ((« [[A]]) (1)) = («[[f]]) (ider ).

(Proof: This is essentially saying that the logarithmic derivative is functorial
with respect to the base ring. The proof is straightforward.)

Now, let us come back to proving Theorem (0):

Consider the ring (k[[x1,x2, x3,...]]) [[t]] of formal power series in one indeter-
minate ¢ over k [[x1, X2, x3,...]]. This ring is a topological ring, where the topology
is the standard one induced by the standard topology on k [[x1, X2, X3, .. .]] (not the
discrete topology!). This topological ring (k [[x1, x2, X3, ...]]) [[t]] is, of course, iso-
morphic to k [[x1, X2, x3, ..., t]]. The ring A [[t]] is a subring of (k [[x1, x2, x3,...]]) [[t]]-

Now, for each m € IN, we know that Gr,, is homogeneous of degree m (by
Proposition 5.6 (a)), and therefore satisfies

Gp,m (txl, txz, tX3, .. ) = i’m . GF,m (108)

(since any formal power series u € k [[x1, x2, x3, . ..]] that is homogeneous of degree
m satisfies u (fxq, txp, txs,...) = t" - u).
On the other hand, from (101), we obtain

IO—OIF(xi) =) Grr= Y, Gem
i—1

keIN melN

Substituting tx, txs, tx3, ... for x1, x, x3, ... on both sides of this equality, we obtain

o

HF (tx;) = Z Grm (tx1,txp, txs,...)

i=1 meN e 4
=Gl m

(by (08))
= Y " Gpm. (109)

melN
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The map Vr : A — A is a k-algebra homomorphism. Hence, it induces a k [[t]]-
algebra homomorphism
Ve [[1]: AlH] — A[H]

that sends each formal power series Z ant" € A[[t]] (witha, € A)to Y Vg (a,)t"

n>0
Consider this Vg [[t]].
Define the formal power series H (f) as in (103). Then, from [GriRei20, (2.4.1)],

we know that
Zh = Zhnt”EA[[t]].

n>0 n>0

=Hn

Moreover, H (t) = Y hut" shows that the constant term of H (t) is hgp = 1. Thus,
n>0

lder (H (t)) is well-defined.

Applying the map Vr [[t]] to both sides of the equality H (t) = ). h,t", we obtain
n>0

(Ve [[1]]) (H (#)) = (VE [[H]) (th”>— Y. Ve(w) o #

n>0 n>0
~ =Gr
=y (by Theoremn(b))

nelN

(by the definition of Vr [[t]])

=Y Gput"= ) t"-Gru= ) t" Gpm

neN neN meN
Comparing this with (109), we find
(Ve [[1]) (H (8)) = T T F (i) (110)

Now, the definition of lder (H (t)) yields

t
Ider (H (1)) = t) =Y pupt” (by (106))
m>0
= ) Pnpat”.
n>0

Applying the map Vi [[t]] to both sides of this equality, we find

(Ve [[#]]) (der (H (1)) = (Ve [[H]) (Z Pn+1f”> = Y Ve(pnsa) t"

n>0 n=0
-
nelN
(by the definition of Vf [[t]])
= Y Ve(pusra) t". (111)

nelN
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Now is the time to use our above list of properties of logarithmic derivatives.
Recall that the constant term of H (¢) is 1. Hence, Property 6 of logarithmic deriva-
tives shows that the constant term of the power series (V¢ [[t]]) (H (¢)) is 1, and that

we have
\der (Ve [[)) (H (£))) = (Ve [[]]) (Ider (HL (+))). (112)
Now, yields
YV (pnsa) " = (Ve [[t]]) (Ider (H (1))

neN
—lder (Ve [[]) (H (1)) (by (1))
= lder (ﬁF (txl-)> (113)
i=1
(by (110)).

Now, the infinite product [] F (fx;) converges (as we know from (109)). Hence,
i=1

Property 4 of logarithmic derivatives yields that the infinite sum ) lder (F (tx;))
i=1
converges as well, and that we have

lder (ﬁF (txi)> = ilder (F (tx;
i=1

i=1

Hence, (113) rewrites as

Y Ve (pusa) t" = Zlder ( (\ta&/)) = i Ider (F (x;t))

€N i=1 =1 N
" ! =x;-(1der F)(x;t)
(by Property 5
of logarithmic derivatives)

:Xl'i’

x; - (lder F) (x;t). (114)

e

I
—_

1

The definition of lder F yields
derF=— =) yut"
nelN

Hence, for each i € {1,2,3,...}, we have

(Ider F) ( Z Yn (x;t)" = Z Ynxit". (115)
nelN " 4eN

—xn
x;i't
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Now, (114) becomes

o0
Y Vi (puyr) t" = le (1der F) (x;t) le Yooyuxftt =Y Y xiyax] "
neN i=1 V—’ i= neN i=1 neN ~—~—7
= © " LA
nelN 00 i
(by (T15)) =r X
nelN i=1
o0 o0
_ n+1 n __ n+1 n __ n
= L= T (L] r = T et
nelN i=1 nelN =1 nelN
~——
=x;’+1+x;+1+x§+l+---

=Pn+1
(by the definition of p;11)
Comparing coefficients before t" in this equality, we conclude that
VE (Pn+1) = YnPn+1 for each n € IN.

In other words, Vr (pn) = yn—1pn for each positive integer n. This proves Theorem

(c). O

Our next (and last) few results are not generalizations of any properties of Petrie
functions. To state them, we take a somewhat more high-level point of view. We
forget that we fixed the power series F. Instead, for every power series F € k [[t]]
whose constant term is 1, we define a power series Gr according to Definition
(d). Moreover, for every power series F € k [[t|]] whose constant term is 1, and for
every m € IN, we define a power series Gr,, according to Definition (e). We
then have the following;:

Proposition 5.24. Let A and B be two power series in k [[t]] whose constant terms
are 1. Then:
(@) We have G = G4Ggp.
n
(b) Let n € IN. We have Gapn = Y GaiGpy—i-
i=0

Proof of Proposition (sketched). The power series AB has constant term 1 (since
A and B have constant term 1). Thus, G4p is well-defined, as is Gap, for each
n € IN.

(a) Proposition |5.6| (b) yields that G = H F (x;) for any power series F € k[[t]]

whose constant term is 1. Applymg this to F = Aandto F = Band to F = AB
yields G4 = H A (x;) and Gg = H B (x;) and
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This proves Proposition (a).
(b) Proposition (a) yields Gap = G4 Gpg. Thus, the n-th degree homogeneous
components of G4p and of G4Gp are equal. But this means precisely that Gap, =
n
Y. Ga,iGp—; (by Proposition |5.6/(a)). This proves Proposition [5.24| (b). O
=0

1=

Finally, we can express the image of the symmetric function Gr, under the an-
tipode of A (a result suggested by Sasha Postnikov):

Theorem 5.25. Let S be the antipode of the Hopf algebra A. Let F € k[[t]] be a
formal power series whose constant term is 1. Then, for each n € IN, we have

$(Grn) = Gpi . (116)

Proof of Theorem (sketched). Let A and € be the comultiplication and the counit
of the Hopf algebra A. Let 7 : k — A be the map that sends each u € k to
u-15 € A. Itis easy to see that each positive integer n satisfies

e(Grn) = 0. (117)

(Indeed, & sends each homogeneous symmetric function of positive degree to 0; but
Gr, is a homogeneous symmetric function of degree n.) Also, Proposition [5.6| (e)
yields Grg = 1 and thus e (Ggp) = 1.

We shall use the convolution * introduced in Definition The antipode S of
A is the x-inverse of the map idj : A — A (by the definition of the antipode of a
Hopf algebra). In other words,

S*idA:idA*S:T]OE

(since yoe: A — Ais the neutral element with respect to x). We also have S (1) =1
(by one of the fundamental properties of the antipode of a Hopf algebra).
Now, for each n € IN, we have

n
A(Geu) =Y Gpi ® Gpp_i
i=0

(by Theorem [5.16) and therefore

n
(Sxida) (Grn) = Y S(GEy) -id (G i) (by the definition of convolution)
i=0 S—
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so that

:}708

= [n =0 (118)

(the last equality sign here follows easily from and from e (Grg) = 1).

On the other hand, the constant term of the power series F~! is 1 (since the
constant term of F is 1). Hence, Gp-1 ,, is well-defined for each n € IN.

For each n € IN, we have

Gp-1pn = ) Gp-1,GF i

n
i=0

(by Proposition (b), applied to A = F~! and B = F) and thus

n
Y Gp1,;Gru—i=Gpapy = Giu = [n=0] (119)
i=0

(the last equality sign here has been shown in Example 5.5 (b)).

Recall that Gry = 1. Hence, the equalities (119) (for all n € IN) can be recursively
solved for Gp19,Gp11,Gpay,.- .. (starting with Gro, Gr1, Grp, . . .); we obtain

n—1
GFfl,rl = [n = O] — GFflliGF,lfl—i for each n € IN.
=0

1
The same argument, but using the equalities (118)) instead of (119), yields

n—1
S(Gpu) =[n=0]—)_S(Gri) Gru_i for each n € IN.
i=0

Comparing these two recursive formulas for Gp-1, and S (Gr,,), we see that they
are the same. Thus, by strong induction on 1, we conclude that

S(Grn) = Gp1y for each n € IN.
This completes the proof of Theorem [5.25| O

As a consequence of Theorem we obtain a formula for the antipode of a
Petrie symmetric function:

Corollary 5.26. Let k be a positive integer such that k > 1. A weak composition
« will be called k-friendly if each i € {1,2,3,...} satisfies #; = Omodk or a; =
1modk. If a is a weak composition, then w («) shall denote the number of all
i€{1,23,...} satisfying a; = 1 mod k.
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Let S be the antipode of the Hopf algebra A. Then, for each n € IN, we have

SGUhn))= Y (—)"@x= Y (=)W,

aeWC; A€Par;
|a|=n; |A|=n;
« is k-friendly A is k-friendly

Proof of Corollary [5.26| (sketched). Let F = 1+t + >+ -+ t*~1 € k[[t]]. Then, F is
a power series whose constant term is 1. Hence, its reciprocal F~! is well-defined
and again is a power series whose constant term is 1. Let us denote this reciprocal
F~lby Q; thus, Q = F ..

Let 90,491,492, ... be the coefficients of the formal power series Q, so that Q =

Y. gnt". Thus, qg is the constant term of Q; hence, g9 = 1 (since the constant term
nelN
of Qis1).
On the other hand,

-1
-1 1_tk . 2 k—1 1—tk
Q=F"= since F=1+4+t+t"+ .- -+t =

1—t 1—-t

1-—t ~1
:1_tk:(1_t)' <1—fk> =(1—t)-(t0+tk+t2k+t3k+...>
&\/_/
=Y (tk)m: Y tmk
meN meN
=10tk 2k g3k

= (PP (O )

.

_ ‘Z' o :t1+tk+1+t;’:+1+t3k+1+--»
nelN; = Y t"
n=0mod k neN;
= Y [n=0mod k|t" n=1mod k
neN = Y [n=1modk]t"
neN
= ) [n=0modk]t"— ) [n=1modkt"
nelN nelN
= Y ([n=0modk] — [n = 1modk]) t".
nelN
Comparing this with Q = ) g,t", we obtain
nelN
Y gut" =) ([n=0modk]| — [n = 1 modk]) t".
nelN nelN

Comparing coefficients on both sides of this equality, we find
gn = [n = 0mod k| — [n = 1 mod k] for each n € IN. (120)

For any weak composition &, we define an element g, € k by

Qo = oG qaz =" - -
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(Here, the infinite product g4, g, g4, - - - is well-defined, since every sufficiently high
positive integer i satisfies a; = 0 and thus g,, = g0 = 1.)
It is now easy to see (using (120)) that

g = [ is k-friendly] - (—1)%(*) (121)

for any weak composition «.

Now, let n € IN. Recall that our scalars g; and g, were defined in the exact same
way as the scalars f; and f, were defined in Definition but using the power
series Q instead of F. Hence, Proposition 5.6 (c) (applied to Q, g;, 4. and n instead
of F, fi, fa« and m) yields that

Gon = Z gux* = Z gamy € A.
aeWC; A€Par;

|ac|=n |A|=n
Hence,
Gon =), a x*= Y [ais k-friendly] - (—1)“(®) x?
aeEWC; " AEWGC;
|a|=n :[ocisk—friendly](fl)w("‘) la|=n
(by (121))
= Y ()" (122)
aeWC;
|a|=n;

« is k-friendly

(since the factor [« is k-friendly] inside the sum makes all the addends vanish ex-
cept for those that satisfy “a is k-friendly”) and

Gon= ) g my= Y [Mis kfriendly] - (=1)*™
A€Par; ~ A€Par;
Al=n =\ is k-friendly]-(—1)*W) |A|=n
(by ,

applied to A
instead of «)

= Y (-)"Wm, (123)
A€Par;
A|=n;
A is k-friendly
(since the factor [A is k-friendly] inside the sum makes all the addends vanish ex-
cept for those that satisfy “A is k-friendly”).
However, in Example [5.5 (c), we have seen that Gg,, = G (k,m) for each m € N.
Applying this to m = n, we obtain Gr, = G (k,n). Thus, G (k,n) = G, so that

S(G(k,n)) =S(Gpn) = Gp1,, (by Theorem [5.25))
= Gon <since F 1= Q)
= Y () (by (122)).
0‘¢€|WC;
«|=n;

w is k-frier’ldly
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Combining this with

S(Gkn)=Gon= Y, (-)"Wm, (by (123)),
A€Par;
|A|=n;
A is k-friendly

we obtain
S(Ghm)= Y (-)"Wx= Y ()"WYm,
aeWC; A€Par;
|ac|=n; |A|=mn;
« is k-friendly A is k-friendly
This proves Corollary O

One last property of Gr , shall be noted in passing;:

Proposition 5.27. For any power series F € k [[t]] whose constant term is 1, we
define a k-algebra homomorphism Vi : A — A as in Theorem 5.23| Then:

(@) If A and B are two power series in k [[t]] whose constant terms are 1, then
VAB = VA * VB.

(b) We have V] =rnjoe.

(c) For any power series F € k [[t]] whose constant term is 1, we have Vp 1 =
Vr oS, where S is the antipode of A.

We leave the proof of Proposition (which follows easily from Proposition
5.24)) to the reader.
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