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0. Preface

This is a course on algebraic combinatorics. One way to view this subject is as
a continuation of combinatorics with algebraic means; another is as the “con-
crete side” of algebra. Example: The Schur functions are generating functions
for semistandard tableaux (a combinatorial object), but also representatives for
several abstract algebraic objects (representations of symmetric groups, poly-
nomial functors, representations of general linear groups, cohomology classes
of the Grassmannian), and they are quotients of certain determinants.

Prerequisites: some abstract algebra (polynomials, rings and fields (Z, Q, C,
Z./ p, polynomial rings); some basic enumerative combinatorics.

0.1. Notations and basic facts

N :={0,1,2,3,...} means the set of nonnegative integers.
|A| means the size of a set A.
The following basic facts from enumerative combinatorics will be used:

¢ addition principle aka sum rule: If A and B are two disjoint sets, then

IAUB| = |A| +B].

e multiplication principle aka product rule: If A and B are two sets, then

A x B| = |A]|-|B|.

* bijection principle: There is a bijection (= bijective map = one-to-one
correspondence = invertible map) between two sets X and Y if and only
if |X| = |Y|.

n . .
* A set with n elements has 2" subsets, and has ( k) subsets of a given size
k.

* A set with n elements has n! permutations (= bijective maps from the set
to itself).

¢ dependent product rule: Consider a situation in which you have to make
n choices (sequentially). Assume that

— you have a; options in choice 1,

— then you have a, options in choice 2 (no matter what you chose in
choice 1),

— then you have a3 options in choice 3 (no matter the previous choices
you made),
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Then, the total # of ways to make all n choices is ayas - - - ay.

(Formally this is explained and proved in [Newstead], cited in the notes.)

A few words about binomial coefficients are in order:
Definition 0.1.1. For any numbers n and k, we set
(n) _ {n(nl)(ni)!---(nk—kl)’ itk N
k 0, if k ¢ IN.
Note that “numbers” can mean any reasonable sense of numbers here, e.g.,
complex numbers (really, any elements of any Q-algebra).

Example 0.1.2. For any k € IN, we have

(7) - AR k) (1)) (8

k! k!

If n,k € IN are such that n > k, then

(0)=moer

But this formula only applies when 1,k € IN and n > k, whereas our definition

is far more general. The combinatorial meaning of (as the # of k-element

n

k
subsets of an n-element set) holds whenever n € IN, but again does does not
hold for negative n.

2 3.
Example 0.1.3. Let n € IN. Then, (nn) = A

Proof. Little exercise (or see the notes). O]

Whole books have been written entirely about binomial coefficients (see the
notes for references). This course is not really about them, but we will en-
counter them over and over. Here are three basic properties we will need:
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¢ Pascal’s identity aka recurrence of the binomial coefficients (BCs): For
any numbers n and k, we have

B+

o If n,k € N satisty n < k, then
n
(k> 0.

1.5) _15-05-(=05)

(Warning: This is not true if n ¢ IN. For example, ( 3 3l

0.)

e Symmetry of binomial coefficients: Let n € IN and k € R. Then,

n\ ([ n
k) \n—k)
(Warning: This is false for negative n. For instance, (_01) = 1 but

(-

1. Generating functions

In this first chapter, we will study generating functions: first informally (today),
then on a rigorous footing. (“A generating function is a clothesline on which
you can hang your numbers.” — Wilf, I believe.)

1.1. Examples

Let me first show what can be done with generating functions and why they
are useful. This will be informal, and we will make several “leaps of faith”. We
will later make these arguments rigorous.

The idea behind a generating function is simple: Any sequence (ag, a1, 4z, .. .)
of numbers gives rise to a “power series” ag 4 a1x + ayx% + a3x3 + - - -, which
is called the generating function of the sequence. This “power series” is to be
understood as a formal object; we don’t care about its convergence yet. Before
we make this fully rigorous, let us play around with such series and try to get
something useful out of them.

”
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1.1.1. Example 1: The Fibonacci sequence

Example 1. The Fibonacci sequence is the sequence (fo, f1, f2,...) of integers
defined recursively by

fo=0, =1, and fn = fn_1+ fup for each n > 2.
Its entries are known as the Fibonacci numbers. Here is a table:
ni|0/1]2[3|4|5|6[7 |89 |10|11
fullO|1]1]23|5[8|13|21|34|55|89

Let us see what we can learn about this sequence from its generating function

We have

F(x) :==fo+ fix + fox> + f5x° + - -
=0+ 1x+1x2+2x3 +3x* +5°2 + ... .

F(x) = fo+ fix + fox® + f3x> + - -
:w—i_(fl+f0)x2+(f2+f1)x3+(f3—|—f2)x4_|—...

=X

=x+(A+fo) + L+ )+ (st )+
:x+<f1x2—|-f2x3+f3x4—|---->—|-(fox2+f1x3—|-f2x4+--->

[\

J/

-~

:(f0x+f1x2+f2x3+f3x4+... )*fox
:f0x+f1x2+f2x3+f3x4+.‘.

[

J/

(.

x4 (for+ ik + o + foxt oo ) 4 (for? + i + o )

J/

=x-(f0+f1x+};x2+f3x3+~- )
=x-F(x)

:x2~(fo+f1x+?2x2+f3x3+«-- )

:x—i—x-P(x)+x2-F(x):x—|—<x—|—x2> - F(x).

This is a linear equation in F (x). Solving it, we find

1+

where ¢ = 5

V5

¢ ~1.618...and p =~ —0.618...). Hence,

x X
P =i e~ a—ma—po
and¢:1_2\/§
Fx) = (1—¢x) (1—9x)
_ 4+t r ot 1
V5 1-gx V5 1-yx

=x2-F(x)

are the so-called golden ratios (note that
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(by partial fraction decomposition).

Now, recall that

1
=1t x P+,
1—x

since
(1—x) <1+x+x2+x3+--->
= (1+x+x2+x3-|—---)—x(1+x—|—x2+x3+---)
= <1+x—|—x2+x3+--->—<x+x2+x3+---> =1

Substituting ¢x for x in this formula, we find

=1+ ¢x + (¢px)” + (¢x)° +

1—¢x
=1+ ¢px+¢*x2+ ¢33 - .
Similarly,
1
1_¢x=1+¢%+ﬁﬁ+¢%“%~
Hence, our above formula becomes
1 1 1 1
_F X)) =" — ¢ —
(x) V5 1—¢x /5 1—yx
_ 1. (1+¢X+¢2x2+¢3x3—|— ) 1 -<1+¢x+¢2x2+¢3x3+--->
5 5

(1 1 >+<1¢_ 1¢)x+(1¢2_ 11p2>x2+
VERRE VERVG VMV

Now, for any given n € N, the coefficient of x" in the power series F (x) is
fn- So, comparing the coefficients of x" in the above equation, we obtain

frm L L 1+v5) 1 (1-v5)"
"5 f ﬁ 2 V5 2 '
This formula is known as Binet’s formula for the Fibonacci numbers.

This method for computing Fibonacci numbers can be extended to more gen-
eral recurrences (there is an exercise for this on the homework).
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1.1.2. Example 3: The Vandermonde convolution

(Example 2 will be next time.)
Example 3: The Vandermonde convolution identity (aka the Chu-Vandermonde
identity) says that

n
(a * b> = Z (a) ( b ) for any numbers a,b and any n € IN.
n = \k) \n—k

Let us prove this using generating functions. For now, we shall only prove
this for a,b € IN; later I will explain why this also holds for arbitrary a4 and b.
Indeed, fix a,b € IN. For any n € IN, the binomial formula yields

e = ()= 1 (3)

(here, we extended the sum from ranging over k € {0,1,...,n} to ranging over

all k € IN, because all the new addends <Z> for k > n will be 0). Thus,

I (1)
L (1)

1+x)" =Y <a 4k— b) xk,

k>0

1+x

1+x

Multiplying the first two of these equalities, we find

(4% (1+x)° = (k; (;) xk> <k§) (Z) xk>
(50 (50))
-z o () ()

NP BINE

k+fl=n

“L(EGG)
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Comparing this with

1+2)"(1+x)0 =142 = a+b XK.
)" 10" = a0 = 3 (1)

Comparing these, we obtain

L5060

Comparing coefficients in front of x", we obtain

(-5 005

Thus, the Vandermonde convolution identity is proved for a,b € IN.

1.1.3. Example 2: Dyck words / Catalan numbers

A Dyck word of length 2n (where n € IN) means a 2n-tuple that contains n
entries equal to 0 and 7 entries equal to 1, and has the additional property that
for each k, we have

(# of 0’s amonyg its first k entries)
< (# of 1’s among its first k entries) .

Some examples:

e Is (1,1,1,1) a Dyck word? No, since it fails the first condition.

)
Is (1,0,0,1) a Dyck word? No, since it fails the second condition for k = 3.
)

(

(
Is (1,0,1,0) a Dyck word? Yes.
Is (0,1,1,0) a Dyck word? No, since it fails the second condition for k = 1.
(

* Is () a Dyck word? Yes.

A Dyck path is a path from the point (0,0) to the point (2n,0) in the Carte-
sian plane that moves only using “NE-steps” (i.e., steps of the form (x,y) —
(x+1,y+ 1)) and “SE-steps” (i.e., steps of the form (x,y) — (x+ 1,y — 1)) and
never falls below the x-axis (i.e., does not contain any point (x,y) with y < 0).

Examples: (see whiteboard)

Note that any NE-step or SE-step increases the x-coordinate by 1. Thus, any
Dyck path from (0,0) to (2n,0) has precisely 2n steps.




Math 531 Winter 2024, version March 15, 2024 page 9

Proposition 1.1.1. Let n € IN. There is a bijection from
{Dyck words of length 2n} to {Dyck paths from (0,0) to (21,0)}.

Proof. If you have a Dyck word, read it as a “way description” of a Dyck path
by interpreting any 1 as an NE-step and any 0 as a SE-step. O

So the # of Dyck words of length 2n equals the # of Dyck paths from (0,0) to
(2n,0). But what is this number?
For each n € IN, set

¢y := (# of Dyck words of length 2n)
= (# of Dyck paths from (0,0) to (2n,0)).

Then, co = 1land ¢y = 1 and ¢ = 2 and ¢3 = 5 and ¢4 = 14. These numbers
¢y, are known as the Catalan numbers and have a long history and at least one
book written about them (see the notes for the reference).

Let us try to compute them. First, we look for a recursive formula.

Fix a positive integer n. For any Dyck path D from (0,0) to (2n,0), we
consider the first return of D; this is the first point on D that lies on the x-
axis after the starting point. This point always has the form (2k,0) for some
ke {1,2,...,n}. Thus,

cn = (# of Dyck paths from (0,0) to (2n,0))
n
= ) (# of Dyck paths from (0,0) to (2n,0) with first return (2k,0)).
k=1
Now, let us fix some k € {1,2,...,n}. We shall compute the # of Dyck paths

from (0,0) to (2n,0) with first return (2k,0).
Any such Dyck path has a natural “four-part” structure:

e It starts with an NE-step (0,0) — (1,1).

e It continues with a Dyck path (1,1) — (2k—1,1). (Formally speaking,
this is a Dyck path (0,0) — (2k — 2,0) translated by the vector (1,1).)

e It then takes the SE-step (2k —1,1) — (2k,0).

e It concludes with a Dyck path (2k,0) — (2n,0) (again, formally speaking,
a Dyck path (0,0) — (2n — 2k, 0) translated by (2k,0)).

The first and third of these four parts are uniquely determined, but the sec-
ond and fourth can be arbitrary. Thus, there are c;_; options for the second
part, and c,,_; options for the fourth part. Altogether, we thus conclude that

(# of Dyck paths from (0,0) to (2n,0) with first return (2k,0))

= Ck—1Cn—k-
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Forget that we fixed k. We thus have proved this equality for each k &
{1,2,...,n}. Hence,
n
cn = Y (# of Dyck paths from (0,0) to (21,0) with first return (2k,0))

k:1 — ~~
=Ck—1Cn—k

n
= ) Ck—1Cn—k = C0Cp—1 + €1Cp—2 + €2Cp—3 + * =+ + Cp—1C0.
k=1

This is a nice recurrence (for all n > 1).

But what about an explicit formula?

Let

C(x):=Y cnx" =cot+crx+cx> +ogx” +--.
n>0

Thus,
C(x) = co+cx+ox®+o3x® 4 -
=1+ (cocg) x + (coc1 + c1co) X2 + (coen + c1cq + coco) % + - - -

=14+x ((coco) + (coc1 + c1¢0) x + (coca + c161 + €200) x2 4. )

[\

=(co+erx+cax2+ezxnd4oo )
2

=1+x|cotoax+ox’®+eo’+:-. =1+x(C(x))*.

=C(x)

This is a quadratic equation in C (x). Let us solve it using the quadratic formula
(assuming, unjustifed for now, that all of this is kosher). We get

1++1—4x
Co)=—%

The + sign has to be a — sign, since a + sign would make the numerator
non-divisible by 2x. So

Clx)= 1o viz Vzi_“ _ % (1-(1—a0)?).

So can we use this to find the coefficients of C (x) ?
Recall the binomial formula, which says (among other things) that

(14+x)"= ) (n) xk for any n € IN.
keN k

Let us be very daring and just assume that this holds for any 7, not just for
n € IN. Thus, applying this formula to n = 1/2, we get

1+x)'?=Y (122)%‘.

keIN
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Substituting —4x for x in this equality, we get

-1 = ¥ (1) a0t = @ () o

keIN keN

We conclude that

C(x) = 5 (1— (1 —4x)1/2>

-5 (-5 () o)
SIS

(since 1 was the k = 0 addend of the sum)

-y (122) (;Zk_x'i

:(_1)k22k71xk71

-y <1£2> (—1)F1 g2k 1k

k>1
1/2 k n2k+1 K here, we substituted k + 1
=) (—1) 2% x ) :
= k+1 for k in the sum

Comparing coefficients in front of x" in this equality, we find
1/2 nn2
= —1)" 22,
Cn (n + 1) (=1)

Surprisingly, we can simplify this further. Indeed,

< 1/2 ) (1/2) (1/2—=1)(1/2=2)---(1/2 —n)

n+1 (n+1)!
1 -1 -3 —(2n—-1)
2 2 2 2
(n+1)!
_ 1 (1) (8)- (- (2n - 1))
2n+1 (n 4+ 1)!
_ (1) (=8) e (= (2n—1))
2n+ (n+1)!
(-1)"-1-3----. (2n—1)

20T (n+ 1)! /
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SO

o= (V2 aya - ()" 13 2 m1)

n+1 2nt+l (n+1)!
:1.3 ..... (2”_1)2n:1'3 ..... (2”—1)2n
(n+1)! (n+1)-n!
_ 1 .1-3-5 ----- (2”_1),271
n—+1 n! |
B 2n
\n
(by the exercise above)
1 2n
Cn+1\n /)
Moreover, we can rewrite this further as
2 2
Cn = ( n) — ( " ) (homework exercise) .
n n—1

There are more combinatorial ways to prove this (see, e.g., Math 222), but the
above proof was hopefully somewhat instructive.

Office hours: Fri 2 PM -3 PM?

HW: double deadlines? (second chance to increase points to 20)
HWT1 due Jan 26 / Feb 2

HW?2 due Feb 9 / 16

HW3 due Feb 23 / Mar 1

HW4 due Mar 8 / 15

HW5 due Mar 22 (no second chance)

1.2. Definitions

The four examples above are reason enough to suspect that power series /
generating functions are useful. Let us now convince ourselves that they can
be made rigorous.

I will outline the theory in class; you can find more details in the notes.

First things first: Generating functions aren’t really functions. They are for-
mal power series (short: FPSs). Roughly speaking, these are “formal” infinite
sums of the form ag + a;x + axx% + - - -, where x is an “indeterminate”. You
cannot always substitute numbers into them. For example, if you substituted
x = 2 into

1
_:1+x+x2+x3+...
1—x
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would yield

m:1+z+22+23+---:1+2+4+8+---,

which is absurd on the face.

1.2.1. Reminder: Commutative rings

Our FPSs will form a commutative ring and will be defined over a commutative
ring, so let us first recall how a commutative ring is defined:

Definition 1.2.1. A commutative ring means a set K equipped with three
maps

@ :KxK—=K,
© KxK—=K,
® :KxK—=K

and two elements 0 € K and 1 € K satisfying the following axioms:

1. Commutativity of addition: We havea &b =b@a forall a,b € K.

2. Associativity of addition: We have a @& (b®c) = (a@b) @ ¢ for all
a,b,c e K.

3. Neutrality of zero: We have a 0 =0®a =a forall a € K.

4. Subtraction undoes addition: Let a,b,c € K. Then, a ® b = c if and
only ifa =cob.

5. Commutativity of multiplication: Wehavea ©b =b®aforalla, b € K.

6. Associativity of multiplication: We have a © (b ®¢) = (a ® b) © ¢ for
alla,b,c € K.

7. Distributivity: We have

a0 bdc)=(a0b)d(adrc) and
(adb)Oc=@oc)®(boc)

forall a,b,c € K.

8. Neutrality of one: Wehavea ©1=10a =aforalla € K.

9. Annihilation: We have s ©0=0&®a =0 for all a € K.
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The operations @, © and © are called the addition, the subtraction and the
multiplication of the ring K. They are typically denoted by +, — and - unless
this would clash with existing notations. We also write ab fora-b=a ©®b.

The elements 0 and 1 are called the zero and the unity (or the one) of the
ring K.

We will ue the PEMDAS conventions. For example, ab + ac means (ab) +
(ac), nota (b+a)ec.

Some examples of commutative rings:
* The sets Z, Q, R and C are commutative rings.

e The set IN is not, since it has no subtraction. (It is what is called a com-
mutative semiring.)

* The matrix ring Q"*™ for a given m is not a commutative ring, since it
fails the commutativity of multiplication axiom. But it satisfies all the
other axioms, which makes it a noncommutative ring.

e The set

Z[\/g] z{a+b\/§ | a,beZ}

is a commutative ring (with operations +, — and - inherited from RR).
The reason for this is that the sum, the difference and the product of two
numbers of the form a + by/5 can be rewritten again in this form. For
example,

(a + b\/§> (c + d\/g) = (ac + 5bd) + (ad + bc) V/5.

This is called a subring of R (i.e., a subset of R that is closed under the
operations +, — and - and therefore constitutes a commutative ring with
these operations inherited from R).

e For each m € Z, the set

Z/m = {all residue classes modulo m}

equivalence classes of integers with
= ( respect to the “congruent modulo m”
equivalence relation

is a commutative ring, with operations defined by

A+b=ua-+b, a—b=ua—b, a-b=ab.

If m > 0, then this ring Z/m is finite and has size m. It is also known
as Z/mZ or as Z, (bad notation). When m is prime, Z/m is actually a
finite field and is called FF;,. (But, e.g., the ring Z /4 is not a field, and not
the same as F,.)
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* In the examples we have seen so far, the elements of the commutative
ring are either numbers or consist of numbers (matrices or equivalence
classes). Here is an example where they are sets.

For any two sets X and Y, we define the symmetric difference X A Y of
X and Y to be the set

(XUY)\(XNY)=(X\Y)U(Y\X)
= {all elements that belong to exactly one of X and Y} .

Fix a set S. Consider its power set P (S) (= the set of all subsets of S). This
power set P (S) is a commutative ring if we equip it with the operation A
as addition (i.e., weset X®Y = X AY forall X, Y € P (S)), with the same
operation A as subtraction, and with the operation N as multiplication
(thatis, X ©Y = X NY), and with zero 0 := @ and the unity 1 := S.
Indeed, it is straightforward to verify the axioms for this construction.

This is an example of a Boolean ring (i.e., a ring in which aa = a for each
element a of the ring).

* Here is another example of a semiring, which is rather useful in combina-
torics. Let T be the set Z U {—oo}, where —oo is just some extra symbol.
Define two operations @ and © on this set T by setting

a®b=max{a,b} (where max {n, —oco} = n for each n € T)
and
aOb=a+b (where n + (—o0) = (—o0) +n = —oo foreachn € T).

Then, T is a commutative semiring. It is called the tropical semiring of
Z.

More examples can be found in algebra texts (some references in notes).

Good news: In any commutative ring K, the standard rules of computation
hold:

* You can compute finite sums (of elements of K) without specifying the
order of summation or the placement of parentheses. For example, for
any a,b,c,d,e € K, we have

((a+b)+(c+d)+e=(a+(b+c)+(d+e)="---.

So you can drop the parentheses and write a +b + ¢ + d 4 e. This called
general(ized) associativity.
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Also, finite sums do not depend on the order of addends. For example,
forany a,b,c,d,e € K, we have

a+b+c+d+e=d+b+a+te+c.
This is called general(ized) commutativity.

More formally: If (a5),g is any finite family of elements of a commutative
ring K, then the finite sum
)

s€S
is a well-defined element of K. Such sums satisfy the usual rules such as

Y (as+bs) =) as+) bs
;QSZZ Z{ as;

Empty sums are 0 by definition (where 0 means 0).
* The same holds for finite products. Empty products are 1 by definition.
e Ifa e K, then —a denotes0—a =0—a € K.

e If n € Z and a € K, then we can define the element na € K by

na=a+a+---+a if n>0;
nt?r%es
na=0—(—n)a ifn <0.

This generalizes the standard definition of multiplication on Z as repeated
addition.

e If n € N and a € K, then we can define the element

a" =aa---a € K.
H/—/

n times

In particular, a° = (empty product) =1 € K.
* Standard rules hold:

—(a+0b) = (—a)+ (-b);
(n+m)a =na+ ma forn,m € Z;

n—+m — anam;

a

n
(a+b)" =) <n) a* bk (the binomial formula).
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A further useful concept is that of a K-module. Namely, if K is a commutative
ring, then the notion of a K-module is just the straightforward generalization
of the notion of a K-vector space (which is defined when K is a field). Here is
the definition in detail:

Definition 1.2.2. Let K be a commutative ring.
A K-module means a set M equipped with three maps

& - MxM-— M,
O :MxM-— M,
—:KxM—M

%
and an element 0 € M satisfying the following axioms:

1. Commutativity of addition: We havea &b =b@a forall a,b € M.

2. Associativity of addition: We have a & (b®c) = (adb) @ ¢ for all
a,b,c € M.

3. Neutrality of zero: We have a ® T=0 @®a=aforallae M.

4. Subtraction undoes addition: Let a,b,c € M. Then, a ® b = c if and
onlyifa=cob.

5. Associativity of scaling: We have u — (v —a) = (uv) — a for all
u,v € Kand a € M.

6. Left distributivity: We have u — (a ®b) = (u — a) ® (u — b) for all
uecKanda,b e M.

7. Right distributivity: We have (1 +v) = a = (u — a) & (v — a) for all
u,v € Kand a € M.

8. Neutrality of one: We have 1 —~ a =aforalla € M.

9. Left annihilation: We have 0 — g = 6> for all a € M.

10. Right annihilation: We have u — 0 =0 forall u € K.

The operations @, © and — are called the addition, the subtraction and
the scaling of the K-module M. They are typically denoted by +, — and -
unless this would clash with existing notations. We also write ua for u — a.

The element 6) is called the zero (or the zero vector) of the K-module M.
We just call it 0.

When M is a K-module, we refer to the elements of K as scalars and the
elements of M as vectors.
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1.2.2. The definition of formal power series

| Convention 1.2.3. Fix a commutative ring K.

Definition 1.2.4. A formal power series (short: FPS) in 1 indeterminate over
K means a sequence (ag, a1, 4y, . ..) = (an),cn € KN of elements of K.

Examples of FPSs over Z are
(0,0,0,...), (1,0,0,0,0,...), (1,1,1,1,...), (1,2,3,4,...).
OK, but what can we do with FPSs?

Definition 1.2.5. (a) The sum of two FPSs a = (ag,ay,42,...) and b =
(bo, by, by, .. .) is defined to be the FPS

(a0 +bo, a1 +b1, aa+by, ...).

It is denoted by a + b.
(b) The difference of two FPSs a = (ag,ay,4az,...) and b = (bg, by, by, .. .) is
defined to be the FPS

(ao—bo, al—bl, az—bz, )

It is denoted by a — b.
(0 If A € Kand a = (ag,a1,4ay,...) is an FPS, then we define an FPS

Aa = (Aag, Aay, Aag, ...).

(d) The product of two FPSs a = (ag,a1,a,...) and b = (bg, by, by, ...) is
defined to be the FPS (cg, ¢1, ¢y, ...), where

n
Cn — Zaibn_i = Z aib]'
i=0 i,j€N;
i+j=n

= agb, + a1b,,_1 + axb,,_o + - - - + ayby for each n € IN.

This product is denoted by a - b or just by ab.

(e) For each a € K, we define a to be the FPS (4,0,0,0,...). An FPS of the
form a for some a € K is said to be constant.

(f) The set of all FPSs in 1 indeterminate over K is called K [[x]].

The following theorem is crucial: It says that the operations we just defined
behave as we would want them to behave:
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Theorem 1.2.6. (a) The set K[[x]] is a commutative ring (with the op-
erations +, — and - just defined) with zero 0 = (0,0,0,...) and unity
1=(1,0,0,0,...). For example, it satisfies associativity of multiplication:

a(bc) = (ab)c for all FPSs a, b, c.

(See the notes for all the axioms spelled out.)
(b) The set K [[x]] is a K-module (with the scaling being the map that sends
each (A, a) to Aa).
(c) We have A (a-b) = (Aa)-b=a- (Ab) forall A € Kand a,b € K[[x]].
(d) We have A\a=A-aforall A € Kand a € K[[x]].

Proof. Notes. u

Definition 1.2.7. If n € IN, and if a = (ag, 41,42, ...) € K[[x]] is an FPS, then
we define an element [x"] a of K by

[x"] a := ay.

This is called the x"-coefficient of a, or the coefficient of x" in a, or the n-th
coefficient of a.

Thus, the definitions of + and — on FPSs become

[x"](a+b) = [x"]a+[x"] b;
[x"] (a—b) = [x"]a— [x"] b.

Moreover, the definition of - becomes

[x"] (ab) = lig\], [xl} a- [x]} b = lg) [xi} a- [xﬂ—z} b.
i+j=n

In particular,
[xo} (ab) = [xo} a- [xo} b.
In other words, the constant term of ab is the product of the constant terms of
a and b. Here, the constant term of a FPS a is defined to be its O-th coefficient
[°]
x°| a.
Finally, the definition of scaling yields

[x"] (Aa) = A - [x"]a for any FPS a and any A € K.
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Since K [[x]] is a commutative ring, any finite sum of FPSs is well-defined.
But sometimes we want infinite sums to make sense as well. For example, it is
reasonable to expect that

(1,1,1,1,1,1,..
0,1,1,1,1,1,...
(0,0,1,1,1,1,...
(

e — —

0,001,1,1,...

+ + + +

(1,2,3,4,5,6,...),

since FPSs are added entrywise. Let us rigorously define such sums. First, we
define “essentially finite” sums of elements of K:

Definition 1.2.8. (a) A family (a;),.; € K! of elements of K is said to be
essentially finite if all but finitely many i € I satisfy a; = 0 (in other words,
if the set {i € I | a; # 0} is finite).

(b) Let (a;),.; € K! be an essentially finite family of elements of K. Then,

the infinite sum Y a; is defined to be the finite sum Y_ 4;. Such an infinite
iel i€l;
a,-7é0

sum is said to be essentially finite.

For example, the family ( L%J ) of integers is essentially finite, and its
nelN

sum is
Lzl ) 3]+ 2]+ 3]
o2 20 " 2t] T [2z) |23
=5+24+1+0+040+---
just ;groes
=5+4+2+1=38.
Note:

A family (a;);.; € K is always essentially finite if [ is finite. But some
infinite families also can be essentially finite.

* Any essentially finite sum of real or complex numbers is convergent in the

1 1 1

sense of analysis, but not vice versa. For instance, ), — = -+ -+ — +

1 . . . .
3 + - - - is convergent but not essentially finite. The concept of essentially
tinite sums is much simpler than the analytic concept of convergence, but

it will play a similar role for us.
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Essentially finite sums behave very much like finite sums. In particular, they
satisfy the same rules, with one caveat: Interchange of summations does not
always work. More precisely, we might fail to have

Lo L= ) )
icl jej je] i€l

even if all four sums are essentially finite. For an example, letus take I = ] = N
and 4;; given by the following table (empty cells are understood to be filled
with 0’s):

Eli,]' j=0 j=1 j=2 j=3 j=4

i=0 1 -1
i=1 1 -1
1=2 1 —1
i1=3 1 -1
i=4 1
Then,
Z Zﬂi/]' = 20 =0, but
icl jej icl
Y Y la;=14+0+040+---=1.
je i€l v

If you are wondering why this doesn’t work, recall how the interchange-of-
summations rule is proved in the finite case: When I and | are finite, the two

sums
L, Yaijand ), ) a
icl jej je] i€l
are equal because they both equal } a;;. In general, this works whenever
(ij)elx]
thesum )} a;;is essentially finite. But )} 4;; is not essentially finite in
(ij)elx] (ij)elx]
our example above.

We have now made sense of infinite sums of elements of K when all but
finitely many addends are 0. Of course, we can do the same for K [[x]|]. How-
ever, this does not help make sense of sums such as

(1,1,1,1,1,1,...)
0,1,1,1,1,1,...)
(0,0,1,1,1,1,...)
(0,0,0,1,1,1,...)

+
+
+
+

= (1,2,3,4,5,6,...),
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since none of the infinitely many FPSs on the LHS is 0. So we need a weaker
version of essential finiteness:

Definition 1.2.9. A (possibly infinite) family (a;);.; of FPSs is said to be
summable (or entrywise essentially finite) if

for each n € N, all but finitely many i € I satisfy [x"]a; = 0.

In this case, the sum Y a; is defined to be the FPS with
icl

[x"] (Zai> =) [x"] (ai).

iel i€l

Any essentially finite family of FPSs is summable, but there are many more
summable families than essentially finite ones. For example, the above sum

(1,1,1,1,1,1,...)
+(0,1,1,1,1,1,...)
+(0,0,1,1,1,1,...)
+(0,0,0,1,1,1,...)
+

now makes sense:

Example 1.2.10. Consider the family (a;);.py € K [[x]|™ of FPSs, where

a;:=(0,0,...,01,1,1,... for each i € IN.
5/—/
1 times
Then, this family (a;); . is summable, because for each n € IN, all i > n
satisfy [x"]a; = 0. Its sum )_ a; is given by

ieN
1, ifi<m
x" a, | = x"] a; = ’ T =n+1
150 BT o
1, ifi<m
_{0, ifi>n

In other words,
Y a;=1(1,2345,...).
i€EN
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This is just our above calculation
(1,1,1,1,1,1, ..

+(0,1,1,1,1,1,...
+(0,0,1,1,1,1,...
+(
+

—_— — ~—

0,001,1,1,...

= (1,2,3,4,5,6,...),

made rigorous.

Just as for essentially finite families, we can work with summable families of
FPSs using the same rules as for finite sums:

Proposition 1.2.11. Sums of summable families of FPSs satisfy the usual rules
for sums. Again, the only caveat is that the interchange-of-summations rule

Lo Laij=) )a
icl jej je] i€l

works only if the family (a;;) is summable (it does not sulffice that

(ij)elx]
the four sums in the equality are summable).

Proof. Straightforward finite-set arguments. See the notes for a sketch and a
reference. u

Now, we can define the x that featured so prominently in our examples of
FPSs:

Definition 1.2.12. Let x denote the FPS (0,1,0,0,0,...). In other words, it is
the FPS with [x!] x =1 and [x'| x =0 forall i # 1.

| Lemma 1.2.13. Let a = (ag,a1,az,...) be an FPS. Then, x-a =
(0,&0,&11,612,...).

Proof. If n is a positive integer, then

n

(X" (x-a) =) [xi] x oo [x”*i] a= [xl} X [x”fl] a
i=0 N—— N N——
=1 for i=1 =1 =0p—1
and 0 otherwise

=0ay-1-

So we get x-a = (?,a9,4a1,4a2,...). A similar argument shows that the ? is 0. [
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Proposition 1.2.14. We have

x=10,0,...,0,1,0,0,0,... for each k € IN.
——

k zeroes

Proof. Induction on k, using the above lemma. (Start with x* = 1 = (1,0,0,0,...).)
[

Corollary 1.2.15. Any FPS (ag, a1, 4, ...) € K[[x]] satisfies

(ag,a1,a,...) = ag+ mx + apx> + - = Y a,x".
nelN

In particular, the RHS here is well-defined, i.e., the family (a,x"),cp is
summable.

Proof. By the previous proposition,

ao—{—a1x+a2x2—|—---
= 4a(10,0,0,...)
+4a1(0,1,0,0,...)
+a,(0,0,1,0,...)
+a3(0,0,0,1,...)
= (a0,0,0,0,...)
+(0,a1,0,0,...)

+ (0,0,az,O,...)

+ (0,0,0,613,...)

_|_

- (aOI ai,az,as, .. ) .

]

So we have found our x and justified rigorously our habit of writing the FPS
(ag,a1,az,...) as ag + a1x + ax%> 4+ ---. Note that no analysis was used in all
of this. In particular, our FPSs do not have to be convergent in the sense of
analysis. It is easy to come up with examples of FPSs that never converge at

any complex number than 0. (For example, Y nlx" = (1,1,2,6,24,120,...)
nelN
does not converge if you plug in any nonzero z € C.)

We can now also answer the question “what is a generating function”:
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Definition 1.2.16. Let (ag,a1,ay,...) be a sequence of elements of K. Then,
its ordinary generating function will means the FPS (ag,a1,4az,...) = ag +
ax + a4+,

1.2.3. The Chu—Vandermonde identity

What we have done so far suffices to justify Example 3 in the introduction. Let
us state it as a proposition:

Proposition 1.2.17. For any 4,b € N and any n € IN, we have
() =506
n = k) \n—k

We derived this from (14 x)*™" = (1+x)" (14 x)". This is correct, since
the laws of exponents u**? = u%u’ work in any commutative ring and thus
work in K [[x]] (since K [[x]] is a commutative ring), and the binomial formula
(which we used to compute the coefficients on both sides) also works in any
commutative ring.

We have yet to justify Examples 1, 2 and 4; we shall do this later. For now, let
us generalize the above proposition to arbitrary numbers 2 and b (as opposed
to merely a,b € IN). In other words, let us prove the following;:

Theorem 1.2.18 (Vandermonde convolution identity, or Chu-Vandermonde
identity). For any a,b € C and any n € IN, we have

()5 005

(Note that C can be replaced by any field of characteristic 0, and even by
some more general settings.)

One way to prove this general theorem is by extending our proof of the
a+b

proposition to a,b € C. This is a bit tricky, because the equation (1 + x)

(1+ x)" (1 + x)” only makes sense if we can take a-th and b-th powers (and if
they satisfy the laws of exponents). We could make this work, but it would take
us some effort.

We will take a different route, introducing a slick trick that allows us to
automatically extend a claim like the Vandermonde convolution identity from
nonnegative integers to complex numbers. This is the polynomial identity
trick, and relies on very basic properties of polynomials. Let me sketch a proof
of the theorem using this trick:
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Proof of the Vandermonde convolution identity. Fix n € N and b € N, but let us
not fix a. Then, the proposition that we proved yields that

a+b\ i a b
n ) =\k)\n—k
holds for each a € IN. However, both sides of this identity are polynomial
functions in a; indeed,

(a+b>:(a+b)(a+b—1)(a+b—2)~~~(a+b—n+1) and
n n!
I:Z()(i) (n3k> :éa(a—l)(a—zk)!...(a—k—i—l) (nﬁk)

If two univariate polynomials p and g (with complex coefficients) are equal on
any input a € IN (that is, if p (a) = g (a) for each a € IN), then they must be
identical (since two univariate polynomials that are equal at infinitely many
points must necessarily be identical). So, because our above polynomial equal-
ity holds for all 2 € IN, it must hold for all a € C.

Thus, we have shown that the identity

()= 5062
n i \k) \n—k
holds not just for every a € IN, but also for every a € C.
But b is still required to be € IN. What do we do to lift this requirement? We
repeat the same argument as above, but now with the roles of a2 and b switched

(i.e., we keep a € C fixed, and we treat b as a variable). Thus, we generalize the
identity from b € IN to b € C. This proves the theorem. O

Next we will work towards justifying Examples 1, 2 and 4.

1.2.4. What next?

Let us return to our quest of justifying those examples. In order to do so, we
need to know

e what we can substitute into an FPS;
¢ when and why we can divide FPSs by FPSs;

* when and why we can take the square root of an FPS and solve a quadratic
equation using the quadratic formula.

So let us address these.
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1.3. Dividing FPSs

1.3.1. Conventions

Convention 1.3.1. We identify each a4 € K with the constant FPS a =
(a,0,0,0,...) € K[[x]].

This constant FPS is written as a + 0x + 0x? + 0x® + - - - in the “usual” way of
writing FPSs.
Furthermore, I will stop using boldfaced letters for FPSs.

1.3.2. Inverses in commutative rings

Definition 1.3.2. Let L be a commutative ring. Let a € L. Then:
(a) An inverse of 2 means an element b € L such that ab = ba = 1.
(b) We say that a is invertible in L (or a unit of L) if a has an inverse.

For example, any element of Q other than 0 is invertible, but only 1 and —1 are
invertible in Z.

Theorem 1.3.3. Let L be a commutative ring. Let 2 € L. Then, there is at
most one inverse of 4.

Definition 1.3.4. Let L be a commutative ring. Let a € L. Assume that a is
invertible. Then:
(a) The inverse of a is called a—!.

(b) For any b € L, the product b - a~! is called Z (or b/a).

(c) For any negative integer 1, we set a" := (a™!) ", Thus, the power a" is
defined for any n € Z.

Standard rules hold:
-1
()t
an+m — anam,
(@)" = a™;
(ab)" = a"b" (here we need commutativity!) ;
b d_betad b d_bd
a ¢ ac '’ a ¢ ac

And of course, division undoes multiplication.
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1.3.3. Inverses in K [[x]]

Now, which FPSs are invertible in the ring K [[x]] ? For example, we know that
the FPS 1 — x is invertible, with inverse 1+ x + x2 4+ x>+ ---. On the other
hand, the FPS x is not invertible (since any multiple of x has constant term 0,
but 1 does not) unless K is trivial.

It turns out that invertible FPSs have a very simple description:

Theorem 1.3.5. Let a € K[[x]|]. Then, a is invertible in K [[x]] if and only if
[x] a (this is the constant term of 4) is invertible in K.

Proof. == If a is invertible in K [[x]], then

= (=] ) = e )

so [xY] a is invertible in K (with inverse [x°] a~!). This proves the “=>" direc-
tion.

«—: Assume that [x%] a is invertible in K. Write a as a = (a9, 41,4, . ..), S0
that [x°] a = ag. Thus, a is invertible in K.

We want to construct an inverse of a. In other words, we want to construct
aFPS b = (bo, b1, by, ...) such that ab = 1. Let us see what the equation ab = 1
means in terms of the coefficients.

From a = (ag,ay,a;,...) and b = (bg, by, by, . ..), we have

ab = (aob(), agby + a1bgy, agby + a1b1 + arby, .. ) .
For this toequal 1 =1 = (1,0,0,0,...), we must have
a()bo = 1;

agb1 + a1bg = 0;
apby + a1b1 + axby = 0;

This is an infinite system of linear equations in the unknowns by, by, b, . ... But
it is triangular, so we can solve it recursively: First solve the top equation for b;
then solve the next equation for b; (using the by already found); then solve the
next for by; and so on. We get the following recursive description for the b;’s:

1 .
b; = - (a1b;_1 + agb; 5+ - - -+ a;by) for each i > 1.
0

This works because 4 is invertible. So we do find a FPS b = (by, by, by, . ..) that
satisfies ab = 1. Thus, this FPS is an inverse to a (since commutativity of K [[x]]
implies ab = ba), and therefore a is invertible. O




Math 531 Winter 2024, version March 15, 2024 page 29

Corollary 1.3.6. Assume that K is a field. Let 2 € K [[x]]. Then, a is invertible
in K [[x]] if and only if [x°] a (this is the constant term of a) is nonzero.

1.3.4. Newton’s binomial formula

We return to the specific FPS 1 — x, which we know to be invertible with inverse
1+x+x%+x3+---. Similarly we can handle 1 + x:

Proposition 1.3.7. The FPS 1+ x € K [[x]] is invertible, and its inverse is

I+x) ' =1—x+2 -+t = Y (-1)"x"
nelN

Proof. Another telescope argument. O

So (1+ x)" is defined for every n € Z. What can we say about these powers?

Theorem 1.3.8 (Newton’s binomial theorem). For each n € Z, we have

(14+x)"=)_ <Z> xk,

keIN

Don’t plug random stuff into this formula!

1+2)"'=Y <_kl) 2k =y (—1)F2k

keN N , keN
=(-1)f
=1-24+4-8+16%---,

which is nonsense.

Proof. There are different ways to prove Newton’s binomial theorem. The eas-
iest one is perhaps by downwards induction on #n (that is, induction on —n).
Indeed, for n > 0, the theorem is clear (just take the usual binomial formula
and extend the sum to make it infinite). So we only need to prove it for n < 0.
So we induct on —n, and we have to take the step from n to n — 1. That is, we

assume that
(1+x)" = kz <Z> xk,
eN

and we must prove that
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But we have

whereas

”—1> k| o k+1
= x4 x
(") ()
n—1Y\ 4 n—1\ ;14
:k ( L )x +Z( ' )x+
€N kelN
7’1—1> k (Tl—l) k
= x+2 X
ke]N( k k>1 k=1
n—l) k (n—l) k
= X+ ) x
ke]N( k keN k=1
-2 () (o)
N k k—1

Comparing these two equalities, we find

1+ (1+x) =Y <n;1)xk-(1+x).

keIN

Cancelling 1 + x from this equality (allowed since 1 4 x is invertible), we obtain

1+x)" "= <n ; 1) i,

keIN

This completes our induction step. O

. . . . n .
We note that the binomial coefficients ( k) for negative n can be expressed

in terms of the ones for nonnegative n:

Theorem 1.3.9 (upper negation formula). Let n € C and k € Z. Then,

()= )
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Proof. We have

(—kn) (=) (-n—-1) (—nk—'2) o (nk4 1)

(k—l—n—l) _(ktn—-1)(k+n—-2)(k+n—3)---n
k k! '

The denominators are equal. The numerators are the same product in reverse
order, up to sign. The sign is (—1)F. O

1.3.5. Dividing by x

In our Dyck path example (Example 2), we had to divide a FPS by 2x. Since 2x
is not invertible, we do not yet know why this is allowed. But we can explain
this very quickly, because it is easy to divide by x (and then you can divide by
2 if you work over Q).

Definition 1.3.10. Let a = (ag, a1, a4y, ...) be an FPS whose constant term a4y is
0. Then,

a
; = (al,az,ag,. . ) .

Of course, we have the equivalence (a = xb) <= (% = b).
Now, the FPS MZj

X
and if the constant term of 1 + /1 — 4x is 0.

makes some sense, at least if /1 — 4x makes sense

1.3.6. A lemma

Definition 1.3.11. Let ¢ € K [[x]] be a FPS. Then, a multiple of ¢ means a FPS
of the form ga with a € K[[x]].

Lemma 1.3.12. Let k € IN. Let f € K[[x]] be a FPS. Then, the first k coeffi-
cients of f are 0 if and only if f is a multiple of x*.

Proof. If f = x*a for some FPS a = (ag,ay,4az,...), then

k k
f=xa=x"(ap,ay,ay,...)= (0,0,...,0,a0,a1,a2,...) ,
———

k times

so that the first k coefficients of f are 0. The converse follows along the same
lines. O
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1.4. Polynomials
1.4.1. Definition

One way to define polynomials is actually as FPSs with only finitely many
nonzero coefficients:

Definition 1.4.1. (a) An FPS a € K[[x]] is said to be a polynomial if all but
finitely many n € IN satisfy [x"]a = 0.

(b) The set of all polynomials a € K[[x]] is called K [x], and is known as
the univariate polynomial ring over K.

Theorem 1.4.2. The set K [x] is a subring of K [[x]] (that is, it is closed under
addition, subtraction and multiplication) and is a K-submodule of K [[x]]
(that is, also closed under scaling).

1.4.2. Evaluation
For what is to come, I do want to introduce noncommutative rings as well.

Definition 1.4.3. The notion of a ring (also known as a noncommutative
ring) is defined in the same way as we defined a commutative ring, except
that we remove the “commutativity of multiplication” axiom.

For example, matrix rings such as R"*" and the quaternion ring H are rings.
Of course, any commutative ring is a ring. If M is a Z-module (i.e., any abelian
group), then End M = {all endomorphisms of M} is a ring.

Next, we recall the concept of a K-algebra:
Definition 1.4.4. A K-algebra is a set A equipped with four maps

G AXA—=A,
O AXA—=A,
® AXA—=A,
—KxA—=A

%
and two elements 0 € Aand 1 € A satisfying the following properties:

s —
1. The set A, equipped with @, © and ©® and 0 and 1 is a (noncommu-
tative) ring.

%
2. The set A, equipped with ®, © and — and 0 is a K-module.

3. We have
A= (a®b)=AN—a)0b=a® (A —Db) forany A € Kand a,b € A
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We use the standard shorthands, e.g., writing a + b for a ® b, or writing ab
for a © b, or writing Aa for A — a. Examples of K-algebras include

¢ the ring K itself (recall that K is commutative);

e the ring K [[x]] of FPSs;

e its subring K [x];

¢ the matrix ring K"*" for any n € IN;

* any quotient ring of K (that is, any ring K/I where I is an ideal of K);
* any commutative ring that contains K as a subring.

We can define what it means to substitute an element of a K-algebra into a
polynomial:

Definition 1.4.5. Let f € K [x] be a polynomial. Let A be any K-algebra. Let
a € A be any element. We then define an element f [a] (usually denoted
f (a), sometimes denoted f oa) of A as follows:

Write f in the form f = Y f,x" = (fo, f1, f2,...) for fo, f1, f2,... € K.
nelN
Then, set

flal:==)_ fad".
nelN
This sum is essentially finite, since f is a polynomial.
The element f [a] is known as the value of f at a, or the evaluation of f at
a, or the result of substituting a for x in f.

Many authors write f (a) for f [a], but this sometimes leads to ambiguities:
Does x (x+1) means x [x + 1] or x- (x +1) ?

If f and g are two polynomials in K [x], then the value f [¢] = f o g is also
known as the composition of f and g. We note that any polynomial f satisfies

flxl =1
f10] = [xo] f = (constant term of f);
f[1] = (sum of all coefficients of f).

Theorem 1.4.6. Let A be a K-algebra. Let a € A. Then:
(@) Any f, g € K[x] satisfy

(f +8)la] = fla] +ga] and (fg)la] = fla]-ga].

(b) Any A € K and f € K [x] satisfy (Af) [a] = A - f[a].
(c) Any A € K satisfies A [a] = A - 14.

(d) We have x [a] = a.

(e) We have x' [a] = a' for each i € IN.
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1.5. Substitution and evaluation of FPSs
1.5.1. Definition

We have seen that if f € K|[x] is a polynomial, then we can substitute any
element of a K-algebra into f.

In contrast, if f € K[[x]] is an FPS, then substituting things into f might fail.
For instance,

(1+x+x2—1—x3+---) [1] would be 1 +1+12 4+ 1% + - - -, which is nonsense.

Thus, polynomials have an advantage of FPSs.
Nevertheless, not all is lost. Some things can be substituted into FPSs. For
instance:

e We can always substitute 0 for x into a FPS f € K][[x]|, since all the
addends except for the constant term just become 0.

* We can always substitute x for x into a FPS f € K[[x]], since it just gives
X.

e We can always substitute x? + x for x into a FPS. Indeed, if the FPS f is
fo+ fix+ fox? + f3x° + - - -, then

(fo+f1x+f2x2+f3x3-|—---) [x2+x}

= fo+ f1 <x2+x)+f2 <x2+x>2+f3 (x2+x>3+~-

= fo+ fi (x2+x> +h <x4+2x3+x2> +f (x6+3x5+3x4+x3> TR
= fot fix+ (A+ L)+ QA+ )+ (L+3f+fa)x* +---,

which makes perfect sense.

The last example can be generalized (which incidentally contains the previ-
ous two examples as well): There was nothing specific to the FPS x? + x that
we used here, other than that it was a multiple of x (that is, its constant term
was (). Let us introduce a notation for this:

Definition 1.5.1. Let f and g be two FPSs in K [[x]]. Assume that [x°] ¢ =0

(that is, g = g1x' + gox? + g3x° + - - - for some g1,¢2,93,-- - € K).
We then define a FPS f [¢] € K [[x]] as follows:

Write f in the form f = Y, fux" = (fo, f1, f2,...) for fo, f1, fo,... € K.
neN
Then, set

flgl=Y fug"

nelN
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This sum is well-defined since it is summable, which is because (see the notes
for details) for each n € IN, the first n coefficients of g" are 0.

This FPS f [g] is also denoted by f o g, and is called the composition of f
with g, or the result of substituting g into f.

Example 1.5.2. The FPS x + x? has constant term [x°] (x + x?) = 0. Hence,
by the previous definition, we can substitute it for x into 1+ x +x% +x3 +- -,
The result is

<1+x—|—x2—|—x3—|—-~> [x+x2}
2 3
=1+ <x+x2) + <x+x2> + <x+x2> +
=1+x+2x"+3x° + 52 +8x° + - .
The RHS here appears to be f; + fox + f3x2 + fyx> + - - -, where (fo, f1, f2, - - -)

is the Fibonacci sequence. Let us show that this is indeed the case.
In the original Example 1 in Lecture 1, we showed that

2 3 _ X
fo+ fix+ fox" + fax" + - = T x_ 2

Thus,

X
T2 = Jothx+ o + i+

=0
= fix + fox® + fax® + - -

:x<f1+f2x+f3x2+--->-

Cancelling x from this equality (i.e., dividing both sides by x), we obtain

1
T - hthx+fir+

However, it appears reasonable to expect that

1—x1—x2:1ix [x—i—xz].

Unfortunately, this is not obvious — after all, [x 4+ x?] is defined by

1—x

substituting x + x2 for x in the expanded version of 1 , not in the fraction

itself. So we have to actually prove that substituting something in a

fraction gives the same result as substituting it in the numerator and the
denominator and then taking the quotient.
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Nevertheless, if we take this equality

1 - 1 [x+x2}
1—x—x2 1—x

for granted, then our claim follows, because

!

1.5.2. Laws of substitution

Let us now justify this equality

1—x1—x2:11x [x—i—xz].

It follows from one of the following laws of substitution:

Proposition 1.5.3. Composition of FPSs satisfies the following rules:
@ If f1, 2,8 € K[[x]] satisfy [x°] g =0, then (f1 + f2) og = fiog + faog.
() If f1, 2,8 € K[[x]] satisfy [xo] ¢ =0, then (fi-fo)og = (fi09)-
(f208)-

(0 If f1, f», ¢ € K[[x]] satisfy [x°] g =0, then h, g = ;1 Zg, as long as f»
2 2

is invertible.
(d) If f, g € K[[x]] satisfy [x°] ¢ = 0, then f¥o g = (f o )" for each k € N.
(e) If f,g,h € K[[x]] satisfy [x°] ¢ =0and [x°] h =0, then

(feg)oh=fol(goh).

(f) We have ao g = a for any a € K and g € K[[x]].

(g) We have x o g = gox = g for any g € K|[[x]].

(h) The analogue of part (a) works for infinite sums: If (f;),.; € K [[x]]l is
a summable family of FPSs, and if ¢ € K [[x]] satisfies [x°] ¢ = 0, then

(Zﬂ) 0g =) (fiog).

icl icl

Proof. See notes. Most parts are straightforward. Part (e) is slightly tricky:
First prove it for f = x* (using part (d)). Then, conclude the general case by
“linearity” (actually an application of part (h)). O

With part (c) of this proposition, we have justified what we did in the pre-
ceding example.
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Let us summarize: If f, ¢ € K[[x]] are two FPSs, then the composition fo g =
f g] is well-defined

e whenever f is a polynomial (i.e., whenever f € K|[x]), and

 whenever g has constant term 0 (i.e., whenever [x°] g = 0).

(In some exotic cases, f o ¢ can be well-defined despite neither condition
holding. If K =Z/4 and g = 2 € Z /4, then f [g] is well-defined, since 2 € Z /4
is nilpotent and thus all its high enough powers are 0.)

1.6. Derivatives of FPSs

We define the derivative of a FPS by just mimicking its behavior in analysis
without bothering with the es and Js:

Definition 1.6.1. Let f € K[[x]] be a FPSs. Then, the derivative f ' of f is an
FPS defined as follows: Write f as f = ). fu,x" with fo, f1, fo,... € K, and
nelN

set

fl=Y nfux" 1

n>0

This derivative behaves nicely:

Theorem 1.6.2. (a) We have (f +g¢) = f/+ ¢’ forall f,g.
(b) The same holds for (summable) infinite sums.
(c) We have (cf) = cf ' forany c € K and f € K[[x]].

(d) We have (fg)' = f g + fg' for any f,g € K[[x]].
(e) If f,g € K[[x]] are such that g is invertible, then

(g)/ - /gg_z .

(f) For any ¢ € K [[x]] and any n € IN, we have (g")" = ng"~1¢.
(g) Given two FPSs f, g, we have

(fog) =(f'cg) &

(h) If K is a Q-algebra, and if two FPSs f,¢ € K|[[x]] satisfy f ' = ¢/, then
f — g is constant.

Proof. See notes. O

In the HW, you will see the inverse operation to differentiation.
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1.7. Exponentials and logarithms

Convention 1.7.1. Throughout this section, we assume that K is a commuta-
tive Q-algebra (i.e., we can divide by 1,2,3,... in K).

Definition 1.7.2. Define three FPSs exp, log and exp in K [[x]] by

1 n
exp = 2 ax ,
nelN
_1 n—1
log — Z ( ) xn,
n>1 h
1 n
exp ‘=exp —1 = Z—'X
n>1 n.

These FPSs are mimicking the complex functions exp z, log (1 +z) and expz —
1. (The shift by 1 is to “center” them at 0.) From complex analysis, you know
that exp olog = log oexp = id as functions. It would be nice if the same held
for FPSs, i.e., if we had

WOEg:@O%:x.

This is indeed true but not very easy to prove. The “short” proof relies on
a general principle saying that an equality of FPSs that converge in a circle
around 0 can be proved by proving that the respective functions are equal. But
I want to avoid any use of analysis here, so I prefer to walk this path by foot.
The main tool is:

Proposition 1.7.3. Let ¢ € K [[x]] with [x°] ¢ = 0. Then:

(a) We have

N / /

(Xpog) = (expog) = (expog) - g
(b) We have /

/
oo __8
(logog) “Tig
Proof. Easy. O

Using this proposition, it is not hard to prove:
Theorem 1.7.4. We have

exp o log = log o &Xp = .
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Proof. See the notes. O

Using the FPSs exp and log, we can define actual exponential and logarithm
maps:

Definition 1.7.5. (a) We let

K[[x]], = {Fpssf e K] | [xo} f= o} and
K[[x]], = {FPss f e K[[x] | || f=1}.
(b) We define two maps
Exp : K{[x]], = K{[x]];,
g — expog
and

Log : K{[x]}; — K{[x]lo,
frlogo(f—1).

Theorem 1.7.6. The maps Exp and Log are well-defined and are mutu-
ally inverse group isomorphisms between the groups (K |[[x]],, +, 0) and

(K{[*]ly - 1)

Proof. See the notes.

Well-definedness is easy. “Mutually inverse” follows from exp o log = log o
exp = x. Remains to show that they are group isomorphisms. It suffices to
prove that expo (f +g) = (expof) - (expog). This is not hard to check by

just plugging things into exp = ) mx” and simplifying using the binomial
nelN -
formula. O

A consequence of this theorem is that (at least when K is a Q-algebra —e.g., a
tield of characteristic 0) the additive structure and the multiplicative structure
of FPSs are “more or less equivalent”, meaning that one can be reduced to the
other.

Next time we will see how to define fractional powers like (1 + x)
this observation.

1/2 .
usmeg

1.8. Non-integer powers

Let us now introduce non-integer powers in order to make sense of the /1 — 4x
in Example 2.
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1.8.1. Definition

Problem: Devise a reasonable definition of the c-th power f¢ for any
FPS f € K|[[x]] and any ¢ € K.

Here, “reasonable” means the following:

¢ This definition should not conflict with our existing notion of f¢ for c € IN.
(Remember: f = ff--- f in this case.)
——

¢ times

* Rules of exponents should hold: i.e., we should have
for=fof (fg)" = f'g" (F)" = .

e For 1 a positive integer, f1/" should be an n-th root of f. (This actually
follows from the previous two requirements.)

Clearly, we cannot solve the above problem in full generality:

e We can never define 0! unless K is trivial.

* The power x1/2 cannot be defined unless K is trivial. (This is a HW exer-

cise, although it is very easy when K is a field.)

¢ Even the power (—1)1/ 2 is not always defined, since K might fail to con-

tain a square root of —1.

However, all we want to make sense of is /1 — 4x, so let us restrict ourselves
to FPSs whose constant term is 1. So we restrict ourselves to the more realistic
problem:

More realistic problem: Devise a reasonable definition of the c-th power
f¢ for any FPS f € K [[x]]; and any ¢ € K.

(Recall that K [[x]]; = {FPSs with constant term 1}.)
Note that we also want f¢ belong to K [[x]];.
In full generality, this is still too much to ask. Indeed, for K = Z/2, we

cannot define (1 + x)l/ 2, since 1+ x has no square root (also a HW exercise).
However, if we assume that K is a commutative Q-algebra, then we get lucky:
Our more realistic problem can be solved in at least two ways:

1st solution: We define

(I4+x) =) (C) xk for each ¢ € K,
keN
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in order to make Newton’s binomial formula hold for arbitrary exponents. Sub-
sequently, we define

foi=(14+x)[f—1] for any f € K[[x]]; and c € K.

Thus, (1+¢)°= ¥ (;) g holds for any g € K [[x]],.
kEN
This clearly defines f¢. But we need a lot more work to prove that the rules

of exponents are satisfied. Some of this is done in Loehr’s book Bijective Com-
binatorics, but I don’t want to do it this way.

2nd solution: Recall the mutually inverse group isomorphisms

Exp : (K{[x]]g, +,0) = (K{[x]];,~ 1),
Log: (K{[x]ly, 1) = (K{[x]]o, +,0).

Thus, for any f € K[[x]]; and any ¢ € Z, the equation

Log (f°) = cLog f.

This suggests that we define f¢ for all ¢ € K by the same equation. In other
words, we define f¢ by

f¢ :=Exp (cLog f) for all c € K.

Let us do this:

Definition 1.8.1. Assume that K is a commutative Q-algebra. Let f € K[[x]];
and ¢ € K. Then, we define an FPS

f¢:=Exp(cLogf) =expo <c-@o(f—l)>.

As we already explained, this definition does give ff --- f when c € IN, and
c times

f¢ when c € Z. It furthermore makes the rules of exponents hold:

Theorem 1.8.2. Assume that K is a commutative Q-algebra. Then, for any
a,b € K and any f, g € K[[x]];, we have

fr=ff, (fe)" = £'g", ()" = £,

Proof. Easy exercise (HW). O]

Now, v/1 — 4x makes perfect sense (defined as (1 — 4x)1/ %), and the quadratic
formula for solving a quadratic equation can be used with FPSs (with the same
proof).
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1.8.2. The Newton binomial formula for arbitrary exponents

Unfortunately, Example 2 is not justified yet. Having defined f¢ using Exp and
Log, we have not guaranteed that the Newton binomial formula is true, so we
need to prove it. Let us do it now:

Theorem 1.8.3 (generalized Newton binomial formula). Assume that K is a
commutative Q-algebra. Let ¢ € K. Then,

(1+x)=) (Ii) «k,

keIN

The following proof illustrates an important technique that appears all over
abstract algebra.

Proof. The definition of Log yields Log (1 + x) = logo ((1+x) —1) =logox =
log.

Now, let us just blunlty compute (1+ x)° using our definition: Let P =
{1,2,3,...}. Then,

(14 x)° = Exp (cLog (1+ x))
= Exp (c @)
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Now, fix m € IN. We shall expand the m-th power in this sum. Then,

_\n—1 m
(£ )

nelP
1 n—1 1 n—1 1 n—1
:<Z—( n) cx") (Z—( n) cx")---(Z—( n> cx”)
. nelP nelP nelP |

_ 1”11—1 o Tl2—1 . m—1
= Z (%me) <%cx”2> <( 111) Cx;m)
(n1,n2,....1m ) EP™ 1 2 -

(_1) (ny+no+-+ny ) —m
— Z men1+n2+-~+nm
nan DY nm

k—m
-1
=) y EU
KEN  (n1,1,..ty) e 1111277 Tl
”1+n2+...+nn1:k

(n1,m2,...,1nm ) EP™

We have proved this formula for each m € IN.
Now, our above computation becomes

(1+x)" = % (Z (_171—)”1an>

meN " n>1

(_1)k—m
= 2 — 7 myk
keN  (n1,n3,...,0 ) EP™; N1H2 - = - My
ny+ny+---+ny=k

k—
1 (_1) " m .k

= ) L L

-~

melN m: keN  (ny,ny,...nm)€P™; mhg - m
ny+np+---+ny=k
k—m
-yl ¥ LU _ais
kelN | meN m: (ny,ng,..., 0, ) EP™; Mg« M

ny+ng+---+ny,=k

Now, let k € IN. We rewrite the middle sum as a finite sum, as follows: We
define a composition of k to mean a tuple (ny,ny, ..., ny,) € P™ of positive in-
tegers satisfying ny +np + - - - +n,, = k. (For example, (1,3,1) is a composition
of 5.) Let Comp (k) denote the set of all compositions of k. This set Comp (k) is
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clearly finite (and its size we will find soon). Now,

gly e,
meN m! (11,12,...,1m ) EP™; mng e i
ny+np+-+nm=k
_ y 1 (-

(111,112,0eig) €Comp (k) 1T 111122 Tl

",

and the RHS here is a finite sum.
So we have proved this equality for each k € IN. Thus, our above computation
becomes

(_1)k—m

Z — 7 " xk

1
| Nning - - - Ny

(T+x)"=) | L
kelN | melN m: (ny,n,..., 1) €P™;
ni+np+---+n,=k

Y y Lo

keN \ (ny,ny,...,nm)€Comp (k) m: ninp N

™| Xk,

)3

We must prove that this equals } (IC{) x. Equivalently, we must prove that
(n1,my,...,np)€Comp (k)

keIN
k—m
1 (_1) m ¢
—_— —C =
m! nynn - - Ny k
for each k € IN.

Thus, we have reduced our original goal (which was to prove (1+ x)° =

Y. (C> x¥) to the auxiliary goal of proving this equality

keN \K
=

(nlrnzf-n,nm)GComp(k) nan tt nm

for each k € IN.

This auxiliary goal is nicer in one regard: It is a polynomial identity in c (that
is, an equality between two polynomial functions of c) for each given k. Thus,
by the polynomial identity trick, in order to prove it for each c € K, it suffices
to show it for infinitely many integers c. So we only need to prove our equality
for c € IN.

But proving it for ¢ € IN is easy: We can transform our equality back into

the FPS equality (14 x)° = ¥ (IC() xk, which is obvious for ¢ € N. So we are
keIN
done.

(See the notes for more detail.) O
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A summary of the weird method that we just used:

¢ We had to prove a rather abstract statement.
e We translated it into an awkward but more concrete statement.

* We then argued that this concrete statement is a polynomial identity, and
thus needs only to be proved in the special case when c € IN.

* To prove it in this case, we translated it back into the abstract statement
we started with, which turned to be easy for c € IN.

Now Example 2 is fully justified.

See the notes (§3.8.3) for another application of the generalized Newton for-
mula.

1.9. Integer compositions
1.9.1. Compositions

Next, let us count certain nice combinatorial objects called compositions. This
can all be done combinatorially (see my Math 222 notes), but it also makes for a
nice example of generating functions being useful, so I will do it algebraically.

Definition 1.9.1. (a) An (integer) composition means a (finite) tuple of posi-
tive integers.

(b) The size of a composition &« = (a1, a, ..., &) means the sum aq + ap +
-+ -+ ap. We denote it |a.

(c) The length of a composition a« = (a1, &, ..., ax) means k. We denote it
l ().

(d) Let n € N. A composition of 7 means a composition whose size is n.

(e) Let n € IN and k € IN. A composition of 7 into k parts is a composition
whose size is n and whose length is k.

Example 1.9.2. The tuple (3,8, 6) is a composition of 17 into 3 parts, since its
length is 3 and its sizeis 3+ 8 + 6 = 17.

Two natural questions:

1. How many compositions of n exist for a given n € IN ?

2. How many compositions of n into k parts exist for given n, k ?
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Let us use generating functions to answer question 2.
Approach to question 2. Fix k, but don’t fix n. Let
a,k := (# of compositions of n into k parts) .

We want to find 4, ;. We define the generating function

Ak = Z an,kxn = (ao/k/ al,kl az,k/ .. ) € Q [[XH .
nelN

Let us set P := {1,2,3,...}. Then, a composition of n into k parts is nothing
but a k-tuple (a1, a2, ...,a;) € P with ay +ap + - - - + a; = n. Hence,

Apk = Z 1.

(aq,p,...,0) EPK;
K1+t Fu=n
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Thus,

S n __ n
Ap=) g =) Y, X
neN nelN - (ay,a,,...,0;) EPK;
a1 t+ap+-+up=n

— Z xttaatetag — Z X2 ...

(al,az,...,lxk)EIPk (Dél,ﬂéz,...,txk)E]Pk

-(5)(5) (5]
-(5)(57)(57)

= Zx“)k (x1+x2+x3+--->k

aclP

=) =Y (—1y (‘.k) X/

jEN J
since substituting — x for x into the
generalized Newton formula

(1+x)* =y <_jk>xf

jEN

yields (1—x) "= ¥ (=1) (_jk)xf

jeN

n>k

Comparing coefficients, we find

B = (—1)"" (n__kk>

=Y (-1 (‘jk) I (,f_kk) v

o3
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for each n € IN satisfying n > k. We can simplify this further:

By = (—1)""F <n__kk>

= ()" ()"t (n —k ;E_kk) N 1) (by upper negation)

N
~~
=1 ~\~ -

(1)
~(0 7y

So the answer to question 2 is

-1
Ay = (Z B k> for each n € IN satistying n > k.
We can easily see that this also holds for n < k (since 0 = 0).

-1 -1
If n > 0, then we can rewrite (Z _ k) as (Z B 1) by the symmetry of Pas-

cal’s triangle. Thus:

Theorem 1.9.3. Let n,k € IN. Then, the # of compositions of n into k parts (=
k-tuples of positive integers summing up to n) is

(n—l) B (Z:i), if n > 0;
n—k S0, if n = 0.

(Here, J,, , is the Kronecker delta, i.e., the number 1 if # = v and the number 0
otherwise.)

This theorem can be proved combinatorially as well (see, e.g., Math 222).
We can also count compositions of all lengths taken together:

Theorem 1.9.4. Let n € IN. Then, the # of compositions of 7 is

21 ifn > 0;
1, ifn=0.

Proof. By the previous theorem, this # is

< -1
)3 (Z k) = (the sum of the n — 1-st row of Pascal’s triangle)
k=0 \" T

(for n > 0)
=2"1

See the notes for details. ]
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1.9.2. Weak compositions

Weak compositions are like compositions, except they allow 0 as an entry. In
other words:

Definition 1.9.5. (a) An (integer) weak composition means a (finite) tuple of
nonnegative integers.

(b) The size of a weak composition &« = (a,ap,...,4;) means the sum
a1+ ap + - - - + ay. We denote it |a.

() The length of a weak composition & = (a1, ap,...,a;) means k. We
denote it ¢ ().

(d) Let n € IN. A weak composition of n means a weak composition
whose size is n.

(e) Let n € IN and k € IN. A weak composition of 7 into k parts is a weak
composition whose size is n and whose length is k.

For instance, the tuple (3,0,1,2) is a weak composition of 6 into 4 parts.

How many weak compositions does a given n € IN have? Infinitely many,
since (n), (n,0), (n,0,0), ... all are included. But if we restrict ourselves to k
parts for a given k, we get a finite number:

Theorem 1.9.6. Let 1,k € IN. Then, the # of weak compositions of n into k
parts is

k-1
<n+k—1>_ (”2_1 ) if k > 0;
" S0, if k = 0.

Proof. If (aq,ay,...,ax) is a weak composition of n into k parts, then
(a1+1, a2+1, ..., g +1)

is a composition of n + k into k parts. Conversely, if (b1, by, ..., bx) is a compo-
sition of n + k into k parts, then

(b1 —1, bp—1, ..., by —1)
is a weak composition of 7 into k parts. So we get a bijection

from {weak compositions of n into k parts}
to {compositions of n + k into k parts} .
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Hence, by the bijection principle, we have

|{weak compositions of n into k parts}|
= |{compositions of n + k into k parts}|

k—1
_ (Z i L k) (by one of the previous theorems)

_(n+k—1
= ) .
Remains to prove that this also equals

n+k—1 .
( o1 ), if k>0
On 0, if k=0.

For k > 0, this follows from the symmetry of Pascal’s triangle. For k = 0, this
is clear by inspection. O

Remark: We can also count weak compositions of n into k parts by removing
all the 0’s, so that a composition of 7 into ¢ parts for some ¢ < k remains. Let’s
see what this gives us.

Thus, a weak composition (a1, 4y, ..., a;) of n into k parts is uniquely deter-
mined by

e the number ¢ of its nonzero entries;
* the positions of its nonzero entries (forming an /-element subset of {1,2,...,k});
* a composition of n into ¢ parts.

The number of ways to make these choices is

% ()60
= \L) \n—1¢
So this is another formula for the # of weak compositions of n into k parts.

Comparing it with the formula (n +§ - 1) , we obtain the identity

() -5062)

This is the Chu—-Vandermonde identity for k and n — 1 (up to a simple change

I;) =0 for all ¢ > k).

of summation range, which is allowed since (
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1.9.3. Weak compositions with entries from {0,1,...,p — 1}

We can vary our counting problems somewhat furhter.

Let us fix three nonnegative integers n, k and p. We now look for the # of
k-tuples (a1, a2,...,a¢) € {0,1,...,p— 1}k such that a1 +ap 4+ -+ ap = n. In
other words, we look for the # of weak compositions of n into k parts with the
property that each entry is < p. Let us denote this # by w;, 1 .

Just as above, we invoke a generating function. Forget that we fixed n, and
define the FPS

Wk,p = 2 wn,klpx” €Q [[x]] .
nelN

For each n € N, we have

wn,k,p = Z 1.

(a1,00,...,01)€{0,1,...,p— l}k;
a1 t+ay+-ta=n
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Hence,

Wip = Z Z x"

nelN (ucl,txz,...,zxk)6{0,1,...,p—1}k;
a1toap+-+a=n

= Z x“1+0‘2+"'+’xk

(1,02,...,2) €{0,1,..., p— 1}

p—1 p—1 p—1
e ( Z xal) ( Z xlXZ) e < Z xzxk>

061:0 “2:0 DékZO

B SR
e Z xlX fry < >

a=0 1-—x

p-1 o
(Since lex:xo_i_xl_i_,,,_'_xp—l: x)

a=0
= (-1 -x

(e 0e) (5o

—=xP]

to expand (1 —x*)* and (1 —x)~*
R R ()
:(i+l§— 1)

(by upper negation)

= Z Z (_1)1 (k) Pj(iJFI;_l)xi

icN jelN /

-y L () (e

]

( here, we used Newton’s binomial formula >
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Comparing the x"-coefficient on both sides of this equality, we obtain

o= L L /(5 (75T

iEN  jEN; J !
i+pj=n
_ ](k)(n p]+k—1)
je]N ] n—pj
p]<n

Theorem 1.9.7. Let n,k,p € IN. Then, the # of k-tuples (ay,ap,...,a;) €
{0,1,...,p—1}* satisfy w1 +ap + - - +ax = n is

Loy ()

This sum cannot be simplified in general. However, the particular case p =
2 is worth mentioning, because in this case there is a much simpler answer.

Namely, I claim that the # of k-tuples (a1, a2, . .., a;) € {0,1}* satisfy aq + ap +

So we have proved:

4 = nis 0l because such a k-tuple is uniquely determined by the

positions of its n many 1’s. Comparing these two answers, we obtain a nice
identity:

Corollary 1.9.8. Let 1,k € IN. Then,

W) =R (05 7)

1.10. x"-equivalence

We return to general properties of FPSs.
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Definition 1.10.1. Let n € N. Let f,¢ € K [[x]] be two FPSs. We write f = ¢
if and only if

eachm € {0,1,...,n} satisfies [x"] f = [x"] g.
x_Tl

In other words, f
agree.

g if and only if the first n + 1 coefficients of f and g

=

Thus, = is a binary relation on the set K[[x]]. We will call it x"-

equivalence.

Example 1.10.2. (a) We have

1 2 3 4
mzl-l—x—l—x + x° 4 x*=.
(b) We have
1 1
14+x)0° =
(I+x)" =15
since
(1+x)% =14 3x43x% + 25
1
m:1+3x+9x2+
But (1 3L 1 | 9in K
ut (1+x) %1_3xuness?>— in K.

(o) If f € K[[x]] is any FPS, and if n € IN, then there exists a polynomial
p € K|x] of degree < n such that f = p. Explicitly:

=% (1) »

k=0

le

The relation f = g is also written

e as f = g+ o0(x") (this comes from thinking of x"*1,x"*2,... as being
“small” in comparison to x", which makes sense if you think of x as a
small complex number);

* as f = gmod x"*! (this comes from the fact that f £ gifand onlyif f — ¢
is a multiple of x"1).

The relation = has all the nice properties of modular congruence that you
would expect:




Math 531 Winter 2024, version March 15, 2024 page 55

¢ It is an equivalence relation (i.e., reflexive, transitive and symmetric).

¢ [t respects addition, subtraction, multiplication, scaling and inversion. For
example, if a Zpand c = d, then ac = bd. Respecting inversion means

that if a,b € K[[x]] are invertible, and a e b, then a1 Ly,

e It even respects composition: If a,b,c,d € K[[x]] satisfy a Zbhandc=d
and [x%] ¢ = 0 and [x°]d = 0, thenaoc = bod. (The “constant term
0” requirement is important here: Two polynomials 2 and b may satisfy

X7 x"
a=bbutaol Zbol)

All of this is proved in the notes; none of this is hard.

1.11. Infinite products

We have made sense of infinite sums. Now we shall introduce infinite products
of FPSs. First, an example.

1.11.1. An example

The following argument is due to Euler in 1748.
Assume for now that the infinite product

T (1+2) = (1) (1+22) (142) (145

ieN
in the ring K [[x]] is meaningful, and that such products behave well. Can we

simplify it?
We can observe
Z16_11[\I<1-|—x21>:<1-|—x1) (1+x2) <1-|—x4> (1+x8>...
1= Tt 108 14
C1—axl 122 1—x% 128

1‘ 1 . 2i+1 .
(since 1+ 2% = =r for each z)

1—x2

by the infinite telescope principle,
since each numerator cancels the
next denominator

1
1t

1
= =T1+4+x+22+23+---.
1—x
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On the other hand, let us expand [] (1 + xzi). It is well-known (and easy
ieN

to check) that finite products of the form [] (1+ a;) can be expanded by the

m
i=0

formula

m
(14+a)=14ap+a1+ - +an
=0

1
+aopay +aoaz + - -+ ay—1am
+apayay + - - -
+aopay - - ap

= ) aanem,

N <ip<---<ip<m

where the sum ranges over all choices of k elements iy < --- < i, from
{0,1,...,m}. Let us assume that the same rule applies to infinite products:

H (1 + Lli) = 2 Aj, A, * + * Aj -

ieIN i <ip<---<ij
Hence,
i i1 iy i} il L niy 1. 4 0ik
H<1+x2>: Z (21422 2k Z (212242
ieN i <ip<--- <l i <ip <+ <y

Compare this with
I (1+x2i> =14+x+x>+254+-.
ieN

We get

i D ...t
) SRR R SR T IR
i1<i2<"'<ik

Comparing x"-coefficients on both sides, we see that each n € IN satisfies
(# of ways to write 7 as 2'1 422 4. .. 4- 2% with i} <ip < --- < ik>
=1
In other words, each n € IN can be written uniquely as 21 + 272 4 - . . 4 2 with

W <ip <. <l
This is just the uniqueness of base-2 representation of nonnegative integers.
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1.11.2. A rigorous definition

Recall that infinite sums of FPSs were defined coefficientwise:

[x"] (Z ai) = Yl

icl icl

an essentially finite sum

Alas, we cannot do the same for infinite products, since products (even fi-
nite) of FPSs are not coefficientwise. A given coefficient of a product ab is not
determined by the corresponding coefficients of a and b alone. But it is still
determined by finitely many coefficients of a and b:

n

x"] (ab) = }_ [xi] a- [x”—f] b.

i=0

For infinite products, we expect a similar behavior: Any specific coefficient

of JT a; should be determined by only finitely many coefficients of each of the
icl
a;. Let us make this more precise:

Definition 1.11.1. Let (a;);.; be a (possibly infinite) family of FPSs in K [[x]].
Let n € IN. Let M be a finite subset of I.

(@) We say that M determines the x"-coefficient in the sum of (a;), ; if
every finite subset | of I satisfying M C | C I satisties

) (z) " (z ) |
ic] ieM

(You can think of this condition as saying “If you add any further a;’s to the
sum ) a;, then the x"-coefficient does not change”.)
icM
(b) We say that M determines the x"-coefficient in the product of (a;)
if every finite subset | of I satisfying M C | C I satisfies

) (H ) ) (H ) |
ic] ieM

(You can think of this condition as saying “If you multiply any further a;’s

onto the product [] a;, then the x"-coefficient does not change”.)
ieM

icl
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Example 1.11.2. (a) Consider the family

().
:(1, x4 1%, <x+x2>2, <x+x2>3, )

The subset {2,3} of IN determines the x*-coefficient in the sum of this

family, since all remaining (x + x2)l’s do not have an x>-coefficient. Con-
sequently, any finite subset of IN that contains {2,3} as a subset will also
determine the x>-coefficient.

(b) Consider the family

<1+xi>, = <1+1, T4x, 1423 143 1+2%, )
1€

of FPSs. The subset {0,1,2,3} of N determines the x3-coefficient in the prod-
uct of this family, since every finite subset ] of IN satisfying {0,1,2,3} C J C

IN satisfies
<) (I1(+%)) = [+ (ie{gm} (0 w)) |

(This is because multiplying an FPS by any of the polynomials 1+ x*, 1+
x°, 1+ x° ...leaves its x3-coefficient unchanged.)
On the other hand, the subset {0,3} of IN does not determine the x3-

coefficient in the product of (1+ x'),_,, since

2 (L, 009) ##(1, 000))

[ S/

—[F] () () (1122) (1423)) @] (1) (14:3))
=4 =2

Definition 1.11.3. Let (a;);.; be a family of FPSs in K [[x]]. Let n € IN.
(@) We say that the x"-coefficient in the sum of (a;); ; is finitely deter-
mined if there exists a finite subset M of I that determines this coefficient.
(b) We say that the x"-coefficient in the product of (a;),.; is finitely de-
termined if there exists a finite subset M of I that determines this coefficient.

Using this concept, we can rewrite our definition of infinite sums:
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Proposition 1.11.4. Let (a;),.; be a family of FPSs in K [[x]]. Then:
(@) The family (a;),.; is summable if and only if each coefficient in its sum
is finitely determined.

(b) If the family (a;);.; is summable, then each coefficient of its sum }_ a;
icl
can be computed as follows: Given n € IN, we pick a finite subset M of I that

determines the x"-coefficient in the sum of (a;);.;; then
[x"] <Zai) = [x"] <Z ai> :
iel ieM
Proof. LTTR. O

Now, we define infinite products in the same way:

Definition 1.11.5. Let (a;),.; be a family of FPSs in K [[x]]. Then:

(@) The family of (a;);; is said to be multipliable if and only if each coef-
ficient in its product is finitely determined (i.e., for each n € IN, there exists
a finite subset M of I that determines the x"-coefficient in the product of
(ai)ep)-

(b) If the family (a;);.; is multipliable, then its product [] a; is defined to

iel
be the FPS whose x"-coefficient (for any n € IN) is given by

i3] -+ 11
i€l ieEM

where M is any finite subset of I that determines the x"-coefficient in the
product of (a;)

i€l

Proposition 1.11.6. This definition of [ a; is well-defined —i.e., the coefficient
i€l

[x"] < I1 ai) does not depend on the choice of M.
ieM
Proof. Given two different M’s, take their union. O
Proposition 1.11.7. This definition of ] a; agrees with the usual finite-
i€l
product definition when I is finite.
Proof. Very easy. O

The above definition legitimizes our product

I1 <1+x2i) - <1+x1) <1+x2> <1+x4> (1+x8>---.

icN
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If you want to compute the x°-coefficient of this product, you only need to
multiply its first 3 factors. In other words, the set {0,1,2} determines the x°-

coefficient in the product of (1 -+ xzi> N The same is true for any coefficient.
1€
So our definition makes [] (1 + x21> well-defined.
ieIN
In contrast, the product

[T +ix)=(1+0x)(141x) (1+2x) (1+3x) -
ieN

does not make sense, since its x'-coefficient is not determined by any finite
subset of N. No matter how many of its factors you multiply, there will always
be another that changes this coefficient.

Even the product
x
1+ =
ie{1,1;13,...} < lz)

does not make sense according to our definition, even though it would make
sense in analysis.

Our reasoning that showed the multipliability of (1 + x2i> o Can be gener-
S

alized:

Theorem 1.11.8. Let (f;),.; be a summable family of FPSs in K [[x]]. Then,
the family (1 + f;);; is multipliable.

In other words, if ) f; makes sense, then so does [] (1 + f;).
i€l i€l
Proof idea. Since (f;),.; is summable, we know that only finitely many f; have
a nonzero xY-coefficient. The set of the corresponding i’s determines the x°-
coefficient of the product [] (1 + f;).
i€l

Since (f;);.; is summable, we know that only finitely many f; have a nonzero

xO-coefficient or a nonzero x!-coefficient. The set of the corresponding i’s de-

termines the x!-coefficient of the product [T (1 + f;).
iel

And so on. O]

Definition 1.11.9. Let (a;);.; be a family of FPSs. Let n € IN. An x"-
approximator for (a;);.; means a finite subset M of I that determines the
first n + 1 coefficients in the product of (a;),.; (that is, determines the x*-
coefficient in this product for each k € {0,1,...,n}).
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Proposition 1.11.10. Any multipliable family (a;)
for each n € IN.

n .
i has an x"-approximator

Proposition 1.11.11. Let (a;),.; be a multipliable family of FPSs. Let n € IN.
Let M be an x"-approximator for (a;); ;. Then,

Hai xE” H a;.

el ieM

These two propositions (which are easy to prove) show that in practice, work-
ing with infinite products boils down to finite products.

Proposition 1.11.12. Let (a;);.; be a multipliable family of invertible FPSs.
Then, any subfamily of (a;),; is multipliable.

The “invertible” condition is here because the family (0,1,2,3,...) is multi-
pliable, but its subfamily (1,2,3,...) is not.

Proposition 1.11.13. Products of multipliable families of FPSs satisfy the
usual rules for products, as long as we assume that our families consist of
invertible FPSs. In particular,

o) )

iel i€l i€l
Hai:<nai> (Hai> if[=JUKand |]NK = g;
iel ie] ieK
[T [Taep= TI1 aap=1II 12wy
il jej (ij)elx] jel i€l

The last rule here requires that (a(i,]-)) (ielx] is multipliable.
i,j)elx

Proof. See notes. L

These rules justify most of what we did with infinite products in the Euler
example. The telescope principle is slippery, since

R i == not 1 as the telescope would suggest.
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So we need to work around it. Fortunately, this is easy:
1—x 1—x* 1—x% 1«16
1—al 1-22 1-24 1-28
(1-%) (1= ) (1) (1= 519) -
T A A (A (1)
(1—2?) (1—xt) (1—o8) (1—x16) ..
(T=at)- (1 =22) (1 =24 (1 =2%) (1 =x1%)---)
1 1
T 1-x 1-x
One more thing has not been justified yet: the rule

H (1 + Lli) = 2 Aj, Ay =+ * Aj .

ieIN i <lp<---<ij

Let us do this now.

1.11.3. Product rules (generalized distributive laws)

Let us recall the finite product rule — i.e., how to expand a finite product of
finite sums.

Proposition 1.11.14. Let L be a commutative ring. For every n € IN, let [n]
denote the set {1,2,...,n}.

Letn € IN. Forevery i € [n], let p;1, pio, ..., Pim, be finitely many elements
of L. Then,

n m; n
H Zpi,k = Z Hpi,ki'
i=1 k=1 (k1,ko,...kn) €[m] x [ma] X -+ x[my] =1

Less abstractly, this is saying that

(Pa+pia++pum) (P21 + P22+ +P2m) - (Pui+ P2+ + Pum,)
= P11P21 " Pn1 T P1aP21 " Pn—11Pn2 T+ PLm P2my - Prymy,-

Now, let us extend this proposition to finite products of infinite sums:

Proposition 1.11.15. For every n € IN, let [n] denote the set {1,2,...,n}.
Let n € N. For every i € [n], let (p;x),.s. be a summable family of FPSs in

K [[x]]. Then,

n n

H Z Pik = Z Pik;-
1

i=1 kGSi (kl,kz,...,kn)esl XSz><~--><Sn i=

In particular, the sum on the RHS is summable.
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This is useful, but not sufficient for Euler’s argument. Indeed, Euler has an
infinite product of finite sums, not a finite product of infinite sums. This can be
a bit trickier, since (e.g.) we don’t want the product

(1+a0) 1+a1)(1+az)---
to have the factor agaqa; - - -. We also don’t want
1-Ha1-H1-1)---=1-14+1-141-1+1-1+£---.
So we have to make some requirements:

Definition 1.11.16. (a) A sequence (ki,kp, k3, ...) is said to be essentially fi-
nite if all but finitely many i € {1,2,3, ...} satisfy k; = 0.

(b) A family (k;);.; is said to be essentially finite if all but finitely many
i € I satisty k; = 0.

Now, we can state a version of the product rule for infinite products of po-
tentially infinite sums.

Proposition 1.11.17. Let Sy, Sy, S3, . .. be infinitely many sets that all contain
the number 0. Set

S={(Gk) | i€{1,23,...} andk € S;\ {0}}.

Forany i € {1,2,3,...} and any k € S;, let p;x be a FPS in K [[x]]. Assume
that
pio =1 foranyic€ {1,2,3,...}.

Assume that the family (p; ) (io)c5 is summable. Then,

(0] (o)
[T Y pix= D [Pk
i=1 keS; (kl,kz,k3,...)€sl XSy XSz x-+- 1=l

is essentially finite

and in particular the product and the sum on the RHS are well-defined.

This finally justifies Euler’s argument.

1.11.4. Another example

Here is a curious result found by Euler in 1748:

Proposition 1.11.18. We have

H <1 — x2i_1>1 = H (1 + xk> .

i>0 k>0
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That is,

(1—x1>1 (1—x3)1 <1—x5)1 (1—x7>1---
= (1+x") (1+22) (1+23) (14x) -

1— 2k
Proof. For each k > 0, we have 1 + xk = 7 a - Hence,
— X
H (1 . x2k)
H <1+xk> = Hl_ka — k>0
(=0 g 1— 2k kgo (1—xk)

(1-2) (1—x*) (1—x8) -
(1I—x)(1—x2)(1—x3) (1 —x4)---
1
(IT—xH)(1—=x3)(1—x5)---
(after cancelling all 1 — x* with k even)
1 1

— H (1_x21‘71) :Hm :H<1—x2i—1>1_

>0 i>0
i>0 ! !

]

Let us now interpret this proposition combinatorially by expanding both
products.

First,

I (1 —l—xk>

k>0

= (1—|—x1) (1—|—x2> <1+x3>
— Z iz .o yk

lll,izf...,ilke{1,2,:‘3,...};
1 <ip<---<l

= Z d,x",

where d,, is the # of all strictly increasing tuples (i < i < --- < i) such that
i1 +iy+---+1i, = n. We can rewrite this definition as follows: d,, is the # of
ways to write n as a sum of distinct positive integers, with no regard for their
order (e.g., we count 3 +4 + 1 and 4 + 1 + 3 as the same way).
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Now to the LHS:

I (1 _ x2i—1)1

i>0
‘ . \2 . \3

~T1 <1 NIpwIES <x21—1> 4 <x21—1> 4. )

i>0

by substituting x?~! for x in
(1—x)_1 =14+x+x24+x34---

_ H (1 421y ,2(2i-1) 4 (321 )

i>0
= <1+x1—1—x2+x3—|—---)

<1+x3+x6+x9+-~>

<1+x5+x10+x15+--->

— Z xu1~1xu2-3xu3~5 ..
(ul,uz,ug,.‘.)elN‘”
is essentially finite

— Z xu1~1+u2-3+u3-5+~--

(Ml,uz,ug,,...) €IN®
is essentially finite

=) ond,

nelN

where o, is the # of all essentially finite sequences (u1,up, u3,...) € N® such
that uy -1+ up -3+ u3-54--- = n. I claim that o, is the # of ways to write n
as a sum of (not necessarily distinct) odd positive integers, without regard to
their order. (In fact, if we write n as a sum of u; many 1s, u, many 3s, u3 many
5s and so on, then u1 -1+ uy -3+ u3-5+--- = n, and vice versa.)

Now, our proposition says that

[ (+2) =I10 )

k>0 i>0

so that

Y dux" =) oux"

nelN nelN

Thus, d, = 0, for each n € IN. So we have shown the following combinatorial
statement:
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Theorem 1.11.19 (Euler). Let n € IN. Then, d,, = 0,,, where

* d, is the # of ways to write n as a sum of distinct positive integers,
without regard to their order;

* 0, is the # of ways to write n as a sum of (not necessarily distinct) odd
positive integers, without regard to their order.

Example 1.11.20. Let n = 6. Then, d,, = 4, since the ways to write 6 as a sum
of distinct positive integers, without regard to their order, are

6=6=54+1=4+2=3+2+1.

Furthermore, 0, = 4, since the ways to write 6 as a sum of (not necessarily
distinct) odd positive integers, without regard to their order, are

6=3+3=1+1+1+1+1+1
=3+1+1+1=5+1.

We will soon learn a different, combinatorial proof of this theorem.

1.12. The generating function of a weighted set

So far, we have built a theory of FPSs, but mainly as algebraic objects. We have
applied them to combinatorics only via certain ad-hoc interpretations.

Now I will show a more systematic way of taking combinatorial objects to
FPSs. This is a theory that goes much further than I can explain in this course
— the theory of weighted sets (sometimes known as combinatorial classes).

1.12.1. A bit of theory

Definition 1.12.1. (a) A weighted set is a set A equipped with a function
w: A — NN, called the weight function of this weighted set. For each a € A,
the value w (a) is called the weight of a4, and is denoted |a].

Usually, we will write |a| instead of w (a), so we won't talk about w explic-
itly. The weighted set (A, w) will often be written as A if the weight function
w is irrelevant or obvious.

(b) A weighted set A is said to be finite-type if for each n € N, there are
only finitely many a € A having weight |a| = n.

(0) If A is a finite-type weighted set, then the weight generating function
of A is defined to be the FPS

Y. xlil = Y (#of a € Ahaving weight ) - x" € Z [[x]].
acA nelN
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This FPS is denoted by A.
(d) An isomorphism between two weighted sets A and B means a bijection
p : A — B that preserves the weight (i.e., each a € A satisfies |p (a)| = |a]).
(e) We say that two weighted sets A and B are isomorphic (written A = B)
if there exists an isomorphism A — B.

Example 1.12.2. Let B be the weighted set of all binary strings, i.e., finite
tuples consisting of 0’s and 1’s. Thus,

B={(), (0), (1), (0,0), (0,1), (1,0), (1), ...}.

The weight of a k-tuple is defined to be k. This weighted set B is finite-type,
since for each k € N, there are only finitely many binary strings of weight k
(namely, 2F). The weight generating function of B is

B =) (#ofa € Bhaving weight n) -x" = ) 2"x"

nelN :E” nelN
1
= 2 n — .
ng\l< ) =10

Proposition 1.12.3. Let A and B be two isomorphic finite-type weighted sets.
Then, A = B.

Proof. Obvious. L

Note that this proposition has a converse: If A = B, then A = B.

Recall that the disjoint union of two sets A and B is “the union of A and B
where we pretend that A and B are disjoint even if they are not”. Formally, it

is defined as the set
({0} x A)U ({1} x B),

where we view the elements (0,a) € {0} x A as clones of the respective a € A,
while viewing the elements (1,b) € {1} x B as clones of the respective b € B.
This disjoint union is denoted by A + B, and always has size |A| + |B|.

Disjoint unions are not directly associative like unions are (i.e., we don’t have
A+ (B+C) = (A+ B) + C as sets), but they are associative up to canonical
bijection (i.e., there is a canonical bijection A+ (B+C) — (A + B) + C), so we
can pretend that they are associative and write Ay + Ay + - - - + Ax when we
don’t care about the specific implementation of these objects.

Definition 1.12.4. Let A and B be two weighted sets. Then, the weighted set
A + B is defined to be the disjoint union of A and B, with the weight function
inherited from A and B, meaning that

1(0,a)[ = |a| and |(1,6)[ = [b].
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Proposition 1.12.5. Let A and B be two finite-type weighted sets. Then, A + B
is finite-type as well, and satisfies A + B = A + B.

Proof. Easy. O

More interestingly, we can do the same for direct products (i.e., Cartesian
products):

Definition 1.12.6. Let A and B be two weighted sets. Then, the weighted set
A x B is defined to be the Cartesian product of A and B, with the weight
function defined by

|(a,b)| = [a| +[b].

Proposition 1.12.7. Let A and B be two finite-type weighted sets. Then, A x B
is also finite-type, and satisfies

AxB=A-B.

Proof. Finite-type is easy. To prove A x B = A - B, we compute

_ D) b
AxB= Y vl =y ey
(a,b)eAXB — ylal+]p| (a,b)e AxB

:x‘”‘x‘b‘

_ (é’cm) (%ﬂ) _4.B.

Definition 1.12.8. Let A be a weighted set. Then, A¥ (for k € N) means the
weighted set A x A x --- x A. (We are again being sloppy with associativity;

]

) k times )
all possible values are isomorphic.)

Proposition 1.12.9. Let A be a finite-type weighted set. Let k € IN. Then, A*

is also finite-type, and satisfies Ak =A".

Note that the 0-th Cartesian power of A is always A? = {()}, with generating
function 1.
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1.12.2. Examples
Now let us use this theory to revisit some things we have already counted:
e Fix k € IN, and let

Cr = {compositions of length k}
= {(ay,ap,...,ar) | ay,ay,...,a; are positive integers }
= (where P = {1,2,3,...}).

This becomes a finite-type weighted set if we set
|(a1,az,...,0r)| = a1 +ax+ - +ag.

What is its weight generating function Cy ?

We can turn PP itself into a weighted set, by setting |1| = n. Then, C; = IP¥
not just as sets, but as weighted sets. So our last proposition yields

G =Pk=P
x \* S 1,2, .3 X
= sinceP=x"4+x*+x"+.-- =
I-x 1—x
(1-x)*

This is an equality we obtained before, but proved in a much simpler way.

* Recall Dyck paths (defined long ago) and the Catalan numbers cy, ¢y, ¢y, . . ..
Let

D = {Dyck paths from (0,0) to (2n,0) for some n € IN}.
This set D becomes a weighted set if we set

|P| =n whenever P is a Dyck path from (0,0) to (2#,0).

Thus,

D= Z (# of Dyck paths from (0,0) to (21,0)) -x" = Z cpx™.
neN ~~ < nelN

=cy
This is the generating function we called C (x) back in that example.
Let us use the theory of weighted sets to compute it. We note that D =
Dyriv U Dnon, where
Dyiy = {trivial Dyck path} = {((0,0))},
Dnon = D \ Dyiy = {nontrivial Dyck paths} .
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So D = Dyiy + Dnon and therefore D = Dyiy + Dnon = Diriv + Dron.

Furthermore, Dyiy = x° = 1. To compute Dpon, we recall that any non-
trivial Dyck path 7t has the following structure:

- a NE-step,

- followed by a (diagonally shifted) Dyck path,

— followed by a SE-step,

— followed by another (horizontally shifted) Dyck path.

If we denote the first Dyck path here by a and the second by g, then we
obtain a bijection

T (a,B).
Alas, this bijection is not an isomorphism of weighted sets, since |(«, B)| =
o + 1Bl = || =1 # |~].

But we can fix this. Define a weighted set
X:= {1}, with [1] = 1.

This is a one-element set, so the set X x D x D is in bijection with D x D.
But as weighted sets, they are not the same, since |(1,a,8)| =1+ |(a, B)|.
So we can raise every weight in a weighted set W by 1 if we take X x W.
Thus, replacing D x D by X x D x D, we do obtain an isomorphism of
weighted sets

Dnon — XX D X D,
m— (1,a,B).

Thus, Dhon =X xDxD= X -D-D=xD
<~
Now,
_ = = —2
D = Dyiv + Dhon =1+ xD".
N N
:1 :xﬁ2

This is precisely the quadratic equation C (x) = 1+ x (C (x))? that we got
back in the original example.
1.12.3. Domino tilings

As another example of weight generating functions, let me count domino tilings
of 2 x n- and 3 x n-rectangles. Here are the main definitions:
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Definition 1.12.10. (a) A shape means a subset of Z?.
We draw each (i,]) € Z? as a unit square with center at (i,j) in Cartesian
coordinates.
(b) For any n,m € IN, the shape Ry, ;; (called the n x m-rectangle) is defined
to be
{1,2,...,n} x{1,2,...,m}.

Geometrically, it is a rectangle of width n and height m.
(c) A domino means a size-2 shape of the form

{G,7), i+1,5)} (a “horizontal domino”) or
{G,7), (,j+1)} (a “vertical domino”).

(d) A domino tiling of a shape S is a set partition of S into dominos (i.e.,
a set of disjoint dominos whose union is S).
(e) For any n,m € N, let d,, ,, be the # of domino tilings of Ry, .

Can we compute d;, ,, for small values of n and m ?
The case m = 1 is easy:

1, if nis even;
dn 1= . .
0, ifnisodd.

Actually, dj, ,, = 0 whenever n and m are both odd (since |R;, ;| is odd in this
case, but a domino has even size).
Now to the case m = 2. We define the weighte dset

D := {domino tilings of rectangles of height 2}
= {domino tilings of R, » with n € IN}.

We define the weight of a tiling T of R, » to be |T| := n. Thus, D is a finite-type
weighted set, with generating function

B = Z dnlzx”.
nelN

To compute D, we define a different weighted set that will help us. Namely,
we say that a fault of a domino tiling T is a vertical line ¢ such that

* each domino of T lies either left of ¢ or right of ¢ (but does not straddle
0);

e there is at least one domino of T that lies left of ¢, and at least one that
lies right of /.

A domino tiling is called faultfree if it is nonempty and has no faults.
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Observation: Any domino tiling of a height-2 rectangle can be de-
composed uniugely into a tuple of faultfree tilings (usually of smaller
rectangles), by cutting it along the faults. Moreover, the sum of the
weights of the faultfree tilings in the tuple is the weight of the orig-
inal tiling.

Thus, if we define a new weighted set
F := {faultfree domino tilings of R, » with n € IN}
(with the same weights as D), then
DEF4+F +FP+FP+...

(the RHS here is an infinite disjoint union). Thus,

D=F'4Fl4+F24 5 4...
— P4+ F +F+FP+--
1

1-F

Thus, if we can compute F, then we can compute D.
By a simple argument (see notes or whiteboard), we have F = x! 4+ x? =
x + x2. So

T 1
1-F 1—(x+x2) 1-x—2a2
=1+1x+2x*+3x° +5x* + - -
=it fx+ fax’ + fux’ + -

D=

(as we proved above). So d,,» = f,+1 for each n € IN.

Let us go a step further and compute d,, 3. Note that d,, 3 = 0 whenever n is
odd.

Let D be as before, but using 3 instead of 2. So D = ¥ d, 3x". Again, we
neN
can define F as before (i.e., as the weighted set of all faultfree tilings of R, 3),

and obtain .
D=—_.
1-F

Now what is F this time? The faultfree tilings of R, 3 come in three types:
e Type HHH: All three cells of the first column are covered by horizontal

dominos. This gives a fault after column 2 unless n = 2. So there is only
one such tiling, and it has weight 2.
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e Type VH: The top two cells of the first column are covered by a vertical
domino, while the bottom cell is covered by a horizontal one. There is one
such tiling for each even n.

e Type HV: The top cell of the first column is covered by a horizontal
domino, while the bottom two cells are covered by a vertical one. There
is one such tiling for each even n.

Thus,
F= +(@+x 4204 )+ (Pt +af o+
HHH ~ ~ N g
VH HV
xZ
:x2+2-<x2+x4+x6+---)=x2+2' 5
g 1—x
1 —x2
_3x2—x4
1 —x2
so that
p__ 1 _ 1 14
1-F ) 3x2 —xt 1 —da? 4yt

1 —2
=14+3x%2+11x* +41x° + 15328 + - - - .

Obviously, this shows that d,3 = 0 when n is odd, but this is clear any-
way. But it also helps us compute d,, 3 for even n, because we can decompose
1—x?
1—4x2 + x4
bers. We find

Ay = > +6\/§ (2+ \fs)"/z 43 _6¢§ (2- \@)m

into partial fractions and then proceed as for the Fibonacci num-

for any even n.

Can we compute d, », for higher m’s? Not that easily. Alas, F becomes more
complicated for m > 3. However, it can be shown that D is still a rational FPS
(i.e., a quotient of two polynomials) for any m. For m > 6, there seems to be no
formula for d,,, that requires only quadratic irrationalities. As a curiosity, let
me mention a different formula for d,, ;;, found by Kasteleyn in 1961:
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Theorem 1.12.11 (Kasteleyn’s formula). Assume that m is even and n > 1.
Then,

m/2 n . 2 2
dpm = omn/2 H H (cos Jm ) + (COS ke ) .
i1 ke m+1 n+1

See the references in the notes for proofs of this. You can use this formula to
compute d,,,, exactly, using cyclotomic arithmetic. In particular, this has been
used to show that

dgg = 12 988 816.

1.13. Limits of FPSs

I shall now discuss limits of sequences of FPSs. In particular, this will give a
simpler and more convenient, but less general, definition of infinite products.
We start with the stupidest kind of limit ever defined:

Definition 1.13.1. Let (a;);,c = (ao,a1,42,...) € KN be a sequence of ele-
ments of K. Let a € K.

We say that (a;);c stabilizes to a as i — oo (this is written “a; — a as
i — o0”) if there exists some N € IN such that all integers i > N satisfy
a; = a.

This is synonymous to “(4;);.p converges to a in the discrete topology”.

If (a;);cp stabilizes to a, then we write lli)r?o a; = a and say that 4 is the limit
(aka eventual value) of (4;); .-

More generally, we can do this for any sequence (a;)

i>g instead of (a;);cp-

For instance,

lim FJ =0, since FJ =0fori>6.

i—oo | 1 1

But lim ? does not exist by our definition.

1— 00
Definition 1.13.2. Let (f;);,.n € K [[x]]N be a sequence of FPSs over K. Let
f € K|[[x]] be an FPS.

We say that (f;);- coefficientwise stabilizes to f as i — oo (this is written
“fi = fasi — o) if for each n € N, the sequence ([x"] f;);cp Stabilizes to
%) £.

This is synonymous to “(f;);cy converges to f in the product topology,
where K [[x]] is regarded as K x K x K x - - -.

Again, we use the notation lim f; for f, and we speak of a limit.

1— 00

Again, we can do this for any (f;);, notjust (fi);cn-
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Example 1.13.3. ‘(a) We have x' — 0 as i — oo. Indeed, for each n € IN, the
sequence ([x"]x'), cn has only one nonzero entry, and thus stabilizes to 0.
1 . ..
(b) We don’t have ?x — 0 asi — oo. Indeed, the x!-coefficients do not

stabilize.
(c) We have

(1-|—x1> <1+x2)---(1+xi>—>ﬁ<1+xk> asi — oo.

k=1

n
(d) It would be nice to have (1 + il — exp as n — 00, as in real analysis.
" p y

Alas, this is not the case. The x!-coefficient stabilizes, but the x?-coefficient
does not.

Theorem 1.13.4. Let (f;),.p be a sequence of FPSs in K [[x]]. Assume that
for each n € N, the sequence ([x"] f;);cp stabilizes to some g, € K. Then,
fi— Y gux"asi— co.

nelN

Proof. Obvious. L

Proposition 1.13.5. Assume that (f;);. and (gi);cn are two sequences of
FPSs, and that f and g are two FPSs such that

fi—f and gi— 8 as i — oo.
Then,
fitg—f+g and figi — fg as i — 0.
Moreover, if each g; and also ¢ has constant term 1, then

fi f

— = as i — oo.
Si 8

Proof. Homework. O

Theorem 1.13.6. Let (f;;), . be a sequence of FPSs. Then:
@) If (fn),cp is summable, then

Zi:ofn—> an as i — oo.

nelN
(b) If (fu),cn is multipliable, then

IL[Ofn—>an as i —» oo.

nelN
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Theorem 1.13.7. Each FPS is a limit of a sequence of polynomials. Indeed, if

a= Y aux", then
nelN

i
Zanx”—wl asi — oo.
n=0

Theorem 1.13.8. Let (f;),.p be a sequence of FPSs in K [[x]]. Let f be an FPS
such that
fi—f asi — oo.

Then,

fi' = f' as i — oo.
Proof. Very easy. O

1.14. Laurent power series

(See the notes for a more motivated introduction.)
Definition 1.14.1. Let K [[x¥]] be the K-module KZ of all families
(an)pez = (..., a_3,a_1,0a0,a1,0z,...)
of elements of K. Its addition and scaling are defined entrywise:
(@n)nez + (bn) ez = (@n +bn) ez -
An element of K [[x*]] will be called a doubly infinite power series. Later

we will write such an element (a;,), ., as Y. a,x".
nez

So far, so good. Let us try to define a multiplication on K [[x*]] similarly to
how we defined it for K [[x]]:

(an)nez . (bn)nez — (Cn)nez, Where Cn — Z ﬂlbn,l.
ISV/4
Unfortunately, the sum here might fail to be well-defined, since it is infinite and
there is no guarantee that it is essentially finite.
For example, (1), - (1),,cz = (), which makes no sense.

There are several ways to restrict our series to ensure that the sum . a;b,_;
ieZ
will be finite:

* One way is to require that a; = 0 for all i < 0. The series that we get are
exactly the usual FPSs in K [[x]].
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* Another way is to require that a; = 0 for all but finitely many i. In
other words, we restrict ourselves to the essentially finite families (a;),,.-
Moreover, the product of an essentially finite (a,),., with an essentially
finite (b, ), will be again essentially finite. Thus, they form a K-algebra.
This is the K-algebra of Laurent polynomials.

* Yet another way (combining the two above) is to require that a; = 0 for
all but finitely many negative i (or, equivalently, a; = 0 for all sufficiently
low 7). For example, we could have

(@) pez = | -.0,0,0,51,0,2,-1,0,4,5,7,1,2,...
only zeroes

This again gives a K-algebra. This is the K-algebra of Laurent series (or
Laurent power series).

So let us summarize these as definitions:

Definition 1.14.2. Let K [x*] be the K-submodule of K [[x*]] consisting of all
essentially finite families (a,),.,. Its elements are called Laurent polyno-
mials in x over K.

We define a multiplication on K [x*] by

(a”>n€Z . (bn)nez — (CH)YZEZ’ Where C}’Z — Z aibn_l’.
i€Z

(The sum is well-defined, since it is essentially finite.)
We define an element x € K [xF] by x = (6;1);.5-

Theorem 1.14.3. This really is a commutative K-algebra, with unity (6;0);.-
The element x is invertible in this K-algebra.

This K-algebra K [x] is called the Laurent polynomial ring in x over K. It is
often denoted by K [x*!] or K [x,x71].

Proposition 1.14.4. Any doubly infinite power series a = (4;);c, € K[[x™]]
satisfies ,
a= Z a;x’.
ieZ

Here, the powers x' are taken in the Laurent polynomial ring K [x*], but the

infinite sum Y a;x’ is taken in the whole K-module K [[x*]]. (The notion of
icZ
an infinite sum is defined in K [[x

*1]] in the same way as in K [[x]].)

Examples of Laurent polynomials are
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P 4+3+x7%

e 17;

o x—1000.

¢ any polynomial.

Now to the other option of making the sum well-defined:

Definition 1.14.5. We let K ((x)) be the subset of K [[x*]] consisting of all
families (a;),., such that the sequence (a_1,a_5,a_3,...) is essentially finite
—i.e., such that all sufficiently low i € Z satisfy a; = 0.

The elements of K ((x)) are called Laurent series in x over K.

For instance,
1. the “series” x 3+ x72 +x7 1+ x4 x! + - - . belongs to K ((x));
2. the “series” 1+ x !4+ x72+x73+4 ... does not belong to K ((x));

3. the “series” Y x" = (1),,. does not belong to K ((x)) either.
nez

Theorem 1.14.6. The subset K ((x)) is a K-submodule of K [[x*]]. It also has
a multiplication given by

(a”>n€Z . (bn)nez — (CH)YZEZ’ Where C}’Z — Z aibn,l’.
i€Z

This forms a commutative K-algebra with unity (6;0);.-

The ring K ((x)) contains both K [[x]] and K [x*] as subrings. It is therefore
one of the most convenient places in which to manipulate FPSs. Its main dis-
advantage is the lack of substitution.

More can be said: If K is a field, then K ((x)) is a field as well! (Homework
exercise.)

One final remark: As we said, K [[x¥]] is not a ring, but it is a K [x*]-module!
In other words, you can multiply a doubly infinite power series a by a Laurent
polynomial b, again using the rule

(@n)nez - (bn)yez = (Cn)pez s where ¢, = Z aiby ;.
icZ

This module structure has torsion: In fact,
(1—x) <---+x_2+x_1—|—x0+x1+x2—|—---) = 0.

This also shows that K [[x*]] is not a module over any of K [[x]] and K ((x))
(since 1 — x would have an inverse in these rings).
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1.15. Multivariate FPSs

Multivariate FPSs are just FPSs in several variables. The theory of these series is
mostly analogous to the univariate case. I will just discuss the main differences.
For example: FPSs in two variables x and y have the form

Z ai,]-xiyj.

i,jeN

Formally, such an FPS is a family (al-,j)
nates are

= (00000) e Y= (000 e

It is better to use notations for tuples of nonnegative integers. Generally, for
any k € IN, we can define the FPSs in k variables x1, xo, . . ., xx to be the families
(ai);enk of elements of K indexed by k-tuples i = (i1, ip,..., i) € INF. Addition,
subtraction and scaling of such families is defined entrywise. Multiplication is
defined by the formula

N2 of elements of K. The indetermi-

)

X" (ab) = Y |x|a- ||
N
i1+]j=n

(for any two FPSs 4,b and any n € lNk), where

e the sum i+ j is defined entrywise (i.e., you embed INF in the additive
group Z5);

e if m € IN¥ and & is an FPS, then [x™]h means the m-th entry of the
family h (we call it the x™-coefficient of h). As usual, we let xX™ denote the
monomial x]"'x32 - - - x'¥, where my,my, ..., mj are the entries of m.

The indeterminates xj, x, ..., x; are defined by

Xi = (5n/€i)nENk ’

where ¢; = (0,0,...,0,1,0,0,...,0) with the 1 in its i-th position. Thus, any FPS
f = (fm) menr satisfies

f = Z fmxm e Z fmx’inlx;nz .« .. x;{nk'

meNk m=(mq,my,...,my ) EINK

(Infinite sums are defined as in the univariate case.)
Most of what we said about FPSs in one variable applies similarly to FPSs
in many variables. There are some changes, though. The derivative f ' is
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now replaced by k different derivatives, called partial derivatives % foralli €
{1,2,...,k}. More importantly, substitution gets a bit trickier. In partlicular, you
can substitute any k-tuple (a1, ay, .. .,ax) of commuting elements of a K-algebra
into a polynomial f € K|[xq,x2,...,x]. The “commuting” part is important,
because x1xp = x - x1. The “polynomial” part is to ensure that the infinite
sums are well-defined; there are other ways to ensure this (e.g., you can require

that each g; is a FPS with constant term 0).

Definition 1.15.1. Let k € IN. The K-algebra of all FPSs in k variables
X1,X2,...,x; over K will be denoted by K [[x1, x2, ..., xk]].

When we work in few variables, we will often give them single-letter names.
For instance, we will write K [[x, y]] instead of K [[x1, x2]].

Let me give an example of working with multivariate FPSs.
Let’s work in K [[x, y]|]. We have

DN FIESAED Dl ol (4 B

n,keN neEN  keN

=Y < Y (Z)yk> o

nelN - \keN |

=(1+y)"
(by the binomial formula)
1

=2 (+y)"x" =) (1+9)x)" =777

ng\T ng\l 1- (1 + y) X

here, we substituted (1 + y) x for x
1
in the formula )} x" = ;
nelN T—x
this is allowed since (1 + y) x has constant term 0
1 1
=7 x (easy to check)
1—x/

_ ) ( i y)k (again by geometric series)

IT—x S \1—-x

1 xk k xk k

=1 o> V=) 1Y

keN (1 —x)

Comparing this with

£ (x5 ()5 (5 ())

n,kelN kelN nelN
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we obtain
k
X k N w) .k
Lot - £ (g (D))
ren (1—x) ! KEN (nelN k

Comparing coefficients in front of y* (while viewing the x as a constant), we

obtain

xk n\ ,

m:% P for every k € IN.
- ne

What I mean by “comparing coefficients” is that we applied the following sim-
ple proposition:

Proposition 1.15.2. Let fo, f1, f2,... and go, g1, g2, . . . be FPSs in a single vari-

able x. Assume that
Yo A=Y s
keN keN

Then, f; = g for each k € IN.
Proof. Easy (see Proposition 3.15.2 in notes). O
So we have proved the equality
xk n\ ,
m = ng\T (k)x for every k € IN.

On the HW, you also get to prove this in a direct (univariate) way.

2. Integer partitions and g-binomial coefficients

We have already counted compositions of an n € IN. These are essentially the
ways to write n as a sum of finitely many positive integers, where the order
matters. For example, 3 has 4 compositions: (3), (2,1), (1,2) and (1,1,1).

Now let us disregard the order. So we either view (2,1) and (1,2) as the same
way, or we disallow one of them. In other words, we no longer count tuples
of positive integers whose sum is 1, but now we count multisets or weakly
decreasing tuples. We shall follow the second way, i.e., use weakly decreasing
tuples instead of multisets. We call them integer partitions.

2.1. Partition basics

2.1.1. Definition
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Definition 2.1.1. (a) An (integer) partition means a (finite) weakly decreas-
ing tuple of positive integers — i.e., a finite tuple (A1, Ay, ..., Ay) of positive
integers such that Ay > Ay > --- > Ay,

Thus, partitions are the same as weakly decreasing compositions. Thus,
we get the notions of size and length.

(b) The parts of a partition (A1, Ay, ..., Ay) are its entries Ay, Ay, ..., Ay

(c) Let n € Z. A partition of n means a partition whose size is n.

(d) Let n € Z and k € IN. A partition of n into k parts means a partition
whose size is n and whose length is k.

For instance, the partitions of 5 are
(5), 4,1), (3,2), (3,1,1), (2,2,1), (2,1,1,1), (1,1,1,1,1).
Definition 2.1.2. (a) Let n € Z and k € IN. Then, we set
px (n) := (# of partitions of n into k parts).
(b) Let n € Z. Then, we set

p (n) := (# of partitions of n).

2.1.2. Simple properties of partition numbers

Definition 2.1.3. We will use the Iverson bracket notation: If A is a log-
ical statement, then [A] means the truth value of A; this is the integer

1, if A;
0, if not A.
So[2+2=4]=1and 2+2=5] =0.
Note that 6;; = [i = j] for all i and j.

Also, we use the notation |a] for the floor of a € R, and the notation [a] for
the ceiling of a € R.

Proposition 2.1.4. Let n € Z and k € IN.

(a) We have py (n) = 0 whenever n < 0 and k € IN.

(b) We have py (n) = 0 whenever k > n.

(c) We have pg (n) = [n = 0]. (The empty tuple () is a partition of 0 into 0
parts.)

(d) We have p1 (n) = [n > 0].

(e) We have py (n) = px (n — k) + px_1 (n — 1) whenever k > 0.

(f) We have p, (n) = [n /2] whenever n € IN.

(g) We have p (n) = po(n) + p1 (n) + - -+ + pu (n) whenever n € IN.
(h) We have p (n) = 0 whenever n < 0.
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Proof. (a)-(d) easy.
(e) Let k > 0. We have

pr (n) = (# of partitions of n into k parts)
= (# of partitions of n into k parts that contain 1)

. J/
-~

=pr-1(n—1)
(since removing the 1 from such a partition
yields a partition of n—1 into k—1 parts,
and vice versa)

+ (# of partitions of 1 into k parts that don’t contain 1)

(. J/
-~

=pr(n—k)
(since subtracting 1 from each entry
of such a partition yields
a partition of n—k into k parts,
and vice versa)

=pr1(n—1)+px(n—k).

(f) Let n € IN. The partitions of n into 2 parts are
ny | n
oo, -2, 053, (2] L2])

There are LgJ of them. O

2.1.3. The generating function
Theorem 2.1.5. In the FPS ring Z [[x]], we have

Zp(n)xn:kf_o[ll_lxk'

nelN
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Example 2.1.6. Let us check this equality “up to x>”. We have

= 1 1 1 1 1

,El1—xk:1—x1'1—x2'1—x3'1—x4""

= <1+x+x2+x3+x4+--->
1+x2+x4+---)

5
(144
3

1_|_x4_|_...>
.(1_|_ )
.(1_|_...)

=T1+x+2x2+33+5x4 ...
=p(0)+p()x+pQ) P +pB) X +p4)x*+---

Proof of the theorem. We have

1°—°I 1
k
i1l x
— IO—OI (1 + xk + xzk + xak I ) by the geometric
k=1 series formula

I
12

xku
k ug\l

_ y 2 Bus here, we expanded
the product

I
—_

(ul,uZ,ug,...)GIN‘” is
essentially finite

— Z xlul +2u2+3u3—|—~~~

(ug,up,u3,...)EIN® is
essentially finite

= Z |Qn|xn;

nelN

where

Qun = {(u1,up,u3,...) € N* essentially finite | 1uj +2up+3uz+--- =n}.

So it remains to prove that

|Qu| =p(n) for each n € IN.
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Let us fix n € IN. We want to construct a bijection from Q,, to {partitions of n}.
Namely, this bijection sends each (u1,up, us,...) € Q, to the partition

. 3,3,...,3,22,...,2,1,1,...,1
—— ——— — —
u3 times up times uq times

(that is, the partition that contains each positive integer i exactly u; times).
Details are LTTR. This yields

|Qu| = |{partitions of n}| = p (n),
qed. O

The theorem we just proved has a finite analogue:

Theorem 2.1.7. Let m € IN. For each n € IN, let pparts<m (1) be the # of
partitions A of n such that all parts of A are < m. Then,

m
Z Pparts<m (n) ¥t = 1—[ 1

nelN k=1

1
xk

Proof. Same argument as before, but now replacing infinite sequences (11, u2, u3, . . .

by finite m-tuples (uy,up, ..., Uun). O
Even more generally:

Theorem 2.1.8. Let I be a subset of {1,2,3,...}. For each n € IN, let p; (n) be
the # of partitions A of n such that all parts of A are € I. Then,

1
Yo pi o =T
nelN kel
Proof. Same as before, but more subscripts. O

2.1.4. Odd parts and distinct parts

Definition 2.1.9. Let n € Z.

(a) A partition of n into odd parts means a partition of n whose all parts
are odd.

(b) A partition of n into distinct parts means a partition of n whose parts
are distinct.

(c) Let

Podd (1) := (# of partitions of n into odd parts) ;
Pdist (1) := (# of partitions of n into distinct parts).
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Theorem 2.1.10 (Euler’s odd-distinct identity). For each n € IN, we have
Podd (1) = Paist (1)-

Proof. We proved this before, deriving it from

H <1 — x2i1>1 = H (1 + xk> .

i>0 k>0

There are also other proofs of this identity.

2.1.5. Partitions with a given largest part
Proposition 2.1.11. Let n € IN and k € IN. Then,
pr (n) = (# of partitions of n whose largest part is k) .
Here and in the following, we agree to define the largest partition of the empty
partition () to be 0.
Example 2.1.12. For n = 4 and k = 2, we have

pr (n) = p2 (4) = (# of partitions of 4 into 2 parts)
=B 1), (22)} =2

The proposition tells us that

pr (n) = (# of partitions of 4 whose largest part is 2)
—{22), @11} =2

Proof of the proposition. Let A = (A1, Ay, ..., Ag) be any partition of n into k parts.
Draw a table of k left-aligned rows, where the length of each row equals the
corresponding part of A (that is, the i-th row from the top has A; boxes).

Now, flip the table across the main diagonal, and read off the lengths of the
rows of the resulting table. Let A’ be the sequence of these new row lengths.
This is again a partition of 1, but instead of being a partition into k parts, it is a
partition whose largest part is k.

Thus we have defined a map

{partitions of n into k parts} — {partitions of n whose largest part is k},
A AL
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Conversely, we construct a map
{partitions of n whose largest part is k} — {partitions of n into k parts},
A AL

These two maps are mutually inverse, so are bijections. Thus we conclude the
claim. =

The table that we constructed from our partition A in our above proof is called
the Young diagram of A. Formally, if A = (A, Ay, ..., Af) is any partition, then
its Young diagram is defined to be the set

Y(A)::{(i,j)ezz | 1§i§kand1§j§)\i}.

We interpret each (i,j) € Z? as a box, which we put in the i-th row from the top
and the j-th column from the left. This convention is called English notation
or matrix notation.

Now, the conjugate (or transpose) of the partition A is the partition A! uniquely
determined by

Y (M) = flip (Y (A)) = {(7,1) | (i.j) €Y (M)}
This can also be defined more explicitly by A' = (u1, y, ..., is), where s is the
largest part of A and where

ui = (# of parts of A that are >1).
Many authors denote A’ by A'.
Corollary 2.1.13. Let n € IN and k € IN. Then,

po () +p1(n)+---+pr(n)
= (# of partitions of n whose largest partis < k).

Proof. For eachi € {0,1,...,k}, we have
pi (k) = (# of partitions of n whose largest part is 7)
(by the proposition we just proved). Now sum this over all i. O
Theorem 2.1.14. Let m € IN. Then,

1
1—xk

). (PO(”)+P1(”)+"'+pm(”))xn:Ifll

nelN

Proof. Combine the corollary we just proved with the formula

m
1
. powmson )~ [T

nelN k=1
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2.1.6. Partition number vs. sums of divisors

Here is another curious result of Euler’s:

Theorem 2.1.15. For any positive integer n, let ¢ (n) denote the sum of all
positive divisors of n. (For example, 0 (6) =142+ 3+ 6 = 12.) Then, for
any n € IN, we have

Proof. See the notes (§4.1.6). O

More generally:

Theorem 2.1.16. Let I be a subset of {1,2,3,...}. For each n € N, let p; (n)
be the # of partitions A of n such that all parts of A belong to I. For any

positive integer n, let o7 (1) denote the sum of all divisors of n that belong to
I. Then,

npr(n) = Y oy (K) pr (n— k).
k=1

Proof. See the notes (§4.1.6). O

2.2. Euler’s pentagonal number theorem

Definition 2.2.1. For any k € Z, define a nonnegative integer wy € IN by

(3k — 1)k

Wy = 5

This is called the k-th pentagonal number.

Some values:

k - -4 -3 -2 -1 012 3 4 5
we - 26 15 7 2 015

It is easy to see that wy really € IN for k € Z. Moreover, wy grows quadratically

as k — oo or as k — —oo. This ensures that the infinite sum Y (—1)* x% is
kez
well-defined as a FPS in Z [[x]]. Surprisingly, it factors pretty nicely:
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Theorem 2.2.2 (Euler’s pentagonal number theorem). We have

10_0[ (1 - xk) =) (—1)kxwk.

k=1 keZ

Concretely, this is saying

(1) (1-#) (1)

= e xW2 W1 W0y W1 W2 4

R o L o L N e SR

=0 gl g2 S T f12 15 22 026

We will prove this theorem in the next section, as a particular case of some-
thing stronger. But first, let me show how it yields a recursive formula for

p(n):

Corollary 2.2.3. For each positive integer 71, we have

p(n)=Y (=) p(n—wy)

keZ,;
k#£0

=pmn—-1)+pn-2)—pmn—>5—-pn-7)
+pn—12)+p(n—-15)—p(n—22)—p(n—26)+---.

Proof of the corollary using the theorem. We have

= 1
ZP(m)meZp(n)x”:]‘[l_xk and
melN nelN k=1
Z (_1)k Xt = H (1 — xk) (by the theorem) .
kez k=1

Multiplying these two equalities, we obtain

(Z p(m)xm> (Z <—1>ka1«> = (ﬁljxk) [T(1-)=1.

melN keZ

Comparing coefficients of x" on both sides, we find
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So
0= Y pm(-D'= Y pm) (D)= pn—w) (-1
melN; meZ,; keZ
keZ; keZ;
m—+wi=n m+wg=n
= D pm—w)=(-1)p[n- w ) p(n—w
—kEZZ( 1) p( k) (_11) P( 8) +I§§ZO;( 1) p( k)
=pm)+ Y (=) p(n—mw).
keZ,;
k=0

Solving this for p (n), we find

2.3. Jacobi’s triple product identity
2.3.1. The identity

Instead of proving the pentagonal number theorem directly, we will prove a
stronger result: Jacobi’s triple product identity. This identity can be stated as
follows:

[ () () (1)) = B

n>0 leZ

What are g and z here? One way to interpret this identity is by viewing both
sides as elements of (Z [z*]) [[g]], since z can appear in negative powers but g
only in nonnegative ones. In other words, we state:

Theorem 2.3.1 (Jacobi’s triple product identity, take 1). In the ring
(2 [*]) [14]], we have

H ((1 Jrqznflz> (1 _i_anlefl) (1 _ q2n>> _ Z qﬂzé.

n>0 leZ

Unfortunately, we don’t just need this identity as a formal identity; instead,
we want to substitute things into it. Specifically, we will substitute g = x* and
z = xP for some positive integers a and b. This kind of substitution does not
always work in (Z [z*]) [[q]]. For example, substituting 4 = x and z = x into

Y. qu_é yields ), x'x~t = Y 1, which is undefined.
leN leN leN
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Thus, we cannot use the above version of the identity for our purposes, at
least not without a lot of extra work. However, we can use the following variant
directly:

Theorem 2.3.2 (Jacobi’s triple product identity, take 2). Let a and b be two
integers such that @ > 0 and a > |b|. Let u,v € Q be rational numbers with
v # 0. In the ring Q ((x)), set g = ux" and z = vx”. Then,

I ((1+22) (1) (1) = S

n>0 leZ

Before we start proving this theorem, let us check that both sides are well-
defined:

e The LHS is

I1(( ) (465 ()

n>0

= n—1.,,.(2n—1) n—1,-1.(2n—1)a— _.2n.2n
11<<1+u2 1,2 1a+b> <1+u2 1,—1,(2n—1)a b> (1 u2x2a>>_

All factors in this product belong to Q [[x]], not just Q ((x)), since the
exponents (2n —1)a+b and (2n —1)a — b and 2na are > 0. Moreover,
this product is multipliable, since

- (2n —1) a + b grows linearly when n — oo (since a > 0);
- (2n —1)a — b grows linearly when n — oo (since a > 0);

— 2na grows linearly when n — oo (since a > 0).
* The RHS is
2 quzz _ Z (uxa>€2 (Uxb>€ _ 2 e
teZ te te
This is summable, since a > 0 ensures that the quadratic af? + b¢ goes to
oo as { — coor { — —oo.
2.3.2. Proof of Jacobi's triple product identity

Let us now prove Jacobi’s triple product identity. The following proof is due to
Borcherds, and is stated in a physicsy language.

Proof of Jacobi's triple product identity in both take 1 and take 2, depending on how you understand q and :
We define the following concepts:

¢ A level will mean a number of the form p + % with p € Z.
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e A state will mean a set of levels that contains

— all but finitely many negative levels;

— only finitely many positive levels.

For example,

11 7 3 1 -1 -5 -9
- < - _- _= < _Z
{ 2 7 2/ 2/ 2/ > , ) } U {all 1evels ) }
is a state. We draw a state as a number line with a circle at each level, where a
circle is white if the level is in the state and a circle is black if it is not. We think

of levels in the state as “electrons”, and of the other levels as “holes”.
For any state S,

¢ we define the energy of S to be

energyS:= ) 2p— ) 2peN.
p>0; p<0;

peS p¢S

* we define the particle number of S to be

parnum S := (# of levels p > 0 such that p € S)
— (# of levels p < O such that p ¢ S) € Z.

For instance, in the above example, we have

energy S =1+3+7+11—(-3) — (-7) =32;
parnumS =4 —2 =2,

We want to prove the identity

H ((1 Jrqzn—12> (1 Jrqzn—1z—1> (1 _ q2n>> _ Z qezzé.

n>0 leZ

First, we transform it into the equivalent identity

11 (1+412) (14 421)) = <4€ZZ quzg) T (1- )

We will prove that both sides of this identity are

-1

Z qenergy S Zparnum S )

S is a state
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Left hand side: We have
H <<1 4 q2n—1z> <1 4 q2n—lz—1)>
n>0
(0@ 9) (I =)
n>0 n>0
(oI ) (T ()
p is a positive level p is a negative level
= 2 —2p.—1
= Y, II(s2) Y II(s>)
P is a finite set p€P N is a finite set p€eN
of positive levels of negative levels
_ 2 —2p.—1
= ) )3 [T (9%=) TT (7%=
P is a finite set N is a finite set peP pEN
of positive levels of negative levels \ ~ 4
:qz(sum of elements of P)—2(sum of elements of N) ,|P|—|N|
_ Z Z qZ(sum of elements of P)—2(sum of elements of N)Z\P|f [N|

Pis a finite set N is a finite set
of positive levels of negative levels

— Z qenergy S Zparnum S
S is a state
here, we have combined P and N
into a single state S := PUN,

where N = {all negative levels} \ N

So the LHS is what we want.
Right hand side: Recall that

[[Ta-x)"= Y pm)x"=

n>0 nelN A is a partition

Substituting ¢* for x in this equality, we obtain

() = X

n>0 A is a partition

Thus,

Y TT(-a) = Te
(Z)mme-) = (5]

leZ

=) L

{eZ A is a partition

q

A is a partition
2
14 +2|/\|Z€.
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We want to show that this equals Y~ g"er8y Szpamums To do so, we will
S is a state

find a bijection
®, : {partitions} — {states with particle number ¢}
for each ¢ € Z, and we will show that this bijection satisfies
energy (®y (1)) = 12 +2|A| for each ¢ and A.

Let us do this. Fix ¢ € Z. We define the /-ground state to be the state
1 3 5
Gg.—{alllevels <€}—{£—§,£—E,£—§,}

This state G, has energy ¢? and particle number /. (The proof depends on ¢ > 0
or { < 0, but the answers are the same in both cases.)

If Sis astate and p € S, and if g is a positive integer such that p+q ¢ S, then
we define a new state

jump, . S:= (S\{p}) U{p+4q}.

We say that jump,, . S is obtained from 5 by letting the electron at level p jump
q steps to the right. This state jump,, . S has the same particle number as S
(check it!), while its energy is 2g higher than that of S (check this!).

For any partition A = (A1, Ay,...,Ax), we define the excited state E;, by
starting with the /-ground state G/, and then successively letting the k rightmost
electrons (i.e., the k largest elements of Gy) jump Ay, Ay, ..., Ay steps to the right
(starting with the rightmost electron). Since A is a partition, this process is well-
defined (i.e., there are no “collisions”), so its resulting state E, , really exists,
and has particle number ¢. Explicitly,

E;x = {all levels <€—k}u{£—i+%+/\i | ie{l,Z,...,k}}.

Moreover, the partition A can be recovered from E; , (how?). Furthermore, ev-
ery state with particle number £ has the form E; ) for some partition A (namely:
let e; > e; > e3 > --- be the elements of the state from highest to lowest, and

define . 3 .
o (e D () (), )

without the zeroes). So we obtain a bijection

®, : {partitions} — {states with particle number ¢},
A= Eg, A-
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This bijection satisfies

energy (@ (1)) = £ +2|A| for each partition A.
Hence,
Z qé2+2\/\| — Z qenergyS.
A is a partition S is a state with

particle number ¢

Forget that we fixed /. We thus have proved this equality for all £ € Z.
Now,

(T -2 -5 5

lez n>0 leZ Ais apartition

— Z Z qenergy S ZZ

teZ S is a state with
particle number ¢

— Z qenergy S zparnum S )

S is a state

This is exactly the expression we found for the LHS. So LHS = RHS, and the
Jacobi triple product identity is proved. O

2.3.3. Proof of the pentagonal number theorem
Recall:

Theorem 2.3.3 (Euler’s pentagonal number theorem). We have

ﬁ (1 —xk> = Z (—1)kxwk.

k=1 kez

Proof. Set ¢ = x® and z = —x in Jacobi’s triple product identity (i.e., apply it to
a=3andb=1and u =1and v = —1). We get

T ((1+ ()" (—x)) <1+ (@)™ (—x)l) (1 _ (x3)2”>)

n>0

=Y (x3>€2 (—x)".

leZ
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Let’s simplify the LHS:

(1 ()™ o) ()" 07) (12 (7))
=TT ((1- w8 0) (1 - g3 (1 - go0))

L") (=077 (- 09)7))
-11 (1 . <x2>k>

(since each positive integer k can be uniquely represented as 3n — 1 or 3n — 2
or 3n for some positive integer n). So the formula becomes

) = X ‘ —x)f = —1)¢ 3
kl:!;)<1_<x2> >_ZGZZ< 3) ( ) ﬁ;z( 1) 3044
B 1 [« (362+¢)/2 _ 0 (2)
SLOVE)T R
= ( 1)k <x2)Wk

However, it is easy to see that if two FPSs f and g in K [[x]] satisfy f [x?] =
g [x?], then f = g. Thus, “unsubstituting x? for x” in the above equality yields

[T(1-+) = ¥ 1,

k>0 keZ

which is precisely Euler’s pentagonal number theorem. O

2.4. g-binomial coefficients

Next, we will discuss g-binomial coefficients. These are also known as Gaus-
sian binomial coefficients. See the notes for a bunch of references.

2.4.1. Motivation

For any n € IN, we have

p (n) = (# of partitions of n) .
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For any n,k € IN, we have

px (n) = (# of partitions of n into k parts)
= (# of partitions of n with largest part k) (by a theorem we proved) .

Thus, for any n,k € IN, we have

po (1) +p1(n) +-- -+ pi (n)
= (# of partitions of n into at most k parts)
= (# of partitions of n with largest part < k).

Now, what about counting the partitions of n into k parts with largest part ¢
?

Let us first drop the first requirement — the n. So let us count all parti-
tions into k parts with largest part /. By a combinatorial argument (white-

k+1¢—2

K_1 ) because the
lower boundary of such a partition is a lattice path consisting of k up-steps
and /¢ right-steps and starting with a right-step and ending with an up-step,
and such lattice paths are in bijection with the (k — 1)-element subsets of the
set {2,3,...,k+ ¢ —1}. So we have proved:

board or notes), the number of such partitions is (

Proposition 2.4.1. For any positive integers k and ¢, we have

k+€—2)

(# of partitions with k parts and largest part /) = ( ro1

Note that this is a finite number, and is symmetric in k and /¢ (since trans-
position = conjugation turns a partition with k parts and largest part ¢ into a
partition with ¢ parts and largest part k).

Now let us get n back into our count. We cannot do this directly, but we can
try to compute the generating function

Y (# of partitions of n with k parts and largest part £) x"
neN

= ) M ez«

A is a partition
with largest part £
and length k
For reasons of tradition and convenience, we make some modifications:
* We rename / as n — k (now n is no longer |A|).

* We replace “largest part n — k and length k” by “largest part < n — k and
length < k”.

¢ We rename the indeterminate x as q.
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2.4.2. Definition

Convention 2.4.2. In this section, we will mostly be using FPSs in the inde-
terminate g. Their ring is called K [[g]] instead of K [[x]]. Other than that,
they behave in the exact same way. For example,

_ 1
[Ta- " =[l;—m=Xrmeg= Y
n>0 n>0 q nelN pe?rtiisti%n

Definition 2.4.3. Let n € IN and k € IN.

(a) The g-binomial coefficient (or Gaussian binomial coefficient) (Z) is

q
defined to be the polynomial

A
D gt ez]q).
A is a partition
with largest part <n—k
and length <k

. n .
Some authors write { } for this, but we prefer not to.

k

(b) If a is any element of a ring A, then we set

n n
= [a] = Z a|A|
(k) a (k) q A is a partition

with largest part <n—k
and length <k

We will soon see that (n) = (n)
k/q k

Example 2.4.4. We have

3
(2> _ > g = gl01 4 DI 4 gl
q

A is a partition
with largest part <3-2
and length <2

=1+q+q°
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and

0 LB »

A is a partition
with largest part <4—2
and length <2
1 2 1,1 2,1 2,2
— IOl 4 IOl 4 gl@) 4 lADI 4 gD 4 gl22)

=140+ ++@+q  =1+q+2¢° + 7 + 4"

2.4.3. Basic properties
Proposition 2.4.5. Let 1,k € IN.

(a) We have
(n) — Z qi1+i2+'“+ik.
k q

Here, the sum ranges over all weakly increasing k-tuples (i1, ip,...,i) €
{0,1,...,n— k}k. This sum is empty if k > n.

(b) For any finite set S of integers, let sum S := ) s. Then,
seS

(Z)q _ Z .qsumS—(1+2—|—-~-+k).

(c) We have

Proof. Details in the notes; here is an outline.
(a) We are looking for a bijection ¢

from {partitions with largest part < n —k and length < k}
to {weakly increasing k-tuples (iy,ip,...,i) € {0,1,...,n — k}k}
such that
Al =iy +ip+ - F+igif (ig,0,...,0) =P (A).
This bijection ® does the following: Read the partition backwards, and insert
0’s at the front to make it into a k-tuple. For instance, if k = 5 and A = (3,3,2),

then @ (A) = (0,0,2,3,3). So part (a) follows.
(b) We are looking for a bijection ¥

from {weakly increasing k-tuples (iy,1p,...,i) € {0,1,...,n — k}k}
to {subsets S of {1,2,...,n} satisfying |S| =k}
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such that
sumS — (1+2+4---+k) =iy +ip+---+ iy whenever S =Y (iy,ip,...,0).
Such a bijection ¥ can be constructed as follows:
Y (ir,ip,...,0) = {in+1, i +2, ..., ix +k}.

So part (b) follows.
(c) Part (b) yields

(”) _ sum S—(1+2+--+k) _ 1
k 1 sc{12,.n}; e SC{1,2,..n};
S |

=1
=k

= (# of k-element subsets of {1,2,...,n}) = (n)

k
O
‘ Proposition 2.4.6. Let 1,k € IN satisfy k > n. Then, (Z) =0.
q
Proof. Part (b) of the proposition yields
(Z) _ Z qsumS—(1+2+~--+k) — (empty sum) —0.
q 5C{12,...n};
|S|=k
U
. n n
‘ Proposition 2.4.7. Let n € IN. Then, ( ) = ( > =1
0 n
q q
Proof. HW. [

‘ Convention 2.4.8. Let n € IN. For any k & IN, we set (n) = 0.
q

k—1 k

-1 -1
Recall Pascal’s recurrence (Z) = (n ) + <n ) Here are two ways to
generalize it to g-binomial coefficients:

Theorem 2.4.9. Let n be a positive integer. Let k € IN. Then:

(a) We have
(n) q”_k <n — 1) (n — 1)
k g k—1 g k g
(n) _ (n — 1) E]k (n — 1)
k g k—1 q k q

(b) We have




Math 531 Winter 2024, version March 15, 2024 page 101

Proof. (b) HW.
(a) Details in the notes. Main idea:

(Z)q _ Z }.qsumS—(1+2—|—~-~—|—k)

SC{12,..n
|S|=k
_ Z qsumS—(1+2+~--+k) + Z qsumS—(1+2+--~+k)
SC{12,...n} SC{12,...n};
|S|=k; |S|=k;
nes né¢s B
_ Y ;rsum5+n7(1+2+---+k) — Y Vsum57(1+2+---+k)
Sc{1,.2,..n—1} Sc{1.2,..,n—1}
|S|=k-1 |S|=k
:qnfk Y qsum57(1+2+-~+(k71)) n—1
SC{1.2,..n—1}; =\
|S|=k-1 g
gt n—1
k—1
q
_x(n—1 n—1
q q
ged. O

Next, recall the formula

(n) nmn—1)mn-2)---(n—k+1) nn-1)n-2)---(n—k+1)

k! N k(k—1)(k—2)---1

k

It also has a g-analogue:

Theorem 2.4.10. Let 1,k € IN satisfy n > k. Then:

(a) We have
(1) ()0 (3),
— (1 _ qn) (1 . qn71> L. (1 . qnkarl) )

(b) We have

<n> _ (1—4") (1 — q”_l) - (1 _ qn—k—i—l)
kg o (1-4) Q=g (1-¢q"

(in the ring Z [[g]] or in the field of rational functions over Q).

Proof. HW. O
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To see the analogy between this theorem and the classical

(Z) _n(n—1)(n—i)!---(n—k+1)

formula better, we introduce notations:
Definition 2.4.11. (a) For any n € N, we define the g-integer [n], to be
), =" +q' +--+q" € Z]q).
(b) For any n € IN, we define the g-factorial [n],! to be
(], =, 2, - I, € Zq].-

(c) As usual, if a is an element of a ring A, then [n], and [n],! mean the
values [n], [a] and [n] ! [a], that is, the values of [n], and [n] ! at g = a.

Remark 2.4.12. For any n € IN, we have

_1-4
-1

1], (in Z [[g]] or rational functions)

and [n]; = n and [n],! = nl.

So our above theorem becomes:

Theorem 2.4.13. Let n,k € IN satisfy n > k. Then:
(n) B [n]q[n—l]q---[n—k—f—l]q_ ]!
k), [],! [k] !~ [n — K]t
(in the ring Z [[g]] or the rational functions).
Proof. HW. O

Proposition 2.4.14. Let nn,k € IN. Then,
(6),= (")
k g n—k g

Proof. HW. O
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2.4.4. g-binomial formulas

As we have seen, the g-binomial coefficients generalize the binomial coefficients
in several ways. Here is another instance of this:
Recall the usual binomial formula

iy = £ (D)

This holds whenever a and b are two elements of a commutative ring, or, more
generally, whenever 2 and b are two commuting elements of a ring. If we want
to integrate a g into this formula, we need to

¢ either change the structure of the formula,

¢ or modify the commutativity.
Both can be done! (10 HW points for anyone who can combine these two!)
So we get two “g-binomial formulas” (g-analogues of the binomial formula).

Here is the first:

Theorem 2.4.15 (1st g-binomial theorem). Let K be a commutative ring. Let
a,b € Kand n € IN. In the polynomial ring K [g], we have

s AW
(aq0+b) (aq1+b) (aq 1+b> E)qkklm(k)qa"b k.

Note that setting g = 1 here gives the original binomial formula, as behooves
a g-analogue.

This theorem can be proved straightforwardly by induction on n (HW ex-
ercise), but there is also a nicer argument. Let me sketch it. We start with a
general fact:

Lemma 2.4.16. Let L be a commutative ring. Let n € IN. Let [n] denote the
set {1,2,...,n}. Letay,ap,...,a, and by, by, ..., b, be 2n elements of L. Then,

[T@tb)= Y (nai> I b

i=1 sCln] \i€S i€n)\S
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Proof of 1st g-binomial theorem. Let [n] be the set {1,2,...,n}. Then,
(aqo + b) (aq1 + b) e <aq”_1 + b)

= Ii (aqiil + b)
=) (H aqil) IT ¢ (by the lemma)

SCTn] \i€s i\

:a\S\qsumS—\S\ —pn—18]

— Z a\5|qsum5—\5|bn—|5|

5CIn|

— Z Z akqsumS—kbn—k

n
= Z Z qsumS—k akbn_k
I; N——

S|=k =qeum (12 th gl (k=)

—goum S—(14+2+ k) g(k—1)/2

_ Z Z qsumS—(1+2+--~+k) qk(k—l)/zakbn—k

)

(by part (b) of the above proposition)

(Z) qk(k—l)/zakbn—k,
q

T
o
— W
N

J/

2

k=0
ged.

The second g-binomial theorem relies on noncommutativity:

algebra. Let a,b € A be such that ba = wab. Then,

(a+b)" = i (Z) wakb”_k.

k=0

Theorem 2.4.17 (2nd g-binomial theorem, aka Potter’s binomial theorem).
Let L be a commutative ring. Let w € L. Let A be a noncommutative L-
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Example 2.4.18. The ba = wab condition is not that rare. For instance, let
L=7Zand w = —1and A = Z?*? (the ring of 2 x 2-matrices over Z). Let

01 1 0
a-(lo) and b—(0_1>.

Then, ba = —ab, so that ba = wab for w = —1. Thus, the theorem above
shows that :
n
(a+b)" =Y ( ) a bk,
k=0 k)

Example 2.4.19. Let L = R. Let A be the ring of R-linear operators on
C*” (R) = {smooth functions from R to R}.

Let w be any real number.
Let b € A be the differentiation operator, so b (f) = f’ for any f € C* (R).
Let a € A be the operator that substitutes wx for x in the function (i.e., we

have (a (f)) (x) = f (wx)). /
Then, ba = wab. (This is saying that (f (wx)) = wf’ (wx).)

Proving the second g-binomial formula is a HW exercise.

2.4.5. Counting subspaces of vector spaces

We have so far been viewing (Z) as a polynomial in g and interpreting this

k

for specific numbers a. A particularly nice result holds when 4 is the size of a
finite field.
We recall a few things about finite fields:

polynomial. Let us now look at some properties of its values (Z) = (n> [a]
a q

e For any prime power p* > 1, there is a finite field of size p*, unique up to
isomorphism. (When the prime power is p, the field is just Z/p.)

* Linear algebra (i.e., the theory of vector spaces, subspaces, linear indepen-
dence, bases, matrices, Gaussian elimination, etc.) works over any field.
If you know the right proofs, they all apply over any field. (Exceptions
are some properties that require positivity or characteristic 0.)

Thus, we can talk about finite-dimensional vector spaces over finite fields.
Such spaces are finite as sets. An n-dimensional vector space over a finite field
F has size |F|".

Now we can ask ourselves more complicated questions, like: How many
k-dimensional subspaces does such a space have?
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Theorem 2.4.20. Let F be a finite field. Let n,k € IN. Let V be an n-
dimensional F-vector space. Then,

(Z) = (# of k-dimensional vector subspaces of V).
||

For comparison,

(Z) = (# of k-element subsets of S)

for any n-element set S. This analogy goes a lot deeper, and this is a subject
currently under research. (See [Cohn04] reference in the notes for an introduc-
tion.)

To prove the theorem, we need a few lemmas:

Lemma 2.4.21. Let F be a field. Let V be an F-vector space. Let (v1,v2, ..., vx)
be a k-tuple of vectors in V. Then, (v1,vy,...,vx) is linearly independent if
and only if

v1 ¢ span () and
={o}
vy ¢ span (v1) and
v3 ¢ span (v1,v2) and
and

vy ¢ span (v1,02,...,0k_1) -
More formally: (v1,vy,...,v) is linearly independent if and only if

v; ¢ span (vq,vy,...,0v;—1) foreachi e {1,2,...,k}.

Proof. =:1If (v1,0y,...,v) is linearly independent, then each i € {1,2,...,k}
satisfies v; ¢ span(vq,v2,...,0v;_1), since otherwise (v1,7vy,...,v;) would be
linearly dependent, which cannot happen (since a subtuple of a linearly inde-
pendent tuple is again independent).

<=: Assume that

v; ¢ span (v1,vy,...,0v;_1) foreachi e {1,2,...,k}.
We must prove that (vq,vy,...,vx) is independent. Assume the contrary. Thus,

a101 + a4+ - -+ ayor =0
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for some scalars ay,4ay,...,a; € F, not all zero. Pick the largest i for which
a; # 0. Then,
a101 + a4+ - - - +a;0; = 0.

Solving this for v;, we find

v =~ (aqv1 +apvp + - -+ a;_1v; 1) (since a; # 0)
1
€ span (v1,v2,...,0i-1),
contradicting our assumption. [

Lemma 2.4.22. Let F be a finite field. Let n,k € IN. Let V be an n-dimensional
F-vector space. Then,

(# of linearly independent k-tuples of vectors in V)

=T (1P = 167) = (1"~ %) (1" - £1%) - (1P - ).

Proof. We have |V| = |F|".
By the preceding lemma, a k-tuple (v1,vy,...,v) is linearly independent if
and only if

v; ¢ span (vq,vy,...,0;_1) foreachi e {1,2,...,k}.

Thus, we can construct a linearly independent k-tuple (v1,vs, ..., vk) of vectors
in V as follows:

e First, we choose v;. This has to be a vector in V '\ span (). The number of
options is thus |V| — [span ()] = |V| -1 = |F|" — |F|".

e Next, we choose v,. This has to be a vector in V' \ span (v1). The number
of options is thus |V| — |span (v1)| = |V| — |F| = |F|" — |F|".

e Next, we choose v3. This has to be a vector in V \ span (v1,v;). The
number of options is thus |V| — |span (v1,0,)| = |V| — |F|* = |F|" — |F|*.

e And so on.

The total # of ways to perform this construction is

k-1

(F" = 1E°) (1F" = 17 - (1Fm = 1R = TT (19 - 1EF).

i=0
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Lemma 2.4.23 (Multijection principle, aka shepherd’s rule). Let A and B be
two finite sets (“legs” and “sheep”, respectively). Let m € IN. Let f : A — B
be any map (sending each leg to its sheep). Assume that each b € B has
exactly m preimages under f (that is, for each b € B, there are exactly m
elements a € A such that f (a) = b). Then,

|A| =m-|B].

(That is, the # of legs equals m times the # of sheep.)

Proof. LTTR. O

Proof of the theorem. We WLOG assume that k < n, since otherwise we are just
proving that 0 = 0.
We will say “independent” for “linearly independent”.
We will say “k-dim subspace” for “k-dimensional vector subspace”.
Consider the map

f : {independent k-tuples of vectors in V} — {k-dim subspaces of V},
(v1,v2,...,0%) — span (v1, 0y, ..., k).

Now we claim:

Claim 1: Each k-dim subspace of V has exactly

(IFIk - |F|°) <|F|k - |p|1) (\F!k _ |F‘k—1>

preimages under f.

Proof of Claim 1. Fix a k-dim subspace W of V. What are its preimages? They

are the independent k-tuples (v1, vy, . .., vx) of vectors in V that satisfy span (v1, v, ..., v) =
W. In other words, they are the independent k-tuples (v, vy, ...,vk) of vectors

in W that satisfy span (v1, v, ..., vr) = W. The condition “span (v1,vy,...,v) =

W” here is redundant, i.e., can be removed without changing the object being
characterized (since any k independent vectors in a k-dimensional vector space

must span the entire space). So they are the independent k-tuples (v1, vy, ..., v)

of vectors in W. Their number is therefore

(IF[ = 1B°) (1B = ) - (1R = [F)

(by our second lemma, applied to W and k instead of V and n). O

Claim 1 shows that each k-dim subspace of V has exactly

(|F|" - |P|0> (|p|’< - |p|1) <|F|k _ |F|k—1)
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preimages under f. Hence, by the multijection principle,

(# of independent k-tuples of vectors in V)

= (IFfF = BP) (1B = 1F") - (JFfF = )

- (# of k-dim subspaces of V).

But our second lemma says that
(# of independent k-tuples of vectors in V)
0 1 k-1
= (IF[" = F°) (|F/" = ") - (JE" = [P,

Comparing these two equalities, we find

(|F|" - |F|0) (|p|’< - |p|1) <|P|k _ |F|’<—1>

- (# of k-dim subspaces of V)
= (1" = 1) (1F1" = [F1") - (JF" = |F).
Hence,

(# of k-dim subspaces of V)

(IF =R C) (1= R - (E = 1R
C(RF =R (1= R (R 1R
C(FT =) (I =) (T )
(=) (T =R - (E 1)

(

here we cancelled |1—”\O |F‘1 |1:‘2 . |F‘k—1>
(1—|F") (1 |F|n—1> . <1 _ |P‘n—k+1>
(1 — |F]| ) (1 — |F|k_1> (1 B |F|1>

(here we cancelled (—1)k>

B (Z) B

S
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2.4.6. Limits of g-binomial coefficients

Recall the notion of a limit of a sequence of FPSs: essentially, it is a mat-
ter of each coefficient stabilizing. This is a restrictive notion; for example,

X\ . .
(1 + E) # exp using this notion. Nevertheless, limits sometimes exist.

n—00

Let’s look at lim (;) . Does this exist?
q

(2), ="
q
(), ="
q
(),
q
3 _ 2
(2> =1+g9+9q5
q
4
(2> =14+ q+2¢*+ ¢ + g%
q
5
<2> =1+q9+2¢°+2¢° +2¢* + ¢° + 4%
q
6
(2> =1+q+2¢*+2¢° +3¢* +2¢° +2¢° + 4" + 4%

These examples suggest that the sequence <<Z) ) coefficientwise stabi-
1/ neN
lizes to n
1+q+2° +2¢° +3¢* +3¢°+ - = © (1+|5]) "
nelN

This is indeed the case. More generally:

Proposition 2.4.24. Let k € IN be fixed. Then,

n—00

lim (Z)q: 2 (Po (n)+p1 (”)‘f'---—l—Pk(Yl))q”
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First proof. For each integer n > k, we have

(n) _ (=g (- g 1) e (1= gnk)
P (N (= ey
Iﬁl( n k+z) . ;
_ = p ‘ _ p H 1 — ;1 k+/z
1'1;[ (1_(]1) zgll(l_q) - as%é_oo
k 1
Tl | ([ ———
11;[1(1_q) ;q—/ 1131(1—671)
L
__lzgl-—qi
(po(n)+p1(n)+---+pe(n))q"

Second proof (sketch). Recall that

(+), -

)3

A is a partition

by something we
did a while ago /-

g

with largest part <n—k

and length <k

Thus,

lim
n—oo . .
A is a partition

n .
= lim
k g
with largest part <n—k
and length <k

Y. (po(n)+p1(n)+

nelN

2.5. References

Some things we are missing;:

)3 q

Al A
Al = Yoo g
A is a partition
with length <k

-+ pr(n)q"

]
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e In 1919, Ramanujan discovered the following three congruences for p (n):

p(n) =0mod5 if n =4mod5;
p(n) =0mod?7 if n =5mod7;
p(n) =0mod11 if n = 6mod 11.

The first of these follows from the FPS equality
Y p(Gn+4)x"=5]] ,
neN i—1 (1 —x')

which is far from obvious. See the notes for some references on this and
related facts.

¢ Asymptotically,

(n) ! exp | 2n as n — oo

See the notes for a proof.

* In 1770, Lagrange proved that every nonnegative integer n can be written
as a sum of four perfect squares. In 1829, Jacobi strengthened this to
a quantitative statement: If n is a positive integer, then the number of
quadruples (a,b,c,d) of integers satisfying n = a? + b* + ¢ + d? equals 8
times the sum of all positive divisors of n that are not divisible by 4. The
most elementary proofs of this identity use partition-related FPSs and the
Jacobi Triple Product identity. (Again, see references in the notes.)

¢ The Rogers—-Ramanujan identities

b 1

keZ]N (1 - x1) (1 — xZ) . (1 — xk) - zle—I[[\I (1 _ x5i+1) (1 — x5i+4);
xk(k—i—l) 1

keZN (=) (1 =) (1-aF) ~ le—u[\l (1= 25%2) (1 = 25%9)

can be used to count partitions into parts that are = +1mod5 or =
£2mod 5, respectively. These can also be proved using the Jacobi Triple
Product.

I can also recommend Igor Pak’s survey “Partition identities”.
See also the HW.
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3. Permutations

Permutations are one of the most fundamental combinatorial notions. Basic
properties are studied in classes on algebra and enumeration, but we will try to
go deeper and maybe be a bit more systematic. Again, see the notes for some
references that go deeper.

3.1. Basic definitions

Definition 3.1.1. Let X be a set.

(a) A permutation of X means a bijection from X to X.

(b) The permutations of X form a group under composition. This group
is called the symmetric group of X, and is denoted by Sx (or Xx or Sym (X)
or Sx or Sx). Its size is |X|! (when X is finite), and its neutral element is

(c) As usual in group theory, a8 denotes the composition « o p when a, B €
Sx. This is defined by (aB) (i) = a (B (i)) for all i € X.

(d) If « € Sx and i € Z, then &' shall denote the i-th power of « in Sx. If
i > 0, this is g« - - - &. In particular, 2 = id.

i times

Definition 3.1.2. Let n € Z. Then, [n] shall mean the set {1,2,...,n}. This is
an n-element set if n > 0, and is an empty set if n < 0.

The symmetric group Sy, (consisting of all permutations of [n]) will be
denoted S, and called the n-th symmetric group. Its size is n! (when n > 0).

Proposition 3.1.3. Let X and Y be two sets, and let f : X — Y be a bijec-
tion. Then, for any permutation ¢ € Sx, the map foocof!:Y — Yisa
permutation in Sy. Furthermore, the map
Sf :Sx — Sy,
o+ fooo f!

is a group isomorphism, so that Sx = Sy.

This proposition (whose proof is straightforward) tells you that to understand
Sx for all finite sets X, it suffices to understand S, for all n € IN (because we
can always find a bijection f : X — [n] for n = | X]).

Note that if Y = X in the above proposition, then the map Sy is just conjuga-
tion by f in the group Sx.

Next, we define three ways to represent a permutation:
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Definition 3.1.4. Let n € IN and ¢ € S,,. We introduce three notations for ¢:
(a) A two-line notation of ¢ means a 2 x n-array

o(p1) o(p2) -+ o(pa) )’
where p1,py,..., pn are the n elements of [n] in some order. Note that this

is a standard notation for any kind of map from a finite set. Commonly, we
pick p; = i, so we get the array

1 2 e n
o(1) a(2) - o(n) )’

(b) The one-line notation (short: OLN) of ¢ means the n-tuple
(c(1), c(2), ..., c(n)).

It is common to omit the commas and the parentheses in a OLN, at
least when this does not create ambiguities. For instance, 346152 means
(3,4,6,1,5,2), and (by extension) the permutation in S whose OLN is
(3,4,6,1,5,2).

(c) The cycle digraph of ¢ is defined (informally) as follows:

e For each i € [n], draw a point (“node”) labelled i.

e For each i € [n], draw an arrow (“arc”) from the node i to the node

o (i).

The resulting picture is called the cycle digraph of ¢.

Using the concept of digraphs (= directed graphs), it can be formally de-
fined as the directed graph with vertices 1,2,...,n and arcs i — o (i) for each
i€ [n].

(See the notes for more examples.)

3.2. Transpositions and cycles
3.2.1. Transpositions

Definition 3.2.1. Let i and j be two distinct elements of a set X.
Then, the transposition ¢;; is the permutation of X that sends i to j, sends
j to i, and leaves all other elements of X unchanged.

Note that ti,j = tj,i~

Definition 3.2.2. Let n € N and i € [n — 1]. Then, the simple transposition
s; is defined by
si = tiiy1 € Su.
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So a simple transposition is a transposition that swaps two consecutive in-
tegers. For instance, s € Sy has OLN (1,3,2,4,5,6,7). Generally, s; € S, has
OLN

(1,2,...,i—1,i4+1,i,i+2,i+3,...,n).

Here are some very basic facts about simple transpositions.

Proposition 3.2.3. Let n € IN.
(a) We have s? = id and s; = s;l forany i € [n—1].
(b) We have s;s5; = s;s; for any i,j € [n — 1] with [i —j| > 1.
(c) We have s;s;15; = s;115iSj41 = tj o forany i € [n —2].

Proof. Straightforward verification that numbers go to the same places. O

3.2.2. Cycles

A generalization of transpositions are cycles:

Definition 3.2.4. Let X be a set. Let iy,1p,...,i; be k distinct elements of X.
Then,

CYCilin,niy

means the permutation of X that sends

i1 > iz,

iz — i3 ,

i3 — i4,

Ik—1 > ig,

ik —> il
and leaves all other elements of X unchanged. This permutation is called a
k-cycle.

Note that cyc; = id and Cyc;; = tij.
Example 3.2.5. Let X be a set. Then, for any distinct 7, j € X, we have cyc; ; =
ti; = tji. So the 2-cycles in Sx are exactly the transpositions. How many are

n .
there? 5 ) since we have to choose two distinct elements i, j and the order

does not matter.

Note that the k-cycle cyc; ;. ; is sometimes denoted (i1, 1, ..., k).

Jeuifl
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Exercise 3.2.1. Let n € IN and k € [n]. Let X be an n-element set. How many
k-cycles exist in Sx ?

Solution. Assume that k > 1 (since otherwise, the answer is 1).
Each k-cycle has the form cyc; ; . for some k-tuple (i1,ip, ..., i) of dis-
tinct elements of X; but different k-tuples can give rise to equal k-cycles. For

example,
CYCip3 = €¥Co31 # CY¥Cr13 = €¥Ci3,2-

More generally, for any k distinct elements iy, 7, . .., iy of X, we have

CYCilinir — YCiin,ivin — YCisiairirin — " i

So k different k-tuples give rise to the same k-cycle.

Conversely, any k-cycle cyc; ; . uniquely determines the k-tuple (i1, iz, . . ., i)
up to cyclic rotation, since the elements iy, 1, ..., i, are precisely the elements
of X not fixed by the k-cycle (here we need k > 1), and once you choose which
of these elements is ij, the other elements are uniquely determined (i is the
image of iy; i3 is the image of i; and so on).

So the map

f : {k-tuples of distinct elements of X} — {k-cycles in Sx},
(11, 12, ceoy lk) — Cycillizl"'lik

is a k-to-1 map (i.e., each k-cycle has exactly k preimages under this map). Thus,

by the multijection principle,

(# of k-tuples of distinct elements of X)
= k- (# of k-cycles in Sx),

and therefore

(# of k-cycles in Sx) = % - (# of k-tuples of distinct elements of X)

J

1 (n—1)(n—2)-(n—k+1)

:%-Zz(n—l)(n—%z---(n—k—l—lz
:<k).k!
L @#-6) L Qe

=(k—1)!

So this is the answer for k > 1. O
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3.3. Inversions, length and Lehmer codes

3.3.1. Inversions and lengths

Definition 3.3.1. Let n € N and ¢ € §S,,.

(a) An inversion of ¢ means a pair (i,]) of elements of [n] such thati < j
but o (i) > o (j).

(b) The length (also known as the Coxeter length) of ¢ is the # of inversions
of . Itis called ¢ (0) or inve. (In LaTeX, ¢ is written \ell.)

Example 3.3.2. The permutation 7 € S4 with OLN 3142 has inversions

(1,2), (1,4), (3,4)

and length 3.
Now you might wonder how many permutations in S,, have a given length.
Proposition 3.3.3. Let n € IN.

(@) For any 0 € S,, we have / (0) € {0,1,..., (n) }

2
(b) We have
(#of o€ S, with/(0) =0) =1.

Indeed, the only permutation o € S,, with ¢ (c) = 0 is the identity map id.
(c) We have
(#ohfesnwﬁhﬁﬁﬂ (Z))::

Indeed, the only permutation o € S, with ¢ (o

with OLN n (n — 1) (n —2) - - - 21. (Often it is called wy
(d) If n > 1, then

A

) is the permutation
)

(#ofoce S, withl(c)=1)=n—1.

Indeed, the only permutations ¢ € S, with ¢ (¢) = 1 are the simple transpo-
sitions s1,5,...,5,_1.
(e) If n > 2, then

(n—2) (n+1)

(#of o€ S, withl (o) =2) = 5

(See the HW for details.)
(f) For any k € Z, we have

(#of o€ S, with V(o) =k) = <#of0€Snwith€(0): (Z) —k>.
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Proof. HW. O

What about the general case: can we compute (# of o € S, with £ (¢) = k)?
Not explicitly, but we can find a recursion (HW?) and a generating function.

Example 3.3.4. For n = 3, we have

Y (#of o €S, with £ (0) =k) - xF
keN

= Y )

oES,

=142x+2x%+x° = (1+x) (1-|—x+x2>.

More generally:

Proposition 3.3.5. Let n € IN. Then,

n—1

2 xg(”):n(l—i—x+x2—|—---—|—xi>

TESy i=1
=(1+x) <1+x+x2> <1+x+x2+x3>~~~<1+x+x2+--~+x”_1>

= [n], L

3.3.2. Lehmer codes

We will prove this proposition using the so-called Lehmer codes of permuta-
tions:

Definition 3.3.6. Let n € IN.
(@) For each 0 € S, and each i € [n], we set

Vi (o) := (#ofallje [n] such thati < jbuto (i) > o (j))
= (#ofallje {i+1,i+2,...,n} suchthato (i) > o (j)).
(b) For each m € Z, we let [m], denote the set {0,1,...,m}. (This is an
empty set if m < 0.)
(c) We let H,, be the set
[n—=1]g x [n=2]gx - x [n—n],
={(j1,j2,---,jn) € N" | jj<n—iforeachie [n]}.
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This set H,, has size

[Hu| = |[n —1]g x [n = 2]g x - - - x [n —n]g|
= |[n=1o[ - [[n = 2Jp[ - -~ - [ — nly
=n-(n—1)----- (n—n+1)=n!

(d) We define the map

L:S,— H,,
o= (l1(0), ba(o), ..., ly(0)).

This is well-defined, since ¢; (c) < n —i for each i € [n] (why?).
(e) If o € S, is a permutation, then the n-tuple

L(o)=(t1(0), ba(0), ..., lu(0))

is called the Lehmer code of ¢.

Example 3.3.7. Let 0 € Sg be the permutation with OLN 341625. Its Lehmer
code is
L(c) =1(2,2,0,2,0,0).

Example 3.3.8. Can you find a permutation ¢ € S¢ with Lehmer code
L(0) = (1,4,2,1,0,0) ?

It must start with 2, since ¢1 (0) = 1 means that there is exactly 1 entry in its
OLN to the right of the first entry and smaller than the first entry. The next
entry of ¢ (in OLN) must be 6, for a similar reason (note that the 2 is already
placed in the first position, so it is no longer relevant). And so on.

So the OLN of ¢ is (2,6,4,3,1,5).

Note that this o exists and is unique.

What we learn from this example is that the map L : S, — H, is a bijection
—i.e., every n-tuple in H, is the Lehmer code of a unique permutation ¢ € 5.
This argument works in general, but is tricky to formalize, which is why I will
outline another proof of this fact.

Let me first state a simple fact:

Proposition 3.3.9. Let n € N and ¢ € S,. Then,

o)=Ly (o) + (o) +--+ Ly (0).

Now I will prove:
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| Theorem 3.3.10. Let n € IN. Then, the map L : S, — H,, is a bijection.

In the notes, I outline two proofs. The first one essentially formalizes the
algorithm above. The idea that we used to reconstruct ¢ from L () is that

l;i (o) = (# of elements of [n]\{c (1), c(2), ..., 0(i—1)}
that are smaller than o (7)),

so that

o (i) = (the (¢; (o) + 1) -th smallest element of
theset ]\ {c (1), c(2), ..., c(i—1)}).

This formula allows us to recursively determine o (i) from L (¢). Thus, the
map L is injective. To prove that L is surjective, we have to use the above
construction backwards: Given an n-tuple (hy,hy, ..., h,) € Hy, we recursively
define o (1),0(2),...,0(n) by

o (i) = (the (h; + 1)-th smallest element of
the set [n]\ {c (1), 0 (2), ..., c(i—1)}).

We have to argue that this really is well-defined and gives a permutation o € S,.

The second proof is “simpler” to some extent, as it uses two nice tricks in-
stead of this recursive construction. The first trick is to use a total order to prove
injectivity. Specifically, we use an important total order that can be defined on
the set Z" or, more generally, on any Cartesian product of totally ordered sets:

Definition 3.3.11. Let (aq,4a,...,a,) and (by,by,...,b,) be two n-tuples of
integers. We say that

(111,512,. . .,lln) <ex (bl,bz,. . ,bn)

(pronounced  “(ay,ap,...,a,) is lexicographically smaller than
(b1,by,...,b,)") if and only if

* there exists some k € [n] such that a; # by, and

¢ the smallest such k satisfies a; < by.

For example,

(4,1,2,5) <jex (4,1,3,0),
(1,1,0,1) <jex (2,0,0,0).

It is easy to see that:
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Proposition 3.3.12. If a and b are two distinct n-tuples of integers, then we
have either a <jo, b or b <}y a.

Actually, <je is a total order on Z". This is also easy to see.
Now here is a crucial fact:

Proposition 3.3.13. Let o € S;; and T € S, be such that

(c(1),0(2),...,0(n)) <jex (t(1),7(2),...,T(N)).

Then,
L(0) <iex L (7).

Proof. Easy (see the notes). [

This proposition immediately yields that L is injective (because if o # T,
then WLOG assume that ¢ <jox 7, and thus L(0) <jex L(7) and therefore
L (o) # L(7)). This was the first trick.

The second trick is the pigeonhole principle: An injective map between two
finite sets of the same size must be bijective. Since L is an injective map from S,
to H,, it thus follows that L is bijective, since |S,| = n! = |Hy|. (This requires
you to have a proof of |S,| = n! that does not use the Lehmer code.)

Proof of the proposition about the generating function. We have

Y 2l0) = Y (@) a0+ (o)

UGSn 0—65;1
— Z ittt
(jlszl-~-/jn)€Hn

here, we substituted (ji,j2,...,ju) for the
Lehmer code L (o) = (¢1 (o), 42 (0),..., 0y (0)),
since the map L : S, — H, is a bijection

lesz Ce xj"

(g2 €[n—1]yx [n—=2]gx - x[n—n],

()2 (£

<1+x+x +---+x”*1) (1+x+x2+~~+x”*2>~-(1)
1

(1+x) (1—|—x+x2)---<1—i—x+x2—|—---—|—x”_1>

(1+x) <1+x+x2>---(1+x+x2+...+xn—1)

[T(1+x+22 4t xl) =[]t

i=1
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3.3.3. More about lengths and simples

Recall: The length (or Coxeter length) ¢ (0) of a permutation o € S, is the # of
its inversions (i.e., pairs (i,j) with i < jbut o (i) > o ().

| Proposition 3.3.14. Let n € N and 0 € S,,. Then, £ (c71) = ¢ (0).
Proof. We have a bijection

{inversions of ¢} — {inversions of (7_1} ,
(i) = (0 (j), o (7).
Thus, the # of inversions of o~ ! equals that of ¢, qed. O

The following lemma is crucial, as it allows for a recursive approach to
lengths of a permutations:

Lemma 3.3.15 (single swap lemma). Let n € IN, 0 € S, and k € [n—1].
Recall that sy = t ;1. Then:
(a) We have

(b) We have

(s = JE@+L o7 (k) <ol (ke 1);
SOV -1 e 1) > 0 (k).

[Note: If i € [n], then o (i) is the entry in position i of the OLN of o,
whereas ¢! (i) is the position in which i appears in the OLN of ¢.]

Proof idea. (See the notes for more details.)
Example: 0 = 512634 € S¢ and k = 3. Then,

osx = 0s3 = 516234;
spo = s30 = 512643.

In general, in terms of OLNSs, os; is o with the k-th and (k + 1)-th entries
swapped, whereas 50 is ¢ with the entries k and k + 1 swapped (no matter
where they are).

How do such swaps affect the # of inversions? Let us consider the second
kind of swap, where we swap the entries k and k + 1. What happens to an
inversion? In terms of OLNs, an inversion is just a pair of two positions in
which the entries are out of order (i.e., the left entry is larger than the right).
When we swap the entries k and k + 1, their positions turn into an inversion if
they weren’t one before, and vice versa. Specifically:
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o If (6071 (k), o7 (k+1)) was not an inversion of ¢ (that is, if o~ ! (k) <
o1 (k+ 1)), then it will be an inversion of s

o If (¢! (k), o= (k+1)) was an inversion of ¢ (thatis, if o1 (k) > o~ (k+1)),
then it will not be an inversion of s;0o.

What about the other inversions? Those will not change from ¢ to sio, be-
cause an integer that is neither k nor k + 1 will have the same order relation to
k +1 as it had to k (and vice versa). For example, if a given pair of positions of
o had entries k + 4 and k in o, then it will have entries k +4 and k + 1 in s;0, so
its inversion-ness does not change.

Altogether, we see that sy

e has 1 more inversion than ¢ if ¢! (k) < ¢! (k+1);
* has 1 fewer inversion than ¢ if c=1 (k) > o1 (k+1).

In other words,

o)+, et (k) <o (k+1);
fe) = {e(w ~1, ifo (k) >0t (k+1).

This proves part (b).
For part (a), we must prove

t(o)+1, ifo(k)<o(k+1);
t(osk) = .
l(o)—1, ifo(k)>c(k+1).
This can be argued by “moving” the inversions of ¢ along with the swap. See
the Math 235 Fall 2023 notes for this.

Alternatively, we can derive (a) from (b), by applying (b) to o~ ! instead of .
Indeed, this yields

(e +1, ifo(k) <o(k+1);
(c71) =1, ifo(k) >0 (k+1)
(
(

o)+1, ifok)<o(k+1);
1, ifo(k)>c(k+1)

C(o)+1, ifo(k)<o(k+1);
t(c)—1, ifo(k)>c(k+1).

So (a) follows from (b). ]
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There is also somewhat of a formula for £ (ot; ;):

Proposition 3.3.16. Let n € N and ¢ € S,,. Let i,j € [n] such thati < j. Then,

) -21Q1 -1, o (i) <o ());
E(O—tlf])_{g(g')—{—2|R|—|—1, if o (i) > o (j),

where
Q={ke{i+1,i+2,...,j—1} | c(i)>c(k)>0c(j)},
R={ke{i+1,i+2,...,j—1} | c(i)<o(k)<o(j)}.
Proof. See reference in notes. O

Now, let us see what simples are good for.

Convention 3.3.17. We recall that a simple transposition (for short, simple)
in S, means one of the n — 1 transpositions sy,5s2,...,5,-1.

Theorem 3.3.18 (1st reduced word theorem for symmetric group). Let n € IN
and o € S,,. Then:

(a) We can write ¢ as a composition (i.e., product) of ¢ (o) simples.

(b) The number 7 (¢) is the smallest p € IN such that we can write ¢ as a
product of p simples.

[Keep in mind: The product of 0 simples is id.]

Example 3.3.19. Let ¢ = 4132 € S4. How can we write ¢ as a product of
¢ (o) = 4 simples? For example,

0 = 8283582 S1 = 8352 S351 = S3S25153 =— 538251535151 = -
~—— ~

—825382 —8153

Proof sketch. (a) Induct on ¢ (o).

Base case: 1f ¢ (o) = 0, then o = id, which is clearly the empty product of
simples.

Induction step: Fix 0 € S, with £ (0) > 0. Assume (as the IH) that the theorem
(part (a) of it) already is proved for all permutations with length ¢ (c) — 1. We
must now prove it for o.

Since ¢ (0) > 0, we cannot have 0 (1) < ¢ (2) < --- < o (n). So there exists
some k € [n — 1] such that o (k) > o (k+1). Consider this k, and observe (by
the previous lemma) that ¢ (0s;) = ¢(0) — 1. Hence, by the IH, sy can be
written as a product of £ (¢) — 1 many simples. In other words,

f— . © e e e . 1’
OSk = 8i;Siy * * " Siyyy 4 for some i’s.
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Hence,
0 = 5i1Siy """ Siyg) 4 Sk_1 = 8iSip 77 iy 1 5ks
=5y
which shows that ¢ is a product of ¢ (¢) many simples. Proof complete.
(b) In view of part (a), we only need to show that fewer than /¢ (c) simples
do not suffice to get ¢ as a product. For this purpose, it will be enough to show
that

/¢ (Silsiz .. 'Sig> <g for any 11,1y, .. .,ig.
This again follows (by induction on g) from our above lemma (which shows

that ¢ (os;) < ¢ (o) + 1 for any ¢ and k).
See the notes for details. O

Corollary 3.3.20. Let n € IN.

(@) We have £ (01) =/ (0) + ¢ (T)mod2 foralloc € S, and T € S,.

(b) We have ¢ (07) <l (o) + {4 (T) forallo € S, and T € Sy,.

(c) Let ky, ko, ... kg € [n—1] and let o = sy, - - - 5. Then, g > £ (o) and
g =/ (0c)mod?2.

Proof. (a) For any ¢ € S, and any k € [n — 1], we have
0 (osy) = (o) +1, %fa(k) <o(k+1);
t(c)—1, ifo(k)>c((k+1)
=/ (0)+ 1mod2.

(by the lemma)

Now, let o, T € S;;. By the above theorem, we can write T as a composition of
¢ (7) simples:

T = Sk,Sk, " * * Sk where g =/ (7).

q

Then,

14

l(oT) =/ (asklsk2 . -skq)
(

O'Sklsk2 e Skqfl) + 1 m0d2

), (Usklskz . .skﬂ) +1+1mod?2

€ o5, Sk, - ~skq73> +14+1+1mod2
l(c)+1+1+---+1mod2
qt?r?les

=l(0c)+qg=1"{(0)+{(T)mod?2.

(b) Analogous.
(c) Follows easily from (a) and (b). O
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Corollary 3.3.21. Let n € IN. Then, the group S, is generated by the simples
51,52,+++,51—1-

Actually, there is an explicit way of writing a permutation ¢ € S, as a product
of simples:

Proposition 3.3.22. Let n € IN and ¢ € S,,. For each i € [n], we set
ai 2= CyCpr 1,1 —2,..,i = Si'=18i"=28i"=3 " " * Sis
where i’ =i+ /; (¢). Then,

o =aap - ay,.

Proof. See the notes. (See the notes also for a visual way to illustrate this propo-
sition.) O

3.4. Signs of permutations

The notion of the sign (aka signature) of a permutation is a simple consequence
of that of its length; it is furthermore quite well-known.

Definition 3.4.1. Let n € IN. The sign of a permutation ¢ € S, is defined to
be the integer (—1)").
It is denoted by (—1)” or signo or sgno or ¢ (0).

Proposition 3.4.2. Let n € IN.

(a) The sign of the permutation id € S, is (—1)'4 = 1.

(b) For any two distinct elements i and j of [n], the transposition t;; € Sy
has sign (—1)"/ = —1.

(c) For any positive integer k and any distinct elements 71,1y, ..., € [n],
the k-cycle cyc; ; ; has sign (—1) Y i = (—1)k -1

(d) We have (—1)’" = (=1)7 - (=1)" for any 0, T € S,,.

(e) We have (—1)712"% = (=1) (=1)7--- (=1)? for any 0; € S,,.

(f) We have (—1)‘7_1 = (—1)7 for any 0 € S,,.

(g) We have

(-1)7= I (i) =0 (j) for each o € S,,.

1<i<j<n 1T

(h) If xq,x2, ..., x, are any elements of any commutative ring, and o € S,

then
[T (xet)=%p) = (1" T (xi—x).

1<i<j<n 1<i<j<n
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Proof. All of this is well-known; see the references in the notes; but I will sketch
the most important steps.

(b) See the blackboard.

(c) HW.

(d) We need to show that ¢ (07) = ¢ (0) + ¢ (t) mod 2. But this has been done
above.

(h) The differences x, ;) — x,(j) for 1 < i < j < n are precisely the differences
xi —xj for 1 < i < j < n up to sign and order. So their products agree up
to sign. The question is: Why is this sign (—1)” ? The reason is that ¢ (¢) is
precisely how often the signs are flipped (each inversion of ¢ flips a sign). [

Corollary 3.4.3. Let n € IN. The map

Sqp —{1,—-1},
o (—1)7

is a group homomorphism from the symmetric group Sy to the cyclic order-2
group {1, —1} (with multiplication).

This homomorphism is called the sign homomorphism.
Definition 3.4.4. Let n € IN. A permutation ¢ € S, is said to be
 even if (—1)” =1 (thatis, £ (0) is even);

e oddif (—1)7 = —1 (that is, ¢ (¢) is odd).

See also: 15-puzzle, as well as various other permutation puzzles.

Corollary 3.4.5. Let n € IN. The set of all even permutations in S, is a normal
subgroup of Sj,.

This subgroup is known as the n-th alternating group, commonly called A;,.
If n > 5, then it is a simple group, which makes it useful in Galois theory (it is
the reason for the unsolvability of the quintic) and also in group theory.

Let’s find its size:

Corollary 3.4.6. Let n > 2. Then,
v
(# of even permutations in S,) = (# of odd permutations in S,) = g

Proof. The map

{even permutations in S, } — {odd permutations in S, },
0= 087
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is a bijection (because the inverse map can be defined in the same way). So

(# of even permutations in S,) = (# of odd permutations in S,) .

|
Since these two numbers add up to n!, they must be % O

As a consequence of this corollary, we have

Y (-1)7=0 forn > 2.

oES,

Unlike the length of a permutation, the sign of a permutation can be defined
not just for ¢ € S, but also for ¢ € Sx for any finite set X. Here is one way to
do so:

Proposition 3.4.7. Let X be a finite set. We want to define the sign of any
permutation of X.

Fix a bijection ¢ : X — [n] for some n € IN. (Such ¢ exists, since X is
finite.)

For every permutation ¢ € Sx, we define

(~1)g = ()P

(note that oo o p~! € S, has a well-defined sign already). Now:

(a) This number (—1); depends only on ¢, not on ¢. So we can write (—1)”
for it, and call it the sign of ¢.

(b) The identity permutation id : X — X satisfies (—1)iCl =1

(c) We have (—1)7" = (-=1)7-(—1)" for any 0, T € Sy.

Proof. Easy; see reference in the notes. O

3.5. The cycle decomposition

We shall next discuss the cycle decomposition (or disjoint cycle decomposi-
tion) of a permutation. See the notes for an example.

Theorem 3.5.1 (disjoint cycle decomposition of a permutation). Let X be a
finite set. Let o € Sx. Then:
(@) There is a list
( (611,1,111,2, ceey al,nl) ,
(a21,020,...,02,) ,
(ak,ll Ak2s+ -+ ak,?lk) )

of nonempty lists of elements of X such that
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¢ each element of X appears exactly once in the composite list

( a1,1,41,2, -+ -, 41,1y,
21,022, ,02, 1y,

A1, A2, -+ -1 ak,nk )/
and

¢ we have

0 = Cyc O---0CyC

O CyC .
111,1,111,2,...,111,"1 y 112,1/512,2/~~~ru2,n2 ak,llak,ZI"'luk,nk

Such a list is called a disjoint cycle decomposition (short: DCD) of ¢. Its
entries (which themselves are lists of elements of X) are called the cycles of
.

(b) Any two DCDs of ¢ can be obtained from each other by (repeatedly)
swapping the cycles with each other, and rotating each cycle (i.e., replacing

(ai,ll Ai2seeey ai,ni) bY (ai,ZI ai3, .-, ai,n,-/ ai,l))'
(c) Now assume that X is a set of integers (or, more generally, any totally
ordered finite set). Then, there is a unique DCD

( (a1,1/a1,2/ ey al,iﬁ) ’
(a2,1,a22,.--,82,),

(ak,lr Y IEERY ﬂk,nk) )

of o that satisfies the additional requirements that

* we have a;1 < a;, for each i € [k] and each p € [n;] (that is, each cycle
in this DCD has its smallest entry up front), and

* we have a;1 > ay; > --- > ai; (that is, the cycles appear in this DCD
in the order of decreasing first entries).

Example 3.5.2. Let ¢ € Sg be the permutation with OLN 613548792. Then,
the unique DCD from part (c) of the above theorem is

((7), (4,5), (3), (1,6,8,9,2)).

Other DCDs are obtained from this one by rotating and swapping cycles, e.g.

((3), (9,2,1,6,8), (4,5), (7)).
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Proof. Fairly easy, but hard to explain. See the notes. O

Definition 3.5.3. Let X be a finite set. Let 0 € Sx.

(@) The cycles of ¢ are defined to be the cycles in the DCD of ¢. (This
includes 1-cycles.) We shall identify each cycle with its cyclic rotations; for
example, (1,4,3) and (4,3,1) count as the same cycle.

(b) The cycle length partition of ¢ shall denote the partition of |X| ob-
tained by writing down the lengths of the cycles of ¢ in weakly decreasing
order.

For instance, the permutation ¢ in the example above has cycle length parti-
tion (5,2,1,1).

Proposition 3.5.4. Let n € IN. Let ¢ € S;,. Let k € IN be such that ¢ has
exactly k cycles (including the 1-cycles). Then,

(-1)7 = (-)"*.

Proof. See the notes. O

The notes also contain some references to further literature on permutations,
including entire books (Bona, Kitaev); the HW problems also contain some taste
of it.

4. Alternating sums, signed counting,
determinants

Alternating sums are sums whose addends have “alternating” signs — usually
sums of the form ¥ (—1)¥ (something) or ¥ (—1)7 (something) or likewise.
k

cEeS,
Alternating sums are often easier to compute than “usual” (positive) sums.

3
For instance, there is no closed form for i (Z) , but there is one for i (—l)k <
k=0
namely
n 3 _q\n/2 (371/2)! . . )
Z (_1)k (n> _ (—1) (/25 if n is even;

k=0 k 0, if n is odd.

(This is a HW exercise, and is known as Dixon’s identity.)
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4.1. Cancellations in alternating sums
We begin with a simple binomial identity:

Proposition 4.1.1 (negative hockey-stick identity). Let n € C and m € IN.

Then,
B (i) -cr ()

Proof. There are many ways to show this; here is a combinatorial one.

The claim is a polynomial identity in n. So it suffices to prove it when 7 is a
positive integer (by the polynomial identity trick). Thus, let us WLOG assume
that n is a positive integer.

Set [n] := {1,2,...,n}. Define an acceptable set to be a subset of [n] that has
size < m. Thus,

2o(n
# of table sets) = :
(# of acceptable sets) k:Zé (k)

Define the sign of an acceptable set S to be (—1) 5!, Then,

(the sum of the signs of all acceptable sets)

NE

(the sum of the signs of all k-element subsets of [n])

0 ~ d

k

m
— Y (-1 (”) .
k};} (=D,

The LHS here is a sum of 1s and —1s. Let us try to cancel them against each
other, eventually ensuring that only 1s or only —1s will remain.

How do we cancel them? If we pick an acceptable set I that does not contain
1, we try to pair it up with I U {1}. Conversely, if we pick an acceptable set I
that does contain 1, we try to pair it up with I\ {1}. Clearly, any set I and its
partner disagree in exactly 1 element, so that their signs are 1 and —1 in some
order. Moreover, this would be a valid pairing (i.e., the partner of the partner
of I is I again), if not for one problem: The partner of an acceptable set I might
fail to be acceptable. This happens precisely when 1 ¢ I and |I| = m. All other
acceptable sets get paired up with each other, and thus their signs cancel out in
the sum. Hence,

the sum of the signs of all acceptable sets

& P
= (the sum of the signs of all acceptable sets I with 1 ¢ I and |I| = m)
= (the sum of the signs of all subsets I of {2,3,...,n} with |I| =m)

_ 1y (n;l)
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(since the sign of any m-element set is (—1)").
Comparing this with the previous computation, we conclude that

L) =0 (7))

Let me outline how to formalize this argument without speaking of “can-
celling” or “pairing up”. We let

O

A := {acceptable sets}
and

X := {acceptable sets whose partner is acceptable }
={ICn] | |I|] <mbutnot (|[|=mand1¢1I)}.

Now, we define a map

f:X—=2,
I—T,

where

,Jru{y, if1¢n
1_{1\{1}, if1el =184}

where X A'Y means the symmetric difference of any two sets X and Y, that is,

XAY = (XUY)\(XNY)=(X\Y)U(Y\X)
= {all elements that belong to either X or Y but not both} .

This map f is a bijection, since each I € X satisfies I” = I and therefore
I’ € X. This bijection f is sign-reversing, meaning that (—1)‘f D= _ (—1)“ |
for all I € X. We claim that this automatically guarantees that

(the sum of the signs of all acceptable sets)
= (the sum of the signs of all acceptable sets not in X’).

The reason for this is that in the sum on the LHS, the addends corresponding
to sets in X mutually cancel (each I cancelling f (I) = I’). Let us state this as a
general principle:
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Lemma 4.1.2 (cancellation principle, take 1). Let A be a finite set. Let X be a

subset of A.
For each I € A, let signI be a real number. Let f : X — X be a bijection
with the property

sign(f (I)) = —signI forall I € X.

(Such a bijection f is called sign-reversing.) Then,

Zsignlz Z sign 1.

IeA Ie A\X

Note that we did not require f o f = id, although this holds in most examples.
Intuitively, the lemma is clear: In the sum ) sign, all addends correspond-

IeA
ing to I € X cancel out. But there is a nuance: When I = f(I), there is
only one addend for this I, but the property sign(f (I)) = —signI yields
sign] = —signl and therefore sign! = 0 in this case, so such addends do

not contribute anything at all. Actually, an even better way to prove this lemma
is the following;:

here, we substituted f (I) for I,
since f : X — X is a bijection

Y signl = Y sign (£ (1))

IeX IeX g
=—signl

= — Z sign I,

Iex

so that2- ) signl = 0, and therefore )  signI = 0. Thus,

IeXx IeXx
2 signl = Z sign [ + Z signl = 2 sign .
Ie A lex Ie A\X IeA\X
N——
=0

In the above proof of the proposition, we applied this lemma to

A = {acceptable sets},
X = {acceptable sets having acceptable partners},

signl = (—1)‘1| )

The above lemma works when the signs sign I are real numbers, or at least
elements of an abelian group with the property that 2a = 0 implies 2 = 0. You
can avoid this latter requirement if you add the explicit requirement that

sign] =0 for all I € X satistying f (I) = I.
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In particular, this is automatically ensured if f has no fixed points. (See the
notes for details.)

Exercise 4.1.1. Let 1,k € IN. Simplify <Z> .
-1

4
Example 4.1.3. Let us compute ( 2> . We know that
-1

2/, (A=) (1—-¢q")"

We cannot directly substitute —1 for ¢ in this formula, since it renders both
numerator and denominator 0. However, we can first simplify the fraction
and then substitute: We have

(4> (-4 (-9

£ _(1-¢)(-¢) _
(5), =gy AR
so that
‘21) = (-1)*+ (=g +2(-1D*+ (-1 +1=2.
~1

Solution of the exercise. Let [n] := {1,2,...,n}. We know that

(’;) _ Z qsumS—(1+2+-'~—|—k).
q  SC[nj;
|S]=K

Substituting —1 for g here, we find

Scn); =
|S|=k
where
A := {k-element subsets of [n]} and
SignS = (_1)SUmS—(1+2+...+k) .

Now we try to cancel as many addends as possible from this sum. To do so,
we try to construct a reasonable subset X’ of A and a map f: X — X that will
satisfy the requirements of our lemma.

Let us try to define f on all of A and see where it goes wrong.
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Consider a k-element subset S of [n]. What is a way to transform S that
leaves its size |S| = k unchanged but flips its sign sign S ? The simplest way
is to slightly change a single element of S, by incrementing or decrementing it
by 1. For example, we might want to replace 1 by 2 or 2 by 1. Let me call this
“switching 1 with 2”. So this is the following operation:

e IfleSand2 ¢ S, then S becomes (S\ {1}) U {2}.
e If2ec Sand 1¢ S, then S becomes (S \ {2}) U {1}.
¢ Otherwise, S stays unchanged.

We call this operation switch; ;. In terms of symmetric differences,

SA{1,2}, if |SN{L2}=1;

switchy , (S) := {S clse

This map switch; » is a bijection. However, it is not sign-reversing on all of
A. It only flips the sign of a set S that contains exactly one of the elements 1
and 2. Thus, it can be used to cancel lots of our addends, but many will still
remain.

We narrow down the survivors using the similarly defined map switchs 4
(which switches 3 with 4). Now, all the sets that contain exactly one of 3 and 4
get cancelled.

There are still survivors. We deal with them by switching 5 and 6. On the
remaining addends, we switch 7 and 8. And so on, until we break out of the
set [n].

Let us describe the resulting pairing as a single map. This map is the map
f: A — Adefined as follows: For any S € A, we set

F(S):=SA{ii+1},

where i is the smallest odd number in [n — 1] such that [SN{i,i+1}| = 1. If
no such i exists, then we just set f (S) := S.
For example, for n = 8 and k = 3, we have
f({1,3,4}) = {2,3,4} (here the smallest odd i is 1) ;
f({2,4,5}) ={1,4,5} (here the smallest odd i is 1);
f({3,4,5}) = {3,4,6} (here the smallest odd 7 is 5) ;
f({1,2,4}) ={1,2,3} (here the smallest odd i is 3) ;
f({5,6,7}) = {5,6,8} (here the smallest odd i is 7).

For another example for n = 8 and k = 4, we have

f({1,2,5,7}) ={1,2,6,7} (here the smallest odd i is 5) ;
f({1,2,5,6}) ={1,2,5,6} (here, there is no appropriate i) .
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Clearly, f(S) has the same size as S, so that f : A — A is well-defined.
Moreover, f is an involution (i.e., that f o f = id), since the smallest odd i for S
is still the smallest odd i for f (S). Thus, in particular, f is a bijection. Moreover,

sign (f (S)) = —sign S whenever f (S) # S

(since sum (f (S)) and sum S differ by exactly 1 whenever f (S) # S). Hence,
we set

X:={SeA| f(S)#S},

and we restrict f to a map from X to X (we can do this because it is easy to see
that f (S) € X for every S € X). Our lemma then yields

) signS= ) sign§.
SeA SeA\X

(Z) , = Z sign S = Z sign S.

SeA SeA\x

Now, what is A \ X ? In other words, what addends are left uncancelled?

Here it is worth considering the cases when n is even and when n is odd
separately. We begin with the case when # is even.

A k-element subset S of 1] belongs to A\ X' if and only if it is fixed by f
(that is, f (S) = S). In view of how we defined f, this means that S contains
none or both of 1 and 2, contains none or both of 3 and 4, contains none or both
of the numbers 5 and 6, and so on. This is equvialent to saying that if we break
up the n elements 1,2, ..., n into n/2 “blocks”

1,2y, {34}, {56}, ..., {n—1n},

then the intersection of S with each block has size 0 or 2. In other words, this
is saying that the set S consists of entire blocks. The number of such subsets S

is therefore
n/2
k/2

(since we must choose k/2 out of the /2 many blocks). Moreover, any such
subset S has sign 1, since its size is even. Hence,

. /2
Z sign$ = (Z/Z)'

SeA\Xx

n . n/2
= sign S = ( )
(k> -1 SG%\X k/2

(which is 0 whenever k is odd).

As a result,
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So we have computed (Z) for all even n.
-1
When 7 is odd, we similarly get

<n> B ( [n/2] )
k)~ \lk/2)
(since there is now a singleton block {n}, which is contained inall S € A\ X

when k is odd and contained inno S € A\ X when k is even).
Altogether, we get

0, if n is even and k is odd;

(Z) 1 - (Ln/ZJ ) , otherwise.

[k/2]
O

This formula can be generalized. Indeed, the number —1 is an example of a
root of unity:

Definition 4.1.4. Let K be a field. Let d be a positive integer.
(a) A d-th root of unity in K means an element w of K such that w? = 1.

(b) A primitive d-th root of unity in K means an element w of K such that
w? =1but w' #1 for each i € {1,2,...,d—1}.

(A better definition of a primitive d-th root of unity would be “a root of the
d-th cyclotomic polynomial ®;”, but we don’t want to delve into this here.)

Theorem 4.1.5 (3-Lucas theorem). Let K be a field. Let d be a positive integer.
Let w be a primitive d-th root of unity. Let n,k € IN. Then,

n\ _ (n//d\ (n%d

k), \k//d k%d ) )/
where 1/ /d and n%d mean the quotient and the remainder upon division of
n by d.

Actually, our above cancellation argument can be generalized to prove this
theorem. However, instead of cancelling pairs of subsets, we now have to cancel
“d-cycles”. The reason why this works is the equality

T+w+ w4+ +w? =0 (ford > 1),

which says that the centroid of a regular d-gon inscribed in the unit circle is the
origin. There are also other, more algebraic, proofs.
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4.2. The principle of inclusion and exclusion

We have so far been using sign-reversing involutions directly to simplify alter-
nating sums. But there is also a way to crystallize their idea into a theorem and
apply the theorem. The most famous way to do so is the classical principle(s)
of inclusion and exclusion (also known as Sylvester sieve theorems/formulas
or Poincaré’s theorems).

4.2.1. The size version

Theorem 4.2.1 (size version of the PIE). Let n € IN. Let U be a finite set. Let
A1, As, ..., A, be nsubsets of U. Then,

#of u € U that satisfy u ¢ A; foralli € |n
y
=) (—1)'1| (# of u € U that satisfy u € A; foralli e I).
I1C[n]

Here and in the following, [n] means {1,2,...,n}, and the summation sign )"
ICn]

means a sum over all subsets I of [n].
In other words, the above theorem can be stated as

U\ (AUAU---UA,) = Y (-
IC[n]

A

iel

Here, (| A; means theset {u € U | u € A; for each i € I} (in particular, itis U
iel
when [ = @).
An equivalent version is

|AfUAU---UA,| = Z (_1)\1|—1
I1C[n];
[#o

(4

i€l

For example, for n = 3, this is saying that

|A1 U Ay U Az| = |Aq| + |A2| + ]Ag,l—]\Al NAy| — |A1 N As| — | Az ﬂAg/‘
the 1-e1e:n:ent sets | the 2-ele:nr(3nt sets |

+ | Aq ﬂAzﬂAgJ‘.

the 3-element set |

Rather than prove the above theorem, we shall derive it from something more
general. But first, let us give a more intuitive interpretation of the theorem,
which I will use in its applications:
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“Rule-breaking” interpretation of the PIE (size version). Assume
that we are given a finite set U, and we are given n rules (labelled
1,2,...,n) that each element of U may or may not satisfy. (For in-
stance, a rule can be “thou shalt be divisible by 5” or “thou shalt be
a nonempty set”.)

Assume that, for each I C [n], we know how many elements u € U
satisfy all rules in I. For example, we know how many elements
u € U satisfy rules 2,3,5 (simultaneously). Then, we can compute
the # of elements u € U that violate all n rules 1,2,...,n by the
following formula:

(# of elements u € U that violate all n rules 1,2,...,n)

= Z (—1)'1| (# of elements u € U that satisfy all rules in I).
I1C[n]

Indeed, this formula is precisely what we obtain from the PIE by
setting

A;:={u € U | u satisfies rule i} for each i € [n].

Thus, a counting problem of the form “count all elements that violate all
given rules” can be reduced to the “opposite” problem (“count all elements
that satisfy all given rules”), provided that you can solve it for every subset of
your rules.

4.2.2. Examples

Let us see how this technique can be used.

Example 1. Let n,m € IN. Let us compute the # of surjective maps from [m]
to [n].

A map f : [m] — [n] is surjective if and only if f takes each i € [n] as a value.
Hence, if we impose n rules 1,2,...,n onamap f : [m] — [n], where rule i says
“thou shalt not take i as a value”, then the surjective maps f : [m] — [n] are
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precisely the maps that violate all n rules. Hence,

(# of surjective maps f : [m] — [n])
= (# of maps f : [m] — [n] that violate all n rules)
=) (—1)'1| (# of maps f : [m] — [n] that satisfy all rules in I)

IC [1’[} :(# of maps f[m]% [n] t;lrat take no i€l as a Value)
=(# of maps f:[m]—[n]\I)
=[P\ = (1)
(by the PIE)
DS IR LS Sl o G R LI
IC[n] k=0 IC[n e N
I=k  =(=1)"(n=k)
1 n m - h n
=5 (1) o= () o
k=0 k=0

Thus, we have proved the following theorem:

Theorem 4.2.2. Let n,m € IN. Then,

For comparison,
(# of injective maps f : [m| = [n]) =n(n—-1)(n—-2)---(n—m+1),

which is much simpler.

Corollary 4.2.3. Let n € N. Then:
(a) We have Z ( ) (n— = 0 for any m € N satisfying m < n.
(b) We have Z (Z)
(c) We have Z <Z) " >0 for any m € IN.
(d) We have n! | 20( 1F (k) (n—k)" for any m € IN.

Proof. See notes. O

Example 2. Let’s count derangements:




Math 531 Winter 2024, version March 15, 2024 page 141

Definition 4.2.4. A derangement of a set X means a permutation of X that
has no fixed points.

For any n € N, let D,, denote the # of derangements of [n]. How can we find
D,?

e We have Dy = 1.
e We have D; = 0.
e We have D, = 1.
e We have D3 = 2.

How do we compute it in general?

Fix n € N, and set U := S, = {permutations of [n|}. We impose n rules
1,2,...,n on a permutation ¢ € U, where rule i says “thou shalt leave the
element i fixed” (that is, “o (i) = i”). Then,

D, = (# of derangements of [n])
= (#of all ¢ € U that violate all n rules 1,2,...,n)

=) (—1)'1‘ (# of all o € U that satisfy all rules in I)

IC[n] =(#of all perm?lrtations of [n]\I)
=|[n]\I|!=(n—I])!
(by the PIE)
" /n
=Y () m-jp=Y (k) (=) (n—k)!
1<) k=0
n n !
=L () em= ety
k=0 -l k=0 '
n!
k!
n (_1)k n!
— . = —
0! Ig) x round .
1 ~

(a very close approximation)

(this is not completely obvious, but easy to check using a bit of bounding). So
we have proved:
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Theorem 4.2.5. Let n € IN. Then, the # of derangements of [n] is

Dn = i (-1)* (Z) (n—k)t=n!- i (_]j)k

k=0

n!
= round — forn > 0.
e

Example 3: Euler’s ¢-function (or totient function). See the notes.
Example 4: Recall Euler’s identity

(# of partitions of n into odd parts)
= (# of partitions of n into distinct parts)

for each n € IN. We proved this once using FPSs, and we proved it again
bijectively (a very rough sketch), but let us now prove it again using the PIE.
In this new proof, the word “partition” will mean “partition of n”. Thus, a
partition can only contain entries from {1,2,...,n}.
We want to frame the partitions of 7 into distinct parts as rule-breakers. Well:

{partitions of n into distinct parts}
= {partitions that contain none of the entries 1,2, ...,n twice} .

(“Twice” means “at least twice”.) So the partitions of # into distinct parts are
the partitions that violate all n rules 1,2,...,n, where rule i says “thou shalt
contain the entry i twice”.

The PIE therefore yields

(# of partitions of n into distinct parts)

=) (- \I | (# of partitions that satisfy all rules in I)
1C[n]

=Y (- \Il (# of partitions that contain each of the entries i € I twice).
I1C[n]

Similarly,

(# of partitions of n into odd parts)
= Z |I| (# of partitions that contain the entry 2i for each i € I)

(since the partitions of n into odd parts are exactly the partitions that violate all
rules 1,2,...,n, where rule i says “thou shalt contain the entry 2i”).
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Our goal is to prove that the LHSs of these two equalities are equal. It clearly
suffices to show that the RHSs are equal. And for this, it suffices to show that

(# of partitions that contain each of the entries i € I twice)
= (# of partitions that contain the entry 2i for each i € I)

for each I C [n]. How can we show this? By a direct bijection: There is a
bijection

{partitions that contain each of the entries i € I twice}
— {partitions that contain the entry 2i for each i € I}

that combines two i’s into a single 2i for each i € I. (If there are more than two
i’s, we only merge two of them, but leave the others in place.)
For example, if I = {2,4,5} and n = 33, then

(5,5,4,4,3,3,2,2,2,2,1) — (10,8,4,3,3,2,2,1) ..

4.2.3. The weighted version

We can generalizes the PIE to a “weighted version”:

Theorem 4.2.6 (weighted version of the PIE). Let n € IN. Let U be a finite
set. Let Ay, Ay, ..., A, be n subsets of U. Let (A,+,0) be any abelian group.
Let w (u) be an element of A for each u € U. Then,

I
Y ww=Y Y w.
uel; I1C[n] uel;
u¢ A; for all i€[n] ucA; for all iel

We can think of each value w (u) in this theorem as a kind of “weight” of the
respective element u. So the theorem says that the sum of the weights of the
“all-rule-breakers” can be computed if you know the sum of the weights of the
“all-rule-satisfiers” for all subsets of the 7 rules.

When all the weights w (1) are 1, this theorem recovers the original (size)
version of the PIE.

4.2.4. Boolean Mabius inversion

We can generalize this theorem even further, to a formula that is known as the
Boolean Mdbius inversion formula:
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Theorem 4.2.7 (Boolean Mdobius inversion). Let S be a finite set. Let (A, +,0)
be any abelian group.

For each subset I of S, let a; and b; be two elements of A.

Assume that

by = Za] for each I C S.
JCI
Then,
ar = 2(—1)'1\” by for each I C S.
JCI

Example 4.2.8. Let S = [2] = {1,2}. Then, the assumptions of the theorem
says that

by = ag;
by =az +aguy
bay = a0 +apy;
b12) = as +agpy +agy +apg).
The claim of the theorem says that
Ay = by;
apy = —bo +bpy;
apy = —bo +bpy;
ag12y = bo —bpy —bpay + by

Let us verify the last equation by hand:

by — by — by + b

22 {1} {2} 2

e =agtapy  =agtap)  =agtapytapytag g

=ay — (ag + a{l}) — <a@ + a{2}> + (a;a + am + ag) + 11{1,2})
= a{llz}.

Before we prove this theorem, let us see how the weighted PIE follows from
it:

Proof of weighted PIE using Boolean Mobius inversion. Let S = [n]. For each u €
U, we let

Violu:={i€S | u¢ A;} = {all rules violated by u}.




Math 531 Winter 2024, version March 15, 2024 page 145

For each subset I of [n], we set

ap:= Y, w(u) and b= Y, w(u).

uel,; uel,;
Violu=I VioluClI

Clearly,
bI:Za] forall I C S.
JCI

Thus, by the Boolean Mobius inversion theorem, every I C S satisfies

a; = 2(_1)\1\]\ by = Z(_l)ll\]\ Y w(u).
JCI JCI uel;
VioluCJ

Applying this to I = S, we find
as =Y, (DY Y w(u)

JCS uel;
VioluCJ
D NG AU DY ()
JES uel;
u€A,; for all ieS\J
here, we have
= Z(—l)m Z w(u) < €re, >
ICS uel; substituted I for S\ |

ucA; for all iel

The RHS here is the RHS of the weighted version of the PIE (since I = [n]). The

LHS here is
ag =Y. w(u)= Y. w(u),
uel; uel;
Viol u=5§ u¢ A; for each ie[n|
so it is the LHS of the weighted version of the PIE. Altogether, we have thus
proved the weighted version of the PIE. O

Let us now prove the Boolean Mdbius inversion theorem:

Proof of Boolean Mobius inversion. Let I C S. We have

Y (-

JCl —~—

(by assﬁmption)

= (_1)|1\I| Ya=Y Y (_1)\1\” ax

JEI KT JEI KCJ

=y ¥ (—)Vl gy = Y| Y (=) | ag.

KCI JCI; KCI |\ JCI;
KCJ KCj
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1, fK=1
We want to prove that the inner sum ) (—1)“\] | equals 1 be-
J<I; 0, if K#I,
Kcj
cause then the outer sum will simplify to a; (which is what we want). So we

are left with the goal of proving that

£ fb e

icl: 0, f K#I
Kcy

for each subset K of I.

Let us do this. If K = I, then the LHS is just (—1)'1\1| = (-1)° =1, as
desired. So it remains to prove that the LHS is 0 when K # I. Let us thus
assume that K # I. Then, there exists some i € I\ K (since K C I). Fix such
an i, and “toggle” it in every subset | of I satisfying K C | (that is, replace |
by JU{i} ifi ¢ J, and by J\ {i} if i € ]). This pairs up all the subsets ] of
I satisfying K C ], and two partners will always have opposite signs (—1)'1\] |
(since the corresponding sizes |I\ J| differ by 1). Thus, the pairing cancels out
all addends in the sum, so the sum is 0, as desired. (Details in the notes.) [

So we have proved the Boolean Mobius inversion formula, thus the weighted
PIE, thus the original (size) PIE, thus the various applications we showed.
Let me state the last piece of the proof as a separate lemma:

Lemma 4.2.9 (cancellation lemma). Let [ be a finite set. Let K be a subset of

I. Then,
1, ifK=1;
Y (= 0T — k=1
icl; 0, if K#I
KCJ

(using the Iverson bracket notation [A] for the truth value of .A) and

Y (- =k =1.
JCL

ING|

There are other (non-Boolean) Mobius inversions as well.

4.3. Determinants

Determinants arose in the 17th century (due to Leibniz) and have since sprouted
in every part of mathematics. They are probably the most popular kind of
alternating sums.

Let us recall their definition (by Leibniz).
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Convention 4.3.1. For the rest of this section, we fix a commutative ring K.
The (i, j)-th entry of a matrix A will be called A; ;.
Conversely, if you have an element 4;; € K for each i € [n] and j € [m],
then the n X m-matrix whose entries are these elements will be called

<ai'j)1§i§n, 1<j<m OF better <ai'j)ie[n], i

We let K"*™ denote the set of all n x m-matrices with entries in K. If n = m,
then this is a K-algebra.
We let AT denote the transpose of a matrix A.

4.3.1. Definition

Now recall Leibniz’s definition of a determinant:

Definition 4.3.2. Let n € IN. Let A € K"*" be an n x n-matrix. Then, the
determinant det A of A is defined to be the element

Y (—1)0511,(7(1)1‘\2,0(2) o Apo(n)

oESy, d

=

I Aj (i)

where (as before) S, denotes the n-th symmetric group and (—1)7 denotes
the sign of a permutation ¢.

For example, for n = 2, we get

A1 A )
det ’ ’ = A11Ar> — Aq17A51.
( Ary Aga 11422 12421

For n =1, we have det ( A1;1 ) = Aj;. For n =0, we have det () = 1.

Older texts write |A| for det A.

Leibniz’s definition of a determinant is not very convenient for computations,
so there is a whole industry of determinantal identities and methods for sim-

plifying determinants to avoid using the definition directly. We will see some
of these in the next lecture. For now, a puzzle: Why is

b

det

O O o n

e

f

g | always0?
h

i

ST S D
—-—oc oo
- oo ow

Because the pigeonhole principle ensures that for every o € S5, there ex-
ists some i € {2,3,4} such that o (i) € {2,3,4}, and therefore the product
Al,a(l)AZ,a(Z) ce An,(f(n) will be 0 (since Ai,(r(i) = 0)




Math 531 Winter 2024, version March 15, 2024

page 148

Compute

X1Y1
X2Y1
det ((xiyf)i,je[n]> = det .

XnY1

Solution. For n = 0, this determinant is 1.
For n =1, it is xq1y;.
Forn =2,itis 0.
Forn =3, itis 0.

Example 4.3.3. Let n € IN, and let x1,xp, ..

., Xy € Kand y1,y2, ..

X1Y2
X2Y2

XnlY2

X1Yn
X2Yn

XnYn

S ¥n € K

We conjecture that it is 0 for all n > 2. To show this, just write it out using

Leibniz’s definition:

n

det ((xiyj)i,je[n}) = Z (-1 H <xiy0(i)>

oeSy, i=1

— ——
=X1X2 XnYo(1) Yo (2)  Yo(n)
:xlxzxnylyzyn

>, (=17

= X1X2 - XnY1Y2 " Yn

foralln > 2.

Example 4.3.4. Let n € IN, and let x1,xp, ..
Compute

X1+ 1

X2 + 1
det ((xl- + y,-)l.,].e[n]> = det ,

Xn+Y1

Solution. For n = 0, this is still 1.
For n =1, this is x1 + y;.
For n =2, this is — (x1 — x2) (y1 — y2).
For n = 3, this is 0.
For n = 4, this is 0.

eSSy,

D e

(since there are equally many
even and odd permutations)

X1+ Y2
X2+ Y2

Xn + Y2

., xy € Kand yy,y2,..

X1 +yn
X2+ Yn

Xn + Yn

=0

L ¥n € K

Let us prove that the det is 0 for all n > 3. Again, we use the Leibniz
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definition:
det ( Xi +Yj) ijeln] )

=) (-1’ ﬁ(xzwa )

cEeSy, i=1

. J

=L (H%‘)( [T ya(i))
IC[n] \i€l ie[n]\I

(by multiplying out the product)

- Y (Hxi> L (D7 TT Yoty

IC[n] \i€l oeS, ie[n]\I

To prove that this is 0, we must show that

Z H Yo(i) = for each I C [n].

oeS, en\I

Let us now do this. So fix I C [n]. We must show that all (=1)7 [T v

ie[n)\I
products cancel. We want to pair up any ¢ € S, with another ¢’ € S, so that
the corresponding two addends sum up to 0. Let us do this:

e If there exist two distinct elements u,v € [n] \ I, then we pair up each ¢
with 0 oty 5. The resulting products ] y,(;) and H y(gosl)( ) will be
ie[n)\I ien]\
equal, since they both contain y,(,) and Y, (o).
e If there exist two distinct elements u, v € I, then we do the same.

e If neither I nor [n] \ I contains two distinct elements, then |I| and |[n] \ I|
are < 1, so that n < 2, which is why we do not get 0 for n < 2.

]

4.3.2. Basic properties

Pedestrian proofs like the above are not always easy. You want to have an
arsenal of general facts about determinants that help you simplify them. For-
tunately, there are many such facts. Here are some basic ones:

Theorem 4.3.5 (Transposing a matrix preserves its determinant). For any n x
n-matrix A, we have det (AT) = det A.
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Theorem 4.3.6 (Determinants of triangular matrices). Let n € IN. Let A €
K" be a triangular (i.e., upper- or lower-triangular) matrix. Then, det A is
the product of the diagonal entries of A. In other words,

detA = Aj1A22---Aupn.

Theorem 4.3.7 (Row operation properties). Let n € IN. Let A € K"*" be an
n x n-matrix. Then:

(a) If we swap two rows of A, then det A gets multiplied by —1.

(b) If A has a zero row (i.e., a row full of zeroes), then det A = 0.

(c) If A has two equal rows, then det A = 0.

(d) If we multiply a row of A by a scalar A € K, then det A gets multiplied
by A.

(e) If we add a row of A to another row of A, then det A remains un-
changed.

(f) If A € K is any scalar, and if we add A times a row of A to another row
of A, then det A remains unchanged.

(g) Let B,C € K"*" be two further n x n-matrices. Let k € [n]. Assume
that

(the k-th row of C) = (the k-th row of A) + (the k-th row of B),
but each i # k satisfies
(the i-th row of C) = (the i-th row of A) = (the i-th row of B).

Then,
detC = det A + detB.

Example 4.3.8. Part (g) (for n = 3 and k = 2) says that

a b c a b c a b c
det| d+d e+é¢ f+f | =det| d e f |+det| d ¢ f |.
g h i g h i g h i

Part (g) (combined with parts (b) and (d)) of the theorem is known as the
multilinearity of the determinant. It says that if we fix all but one row of our
matrix, then the determinant of the matrix is a linear map in the remaining row.

Theorem 4.3.9. The above theorem holds just as well if we replace “row” by
“column”.
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Corollary 4.3.10. Let n € N. Let A € K"*" and 7 € S;,. Then,

det ((AT(i)’j)i,je[n]) = (—1)T . detA
and

det (<Ai’T(j)>i,je[n}) = (~1)7 - det A.

Theorem 4.3.11 (Multiplicativity of the determinant). Let n € IN. Let A and
B be two n x n-matrices. Then,

det (AB) = det A - detB.

Example 4.3.12. Let us reprove that

X1+y1 x1+y2 - X1+ Ynu
Xo+1y1 XxXo4+Yyy -+ Xo+
det . / ) / _ ) I =0 for all n > 3.
Xn+Y1 Xn+tY2 -+ Xn+tYn
In fact, write

X1+y1 x1+y2 -+ X1+ Yn

Xo+y1 Xo+Yy2 - X2+Yn

Xn+Y1 Xn+tY2 -+ Xn+tYn
x1 1 0 - 0 1 1 1 --- 1
X2 1 O . 0 yl yz y3 [N yn

— | x3 1 0 - 0 o o 0 --- 0
x, 1 0 --- 0 o o o0 --- 0

this has det=0

Corollary 4.3.13. Let n € IN. Let A € K"*" and d1,d», ...,d, € K. Then,
det ((diij),cqy) = dada - -dy - det A

and
det ((d]AI’])Z,]G[nO =dqidy---d, - det A.
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4.3.3. Cauchy—Binet

The formula det (AB) = det A - det B holds when A and B are n x n-matrices.
If A and B are rectangular but AB is still square, there is still a formula for
det (AB):

Theorem 4.3.14 (Cauchy-Binet formula). Let n,m € IN. Let A € K"*" be an
n X m-matrix, and B € K™*" be an m x n-matrix. Then,

det (AB) = Y. det (sub[{f]l’gz""’g"} A) - det (subgl,gz,...,gn} B)
(81,82/--8n) €[m]";
81<82<<&n
= det subln A) - det suwa .
IC%; (subyy 4) -det (subj" B)
|I|=n

Here, the notation sub{ A is defined as follows: If A is any matrix, and if
I={i1<ih<---<iytand ] = {j1 < jo < --- < ju} are two sets of integers,
then

Ail,jl Ai1,j2 T Ai1,jv

A A o A

2/]1 12/]2 12/]

subl A = (Al- ; ) - v
YY) xelu); yelv] : :

Aiu/jl Aiu;jZ Aiu/jv

This matrix sub{A is called a submatrix of A, and (visually speaking) is
obtained from A by removing all rows except for the ijth, isth, ..., i,th and
removing all columns except for the jith, joth, ..., jyth.

For instance, if A € K™ and B € K™*2, then the Cauchy-Binet formula
yields

det(AB) = ) det (sub{i’j} A) - det (sub{l’z} B)

1<i<j<m 12} {ij}
A1i Aqj B+ B:
= Z det Al’l Al’] »det( Bl,’l Bl.’z ) .
1<i<j<m 2i 42 i1 bj2

When n = m, the Cauchy-Binet formula turns into the original product for-
mula det (AB) = det A - det B.

When n > m, the sum in the Cauchy-Binet formula is empty, thus equals 0.
So we get det (AB) = 0 in that case. When K is a field, this can also be seen
from rank considerations (rank (AB) < m < n).
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4.3.4. A formula for det (A + B)

The determinant may be multilinear, but is far from being linear. So det (A + B)
is nowhere near det A + det B. Nevertheless, there is a formula for det (A + B):

Theorem 4.3.15. Let n € IN. Let A and B be two matrices in K"*". Then,

det (A + B) Z Z ysum PrsumQ qot (subg A) - det (subg B) .
PCn] QC[nj;
|P|=|Q]

Here, for any I C [n], we let I denote its complement [n] \ I. Also, sum I
denotes the sum of the elements of I.

See the notes for an example (and for an outline of a proof).
The above formula is messy, but some of its particular cases are more useful.
In particular, the case when B is a diagonal matrix takes a nicer form, because

here det (subg B) will be 0 whenever P # Q:

Theorem 4.3.16. Let n € IN. Let A be a matrix in K"*". Let D be a diagonal
matrix in K"*". Then,

det(A+ D)= ) det (subllz A) - T Dis
PCln] i€[n)\P

When D = xI, for some x € K, this takes an even simpler form:
Theorem 4.3.17. Let n € IN. Let A be a matrix in K"*". Let x € K. Then,

det (A +xI,) = Z det (subg A) - xl[M\P]
PC[n]

n
=Y ) det (subllz A) -k
k=0

|P|=n—k

Note that the LHS is (up to sign) the characteristic polynomial of A. So we
got an explicit formula for (each coefficient of) the characteristic polynomial of
a matrix.

4.3.5. Factoring the matrix

Next, we will see some tricks and methods for computing determinants.
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Proposition 4.3.18. Let n € IN. Let A be the n X n-matrix
0 1 n—1
0 0 0

o 1 2

()| O 6

=1 ) ijer : :

Then, det A = 1.

There are many ways to prove this. Here is a particularly nice one:

Proof. Let us see what happens for n = 3 and n = 4 if we LU-decompose the
matrix:

111 100 1 11

123]=1110 0121,

1 3 6 1 21 0 01
11 1 1 1000 1111
1 2 3 4 11100 0123
13 6 10| | 1210 0013
1 4 10 20 1 331 0001

It looks like the L and the U parts are themselves matrices full of binomial
coefficients. With a bit of work, we conjecture that

A=LU where L:((Z_l)) andU:((]_l)) .
k=1)) ke k=1))kjem

If we can show this, then the claim of the proposition will easily follow, since
we then get

det A =det(LU) = detL : ge\t/g =1.

:1 =
(since L is a lower  (since U is an upper
unitriangular matrix) unitriangular matrix)
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OK, we need to prove that A = LU now. For this purpose, we just compare
corresponding entries:

o
Ajj= (Z Ti 1 ) versus

(LU); ZszUk] i @ (ch:i)

k= k=1

<(i1;_§k1)>
o
“EGm)e) 5 () ()

here, we substituted k + 1 for k)

50, >< BRGNS

since all addends with k > i — 1 are 0)

( J= 11 B 11 a 1)) (by Chu—Vandermonde)
i+7—
i— 1 '
So Ajj = (LLI)Z-/]. for all i, j, and therefore A = LU. O

LU-decomposition is used in many more situations. Generally, “almost” any
matrix over a field has an LU-decomposition (it happens exactly when Gaus-
sian elimination works without moving pivots around), but the existence of a
denominator-free LU-decomposition (i.e., an LU-decomposition over a ring, not
a field) is a rare occurrence and usually hints at the existence of some deeper
structure.

If you cannot LU-decompose a matrix A nicely, try LU-decomposing AT
(equivalently, UL-decomposing A).

4.3.6. Factor hunting

Factor hunting is a highly useful strategy not only for determinants, but par-
ticularly useful for them. We illustrate it on an important result:

Theorem 4.3.19 (Vandermonde determinant). Let n € IN. Let aq,ay,...,a, be
n elements of K. Then,

det( 3 ])i,je[n] = det (a?i)i,je[n} = AL @)

1<i<j<n
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and - ‘
det (af_ >i,je[n] = det <a;_1>i’je[n] = JI (ai—a).

1<j<i<n

Example 4.3.20. For n = 3, this is saying that

ﬂ% ap 1 a% a% a%

det| a3 ap 1 | =det| ay ap a3

a% as 1 1 1 1

= (a1 — az) (a1 — a3) (a2 — as)
and

1 a a? 1 1 1

det| 1 ap a3 | =det| m a2 a3

2 2 2

1 a3z dj ap a; a3

= (a2 —aq) (a3 —ay) (a3 — az) .

Proof of the theorem. We note that the four matrices in the theorem are easily
reducible to one another by either transposing the matrix or reversing the order
of all rows or columns. These operations have a very predictable effect on
determinants, so the determinants of these four matrices easily determine one
another. So it suffices to compute one of them. Let us do the first one:

det (a?_j> = JI (ai—a).

WeEl  1<ici<n

This equality is a polynomial identity in the ay, 4y, ..., a,. Thus, we can work
in the polynomial ring Z [x1, X2, ..., x,]. If we can show the identity

det (x?_]) = JI (xi—xj)

WeEl  1<idi<n

in this ring, then (by substituting x; — a; for each i) we will obtain from it the

identity
det (a’.q_]) = a; — aj
! i,jen] 1<E<n( l ])
in our ring K.
So let us work in Z [x1, X, . .., x»]. This is an integral domain, and is actually
a UFD (= unique factorization domain). We set

f :=det (x?j>i,je[n] and g = H (x; —xj) .

1<i<j<n
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We must prove that f = g.
We have

f = det <x?_]>ije[n} =Y (_1)03{;1—0(1)3(;—0(2) L xZ—U(n).

UESn

This is a homogeneous polynomial of degree n (n — 1) /2in x1, xp, ..., x,. More-
over, the monomial x?‘lxg_z --- x5 " appears with coefficient 1 in f.

Now, if u < v are two elements of [n], then f becomes 0 when we set x, equal

to x, (because this substitution makes the u-th row of the matrix (x?_] > el

i,je(n
equal to its v-th row, but this causes the determinant to vanish). Therefore, f
is divisible by x, — x;, as a polynomial (by a multivariate version of the “root =
linear factor” theorem, which follows from the univariate version).

So we have shown that f is divisible by all the n (n — 1) /2 polynomials

X1 — Xp, X1 — X3, ey X1 — Xy,
X2 — X3, ey X2 — Xn,
<y
Xpn—1 — Xn.

Since these n(n —1) /2 polynomials are irreducible and non-associate, and
since Z [x1,Xy,...,%,] is a UFD, this entails that f is divisible by their prod-

uct T (xi—xj) =g
1<i<j<n

So we have shown that f is divisible by g. But both f and g are homogeneous
of degree n(n—1) /2. Thus, f must have degree 0. In other words, f is a

constant. So f = Ag for some A € Z.

Recall that the monomial x?‘lxg_z --- x5~ " appears with coefficient 1 in f.
But it also appears with coefficient 1 in g (why?). So, by comparing coefficients
in f = Ag, we obtain 1 = Al, so that A = 1. Thus, f = Ag becomes f = g,

ged. O

The technique we have used above — that of finding factors that our deter-
minants must be divisible by and arguing what the quotient can be — is called
identification of factors or factor hunting. The last step, where we pinned
down A, can often be done either by comparing coefficients or by comparing
evaluations. Lots of examples for this method can be found in [Krattenthaler,
Advanced determinant calculus].

There are various other determinants related to Vandermonde’s. For in-
stance:
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Proposition 4.3.21. Let n € IN. Let x1,x2,...,x, € Kand y1,¥y2,...,yn € K.
Then,

det ((xi +yj) n_1>

i,j€[n]
- - 1
(1 +y)" " ()" (x1 4+ yn)"
e | )T ()T e (o)™
(tn+y)"" (-t y2)" (xn + )"

(B () (I wow).

There are two ways to prove this:

* Factor hunting: Clearly, if we replace the xq,x2,...,x, and y1,y2,...,ys by
independent indeterminates in a polynomial ring Z [x1, X2, ..., Xn, Y1, Y2, - - -, Yn),

then the determinant det ((x,- +yj) nil) is a homogeneous polynomial of

degree < n (n —1). It is divisible by each of the differences x, — x, (since
setting x, to be x, makes two rows equal) and by each of the differences
Yu — Yo (since setting v, to be y, makes two columns equal). Hence, by
the UFDness of the polynomial ring, it is divisible by

(1511}@ (xi — x]-)) (131}@ (v — yi)) :

The quotient must be constant for degree reasons. Now comparing coef-

ficients of

1 2 nn() n—1

n— 7’[
X1 X : ylyZ Y,
n

-1 /n—1
we see that this constant is [] ( P ) .
k=0

¢ Alternatively, we do something like LU-decomposition, except not quite:
We will just write C := ((xi + yj)nfl) il as a product PQ where det P
ije[n
and det Q are easy to compute. To do so, we observe that

-1
Cij= (xi+y)" = Z <n )xky]” 1=k

n—1\ x 1 ux
=) (k_l)xi'( 1%’ k—(PQ)i,j'
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where

. n—1 k—1 . n—k
b= ((k—l)xi )i/ke[n] and Q= <yi )k,je[n]'

Now, Q is a Vandermonde matrix, so (by the Vandermonde determinant)

detQ = H (yi—yj).

1<i<j<n

As for P, we have

det P = det ((n B 1>xf-‘_1>
k-1 ike(n]

- li[ (Z : i) .flet (x;{l)i,ke[n]/'

-~

o I G
k=0 k

Substitute and reindex a little bit, and it’s proved.

4.3.7. Laplace expansion

Convention 4.3.22. Let n € IN. Let A be an n X n-matrix. Let i,j € [n]. Then,

we set

R N (AL ),
Adinji= subw\{i} A

using our notation from last time. In other words, A.;; is the matrix ob-
tained from A by removing the i-th row and the j-th column.

a b c -
d e f = ( ) .
, g h
g h i 23

Theorem 4.3.23 (Laplace expansion). Let n € IN. Let A € K"*" be an n X n-
matrix. Then:

(a) For every p € [n], we have

For example,

n
g=1
(b) For every g € [n], we have

n
detA= Y (—1)/"7 A, det(Ap~q)-
p=1
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These are well-known results. Relatedly:

Proposition 4.3.24. Let n € IN. Let A € K"*" be an n x n-matrix. Then:
(a) For any distinct p, r € [n], we have

n
0= Y (~1)"1 Aygdet (A y).
q=1
(b) For any distinct g, 7 € [n], we have

n
0=73 ()" Ay, det(Apg).
p=1

Combining this proposition and this theorem, we get an important and sur-
prising fact about matrices. This requires the concept of the adjugate matrix:

Definition 4.3.25. Let A € K"*" be an n X n-matrix. Then, we define the
adjugate of A to be the n X n-matrix

adj A := (( 1)1+] det (AN],Ni)>

ijeln]”

For example,

det ( 1);

of < 2

a
c
a b ¢ —fh ch—bi bf—ce
det e f fg—di ai—cg cd—af |.
g h i dh —ge bg —ah ae—bd

Theorem 4.3.26. Let A € K"*" be an n x n-matrix. Then,

)

a
b
d

A-(adjA) =(adjA) - A= (detA)- \Li-/

identity matrix

detA 0 --- 0
0 detA --- 0
0 0 .-+ detA

In particular, this yields that the inverse A~1 of A (if it exists) is

ot A adj A.
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It also yields that A~! exists in K"*"* if and only if det A € K is invertible. For
example, for K = Z, the invertible matrices in Z"*" are exactly the ones whose
determinants are invertible integers, i.e., equal 1 or —1. Generally, the adjugate
matrix is a good tool for understanding inverse matrices over commutative
rings (as opposed to just over fields).

(NB: If K is noncommutative, determinants are not really well-defined.)

There is a generalization of Laplace expansion to several rows or columns:

Theorem 4.3.27. Let n € IN. Let A € K"*" be an n X n-matrix. For any subset

Sof [n], weset S =[n]\Sand sumS = ¥ s. Now:
s€S
(a) For every subset P of [n], we have

detA= ) (—1)sumPrsum@Q got (sub% A) det (subg A> .
QC(n];
|Q[=IP|

(b) For every subset Q of [n], we have

detA= ) (—1)SumPrsum@ go¢ <subg A) det (subg A) :
PCln];

|QI=|P|

The proof is not particularly difficult or deep; it is about classifying permu-
tations ¢ € S, according to the set o (P).

4.3.8. Desnanot—Jacobi and Dodgson condensation

Theorem 4.3.28 (Desnanot—Jacobi formula, take 1). Let n € IN be such that

n > 2. Let A € K" be an n X n-matrix. Let A’ be the (n —2) x (n —2)-

matrix

{23..n-1} o _

subyy 1) (Ai*‘lz]"*l)i,je[nfz] .

Then,

detA-det A’ =det(Ay 1) det(Apn) — det (At n) - det (Acy~1)

— det det(ANLNl) det(ANLNn)
- det (A1) det(Avnmn) )

When det A’ is invertible, you can solve this for det A, and get a recursive way to
compute determinants in terms of their minors (= determinants of submatrices).
In particular, this can be used to prove the following theorem by an induction:
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Theorem 4.3.29 (Cauchy determinant). Let n € IN. Let x1,x3,...,x, be n
elements of K, and vy, 2, ...,ys be n further elements of K. Assume that all
the sums x; + y; are invertible in K. Then,

) I ((xi—x) (v yj)).

_ l<i<j<n

(xl + 3/])
e (if)eln?

See the notes for a few details about the proof of this (and also for references
to different proofs).

The method of computing a determinant det A using the Desnanot-Jacobi
formula is known as Dodgson condensation.

The above version of Desnanot—Jacobi is not the most general. Here is a more
general one:

Theorem 4.3.30 (Jacobi’s complementary minor theorem for adjugates). Let

n € N. For any subset S of [n], welet S = [n] \ S and sum S = ¥ s.
SE€S
Let A € K"*" be any matrix. Let P and Q be two subsets of [n] such that

|P| = |Q| > 1. Then,

det (subg (adj A)) = (—1)SumPJrsqu (det A)'QP1 det (subg A) )

For P = {1,n} and Q = {1,n}, this yields the original Desnanot-Jacobi
identity.

4.4. The Lindstrom—Gessel-Viennot lemma

Determinants appear in combinatorics in myriad ways. One of the most intu-
itive is the Lindstrom-Gessel-Viennot lemma, which is a formula for counting
paths in certain directed graphs. Let me first explain it for the integer lattice,
and then generalize it to more general graphs.

Definition 4.4.1. We consider the integer lattice. This is an infinite directed
graph with vertex set Z2 and with arcs

(i,j) = (i+1,)) for all (i,j) € Z?;

(i,j) = (i,j+1) for all (i,f) € Z>.
Arcs of the form (7,j) — (i+1,j) are called right-steps or east-steps. Arcs
of the form (i,j) — (i,j + 1) are called up-steps or north-steps. The vertices
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(i,j) € Z? are called lattice points or grid points or just points, and we draw
them on the Cartesian coordinate plane as usual.
Note that Z2 is also a group under entrywise (= coefficientwise) addition.
The integer lattice is acyclic (i.e., has no directed cycles). Thus, its paths are
the same as its walks. We call these paths the lattice paths. In other words,
a lattice path is a finite tuple (vo,v1,...,v,) of points v; € Z? such that

v; —v;_1€{(0,1), (1,0)} for each i € [n].

The step sequence of a path (vg,v1,...,0,) is defined to be the n-tuple
(v —vg, V2 — 01, ..., Uy —Uy—1). We write U and R for the pairs (0,1) and
(1,0), so that the step sequence of a path is an n-tuple of U’s and R’s.

Simple reasoning of the form we have already done in the g-binomial section
shows:

Proposition 4.4.2. Let (a,b) € Z? and (c,d) € Z? be two points. Then,
c—a+d—"D

(# of paths from (a,b) to (¢, d)) = ( c—a
0, else.

), ifc+d>a+ b

This answers the question of “how many paths are there from a point to
another”.
Things get more interesting if you want to count tuples of paths.

Definition 4.4.3. Let k € IN.

(@) A k-vertex means a k-tuple of lattice points. = For example,
((1,5), (2,3), (4,7)) is a 3-vertex.

(b) If A = (A1, Ay, ..., Ay) is a k-vertex, and if ¢ € S is a permutation,
then o (A) = (Aa(l)/ AU(2), ey, Aa(k)) .

(© If A= (A1, Ay, ...,Ar) and B = (By, By, ..., By) are two k-vertices, then
a path tuple from A to B means a k-tuple (p1, p2, ..., px), where each p; is a
path from A; to B;.

(d) A path tuple (p1, p2, ..., px) is said to be non-intersecting if no two of
the paths pyq, p2, ..., px have a vertex in common.

We shall abbreviate “non-intersecting path tuple” as “nipat” (sometimes
also known as “NILP”).

(e) A path tuple (p1,p2, ..., pk) is said to be intersecting if it is not non-
intersecting. That is called an “ipat”.

Our goal is to count the nipats from A to B. In general, there is no good way
to do this, but there is a formula that gets us pretty close. Let me start with the
case k = 2:
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Proposition 4.4.4 (LGV lemma for two paths). Let (A, A’) and (B, B') be two
2-vertices (i.e., let A, A’, B, B’ be four points). Then,

det (# of paths from A to B) (# of paths from A to B)
(# of paths from A’ to B) (# of paths from A’ to B')

= (# of nipats from (A, A') to (B, B'))
— (# of nipats from (A, A’) to (B', B)) .

[Advertisement:
Richard P. Stanley 80th anniversary conference in Boston: June 3-7, see
https://live-hu-math.pantheonsite.io/event/math-conference-honoring-richard-p-stanle

1

Proof of the proposition. We have

det (# of paths from A to B) (# of paths from A to B)
(# of paths from A’ to B) (# of paths from A’ to B')

= (# of paths from A to B) - (# of paths from A’ to B')

— (# of paths from A to B') - (# of paths from A’ to B)
= (# of path tuples from (A, A") to (B,B'))

— (# of path tuples from (A, A") to (B’,B)).

Now we want to cancel all the ipats in this difference. How do we do this?
We let

A := {path tuples from (A, A’) to (B,B')}
U {path tuples from (A, A") to (B,B)}.

Define a subset X" of A by
X := {ipatsin A} = {(p,p’) € A | p and p’ have a vertex in common} .

For each (p,p’) € A, we set

sign (p, p') = 1, if (p,p') is a path tuple from (A, A’) to (B,B);
—1, if (p,p’) is a path tuple from (A, A") to (B/,B).

We want to prove that

Y. sign(pp)= ). sign(pp)

(pp)eA (pp)eA\X



https://live-hu-math.pantheonsite.io/event/math-conference-honoring-richard-p-stanley/
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(because the LHS is

(# of path tuples from (A, A") to (B,B))
— (# of path tuples from (A, A") to (B, B)),

whereas the RHS is

(# of nipats from (A, A’) to (B, B'))
— (# of nipats from (A, A’) to (B’, B))

). To do so, it obviously suffices (by the cancellation lemmas we proved above)
to construct a sign-reversing involution f : X — X (that is, to pair up all the
ipats in a sign-reversing way).

The idea of this involution is “switch the tails of the two paths”. To be more
concrete, for each path tuple (p, p’) € X, we define f (p, p’) as follows:

e Since (p,p’) € X, the paths p and p’ have a vertex in common. Let v be
the first common vertex of p and p’. (We can either pick the first common
vertex on p, or the first on p’; the result will be the same because our
digraph is acyclic.) We call this v the first intersection of (p, p’).

¢ Call the part of p that comes after v the tail of p, and call the part of p
that comes before v the head of p.

Similarly for p’.
e Now, we exchange the tails of the paths p and p’. That is, we set

q := (head of p) U (tail of p') ;
q' = (head of p') U (tail of p).

Set f (p,p') = (q.9')

Thus, we have defined amap f : X — X.

Now, I claim that f is an involution - i.e., if f (p,p’) = (4,9’), then f (9,9') =
(p,p'). Why? Because v is still the first intersection of g and 4’, and the tails of
g and ¢’ are precisely the switched tails of p’ and p.

Finally, f is obviously sign-reversing, since the ending points of the paths get
switched. Thus, the proposition follows. O

The formula in the proposition is not directly useful for counting nipats,
because its RHS is a difference between two counts of nipats, not just a single
count. However, in many situations, the subtrahend of that difference will be
0, so you're left with one count. Here is one main case where this happens:
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Proposition 4.4.5 (baby Jordan curve theorem). Let A, B, A’ and B’ be four
lattice points satisfying

x(A) <x(4),  y(4) =y(4),
x(B') <x(B),  y(B)=>y(B),

where x (P) and y (P) denote the two coordinates of any point P € Z2.
Then, any path from A to B’ must intersect any path from A’ to B.

<X
<X

See the notes for a detailed proof. As a consequence of this proposition, in
the situation described in it, the LGV lemma simplifies to

det (# of paths from A to B) (# of paths from A to B)
(# of paths from A’ to B) (# of paths from A’ to B')

= (# of nipats from (A, A") to (B,B’)).

2
n n n
e XeUoe ' > ) )
‘ Corollary 4.4.6. Let n,k € N. Then, (k) = (k_1) (k+1)

Proof. Define four lattice points A = (1,0), A’ = (0,1), B = (k+1,n —k) and
B’ = (k,n — k +1). Then, what we just said yields

det (# of paths from A to B) (# of paths from A to B)
(# of paths from A’ to B) (# of paths from A’ to B')

= (# of nipats from (A, A’) to (B, B’)) .

In view of how we counted paths before, this simplifies to

wl @G5
(i) ()

= (# of nipats from (A, A’) to (B,B")) > 0.

() - (1) () =0

Of course, we don’t just care about two paths. We want to do the same with k-
vertices and path tuples of k paths. Here we have the following generalization:

In other words,

O]
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Proposition 4.4.7 (LGV lemma, lattice counting version). Let k € IN. Let
A = (A1, Ay, ...,Ar) and B = (By, By, ..., By) be two k-vertices. Then,

det ((# of paths from A; to B]’)i/]. G[H)

= Y _ (—1)7 (# of nipats from A to ¢ (B)).

O'ESk

For example, for k = 3, this becomes

det ((# of paths from A; to Bf)i,je[3]>
= (# of nipats from (A1, Az, A3) to (Bi, By, B3))

— (# of nipats from (A1, Az, A3) to (By, B3, By))
— (# of nipats from (Aj, Ay, A3) to (B, By, B3))
+ (# of nipats from (A1, Ap, A3) to (By, B3, B1))
+ (# of nipats from (A1, Ap, As) to (B3, By, By))
— (# of nipats from (A1, Az, A3) to (Bs, By, B1))
Proof of the proposition. We proceed exactly as in k = 2, with
= | | {path tuples from A to o (B)} and
oSk

X = {ipats in A}.

Some nuance appears: When we have an ipat, we need to decide which pairs
of paths to take to exchange their tails. There are different ways to do this, but
the simplest one is perhaps the following;:

e Let (p1,p2 ..., px) be our ipat from A to o (B).

We say that a point u is crowded if it appears on more than one of
pPi, P2, -, Pk

We pick the smallest i € [k]| such that p; contains a crowded point.

Then, we pick the first crowded point v on p;.
* Then, we pick the largest j € [k] such that v belongs to p;. (Note j > i.)

* We exchange the tails of the paths p; and p;.

This exchange causes the endpoints of p; and p; to be swapped. Thus, the
permutation ¢ becomes ¢ o t; ;, which has opposite sign from ¢. So we found a
sign-reversing involution. [
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Proposition 4.4.8. Let k € IN. Let A = (A, A ...,Ar) and B =
(B1, By, ..., By) be two k-vertices. Assume that

X (A1) > x(Ap) > > x (Ag);
y (A1) Sy (Az2) <--- <y (Ap);
X (By1) > x(Bp) > > x(Bg);
y(B1) <y(B2) <--- <y(B)

Then, the only permutation o € Sy for which a nipat from A to o (B) exists
is id.

Proof. Apply the baby Jordan curve theorem to any inversion of ¢. O

Corollary 4.4.9. Let k € IN. Let ay,a,...,ar and by, b, . . ., by be any nonneg-
ative integers such that

a >ap > - 2> a and by > by > > by

det ((ai)> > 0.
b))
i,jek]

Proof. This determinant is the # of nipats from A to B, where

Then,

Ai = (0,—a;) and B; := (bi, —bi)

for all i € [k]. Proof is similar to the proof of the previous corollary. O

Our version of the LGV lemma proved above is far from the most general.
We can generalize it in two ways. First, we can refine it, i.e., replace the #s of
nipats by sums of “weights”:

Theorem 4.4.10 (LGV lemma, lattice weight version). Let k € IN. Let A =
(A1, Az, ..., Ar) and B = (By, By, ..., By) be two k-vertices.

For each arc a of our digraph Z?2, let w (a) be an element of K (a commu-
tative ring). We call this element w (a) the weight of a.

For each path p, define the weight w (p) of p to be IT w (a).

a is an arc of p

For each path tuple p = (p1, p2,-- ., px), define the weight w (p) of p to be
k
[T w(pi).
i=1
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Then,

det| [ ¥ wp) -y ) w.

p:A;—B; .. oESE p is a nipat
ij€lk] from A to o(B)

(Here, “p : A; — B;” means “p is a path from A; to B;".)

Proof. Same method as before. Notice that exchanging the tails of two paths
does not change the total weight. O

Another way to generalize the LGV lemma is to replace the lattice Z> by
an arbitrary acyclic path-finite digraph. “Acyclic” means “no directed cycles”.
“Path-finite” means that for any two vertices u and v, there are only finitely
many paths from u to .

Again, the same proof applies.

This generalization can be very useful. For example, by taking a slightly
different lattice instead of Z2, we can obtain:

1 2
Corollary 4.4.11. Let k € IN. Recall the Catalan number ¢, = P ( ;) for
all n € IN. Then,

co €1 - Ck-1
1 cyp - Ck
det (Ci+j_2)i,j€[k] = d_et . : . : — 1
Ck—1 Cx -+ Cok—2

Proof. This counts the nilps on a certain lattice, but you can see directly that
there is only one nilp. See the notes (Corollary 6.5.17) for details. [

Next quarter, we will learn a much deeper application of the LGV lemma.
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