The Peel exact sequence for hook
Specht modules via exterior
algebra

Darij Grinberg, July 24, 2025

This is a mostly expository note devoted to one of the first nontrivial results
in the modular representation theory of the symmetric groups: Peel’s hook
exact sequence. This sequence has been introduced by Peel in [Peel71] and
revisited by Kiinzer in [Kuenzel5, Propositions 4.2.3 and 4.2.4]. The aim of
this note is to reprove its most basic properties in maximum generality (over
arbitrary commutative rings satisfying n = 0 when necessary, not just finite
fields) and more or less conceptually (using basic homological algebra rather
than ad-hoc computations involving Young tableaux).

It took me a while to figure it out, and I suspect that I ended up rediscovering
known properties of Koszul complexes. Yet I could not easily locate any of it
in the literature, so I have written up my proof in some reasonable level of
detail (not approaching that of my lecture notes [Grinbe25], however, as this is
somewhat more advanced material).

I should note that Peel’s article [Peel71] goes significantly beyond construct-
ing the exact sequence; the present note does not supersede it.

1. Introduction

Peel’s hook exact sequence is an exact sequence consisting of Specht modules.
The classical way to define them is in terms of Young tableaux. But we will use
an equivalent definition using Vandermonde determinants, since it is easier and
self-contained:

Let k be any commutative ring, and n a positive integer.

Consider the symmetric group S, of the set [n] = {1,2,...,n}. It acts from
the left on the polynomial ring P, = k|[x1,x2,...,x,] by k-algebra automor-
phisms that permute the variables (¢ - x; = x,(;) forall o € S, and i € [n]). For
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any k elements aq,4ay,...,a; of any commutative ring, we let V (aq,ay,...,ax)
denote their Vandermonde determinant
i—1
Viay,az,...,a ::det<a]. > = a; —a;) .
( 1,42 k) i i jelk] H ( ] Z)

1<i<j<k

Note that this is clearly an alternating function in the inputs ay,ay, ..., a.

For any k € [n], we let S denote the k-linear span of the Vandermonde
determinants V (x;,,x;,, ..., x; ) in P, (where (i1,i,...,ix) ranges over [n]k).
This is an S,-subrepresentation of P,, and is well-known to be isomorphic to
the Specht module of the hook partition A* := (n —k+1,1"1) (where “1¥-1~
means k — 1 many 1s in sequence). (The explicit isomorphism can be found,
e.g., in [Grinbe25, Corollary 5.6 (b)]. Note that the Vandermonde determinant
v (xl-l, Xiysovns xik) is an alternating function in the inputs iy,1iy, ..., i; thus, the
k-module S is spanned by the V (x;,xj,,...,x;) with i1,i,..., i distinct,
and even just by those with i; < i, < --- < i;. Note that this is a particular
case of how Specht defined Specht modules in the first place.) Peel (in [Peel71])
denotes S* as S (k — 1,n).

Note that by the standard basis theorem for Specht modules, the k-module
S has a basis consisting of those V (x;,, xj,, ..., x;, ) with1 =i <ip < --- <
(since these correspond to the standard Young tableaux of shape AF).

Now, assume that n = 0 in k. Then, Peel (in [Peel71} §3]) and Kiinzer (in
[Kuenzelb| Proposition 4.2.3]) show that for each k € [n — 1], there is an S,-
representation homomorphism

fio: SM M
V (Xip Xig oo Xi ) = Y V(X Xy Xy X)) (1)

s€[n]

Note that the sum can just as well be restricted to the s € [n] \ {i1,i2,..., i}
only, since the addends for s € {iy,iy,...,ix} are 0. Furthermore, they show
that these maps f; form an exact sequence

0 s AV B e Ly

that has a k-linear (but not k [S,]-linear) chain contraction.

The purpose of this note is to prove this in a conceptual and readable way.
The proof in Peel’s [Peel71] is not fully clear to me, and only considers the case
when k is a field. Kiinzer in [Kuenzel5] only shows the existence of the maps
fr, not the exactness of the sequence; it is also computational and intransparent
(though very elementary). Thus, I hope that this note has some use to others.
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2. The proof

As I said, the proof I am giving uses just basic homological algebra (morphisms
and chain contractions of complexes) and exterior powers. But we need to get
some notation introduced and auxiliary results proved.

In the following, we do not assume that n = 0 in k unless we explicitly say
SO.

Let N be the free k-module k™ with its standard basis (eq, ey, ..., e,). This is
the natural representation of S,,, where S, acts on k" by permuting the basis
(0-ei = e,(;) foreach o € S, and 7 € [n]).

Consider the S,,-invariant element

e:=e+e+---+e;, €N. (2)

n .
Consider the exterior algebra AN = @ A'N. It has a basis (ej);c,, where
i=0 -
we set

e{i1<i2<-~~<ik} = ei1 A eiz VANEERIVAN el‘k
for each {i; <ip <--- < i} C[n].

The exterior algebra AN as well as each exterior power A'N is an S,-representation,
equipped with the diagonal S,-action:

(V1 AN A+ ANvj) =gu1 Agua A -+ A gU;

forall g € S, and vy,vy,...,v; € N.

Let e : AN — AN be the k-linear map sending each w to e A w.

Let &1 : AN — AN be the k-linear map sending each w to e; A w.

The exterior algebra AN is known to be a supercommutative superalgebra
with N-grading given by placing AN in degree i. A superderivation of AN shall
mean a k-linear map d : AN — AN that satisfies the super-Leibniz rule

d(ab)=d(a) b+ (=1)'a-d(b)
foralli € N and a2 € AN and b € AN.

Let 0 : AN — AN be the k-linear map defined by

k
-1
d (e{i1<i2<-~-<ik}> = Z:l(_l)p e{i1<i2<~-<i;<--~<ik}
p=
for each {i; <ip <--- <ix} C [n].

Here (and in the following), the “magician’s hat” =~ is understood to vanish
whatever stands under it; thus, “iy < i < --- <1y < --- < i” means “i; <
p <o <dpog <dpp1 <dpp2 <o <G
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Let 91 : AN — AN be the k-linear map defined by

d1 (ef) = {31\{1}/ %f tel for each I C [n].
0, if1 &1
We note that both maps d and d; can be described in more canonical ways.
Namely, if we let (e}, €3, ..., e};) denote the dual basis to the basis (e, ey, ..., ex)
of N (that is, each e; € N* is the k-linear map N — k that sends each vector to
its i-th coordinate), and if we set e* :=e] +e5 +--- +¢; € N*, then all k € N
and 01,0y, ...,0x € N satisfy

d(v1 AV A+ Avy)

k
:Z(—l)pfle*(vr,)-vl/\vz/\---/\v}/\---/\vk (3)

and

= (—1)”_161‘(0;,)-vl/\vz/\~~~/\@7/\---/\vk. (4)

In other words, in terms of interior products (see, e.g., [Winitz23, §2.3.1]), we
have 0 = 1+ and 91 = ,+.

Both maps 0 and d; are superderivations. The maps e and ¢; shift the degree
by 1 upwards, while the maps 0 and 0; shift it by 1 downwards. Hence, their
images and kernels are IN-graded k-submodules of AN, and their cokernels
inherit the IN-grading from AN. When we shall speak of (Cokerd),, we will
mean the i-th graded component of this grading on Coker d. Explicitly,

(Cokerd), = (AiN) /9 (Ai“N) for each i € N.

Note that the maps ¢ and d are morphisms of S,,-representations, whereas ¢;
and 0; are merely k-module morphisms. Thus, Coker d and its graded compo-
nents (Cokerd); are S,,-representations.

The following is well-known:

Proposition 2.1. Each of these four maps ¢, 9, €1, d; makes the graded algebra
AN into a long exact sequence: i.e., we have
Kere = Imeg, Kero = Imo,
Kereq; = Imegy, Kerod; = Imo;.

Moreover, these four exact sequences are each other’s chain contractions: i.e.,
we have

de1 +¢e10 =1id and
d1e +¢€d7 = id.
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Proof. Clearly, €2 = 0 (since eAeAw = 0 for each w € AN) and ¢ = 0
=0

(likewise). Very easily, 93 = 0. By a standard computation from homologi-

cal algebra, we have 92 = 0 as well. (This can also be proved without getting

one’s hands dirty, by defining the symmetric bilinear form (:,-) on AN by

(ene)) = 1, ifI=]
L N TS
nondegenerate and is easily seen to satisfy

(e(er), efy = {(er, 9 (ef)) forall I,] C [n];

thus, the map 9 is the adjoint of € with respect to this bilinear form. Hence,
0% = 0 follows from &% = 0.)
Since 0 is a superderivation, each w € AN satisfies d (e; A w) = @ w—el N\
=1
d(w) =w—e; AN (w), thatis, d (g1 (w)) = w —¢1 (0 (w)), that is, 9 (&1 (w)) +
€1 (0 (w)) = w. Thus, de; + €10 = id holds. Similarly, d1e 4+ €d; = id holds
(since 91 (e) = 1).

The “Ker=Im” identities now follow easily: For instance, let us prove Kere =
Ime. The Ime C Kere inclusion follows from &2 = 0. To prove the converse
inclusion, fix w € Kere; then, e (w) = 0; but d1e¢ + €d; = id yields 9; (e (w)) +
e(d1 (w)) = w, whence w = 04 (e(\@—i—e(& (w)) = (91 (w)) € Ime. So

" for all I, J C [n]. Indeed, this bilinear form (-,) is

N—
=0
Kere C Ime is proved, and with it Kere = Ime. Likewise, the other three
“Ker=Im” identities can be shown. Altogether, the proof of Proposition [2.1| is

complete. N
Proposition 2.2. We have
910 = —00;. (5)
Hence,
91 (Imd) C Imo. (6)

Thus, the map d; : AN — AN descends to a k-linear map 9} : Cokero —
Coker 0 such that the diagram

AN AFIN (7)

l l

(Cokerd), — (Cokerd),_,
1

(where the vertical arrows are graded parts of the canonical projection AN —
Coker 0d) is commutative for each k > 0.

Proof. The equality 010 = —dd; is easy to check directly from the definitions
of d and d;. Alternatively, we can prove it abstractly using the fact that the
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superderivations of a superalgebra form a Lie superalgebra, so that the super-
commutator of two superderivations is again a superderivation. Indeed, this
shows that 910 + dd; (being the supercommutator of d; and 0) is a superderiva-
tion. Since it sends the generators A!N of AN to 0, it thus is 0 everywhere (by
the super-Leibniz rule). Either way, (5) is proved.

Of course, (6)) follows immediately from (5).

The existence of 9| for which the diagram (7) commutes is an immediate

consequence of (6). O
So far, this all was true for any commutative ring k.
Now, we note that d (¢) = n. Hence, if n = 0 in k, then we gain extra
properties:

Proposition 2.3. Assume that n = 0 in k. We have
€d = —ok. (8)

Thus, up to the usual (—1)dleg sign twist, ¢ is a degree-shifting endomorphism
of the complex (AN, 9), and vice versa.
We furthermore have
g(Ima) C Imoa. )

Consequently, the map € : AN — AN descends to a k-linear endomorphism
¢/ : Cokerd — Coker d of Cokerd = (AN) / Imd such that the diagram

AN £ AN (10)

l l

(Coker o), — (Cokerd), 4

(where the vertical arrows are graded parts of the canonical projection AN —
Coker 0d) is commutative for each k € IN.

Proof. For each w € AN, we have

d(e(w)) =0d(eNw) (by the definition of ¢)
=d(e)w—eNd(w) (since 0 is a superderivation)
~—
=—eNd(w) =—¢(d(w)) (by the definition of €) .

Hence, de = —¢d, so that ed = —de. This proves (§). Thus, (9) immediately
follows, and from it flows the existence of ¢ that makes the diagram com-
mutative. W O
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Theorem 2.4. Assume that n = 0 in k. Then, the sequence

LN (Cokerd),_, LN (Cokero), <, (Cokerd), LA

(where ¢’ was defined in Proposition 2.3) is exact and has a k-linear chain
contraction.

Proof. Recall the 9] map from Proposition Clearly, (¢’ )2 = 0 because &2 = 0.
Moreover, projecting the equality die + €d; = id (from Proposition onto
Cokerod, we obtain d7¢’ + ¢'d] = id, so that 0] is a chain contraction for the
sequence

8/

SN (Cokerd),_, LN (Cokerd), LN (Cokerd), 4 — .
Thus, this sequence is exact, and Theorem [2.4}is proved. O

Now we come to the Peel modules S**. As we recall, for each k € [n],

the S,-representation SM is defined as the k-linear span of the Vandermonde
determinants V (x,-l, Xiysvos xik) in P,,. We furthermore set

S)‘k =0 for all k > »n and also for k = 0.

Note that this agrees with the original definition of S as the span of the
V (xiy, Xiy, - .., X, ) for k > n (since V (x;, xj,, ..., x;,) is alternating as a function

in iy, ip,...,ig), but not for k = 0. Yet it is the right way to define S)‘O, as we will
see.
For each k > 0, we define the k-linear map

k
wi : AKN — 8V,
i /\eiz/\'-'/\eik — V(xil,xiz,...,xik) .

This map wy is well-defined, since V (xil, Xiysoves xik) is an alternating function
in its inputs iy,1y,...,ix. Moreover, wy is a morphism of S,-representations
(since 0 - ¢; = e,(;) and 0 - x; = x,(;) for all o € S, and i € [n]).

We furthermore define wy : A\N — S M to be the zero map 0 for k > n and
for k = 0.

We now claim the following:

| Lemma 2.5. Let k € N. Then, wid = 0 on AFHIN.

Proof. We WLOG assume that k € [n], since otherwise the claim is made obvi-
ous by the fact that wy = 0.
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The k-module AKTIN is spanned by the vectors e; Ae;, A--- Aej , for all
(i1,12, .., iks1) € [n]*1. Hence, by linearity, it suffices to show that

Wy (a (61'1 Nej, N N eikH)) =0 for all (i1, ip,...,0k41) € [n]kﬂ .

Let us thus do this. Fix (i1,i, .. .,ix41) € [7]7". Then, the equality (8) shows
that

d (e, /\eiz/\---/\eikﬂ)

k+1 1
p= N ——
=1
k+1 1
:Z(_l)r’ ei1/\eiz/\"'/\eip/\"'/\eikH'
p=1

Thus,

Wi (a (eil A RAR /\eikJrl))

k+1
_ _1\P—1,. AN ABTA A e
=we | Y (1P e Nepg Ao Ae N N,
p=1
k+1 .
_ p— . . o ABTA .. .
= Z (—1) B Wy <€ll/\612/\ Aei, N /\elkH)
p=1 Hf_l ~ o
(=DP* :V<x- Xio oo Xip yoeer X >
lll 12/'-'/ lp/“'/ lkJrl
0 0 ... 0 .. 0 40
i) iy xlp Yie  Yien
1 1 1 1 1
X: X: . e X e X 1
—det 51 12 p 1k 141
xkil xkil e xkil e xkil I_Cfl
11 %) lp 113 Ik41
. i-1
)= , for all
(since V' (ay,a2,...,a1) det(u] >i,]‘€[k] or all ay,ay,...,ar)
0 .. X0 .. 0 40
iy i, i Yie i
k+1 X x1 x1 x1 x1
i i i i i
_ Z (_1)p+1 det 1 2 p k k+1
p=1 : : : : :
xk—l xlg—l . xk—l . xk—l xk—l

i i ip ik fe+1
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On the other hand, if we let A denote the (k+ 1) x (k 4+ 1)-matrix

1 1 e 1 1
0 0 ... 0 40
i) Yiy i lkt1
. 1 1
i) Yiy i Xigy p
xl_c—l xl_cfl L. xl_cfl xl;fl
51 1 Ik Tkt 1
then
0 .. 0 . 40,0
i) iy xlp Yie  Yiga
k+1 xil xll e x,l .. xil xl,l
det A = Z (_1)p+1 det 1 2 Ip k k+1
p=1 S A
xl,cfl xl,cfl P xl,cfl P xl,cfl xkfl
51 ) Ip 173 Tkt

(by Laplace expansion along the first row of A). Comparing these two equali-
ties, we find
Wy (a (61'1 Nej, N+ Aeik-s—l)) = det A.
But the matrix A has two equal rows: In fact, its second row
0 0o ... 0 0

i M Yie Y
x? = 1 for all j. Hence, det A = 0 (since a matrix with two equal rows must
always have determinant 0). Thus,

) agrees with its firstrow (1 1 --- 1 1), since

Wy <a (61'1 Nejy N\ /\eik+1)) =detA =0.
As explained above, this proves Lemma O

Next comes the most technical lemma in this note:

Lemma 2.6. Let k > 0. A monomial in P,, is called nice if it can be written as

a2 o T withl <y <ip < -+ < ijq < m. Let17:77n—>Ak*1Nbethe

12 k-1
k-linear map that

sends each nice monomial xl-l1 xizz e xZ_ll toe, Nej, N Nej, | € AFIN,

and sends each monomial that is not nice to 0.

(This is well-defined, since the monomials form a basis of the k-module P,
and since a nice monomial can be written in the form x} =1 uniquely.)

0%y T i
Then,

e1qwy = id on & (Ak_lN) .
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Proof. The k-module A¥"IN is spanned by the vectors e;, Aej, A+ A e, for
all (i1,iy,...,ik_1) € [n] satisfying i1 < ip < --- < ix_1. Hence, its image
¢1 (AF7IN) is spanned by the images € (e;; Ae;, A--- Ae;,_ ) of these vectors.
Since €1 (e, Aei, A--- Aej ) =eyNej Aey A--- Aej_ (by the definition of €1),
we can restate this as follows: The image ¢ (Ak’lN ) is spanned by the vectors
ey Nejy Nejp, N+ Nej forall (iy,ip,..., ik 1) € [n]kil satisfying iy <ip < --- <
if—1.
‘ I}Iowever, many of these vectors vanish: Indeed, e; Ae;, Aej, A---Nej =0
whenever i; = 1, since an exterior product with two equal factors is 0. Ob-
viously, these vanishing vectors are unneccessary for spanning &; (A*"IN).
Hence, we can remove them from our list, and conclude that the image ¢; (Ak_lN )
is spanned by the vectors e; Ae; Ae;, A---Ae; | forall (iy,ip,...,15_1) € [n]* !
satisfying 1 < i1 <ip < --- <ij_1.

Thus, by linearity, it suffices (towards our goal of proving that e;77wy = id on
&1 (AFIN)) to show that

(eanwy) (ex Ney Neig A=+ Nej ) =e1 Ney Neig A=+ Aej,

for all (i1, i, ...,ik_1) € [n]"" satisfying 1 < iy < ip < -+ < ix_q. Let us do
this.

Let (il,iz,. . -/ik—l) € [TZ
definition of wy yields

]kil be such that 1 < i; < ip < --- < iy_q1. Then, the
Wi (61 N €, A €, VANRERIVAN eik_l) =V (xl,xil,xiz,. . .,xik_l) .
Setting ip := 1, we can rewrite this as

wi (ex Neig Neig -+ Nej ) =V (Xig, Xiy, Xigs -+ -, Xy

— ol
= det (xiu,l ) uvek]
k
ey E o
TES; p=1

by the Leibniz formula for the determinant.
k
The products ] xZ](pl )1 that appear on the right hand side are monomials,
p=1 "

but I claim that only one of them is nice: viz., the one obtained for ¢ = id.
Indeed, the latter product is

k k

id(p)-1 _ p—1_ 0 1.2 k=1 _ 1.2 k—1
H xi,,,l - H xip,l = Xy XY, Yiey = iy Xig 47
p=1 p=1 f

which is clearly nice. Now let me show that none of the remaining products

k
-1, . DN e . . .
[1 x?(pl) (with ¢ # id) is nice. Indeed, a nice monomial cannot contain
p=1 "~
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the variable x; at all, and must contain the exponents 1,2,...,k —1 on vari-
ables with increasing subscripts (i.e., the larger the exponent, the larger the

k
subscript). But a product [] xgj(pl)fl with ¢ # id cannot satisfy these two prop-
p=1 "

erties, since it either contains x;, = x; (When ¢ (1) # 1), or contains the other
exponents 1,2,...,k — 1 in the “wrong order” (when o (1) = 1, so that ¢ has
an inversion among its values o (2),0(3),...,0 (k)). Thus, a monomial of the

k _
form [] x;f(p )71 with o # id cannot be nice. Hence, such a monomial will

p=1 7!
k 1
n ( 7P~ ) =0 (12)
p=1

always satisfy
(since % kills all non-nice monomials, by definition).
Now, the map 7 is k-linear. Hence,

k k
1o T - e (1107
oSk p=1 TES p=1

-~

=0 whenever o#id

(by ([12)

_ (_1)id 7 ﬁ xi.d(p)—l

Ip—1
N—— p=1 P
=1
- N’
:xl x,2 ---xki1
172 k-1
— 1,2 =1 — o Api Aeet A
=7 <xi1xi2 xik%) =ep Neip N Nej |

(by the definition of 7). In view of (1), this rewrites as
n(wk (e1 Neiy Neiy A~ Nej ) =eig Neig A=+ Nej_ .
Hence,

e1 (1 (wi (ex Neig ANey Ao+ Nej ) =¢€1 (e, Aeiy A=+ Nej, )
=e Nej Nej, N---Nej

(by the definition of £1). In other words,
(e1nwy) (ex Ney Neiy A=+~ Nej ) =e1 Nejy Nejyg A= Aej .

But this is precisely what remained to prove. So the proof of Lemma is
complete. O




Peel exact sequence, version July 24, 2025 page 12

Theorem 2.7. Let k € IN. Then, the map wy : AN — SMis a surjective
morphism of S,-representations. Its kernel is

Ker (wg) = Ker (3 |yy) = 9 (AN . (13)
Thus, wj induces an isomorphism

SN (Cokerd), of S,-representations. (14)

Proof. We already know that wy is a morphism of S,-representations.

From Proposition we know that Kerd = Imd. Taking the k-th graded
component of this equality, we obtain Ker (9 | xy) = @ (AFFIN).

Next, we shall prove that wy, is surjective and that Ker (wy) = 9 (AFFIN).

We WLOG assume that k > 0, since the k = 0 case is easily done by hand
(remember that wy = 0 and S* = 0 by definition, and observe that 3 (A!N)
contains 9 (e;) = 1 and thus is the whole A°N). Hence, S is defined as the
span of all V (xil,xiz, e ,xik). Thus, the surjectivity of wy is obvious from its
definition.

Propositionyields de1 + €10 = id. Hence, A*N = &; (A*"IN) +9 (A*FIN).

Lemma 2.5 says that wxd = 0 on A¥*!N. In other words, @ (AF*IN) C
Ker (wy).

Lemma [2.6| shows that e;7wi = id on & (A*"IN) (where 7 is as defined
in that lemma). Hence, the map wy is injective when restricted to ¢; (Ak’lN )
(since it has a left inverse ¢17). In other words, Ker (wy) Ney (AFIN) = 0.

But a general fact (easy exercise) about modules says the following: If A, B,C
are three k-submodules of a k-module M satisfying M = A+ B and B C C
and CN A = 0, then B = C. Applying this to M = A*N and A = ¢; (A*"IN)
and B = 9 (A*IN) and C = Ker (wy), we obtain 9 (A*F1N) = Ker (wy) (since
AN = & (A*"IN) + 9 (A¥IN) and 9 (AF*IN) C Ker (wx) and Ker (wy) N
e1 (AFIN) = 0). Hence, Ker (wy) = 9 (A"IN) is proved. Combining this
with Ker (9 | yry) = 9 (A*F1N), we conclude that holds.

By the homomorphism theorem, we have Im (wy) = AKN /Ker (wy) as Sy-
representations (since wy is a morphism of S;,-representations). Since wy is

surjective, we have Im (wy) = S and thus
S = Im (wy) = AFN/ Ker (wy) = AFN /9 (Ak“N) — (Cokerd),
—_——
:a(Ak-HN)

as Sp-representations. Thus we have proved (14), and Theorem 2.7 is proven.
]
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We can now show that Peel’s maps f; are well-defined and form an exact

sequence, and in fact form a commutative diagrams with the maps (—l)k e on
AN and the morphisms wy:

Theorem 2.8. Assume that n = 0 in k. Then, for each k > 0, the map

Ak+1

for SV SN

V (xiy, Xiyy o oo, X, ) 2 V (%i, Xiys -+ Xi ) Xs)
s€(n]

is a well-defined morphism of S;,-representations. Let furthermore fy :
S — SM be the zero map 0. Then, the diagram

ok
AN TV ARy (15)

wkl lwkﬂ

S)\k f SAk+1
k

commutes for each k € IN. Thus, the sequence

ey gt foy gaf ey oAkt fry (16)

is exact and has a k-linear (but not S;,-equivariant) chain contraction.

Proof. First, we note that the S;-action is not relevant to any claims of the the-
orem, except for the easy claim that f; is a morphism of S,-representations.
Thus, we can forget about this action now (although this does not simplify
much, just taking some minor cargo off our backs).

Theoremshows that for each k € IN, the map wy : AN — S s surjective
and has kernel Ker (wy) = 9 (A¥"1N). Thus, this map gives rise to a canonical
isomorphism

W} : AFN /9 (Ak“N) =58
U — wy (v)

(where U denotes the projection of a vector v onto the quotient). Since we have
AFN /9 (AFFIN) = (Cokerd),, we can rewrite this as
w}, : (Cokerd), — s,
= wy (v).

Using these isomorphisms w;, we can turn the morphisms ¢ : (Cokerd), —
(Coker ), ; from Proposition [2.3{into morphisms ¢} : S M s M 50 that the
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diagram
(Cokero), S AN (Cokerd), (17)
w,’(lg %lw,’ﬂ_l
Ak Akt
S 7 S

. -1 K .
commutes (explicitly, we set €} := w} €' (w})” on SY). Consider these mor-
phisms ¢}. Let us furthermore define a new morphism

A+l

Qk 1= (—1)ks§{’ SV S for each k € IN.

Thus, g differs from ¢ only in the sign factor (—1)k. Hence, the commutative
diagram yields a commutative diagram

vk
(Coker o), _ e, (Cokerd), 4 (18)
wl’ig %lwl’(ﬂ
S/\k SAk+1
8k

(obtained from it by scaling both horizontal arrows by (—1)").
We claim that the new maps g, are precisely the maps f; defined in the
theorem (and, in particular, the latter maps f; are well-defined). Indeed, this is

obvious for k = 0, so let us take k > 0. Let (i1, ip,...,i) € [n]k. Then,

\% (x,-l,xiZ, . ,xik)
= wy (e, Neiy A=+ Neyp) (by the definition of wy)
= wy (e Ney N Negp) (by the definition of wy) ;

thus,

8k (V (xilfxizf - "xik))
= 8k (wl,c (eil Nep N /\eik))

k
= Wiy ((—1) ¢ (e, Neyy N A eik)>
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(since the diagram commutes). Since

—1)ke! (e, Neiy, N Nejp)
(—1) e (e, Ney A---Aey) (by the definition of ¢’)
(—1)¥en e, Ney, N---Nej (by the definition of ¢)

—~

(—1)k Z es | Nejy Nejy A Nej, since e = Z es
s€ln] sen]

= Z (—1)kes/\ei1/\ei2/\~~/\eik
s€(n] 4

~
=e; /\e,-2 A- ~/\e,-k Nes

= ) e Ney A Aej, Aes,
se(n]

this rewrites as

Sk (V (xillxizl cee /xik))

=wiq | Y e Neig Ao Nej A
s€(n]

=wrpr | Y e Aeg A Nej A (by the definition of wj, ;)
s€(n]

= Y V(xi, Xiy 0, X, Xs) (by the definition of wy 1) .

s€(n]

So we have shown that g : SM - 8M s a k-linear map that sends each

V (xiy, Xiy, .-, X ) tO Z[] V (xi,, Xiy, - .-, X, Xs). But this is exactly what the map
se|n

fr is supposed to do. Thus, it follows that the map fi is well-defined (it is

unique since the V (x;, X;,, ..., x; ) span S'), and that g = f;.

We have thus proved that for each k € IN, the map f; is well-defined and
satisfies g = fx. As we said, it is easy to show that fi is a morphism of S;-
representations.

Now, the commutative diagram rewrites as

k.1

(Cokero), _ e, (Cokerd), (19)
w{(lg %lw,’ﬂ_l
SAk S)Lk+1

fr
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(since gx = fx). Now, we consider the diagram

(—1)*e

AN AN (20)
l VK l
Cokero & Coker o
k k+1
w,’i% %lwl’( +1
S/\k SAkJrl

i

(where the two topmost vertical arrows are canonical projections AN — Coker 9).
This diagram is commutative, because the top square commutes (indeed, it is
just the diagram with both horizontal arrows scaled by (—1)k) and the
bottom square commutes (this square is just the diagram (19)). Composing
the vertical arrows in this diagram (and recalling that w; (v) = wy (v) for each
v € AFN), we obtain the commutative diagram

AN V' ARy

Wkl lwkﬂ

S/\k f SAk+1
k

Thus we have shown that the diagram commutes.
Recall from Theorem [2.4| that the sequence

LN (Cokerd),_, LN (Cokerd), <, (Cokera), 4 LI

is exact and has a k-linear chain contraction. Hence, the same is true of the
sequence

k=2 k=1 1k _\k+1
. Lg (Cokera)k_l( Ls (Cokerd), (lf (Cokera)kH( Ls

(because the exactness of a sequence is preserved when we scale every other ar-
row by —1, and the same holds for the existence of a chain contraction; indeed,
this is just the shift functor A — A [1] on chain complexes). Thus, the same is
true of the sequence

oS gkt ey ok iy Akt fe

because the commutative diagram reveals that these two sequences are

isomorphic (with isomorphism given by wy, : (Cokerd), 58S Ak). This finishes
the proof of Theorem O
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