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1 EXERCISE 1

1.1 PROBLEM

Let P be a polynomial (in one indeterminate) with integer coefficients. Let n be an odd
positive integer. Let aq,ao,...,a, be n integers that satisfy

P (a;) = aj41 for each i € {1,2,...,n},

where we set a,11 := a;. Prove that a; = ay =--- = a,.

1.2 SOLUTION

2 EXERCISE 2

2.1 PROBLEM

Let (a1, as,as, . ..) be a sequence of reals such that a; = 1 and such that all positive integers
k satisfy
k(k+1)

12a1 + 2%a5 + 3%a3 + - - - + k2a;, = 5

(a1 +ag+--+a). (1)



Solutions to homework set #7 page 2 of

Find an explicit formula for a,,.

2.2 SOLUTION

3 EXERCISE 3

3.1 PROBLEM

Let n be a positive integer. Prove that either the number n or the number 3n (or both)
begins with one of the digits 1, 2 and 9 when written in the decimal system.
(Example: If n = 52, then 3n = 156 begins with a 1.)

3.2 SOLUTION

4 HEXERCISE 4

4.1 PROBLEM

For each positive integer n, we let god (n) denote the greatest odd divisor of n. For instance,
god (24) = 3 and god (25) = 25 and god (30) = 15.
Let n be a positive integer. Prove that

god (n+1) +god (n +2) + - -- + god (2n) = n?.

4.2 SOLUTION

5 EXERCISE 5

5.1 PROBLEM

Let n € N. Let A be an n X n-matrix whose all entries are odd integers.
Consider the product of all entries in each row and each column of A. Prove that the
sum of these 2n products is congruent to 2n modulo 4.
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5.2 SOLUTION

6 EXERCISE 6

6.1 PROBLEM

Let n be a positive integer. Let A be an n x n-matrix whose all entries belong to the set
{0,1}. Assume that A contains equally many 0’s and 1’s. Prove that A has two rows that
contain the same number of 1’s or two columns that contain the same number of 1’s. (The
“or” is not exclusive, so A can contain both.)

6.2 SOLUTION

7 EXERCISE 7

7.1 PROBLEM
Consider a sequence (ag, ai, as, . ..) of non-zero reals that satisfies
ai =1+a, 10,11 for each n > 1.

Prove that there exists a real number « such that a,.; = aa, — a,_1 for all n > 1.

7.2 SOLUTION

8 EXERCISE 8

8.1 PROBLEM

Let n be a positive integer such that 4n + 1 is a prime number. Prove that 4n+1 | n?" — 1.

8.2 SOLUTION
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9 EXERCISE 9

9.1 PROBLEM

Let A be an m X n-matrix whose entries are nonnegative reals and which has more columns
than rows (that is, we have n > m). Assume that each column of A contains at least one

positive entry.
Prove that A has at least one cell with a positive entry such that the sum of the entries

in the row of this cell is larger than the sum of all entries in the column of this cell.

9.2 SOLUTION

10 EXERCISE 10

10.1 PROBLEM

Prove that there exists no function f : Z — Z such that each x € Z satisfies f (f (z)) = x+1.
[Note the contrast to Exercise 0.3.7 on worksheet #0.]

10.2 SOLUTION
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