DREXEL UNIVERSITY, DEPARTMENT OF MATHEMATICS

Math 222: Enumerative Combinatorics,
Fall 2022: Homework 2

Darij Grinberg
October 12, 2022

due date: Wednesday, 2022-10-14 at 11:59 PM on gradescope.

Please solve 3 of the 7 exercises!

1 EXERCISE 1

1.1 PROBLEM
Let n € N. Prove that

IQJ(Z) B :i (:) (;n;:) ﬁ = (n!)n+1‘

1.2 SOLUTION

]
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2 EXERCISE 2

2.1 PROBLEM

Let a,b,n,m € R. Prove that

) G0 = () G2 ()

Be aware of the assumptions of the results you are using! Not every formula can be used in
every case. Some case distinction is probably necessary.

2.3 SOLUTION

o]

3 EXERCISE 3

3.1 PROBLEM

Let S be an n-element set. Show that > > |[ANB|=mn-4""1
ACS BCS

3.2 SOLUTION
[...]

4 EXERCISE 4

4.1 PROBLEM

For any n € N; let a,, be the # of subsets S of [n] satisfying 3 | >_ s.
ses

(a) Prove that a, = 2a,_ 3+ 2"2 for any n > 3.

(b) Prove that a, = 2a,_1 — [3|n —1]-2=1/3 for any n > 1.

4.2 HINT

Something similar appeared in [18f-hw2s, Exercise 3 (a)| (but here, it is the sum of the
elements of S, rather than their number, that has to be a multiple of 3).
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4.3 SOLUTION
[.]

5 EXERCISE 5

5.1 PROBLEM

Let n € N. Two elements = and y of [2n] are said to be antipodes if v +y = 2n + 1.
How many subsets S of [2n] contain no two antipodes?

5.2 SOLUTION
[.]

6 EXERCISE 6

6.1 PROBLEM

Let n € N. Give a closed-form expression (no summation signs) for > k(;{;)
k=0

6.2 SOLUTION
[.]

7 EXERCISE 7

7.1 PROBLEM

Consider the Fibonacci sequence (fy, f1, fo, - - -)-

Let n > 2 be an integer. A subset S of [n] is said to be cyc-lacunar if it is lacunar
and does not satisfy {1,n} C S. (Visually speaking, this condition says that if the numbers
1,2,...,n are drawn on a circle in this order, then S contains no two adjacent numbers.)

(a) Prove that the # of cyc-lacunar subsets of [n] is f,.12 — fn_o.

(b) Prove that the # of cyc-lacunar subsets of [n] is f,11 + fu_1.

7.2 SOLUTION

]
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