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Math 220 Fall 2021, Lecture 15: Mathematical
induction

1. Mathematical induction (cont’'d)

1.1. What is induction? (cont’d)

Last time, we proved that the Tower of Hanoi puzzle can be solved in 2" — 1 moves.
We proved this by induction. The big disk (i.e., the biggest disk in the puzzle)
played a crucial role. Now we shall prove that our solution was optimal in the
sense that there is no quicker way to solve the puzzle:

Theorem 1.1.1. Each solution to the Tower of Hanoi puzzle requires at least
2" —1 moves.

Proof. We induct on n:

Base case: For n = 0, we have 2" — 1 = 0, and sure, each solution requires at least
0 moves.

Induction step: Let n € IN. Assume (as the induction hypothesis) that each solu-
tion to the Tower of Hanoi puzzle with n disks requires at least 2" — 1 moves. We
must now prove that each solution to the ToHP (= Tower of Hanoi puzzle) with
n + 1 disks requires at least 21 — 1 moves.

Consider a solution to the ToHP with n + 1 disks. At some point during this
solution, the big disk must get moved. Consider the first move where this happens.
Let’s say we make a moves before this move (i.e., we make a2 moves before we move
the big disk), and we make b moves after this move. So the total number of moves
in our solution is @ + 1+ b. So our goal is to prove that a +1+ b > 2"+ — 1,

Consider the situation after the first 2 moves. At that point, the big disk has to
be movable. This implies that the big disk is alone on its peg, and also that the
other peg to which we move it must be empty. So all the other disks must be on
the third peg. So, at that point, we must have solved the ToHP with n disks. Since
a moves were used to do so, we thus conclude using the induction hypothesis that
a>2"—1.

A similar, but subtler, argument can be used to show that b > 2" — 1. The
probably easiest way to argue this is as follows: We consider the last time that the
big disk moves. Let c be the number of moves after that last move of the big disk.
Then, b > ¢ because the first time cannot be later than the last time. However, the
c moves that come after the last big-disk move must constitute a solution to the
ToHP with n disks, because the remaining disks must be moved to the peg that
contains the big disk. So ¢ > 2" — 1 by the induction hypothesis. Since b > c, we
now obtain b > ¢ > 2" — 1.

Now,

n__ n__ —n.on _ 1 _on+l __
a +1+ b >2"-1)+14+(2"-1)=2-2"-1=2 1.
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This completes the induction step, and thus the proof. O

1.2. Induction with arbitrary base

Recall the Principle of Mathematical Induction:

Principle of Mathematical Induction (or, short, Principle of Induc-
tion):

Let P (n) be a predicate that depends on a variable #n, which is supposed
to be a nonnegative integer.

Assume that you have proved P (0).

Assume further that you have proved

VneN: (P(n)= P(n+1)).

Then, you can deduce that

VneN:P(n).

Now, assume that you want to prove a predicate P (n) not for all n € IN, but
for all integers n > 3 or for all integers n > —5 or for all positive integers (i.e.,
for all integers n > 1). To do so, you can apply the following variant of the above
principle:

Principle of Mathematical Induction with base case g (or, short, Prin-
ciple of Induction):
Let g be a fixed integer. Let Z>, := {all integers > ¢} = {¢,g¢+1,8+2,...}.

Let P (n) be a predicate that depends on a variable 1, which is supposed
to be an integer > g.

Assume that you have proved P (g).

Assume further that you have proved
Vne€Zsg:(P(n)=P(n+1)).
Then, you can deduce that
Vne€Zsg:P(n).
This “new” principle of induction is actually just the old principle of induction,

with P (n) replaced by P (g + n).
Here are two real and one fake example of proofs using this principle.
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| Theorem 1.2.1. We have 2" > n? for all integers n > 4.

Proof. We induct on 7, using this “new” principle with base case 4 (so g = 4).
Base case: Our claim 2" > n? holds for n = 4, because 2* = 16 and 42 = 16.
Induction step: Let n > 4 be an integer. Assume that our claim holds for #, i.e.,
we have 2" > n?2. We must prove that the claim also holds for # + 1 instead of ,

i.e., that we have 2"t1 > (n +1)%

We havel]
ol —2. 2" >2.m2=n?+nt=n’4+_n n>n’+  4n
~~ ~— ~~
>n? >4 >2n+1
(by the IH) (since n>4>1)

>n?42n+1=(n+1)>.
This completes the induction step. O

The next example comes from calculus:
| Theorem 1.2.2. We have (x")" = nx"~! for all integers n > 1.

Proof. We induct on n.
Base case: For n = 1, the claim (x”)/ = nx""1 holds, since

Induction step: Let n > 1 be an integer. Assume that our claim holds for 7, i.e.,
we have (x")' = nx"~!. We must prove that the claim also holds for 7 + 1 instead

of 1, i.e., that we have (x"*1)" = (n 4 1) x".
Recall that (fg)" = f'g + f¢' for any two functions f and ¢ (this is the Leibniz
rule, aka the product rule). Applying this rule to f = x" and ¢ = x, we obtain

(x"x) = (") x+2" X =ngx+x" 1=nx"+2" = (n+1)x"
N~ ~~ Ve

—nxt1 =1 =x"
(by the IH)
In other words, (x"*1)" = (1 4 1) x". This completes the induction step. O

Incidentally, we could state Theorem for all n > 0, not just for n > 1, if we
agreed that nx" ! is to be understood as 0 when n = 0.

Here is a fake example:

1“TH” means “induction hypothesis”.
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Theorem 1.2.3 (Fake theorem). In any set of n > 1 horses, all the horses are the
same color.

Proof. We induct on n.

Base case: This is clearly true for n = 1.

Induction step: Let n > 1 be an integer. Assume that in any set of n horses, all
the horses are the same color. We must now prove the same claim about any set of
n + 1 horses.

So, consider a set of n + 1 horses. Arrange them all into a line:

Hy H, Hy --- H, Hp1.

By the IH, the first n horses Hj, Hp, ..., H, have the same color. Likewise, the last
n horses Hj, Hs, ..., H,,11 have the same color. Thus, each of the n + 1 horses has
the same color as the “middle horses” Hy, Hs, ..., H,. So we conclude that all n + 1
horses Hy, H, ..., H,41 have the same color. Proof complete? [

The problem with this proof is that the induction step works only for n > 2. If
n =1, then our n + 1 horses Hy, Hy, ..., H, 41 are just two horses Hj, Hy, and there
are no “middle horses”, so the argument we did does not work.

The upshot is: Make sure that you are really using only what you assumed in
the induction step. In the above proof, we assumed n > 1, but we tacitly used the
existence of the “middle horses”, which is true only for n > 2.

1.3. Strong induction

The following variant of the principle of induction is known as strong induction:

Principle of Strong Induction with base case g:
Let ¢ be a fixed integer. Let Z>, := {all integers > ¢} = {¢,¢+1,§+2,...}.

Let P (n) be a predicate that depends on a variable 1, which is supposed
to be an integer > g.

Assume further that you have proved
Vne€Zsq:((P(g) AND P(¢g+1) AND P(g+2) AND --- AND P(n—1)) = P(n)).
Then, you can deduce that

Vne€Zsg:P(n).

Let us take a look at how the “induction step” looks like when we use this new
principle. We let n € Z>,, and we prove that

(P(g) AND P(g+1) AND P(g+2) AND --- AND P (n—1)) = P (n).
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For n = g, this is saying that
(nothing) = P (g).

So we must prove P (g) using no assumptions. This is precisely what the base case
would be with the old principle of induction.
For n = ¢ + 1, we must prove that

P(g)=—P(g+1).

This is the same that we prove in a regular induction proof.
For n = ¢ + 2, we must prove that

(P(g) AND P(g+1)) = P(g+2).

So we derive P (g +2) not only from P (g+ 1) (as in a regular induction proof),
but from the stronger hypothesis P (¢§) AND P (g+1).
For n = g + 3, we must prove that

(P(g) AND P(¢+1) AND P(g+2)) = P(g+3).
And so on.

Let us see an example of a proof by strong induction:

Recall the Fibonacci sequence (fo, f1, f2,...), which is defined by fy = 0 and
fi=1and f, = f,_1 + fu—2 for all n > 2. Now we shall prove an explicit formula
for each entry of this sequence:

1++/5 1—+/5
2

Theorem 1.3.1 (Binet’s formula). Let ¢ = > and Y = . Then,

_ 9"y
fn_ \/5

for each n € IN.

Example 1.3.2. Applying this formula to n = 17, we obtain

<1+\/§>17 <1\/§>17
_ 2 2
f P77 = 1597.

V5 V5

Theorem should be surprising. It is far from expectable that the n-th Fi-
bonacci number should have an explicit formula that involves /5.
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An attempt to prove Theorem Let’s try to just prove this by (usual) induction on

n:

0_ 40

Base case: For n = 0, our claim holds because fop = 0 = P \/_1/) .
" —y" .

Induction step: Let n € IN. Assume that f, = . We must prove that

V5

n+1 _ n+1
fnr1 = lih A
We want to apply the recursion f,41 = f; + f,—1. This requires n > 1. So we
1_ gl
need to check the n = 0 case separately, i.e., to check that f; = u However,

V5

this is straightforward:

o 1+v5 1-+5
-y -9 9 2
BB NG =

which is precisely f;.
So we can WLOG assume that n > 1. Therefore, we can apply our recursion
fu+1 = fn+ fn—1, and obtain

ot = fa ot fa1 = % 4 i bythelH.

But what do we do about f,,_; now? With regular induction, we don’t know much
about f,_1.

So we need to “remember” the “previous” induction hypothesis: i.e., we need
not just our claim for n, but also our claim for n — 1. Therefore, we need strong
induction. Next time, we will complete this proof using strong induction. O
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