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Math 220-002 Fall 2021 (Darij Grinberg): homework set 1
due date: Friday 2021-10-08 at noon on gradescope (
https://www.gradescope.com/courses/313263)).
Please solve only 4 of the 6 exercises.

Exercise 1. Define the logical connective UNLESS as follows: For any two propo-
sitions P and Q, we define “P UNLESS Q” to mean (NOT Q) = P. (This is
more or less the common-sense understanding of “unless”.)

Prove (by comparing truth tables) that P UNLESS Q is actually equivalent to
P OR Q.

Exercise 2. Let P, Q and R be three propositions. Prove the following equiva-
lences by comparing truth tables:

@ (P OR (Q AND R)) <= ((P OR Q) AND (P OR R)).
(b) (P AND (Q OR R)) <= ((P AND Q) OR (P AND R)).
(0 (P XOR (Q XOR R)) <= ((P XOR Q) XOR R).

(d ((POR Q)=—R) < ((P= R) AND (Q = R)).

[Hint: You can save yourself some writing by making a common truth table
with 8 rows and 11 columns for all 4 parts of the exercise.]

Exercise 3. Which of the following statements are true?

@ VxeZ: 2xeZ).
X
(b) VxeZ: (EGZ).

(d VxeZ: (x*>0).
e) VxeZ: ((x<3) OR (x >4)).
) VxeQ: ((x<3)OR (x>4))

(@ VxeZ: (x*>0).
(3

g Vxe€Q: (IyeZ: y>x).
(h) VvxeN: (JyeN: (y > x AND y is prime)).

In the cases of (g) and (h), give a counterexample or a short intuitive justifica-
tion (not a rigorous proof) in a sentence or two.

Exercise 4. (a) Find (and describe) a set S satisfying Z C S C Q and S # Z and
S # Q.
(b) Let S = {...,—4,-2,0,2,4,...} be the set of all even integers, and let

T={..,-6,-30,36,...} be the set of all integers that are multiples of 3. Let
R denote the set {s+t | s € Sand t € T}; this means the set of all sums of an
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element of S with an element of T. This set R is a subset of Z. Is R the whole set
Z. or a proper subset of Z ? (Justify your answer in a few sentences.)

Exercise 5. Let A, B and C be three sets. Prove the following equalities:
@ AU(BNC)=(AUB)N(AUC).
b) AN(BUC)=(ANB)U(ANC).
(0 AA(BAC)=(AAB)AC.

[Hint: You can use the results of previous exercises.]

Exercise 6. Let S be a set, and let P (x) and Q (x) be two statements for each
x €S.

(@) Is it necessarily true that (3x € S: (P (x) OR Q(x))) is equivalent to
(3xe€S: P(x)) OR (Ix € S: Q(x))?

(b) Is it necessarily true that (3x € S: (P (x) AND Q(x))) is equivalent to
(3x € S: P(x)) AND (Ix € S: Q(x))?

(o) Is it necessarily true that (3x € S: (P(x) = Q(x))) is equivalent to
(IxeS: P(x))=(Ixe€S: Q(x))?

(d) Is it necessarily true that (Vx € S: (P(x) OR Q(x))) is equivalent to
(VxeS: P(x)) OR (Vxe S: Q(x))?

(e) Is it necessarily true that (Vx € S: (P(x) AND Q(x))) is equivalent to
(VxeS: P(x)) AND (Vxe S: Q(x))?

(f) Is it necessarily true that (Vx € S: (P(x) = Q(x))) is equivalent to
(VxeS: P(x)) = (VxeS: Q(x))?

(By “necessarily true”, we mean “true no matter what S, P (x) and Q (x) are”.
Almost everything becomes true in a sufficiently trivial example; we are won-
dering whether things are true in general. In each case, give reasons or coun-
terexamples.)




