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Preface

These are lecture notes originally written by Hugo Woerdeman and edited by my-
self for the Math 504 (Advanced Linear Algebra) class at Drexel University in Fall
2021. The website of this class can be found at

http://www.cip.ifi.lmu.de/ grinberg/t/21fala .

This document is a work in progress.
Please report any errors you find to darijgrinberg@gmail.com .

What is this?

This is a second course on linear algebra, meant for (mostly graduate) students
that are already familiar with matrices, determinants and vector spaces. Much of
the prerequisites (but also some of our material, and even some content that goes
beyond our course) is covered by textbooks like [Hetter20], [LaNaSc16], [Iaylor20],
[Treill5], [Strick20], [GalQua20, Part I], [Loehr14], [Woerde16ﬂ The text we will
follow the closest is [HorJoh13|.

We will freely use the basic theory of complex numbers, including the Funda-
mental Theorem of Algebra. See [LaNaSc16, Chapters 2-3] or [Korner20, Chapters
9-10] for an introduction to these matters.

Notations

e WeletIN:={0,1,2,...}.

IThis list is nowhere near complete. (It is biased towards freely available sources, but even in that
category it is probably far from comprehensive.)
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e For any n € IN, we let [n] denote the n-element set {1,2,...,n}.

e If Fis a field, and n,m € IN, then F"*™ denotes the set (actually, an F-vector
space) of all n x m-matrices over IF.

e If F is a field, and n € IN, then the space F"*1 of all n x 1-matrices over F
(that is, column vectors of size n) is also denoted by F".

* The n x n identity matrix is denoted by I, or by I if the n is clear from the
context.

e The transpose of a matrix A is denoted by AT.

® Zero vectors and zero matrices will be denoted by 0, no matter what their
sizes or ambient spaces are.

e If Ais an n X m-matrix, and if i € [n] and j € [m], then:
— we let A; ; denote the (i, j)-th entry of A (that is, the entry of A in the i-th
row and the j-th column);
- we let A;, denote the i-th row of A;
- we let A, ; denote the j-th column of A.

o The letter i usually denotes the complex number v/—1. Sometimes (e.g. in
the bullet point just above) it also stands for something else (usually an index
that is an integer). I'll do my best to avoid the latter meaning when there is
any realistic chance that it be confused for the former.

* We use the notation diag (A1, Ay, ..., A,) for the diagonal matrix with diago-
nal entries Ay, Ay, ..., Ay

0.1. Remark on exercises

Each exercise gives a number of “experience points”, which roughly corresponds
to its difficulty (with some adjustment for its relevance). This is the number in the

square (like or ). The harder or more important the exercise, the larger is
the number in the square. A |1]is a warm-up question whose solution you will
probably see right after reading; a |3 | typically requires some thinking or work; a
requires both; higher values tend to involve some creativity or research.

0.2. Scribes

Parts of these notes were scribed by Math 504 students. I thank the following
students for their help:

scribe ‘ sections

Hunter Wages ‘ proof of Theorem [2.8.2
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1. Unitary matrices ([HorJoh13, §2.1])

In this chapter, n will usually denote a nonnegative integer.

Lecture 1 starts here.

1.1. Inner products

We recall a basic definition regarding complex numbers:

Definition 1.1.1. Let z € C be a complex number. Then, the complex conjugate of

z means the complex number a — bi, where z is written in the form z = a + bi for

some a,b € R. In other words, the complex conjugate of z is obtained from z by

keeping the real part unchanged but flipping the sign of the imaginary part.
The complex conjugate of z is denoted by z.

Complex conjugation is known to preserve all arithmetic operations: i.e., for any
complex numbers z and w, we have

+w and zZ— —w and

N
g
I
N

z+w=

7 and z/w =

/

I

N
N
N

zZ-w

Also, a complex number z satisfies z = z if and only if z € R. Finally, if z is any
complex number, then zz = |z|2 is a nonnegative real.

X1 n
. eie X2 Y2
Definition 1.1.2. For any two vectors x = . cC'andy = . c C",
Xn Yn
we define the scalar
(x,y) =11 +xX2y2 + -+ + Xy € C (1)

(where z denotes the complex conjugate of a z € C). This scalar (x,y) is called
the inner product (or dot product) of x and y.

_( 1+ 2 _( i 2
Example 1.1.3. If x = (2—1—31')6(: and y = (4+i>EC,then

(x,y) = (1+1) (=) + (24 3i) (4 +1)
= (1+i)i+ (24 3i) (4 —1i)
=i—1+8—2i+12i+3 =10+ 11i.
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Some warnings about the literature are in order:

e Some authors (e.g., Treil in [Treill5]) write (x,y) instead of (x,y) for the inner

product of x and y. This can be rather confusing, since (x,y) also means the
pair consisting of x and y.

The notation (x, y), too, can mean something different in certain texts (namely,
the span of x and y); however, it won’t have this second meaning in our
course.

If I am not mistaken, Definition is also not the only game in town. Some
authors follow a competing standard, which causes their (x,y) to be what we
would denote (y, x).

Finally, the word “dot product” often means the analogue of (x,y) that does
not use complex conjugation (i.e., that replaces (1) by (x,y) := x1y1 + x2y2 +

-+ + x,yy). This convention is used mostly in abstract algebra, where com-
plex conjugation is not considered intrinsic to the number system. We will not
use this convention. For vectors with real entries, the distinction disappears,
since A = A for any A € R.

LA
o Y2 .
Definition 1.1.4. For any column vector y = _ € C", we define the row
Yn
vector

Proposition 1.1.5. Let x € C" and y € C". Then:
(@) We have (x,y) = y*x.
(b) We have (x,y) = (y,
(c) We have (x + ', y) =
)=

X).
{

(x,y) + (x,y') for any y’ € C".

x,y) + (x',y) for any x" € C".
(d) We have (x,y +vy
(e) We have (Ax,y) = A (x,y) for any A € C.
(f) We have (x, A > A{x,y) for any A € C.
(g) We have (x —x',y) = (x

(h) We have <x,y y') =

x,y) — (x',y) for any x" € C".
x,y) — (x,y') for any ' € C".

k
= Y. Ai{xj,y) for any k € IN, any xq,xp,...,x, € C"
i=1

k
(i) We have ( ) Ajxj,y
i=1

\/

and any Ay, Ay, ..., A € C.
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k —
(j) We have <x, )3 )Liyi> = Y. Ai(x,y;) for any k € N, any y1,y2,...,yx € C"
=1

1=
and any Ay, Ay, ..., A € C.

It

1

Proof. Parts (a) till (h) are straightforward computations using Definition [1.1.2}
since

¢ the multiplication in C is commutative;

e we havez =z forany z € C.
Parts (i) and (j) follow from parts (c), (d), (e) and (f) by induction on k. O

Proposition 1.1.6. Let x € C". Then:
(a) The number (x, x) is a nonnegative real.

(b) We have (x, x) > 0 whenever x # 0.
Proof. Write x as x = (X1 Xp -+ Xy )T. Then, the definition of (x, x) yields

(x,x) = x1%7 + x2X3 + - - - + Xn Xy
= [x1 [+ |xoP 4+ |3, 2)

since any complex number z satisfies zz = ]z]z. Since all the absolute values

|x1], |x2|, ..., |xn| are real, this yields immediately that (x, x) is a nonnegative real.
Thus, Proposition (a) is proved.

(b) Assume that x # 0. Thus, at least one i € [n] satisfies x; # 0 and therefore
|x;|* > 0. This entails (x,x) = \x1|2 + |0+ A+ |xn\2 > 0 (because a sum of
nonnegative reals that has at least one positive addend is always > 0). In view of
(@), this rewrites as (x, x) > 0. This proves Proposition (b). O

Definition 1.1.7. Let x € C". We define the length of x to be the nonnegative real
number

[¥[] =/ (%, x).

This is well-defined, since Proposition (a) says that (x, x) is a nonnegative
real.

141

Example 1.1.8. If x = ( 3_ 0

) € C?, then

(x,x) = (1+1) (1+1) + (3—2i) (B+2i) = (1+1i) (1 —i) + (3 —2i) (3+2i)
=14+1+9+4=15

and thus ||x|| = 1/{x, x) = V/15.

January 4, 2022
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The length ||x|| of a vector x € C" is sometimes also called the norm of x (but
beware that other things are called “norms” as well).
A vector x € C" has zero length if and only if it is 0:

| Proposition 1.1.9. Let x € C". Then, ||x|| = 0 if and only if x = 0.

Proof. The “if” part follows from ||0|| = 0, which is obvious. To prove the “only if”
part, we assume that ||x|| = 0. Thus, (x,x) = 0 (since ||x|| = /(x, x)). However,
if we had x # 0, then Proposition (b) would yield (x,x) > 0, which would
contradict (x,x) = 0. Thus, we cannot have x # 0. Hence, x = 0. Thus, the “only
if” part is proven. O

| Proposition 1.1.10. For any A € C and x € C", we have ||Ax|| = |A] - ||x]|.

Proof. Straightforward. O
Exercise 1.1.1. |3| Let x € C" and y € C". Prove that

[l + 911 = 11x[[* = [lyll* = (x,y) + (y,x) = 2-Re(x,).
Here, Re z denotes the real part of any complex number z.

One of the most famous properties of the inner product is the Cauchy-Schwarz
inequality (see [Steele04] for various applications):

Theorem 1.1.11 (Cauchy-Schwarz inequality). Let x € C" and y € C" be two
vectors. Then:

(a) The inequality
[x[[ - [yl = [x )
holds.

(b) This inequality becomes an equality if and only if the pair (x,y) of vectors
is linearly dependent.

Proof of Theorem If x = 0, then Theorem is obvious (because the in-
equality in part (a) simplifies to 0 > 0, and since the pair (0,y) of vectors is always
linearly dependent). Hence, for the rest of this proof, we WLOG assume that x # 0.

Thus, Proposition (a) yields that (x, x) is a nonnegative real, and Proposition
(b) yields (x,x) > 0. Let a := (x,x). Then, a = (x,x) > 0. Furthermore, let

b:= (y,x) € C. Thus, b = (y,x) = (x,y) (by Proposition [1.1.5 (b)).
Now, Proposition (a) (applied to bx — ay instead of x) yields that

(bx —ay,bx —ay) > 0. 3)

January 4, 2022
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Since

(bx — ay, bx — ay)

= bx,bx —a — ay,bx —a by P ition [1.1.5((g)
{ y) (ay Y) (by Proposition [I.1.5(g))
=(bx,bx)—(bx,ay) =(ay,bx)—{ay,ay)

(by Proposition (h))  (by Proposition (h)

— {bx, bx) — (bv,ay) — ({ay, bx) — (ay, ay))
(bx, bx) + (ay, ay)
——— ——

=b(x,bx) =a(y,ay
(by Proposition (e)) (by Proposition (e)

- (bx, ay) - (ay, bx)
——— N —
=b(x,ay) =a(y,bx)
(by Proposition (e)) (by Proposition (e)
=b (x, bx) +a (y,ay)
~—— N —
=b(xx) =aly.y)
(by Proposition ) (by Proposition )
b (ma) - (gby)
—— ——

=a(xy) =b(y,x)

(by Proposition () (by Proposition ®)
=bb{x,x)+a @ (yy)—b @ (xy) —ablyx)

—— ~ ~ ~—— e~
=a (since a€R) (since a€R) =b =b
= bba+ _aa (y,y) — ba b— abb
=a? =ab =bba

= bba + a* (y,y) — abb — bba = a* (y,y) —abb = a (a (v, y) —bE) ,

we can rewrite this as 3
a (a (v, y) — bb) > 0.
We can divide both sides of this inequality by a (since a > 0). Thus, we obtain

a(y,y) —bb>0.

In other words, 3
a(y,y) = bb.

In view of
a=(x,x)=||x|]? (since [|x|| = 1/ (x, x) (by the definition of ||x||)>
and

w,y) =yl (since [yl = \/ (v, y) (by the definition of ||y|| ))

January 4, 2022
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and

bb=b_b =Dbb= ‘E (because 2z = |z|* for any z € C) ,

—2 —
we can rewrite this as ||x||* [|y|[* > )b‘ . Since ||x|| and ||y|| and ‘b‘ are nonnegative
reals, we can take square roots on both sides of this inequality, and obtain ||x|| -

lly|| > ‘E. In other words, ||x||-|ly|| > [{x,y)| (since b = (x,y)). This proves
1.1.11

Theorem (a).

(b) Our above proof of the inequality ||x|| - ||y|| > |(x, y)| shows that this inequal-
ity can only become an equality if (bx — ay, bx — ay) = 0 (since it was obtained by a
chain of reversible transformations from the inequality (3)). But this happens if and
only if bx — ay = 0 (since Proposition[I.1.6) (b) shows that (bx — ay, bx —ay) > 0 in
any other case). In turn, bx — ay = 0 entails that the pair (x,y) is linearly depen-
dent (since a > 0). Thus, the inequality ||x|| - ||y|| > |{x,y)| can only become an
equality if the pair (x,y) is linearly dependent. Conversely, it is easy to see that if
the pair (x,y) is linearly dependent, then the inequality ||x|| - ||y|| > |{x,y)| indeed
becomes an equality (because in light of x # 0, the linear dependence of the pair
(x,y) yields that y = Ax for some A € C). Thus, Theorem (b) is proven. [J

Using Theorem [1.1.11}and Exercise we can easily obtain the following:
Theorem 1.1.12 (triangle inequality). Let x € C" and y € C". Then:

(@) The inequality ||x|| + ||y|| > ||x + y|| holds.

(b) This inequality becomes an equality if and only if we have y = 0 or x = Ay
for some nonnegative real A.

I Exercise 1.1.2. | 3| Prove Theorem

Theorem [1.1.12| (a) is the reason why the map C" — R, x — ||x|| is called a
“norm”.

1.2. Orthogonality and orthonormality

We shall now define orthogonality first for two vectors, then for any tuple of vec-
tors.

Definition 1.2.1. Let x € C" and y € C" be two vectors. We say that x is
orthogonal to y if and only if (x,y) = 0. The shorthand notation for this is
le J_ yll.

The relation L is symmetric:

January 4, 2022
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Proposition 1.2.2. Let x € C" and y € C" be two vectors. Then, x L y holds if
and only if y L x.

Proof. Follows from Proposition (b). O

Definition 1.2.3. Let (u1,uy, ..., u;) be a tuple of vectors in C". Then:

(a) We say that the tuple (uy,uy, ..., uy) is orthogonal if we have
up L ug whenever p # g.

(b) We say that the tuple (u1,uy, ..., uy) is orthonormal if it is orthogonal and
satisfies
furl[ = [Juzf| = - = [lue][ = 1.

(c) We note that the orthogonality and the orthonormality of a tuple are pre-
served when the entries of the tuple are permuted. Thus, we can extend both
notions (“orthogonal” and “orthonormal”) to finite sets of vectors in C": A set
{uy, uy, ..., ux} of vectors in C" (with uy, uy, ..., u; being distinct) is said to be
orthogonal (or orthonormal, respectively) if and only if the tuple (uq,up, ..., ux) is
orthogonal (resp., orthonormal).

(d) Sometimes, we (sloppily) say “the vectors uj,uy,...,u; are orthogonal”
when we mean “the tuple (u1,uy,...,u) is orthogonal”. The same applies to
“orthonormal”.

1 0 0
Example 1.2.4. (a) The tuple O, 11],]10 of vectors in C3 is or-
0 0 1

thonormal. It is also a basis of C3, and known as the standard basis.

(b) More generally: Let n € IN. Let ey, e, ...,e;, € C" be the vectors defined by

ei=(00 - 0100 --- 0)".

[ J/

~
the 1 is in the i-th position;
all other entries are 0

Then, (eq,ez,...,e,) is an orthonormal basis of C", and is known as the standard
basis of C".

1 0
(c) The pair —i |, 2 of vectors in C is orthogonal (but not or-
2 1

thonormal). Indeed,

1 0
< —i |, | 2 >:1~6+(—i)~2+2~i:0—2+2:0.
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Math 504 notes page 12

1 0
1 1
(d) The pair | —=| —i |,— | 2i of vectors in C3 is orthonormal.
’ (“5( 2 ) V5 ( 1 ))

(This is just the previous pair, with each vector scaled so that its length becomes
1.)

Proposition 1.2.5. Let (uy,uy, ..., u;) be an orthogonal tuple of nonzero vectors
in C". Then, the tuple

( 1 u 1 u 1 u )
1, 27 ey T 1 UK
[ua || [Juz]] Iz

Proof. Straightforward. (Observe that any two orthogonal vectors remain orthogo-
nal when they are scaled by scalars.) O

is orthonormal.

Proposition 1.2.6. Any orthogonal tuple of nonzero vectors in C”" is linearly in-
dependent.

Proof. Let (u1,uy, ..., ux) be an orthogonal tuple of nonzero vectors in C". We must
prove that it is linearly independent.
Indeed, for any i € [k] and any Ay, Ay, ..., Ax € C, we have

<A1u1 4+ Aty + - - - 4+ Aguy, ui>
= Aq () + Ag (ug, i) + - 4 A (g, 1)
(by parts (c) and (e) of Proposition [1.1.5))

= A (uj,ui) + Y A (uj, u;)

jelk); —

J71 (sincgujLui

(because (uq,up,...,ux) is
an orthogonal tuple))

= A (uj, uj) . (4)

For any i € [k], we have u; # 0 (since (11, Uy, ..., uy) is a tuple of nonzero vectors)
and thus
(uj, u;) >0 5)
(by Proposition (b), applied to x = u;).
Now, let A, Ay, ..., Ar € C be such that Aju; + Apuys + - - - + Agup = 0. Then, for
each i € [k], we have

A <I/li, ui> = <(\1u1 + Ay + - - + /\ku@, ui> (by (E[))
=0

= (O,ul-> =0
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and therefore A; = 0 (indeed, we can divide by (u;, u;), because of ).

Forget that we fixed A1, Ay, ..., Ax. We thus have shown that if A1, A,,...,Ax € C
are such that Ajuq + Apup + - -+ + Aguyp = 0, then we have A; = 0 for each i € [k].
In other words, (uy,uy,...,ux) is linearly independent. This proves Proposition

1.2.6] O

The following simple lemma will be used further below:

Lemma 1.2.7. Let k < n. Let ay, ap,...,a; be k vectors in C". Then, there exists a
nonzero vector b € C" that is orthogonal to each of a1, a5, ..., a.

. T . .
Proof. Write each vector a; as a; = ( a;1 a;» --- a;, ) . Now, consider an arbi-
1 1 7 2 7

trary vector b = ( by bp --- by )T € C", whose entries by, bs,...,b, are so far
undetermined. This new vector b is orthogonal to each of ay,4ay,...,a¢ if and only
if it satisfies

(b,a;) =0 foralli € [k].
In other words, this new vector b is orthogonal to each of a1, a5, ..., a; if and only
if it satisfies

biaj1 + boajp +-- - +bpa;,, =0 for all i € [k]

(since (b,a;) = bya;1 +boa;; + - - - + bua;, for each i € [k]). In other words, this new
vector b is orthogonal to each of a1, ay, ..., a; if and only if it satisfies the system of
equations

biaig +baiy+ -+ byar, =0;

biayy + byagy + - - + buay, =0;

b1agy + by + -+ + by, = 0.
But this is a system of k homogeneous linear equations in the n unknowns by, by, . . ., by,
and thus (by a classical fact in linear algebraEb has at least one nonzero solu-
tion (since k < n). In other words, there exists at least one nonzero vector b =

(b1 by - by )T € C" that is orthogonal to each of ay,ay,...,a;. This proves
Lemma
Here is a neater way to state the same argument: We define a map f : C" — C by

setting

(w, @)

(w, az)

f(w) = ) for each w € C".
(w, ag)

2The fact we are using here is the following: If p and g are two integers such that 0 < p < g, then
any system of p homogeneous linear equations in 4 unknowns has at least one nonzero solution.
Rewritten in terms of matrices, this is saying that if p and g are two integers such that 0 < p < g,
then any p x g-matrix has a nonzero vector in its kernel (= nullspace). For a proof, see, e.g.,
[Strick20, Remark 8.9] or (rewritten in the language of linear maps) [LaNaSc16, Corollary 6.5.3
item 1].
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It is easy to see that this map f is C-linear. (Indeed, Proposition (c) shows that every
two vectors x,x" € C" and every i € [k] satisfy (x +x',a;) = (x,a;) + (x',a;); therefore,
every two vectors x,x" € C" satisfy f (x +x') = f (x) + f (x'). Similarly, Proposition [1.1.5]
(e) can be used to show that f (Ax) = Af (x) for each A € C and x € C". Hence, f is
C-linear.)

Now, we know that f is a C-linear map from C" to C*. Hence, the rank-nullity theorem
(see, e.g., [Ireill5, Chapter 2, Theorem 7.2] or [Knappl6, Chapter II, Corollary 2.15] or
[Goodmalb, Proposition 3.3.35]) yields that

n = dim (Ker f) 4+ dim (Im f),

where Ker f denotes the kernel of f (that is, the subspace of C" that consists of all vectors
v € C" satisfying f (v) = 0), and where Im f denotes the imagdﬂ of f (that is, the subspace
of CF consisting of all vectors of the form f (v) with v € C"). Therefore,

dim (Ker f) = n — dim (Im f) .

However, Im f is a vector subspace of C¥, and thus has dimension < k. Thus, dim (Im f) <
k < n, so that
dim (Ker f) =n—dim(Imf) >n—n =0.
N e’
<n

This shows that the vector space Ker f contains at least one nonzero vector b. Consider this
b. Thus, b € Ker f C C".
However, b € Ker f shows that f(b) = 0. But the definition of f yields f(b) =
(b, a1) (b, a1)

(b, a2) (b, az) , -
_ . Thus, . = f(b) = 0. In other words, each i € [k]| satisfies

(b, ax) (b, ay)
(b,a;) = 0. In other words, each i € [k] satisfies b L a;. In other words, b is orthogo-
nal to each of ay, 4y, ..., ax. Thus, we have found a nonzero vector b € C" that is orthogonal
to each of ay,ay, ..., a;. This proves Lemma [1.2.7] O

Corollary 1.2.8. Let (u1,uy, ..., u;) be an orthogonal k-tuple of nonzero vectors
in C". Then, we have k < n, and we can find n — k further nonzero vectors
Ugi1, Ugto, - - -, Un such that (uq,up, ..., uy,) is an orthogonal basis of C".

I Exercise 1.2.1. |2 | Prove Corollary

Corollary 1.2.9. Let (ujy,up,...,ux) be an orthonormal k-tuple of vectors in
C". Then, we have k < n, and we can find n — k further nonzero vectors
Ugi1, Ugso, - - -, Un such that (uq,uy, ..., uy,) is an orthonormal basis of C".

3also known as “range”
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Proof. The k-tuple (uy,uy,...,ux) is an orthogonal tuple of nonzero vectors (since
it is orthonormal). Hence, Corollary yields that we can find n — k further
nonzero vectors Uyy1, Ukio, - .., Uy such that (uq,uy,...,u,) is an orthogonal basis
of C". Consider these n — k vectors w1, Ugp, ..., Uy, and replace them by

1 1 1
Ukt1, U2, ooy mun,

|| tgga]] || tgs2]|

respectively. Then, the orthogonal basis (u1,uy,...,u,) becomes an orthonormal
basis (since an orthogonal basis remains orthogonal when we scale its entries, and
since the first k vectors uy,uy, ..., u; already have length 1 by assumption). Thus,

Corollary is proved. O

1.3. Conjugate transposes

The following definition generalizes Definition [1.1.4}

a1 Am
Definition 1.3.1. Let A = o € C" be any n X m-matrix.

aAn1 - Anm
Then, we define the m x n-matrix

L R 7 |
A* — . . . eCan

Aom - Anm

This matrix A* is called the conjugate transpose of A.

This conjugate transpose A* can thus be obtained from the usual transpose AT
by conjugating all entries.

6 2+4i 10—i) — | 213 2-4

14i 2-3i 5 )* -1 6
~5i 10+i

Example 1.3.2. <

In the olden days, the conjugate transpose of a matrix was also known as the
“adjoint” of A. Unsurprisingly, this word has at least one other meaning, which
opens the door to a lot of unwanted confusion; thus we will speak of the “conjugate
transpose” instead.

Some authors use the alternative notation A" (read “A dagger”) for A*. (The
Wikipedia suggests calling it the “bedaggered matrix A”, although I am not aware
of anyone using this terminology outside of the Wikipedia.)

The following rules for conjugate transposes are straightforward to check:
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Proposition 1.3.3. (a) If A € C""™ and B € C"*™ are two matrices, then
(A+B)" = A* + B*.

(b) If A € C"™™ and A € C, then (AA)" = AA*.

(0) If A € C™" and B € C"™*¥ are two matrices, then (AB)* = B*A*.

(d) If A € C™™ then (A*)" = A.

1.4. Isometries

| Definition 1.4.1. An n X k-matrix A is said to be an isometry if A*A = I.

Proposition 1.4.2. An n x k-matrix A is an isometry if and only if its columns
form an orthonormal tuple of vectors.

Proof. Let A be an n X k-matrix with columns ay,ay, ..., a; from left to right. There-

fore,
| | -
A= ay - a and thus A* = :
| | — a —
Hence,
aja; ajap --- ajdg
* *
AeA— a>ay a,ap .- Aydg
agay agap - agag
lall* (ay,a2) - (a1, a)
| e - (a2
2
(a,a1) (agaz) -+ [lak]
On the other hand,
10 --- 0
01 --- 0
Iy =
00 --- 1

Thus, A*A = I holds if and only if we have

(ap,a0) =0 forall p # g
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and
HaPHZ =1 for each p.

In other words, A*A = I holds if and only if we have
ap L a, forall p #¢q

and
|a1]| = [laz|| = - = ||ax]| = 1.

In other words, A is an isometry if and only if (a3, 4y, ...,ax) is orthonormal. This
proves Proposition [1.4.2] O

Isometries are called isometries because they preserve lengths:

Proposition 1.4.3. Let A € C"*F be an isometry. Then, each x € CF satisfies
[|Ax[} = |[x[]

Proof. We have A*A = I (since A is an isometry). Let x € CK. Then, the definition

of ||Ax|| yields ||Ax|| = y/(Ax, Ax). Hence,

Ax|> = Ax, Ax
= Ax)* Ax by Proposition [1.1.5| (a)
y P

——
(by Proposition [33 ()
=x"A"Ax (6)
=x"x (since A*A = [)
= (x, x) (by Proposition (@)
= |

(since the definition of ||x|| yields ||x|| = 1/{(x,x)). In other words, we have
||Ax|| = ||x|| (since ||Ax|| and ||x|| are nonnegative reals). This proves Propo-
sition [1.4.3] O

Remark 1.4.4. Another warning on terminology: Some authors (e.g., Conrad in
[Conrad|, “Isometries”]) use the word “isometry” in a wider sense than we do.
Namely, they use it for arbitrary maps from C¥ to C" that preserve distances.
Our isometries can be viewed as linear isometries in this wider sense, because a
matrix A € C"*¥ corresponds to a linear map from C* to C". However, not all
isometries in this wider sense are linear.

1.5. Unitary matrices

1.5.1. Definition, examples, basic properties
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Definition 1.5.1. A matrix U € C"*¥ is said to be unitary if and only if both U
and U* are isometries.

Lecture 2 starts here.

1

1 -1
to see that A*A = I, so that A is an isometry. Thus, A* is an isometry as well,
since A* = A. Hence, A is unitary.

(b) A1 x 1-matrix ( A ) € C'*! is unitary if and only if |A| = 1.

1
Example 1.5.2. (a) The matrix A = E ( ) is unitary. Indeed, it is easy

(c) For any n € IN, the identity matrix I, is unitary.

(d) Let n € N, and let o be a permutation of [n] (that is, a bijective map
from [n] to [n]). Let Py be the permutation matrix of o; this is the n x n-matrix
whose (0 (j),j)-th entry is 1 for each j € [n], and whose all other entries are 0.
For instance, if n = 3 and if ¢ is the cyclic permutation sending 1,2,3 to 2,3,1
(respectively), then

001
P,=[100
010

The permutation matrix P, is always unitary (for any n and any permutation
). Indeed, its conjugate transpose (P,)" is easily seen to be the permutation
matrix P,_1 of the inverse permutation ¢~!; but this latter permutation matrix
P, 1 is also the inverse of P;.

(e) A diagonal matrix diag (Aq,Ap,...,Ay) € C**" is unitary if and only if
its diagonal entries A1, Ay, ..., A, lie on the unit circle (i.e., their absolute values
|A1], [A2|, ..., |An] all equal 1).

Unitary matrices can be characterized in many other ways:

Theorem 1.5.3. Let U € C"*¥ be a matrix. The following six statements are
equivalent:

e A: The matrix U is unitary.
e 3: The matrices U and U* are isometries.

e C: We have UU* = [,, and U*U = I.

D: The matrix U is square (that is, n = k) and invertible and satisfies
u-t=u-.

&: The columns of U form an orthonormal basis of C".

F: The matrix U is square (that is, n = k) and is an isometry.
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Proof. The equivalence A <= B follows immediately from Definition The
equivalence B <= C follows immediately from the definition of an isometry (since
(U*)* = U). The implication D = C is obvious. The implication ¢ = D
follows from the known fact (see, e.g., [Ireill5, Chapter 2, Corollary 3.7]) that every
invertible matrix is square. Let us now prove some of the other implications:

e D — &£: Assume that statement D holds. Then, U*U = I, (since U~ = U*),
and therefore U is an isometry. Hence, Proposition shows that the tuple
of columns of U is orthonormal. However, the columns of U form a basis
of C" (because U is invertible), and this basis is orthonormal (since we have
just shown that the tuple of columns of U is orthonormal). Thus, statement £
holds. We have thus proved the implication D = £.

e £ — D: Assume that statement £ holds. Then, the columns of U form
an orthonormal basis, hence an orthonormal tuple. Thus, Proposition [1.4.2]
shows that U is an isometry, so that U*U = I;. However, U is invertible
because the columns of U form a basis of C". Therefore, from U*U = I, we
obtain U~ = U*. Finally, the matrix U is square, since any invertible matrix
is square. Thus, statement D holds. We have thus proved the implication
&= D.

e D = F: The implication D = F is easy (since U~ = U* entails U*U = I,
which shows that U is an isometry).

¢ F = D: Assume that statement F holds. Thus, U is an isometry; that is, we
have U*U = I, = I, (since k = n). However, it is knowrﬁ that a square matrix
A that has a left inverse (i.e., a further square matrix B satisfying BA = I)
must be invertible. We can apply this to the square matrix U (which has a left
inverse, since U*U = I,;), and thus conclude that U is invertible. Hence, from
U*U = I,,, we obtain U~! = U*. Therefore, statement D holds. We have thus
proved the implication /' = D.

Altogether, we have thus proved that all six statements A, B,C, D, £, F are equiv-
alent. 0

Note that Theorem (specifically, the implication A = D) shows that any
unitary matrix is square. In contrast, an isometry can be rectangular — but only tall,
not wide, as the following exercise shows:

I Exercise 1.5.1. |1|Let A € C"*¥ be an isometry. Show that n > k.

4This is one part of the infamous “inverse matrix theorem” that lists many equivalent conditions
for invertibility. See, for example, [Ireill5, Chapter 2, Proposition 3.8].
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Exercise 1.5.2. | 3] (a) Prove that the product AB of two isometries A € C"*" and
B € C"*k is always an isometry.

(b) Prove that the product AB of two unitary matrices A € C"*" and B € C"*"
is always unitary.

(c) Prove that the inverse of a unitary matrix A € C"*" is always unitary.

Exercise shows that the set of all unitary n x n-matrices over C (for a given
n € IN) is a group under multiplication. This group is known as the n-th unitary
group, and is denoted by U, (C).

Exercise 1.5.3. |2|Let U € C"*" be a unitary matrix.
(a) Prove that |detU| = 1.
(b) Prove that any eigenvalue A of U satisfies |A| = 1.

1.5.2. Various constructions of unitary matrices

The next two exercises show some ways to generate unitary matrices:

Exercise 1.5.4. |3| Let w € C" be a nonzero vector. Then, w*w = (w,w) > 0 (by
Proposition (b)). Thus, we can define an n x n-matrix

Uy :=1,—2 (w*w)_1 ww* € C"",

This is called a Householder matrix.
Show that this matrix Uy, is unitary and satisfies Uy, = Uy.

The next exercise uses the notion of a skew-Hermitian matrix:

Definition 1.5.4. A matrix S € C"*" is said to be skew-Hermitian if and only if
S* = —-8S.

) is skew-Hermitian.

. ) ]
For instance, the matrix < 1 0

Exercise 1.5.5. Let S € C"*" be a skew-Hermitian matrix.
(a) Prove that the matrix I,, — S is invertible.

[Hint: Show first that the matrix I,, + S*S is invertible, since each nonzero
vector v € C" satisfies v* (I, + S*S) v = (v,v) + (Sv, Sv) > 0. Then, expand the
~——

=0 S0
product (I, — S*) (I, — S).]

(b) Prove that the matrices I, + S and (I, —S)' commute (i.e., satisfy
(Li4+8)-(I,=8) "' = (I, = S)"' - (I, + 9)).
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(c) Prove that the matrix U := (I, — ) "' - (I, + S) is unitary.
(d) Prove that the matrix U + I, is invertible.
(e) Prove that S = (U — I,) - (U + I,) .

Exercise constructs a mapﬁ

{skew-Hermitian matrices in C"*"} — {U € U, (C) | U + I, is invertible}
S (I, —S) ' (I, +5).

This map is known as the Cayley parametrization of the unitary matrices (and can be
seen as an n-dimensional generalization of the stereographic projection from the
imaginary axis to the unit circle — which is what it does for n = 1). Exercise [1.5.5]
(e) shows that it is injective. It is not hard to check that it is surjective, too.

How close is the set {U € U, (C) | U+ I, is invertible} to the whole unitary
group U, (C) ? The answer is that it is almost the entire group U, (C). Here is a
rigorous way to state this:

Exercise 1.5.6. Let A € C"*" be a matrix. Prove the following:

(@) If A is unitary, then the matrix AA is unitary for each A € C satisfying
Al =1

(b) The matrix AA + I, is invertible for all but finitely many A € C.
[Hint: The determinant det (AA + I,,) is a polynomial function in A.]

(c) The set {U € U, (C) | U+ I, is invertible} is dense in U, (C). (That is,
each unitary matrix in U, (C) can be written as a limit klim Uy of a sequence of
—00

unitary matrices Uy such that Uy + I, is invertible for each k.)

Thus, if the Cayley parametrization does not hit a unitary matrix, then at least it
comes arbitrarily close.

Remark 1.5.5. A square matrix A € C"*" satisfying AAT = ATA = I, is called
orthogonal. Thus, unitary matrices differ from orthogonal matrices only in the
use of the conjugate transpose A* instead of the transpose AT. In particular, a
matrix A € R"*" (with real entries) is orthogonal if and only if it is unitary.

Exercise 1.5.7. | 5| A Pythagorean triple is a triple (p,q,r) of positive integers sat-
isfying p? + g*> = r%. (In other words, it is a triple of positive integers that are
the sides of a right-angled triangle.) Two famous Pythagorean triples are (3,4, 5)
and (5,12,13).

SRecall that U, (C) denotes the n-th unitary group (i.e., the set of all unitary n x n-matrices).
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(a) Prove that a triple (p,q,r) of positive integers is Pythagorean if and only if

the matrix ( Z ;: —pq//rr ) is unitary.
(b) Let ( cg Z be any unitary matrix with rational entries. Assume that a

and c are positive, and write a and ¢ as p/r and q/r for some positive integers
p,q,r. Show that (p,q,r) is a Pythagorean triple.

(c) Find infinitely many Pythagorean triples that are pairwise non-
proportional (i.e., no two of them are obtained from one another just by mul-
tiplying all three entries by the same number).

[Hint: Use the S — U construction from Exercise [1.5.5]]

We shall soon see one more way to construct unitary matrices from smaller ones,
using the notion of block matrices, which we shall now introduce.

Incidentally, here is another simple but useful property of skew-Hermitian ma-
trices:

Exercise 1.5.8. Let A,B € C" " be two skew-Hermitian matrices. Show that
AB — BA is again skew-Hermitian.

1.6. Block matrices
1.6.1. Definition

Definition 1.6.1. Let F be a field. Let n,m,p,q € IN. Let A € [F**F, B € "™,
C € F"*P and D € F"*1 be four matrices. Then, ( é IB) ) shall denote the
(n+m) x (p+ q)-matrix obtained by “gluing” the four matrices A, B,C,D to-
gether in the manner suggested by the notation (i.e., we glue B to the right edge
of A, we glue C to the bottom edge of A, and we glue D to the right edge of C

and to the bottom edge of B). In other words, we set

Ap A1p -0 Ay Bin Bip -+ By

Apy Azp -+ Azp By Bap o Bay

( A B ) _ Ap1 Anp An,p Bn,l By By, q
C D Cip Cip Cip D11 Dip Dy,
Cp Cop Cop D21 Dop D>,

Cm 1 Cm,z Cm,p Dm,l Dm,z Dm,q

(where, as we recall, the notation M; ; denotes the (i,)-th entry of a matrix M).
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a a

Example 1.6.2. If A = (a” o ) and B = ( 5, > and C = (¢ ¢’ ) and

a a b
—_ A B _ 1 174) /
D(d),then(CD)(a al l;l )

c c

The notation introduced in Definition [1.6.1| is called block matrix notation, and can
be generalized to more than four matrices:

Definition 1.6.3. Let F be a field. Let u,v € IN. Let ny,ny,...,n, € N and
p1,P2,---, P € N. For each i € [u] and j € [v], let A (i,j) € F"*Pi be a matrix.
(We denote it by A (i, ]) instead of A;; to avoid mistaking it for a single entry.)
Then,

A(L,1) A(L2) --- A(10)
A(2,1) A(2,2) -+ A(20)
A1) Aw,2) -+ A(u,v)

shall denote the (11 +mnp +---+mny) x (p1+ p2+ - - - + po)-matrix obtained by
“gluing” the matrices A (i,j) together in the manner suggested by the notation.
In other words,

A1) A(L2) - A(Lo)
A1) AQ22) - A(20)
A1) A@w2) - Awo)

shall denote the (ny+mny+---+mny) x (p1+p2+---+ po)-matrix whose
(mA4ny+---+n_1+k pr+pr+---+pj_1+L)-thentryis (A(i,f)), for all
i€(ulandje [v]and k € [n;] and £ € [p;].

Alternatively, this matrix can be defined abstractly using direct sums of vector
spaces; see [Bourba74, Chapter II, §10, section 2] for this definition.

Example 1.6.4. Let 05> denote the zero matrix of size 2 x 2. Then,
00 1 0 00O
00 0 1 00O
OZI“ 012 gm 110 0 0 00
02 j;zzlxz_01oooo
2x2 T2 2 00 -1 0 10
00 0 -101

In Definition the big matrix (7) is called the block matrix formed out of the
matrices A (i, j); the single matrices A (i, j) are called its blocks.
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1.6.2. Multiplying block matrices

One of the most useful properties of block matrices is that they can be multiplied
“as if the blocks were numbers” (i.e., by the same formula as for regular matrices),
provided that the products make sense. Let us state this more precisely — first for
the case of four blocks:

Proposition 1.6.5. Let F be a field. Let n, n’, m, m’, ¢ and ¢’ be six nonnegative
integers. Let A € F"™"™ B ¢ Frxm' e Fxm o p g Frxm Al ¢ pmxt
B e F<Y C' e F"*! and D' € F" %Y. Then,

A B A" B\ ( AA'+BC' AB +BD'
C D cC D) \CA+DC CB +DD )’

For comparison, here is the formula for the product of two 2 x 2-matrices (con-
sisting of numbers, not blocks):

a b a b\ ([ aad +bcd ab +bd

¢ d ¢ d ) \cd+dd cb+dd
(for any a,b,c,d,a’,V',c',d" € F). Thus, Proposition is saying that the same
formula can be used to multiply block matrices made of appropriately sized blocks.

Thus, roughly speaking, we can multiply block matrices “as if the blocks were
numbers”. To be fully honest, two caveats apply here:

/ /
¢ In the formula for ( Z Z ) < i, Z, ), we can write the right hand side in

many different ways: e.g., we can replace aa’ by a’a, because multiplication
of numbers is commutative. In contrast, multiplication of matrices is not
commutative, so that we cannot replace AA’ by A’A in Proposition [1.6.5]
Thus, we can multiply block matrices “as if the blocks were numbers”, but
we have to keep the blocks in the correct order (viz., in the order in which
they appear on the left hand side).

¢ We cannot use Proposition to multiply two arbitrary block matrices;
indeed, Proposition requires the blocks to have “matching” dimensions.
For example, A must have as many columns as A’ has rows (this is enforced
by the assumptions A € "™ and A’ € F"*"). If this wasn’t the case, then
the product AA’ on the right hand side wouldn’t even make sense!

Proof of Proposition[1.6.5 Just check that each entry on the left hand side equals
the corresponding entry on the right. This is a straightforward computation that
is made painful by the notational load and the need to distinguish between four
cases (depending on which block our entry lies in). Do one of the four cases to
convince yourself that there is nothing difficult here. (See [Grinbel5|] for all the
gory details.) O
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Unsurprisingly, Proposition generalizes to the multi-block case:

Proposition 1.6.6. Let F be a field. Let u,v,w € IN. Let ny,ny,...,n, € IN
and p1,p2,...,pv € N and q1,92,...,qw € N. For each i € [u] and j € [v], let
A (i,j) € F"*Pi be a matrix. For each j € [v] and k € [w], let B (j, k) € FPi*% be
a matrix. Then,
A(1,1) A(1,2) A(1,0) B(1,1) B(1,2) B (1,w)
A(2,1) A(2,2) A(2,0) B(2,1) B(2,2) B (2,w)
Aul) Aw,2) -+ A(u,0) B(v,1) B(v,2) --- B(v,w)
LAML)BGY) L AWL)BG2) - L AL B(w)
= = =
EACHBGY EARDEGD - LAR)BGw)
=1 j= j= j=
v . . U .. . U .' .
,ZlA (u,/)B(j,1) ,ZlA (u,j)B(,2) - ,ElA (u,7) B(j,w)
= = =
Proof. Just like Proposition but with more indices. In short, fun! O

1.6.3. Block-diagonal matrices

Definition 1.6.7. Block-diagonal matrices are block matrices of the form (7), where

e we have u = v,

e all matrices A (i,i) are square (i.e., we have n; = p; for all i € [u]), and

e all A(i,j) with i # j are zero matrices.

In other words, block-diagonal matrices are block matrices of the form

A(1,1) 0 0
0 A(22) 0
0 0 o A(u,u)

where A (1,1),A(2,2),...,A(u,u) are arbitrary square matrices, and where
each “0” means a zero matrix of appropriate dimensions.
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As an easy consequence of Proposition we obtain a multiplication rule for
block-diagonal matrices that looks exactly like multiplication of usual diagonal
matrices:

Corollary 1.6.8. Let u € IN. Let ny,ny,...,n, € N. For each i € [u], let A (i,1)
and B (i, i) be two n; x n;-matrices. Then,
ALl 0 - 0 B(,1) 0 - 0
0 A(22) 0 B(2,2) 0
0 0 A (u,u) 0 0 B (u,u)
A(1,1)B(1,1) 0 0
0 A(2,2)B(2,2) 0
0 0 - A(u,u)B(u,u)
(Here, each “0” means a zero matrix of appropriate dimensions.)

Example 1.6.9. Let u = 2 and ny = 1 and n; = 2. Let A(1,1) = (a ) and

/ /
A(2,2) = < Z Z ) and B(1,1) = (4’ )and B(2,2) = ( Z, z, ) Then, Corol-
lary says that

( A((l)ll) A(g,z) ) ( B(éll) B(g,z) ) B ( A(Ll)oB o A(2,2)OB (2,2) )

i.e., that
a 00 a 0 0 aa' 0 0
0 b c 0obv ¢ | = 0 bb+cd bl +ce |.
0 d e 0 e 0 db +ed dc +ee

Corollary can be stated (somewhat imprecisely) as follows: To multiply
two block-diagonal matrices, we just multiply respective blocks with each other.
The same applies to addition instead of multiplication. Thus, one can think of the
diagonal blocks in a block-diagonal matrix as separate matrices, which are stuck
together in a block-diagonal shape but don’t interfere with each other.

Taking powers of block-diagonal matrices follows the same paradigm:

R

| Corollary 1.6.10. Let u € IN. Let ny,ny,...,n, € IN. For each i € [u], let A (i, 1)
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be an n; x n;-matrix. Then,
k
A(1,1) 0 0
0 A(2,2) 0
0 0 A(u,u)
(Ao 0
B 0 (A(2,2) 0
0 0 o (A(uu))*
for any k € IN. (Here, each “0” means a zero matrix of appropriate dimensions.)

Proof. Straightforward induction on k. The base case (k = 0) says that

I, 0 - 0
0 I, -~ O
In1+n2+-~~+nu = . . . . 7
0 0 - I
which should be fairly clear. The induction step is an easy application of Corollary
[L.6.8 O

Finally, the “diagonal blocks stuck together” philosophy for block-diagonal ma-
trices holds for nullities as well. To wit, the nullity of a block-diagonal matrix is
the sum of the nullities of its diagonal blocks. In other words:

Proposition 1.6.11. Let u € IN. Let ny,ny,...,n, € N. For each i € [u], let A; be
an n; X n;-matrix. Then,
Al 0 - 0
0 Ay -~ 0
dim | Ker . .
0 0 --- A,
= dim (Ker (A1)) + dim (Ker (A7)) + - - - + dim (Ker (Ay)) . (8)

Proof. Let IF be the field that our matrices are defined over. If vy, vpy, ..., 0,

o)
. v(2) .
are u column vectors (of whatever sizes), then ) shall mean the big col-

Ou)
umn vector obtained by stacking these 1 column vectors D01y, 0(2)s -1 V) atop one
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another. (This is the particular case of the block matrix notation from Definition

for v = 1 and p; = 1.) It is easy to see (e.g., using Proposition [1.6.6) that if

01y, 92y, - -, Uy are u column vectors with v ;) € IF" for each i € [u], then

AL 0 - 0 v A1y
0 Ay --- 0 V) Apv g
: : . : : - : ’ ©)
0 o --- Au U(u) Auv<u>
Let N := ny+np + -+ +ny,. Any vector v € FN can be uniquely written in
v
(1
U(2)
block-matrix notation as _ , where each an is a vector in [F". (To wit, we
Olu)

just subdivide v into blocks of sizes ny,ny,...,n, from top to bottom; the topmost
block will be vy, the second-topmost will be v3), and so on. Formally speaking,
for each i € [u], we set N; := ny +np + --- + n;_1, and we let v;;, be the column
vector in F"i whose entries are the (N; +1)-st, (N; +2)-nd, ..., (N; + n;)-th entries
of v.)

o)
. N . . . . . v2)
Now, consider a vector v € F" that is written in block-matrix notation ) ,
Ou)
where each v ;) is a vector in F". Then,
A; 0 - 0 Ar 0 - 0 o)
0 Ay --- 0 0 Ay -+ 0 02)
. . . v - . . .
0 0 Ay 0 0 Ay V)
A1Z7<1>
A2Z7<2
= : (by ©)-
Aut ()
A, 0 -+ 0
0 A, --- 0
Hence, ) . ) v = 0 holds if and only if A;v;; = 0 holds for each
0 O Ay
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Al 0 -+ 0
0 Ay ---
i € [u]. In other words, v € Ker L ) holds if and only if v €
0 0 --- A,
A; 0 -+ 0
0 Ay, --- 0
Ker (A;) holds for each i € [u]. In other words, the vectors in Ker o .
0 0 --- A,
o)
. %2)
are precisely the vectors of the form . , where v(;y € Ker (A;) for each
O{u)
i € [u]. Thus,
A; 0 - 0
0 Ay, -+ 0
Ker | . . . = Ker (A1) @ Ker (Ay) @ --- @ Ker (Ay)
0 0 --- A,
as vector spaces. By taking dimensions on both sides, this yields (8). O

1.6.4. Unitarity

Now, we claim that a block-diagonal matrix is unitary if and only if its diagonal
blocks are unitary:

Proposition 1.6.12. Let u € IN. Let ny,ny,...,n, € IN. For each i € [u], let
A; 0 -+ 0
0 A, -+ 0

A; € C"*" be a matrix. Then, the block-diagonal matrix o )
0 0 --- A,

is unitary if and only if all # matrices Ay, Ay, ..., Ay are unitary.

Proof. Let N =ny +mnz+---+ny. Let

A, 0 -+ 0
0 A, --- 0

A= . : (10)
0 0 --- A,

Thus, we must prove that A is unitary if and only if all u matrices Ay, Ay, ..., Ay
are unitary.

January 4, 2022



Math 504 notes page 30

It is easy to see that

A7 0 0

0 A 0
A* = -2 .

0 0 A

Multiplying this equality by (10), we obtain

Af 0 - 0 A; 0 - 0
0 A5 -~ 0 0 Ay -+ 0
ATA = . , S :

0 0 A% 0 0 Ay

AfA; 0 0
0 AjA, -~ 0

= . . . _ (by Corollary [1.6.8]) .

0 0o - ALA,

On the other hand, it is again easy to see that

I, 0 -~ 0
0 I 0
Iy = )
0 0 - I

(since N = n1 +np + - - - +ny). In light of these two equalities, we see that A*A =
In holds if and only if

AfA; 0 -0 Iy 0 - 0
0 AiAy -+ 0 0 I - 0
0 0 - ALA, 0 0 - Iy

holds, i.e., if and only if we have AfA; = I, for each i € [u]. Likewise, we can see
that AA* = Iy holds if and only if we have A;A} = I, for each i € [u]. Hence, we

January 4, 2022



Math 504 notes page 31

have the following chain of equivalences:

(A is unitary)
< (AA* =Iyand A"A = Iy)
(by the equivalence A <= C in Theorem [1.5.3
<= (we have A;A] =I,, and A7A; = I, for each i € [u])
since we have shown that AA* = Iy holds if and only if
we have A;Af = I, for each i € [u], and since we have
shown that A*A = Iy holds if and only if
we have AfA; = I, for each i € [u]
<= (the matrix A; is unitary for each i € [u])
(by the equivalence C <= A in Theorem [1.5.3))
<= (all u matrices A1, Ay, ..., A, are unitary).

But this is precisely what we need to show. Thus, Proposition (1.6.12]is proven. []

1.7. The Gram—-Schmidt process

Lecture 3 starts here.

We now come to one of the most crucial algorithms in linear algebra.

Theorem 1.7.1 (Gram-Schmidt process). Let (v1,v2,...,vn) be a linearly inde-
pendent tuple of vectors in C".
Then, there is an orthogonal tuple (z1,2y,...,zn) of vectors in C" that satisfies

span {v1,0,...,0;} = span{z1,2y,...,%} forall j € [m].

Furthermore, such a tuple (z1,z,...,zm) can be constructed by the following
recursive process:

* For each p € [m], if the first p — 1 entries z1,2y,...,2z,_1 of this tuple have
already been constructed, then we define the p-th entry z, by the equality

1
v Oz (11)

Zy = Op —
g b k=1 (zk, zk)

(Note that the sum on the right hand side of is an empty sum when
p = 1; thus, simplifies to z; = v1 in this case.)

Roughly speaking, the claim of Theorem is that if we start with any linearly
independent tuple (v1,vy,...,0,) of vectors in C", then we can make this tuple
orthogonal by tweaking it as follows:
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¢ leave v; unchanged;

* modify v, by subtracting some scalar multiple of vy;

* modify v3 by subtracting some linear combination of v; and v5;
¢ modify v4 by subtracting some linear combination of vy, v, v3;

e and so on.

Specifically, the equation tells us (recursively) the precise multiples (and linear
combinations) that we need to subtract. This recursive tweaking process is known
as Gram—Schmidt orthogonalization or the Gram—-Schmidt process.

Example 1.7.2. Here is how the equalities in Theorem look like for
pe€{1,23,4}:

21 = 0y,

22 = U2 — 22, Zl>21;
<21,21>
<U3, Z1> <U3, Zz>

Z3 = U3 — Z1 —

3T (z1,21) ! (z2,22) o

74 = 04 — <U4/ Zl>21 o <U4, ZZ> Z <U4/ Z3>
(z1,21) (z0,22) (z3,23)

Example 1.7.3. Let us try out the recursive construction of (z1,2p,...,zn) from
Theorem on an example. Let n =4 and m = 3 and

1 0 2
1 -2 -2
0 = 1 s Uy = 0 s U3 = 0
1 -2 0
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Then, becomes

1
Z1 =01 = !
1 |7
1
0 1 1
o o <vz,zl)z I A I 3 I O I I
2= <Zl,21> 1= 0 4 1 - 1 !
-2 1 -1
_ (v3,21) (v3,22)
Z3 = 03 — 1— 2
(z1,21) (z2,22)
2 1 1 1
|l -2 0] 1 41 -1 | | —1
|l o | al1 41 1 -1
0 1 -1 1
So
1 1 1
(Z1 2 23) _ 1 -1 -1
152 1|’ 1 |7 | =1
1 -1 1

is an orthogonal tuple of vectors.
According to Proposition we thus obtain an orthonormal tuple

1/2 1/2 1/2
201" Tl=zll™ Tzl 12 |7 | 2 || -1
1/2 —-1/2 1/2

(We are in luck with this example; normally we would get square roots at this
step.)

For more examples of the Gram-Schmidt process, see [Bartle14, Week 3, §4].
(These examples all use vectors in R” rather than C", which allows for visualization
and saves one the trouble of complex conjugates.)

Our proof of Theorem will require a simple lemma from elementary linear
algebra:

Lemma 1.7.4. Let V be a vector space over some field. Let vq,vy,..., v, be some
vectors in V. Let x and y be two further vectors in V. Assume that x —y €
span{vy,vy,...,v}. Then,

span{vy,vy,..., 0, x} = span{vy,va,..., 0, Y} .
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Proof of Lemma Set

S = Span{01102/' . ~/Uk};
X :=span{vy,0s,...,0k,x};

Y :=span{v1,vp,..., 01, Y} .

These three sets S, X and Y are vector subspaces of V (since a span is always
a vector subspace). By assumption, we have x —y € span{vy,vy,...,0¢} = S.
Therefore, — (x —y) € S as well (since S is a vector subspace of V). In other words,
y—x € S (since — (x —y) = y — x). Hence, x and y play symmetric roles in our
situation.

However, x —y € S = span {vy, vy, ...,vx} shows that x — y is a linear combina-
tion of v, vy, ..., 0. In other words,

X —Y = A0+ A0y + - - -+ Ag0y, (12)

where Aq, Ay, ..., A, are some scalars (i.e., elements of the base field). Consider
these scalars. Solving the equality for x, we obtain

X = Mv1+ A0y + -+ Aop .

This shows that x is a linear combination of v, vy, ..., vk, y. In other words, x €
span{vy, vy, ..., y}. In other words, x € Y (since Y = span{v1,va,..., 0, Y}).
On the other hand, each i € [k] satisfies

v; € {vy,v2,...,0,y} Cspan{vy, vy, ..., vy} =Y.

In other words, the k vectors vy,vy,...,v; belong to Y. Since we also know that
x € Y, we thus conclude that all k 41 vectors vy, vy, ..., v, x belong to Y. Since Y
is a vector subspace of V, this entails that any linear combination of vy, vy, ..., g, X
must belong to Y. In other words,

span {vy,v2,..., 0, x} CY

(since span {v1,vy, ..., vk, x} is the set of all linear combinations of v1, vy, ..., v, X).
In other words, X C Y (since X = span{v1,vy,..., 0k, X}).

However, as we explained, x and y play symmetric roles in our situation. Swap-
ping x with y results in the exchange of X with Y. Thus, just as we have proved
X C Y, we can show that Y C X. Combining these two inclusions, we obtain
X =Y. Inview of X = span{vy,vy,...,v,x} and Y = span {v1,vy,...,0x,y}, this
rewrites as

span{v1,vy,..., 0, X} =span{vy,v2, ..., 0, Y} .

This proves Lemma [1.7.4] O

Proof of Theorem We define a tuple (z1, 22, . . ., zn ) recursively by . First, we
need to show that this tuple is actually well-defined - i.e., that the denominators
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(zk, zx) in the equality never become 0 in the process (which would render (11)
meaningless and therefore prevent z, from being well-defined). Second, we need
to show that the resulting tuple does indeed satisfy

span {01,02,...,0]} = span {zl,zz,...,zj} forall j € [m].

Finally, we need to show that the resulting tuple is orthogonal.
Let us prove the first two of these three claims in lockstep, by showing the fol-
lowing claim:

Claim 1: For each p € {0,1,...,m}, the vectors z,2y,...,2z, are well-
defined and satisty

span {vq,02,...,0p} =span{z1,22,...,2p} .

[Proof of Claim 1: We induct on p.

Induction base: Claim 1 is obviously true for p = 0 (since span {} = span {}).

Induction step: Fix some p € [m], and assume that the vectors zq,2,...,z,_1 are
well-defined and satisfy

span {v1,0,...,0p_1} = span{z1,2s,...,2p—1} - (13)

We now need to show that the vectors zy, 2, .. ., z, are well-defined and satisfy

span {vq,02,...,0p} =span{z1,22,...,2p} . (14)

The tuple (vl, Uy, .., vp) is linearly independent (since the tuple (01,02, ..., 0m)
is linearly independent). Thus, the span span {vy, v, ...,v,_1} is (p — 1)-dimensional
and we have v, ¢ span {v1,vy, .. .,vp_l}. Hence,

vp & span {v1,02,...,0,_1} = span{z1,22,...,2p_1} (by (13)).

Now, recall that the span span {vy,vs,...,v,_1} is (p — 1)-dimensional. In view
of , we can rewrite this as follows: The span span {z1,2y,...,2p_1} is (p —1)-
dimensional. In other words, the tuple (zl,zz,. . .,zp_l) is linearly independent.
Hence, for each k € [p — 1], we have z; # 0 and therefore (zy,z;) > 0 (by Propo-
sition (b)), so that (z,z;) # 0. Thus, the denominators on the right hand
side of are nonzero, so that z, is well-defined. Hence, the vectors z1, 2y, ...,z
are well-defined (since we already know that the vectors zj, zp, .. .,Zp-1 are well-
defined).

It remains to prove that

span {vq,02,...,0p} =span{z1,22,...,2p} .

But this is easy: From (I1)), we obtain

Pl oy, 2
vy —2p = k—21 %zk € span{z1,2,...,2p-1}
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p—1
(since Y <vp 'Zk>

k=1 {2k k)
(applied to k = p —1and x = v, and y = z)) yieldﬁ

span {v1,0y,...,0p—1,0p} = span{vy,v2,...,0,_1,2p}

= span {v1,0,...,0,—1} +span {z,}

z is clearly a linear combination of z1, 2y, . .., zp—1). Hence, Lemma

~~

:span{zl,zz,...,zp,l}
since span (A U B) = span A + span B
for any two sets A and B of vectors
= span {z1,2y,...,2p_1} +span {z,}
= span {z1,22,...,2p-1,2p}
since span A + span B = span (A U B)
for any two sets A and B of vectors )

In other words, span {v1,vy,...,v,} = span{zy,zy,...,2p}. Thus, the induction
step is complete, so that Claim 1 is proved by induction.]

Claim 1 (applied to p = m) shows that the vectors z1,zy, . .., z;; are well-defined.
In other words, the tuple (z1,2y,...,2zm) is well-defined. Furthermore, this tuple
satisfies

span {vq,0y,...,0;} = span{zy,2y,...,2;} for all j € [m]

(by Claim 1, applied to p = j). It now remains to show that this tuple is orthogonal.
We shall achieve this by showing the following claim:

Claim 2: For any j € {0,1,...,m}, the tuple (z1,2y,...,%;) is orthogonal.

[Proof of Claim 2: We proceed by induction on j:

Induction base: Claim 2 clearly holds for j = 0, since the (empty) O-tuple is vacu-
ously orthogonal.

Induction step: Let p € [m]. Assume (as the induction hypothesis) that Claim 2
holds for j = p — 1. We must show that Claim 2 holds for j = p.

Our induction hypothesis says that Claim 2 holds for j = p — 1. In other words,
the tuple (zl, Z9, ... ,zp_l) is orthogonal. In other words, we have

zo Lz whenever a,b € [p — 1] satisfy a # b. (15)

®We are here using the following notion: If P and Q are two vector subspaces of a vector space V,
then

P+Q:={p+q | pePandqgecQ}.

This is again a vector subspace of V. (It is, in fact, the smallest subspace that contains both P
and Q as subsets.)
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In other words, we have
(za,zp) =0 whenever a,b € [p — 1] satisfy a # b. (16)

We must show that Claim 2 holds for j = p. In other words, we must show that
the tuple (zl, Z9, ... ,zp) is orthogonal. In other words, we must show that

Za Lz whenever a,b € [p| satisfy a # b. (17)

It will clearly suffice to prove in the case when one of 2 and b equals p (because
in all other cases, we have 4,b € [p — 1], and thus z, L z; follows from ).

Thus, let a,b € [p] satisfy a # b, and assume that one of a and b equals p. We
must prove that z;, 1 z,. Proposition shows that z; L z, is equivalent to
zp L z;. Thus, a and b play symmetric roles in our claim. Hence, in our proof of
zq L zp, we can WLOG assume that a < b (since otherwise, we can swap a with b).
Assume this. Hence, a < b (since a # b). Thus, a < b < p, so that a # p. However,
we assumed that one of a and b equals p; hence, b = p (since a # p). Also, we have
a € [p—1] (since a < p).

Now, yields

(zp,7a) = <vp - pf <U*”Z">zk,za> = (v,,2,) — <pf Mzk,zu>

k=1 <Zk/ Zk> k=1 <Zkl Zk>

(by Proposition (h)). In view of

Pl (v, z
(0p,2k) (zk, Za) (by Proposition [1.1.5] (1))
=z 2k)
Up, Zk pr 2
Z < ’ > <Zk/Zu> < g tl> <Zﬂ'za>
= (2, 21) —— (Za,Zq) )
k#a (by (17), appTied to k and a = <;;za>

instead of a and b)

here, we have split off the addend for k = a
from the sum, since 2 € [p — 1]

=Y oy ) = (o2,

kelp—1]; {2k, zk)

we can rewrite this as

(zp,za) = (Vp, 2a) — (Vp, 2a) = 0.
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In view of b = p, this rewrites as (zj,z,) = 0. Thus, z, L z,, so that z, L z; (by
Proposition [1.2.2).

As explained above, this completes our proof of the fact that Claim 2 holds for
j = p. Thus, the induction step is complete, and Claim 2 is proven.]

Now, applying Claim 2 to j = m, we obtain that the tuple (z1,z2,...,2m) is
orthogonal. Thus, the proof of Theorem is complete. O

One might wonder how the Gram-Schmidt process could be adapted to a tu-
ple (v1,vy,...,v,) of vectors that is not linearly independent. The equality
requires the vectors z; to be nonzero, since the denominators in which they appear
would be 0 otherwise. In Theorem [1.7.1} this requirement is indeed satisfied (as we
have shown in the proof above). However, if we do not assume (v1,vs,...,0p) to
be linearly independent, then some of the z; can be zero, and so the construction
of the following z, will fail. There are several ways to adapt the process to this
complication. We will take the most stupid-sounding one: In the cases where the
equality would produce a zero vector z;,, we opt to instead pick some nonzero
vector orthogonal to z1,2,...,2z,-1 (using Lemma and declare it to be zy.
This works well as long as m < n; here is the result:

Theorem 1.7.5 (Gram—Schmidt process, take 2). Let (v1,vy,...,v,) be any tuple
of vectors in C" with m < n.

Then, there is an orthogonal tuple (z1, 2y, . ..,zm) of nonzero vectors in C” that
satisfies

span {v1,0,...,0;} C span{zy,2y,...,2} for all j € [m].

Furthermore, such a tuple (z1,z,...,2zm) can be constructed by the following
recursive process:

* For each p € [m], if the first p — 1 entries zy,2y,...,2,_1 of this tuple have
already been constructed, then we define the p-th entry z, as follows:

p—1
-Ifo,— % <vp’zk>zk # 0, then we define z, by the equality

k=1 (2K 2k)
Pl v,z
Zy =UVp — <p'—k>z . (18)
= (2K 2zx)
r=1{(v,, z
-Ifo,— ¥ <p—k>zk = 0, then we pick an arbitrary nonzero vector

k=1 {2k Zk)
b € C" that is orthogonal to each of zy,2,...,2z, 1 (indeed, such a

vector b exists by Lemma because p —1 < p < m < n), and we
set
zy = b. (19)
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Proof of Theorem [1.7.5] We define a tuple (21,2, ...,zm) by the recursive process de-
scribed in Theorem [1.7.5 It is clear that this tuple is actually well-defined (indeed,
the Vectors zp are nonzero by their construction and thus the denominators (z, z)
in never become 0, because Proposition [I.1.6] (b) shows that any nonzero vector
z satlsfles (z,z) # 0). We do, however, need to show that the resulting tuple does
indeed satisty

span {v1,0,...,0;} C span{z1,2y,...,2} for all j € [m],

and that this tuple is orthogonal.
Let us prove the first of these two claims:

Claim 1: For each p € {0,1,...,m}, we have span{vl,vz,...,vp} -
span {z1,22,...,2p}.

[Proof of Claim 1: We induct on p:
Induction base: Claim 1 obviously holds for p = 0.
Induction step: Fix some p € [m], and assume that

span {v1,0,...,0p_1} C span{z1,23,...,2p—1} - (20)
We now need to show that
span {v1,vy,...,0p} Cspan{zy,22,...,2p}. (21)
We shall first show that
vp € span {z1,22,...,2p} . (22)

Indeed, we recall our definition of z,. This definition distinguishes between two

r=1{v,,z

cases, depending on whether the difference v, — }. <<ZP zk>> zx is # 0 or = 0. Let
k=1 \Zks Zk

us analyze these two cases separately:

* Case 1: We have v, — ¥ 7 0. In this case, z, is defined by the
S o)

equality (18). Solving this equality for v,, we obtain

,Z
—zp—tz zp k>zk€span{zl,zz,...,zp}.
k=1 k'

Thus, is proved in Case 1.

p—1
Z <UP’ Zk> Zk

= 0. In this case, we have
k=1 (Zks 2k)

e Case 2: We have Up —

—>z € span{z1,2y,...,2p—1} Cspan{z,2,...,2p} .

Hence, is proved in Case 2.
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We have now proved in both cases. However, for each i € [p — 1], we have

v; € {v1,02,...,0,_1} Cspan{vy,vs,...,0,_1}
C span {z1,2,...,2p—1} (by (20))
Cspan{z1,2,...,2p} .

In other words, all p — 1 vectors vy, vy, ..., v, 1 belong to span {21, Zo,. .. ,zp}. Since
the vector v, also belongs to span {z1, 2, ...,2,} (by ), we thus conclude that all
p vectors v1,0y, ..., Up belong to span {21, 2y, ...,z }. Therefore, each linear combi-
nation of these p vectors v1,v,...,v, must also belong to span {zl,zz,. . .,zp} (be-

cause span {z1,zy, ...,z } is a vector subspace of C"). In other words, span {v1, vy, . .

span {zl, 22+, 2Zp } Thus, the induction step is complete, so that Claim 1 is proved
by induction.]

It now remains to show that the tuple (z1,z2,...,2zm) is orthogonal. We shall
achieve this by showing the following claim:

Claim 2: For any j € {0,1,...,m}, the tuple (zl,zz,. . .,z]-) is orthogonal.

[Proof of Claim 2: We proceed by induction on j, similarly to the proof of Claim
2 in the proof of Theorem Only one minor complication emerges in the
induction step:

Induction step: Let p € [m]. Assume (as the induction hypothesis) that Claim 2
holds for j = p — 1. We must show that Claim 2 holds for j = p.

As in the proof of Theorem we can convince ourselves that it suffices to
show that

Za Lz whenever a,b € [p| satisfy a # b. (23)

Moreover, we only need to show this in the case when one of 2 and b equals p (be-

cause in all other cases, it follows from the induction hypothesis). In other words,

we only need to show that the vector z, is orthogonal to each of z1,z5,...,2, 1.
Recall our definition of z,. This definition distinguishes between two cases, de-

. . Pl (op, 2x)
pending on whether the difference v, — }_

k=1 (ZksZk
these two cases, the proof proceeds exactly E<iS in ’Zhe proof of Theorem Let
us thus WLOG assume that we are in the second case. That is, we assume that
Pt (vp k)
k=1 (Zk Zk)
C" that is orthogonal to each of z1,z, ..., zp—1. This shows that z; is orthogonal to
each of z1,2»,..., Zp-1- But as we explained above, this is exactly what we need to
show. Thus, Claim 2 holds for j = p. The induction step is complete, and Claim 2
is proved.]

zi is # 0 or = 0. In the first of

Up

zx = 0. Hence, z, is defined by (19), where b is a nonzero vector in

Now, applying Claim 2 to j = m, we obtain that the tuple (z1,z2,...,2m) is
orthogonal. Thus, the proof of Theorem is complete. O
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Corollary 1.7.6. Let (v1,vy,...,v,) be any tuple of vectors in C" with m < n.
Then, there is an orthonormal tuple (q1,42,...,qm) of vectors in C" that satis-
fies
span {v1,0y,...,0;} C span{q1,42,...,q;} for all j € [m].

Proof of Corollary We have m < n. Hence, Theorem shows that there is
an orthogonal tuple (z1,z,...,2zm) of nonzero vectors in C" that satisfies
span {v1,0,...,0;} Cspan{zy,2y,...,2} for all j € [m].

Consider this tuple (z1,2,...,2zm). Proposition (applied to (z1,22,...,2zm) in-
stead of (ug,uy, ..., ux)) then shows that the tuple

( 1 1 1 )
Z1, Z2, .., T—Zm
[zl ]2zl |2m]]

is orthonormal. Moreover, we have

span {vy,v v} Cspan{zy,z zj} = span Lz Lz Lz-
pan {21,007} © SPAR A Zare oo B} = SPAN R [ (R

for all j € [m]. Hence, Corollary 1.7.6|is proven (just take g; = ||Zl—'||Zi)‘ O
1

1.8. QR factorization

Recall that an isometry is a matrix whose columns form an orthonormal tuple. (We
saw this in Proposition [1.4.2])

Theorem 1.8.1 (QR factorization, isometry version). Let A € C"*'"" satisfy n >

m. Then, there exist an isometry Q € C"*™ and an upper-triangular matrix
R € C™*"™ guch that A = QR.

The pair (Q, R) in Theorem is called a QR factorization of A. (We are using
the indefinite article, since it is usually not unique.)

Example 1.8.2. Let
1 0 1 2
11 =20 2 4x4
A= 1 0 10 e C*
1 =200
Then, one QR factorization of A is given by
1/2 1/2 1/2  1/2 2 =210
A — 1/2 -1/2 1/2 -1/2 0 2 12
| 1/2 172 —-1/2 —-1/2 0 0 0O
1/2 -1/2 -1/2 1/2 0 0 0 2
3 e
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Another is given by
1/2 1/2  2/2 0 2 21 2
1/2 —1/2 0 V2/2 0 2 1 0
A=
1/2 1/2 —v2/2 0 0 0 0 V2
1/2 —=1/2 0 —2/2 0 0 0 v2)
=0 =R

Proof of Theorem Recall that Aq1, Aep, ..., Aem denote the m columns of the
matrix A. We have m < n (since n > m). Hence, applying Corollary to
(01,02, ..., 0m) = (Ae1,Aep, ..., Aem), we conclude that there is an orthonormal
tuple (91,92, ...,q9m) of vectors in C" that satisfies

span {A.Il, Aep, ..., A.,]'} C span {ql, G2, -, qj} (24)
forall j € [m].

Consider this tuple (41,492, ...,q9m). Let Q € C"*™ be the matrix whose columns are
91,92, - --,qm- Then, Q is an isometry (by Proposition since its columns form
an orthonormal tuple). The definition of Q shows that

Q. = qi for each i € [m]. (25)
Now, let j € [m]. Then,

Asjespan{Ay1, Aep, ..., Asj} Cspan{qi, q2,...,4;} (by 24)) .

j
In other words, there exist scalars 71 ;,72,...,7j; € C such that A,; = ‘21 riigi-
1=

Consider these scalars TLjs12,jr -1 1)) Also, set

rij =0 for each integer i > j. (26)
Thus,
j m
A./]' = Ei’i,jqi = Ei’iqui (27)
1= 1=

m j m ]
(since ) riidi = ) tiiqi + Y. rij q4i= Y Vi,j‘]i)-
=1 i=1 i=1

=0
(by )

Forget that we fixed j. Thus, for each j € [m], we have defined scalars rq j, 72, 73, - - -

C that satisfy and (27).
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Now, let R € C™*™ be the m x m-matrix whose (i,j)-th entry is r;; for each
i,j € [m]. This matrix R is upper-triangular, because of (26). The definition of R
yieldJﬂ

Ri,j =Tij for all l,] € [m] . (28)

Furthermore, for each j € [m], we have

Auj=), Tij  4i (by @7))

ZRI‘,]‘ :Qo,i
(by @8)) by @)

= Z; R; Q. = (QR), ;

(by the definition of the product of two matrices@. In other words, A = QR.
Thus, we have found an isometry Q € C"*™ and an upper-triangular matrix
R € C™*™ such that A = QR. This proves Theorem [1.8.1] O

Exercise 1.8.1. |4|Let A € C"*"" satisfy n > m and rank A = m. Prove that there
exists exactly one QR factorization (Q, R) of A such that the diagonal entries of
R are positive reals.

Note that there are other variants of QR factorization, such as the following one:

Theorem 1.8.3 (QR factorization, unitary version). Let A € C"*™. Then, there
exist a unitary matrix Q € C"*" and an upper-triangular matrix R € C"*" such
that A = QR. Here, a rectangular matrix R € C"*™ is said to be upper-triangular
if and only if it satisfies

Ri,j =0 for all i > ]

Exercise 1.8.2. Prove Theorem m
[Hint: Reduce both cases n > m and n < m to the case n = m.]

"Recall that M,; j is our general notation for the (i, j)-th entry of a matrix M.
8 Actually, let’s be a bit more explicit here: The standard definition of the product of two matrices
yields

m m
(QR); = ) QuiRij = ) RijQx; for each k € [n].
i=1N——~—" =1
=R; Qi

m

’ = i,j e,is i i .

In other words, (QR), i = X R;;jQ,, which is precisely what we are claiming
7=l
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2. Schur triangularization ([HorJoh13, Chapter 2])

In this chapter, we will meet Schur triangularization: a way to transform an arbitrary
n X n-matrix with complex entries into an upper-triangular matrix by conjugating
it (i.e., multiplying it by an invertible matrix W on the left and simultaneously by its
inverse W= on the right). This is both of theoretical and of practical significance,
but we will focus on the theoretical applications.

Before we get to Schur triangularization, we will have to set some groundwork.

2.0. Reminders on the characteristic polynomial and
eigenvalues

First, let us recall some properties of the characteristic polynomial of an n x n-
matrix A, starting with its definition:

Definition 2.0.1. Let F be a field. Let A € F"*" be an n x n-matrix over F.
The characteristic polynomial of A is defined to be the polynomial

det (tI, — A) in the indeterminate ¢ with coefficients in [F.

(Note that tI,, — A is an n x n-matrix whose entries are polynomials in t. Thus,
its determinant det (fI, — A) is itself a polynomial in t.)
The characteristic polynomial of A is denoted by p 4.

Example 2.0.2. Letn =2 and A = ( ch Z

tIn—A:tlz—A:t<(1) (1))—(‘; Z)
_(t 0\ (akd
N0t c d

pa = det (tI, — A) = det( t_C“ t‘_bd ) — (t—a) (t—d) — (=b) (—c)

=2 — (a+d)t+ (ad — bc).

) . Then,

so that
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a b c
Example 2.0.3. Let n =3 and A = ( a v ) Then,

1 b// //

1 00 c
tl, —A=th—A=t| 0 1 0 fod
0 O 1 ) b// C//
t—a —b )
fry —a/
—a" b//

so that

t—a —b —c
pa =det(tl, —A)=det| —a t-b (¢
/!

_a// _b// t_C
=5 (a+b" +") 2+ + (ab' —ba’' +ac” —ca” + 0" = V') ¢t
_ (ab/clf _ab// / ba/ 12 +ballc/+ca/b// _Ca//b/> .

| Example 2.04. If n = 1and A = (a ), then tI, — A = (t—a ) and thus
pa=t—a.

Example 2.0.5. If n = 0 and A = (), then tI, — A = () and thus p4 = 1 (since
the determinant of the 0 x O-matrix () is defined to be 1).

Remark 2.0.6. (a) Some authors define the characteristic polynomial p4 of an
n X n-matrix A to be det (A — tI,,) instead of det (tI, — A). This differs from our
definition only by a factor of (—1)", which is immaterial for most properties of
the characteristic polynomial but still can cause the occasional confusion.

(b) Some other common notations for p4 are x4 and c4.

The patterns you might have spotted in Example and in Example
are not accidental. Indeed, the coefficients of the characteristic polynomial of any
square matrix can be expressed explicitly, if you consider sums of determinants to
be explicit:

Proposition 2.0.7. Let [F be a field. Let A € F"*" be an n x n-matrix over F.

(@) The characteristic polynomial p4 is a monic polynomial in t of degree n.
(That is, its leading term is t".)

(b) The constant term of the polynomial p, is (—1)" det A.
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(c) The "~ !-coefficient of the polynomial p4 is —Tr A. (Recall that Tr A is
defined to be the sum of all diagonal entries of A; this sum is known as the trace
of A.)

(d) More generally: Letk € {0,1,...,n}. Then, the t"—k_coefficient of the poly-
nomial p4 is (—1)k times the sum of all principal k x k-minors of A. (Recall that
a k x k-minor of A means the determinant of a k x k-submatrix of A. This k x k-
minor is said to be principal if the k x k-submatrix is obtained by removing some
n — k rows and the corresponding n — k columns from A. For example, the prin-

. ) . A1, A12> (All A13>
cipal 2 x 2-minors of a 3 x 3-matrix A are det ’ <], det ’ ’
p ( Az/l Az,z A3/1 A3,3

Ay A
and det ( 22 4123 ).) In other words, the " *-coefficient of p, is
Azp Ass
k 1,20
(-1)f Y det(sublka),
1< <ip<---<ip<n
where subiiiii’; A denotes the k x k-matrix whose (1, v)-th entry is A; ; for all
u,v € [k].
An A oo Ay
Ap1 Agp oo+ Aoy
Proof sketch. We have A = ] ] , so that
An,l An,Z e An,n
10 --- 0 Ain Ap -0 A
0O1 --- 0 Axy1 Azp -+ Ay
tly— A=t .o . - . .
00 --- 1 Apt Anz -0 Appn
t—A1 —Aip - —A,
| A2 t=Ap o —Agg
_An,l _An,z AR S An,n

The determinant det (tI, — A) of this matrix is a sum of certain products of its
entrieﬂ One of these products is

(t - Al,l) (t - AZ,Z) e (t - An,n)
=" — (A1 + Agp + -+ Ay t" 1 4 (terms with lower powers of t) .

9Here, we are using the Leibniz formula for the determinant of a matrix, which says that det B =
Y (-1 Bi1,s(1)B2o(2) * * * Buo(n) for each n x n-matrix B. (We are applying this to B = tI, — A.)

oESy
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None of the other products appearing in this sum includes any power of t higher
than #"~2 (because the product picks out at least two entries of A that lie outside of
the main diagonal, and thus contain no ¢t whatsoever; the remaining factors of the
product contribute at most #"~2). Hence, the entire determinant det (tI, — A) can
be written as

det (tI, — A) = t" — (A11 + Agp + - - + Ay t" 1+ (terms with lower powers of t) .
In other words,
pa=t"— (A1 + Agp+ -+ Ayy) t" 1 4 (terms with lower powers of t)

(since ps = det (tI, — A)). This yields parts (a) and (c) of Proposition 2.0.7}
To prove Proposition (b), we substitute 0 for t in the polynomial identity
pa = det (tI, — A). We obtain

pa(0) =det (0L, — A) =det(—A) = (—1)"det A.

Since pa (0) is the constant term of p, (in fact, if f is any polynomial, then
f(0) is the constant term of f), we thus conclude that the constant term of pu
is (—1)" det A. This proves Proposition (b).

Finally, Proposition (d) can be established through a more accurate com-
binatorial analysis of the products that sum up to det(tI, — A). See [Grinbe21,
Proposition 6.4.29] for the details. (A combinatorially prepared reader might glean
the idea from Example 2.0.3])

We note that parts (a), (b) and (c) of Proposition can all be derived from
part (d) as well. O

Next, we recall some basic notions around the eigenvalues of a matrix:

Definition 2.0.8. Let F be a field. Let A € [F"*" be an n X n-matrix, and let
A € F.

(a) We say that A is an eigenvalue of A if and only if det (A, — A) = 0. In
other words, A is an eigenvalue of A if and only if A is a root of the characteristic
polynomial p4 = det (tI, — A).

(b) The A-eigenspace of A is defined to be the set of all vectors v € [F" satisfying
Av = Av. In other words, it is the kernel Ker (A, — A) = Ker (A — Al). Thus,
it is a vector subspace of F". The elements of this A-eigenspace are called the
A-eigenvectors of A (or the eigenvectors of A for eigenvalue A). (Some authors
exclude the zero vector 0 from being an eigenvector; we allow it. Thus, 0 is a
A-eigenvector for any A, even if A is not an eigenvalue.)

(c) The algebraic multiplicity of A as an eigenvalue of A is defined to be the
multiplicity of A as a root of p4. (If A is not an eigenvalue of A, then this is 0.)

(d) The geometric multiplicity of A as an eigenvalue of A is defined to be
dim (Ker (A — Al,)). In other words, it is the dimension of the A-eigenspace
of A. In other words, it is the maximum number of linearly independent A-
eigenvectors. (If A is not an eigenvalue of A, then this is 0.)
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It can be shown that if A € [F"*" is a matrix and A € F is arbitrary, then the
geometric multiplicity of A as an eigenvalue of A is always < to the algebraic
multiplicity of A as an eigenvalue of A. The two multiplicities can be equal, but
don’t have to be.

Theorem 2.0.10. Let A € C"*" be an n x n-matrix with complex entries. Then:

(a) Its characteristic polynomial p 4 factors into n linear terms:

pa=(t—=A1)(t=A2) - (t—Ay), (29)

where Ay, Ay, ..., Ay € C are its roots (with their algebraic multiplicities).

(b) These roots Ay, Ay, ..., A, are the eigenvalues of A, appearing with their
algebraic multiplicities.

(c) The sum of the algebraic multiplicities of all eigenvalues of A is n.

(d) The sum of all eigenvalues of A (with their algebraic multiplicities) is Tr A
(that is, the trace of A).

(e) The product of all eigenvalues of A (with their algebraic multiplicities) is
det A.

() If n > 0, then the matrix A has at least one eigenvalue and at least one
nonzero eigenvector.

Proof. The polynomial p4 is a monic polynomial of degree 1 (by Proposition [2.0.7]
(a)), and therefore factors into linear terms (by the Fundamental Theorem of Alge-

bra). This proves Theorem [2.0.10] (a).
(b) This follows from the definition of eigenvalues and algebraic multiplicities.
(c) This follows from part (b).

(d) Let Ay, Ay, ..., A, be the roots of py (with their multiplicities). Then, these
roots are the eigenvalues of A, appearing with their algebraic multiplicities (by
Theorem (b)). Hence, their sum Ay + Ay + - - - + A, is the sum of the eigen-
values of A (with their algebraic multiplicities). On the other hand, we know from
Theorem (a) that the equality holds. Comparing the coefficients of #"~1
on both sides of this equality, we obtain

<the coefficient of "1 in pA> = <the coefficient of " 1in (t —Ay) (t—Ag) -~ (t — An)>
=— (M +A+--F+A,).
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However, Proposition (c) yields
(the coefficient of " Lin p A) = —Tr A.

Comparing these two equalities, we obtain — (Aj + Ay +---+A,) = —TrA. In
other words, Ay + Ay +---+ A, = TrA. This proves Theorem [2.0.10| (d) (since
A+ Ay + - - - + Ay is the sum of the eigenvalues of A).

(e) This is similar to part (d), except that we have to compare the coefficients of
t9 (instead of ") on both sides of , and we have to use Proposition (b)
(instead of Proposition (©).

(f) Assume that n > 0. Thus, n > 1. However, Theorem (b) shows that
A has exactly n eigenvalues, counted with algebraic multiplicities. Hence, A has
at least one eigenvalue A (since n > 1). Consider this A. Since A is an eigenvalue
of A, we have det (A, — A) = 0. Hence, the n x n-matrix Al, — A is singular, so
that its kernel Ker (AI, — A) is nonzero. In other words, there exists a nonzero
vector v € Ker (AI, — A). This vector v must be a A-eigenvector of A (since v €
Ker (AI, — A)). Hence, the matrix A has a nonzero eigenvector (namely, v). This

completes the proof of Theorem [2.0.10] (f). O

Exercise 2.0.1. |1|Let IF be a field. Let A € [F"**" be any n x n-matrix.
(a) Prove that p ;1 = pa, where AT denotes the transpose of the matrix A.

(b) Assume that F = C. Prove that p4+ = p4, where p4 denotes the result of
replacing all coefficients of the polynomial p4 by their complex conjugates.

For occasional future use, let us state some properties of traces as exercises:

Exercise 2.0.2. |1|Let [F be a field. Let n,m € IN. Let A € F"*™ and B € F"*"
be two matrices. Show that

Tr (AB) = Tr (BA) .

Exercise 2.0.3. |1|Let n,m € IN. Let A € C"*"™ be any matrix.
(a) Show that

=

n m
Tr(A*A) =Y Y |A,l°
1 j=1

(b) Show that Tr (A*A) = 0 if and only if A = 0.

2.1. Similarity of matrices

Next, let us recall the notion of similar matrices:
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Definition 2.1.1. Let F be a field. Let A and B be two matrices in F"*". We
say that A is similar to B if there exists an invertible matrix W € F"*" such that
B=WAWL

We write “A ~ B” for “A is similar to B”.

Example 2.1.2. The matrix < i 1 is similar to the matrix ( é 8 ), since
20 B 11 1 ) . . B 1 1
( 00 ) = W( 11 ) W~ for the invertible matrix W = 11 ) In
11 20
other words, we have ( 11 > ~ ( 0 0 )

The relation ~ is easily seen to be an equivalence relationﬂ

Proposition 2.1.3. Let FF be a field. Then:
(@) Any matrix A € [F**" is similar to itself.

(b) If A and B are two matrices in F"*" such that A is similar to B, then B is
similar to A.

(c) If A, B and C are three matrices in [F"*" such that A is similar to B and
such that B is similar to C, then A is similar to C.

Proof. (a) This follows from A = I, Al .

(b) Let A and B be two matrices in F"*" such that A is similar to B. Thus,
there exists an invertible matrix W € F"*" such that B = WAW™!. Consider
this W. From B = WAW™!, we obtain BW = WA, so that W 1BW = A. Thus,

A=W-B W,  =W1B(W1)"". Since W-!is invertible, this shows that B
()
is similar to A. This proves Proposition (b).

(c) Let A, B and C be three matrices in [F"*" such that A is similar to B and
such that B is similar to C. Thus, there exists an invertible matrix U € F"*" such
that B = UAU! (since A is similar to B), and there exists an invertible matrix
V € F"" such that C = VBV ! (since B is similar to C). Consider these U and V.

The matrices V and U are invertible. Thus, so is their product VU, and its inverse

is (VU)_1 = U-'V~l. (This is the famous “socks-and-shoes rule” for inverting
products or compositions.) Now,

C=V B Vvi=vuaAau'vi=vuawu)'.
~— —
=UAU1 =(vu)~!

10 Algebraists will recognize the relation ~ (for matrices in IF"*") as just being the conjugacy relation
in the ring IF"*" of all n x n-matrices. (The meaning of the word “conjugacy” here has nothing
to do with conjugates of complex numbers or with the conjugate transpose!)
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In other words, C = WAW™! for the invertible matrix W = VU (since we know
that VU is invertible). This shows that A is similar to C. This proves Proposition

(). O
Since the relation ~ is symmetric (by Proposition (b)), we can make the
following definition:

Definition 2.1.4. Let FF be a field. Let A and B be two matrices in F"*". We say
that A and B are similar if A is similar to B (or, equivalently, B is similar to A).

Similar matrices have a lot in common. Here is a selection of invariants:
Proposition 2.1.5. Let F be a field. Let A € F**" and B € F"*" be two similar
matrices. Then:

(a) The matrices A and B have the same rank.

(b) The matrices A and B have the same nullity.

(c) The matrices A and B have the same determinant.

(d) The matrices A and B have the same characteristic polynomial.

(e) The matrices A and B have the same eigenvalues, with the same algebraic
multiplicities and with the same geometric multiplicities.

(f) For any k € IN, the matrix AF is similar to BF.
(g) For any A € F, the matrix A, — A is similar to AL, — B.
(h) For any A € F, the matrix A — A, is similar to B — A,.

Proof. Since A is similar to B, there exists an invertible matrix W € F"*" such that
B = WAW~!. Consider this W.

(b) Consider the kernelﬂ Ker A and Ker B of A and B. For any v € Ker A,
we have Wo € Ker B (because v € Ker A implies Av = 0, so that B Wv =

—WAW-1
WAW 'Wo = W_Av, = 0 and therefore Wo € Ker B). Thus, we have found a
=] =0
linear map

Ker A — Ker B,
v — Wo.

This linear map is furthermore injective (because W is invertible, so that Wu = Wo
entails © = v). Hence, we obtain dim (Ker A) < dim (KerB). But A and B play
symmetric roles in our situation (since the relation “similar” is symmetric), so that
we can use the same reasoning to obtain dim (Ker B) < dim (Ker A). Combining

Recall that “kernel” is a synonym for “nullspace”.
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these two inequalities, we obtain dim (Ker A) = dim (Ker B). In other words, A
and B have the same nullity. This proves Proposition (b).

(a) The rank of an n x n-matrix equals n minus its nullity (by the rank-nullity
theorem). Hence, two n X n-matrices that have the same nullity must also have the
same rank. Thus, Proposition (a) follows from Proposition (b).

(c) From B = WAW !, we obtain

det B = det (WAW_1> — detW - det A - di@
=(detw)!

— detW -det A - (det W) ' = det A.

This proves Proposition ().

(d) The characteristic polynomial of an n x n-matrix M is defined to be det (1, — M)
(where t is the indeterminate Thus, we must show that det (tI, — A) = det (tI, — B).
However, we have

t I, — B = tWIL, WI-WAW !=W({tL,)W ! -WwAW!
~—~— S~~~ N~
—ww-1  =WAW-L Wi,
=WI,W1

= W (tI, — A) WL,
Thus,

det (tI, — B) = det (w (tl, — A) w—l) — detW - det (tI, — A) - det (w—l)
————
=(detW)!

= detW - det (tI, — A) - (det W) = det (tI, — A).

Thus, det (tI, — A) = det (tI, — B), and Proposition (d) is proven.

(e) The eigenvalues of a matrix, with their algebraic multiplicities, are the roots
of the characteristic polynomial. Thus, from Proposition (d), we see that the
matrices A and B have the same eigenvalues, with the same algebraic multiplicities.
It remains to show that the geometric multiplicities are also the same.

Let A be an eigenvalue of A (and therefore also of B, as we have just seen). The
geometric multiplicity of A as an eigenvalue of A is dim (Ker (A — Al,)). Likewise,
the geometric multiplicity of A as an eigenvalue of B is dim (Ker (B — Al,)). Hence,
we must show that dim (Ker (A — Al,)) = dim (Ker (B — AlLy)).

12At least this is our definition. As we already mentioned in Remark (a), another popular
definition is det (M — tI,). However, the two definitions differ only in a factor of (—1)", so they
behave almost completely the same (and our argument works equally well for either of them).
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We have

B —A I, =WAW'!'— AW, W!=WAW"!-W(AL)W!
~~ ~— ~——

=WAW-1 :Ww—l1 =W(AL)
=WI,W~

= W(A—-AL)W™L,
This shows that the matrices A — Al, and B — A, are similar. Hence, Proposition
(b) shows that these two matrices A — A, and B — A, have the same nullity.

In other words, dim (Ker (A — Al,)) = dim (Ker (B — Al,)). This is exactly what
we needed to show; thus, Proposition (e) is proven.

(f) Let k € IN. We claim that
B = wAfw—1, (30)

Once this is proved, it will clearly follow that A* is similar to B.
One way to prove B¥ = WA*W 1 is as follows: From B = WAW~!, we obtain

k
Bf = <WAW*1> —WAW L WAW L. WAWL..... WAW™L. W AW
—WAA.-.-AW! <since all the W1 . W’s in the middle cancel out)
—_——
k factors
- WAAW1L,

(To be precise, this works for k > 1; but the case k = 0 is trivial.)
A less handwavy proof of would proceed by induction on k. As it is com-
pletely straightforward, I leave it to the reader.

(g) Let A € F. Then,

A I, — B =AW, Wl-WAW l=WAL)W ! -wAW!
~—~— S~~~ N~
:Ww—l =WAW-1 :W()Lln)
=WI,W~!

= W (AL, — A)W™L,

This shows that the matrices AI, — A and Al, — B are similar. Thus, Proposition
(g) is proven.

(h) This differs from part (g) only in that the subtrahend and the minuend trade
places. The proof is entirely analogous to part (g). O

Note that neither part (a), nor part (b), nor part (c), nor part (d), nor part (e)
of Proposition is an “if and only if” statement: One can find two n x n-
matrices (for sufficiently large n) that have the same rank, nullity, determinant,
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characteristic polynomial and eigenvalues but are not similarﬁ Thus, proving the
similarity of two matrices is not as easy as comparing these data. We will later
learn an algorithmic way to check whether two matrices are similar.

0100
. . 0000
Exercise 2.1.1. Prove that the two matrices 000 1 and

0000

0100

0010 .

00 0 o |arenot similar.

0000

Exercise 2.1.2. Let A € C"" be a matrix that is similar to some unitary
matrix. Prove that A~! is similar to A*.

Remark 2.1.6. If you are used to thinking of matrices as linear maps, then sim-
ilarity is a rather natural concept: Two n x n-matrices A € F"*" and B € F"*"
are similar if and only if they represent one and the same endomorphism
f + F" — " of F" with respect to two (possibly different) bases of F". To
be more precise, A has to represent f with respect to some basis of [F", while B
has to represent f with respect to a further basis of F" (possibly the same, but
usually not).

This fact is not hard to prove. Indeed, if A and B represent the same endomor-
phism f with respect to two bases of ", then we have B = WAW~! where W is
the change-of-basis matrix between these two bases. Conversely, if A and B are
similar, then there exists some invertible matrix W satisfying B = WAW !, and
then A and B represent the same endomorphism f with respect to two bases of
F" (namely, B represents the endomorphism

F" — F",
v — By

with respect to the standard basis (eq, ey, ..., en), whereas A represents the same
endomorphism with respect to the basis (Wey, Wey, ..., Wey)).

Knowing this fact, many properties of similar matrices — including all parts of
Proposition — become essentially trivial: One just needs to recall that things
like rank, nullity, determinant, eigenvalues etc. are properties of the endomor-
phism rather than properties of the matrix.

Two diagonal matrices are similar whenever they have the same diagonal entries
up to order. In other words:

13Some of these examples are easy to find: For example, the matrices < 8 (1) ) and ( 8 8 >

have the same eigenvalues with the same algebraic multiplicities, but are not similar.
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Proposition 2.1.7. Let F be a field. Let n € IN. Let A1, Ay,..., A, € F. Let 0 be a
permutation of [n] (that is, a bijective map from [n] to [n]). Then,

diag (A1, A, ..., Ay) ~ diag (Aa(l), Ao2)s - .,Aa(n)> .

Example 2.1.8. For n = 3, Proposition 2.1.7] claims that diag (A1, Az, A3) ~
diag (/\,,(1),/\(7(2),/\0(3)>. For example, if ¢ is the permutation of [3] that

sends 1,2,3 to 2,3,1, respectively, then this is saying that diag (A1, Ay, Az) ~
diag (A2, A3, A1). In other words,

A 00 A3 00
0 A 0 |~ 0 A 0.
0 0 A 0 0 A

Proof of Proposition Let P, € F"*" be the permutation matrix of o (defined as
in Example (d), but using the field F instead of C). We recall that the (i, j)-th

1, ifi=oc(j); .
f ,1 € [n].
0, ifido() orany i,j € [n]

Now, it is easy to see that

entry of this matrix Py is

diag (A1, Ay, ..., Ay) - Py = P, - diag (Aa(l),)xo,(z), . .,Aa(n)> . (31)

[Proof of (31): It is straightforward to see that for any i,j € [n], both matrices
diag (A1, A, ..., Au) - Py and P, - diag (Am), Ao(2) - .,/\U(n)> have the same (i, j)-th
entry, namely Ais ?f l -7 (],);

0, ifi#o(j).

@D ]

Since the permutation matrix P, is invertible, we can multiply both sides of
by P; ! from the right, and thus we obtain

Thus, these two matrices are equal. This proves

diag ()Ll, )&2, ce ,An) = Pg’ . d1ag <)L0(1),)L0(2), N ,)L(T(n)> : Pg_l.

This shows that diag (A1, Ay, ..., Ay) ~ diag </\U(1),/\0(2), .. .,/\g(n)>. Thus, Propo-
sition is proven. O

Proposition actually has a converse: If two diagonal matrices are similar,
then they have the same diagonal entries up to order. This follows easily from
Proposition[2.1.5(e), because the diagonal entries of a diagonal matrix are its eigen-
values (with their algebraic multiplicities).

An analogue of Proposition holds for block-diagonal matrices:
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Proposition 2.1.9. Let F be a field. Let n € IN. For each i € [n], let A; be
an n; x n;-matrix (for some n; € IN). Let ¢ be a permutation of [n] (that is, a
bijective map from [n] to [n]). Then,

Al 0 - 0 Agy 0 - 0
0 Ay -~ 0 0 Aya 0
0 0 Ap 0 0 Ag(n)

Proof. This can be proved similarly to how we proved Proposition except that
now, instead of the permutation matrix P;, we need to use a “block permutation
matrix” P,. This matrix P, is defined to be the matrix that is written as

P(1,1) P(1,2) --- P(1,n)
P(2,1) P(2,2) --- P(2,n)
P(r:z,l) p(;;,z) P(r:z,n)

in block-matrix notation, where the (i, j)-th block P (i, ) is defined b

o L., ifi=0c(j);
P(i, ) := ' . .
(i,7) {O”ixnn(]’)’ ifi #0(j).

For example, if n = 2 and if ¢ is the permutation of [2] that swaps 1 with 2, and if

0 01
np = 1 and np, = 2, then P, = 0 L = | 1 0 0 |]. The formula analogous
0 010
to is
AL 0 - 0 Asry O - 0
0 Ay, --- 0 0 Ayp - 0
. . . . Py =P;-
0 0 An 0 0 Aa(n)
this time; its proof is easy with the help of Proposition [1.6.6] O

Similarity of block-diagonal matrices can also come from similarity of the respec-
tive blocks:

14We let 0, %, denote the zero matrix of size u X v.
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Proposition 2.1.10. Let FF be a field. Let n € IN. For each i € [n], let A; and B; be
two n; X n;-matrices (for some n; € IN) satisfying A; ~ B;. Then,

A, 0 -+ 0 B, 0 --- 0
0 A, --- 0 0 B, --- 0
0 0 --- A, 0 0 --- B,

I Exercise 2.1.3. | 2| Prove Proposition

Exercise 2.1.4. Let F be a field. Let A € F"*" and B € F**" be two matrices
such that A ~ B.

(a) Prove that AT ~ BT. (Recall that CT denotes the transpose of a matrix C.)
(b) Assume that IF = C. Prove that A* ~ B*.

2.2. Unitary similarity

Unitary similarity is a more restrictive form of similarity, even though it is not
immediately obvious from its definition:

Definition 2.2.1. Let A and B be two matrices in C"*". We say that A is unitarily
similar to B if there exists a unitary matrix W € U, (C) such that B = WAW"*.

We write “A ~ B” for “A is unitarily similar to B”.

11

. 20 11 . . : 1 1 1
smce(O O>_W(1 1>W fortheumtarymatrlxW—ﬁ(_1 1).

Example 2.2.2. The matrix ( 1 is unitarily similar to the matrix < é 8 ),

Exercise 2.2.1. Prove that the matrix ( (1) ; ) is similar to the matrix

( (1) (2) >, but not unitarily similar to it.

Just like the relation ~, the relation ~ is an equivalence relation:

Proposition 2.2.3. (a) Any matrix A € C"*" is unitarily similar to itself.

(b) If A and B are two matrices in C"*" such that A is unitarily similar to B,
then B is unitarily similar to A.

(c) If A, B and C are three matrices in C"*" such that A is unitarily similar to
B and such that B is unitarily similar to C, then A is unitarily similar to C.
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Proof. This is very similar to the proof of Proposition and therefore left to the
reader. (The only new idea is to use Exercise ) O

are unitarily similar if A is unitarily similar to B (or, equivalently, B is unitarily

Definition 2.2.4. Let A and B be two matrices in C"*". We say that A and B
similar to A).

As we promised, unitary similarity is a more restrictive version of similarity:

I Proposition 2.2.5. Let A and B be two unitarily similar matrices in C"*". Then,
A and B are similar.

Proof. There exists a unitary matrix W € U, (C) such that B = WAW™* (since A is
unitarily similar to B). Consider this W. The matrix W is unitary, and thus (by the
implication A = D in Theorem must be square and invertible and satisfy
W-1 = W*. Hence, B = WA KVL = WAW~L. But this shows that A is similar to
w-1

B. Thus, Proposition is p;oven. O

The following proposition is an analogue of Proposition [2.1.10] for unitary simi-
larity:

Proposition 2.2.6. Let n € IN. For each i € [n], let A; € C"*"i and B; € C"*"i be
two n; x n;-matrices (for some n; € IN) satistying A; ~ B,. Then,

AL 0 --- 0 B, 0 --- 0
0 A, --- 0 s 0 B, --- 0
0 0 --- A, 0 0 --- B,

I Exercise 2.2.2. | 1| Prove Proposition m

We note further that the similarity in Proposition can be upgraded to a
unitary similarity if we work over the field C:

Proposition 2.2.7. Let n € IN. Let Ay, Ay,..., A, € C. Let ¢ be a permutation of
[n] (that is, a bijective map from [#] to [n]). Then,

diag ()\1, )Lz, ey /\n) Lfig diag ()\0(1), )\0(2), e /)‘a(n)) .

Proof. Let Py € IF"*" be the permutation matrix of ¢ (defined in Example (d)).
In the proof of Proposition we have shown that

diag (M, Az, -, An) = Py - diag (Ao1), Aay - Aotn) ) - P
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However, the matrix Py is unitary (as we have already seen in Example (d)).
Hence, P, ! = P*. Thus,

diag (A1, A, ..., Ay) = P, - diag (Am), Ao2)s - .,Aa(n)> Pl

= Pg’ . dlag ()\0(1), )\0(2), Cen /)\U(n)) . P;.

This shows that diag (A1, A2, ..., Ay) S diag (/\g(l),/\g(z), .. .,Ag(n)>. Thus, Propo-
sition is proven. O

Lecture 4 starts here.

2.3. Schur triangularization
2.3.1. The theorems

We are now ready for one more matrix decomposition: the so-called Schur triangu-
larization (aka Schur decomposition):

Theorem 2.3.1 (Schur triangularization theorem). Let A € C"*". Then, there
exist a unitary matrix U € U, (C) and an upper-triangular matrix T € C"*" such
that A = UTU". In other words, A is unitarily similar to some upper-triangular
matrix.

The factorization A = UTU* in Theorem (or, to be more precise, the pair
(U, T)) is called a Schur triangularization of A. It is usually not unique.

1 3

Example 2.3.2. Let A = 37

Ais A = UTU*, where

1 1 -1 4 6

(We chose A deliberately to obtain “nice” matrices U and T. The Schur triangu-
larization of a typical n X n-matrix will be more complicated, involving roots of
n-th degree polynomials.)

) € C2*2. Then, a Schur triangularization of

We shall prove a slightly stronger form of Theorem [2.3.1}

Theorem 2.3.3 (Schur triangularization with prescribed diagonal). Let A € C"*"
be an n x n-matrix. Let Ay, Ay, ..., A, be its eigenvalues (listed with their alge-
braic multiplicities). Then, there exists an upper-triangular matrix T ¢ C"**"

such that A = T (this means “A is unitarily similar to T”, as we recall) and such
that the diagonal entries of T are Ay, Ay, ..., Ay in this order.
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1 —2i
0 3

unitarily similar to some upper-triangular matrix. But this is trivial, since A is
already upper-triangular (and clearly unitarily similar to itself). However, Theo-
rem can be used to draw a less obvious conclusion. In fact, the eigenvalues
of A are 1 and 3. Let us list them in the order 3,1. Then, Theorem (applied
ton =2and (A, Ay, ..., Ay) = (3,1)) yields that there exists an upper-triangular
matrix T € C2*? such that A ~ T and such that the diagonal entries of T are 3
and 1 in this order. Finding such a T is not all that easy (in particular, A itself
does not qualify, since its diagonal entries are 1 and 3 rather than 3 and 1). The

answer is:
1 —1 i 3 2

Here, U is the unitary matrix satisfying A = UTU* (which confirms that A ~ T).

Example 2.3.4. Let A = ( ) € C?*2. Theorem [2.3.1| then says that A is

Actually, the form of the matrix T in this example is no accident; more generally,
we have:

Exercise 2.3.1. Leta,b,c € C. Prove that
a b us c —E
0 ¢ 0 a )’

2.3.2. The proofs

The following lemma about characteristic polynomials will help us in our proof of

Theorem

Lemma 2.3.5. Let IF be a field. Let n € N. Let p € F'*" be a row vector,
and let B € F"*" be an n X n-matrix. Let A € F be a scalar. Let C be the

(n+1) x (n+ 1)-matrix ( g Z ) € F+1)x(+1) (written in block-matrix nota-

tion, where the “A” stands for the 1 x 1-matrix ( A ), and where the “0” stands
for the zero vector in IF”“). Then,

pc = (t—A)-ps.

Proof of Lemma The definition of a characteristic polynomial yields

pp = det (tI, — B) and pc =det(tl,11 —C).
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However, from I,, .1 = ( (1) IO ) and C = ( 6\ g ) we obtain
n

_ 10\ (A p\_(t=A —p
”"“_C_t(o In) (0 B>_( 0 tIn—B)'

t—A -
det (tI,,+1 — C) :det( 0 tInfB ) = (t—A) -det(tl, — B)

Thus,

(here, we have applied Laplace expansion along the first column to compute the
determinant, noticing that this column has only one nonzero entry). Thus,

pc =det(tl,41 —C)=(t—A)-det(tl,—B) = (t—A) - p3.
N————
=PB
This proves Lemma O
Let us now prove Theorem

Proof of Theorem We proceed by induction on n:

Induction base:F-orn = 0, Theorem holds triviall

Induction step: Let m be a positive integer. Assume (as the induction hypothesis)
that Theorem is proved for n = m — 1. We must prove that Theorem
holds for n = m.

So let A € C™*™ be an m x m-matrix, and let Ay, Ay,..., Ay be its eigenvalues
(listed with their algebraic multiplicities). We must show that there exists an upper-
triangular matrix T € C"*" such that A ~ T and such that the diagonal entries of
T are Aq, Ay, ..., Ay in this order.

Since A; is an eigenvalue of A, there exists at least one nonzero Aj-eigenvector

1
x of A. Pick any such x. Set u; := Wx. Then, u; is still a Aj-eigenvector of
A, but additionally satisfies ||u1|| = 1. Hence, the 1-tuple (u;) of vectors in C" is
orthonormal.

Thus, Corollary (applied to k = 1 and n = m) shows that we can find m — 1
vectors iy, uz, ..., Uy € C" such that (uq,uy, ..., Uy) is an orthonormal basis of C™.
Consider these m — 1 vectors uj, us, ..., Uy.

Let U € C™*™ be the m x m-matrix whose columns are uy,us,..., U, in this
order. Then, the columns of this matrix form an orthonormal basis of C™. Hence,
Theorem [1.5.3 (specifically, the implication £ = A in this theorem) yields that the
matrix U is unitary. Therefore, U* = U~ !. Moreover, since U is unitary, we have
uu* = I, and U*U = I;,. Thus, U* is unitary as well.

Define an m x m-matrix

C:=U*AU € C"™*"™,

I5There is only one 0 x 0-matrix, and we take T to be this matrix.
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Since U* is unitary, we have A ~ U*A (U*)*. In other words, A ~ C (since

U*A (U*)" = U*AU = C). Hence, A ~ C (by Proposition [2.2.5). Thus, Proposition
~——

=U
(d) shows that the matrices A and C have the same characteristic polynomial.
In other words, p4 = pc.
| |

The definition of U yields U = [ u; --- uy | and therefore
| |
— = | |
us = : and AU = | Auy --- Auy
— u;, — | |

Multiplying the latter two equalities, we obtain

ujAuy ujAupy .- ujAuy

* * *
U AL — usAug usAup - Uy Ay
uy Auy uy,Aup - Uy Ay

Since C = U* AU, we can rewrite this as

ujAuy ujAupy - ujAuy
usAuy usAupy --- ulAu
24491 24312 24 m
C= . . . . (32)
uy Aug uy,Auy - U Ay
Hence,
C1,1 = uf Au1 = MT)Llul = )Ll ui‘ul

=Auq

2
. . . =(uq,uq)= =1
(since u; is a Aj-eigenvector of A) ()= |

(since ||uq]|=1)

= Aj. (33)

Moreover, for each i € {2,3,...,m}, we have

Cip = u; Ay (by 32))

:Alul
(since uq is a Aj-eigenvector of A)
= u;‘)xlul = )\1 u?ul =0.
S~
:(ul,u,->:0

(since (uq,up,...,u) is an orthonormal basis,
and thus uq Lu;)
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Combining this with (33), we see that the 1-st column of the matrix C has entries
A1,0,0,...,0 from top to bottom. In other words,

Al ok % *
0 * =* *

C = 0 % % -+ x ,
0 x *x --- %

where each asterisk (*) means an entry that we don’t know or don’t care about (in
our case, both).
Let us write this in block-matrix notation:

(M op
c_(01 B>, (34)

where p € C'*("=1) is a row vector and B € C"~1)*(m=1) j5 5 matri Consider
this p and this B.

We shall now show that the eigenvalues of B are Ay, A3,...,Ay. Indeed, Lemma
(applied to F = Cand n = m—1 and A = Aq) yields pc = (t— A1) - pp
(because of (34)). Hence,

pa=pc=(t—M) ps.
On the other hand,
pa=(E=A)(E=A2) - (E = Am)

(since pa is monic, and the roots of p4 are precisely the eigenvalues of A with
algebraic multiplicities, which we know are Ay, Ay, ..., Ay). Comparing these two
equalities, we obtain

(t=A1)-pp=(t—A1) (t—=A2) - (t = Am).

We can cancel the factor t — A from both sides of this equality (since the polynomial
ring over C has no zero-divisors). Thus, we obtain

pp = (t—A2) (E=A3) - (= Am).

In other words, the eigenvalues of the (m — 1) x (m — 1)-matrix B are Ay, A3,..., Ay
(listed with their algebraic multiplicities).

Hence, by the induction hypothesis, we can apply Theorem tom—1, Band
Az, Az, ..., Ay instead of n, A and Aq, Ay, ..., A,. As a result, we conclude that there
exists an upper-triangular matrix § € C("~1*("=1) sych that B ~ S and such that
the diagonal entries of S are Ay, A3, ..., Ay, in this order. Consider this S.

(m—1)x(m—1)

We have B ~ S. In other words, there is a unitary matrix V € C such

that S = VBV™*. Consider this V.

16The “0” here is actually the zero vector in C" 1.
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Now, let

W= ( (1) 3. ) e Ccmm (in block-matrix notation) .

This is a block-diagonal matrix, with ( 1 ) and V being its diagonal blocks. Hence,

W* = ( (1) ‘9* ) Moreover, W is a unitary matrix (since it is a block-diagonal

matrix whose diagonal blocks are unitar. Hence, C ~ WCW*. Combining
A = C with C < WCW*, we obtain A ~ WCW?* (by Proposition ().
However,

- ‘A1 1.p- V¥ by using Proposition twice
- \\V-0-1 V-B-V* and simplifying the 0 addends away
= ( )51 XfBVV* ) = ( )61 p‘S/ ) (since VBV* = S).

This matrix WCW™ is therefore upper-triangular (since the bottom-left block is a
zero vector, and since the bottom-right block S is upper-triangular), and its di-
agonal entries are Ay, Ay, ..., Ay in this order (because its first diagonal entry is
visibly A1, whereas its remaining diagonal entries are the diagonal entries of S and
therefore are Ay, A3, ..., Ay in this orde@.

Thus, there exists an upper-triangular matrix T € C"*" such that A ~ T and
such that the diagonal entries of T are Ay, Ay, ..., Ay in this order (namely, WCW*

is such a matrix, because A ~ WCW?* and because of what we just said).
Thus, we have shown that Theorem holds for n = m. This completes the

induction step. The proof of Theorem is thus complete. O
Proof of Theorem Theorem follows from Theorem (and the definition
of unitary similarity). O

Exercise 2.3.2. | 2| Find a Schur triangularization of the matrix < } (1) )

17We are using Proposition |1.6.12| here.
181 fact, we have shown above that the diagonal entries of S are Ay, A3, ..., Ay in this order.
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Exercise 2.3.3. | 3| Find a Schur triangularization of the matrix

—_
e
—_

2.3.3. The diagonal entries of T

One remark is in order about the T in a Schur triangularization:

Proposition 2.3.6. Let A € C"*". Let (U, T) be a Schur triangularization of A.
Then, the diagonal entries of T are the eigenvalues of A (with their algebraic
multiplicities).

Instead of proving this directly, let us show a more general result:

Proposition 2.3.7. Let F be a field. Let A € F"*" and T € F"*" be two similar
matrices. Assume that T is upper-triangular. Then, the diagonal entries of T are
the eigenvalues of A (with their algebraic multiplicities).

Proof of Proposition[2.3.7] We have assumed that A and T are similar. In other
words, T is similar to A. Thus, Proposition (e) shows that the matrices T
and A have the same eigenvalues with the same algebraic multiplicities (and the
same geometric multiplicities, but we don’t need to know this). In other words, the
eigenvalues of T are the eigenvalues of A (with the same algebraic multiplicities).

However, the matrix T is upper-triangular. Thus, the eigenvalues of T (with
algebraic multiplicities) are the diagonal entries of T (this is a well-known factFE[).

9Here is a proof: The matrix T is upper-triangular; thus, it has the form

Ty Tip -+ Ty
0 Thp -+ Ty
T= .
0 0 Ton
Thus, if t is an indeterminate, then
10 -0 iy Ty -+ T
01 --- 0 0 Trp -+ Ty
tl, —T=t . . —
00 --- 1 0 0 - Tun
t—Tyn -Tip - —Tin
0 t— T2,2 cee _TZ,n
0 0 - t—Tu,

This is still an upper-triangular matrix; thus, its determinant is the product of its diagonal
entries. That is, we have

det (th, — T) = (t — Ty1) (t—Tap) -+ (£ — Ton).
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Since we know that the eigenvalues of T are the eigenvalues of A (with the same
algebraic multiplicities), we thus conclude that the eigenvalues of A (with algebraic
multiplicities) are the diagonal entries of T. This proves Proposition 2.3.7] O

Proof of Proposition We assumed that (U, T) is a Schur triangularization of A.
Hence, we have A = UTU", and the matrix U is unitary whereas the matrix T is
upper-triangular. From A = UTU*, we conclude that T is unitarily similar to A (by
Definition since U is unitary). Hence, T is similar to A (by Proposition 2.2.5).
Therefore, Proposition shows that the diagonal entries of T are the eigenvalues
of A (with their algebraic multiplicities). This proves Proposition [2.3.6] O

We will see several applications of Theorem in this chapter. First, however,
let us see some variants of Schur triangularization.

2.3.4. Triangularization over an arbitrary field

The first variant gives a partial answer to the following natural question: What
becomes of Theorem if we replace C by an arbitrary field F ? Of course,
Theorem does not even make sense for an arbitrary field IF, since the notion
of a unitary matrix is only defined over C. Even if we take this loss and replace
“unitary” by merely “invertible” (so U* becomes U1, and “unitarily similar” just
becomes “similar”), the theorem will still fail, because (for example) the matrix

0 -1

1 0
its eigenvalues (which are i and —1i) are not real.

However, apart from these two issues, things go well. So we can state the follow-
ing weak version of Schur triangularization over an arbitrary field:

is not similar to any triangular matrix over the field R. This is because

Theorem 2.3.8 (triangularization theorem). Let [F be a field. Let A € F"*". As-
sume that the characteristic polynomial p4 of A factors as a product of n linear
factors over IF (so A has n eigenvalues in IF, counted with algebraic multiplici-
ties). Then, there exist an invertible matrix U € F"*" and an upper-triangular
matrix T € F"*" such that A = UTU L. In other words, A is similar to some
upper-triangular matrix.

This is an analogue of Theorem [2.3.T} a corresponding analogue of Theorem [2.3.3]
also exists:

Therefore, T11, Top, . .., Tun are the roots of the polynomial det (tI, — T) (with multiplicities).

However, det (tI, — T) is the characteristic polynomial of T. Thus, the roots of this polynomial
det (tI, — T) are the eigenvalues of T (with algebraic multiplicities). Since we know that the
roots of this polynomial are T71,123,..., s, we thus conclude that T71,T25,..., Ty, are the
eigenvalues of T (with algebraic multiplicities). In other words, the diagonal entries of T are the
eigenvalues of T (with algebraic multiplicities). Qed.
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Theorem 2.3.9 (triangularization with prescribed diagonal). Let IF be a field. Let
A € F"™*". Assume that the characteristic polynomial p4 of A factors as a prod-
uct of n linear factors over FF (so A has n eigenvalues in [F, counted with algebraic
multiplicities). Let A, A2, ..., A, be the eigenvalues of A (listed with their alge-
braic multiplicities). Then, there exists an upper-triangular matrix T € F"*"
such that A ~ T (this means “A is similar to T”, as we recall) and such that the
diagonal entries of T are Ay, Ay, ..., A, in this order.

The proofs of Theorem and Theorem are fairly similar to the above
proofs of Theorem and Theorem

Proof of Theorem We proceed by induction on n:

Induction base: For n = 0, Theorem holds triviall

Induction step: Let m be a positive integer. Assume (as the induction hypothesis)
that Theorem is proved for n = m — 1. We must prove that Theorem 2.3.9
holds for n = m.

So let A € F"™*™ be an m x m-matrix whose characteristic polynomial p 4 factors
as a product of m linear factors, and let Ay, Ay,..., A, be the eigenvalues of A
(listed with their algebraic multiplicities). We must show that there exists an upper-
triangular matrix T € F"*™ such that A ~ T and such that the diagonal entries of
T are A1, Ay, ..., Ay in this order.

Since A; is an eigenvalue of A, there exists at least one nonzero A;-eigenvector x
of A. Pick any such x. Set 17 := x. The 1-tuple (u1) of vectors in IF" is then linearly
independent (since 11 = x is nonzero).

It is well-known that any linearly independent tuple of vectors in F" can be
extended to a basis of IF”" (if you wish, this is an analogue of Corollary[1.2.9). Thus,
in particular, the 1-tuple (u7) of vectors in F" can be extended to a basis of F". In
other words, we can find m — 1 vectors up, us, ..., uy € F"™ such that (uy, up, ..., Up)
is a basis of [F™. Consider these m — 1 vectors uy, us, ..., Uy.

Let U € F™ ™ be the m X m-matrix whose columns are uy,us,...,u, in this
order. Then, the columns of this matrix form a basis of F". Hence, the matrix U is
invertible.

Let (e1,ep,...,en) be the standard basis of the F-vector space F™. It is known
that if B is any m X m-matrix, then

the 1-st column of B is Bej. (35)

Applying this to B = U, we see that the 1-st column of U is Ue;. Since we also
know that the 1-st column of U is u; (by the definition of U), we thus conclude that
Ue; = u; = x. However, Ax = Ajx (since x is a Aj-eigenvector of A). In view of
Ue; = x, this rewrites as AUe; = A Ue;.

Define an m x m-matrix

C:=U'AU € F"™™.

2There is only one 0 x O-matrix, and we take T to be this matrix.
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Thus, A ~ C. Hence, Proposition (d) shows that the matrices A and C have
the same characteristic polynomial. In other words, p4 = pc.
Furthermore, shows that the 1-st column of the matrix C is

Cep = U~ Alley (since C= U*lAu)
——
:/\11.181
M
0
= U’l)xerl = /\161 = 0
0

In other words, the matrix C has the form

Al % % *

0 * *x -+ %
C: O % k... * ,

0 * * --- %

where each asterisk (*) means an entry that we don’t know or don’t care about (in
our case, both).
Let us write this in block-matrix notation:

(M p
c_(ol B), (36)

where p € F'*("=1) is a row vector and B € F("=1)*(m=1) jg 5 matri Consider
this p and this B.
We shall now show that the eigenvalues of B are Ay, A3, ..., A;. Indeed, Lemma

(applied to n = m — 1 and A = A;) yields pc = (t — A1) - pp (because of (36)).

Hence,
pa=pc=(t=A)-pp.
On the other hand,
pa=(t=A1)(E=A2) - (t—Am)
(since p4 is monic, and the roots of p, are precisely the eigenvalues of A with

algebraic multiplicities, which we know are Ay, Ay, ..., Ay). Comparing these two
equalities, we obtain

(t—A)-pp=(F—A1)(t—=A) - (t—Am).

2IThe “0” here is actually the zero vector in F"~1.
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We can cancel the factor t — A from both sides of this equality (since the polynomial
ring over [F has no zero-divisors). Thus, we obtain

pp=(t=A2) (E=A3) - (£ = Am).

In other words, the eigenvalues of the (m — 1) x (m — 1)-matrix B are Ay, A3, ..., Ay
(listed with their algebraic multiplicities).

Hence, by the induction hypothesis, we can apply Theorem tom —1, Band
Az, Az, ..., Ay instead of n, A and Aq, Ay, ..., A,. As a result, we conclude that there
exists an upper-triangular matrix S € F("~1*(m=1) sych that B ~ S and such that
the diagonal entries of S are Ay, A3, ..., Ay in this order. Consider this S.

We have B ~ S. In other words, there is a invertible matrix V € F(m—1)x(m-1)
such that S = VBV L. Consider this V.

Now, let

W= < (1) 3 ) e (in block-matrix notation) .

This is a block-diagonal matrix, with ( 1 ) and V being its diagonal blocks. Hence,

W is invertible with W1 = ( (1) Vol
A ~ C with C ~ WCW~!, we obtain A ~ WCW~! (by Proposition (0).
However,

>. Therefore, C ~ WCW~!. Combining

1

0
[ 1-Aa1 1ep-vd by using Proposition twice
N and simplifying the 0 addends away

—1 -1
= ( )(;1 Vpg’/Vl ) = ( %1 P‘g > <since VBVl = S).

This matrix WCW~! is therefore upper-triangular (since the bottom-left block is
a zero vector, and since the bottom-right block S is upper-triangular), and its di-
agonal entries are Aj, Ay, ..., Ay in this order (because its first diagonal entry is
visibly A1, whereas its remaining diagonal entries are the diagonal entries of S and
therefore are Ay, A3, ..., A, in this orde.

Thus, there exists an upper-triangular matrix T € F"*" such that A ~ T and
such that the diagonal entries of T are Ay, Ay, ..., Ay in this order (namely, WC w1
is such a matrix, because A ~ WCW ™! and because of what we just said).

22Tn fact, we have shown above that the diagonal entries of S are Ay, A3,..., Ay in this order.
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Thus, we have shown that Theorem holds for n = m. This completes the

induction step. The proof of Theorem is thus complete. O
Proof of Theorem Theorem follows from Theorem (and the definition
of similarity). |

2.4. Commuting matrices

Next, we shall generalize Theorem from the case of a single matrix to the case
of several matrices that pairwise commute.

I Definition 2.4.1. Two n X n-matrices A and B are said to commute if AB = BA.

Examples of commuting matrices are easy to find; e.g., any two powers of a
single matrix commute (i.e., we have AkAL = ALAK for any n X n-matrix A and
any k,¢ € IN). Also, any two diagonal matrices (of the same size) commute. But
there are many more situations in which matrices commute. In this section, we
shall extend Schur triangularization from a single matrix to a family of commuting
matrices.

First, we need a lemma ([HorJoh13, Lemma 1.3.19]) which says that any family
of pairwise commuting matrices in C"*" has a common eigenvector:

Lemma 2.4.2. Let n > 0. Let F be a subset of C"*" such that any two matrices
in F commute (i.e., any A € F and B € F satisfy AB = BA).

Then, there exists a nonzero vector x € C" such that x is an eigenvector of
each A € F.

Proof. We shall use the following conventions:

* An F-eigenvector will mean a vector x € C" such that x is an eigenvector
of each A € F. Thus, our goal is to show that there exists a nonzero F-
eigenvector.

* A subspace shall mean a C-vector subspace of C".

* A subspace W of C" is said to be nontrivial if it contains a nonzero vector (i.e.,
if its dimension is > 0).

* A subspace W of C" is said to be F-invariant if every A € F and every w € W
satisfy Aw € W. (This means that applying a matrix A € F to a vector w € W
gives a vector in W again —i.e., that there is no way to “escape” W by applying
matrices A € F.)

[Example:Ifn:2and]::{((3) ;) | aelR},thenspan(el):{(g> | xEC}

3 a

is an F-invariant subspace, because every A = 0 2

€ F and every
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w = ( g ) € span (ep) satisfy

e (32)(3)- (¥)emmen

More generally, if the set 7 C C"*" consists entirely of upper-triangular
matrices, then each of the subspaces

span (eq, ey, ...,ex) = {x € C" | the last n — k coordinates of x are 0}

is F-invariant, because the product Ax of an upper-triangular matrix A €
C"*" with a vector x € span (ey, ey, ..., ex) is always a vector in span (eq, ey, . . ., €).]

It is clear that the trivial subspace {0} is F-invariant; so is the whole space C"
itself. The latter shows that there exists at least one nontrivial F-invariant subspace
(namely, C").

Now, we shall show the following crucial claim:

Claim 1: Let W be a nontrivial F-invariant subspace. Let w € W. As-
sume that w is not an F-eigenvector. Then, there exists a nontrivial
J-invariant subspace V such that V is a proper subset of W.

Roughly speaking, this claim is saying that if a nontrivial F-invariant subspace
contains a vector w that is not an F-eigenvector, then there is a smaller nontrivial
J-invariant subspace inside it. This fact (once proved) allows us to start with
any nontrivial F-invariant subspace (for instance, C" itself), and then successively
replace it by smaller and smaller subspaces until we eventually find a nontrivial
F-invariant subspace that consists entirely of F-eigenvectors. This will then yield
the existence of a nonzero F-eigenvector, and thus Lemma will be proved.
(We shall walk through this argument in more detail after proving Claim 1.)

So let us now prove Claim 1:

[Proof of Claim 1: We know that w is not an F-eigenvector. In other words, there
exists some B € F such that w is not an eigenvector of B. Consider this B.

We have Bv € W for each v € W (since W is F-invariant). Hence, the map

fW—=W,
v — Bo

is well-defined. This map f is furthermore C-linear (for obvious reasons). Also,
dim W > 0 (because W is nontrivial).

However, it is well-known that any linear map from a finite-dimensional C-vector
space to itself has at least one nonzero eigenvector, provided that this vector space
has dimension > 0. We thus conclude that the linear map f : W — W has at least
one nonzero eigenvecto@ Pick such a nonzero eigenvector x, and let A € C be

Bgince f is a C-linear map from the finite-dimensional C-vector space W to itself, and since

dimW >0
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the corresponding eigenvalue. Thus, x € W and v # 0 and f (x) = Ax. Since
f (x) = Bx (by the definition of f), we can rewrite the latter equality as Bx = Ax.
In contrast, Bw # Aw (since w is not an eigenvector of B).

Define a subset V of W by

V:={veW | Bv=Av}.

It is easy to see that V' is a subspace (since B (# +v) = Bu+ Bv and B (uv) = - Bo
for any u,v € W and p € C). Furthermore, this subspace V contains the nonzero
vector x (since Bx = Ax), and thus is nontrivial. However, this subspace V' does
not contain w (because if it did, then we would have Bw = Aw (by the definition
of V), which would contradict Bw # Aw). Thus, V # W (since W does contain w).
Therefore, V is a proper subset of W (since V is a subset of W).

Let us now show that this subspace V is F-invariant. Indeed, let A € F and
v € V be arbitrary. We shall show that Av € V.

We have v € V C W and therefore Av € W (since W is F-invariant). Moreover,
Bv = Av (since v € V). Furthermore, B and A commute (since any two matrices
in F commute); thus, BA = AB. Hence, BAv = A \Bg/ = A-Av. Thus, Avis a

=Av
vector z € W that satisfies Bz = Az (since Av € W). In other words, Av € V (by the
definition of V).

Forget that we fixed A and v. We thus have shown that every A € F and every
v € V satisty Av € V. In other words, the subspace V is F-invariant.

Thus, we have found a nontrivial F-invariant subspace V such that V is a proper
subset of W. This proves Claim 1.]

Now, we can complete the proof of Lemma (using the strategy we outlined
above):

We must prove that there exists a nonzero F-eigenvector. Assume the contrary.
Thus, there exists no nonzero F-eigenvector.

We recursively construct a sequence (Vp, Vq, V,, V3, . ..) of nontrivial F-invariant
subspaces as follows:

* We begin by setting Vj := C". (This subspace is indeed F-invariant, and
furthermore is nontrivial because n > 0.)

¢ For each i € N, if the nontrivial F-invariant subspace V; has already been
constructed, we define the next subspace V;; as follows: We pick an arbitrary
nonzero vector w € V;. (Such a w exists, since V; is nontrivial.) This w cannot
be an F-eigenvector (since there exists no nonzero F-eigenvector). Hence,
Claim 1 (applied to W = V)) yields that there exists a nontrivial F-invariant
subspace V such that V is a proper subset of V;. We choose such a V and
define V;. 1 := V.

Thus, we obtain a sequence (Vp, Vi, V3, V3, . ..) of subspaces such that each sub-
space V; 1 in this sequence is a proper subset of the preceding subspace V;. Hence,
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for each i € IN, we have dim (V;41) < dim (V;) (since V; and V;;; are finite-
dimensional vector spaces). Equivalently, for each i € IN, we have dim (V;) >
dim (V;;1). In other words,

dim (Vp) > dim (V7)) > dim (V) > ---.

Hence, the sequence (dim (Vp), dim (V;), dim (V,), ...) is a strictly decreasing
infinite sequence of nonnegative integers. However, this is absurd, since there
exists no strictly decreasing infinite sequence of nonnegative integer Thus, we
have obtained a contradiction. This proves Lemma O

We can now generalize Theorem to families of commuting matrices:

Theorem 2.4.3. Let F be a subset of C"*" such that any two matrices in F
commute (i.e., any A € F and B € F satisfy AB = BA).

Then, there exists a unitary matrix U € U, (C) such that for each A € F, the
matrix UAU" is upper-triangular.

Proof. This can be proved by an induction on 7, similarly to Theorem But
now, instead of picking an eigenvector x of a single matrix A, we pick a common
eigenvector for all matrices in F. The existence of such an eigenvector is guaranteed
by Lemma [2.4.2]

Here is the argument in more detail:

We proceed by induction on n:

Induction base: For n = 0, Theorem holds trivially@

Induction step: Let m be a positive integer. Assume (as the induction hypothesis)
that Theorem is proved for n = m — 1. We must prove that Theorem [2.4.3]
holds for n = m.

So let F be a subset of C"*™ such that any two matrices in / commute (i.e., any
A € F and B € F satisfy AB = BA). We must show that there exists a unitary
matrix Q € Uy, (C) such that for each A € F, the matrix QAQ* is upper-triangular.

Lemma (applied to n = m) shows that there exists a nonzero vector x € C"

: . . 1
such that x is an eigenvector of each A € F. Pick any such x. Set u; := mx.
x

Then, u; is still an eigenvector of each A € F, but additionally satisfies ||u;|| = 1.
Hence, the 1-tuple (u;) of vectors in C" is orthonormal.

Thus, Corollary (applied to k = 1 and n = m) shows that we can find m — 1
vectors uy, u3, ..., Uy € C" such that (uq,uy, ..., Uy) is an orthonormal basis of C™.
Consider these m — 1 vectors uy, us, ..., Uy.

Let U € C™*™ be the m x m-matrix whose columns are uy,us,..., Uy in this
order. Then, the columns of this matrix form an orthonormal basis of C". Hence,
Theorem (specifically, the implication £ = A in this theorem) yields that the

24This is an example of a “proof by infinite descent”.
Bbecause any 0 x 0-matrix is upper-triangular
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matrix U is unitary. Therefore, U* = U1, Moreover, since U is unitary, we have
uu* = I, and U*U = I,. Thus, the matrix U* is unitary.
For each A € F, we now define an m X m-matrix

Cy:= U*AU € ¢,

the corresponding eigenvalue. Now, it is not hard to show;™| that the matrix C4 can
be written in block-matrix notation as

_ ([ Aa pa
= (5 b)), @7)

where p4 € C*("=1) is a row vector and By € C"~Dx(m=1) g 5 matri Con-
sider this p4 and this B4.

Forget that we fixed A. Thus, for each A € F, we have defined a complex
number A 4, a row vector py € C1*(m=1) and a matrix By € C"~1D*(m=1) gych that

holds.
Let A € F and A’ € F be arbitrary. We are going to show that By4» = B4By/.

Indeed, we first observe that the definitions of C4 and C 4/ yield

Now, let A € F be arbitrary. We know that u; is an e‘i%nvector of A; let A4 be

Ca Cy =U"AUU" AU =U"AA'U
S~ ~~ S~~~
=U*AU =U*A'U =l

= Caar (38)

(by the definition of C44/). However, yields

_ (A pa _ ([ A pa
CA_(O BA>’ CA"(O Bay )’
and Cpp = ( A‘SA/ g‘:i: ) .

In view of this, we can rewrite as

Aa pa Aar par \ _ ( Aaar Paa
0 B, 0 By 0 Baw )
Hence,

Aaar Pan N _ [ Aa pa Aar par \ _ [ Aara Aapar+paBa
0 Bua 0 By, 0 By 0 BAB 4

26Indeed, this is essentially a carbon copy of the proof of in our above proof of Theorem m
(except that C, A1, p and B are now called C4, A4, p4 and B,); thus, we leave the details to the
reader.

Z’The “0” here is actually the zero vector in C"~L.
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(by applying Proposition[I.6.5 and simplifying). Comparing the bottom-right blocks
of the block matrices on both sides, we obtain B4 4 = BaBy:.

Similarly, Byr4 = Ba/Bs. However, AA’ = A’A (since any two matrices in F
commute). Thus, Bpa» = Bgra. In view of Byg» = BoBar and By g = BaBa, we
can rewrite this as

BuBay = BuBa. (39)

Forget that we fixed A and A’. We thus have proved for all A € F and
Al e F.
Define a set
F'i={Ba | Ae F}cclmxm1)

Then, shows that any two matrices in 7/ commute.

Hence, by the induction hypothesis, we can apply Theorem to m —1 and
F' instead of n and F. As a result, we conclude that there exists a unitary matrix
V € Uy-1(C) such that for each B € F’, the matrix VBV* is upper-triangular.
Consider this V.

Now, let

W= < (1) 3 ) e (in block-matrix notation) .

This is a block-diagonal matrix, with ( 1 ) and V being its diagonal blocks. Hence,

0 v”
matrix whose diagonal blocks are unitary@.

Now, let Q be the matrix WU*. Then, Q is unitary (by Exercise (b), since
W and U* are unitary). We shall show that for each A € F, the matrix QAQ™ is
upper-triangular.

Indeed, let A € F. Then, By € F’ (by the definition of F’). However, we
know that for each B € F’, the matrix VBV* is upper-triangular. Applying this
to B = By, we conclude that the matrix VB, V* is upper-triangular. On the other

W* = ( 10 ) Moreover, W is a unitary matrix (since it is a block-diagonal

28We are using Proposition [1.6.12| here.
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hand, from Q = WU*, we obtain

QAQ* = WU*A (WU*)* =W u*AU W

e —C
=(Ur) wr=uw (by the definition of C)
= W Ca W™
~— L —~—
_ 1 0 /\A pPa _ 1 0
\o0 VvV _( 0 By ) L0 V¥
(by @7)
. 1 0 /\A PA 1 0
S \0V 0 Ba 0 Vv*
(1 A4-1 1-py- V¥ by using Proposition twice and
-\ V-0-1 V-By-V* simplifying the 0 addends away

This matrix QAQ* is therefore upper-triangular (since its bottom-right block VB, V*
is upper-triangular).

Forget that we fixed A. We thus have shown that for each A € F, the matrix
QAQ* is upper-triangular. Since Q is unitary, we thus have found a unitary matrix
Q € Uy, (C) such that for each A € F, the matrix QAQ* is upper-triangular.

Thus, we have shown that Theorem holds for n = m. This completes the
induction step. The proof of Theorem is thus complete. O

Lecture 5 starts here.

2.5. Normal matrices

We next define a fairly wide class of matrices with complex entries that contains
several of our familiar classes as subsets:

| Definition 2.5.1. A square matrix A € C"*" is said to be normal if AA* = A*A.

In other words, a square matrix is normal if it commutes with its own conju-
gate transpose. This is not the most intuitive notion (nor is the word “normal”
particularly expressive), so we shall give some examples:

1 -1

1 1 € C%*2, Then, the matrix A is normal.

Example 2.5.2. (a) Let A = <

Indeed, its conjugate transpose is A* = ( _11 } ), and it is easily seen that
AA* = A*A =2,
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(b) Let B = ( 8 (l) ) € C2?*2, Then, the matrix B is not normal. Indeed,
B* = 0. 0 and thus BB* # B*B, as can easily be verified.
i 0 y

a b

(c) Let a,b € C be arbitrary, and let C = ( b g ) € C?*2, Then, C is normal.

Indeed, C* = , so that it is easy to check that both CC* and C*C equal

(a b) ab _ ad +bb ab+ ba
b a b a ab+ba aa+bb |

As we promised, several familiar classes of matrices are normal. We recall a
definition:

Definition 2.5.3. A square matrix H € C"*" is said to be Hermitian if and only if
H* =H.

. i\ . e . :
For example, the matrix _j o )8 Hermitian. Any real symmetric matrix
(i.e., any symmetric matrix with real entries) is Hermitian as well.
In contrast, a square matrix S € C"*" is skew-Hermitian if and only if §* = —S

(by Definition [1.5.4). Finally, a square matrix U € C"*" is unitary if and only if
uu* = U*U = I, (by Theorem equivalence A <= C). Having recalled all
these concepts, we can state the following;:
Proposition 2.5.4. (a) Every Hermitian matrix H € C"*" is normal.

(b) Every skew-Hermitian matrix S € C"**" is normal.

(c) Every unitary matrix U € C"*" is normal.

(d) Every diagonal matrix D € C"*" is normal.

Proof. (a) Let H € C"*" be a Hermitian matrix. Then, H* = H (by the definition of
“Hermitian”). Hence, H H* = H H = H*H. In other words, H is normal. This
proves Proposition (a).

(b) This is analogous to part (a), except for a minus sign that appears and disap-
pears again.

(c) This is clear, since UU* = U*U = I, entails UU* = U*U.
(d) Let D € C"*" be a diagonal matrix. Write D in the form

D = diag (A1, Ap,..., Ax) for some Aq, Ay, ..., A, € C.
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Then, D* = diag ()\_1, Ao, .. ,/\_n) Hence,

DD* = diag (A1, A2Ag, ..., ApAy) and
D*D = diag (A1A1, A2Az, ..., ApAy) .
The right hand sides of these two equalities are equal (since AiA; = AjA; for each

i € [n]). Thus, the left hand sides must too be equal. In other words, DD* = D*D.
This means that D is normal. This proves Proposition (d). O

Unlike the unitary matrices, the normal matrices are not closed under multipli-
cation:

Exercise 2.5.1. |2 | Find two normal matrices A, B € C?*? such that neither A + B
nor AB is normal.

Here are three more ways to construct normal matrices out of existing normal
matrices:
Proposition 2.5.5. Let A € C"*" be a normal matrix.

(a) If A € C is arbitrary, then the matrix Al + A is normal.

(b) If U € C"*" is a unitary matrix, then the matrix UAU™ is normal.

(c) The matrix A* is normal.

Proof. We have AA* = A*A (since A is normal).
(@) Let A € C be arbitrary. Then, Proposition (a) yields

(AL + A)* = (AL)* FA* = Al + A
N —
=Al,
(this is easily seen directly, or
obtained from Proposition (b))

Hence,

(ALi+A) AL+ A)" = (AL + A) (AL + AY)

*
N———

=AIL,+A*
= AMI, + AA*+ AA + AA".

A similar computation shows that
(AL + A)* (AL + A) = AAL, + AA* + AA + A*A.

The right hand sides of these two equalities are equal (since AA = AA and AA* =
A*A). Hence, so are the left hand sides. In other words, (AL, + A) (AL, + A)* =
(AL + A)" (AL, + A). In other words, the matrix AL, + A is normal. This proves

Proposition (a).
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(b) Let U € C"*" be a unitary matrix. Thus, UU* = U*U = I, (by the A <= C
part of Theorem [1.5.3). Now, applying Proposition (c) twice, we see that
(XYZ)" = Z*Y*X* for any three n x n-matrices X, Y, Z. Hence,

(UAU*)" = Uk A'U* = UA*U™.
——
(by Proposi_tiLoln ()

Hence,

(UAU*) (UAU*)" = (UAUY) (UA*U*) = UAU' U A*U* = UAA*U".
=UA*U* —in

A similar computation shows that
(UAU*)" (UAU*) = UA*AU™.

The right hand sides of these two equalities are equal (since AA* = A*A). Hence,
so are the left hand sides. In other words, (UAU*) (UAU*)" = (UAU*)" (UAU*).
In other words, the matrix UAU* is normal. This proves Proposition (b).

(c) This is left to the reader. O]

Here is another normality-preserving way to transform matrices:

Definition 2.5.6. Let FF be a field. Let A € F"*" be a square matrix. Let p (x)
be a polynomial in a single indeterminate x with coefficients in IF. Write p (x) in
the form p (x) = apx® +a;x! + - + a;x%, where ag, a1, ...,a; € F.

Then, p (A) denotes the matrix agA® +a; Al + - - - 4+ ayA% € F™",

For instance, if p (x) = x> —2x2 + 1, then p (A) = A3 —2A% + A" = A3 —2A% +
In.

Proposition 2.5.7. Let A € C"*" be a normal matrix. Let p (x) be a polynomial in
a single indeterminate x with coefficients in C. Then, the matrix p (A) is normal.

Exercise 2.5.2. |3 | Prove Proposition [2.5.
| p 57

Exercise 2.5.3. |2| Generalizing Proposition (b), we might claim the follow-
ing:

Let A € CF*k be a normal matrix. Let U € C"*f be an isometry. Then, the
matrix UAU* is normal.

Is this generalization correct?
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Exercise 2.5.4. |4|Let A € C"*" be a normal matrix. Prove the following:
(a) We have ||Ax|| = ||A*x|| for each x € C".
(b) We have Ker A = Ker (A¥).
(c) Let A € C. Then, the A-eigenvectors of A are the A-eigenvectors of A*.

Exercise 2.5.5. |4|(a) Let A € C"*" and B € C"™*™ be two normal matrices, and
X € C"™. Prove that AX = XB if and only if A*X = XB*. (This is known as
the (finite) Fuglede—Putnam theorem.)

(b) Let A € C"*" and X € C"*" be two matrices such that A is normal. Prove
that X commutes with A if and only if X commutes with A*.

[Hint: For part (a), set C := AX — XB and D := A*X — XB*. Use Exercise
to show that Tr (C*C) = Tr (D*D). Conclude using Exercise (b). Finally,
observe that part (b) is a particular case of part (a).]

Exercise 2.5.6. Let A € C"*" and B € C"*" be two normal matrices such that
AB = BA. Prove that the matrices A + B and AB are normal.

[Hint: Use Exercise (b).]

Exercise 2.5.7. |4|Let A € C"*".

(a) Show that there is a unique pair (R, C) of Hermitian matrices R and C such
that A = R+ iC.

(b) Consider this pair (R,C). Show that A is normal if and only if R and C
commute (that is, RC = CR).

[Hint: For part (a), apply the “conjugate transpose” operation to A = R +iC
to obtain A* = R —iC.]

We will now prove an innocent-looking property of normal matrices that will
turn out crucial in characterizing them:

Lemma 2.5.8. Let T € C"*" be a triangular matrix. Then, T is normal if and only
if T is diagonal.

Proof. The “if” direction follows from Proposition (d). Thus, it remains to
prove the “only if” direction.

So let us assume that T is normal. We shall show that T is diagonal.

The matrix T is normal; thus, T* is normal as well (by Proposition (0)). Since
T is normal, we have TT* = T*T.

We have assumed that T is triangular. WLOG assume that T is upper-triangular
(because otherwise, we can replace T by T*). In other words,

T;;=0 for all i,j € [n] satisfying i > j. (40)
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We must prove that the matrix T is diagonal. Assume the contrary. Thus, T has a
nonzero off-diagonal entry@ Let i be the smallest element of [n] such that the i-th
row of T contains a nonzero off-diagonal entry. Hence, the i-th row of T contains
a nonzero off-diagonal entry, but the 1-st, 2-nd, ..., (i — 1)-st rows of T contain no
such entries.

The definition of the product of two matrices yields that the (i, 7)-th entry of T*T
is

n n
(T*T);; = Y. (T);x Tii =Y TkiTk,
k=1 ~— k=1
*Tkz
(by the definition of T*)
i
=) TiiTei+ Z Ty, Ty,

k=1 k=i+1 ~

=0
(by (@0), applied to k and i

instead of i and j)
i

i n
=) TeiTii+ ), Tii0=1) TiTi.i
k=1 k=i+1 k=1 —

(since Zz=|z|? for each z€C)

i
= Z ‘Tk,i 2
k=1

A similar computation yields

(TT*); Z IT;

The left hand sides of these two equalities are equal (since T*T = TT*). Thus, the
right hand sides are equal as well. In other words, we have

Z|Tk1 Z|T1k|

Both sides of this equality are sums with their k = i addend equal to |T;; . Thus, if
we subtract |TZ',1-|2 from this equality, then both sums lose their k = i addends, and

we are left with -
1— n
2 2
Yo ITl"= Y. IT;,
k=1

k=i+1
Now, recall that the 1-st, 2-nd, ..., (i — 1)-st rows of T contain no nonzero off-
diagonal entries. In other words, if k € [i — 1], then Ty ; = 0 for each j # k. Hence,

(41)

2 An “off-diagonal entry” means an entry that does not lie on the diagonal.
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2
i—1
in particular, if k € [i — 1], then Ty; = O (since i # k). Therefore, ) |Ty;| =
k=1 ™~~~
=0
i—1
02 = 0. Comparing this with li we obtain
k=1

n

Y. Tkl = 0.

k=i+1

Therefore, all addends |T; ;14 2, |Ti,i+2|2 yooir|Tin |? in this sum are 0 (because a sum
of nonnegative reals can only be 0 if all its addends are 0). In other words, all the
numbers T;; 11, T;it2,...,T;, are 0. Since all the numbers T;q,Tio,...,T;;—1 are
0 as well (by ), we thus conclude that all the numbers T;4,T;», ..., T;, are 0
except for (possibly) T;;. In other words, the i-th row of T contains no nonzero
off-diagonal entries. This contradicts the definition of i. Hence, we have obtained
a contradiction, and our proof of Lemma is complete. O

Exercise 2.5.8. |3|(a) Let T € C"*" be an upper-triangular matrix. Prove that

m m n »
L (TT"=TT); =3, ). |Tyl
i=1 i=1 j=m+1

for each m € {0,1,...,n}.

(b) Use this to give a direct proof (i.e., not a proof by contradiction) of Lemma

2.5.8

For the next exercise, we recall the notion of a nilpotent matrix:

Definition 2.5.9. Let [F be a field. A square matrix A € [F"*" is said to be nilpotent
if there exists some nonnegative integer m such that A™ = 0.

2
6 9
4 _g 4 —6) = 0. Also,
every strictly upper-triangular matrix and every strictly lower-triangular matrix is
nilpotent.

For example, the matrix ( ) is nilpotent, since (

Exercise 2.5.9. |2 | Let A € C"*" be a normal matrix that is nilpotent. Prove that
A=0.

Let us state another useful property of polynomials applied to matrices (Defini-
tion [2.5.6):
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Exercise 2.5.10. Let A € C"*" be any matrix. Let A1, Ay, ..., A, be the eigen-
values of A (listed with their algebraic multiplicities). Let p (x) be a polynomial
in a single indeterminate x with coefficients in C.

Prove that the eigenvalues of the matrix p (A) are p(A1),p (A2),...,p (An)
(listed with their algebraic multiplicities).

(This is known as the spectral mapping theorem.)

2.6. The spectral theorem
2.6.1. The spectral theorem for normal matrices

We are now ready to state the main theorem about normal matrices, the so-called
spectral theorem:

Theorem 2.6.1 (spectral theorem for normal matrices). Let A € C"*" be a normal
matrix. Then:

(a) There exists a unitary matrix U € U, (C) and a diagonal matrix D € C"**"
such that
A=UDU".

In other words, A is unitarily similar to a diagonal matrix.

(b) Let U € U, (C) be a unitary matrix, and D € C"*" be a diagonal matrix
such that A = UDU*. Then, the diagonal entries of D are the eigenvalues of
A. Moreover, the columns of U are eigenvectors of A. Thus, there exists an
orthonormal basis of C" consisting of eigenvectors of A.

Proof. (a) Theorem yields that there exist a unitary matrix U € U, (C) and an
upper-triangular matrix T € C"*"" such that A = UTU*. Consider these U and T.
Since U is unitary, we have U*U = I, and UU" = I,,. The matrix U* is unitary as
well (since U* (U*)" = U*U = I, and (U*)" U* = UU* = I,,). Hence, Proposition
~—— ~——
=U =U
(b) (applied to U* instead of U) yields that the matrix U*A (U*)" is normal.
Since
us A (UH"=UuTu*u=I,TI, =T,

N -~ N

—utur [ =, =l
this rewrites as follows: The matrix T is normal. Since T is upper-triangular, we
thus conclude by Lemma that T is diagonal. Hence, if we set D = T, then
we have constructed a unitary matrix U € U, (C) and a diagonal matrix D € C"*"
such that A = UDU*. Hence, A is unitarily similar to a diagonal matrix. This

proves Theorem (a).

(b) From A = UDU*, we see that the matrix D is unitarily similar to A. Hence,
D is similar to A (by Proposition 2.2.5). Moreover, the matrix D is upper-triangular
(since it is diagonal). Thus, Proposition (applied to F = C and T = D)
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yields that the diagonal entries of T are the eigenvalues of A (with their algebraic
multiplicities).

Next, we shall show that the columns of U are eigenvectors of A. Indeed, from
A = UDU*, we obtain

AU =UD uu = Uupb.
=1
(since U_isnunitary)

Now, let A1, Ay, ..., A, be the diagonal entries of the diagonal matrix D. Let
i € [n]. Then, De; = Aje; (where (e, ey, ...,¢e,) denotes the standard basis of C"),
since D is a diagonal matrix whose i-th diagonal entry is ¢;. Therefore,

AU e = u Dei = Ai' Uei.
S~~~ ~—~—
=ub =Aje;

This shows that Ue; is an eigenvector of A (for eigenvalue A;). Since Ue; is the i-th
column of U, we can rewrite this as follows: The i-th column of U is an eigenvector
of A.

Forget that we fixed i. We thus have shown that for each i € [n], the i-th column
of U is an eigenvector of A. In other words, the columns of U are eigenvectors of
A.

It remains to prove that there exists an orthonormal basis of C" consisting of
eigenvectors of A. However, this is now easy: The matrix U is unitary. Thus, the
columns of U form an orthonormal basis of C" (by the implication A = £ in
Theorem [1.5.3). This basis consists of eigenvectors of A (since the columns of U
are eigenvectors of A). Thus, there exists an orthonormal basis of C" consisting of
eigenvectors of A (namely, this basis). This concludes the proof of Theorem
(b). O

The decomposition A = UDU* in Theorem (or, to be more precise, the pair
(U, D)) is called a spectral decomposition of A. It is not unique (e.g., we can replace
U by AU whenever A € C satisfies |A\| = 1; this does not change UDU*). We
can actually choose the order of the diagonal entries of D at will, as the following
simple corollary shows:

Corollary 2.6.2. Let A € C"*" be a normal matrix. Let Aq,Ay,..., A, be the
n eigenvalues of A (listed with algebraic multiplicities, in an arbitrary or-

der). Then, there exists a spectral decomposition (U,D) of A with D =
diag (A1, A2, ..., An). Thus,

A R diag (A1, Mg, ..., An). (42)

Proof. Let L = diag (A1, Ay, ..., An). This is clearly a diagonal matrix.
Theorem [2.6.1] (a) yields that there exist a unitary matrix U € U, (C) and a
diagonal matrix D € C"*" such that A = UDU". Consider these U and D, and
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denote them by W and F (since they are not yet the U and D that we are looking
for). Thus, W € U, (C) is a unitary matrix and F € C"*" is a diagonal matrix such
that

A =WFW*.

The definition of unitary similarity yields A ~ F (since W is unitary and A =
WEFW*). However, the diagonal entries of F are the eigenvalues of A (by Theo-
rem [2.6.1] (b), applied to U = W and D = F). Since the eigenvalues of A are
A1, Ag, ..., Ay, this shows that the diagonal entries of F are Ay, Ay, ..., A, in some
order. In other words, there exists a permutation ¢ of [n] such that the diagonal
entries of F are Ay(1), Ag(2), - - -, Ag(n). Consider this o.

The matrix F is a diagonal matrix, and its diagonal entries are Ay (1), Ag(2), - - - Ag(n)-

In other words, F = diag (Ag(l), Ae@)r-- )\a(n))-

However, Proposition|2.2.7|yields diag (A1, Ay, ..., Ay) ~ diag <)\a(1), Ag@)s- s Aa(n)> .

This rewrites as L ~ F (since L = diag (A1, A2, ...,A,) and F = diag (Aa(l),)ta(z), . .,Aa(n)>).
In other words, there exists a unitary matrix Q € U, (C) such that

F = QLQ".

Consider this Q. Now, the matrix WQ is unitary (by Exercise (b), since W and
Q are unitary), and we have

A=W E_ W =WQLQW' =WQL(WQ)" = (WQ) L-(WQ)".
=QL” =(WQ)"

This shows that (WQ, L) is a spectral decomposition of A (since WQ is unitary and
L is diagonal). This spectral decomposition satisfies L = diag (A1, A2, ..., As). Thus,
there exists a spectral decomposition (U, D) of A with D = diag (A1, A2, ..., Ay)
(namely, (WQ, L)). This furthermore shows that A S diag (A1, A2, ..., Ay). Corol-

lary is thus proven. O

Note that Theorem (b) has a converse, which helps finding spectral de-
compositions in practice if one doesn’t want to go through the trouble of Schur
triangularization:

Proposition 2.6.3. Let A € C"*". Let U € U, (C) be a unitary matrix and D €
C" " a diagonal matrix. Assume that for each i € [n], we have AU, ; = D;;U, ;
(that is, the i-th column of U is an eigenvector of A for the eigenvalue D; ;). Then,
A = UDU¥, so that (U, D) is a spectral decomposition of A.

Exercise 2.6.1. |2 | Prove Proposition [2.6.3
| p k63
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Exercise 2.6.2. (@) Find a spectral decomposition of the normal matrix
1 1+1
1+i 1 '

(b) Find a spectral decomposition of the Hermitian matrix ( (z) BZ )

(c) Find a spectral decomposition of the skew-Hermitian matrix ( (z) (l) )

(d) Find a spectral decomposition of the unitary matrix 1 ( t )

N AR

Exercise 2.6.3. |2 | Describe all spectral decompositions of the n x n identity ma-
trix I,.

Only normal matrices can have a spectral decomposition. Indeed, if some n x n-
matrix A € C"*" can be written as A = UDU* for some unitary U and some
diagonal D, then D is normal (by Proposition (d)), and therefore A is normal
(by Proposition (b), applied to D instead of A). Thus, we obtain the following
characterization of normal matrices:

Corollary 2.6.4. An n x n-matrix A € C"*"" is normal if and only if it is unitarily
similar to a diagonal matrix.

Proof. =>: Assume that A is normal. Then, Theorem (a) shows that A is
unitarily similar to a diagonal matrix. This proves the “==" direction of Corollary

<=: Assume that A is unitarily similar to a diagonal matrix. In other words,
A = UDU* for some unitary matrix U € U, (C) and some diagonal matrix D €
C"*". Consider these U and D. The matrix D is normal (by Proposition (d)).
Hence, the matrix UDU* is normal (by Proposition (b), applied to D instead
of A). In other words, the matrix A is normal (since A = UDU"). This proves the
“«=" direction of Corollary O

| Exercise 2.6.4. Let A € C"*" and B € C"*" be two normal matrices such that
A ~ B. Prove that A ~ B.

2.6.2. The spectral theorem for Hermitian matrices

The spectral decompositions of a Hermitian matrix have a special property:

Proposition 2.6.5. Let A € C"*" be a Hermitian matrix, and let (U, D) be a
spectral decomposition of A. Then, the diagonal entries of D are real.
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Proof. The definition of a spectral decomposition yields that U is unitary and D is
diagonal and A = UDU*. However, since A is Hermitian, we have A* = A. In
view of A = UDU*, this rewrites as (UDU*)" = UDU*. Hence,

UDU* = (UDU*)* = (U*)* D*U* = UD*U"*.
——
=Uu

Since the matrix U is unitary, we can cancel both U and U™ from this equalit and
thus obtain D = D*. However, if A is a diagonal entry of D, then the corresponding
diagonal entry of D* must be A, and therefore we obtain A = A (since D = D*
shows that these two entries are equal). Thus, each diagonal entry A of D satisfies
A = A and therefore A € R (because a complex number z satisfying z = z must
automatically satisfy z € R). In other words, the diagonal entries of D are real.
This proves Proposition 2.6.5 O

This allows us to characterize Hermitian matrices in a similar way as normal
matrices were characterized by Corollary

Corollary 2.6.6. An n x n-matrix A € C"*" is Hermitian if and only if it is
unitarily similar to a diagonal matrix with real entries.

Proof. =>: Assume that A is Hermitian. Then, A is normal (by Proposition
(a)). Hence, Theorem (a) shows that A is unitarily similar to a diagonal matrix.
In other words, A = UDU* for some unitary matrix U € U, (C) and some diagonal
matrix D € C"*". Consider these U and D. Clearly, A is unitarily similar to D.
Moreover, (U, D) is a spectral decomposition of A (by the definition of a spectral
decomposition). Hence, Proposition yields that the diagonal entries of D are
real. Thus, D is a diagonal matrix with real entries. Hence, A is unitarily similar to
a diagonal matrix with real entries (since A is unitarily similar to D). This proves

the “==" direction of Corollary

<=: Assume that A is unitarily similar to a diagonal matrix with real entries. In
other words, A = UDU* for some unitary matrix U € U, (C) and some diagonal
matrix D € C"*" that has real entries. Consider these U and D. The matrix D is
a diagonal matrix with real entries; thus, it is easy to see that D* = D (since the
diagonal entries of D are real and thus remain unchanged and unmoved in D*,
whereas all other entries of D are 0). Now, from A = UDU*, we obtain

A* = (UDU*)* = (U*)* D* U*=UDU* = A.
—u =D

In other words, the matrix A is Hermitian. This proves the “<=" direction of

Corollary O

30Indeed, the matrix U is unitary; therefore, U is invertible, and its inverse is U-! = U*. Hence,
U* is also invertible (being the inverse of U). Thus, we can multiply both sides of the equality
UDU* = UD*U* from the left by U~ and from the right by (U*)"'; as a result, we obtain
D = D*.
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2.6.3. The spectral theorem for skew-Hermitian matrices

Similarly, we can handle skew-Hermitian matrices:

Proposition 2.6.7. Let A € C"*" be a skew-Hermitian matrix, and let (U, D)
be a spectral decomposition of A. Then, the diagonal entries of D are purely
imaginary.

Corollary 2.6.8. An n X n-matrix A € C"*" is skew-Hermitian if and only if it is
unitarily similar to a diagonal matrix with purely imaginary entries.

I Exercise 2.6.5. |3 | Prove Proposition and Corollary

2.6.4. The spectral theorem for unitary matrices

Likewise, we can handle unitary matrices:

Proposition 2.6.9. Let A € C"*" be a unitary matrix, and let (U, D) be a spectral
decomposition of A. Then, each of the diagonal entries of D has absolute value
1.

Corollary 2.6.10. An n x n-matrix A € C"*" is unitary if and only if it is unitarily
similar to a diagonal matrix whose all diagonal entries have absolute value 1.

I Exercise 2.6.6. |2 | Prove Proposition and Corollary

Exercise 2.6.7. |2 | Prove the following generalization of Theorem
Let F be a subset of C"*" such that any matrix in F is normal, and such that
any two matrices in /' commute (i.e., any A € F and B € F satisfy AB = BA).
Then, there exists a unitary matrix U € U, (C) such that for each A € F, the
matrix UAU* is diagonal.

H Lecture 6 starts here. H

2.7. The Cayley—Hamilton theorem

We will now state the famous Cayley—Hamilton theorem, and to prove it at least
for matrices with complex entries. This will serve as a reminder of an important
theorem (which will soon be used), and also as an illustration of how Schur trian-
gularization can be applied.

In Definition we have learnt how to substitute a square matrix into a poly-
nomial. Something peculiar happens when a matrix is substituted into its own
characteristic polynomial:
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Theorem 2.7.1 (Cayley—-Hamilton theorem). Let IF be a field. Let A € F"**" be an
n X n-matrix. Then,

pa(A) =0.

(The “0” on the right hand side here means the zero matrix 02>.)

Example 2.7.2. Letn =2 and A = ( Z Z ) Then, as we know from Example
2.0.2, we have

pa =1t — (a+d)t+ (ad —bc).
Thus,

pa(A) =A%~ (a+d)A+ (ad —be) I
:(i Z 2_(a+d)(i Z)Jr(ad—bc)((l) (1)>

Thus, we have verified Theorem forn = 2.

Remark 2.7.3. It is tempting to “prove” Theorem 2.7.1|by arguing that p4 (A) =
det (Al, — A) holds “by substituting A for ¢ into py = det (¢, — A)”. Unfor-
tunately, such an argument is unjustified. Indeed, tI, — A is a matrix whose
entries are polynomials in t. If you substitute A for t into it, it will become a
matrix whose entries are matrices. This poses two problems: First, it is unclear
how to take the determinant of such a matrix; second, this matrix is not AI,, — A.
For example, for n = 2, substituting A for t in tI, — A gives

which can be made sense of (if we treat the a, b, ¢, d as multiples of 1), but which
is certainly not the same as AI, — A (which is the zero matrix). There is a correct
proof of the Cayley—Hamilton theorem along the lines of “substituting A for t”,
but it requires a lot of additional work (see https://math.stackexchange.com/
questions/1141648/ for some discussion of this).

Various proofs of Theorem are found across the literature; see [Grinbel9,
after Theorem 2.6] for a list of references (Theorem [2.7.1| is [Grinbel9, Theorem
2.5]). I can particularly recommend the algebraic proofs given in [Heffer20, Chapter
Five, Section IV, Lemma 1.9], [Matel6, §4, Theorem 1] and [Shurmal5|], and the
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combinatorial proof shown in [Straub83|] and [Zeilbe85| §3]. Here, however, I will
show a proof of Theorem in the particular case when [F = C.

This proof will rely on two lemmas. The first collects some useful properties of
the application of polynomials to matrices:

Lemma 2.7.4. Let n € IN. Let F be a field. Let A € F"*" be an n x n-matrix.
The word “polynomial” shall mean “polynomial in an indeterminate ¢ with co-
efficients in [F”. Then:

(@) If f and g are two polynomials, then (fg) (A) = f (A) - g (A).

(b) If fi, f2,..., fx are several polynomials, then (fif2--- fx) (A) = f1(A) -
fa(A)---- fe (A).

(c) If f is a polynomial, and W & F"*" is an invertible matrix, then
f(WAW ) =W f(A)- WL

Proof of Lemma[2.7.4, (a) Let f and g be two polynomials. Write f in the form f=
Z fit' for some coefficients fy, f1,..., fp € F. Write g in the form g = Z g]t] for
i=0 j=0

some coefficients go, g1, - -, &4 € TF. Definition 2.5.6 yields

p p
=) _ fiA (since f= Zﬁt’)
i=0 i=0
and
q . q ,
=) gA (since g= Zg]ﬂ) .
j=0 j=0

Multiplying these two equalities, we obtain
p P q o
f(A)-g(A)=| L fid Z&AJ =) ) figdd
i=0 j=0 — Ait

p q
— Z Z figiA™t. (43)

p . q )
Multiplying the equalities f = }° fit' and ¢ = }_ g;t/, we obtain
i=0 i=0

p , 9 ) ptq ¢
fe=(Y At | | gt ] =) Z fzgk it
i=0 j=0 k=0 \ i€{01,...
i<p; k— z<q

January 4, 2022



Math 504 notes page 91

(by the definition of the product of two polynomials). Hence, Definition yields

p+q ' p+q ¢
(fg) (A) =) Z flgk i| A= ) Y. fi8k—iA
k=0 |\ ie{01,... k=0 ie{01,...k};
i<p; k— z<q i<p; k—i<qg
poitg
=L ):

i=0
(because both of these double sums
are summing over all pairs (k,i) of
nonnegative integers satisfying i<k
and i<p and k<i+q)

gk zA _Z Zfl l—|—] A+]

_g]
(here, we have substituted i 4 j for k in the inner sum)

figiA™ = f(4) g (A) (by @3))

I
o

I
=
I M+

I
™=
=

I
o

0

j
This proves Lemma 2.7.4] (a).

(b) Lemma 2.7.4] (b) follows by induction on k. (The base case relieson 1 (A) = I,
where 1 denotes the constant polynomial 1. The induction step uses Lemma

().)
(c) Let f be a polynomial, and let W € F"*" be an invertible matrix. Let B :=

p
WAW~1. Write the polynomial f in the form f = Y fit* for some coefficients
k=0
fo, fi,-- ., fp € F. Thus, Definition yields

= f fr A and (44)
k=0
P

=Y fB~ (45)
k=0

However, for each k € IN, we have
BF = wAfw 1 (46)

(indeed, this is precisely the equality (30), which we have proved long ago). There-
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fore, becomes

f(B) = ifk B = fkaA"w1
k=0

waky-1 k=0

(by @)
p p
=W- Y AW =w. [ Y A" ) Wl =w.f(A) - wL
k=0 k=0
—_——
=f(A)
(by ¢4))
This proves Lemma (). O

The second lemma is an easy but neat property of triangular matrices:

Lemma 2.7.5. Let n € IN. Let F be a field. Let T1, Ty, . .., T, be n upper-triangular
n x n-matrices. Assume that for each i € [n], the i-th diagonal entry of the matrix
T; is O (that is, we have (T;);; = 0). Then,

TyTy - Ty = 0.

(The 0 on the right hand side here is the zero matrix.)

Example 2.7.6. For n = 3, Theorem is saying the following: If Ty, T, T3 are
three 3 x 3-matrices of the form

0 * =x* * ok ok ¥ % %
T1 = 0 % =% , TQZ 0 0 =« , T3: 0 *x =x
0 0 = 0 0 =x 0 0O

res 7
*

(where each asterisk stands for an arbitrary entry — not necessarily equal to
the other asterisk entries), then T;T>T5; = 0.

Proof of Lemma We claim that
the first k columns of the matrix Ty T, - - - Ty are 0 (47)

for each k € {0,1,...,n}.

[Proof of (47): We shall prove by induction on k:

Base case: The first 0 columns of any matrix are 0 (indeed, this is vacuously true).
Thus, holds for k = 0.

Induction step: Let p € [n]. Assume that (#7) holds for k = p — 1. We must prove
that holds for k = p.

Let A=T1T,--- T, 1 and B = Tj. Thus,

AB= (T1Ta-- Ty 1) Ty=TiTa- - Tp. (48)
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We have assumed that holds for k = p — 1. In other words, the first p — 1
columns of the matrix T1T; - - - T, 1 are 0. In other words, the first p — 1 columns
of the matrix A are 0 (since A = T1 T, - - - T,_1). In other words,

Aij=0 foreachi € [n] and j € [p—1]. (49)

On the other hand, the assumption of Lemma yields that the p-th diagonal
entry of the matrix T}, is 0. In other words, (Tp)p’p = 0. In other words, B, , = 0
(since B = T,). Moreover, the matrix T} is upper-triangular (by the assumption of
Lemma . In other words, the matrix B is upper-triangular (since B = Ty). In
other words,

Bij=0 for each i, € [n] satisfying i > j. (50)

Now, let i € [n] and j € [p] be arbitrary. We shall show that (AB), ; = 0.
Indeed, the definition of the product of two matrices yields

p—1 n
(AB);; Z AiBrj =Y Ajk B+ Y AixB,
k= k=1 ~ k=p

=0
(by (49), applied to k instead of j
(since ke[p—1]))

p—1
_ZOBk]+ZA «Brj = ZA kB (51)
=1 k=p k=p

=0

If p > j, then this becomes

n n
B);; = Y Ak By, =Y Ay0=0,
k=p \7/0'/ k=p
(by (50), applied to k instead of i
(since k>p>7))
and therefore (AB )i,]- = 0 has been proved in this case. Hence, for the rest of the
proof of (AB); ; = 0, we WLOG assume that we don’t have p > j. Thus, j > p, so
that j = p (since j € [p]). In other words, p = j. Now, becomes

n
(AB);, -y 4 xBrj=Aip By + ), A By,
k=p \/_B k=p+1 \—6/
(sir;:e’}',p: ) (by (50), appliea to k instead of i

(since k>p+1>p=j))
(here, we have split off the addend for k = p from the sum)

n
\_/0'/ k=p+1

———
=0
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Thus, we have proved that (AB )i,j = 0.
Forget that we fixed i and j. We thus have shown that (AB);; = 0 for all i € [n]

and j € [p]. In other words, the first p columns of the matrix AB are 0. In view of
, we can rewrite this as follows: The first p columns of the matrix T; T - - - Tp are
0. In other words, (#7) holds for k = p. This completes the induction step. Thus,

is proven.]

Now, we can apply to k = n, and conclude that the first n columns of the
matrix T T - - - T,; is 0. Since this matrix T;T; - - - T;; has only n columns, this means
that all of its columns are 0. In other words, the entire matrix T;T, - - - T;; is 0. This
proves Lemma [2.7.5] O

Proof of Theorem for F = C. Assume that F = C. The Schur triangularization

theorem (Theorem shows that A is unitarily similar to an upper-triangular

matrix. Hence, A is similar to an upper-triangular matrix (because unitarily similar

matrices always are similar). In other words, there exist an invertible matrix U and

an upper-triangular matrix T such that A = UTU~!. Consider these U and T.
From A = UTU !, we obtain

pa(A)=pa (UTU_l) —U-ps(T) U

(by Lemma (c), applied to pa, U and T instead of f, W and A). Hence, in
order to prove that p4 (A) = 0, it will suffice to show that p4 (T) = 0.

Now, let Ay, Ay, ..., A, be the diagonal entries of T. Then, by Proposition m
these diagonal entries A1, Ay, ..., A, are the eigenvalues of A (with algebraic multi-
plicities). Hence,

pa=(E=2)(E=Az) - (t=An)
(since p4 is monic, and the roots of p, are precisely the eigenvalues of A with
algebraic multiplicities). Therefore,

pa(T) = ((t=21) (£ =A2) -~ (t = An)) (T)
= (T — MIy) (T = AaLy) - (T = Auly) (52)

(by Lemma (b), applied to n, T and t — A; instead of k, A and f;).
We have
Tii=Ai for each i € [n] (53)

(since Aq, Ap, ..., Ay are the diagonal entries of T).

However, the n matrices T — A1, T — ALy, ..., T — Ayl, are upper-triangular
(since they are linear combinations of the upper-triangular matrices T and I,).
Moreover, for each i € [n], the i-th diagonal entry of the matrix T — A;L, is 0
(because this entry is (T — Ailn);; = T;i —Ai(In);; = Ai —A; = 0). Thus, Lemma

~~ ——

=\ =
(by B3))
(applied to T; = T — A;I,;) yields

(T — /\1[11) (T — )\21;1) T (T - /\nIn) =0.
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In view of (52), this rewrites as p4 (T) = 0. As explained above, this entails
pa (A) = 0. Thus, Theorem is proved under the assumption that F = C. [

The Cayley-Hamilton theorem has an interesting consequence: it yields that the
inverse of an invertible matrix can be written as a polynomial applied to this matrix.
(However, the specific polynomial that needs to be applied depends on this matrix.)
In more detail:

Exercise 2.7.1. |3| Let FF be a field. Let n be a positive integer. Let A € IF"*" be
an invertible matrix with entries in IF. Prove that there exists a polynomial f of
degree n — 1 in the single indeterminate ¢ over IF such that A~! = f (A).

Tr A 1
F le, f =2 have A~ = ul, —vAwithu = —— and v = )
or examp e, 1orn , We have uiy 0 W1 u det A ana o det A

Another consequence of Cayley-Hamilton is that the powers of a given square
matrix A € F"*" span a vector space of dimension < n:

Exercise 2.7.2. |3 | Let IF be a field. Let A € [F"*" be a square matrix with entries
in IF. Prove that for any nonnegative integer k, the power A¥ can be written as
an [F-linear combination of the first n powers A0 AL AL

Yet another rather curious consequence is an application to linearly recurrent
sequences. We recall what these are:

Definition 2.7.7. Let ay,ay,...,a; be k numbers. A sequence (xo, X1,Xp,...) of
numbers is said to be (a1, 4y, ..., ax)-recurrent if each integer i > k satisfies

Xj = a1Xj—1 + a2Xj— + - + A Xj_k.

For instance, the famous Fibonacci sequence (fo, f1, f2, - . .) (defined by the start-
ing values fop = 0 and f; = 1 and the recurrence f; = f;_1 + fi_») is (1,1)-recurrent
(by its very definition). Now, it is a simple exercise to check that the “even-indexed
Fibonacci sequence” (fo, f2, fa, f6, - -.) and the “odd-indexed Fibonacci sequence”
(f1, f3, f5, f7, . . .) themselves follow a simple recursion; to wit, they are both (3, —1)-
recurrent (check this!). Likewise, the “multiples-of-3-indexed Fibonacci sequence”
(fo, f3, fe, fo, . ..) as well as its companions (f1, fa, f7, f10,.-.) and (f2, f5, fs, f11,- - )

are (4,1)-recurrent. This generalizes:

Exercise 2.7.3. Let ay,az,...,a; be k numbers. Let (xp,x1,x2,...) be any
(a1,ay,...,a)-recurrent sequence of numbers. Let d be a positive integer. Show
that there exist k integers by, by, . . ., by such that each i > kd satisfies

xi = b1xi_g +baxi_p5+ -+ bpXi_ga-
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(This means that the sequences (X0, X4ru, X2d+u, X3d+u, - --) are (b1, ba, ..., by)-
recurrent for all u > 0.)
Xj
. : . Yit+1 P
[Hint: For each j > 0, define the column vector v; by v; = ) c R~
Xjtk—1
0 1 0 0
0 O 1 0
Let A be the k X k-matrix | : : : ., d € R¥k, Start by showing
0 O o --- 1
g k-1 Ak—2 -+ M
that Av; = v for each j > 0.]

2.8. Sylvester’'s equation

We shall next see another application of the Cayley-Hamilton theorem. First, a
notation:

Definition 2.8.1. Let A € C"*". Then, the spectrum of A is defined to be the set
of all eigenvalues of A. This spectrum is denoted by ¢ (A).

Some authors write spec A instead of 0 (A). (Some also define it to be a multiset
rather than a set; however, the set suffices for our purposes.)
We now claim the following:

Theorem 2.8.2. Let A € C"*" be an n X n-matrix, and let B € C"*" be an m X m-
matrix (both with complex entries). Let C € C"*™ be an n x m-matrix. Then, the
following two statements are equivalent:

e U: There is a unique matrix X € C"*" such that AX — XB = C.

* V: Wehave o (A)No(B) =@.

Example 2.8.3. Let us take n = 1 and m = 1, and see what Theorem [2.8.2]
becomes. In this case, the matrices A, B and C are 1 x 1-matrices, so we can view
them as scalars. Let us therefore write 4, b and ¢ for them. Then, Theorem [2.8.2
says that the following two statements are equivalent:

® U: There is a unique complex number x such that ax — xb = c.

e V: We have {a} N {b} = & (that is, a # D).

January 4, 2022



Math 504 notes page 97

This is not surprising, because the linear equation ax — xb = ¢ has a unique
. c . .
solution (namely, x = —b) when a # b, and otherwise has either none or
a J—

infinitely many solutions.

The equation AX — XB = C in Theorem is known as Sylvester’s equation. It
is much harder than the superficially similar equations AX — BX = C and XA —
XB = C (see Exercise for the first of these). In fact, since the X is on different
sides in AX and in XB, it cannot be factored out from AX — XB (matrices do not
generally commute).

Exercise 2.8.1. |2|Let A € C"", B € C"" and C € C"*? be three complex
matrices. Prove that there exists a matrix X € C"*? such that AX — BX = C if
and only if each column of C belongs to the image (= column space) of A — B.

We shall prove only the V = U part of Theorem [2.8.2} the opposite direction
will be left as an exercise (Exercise (b)). Our proof of V = U will rely on the
following lemma:

Lemma 2.8.4. Let F be a field. Let A € F*"*", B € F"*™ and X € [F"*" be three
matrices such that AX = XB. Then:
(a) We have A¥X = XB* for each k € IN.

(b) Let p be a polynomial in a single indeterminate x with coefficients in IF.
Then, p (A) X = Xp (B).

Proof of Lemma (a) Intuitively, this is easy: For instance, if k = 4, then this is
saying that A*X = XB*, but this follows from

A*B = AAA AB — AA AB A=A AB AA— AB AAA — BAAAA = BA*.
~~ ~~ ~~ ~~
=BA =BA =BA =BA

Formally, Lemma (a) is proved by induction on k:
Induction base: We have A°X = XBY, since both sides of this equation equal X.
Thus, Lemma (a) holds for k = 0.
Induction step: Let £ € IN. Assume (as the induction hypothesis) that Lemma
(a) holds for k = £. We must prove that Lemma (a) holds for k = ¢ + 1.
We have assumed that Lemma (a) holds for k = ¢. In other words, A‘X =
XBY. Thus,
AP X = AA'X = AX B = X BB! = XB"*L.
—~— KT~ ~~
=AA! =xB! =XB =Bl+1
In other words, Lemma (@) holds for k = ¢ 4 1. This completes the induction
step; thus, Lemma (a) is proven.
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d
(b) Write the polynomial p in the form p (x) = Y pyx* for some coefficients
k=0
Po,P1,---,pa € F. Then, Definition yields

d d
p(A) =Y pAr and p(B) =Y mB".
k=0 k=0
Hence,
d d d
p(A)X=1{) peAF | X = Y pr AFX =Y pXB* and
k=0 k=0 e k=0
(by Lemma [2.8.4] (a))
d d
Xp(B) =X ) pB‘ =Y pXB".
k=0 k=0

Comparing these two equalities, we find p (A) X = Xp (B). Thus, Lemma (b)
is proven. [

Proof of the V = U part of Theorem First, we observe that the matrix space
C™"*™ is itself a C-vector space of dimension nm.
Consider the map

L:Cnxm _)Cnxm
X — AX — XB.

This map L is linear, because for any «, 8 € C and any X, Y € C"*"™, we have

L(aX+BY)=A@X+BY)— (a«X+BY)B
= aAX + BAY —aXB — BYB
=ua(AX —XB)+B(AY —YB) =aL (X)+ BL(Y).

. / [ J/
-~ -~

—L(X) =L(Y)

Now, assume that statement V holds. That is, we have ¢ (A) No (B) = @. We
shall now show that Ker L = 0. This will then yield that L is bijective.

Indeed, let X € Ker L. Thus, X € C"*" and L (X) = 0. However, the definition
of L yields L (X) = AX — XB. Therefore, AX — XB = L (X) = 0. In other words,
AX = XB. Hence, we can apply Lemma

Thus, Lemma2.8.4] (b) (applied to p = pa) yields pa (A) X = Xpa (B). However,
Theorem (a) yields pa (A) = 0, so that ps (A) X = 0X = 0. Comparing this
with pa (A) X = Xpa (B), we obtain Xp4 (B) = 0.

We shall show that the matrix p4 (B) is invertible. Indeed, Theorem (a)
shows that the polynomial p4 factors into # linear terms:

pa=(t—A1)(t—=A2) - (t—Ay), (54)
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where A1, Ay, ..., A, € C are its roots. Moreover, these roots Ay, Ay, ..., A, are the
eigenvalues of A (by Theorem [2.0.10| (b)); thus, {A1, Ay, ..., Ay} =0 (A).
Substituting the matrix B for t on both sides of the equality (54), we obtain

pa(B) = (B—AIy) (B—Axly) -+ (B — Auly) (55)

(by Lemma [2.7.4] (b), applied to B and n and t — A; instead of A and k and f;).

Now, let i € [n]. Then, A; € {A1,Ay,..., Ay} = 0 (A). Therefore, A; ¢ o (B)
(since having A; € ¢ (B) would yield A; € 0 (A) No (B), which would contradict
0 (A)No(B) = @). In other words, A; is not an eigenvalue of B. In other words,
det (A;I, — B) # 0 (by the definition of an eigenvalue). Hence, the matrix A;I,, — B
is invertible. In other words, the matrix B — A;[,, is invertible (since B — A1, =
— (AL, — B)).

Forget that we fixed i. We thus have shown that the matrix B — A;I; is invertible
for each i € [n]. In other words, the n matrices B — A11,, B — Ayl ..., B — Ay I, are
invertible. Hence, their product (B — A11,) (B — Axl,) - - - (B — Ay I) is invertible as
well. In view of (55), this shows that p4 (B) is invertible. Hence, from Xp, (B) =0,
we conclude that X = 0.

Now, forget that we fixed X. We thus have shown that X = 0 for each X € Ker L.
In other words, Ker L = 0. Hence, the linear map L is injective.

However, it is well-known that an injective linear map between two finite-dimensional
vector spaces of the same dimension is necessarily bijectivelﬂ Hence, L is bijective
(since L is an injective linear map between C"*™ and C"*™). Therefore, there exists
a unique matrix X € C"*" such that L (X) = C. In other words, there is a unique
matrix X € C"" such that AX — XB = C (since L(X) = AX — XB). In other
words, statement ¢/ holds. Thus, the implication V = U is proven. O

Exercise 2.8.2. |5|Let A, B and C be as in Theorem

(a) Let the linear map L be as in the above proof of the V = U part of Theo-
rem Prove thatif A € 0 (A) and p € 0 (B), then A — y is an eigenvalue of L
(that is, there exists a nonzero matrix X € C"*" satisfying L (X) = (A — u) X).

(b) Prove the implication ¢/ = V in Theorem (thus completing the proof
of the theorem).

31Proof. Let f : U — V be an injective linear map between two finite-dimensional vector spaces of
the same dimension. We must show that f is bijective. We have Ker f = 0 (since f is injective)
and thus dim (Ker f) = 0. The rank-nullity theorem yields

dim U = dim (Ker f) +dim (Im f) = dim (Im f),
=0 ”

so that dim (Im f) = dimU = dim V (since U and V have the same dimension), and therefore
Imf = V (because Im f is a subspace of V). This shows that f is surjective. Since f is also
injective, we thus conclude that f is bijective.
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We note that more can be said: If A, B and C are as in Theorem and if L is
as in the above proof, then all eigenvalues of L have the form A — u for A € 0 (A)
and u € o (B). But this seems harder to prove at this point.

Lecture 7 starts here.

We shall next prove a somewhat surprising consequence of Theorem a
similarity criterion for certain block matrices:

Corollary 2.8.5. Let A € C"*", B € C"*"™ and C € C"*™ be three matrices such
that o (A) No (B) = &. Then, the two (n + m) x (n + m)-matrices

A C d A 0
0 B an 0 B
(written in block matrix notation) are similar.

Example 2.8.6. Let A = (1) i’

lary says that the matrices

) and B=(2)and C = (;) Then, Corol-

137 130
0109 and 010
0 0 2 0 0 2

are similar.

Proof of Corollary [2.8.5] Theorem (specifically, its V = U direction) shows
that there is a unique matrix X € C"*" such that AX — XB = C. Consider this X.
Now, let S = I X

0 Iy

matrix notation.) Now, I claim that this matrix S is invertible and that

(48)=s(35)=

Once this claim is proved, the claim of Corollary will follow (by the definition
of “similar”).

. (This is an (n 4+ m) x (n 4+ m)-matrix written in block

In _X

To see that S is invertible, we construct an inverse. Namely, we set S = ( 0 I
m
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(again an (n + m) x (n 4+ m)-matrix). Then, the definitions of S and S’ yield

SS’:(

g
-

I, X
0 Iy

Ll +X-0 I, (=X)+ XI,

I, O
0 Iy

= In+m

Iy
0

-X
L

(by Proposition [1.6.5))

(since Lili+X-0=Land I, (—X)+ X[, = —-X+X=0

and similarly §’S = I,,4,,. Thus, the matrices S and S’ are mutually inverse. Hence,
S is invertible.
It remains to check that

(39)-s(45)

To do so, it suffices to check the equivalent identity

(indeed, these two identities are equivalent, since S is invertible). This we do by
computing both sides and comparing: Namely, the definition of S yields

Js=(65)(5 5)

(A1n+0-0 A-X+0-1y

Comparing these two equalities yields (57). Thus, we obtain (by multiplying

A0
0 B

0

I

0A+1,-0 0C+1I,-B

(5 %)
0w )(0%5)

(65)s=5(55)

I, +B-0 O0X+ By )

+X-0 I,C+XB )

(by the obvious simplifications)

(by Proposition [1.6.5])

B ) (by the obvious simplifications)

(56)

(57)

(by Proposition [1.6.5))

B ) (since AX — XB = C entails C + XB = AX).

both sides of with S~! from the right). But this shows that the two matrices

(

A C
0 B

o

A
0 B

) are similar. This proves Corollary

2.8.5,

O
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3. The Jordan canonical form ([HorJoh13, Chapter
3])

This chapter is devoted to the Jordan canonical form (and some of its variants), which
is a normal form for n x n-matrices over C with respect to similarity. This means
that each n X n-matrix is similar to a more-or-less unique matrix of a certain kind
(namely, a block-diagonal matrix made of a specific type of blocks), called its “Jor-
dan canonical form”.

We recall that the notation “A ~ B” (where A and B are two n X n-matrices)
means that the matrices A and B are similar.

3.1. Jordan cells

The building blocks for the Jordan canonical form are the so-called Jordan cells.
Let us define them:

Definition 3.1.1. Let IF be a field. A Jordan cell is an m x m-matrix of the form

A1 0 --- 0
oA 1 --- 0
0Oo0A -~ 0 for some m > 0 and some A € F.
O 00 --- A

In other words, it is an m X m-matrix

¢ whose diagonal entries are A,

* whose entries directly above the diagonal (i.e., just one step upwards from
a diagonal entry) are 1, and

¢ whose all remaining entries are 0.
In formal terms, it is the m x m-matrix A whose entries are given by the rule
A, iti=;
Aijj=11, ifi=j-1, foralli € [m] and j € [m].
0, otherwise

To be specific, this matrix is called the Jordan cell of size m at eigenvalue A. It is
denoted by ], (A).

January 4, 2022



Math 504 notes page 103

Example 3.1.2. (a) The Jordan cell of size 3 at eigenvalue —5 is

5 1 0
H(-5)=[ 0 -5 1 |.
0 0 -5

(b) The Jordan cell of size 2 at eigenvalue 7 is

fz(ﬂ):<g 71r)

(c) For any A € I, the Jordan cell of size 1 at eigenvalue A is the 1 x 1-matrix

(A):

Remark 3.1.3. We will chiefly use Jordan cells as building blocks for the Jordan
normal form. However, they are of some independent interest. In particular,
they serve as matrix representations for several useful linear maps.

For example, fix m € IN, and let P, be the C-vector space of all polynomials
in a single variable t of degree < m (with complex coefficients). Then, P, has a

basis (to, H.., tm’l). The derivative operator T : P, — P, (which sends each

polynomial f € Py, to its derivative f’) is a C-linear map that is represented by
the matrix

0100 -0
002¢0--0
0003 --0
0000 -0
000O0--0

with respect to this basis. This matrix has the numbers 1,2,...,m — 1 in the
cells directly above the main diagonal, and Os everywhere else. It is not quite a

0 tl tm—l
>, then the

Jordan cell. However, if we instead use the basis | —, —,..., ————
0! 1! (m—1)!

d . .
operator — is represented by the matrix

dt
0100 0
0010 0
0 001 0
0 00O 0
000O0--0

which is precisely the Jordan cell ], (0). (This basis is just a rescaled version
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of the basis (to, H.. .,tm’l), where the rescaling factors have been chosen to
“normalize” the 1,2,...,m — 1 entries to be 1s.)

While the Jordan cell J,, (1) depends on both m and A, its dependence on A is
not very substantial:

Proposition 3.1.4. Let IF be a field. Let m be a positive integer, and let A € .
Then,

]m (A) = ]m (O) + )\Im-

Proof. Definition yields

A1 0 -+ 0
oA 1 --- 0
Jm (A) = 0 0A - 0 (58)
0 00 A
and
010 ---0
001 -.---0
Ju (0) = 00 0 O] (59)
000 ---0
On the other hand,
A0 0 - 0
0 A0 0
A, —| 00A - 0]
000 - A
Adding this equality to (59), we obtain
010 ---0 A0 0 - 0
001 ---0 0 A O 0
I () £ ALy=| 000 0| ]00A 0
0 00 0 0 00 A
A1 0 -~ 0
oA 1 --- 0
= 00 A 0 :]m(A)
000 --- A
(by (58)). This proves Proposition [3.1.4} O
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Thanks to Proposition we can reduce many questions about [, (1) to the
corresponding questions about [, (0). Let us compute the powers of ], (0):

Proposition 3.1.5. Let FF be a field. Let m be a positive integer. Let B = ], (0).
Let p € N. Then:

(a) The entries of the m x m-matrix BF are given by

1, ifi=j—p; .
BP).. = foralli,j € [m].
( )1’] {O, otherwise oralli/j € m]

(b) We have B? =0 if p > m.
(c) We have dim (Ker (B?)) = pif p < m.
(d) We have dim (Ker (BF)) = m if p > m.

Example 3.1.6. For m = 4, the matrix B = J; (0) from Proposition satisfies

0100 0010

o010 » o001

B=1loo001 | BF=loo0o00 |
0000 0000
0001 0000

s 0000 s, |oooo|

B=loo0o0o0 | B=loo000 7Y
0000 0000

Thus, as we go from B to B2 to B3 to B%, the 1s in the cells directly above the main
diagonal recede further and further upwards, until they eventually disappear
beyond the borders of the matrix. (It is actually better to start this sequence with
BY rather than B, so that the 1s start on the main diagonal.) Proposition m
(a) is merely a formal way of stating this phenomenon. Parts (b), (c) and (d) of
Proposition follow easily from part (a).

Proof of Proposition We have

010 - 0
0 01 0

B=Ju(0)=] 000 -0 (60)
0 0O 0

(by the definition of ], (0)).

(a) We can prove Proposition (a) by induction on p, using the definition of
matrix multiplication (and the fact that B7t1 = BYB for each g € IN). However,
there is a more elegant proof using the action of B on basis vectors:
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Forget that we fixed p. For each i € [m], let ¢; be the column vector in IF” whose
i-th entry is 1 while all its other entries are 0. That is,

ei=(00 - 0100 --- 0)F,

where the 1 is in the i-th position. The vectors ey, ey, ..., e, are the standard basis
vectors of [F™. It is well-known that every m x m-matrix C € F"*" satisfies

C.i = Ce; for each i € [m]. (61)

(Recall that C, ; denotes the i-th column of C.)

We have so far defined the vectors e; only for i € [m]. Now, for each integer
i ¢ [m], we define ¢; to be the zero vector 0 € F". Thus, we have defined a vector
e;j € IF™ for each i € Z (although it is nonzero only when i € [m]). In particular,
eo = 0 (since 0 ¢ [m]). Note that we have

(the k-th entry of the column vector ¢;) = {1' if k= Z': (62)
0, otherwise

for each i € Z and each k € [m] [

Now, from , we see that the columns of the matrix B are 0,e1,e,...,¢5-1
in this order. In other words, the columns of B are ey, eq,¢€s,...,e,—1 in this order
(since ey = 0). In other words, we have

Bei=¢i1 for each i € [m]

(since B, ; denotes the i-th column of B). However, (applied to C = B) shows
that we have
B, = Be; for each i € [m].

Comparing these two equalities, we obtain
Be; = e;_1 for each i € [m]. (63)

However, this equality also holds for all i < 0 (because if i < 0, then both ¢; and e;_;
equal the zero vector O (since i ¢ [m] and i —1 ¢ [m]), and therefore this equality
boils down to B - 0 = 0). Thus,

Be; =¢;_1 for each integer i < m. (64)
Now, we claim that

BPe; =¢;_, foreachp e Nandi € [m]. (65)

32Proof. 1f i € [m], then the equality follows from the definition of e¢;. On the other hand, if
i ¢ [m], then e¢; = 0 (by definition), so that both sides of the equality are 0 (since we don’t
have k = i (because k € [m] and i ¢ [m]), and thus we have 1, ifk= l;. = 0). Thus, the

0, otherwise

equality holds in either case.
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[Proof of (65): We induct on p:

Induction base: We have B® = I, and thus B’; = I,.e; = e; = e;_ for each i € [m].
In other words, holds for p = 0.

Induction step: Let g € IN. Assume that holds for p = q. We must prove that
holds for p =g+ 1.

We have assumed that holds for p = g. In other words, we have Ble; =¢;
for each i € [m]. Now, let i € [m] be arbitrary. As we have just seen, we have
Bie; = e;_,;. However, from g > 0, we obtain i —g < i < m (since i € [m]). Thus,
(applied to i — g instead of i) yields Be; , = ¢; 4 1. Now,

1
Bq+ e, = B qui = Bei_q = ei_q_l = €i,(q+1).

—BBI —ei

Forget that we fixed i. We thus have shown that Bi*le; = €i_(y+1) foreachi € [m].
In other words, holds for p = g + 1. This completes the induction step. Thus,

is proved.]
Now, let p € N and let i,j € [m]. Then,

BP). .= BPe; by (61), applied to B? and 7 instead of C and i
o] j y pPp ]
= ej_yp (by (65), applied to j instead of 7).
Furthermore,
(BP);; = | the i-th entry of the column vector (B”), ;
——
=€j—p

= (the i-th entry of the column vector e;_,)

1, ifi=j—p;
10, otherwise
(by (62), applied to i and j — p instead of k and 7). This proves Proposition (a).

(b) Assume that p > m. Let i,j € [m] be arbitrary. Then, i > 1 and j < m.
Hence, j —p <m—p <0 (since p > m), so that 0 > j — p. On the other hand,
—~—

<m

i >1>02>j— p. Therefore, i # j— p. However, Proposition (a) yields

BF). = - — ).
(B"); {O, otherwise 0 (since i 7 j —p)

Forget that we fixed i and j. We thus have shown that (BF), ; = 0 for all i, j € [m].
In other words, all entries of the matrix BP equal 0. Thus, B = 0. This proves

Proposition (b).
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(c) Assume that p < m. We shall use the column vectors ¢; € F" that were
defined for all i € Z in our above proof of Proposition (a).

U1
02
Letv = . € F" be a column vector. Thus,
Om
U1
(%) m
U= ) 201€1+02€2+'--+0m€m=Zviei-
: i=1
Om

Hence,

m m
BPv = BY -i_zlviei = i_zlvi Bpei =
B B =Ci—p
Gy @)

(here, we have substituted j + p for i in the sum)

m m—p
Vieip = ) Vjspej
= j=T-p

i=1

0 m—p 0 m—p m—p
X Uy 6 Y V= ) 00+ ) vjpej =} vjipe
j=1=p —~ j=1 j=1-p j=1 j=1
(since j¢[m] -0
(because j<0))
Up+1
Up+2

= Up4161 + Upy2€2 + - + Uplp—p = 0
0
0
Thus, BPv = 0 holds if and only if v,11 = vy = -+ = vy = 0. In other words,

BPv = 0 holds if and only if v € span (el,ez, .. .,ep) (because vy 11 =vpyp = =
vy = 0 is equivalent to v € span (e1,ey,...,¢p)).

Now, forget that we fixed v. We thus have shown that a vector v € [F" satisfies
BPv = 0 if and only if v € span (ey,¢,...,¢ep). Thus,

Ker (BP) = span (eq, ep,...,¢p)

(since Ker (B?) is defined as the set of all vectors v € F™ satisfying Bfv = 0).
Therefore,

dim (Ker (BF)) = dim (span (e, e2,...,¢5)) = p
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(since span (ey, ey, ..,e,) is clearly a p-dimensional subspace of IF™). This proves

Proposition (0).

(d) Assume that p > m. Then, Proposition (b) yields B? = 0. Hence,
dim (Ker (B?)) = dim (Ker0) = dim (F") = 0. Thus, Proposition [3.1.5 (d) is
~

N—
—Fm
proven. O]

Proposition 3.1.7. Let m be a positive integer, and let A € C. The only eigen-
value of the matrix [, (A) is A. This eigenvalue has algebraic multiplicity m and
geometric multiplicity 1.

Proof. The definition of ], (A) yields

A1 O - 0
oA 1 -0
Jm(M)y=1] 00 Ao 0
000 --- A

This matrix is upper-triangular, so its characteristic polynomial is

Pray = (E=A)(E=A) - (t=A) = (£ =A)".

Thus, the only root of this polynomial is A. In other words, the only eigenvalue of
this matrix J,, (A) is A. Its algebraic multiplicity is m (since this is its multiplicity
as a root of pj, (y))- It remains to show that its geometric multiplicity is 1.

Since the geometric multiplicity of A is defined as dim (Ker (J,, (A) — AlLy)), this
means that it remains to show that dim (Ker (J,, (A) — ALy)) = 1.

Let B = [y, (0). Proposition[3.1.5 (c) (applied to p = 1) yields dim (Ker (B!)) =1
(since 1 < m). In other words, dim (Ker B) = 1.

Proposition yields

Jim (A) = Ji (0) +ALy = B+ ALy,
——
=B
so that J,; (A) — AL, = B. Hence,

dim (Ker\(]m (A) — /\Im)/) = dim (Ker B) = 1.
—B

This completes our proof of Proposition [3.1.7] O

3.2. Jordan canonical form: the theorem

Let us now build larger matrices out of Jordan cells:
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Definition 3.2.1. Let [F be a field. A Jordan matrix means a block-diagonal matrix
whose diagonal blocks are Jordan cells. In other words, it is a matrix of the form

0 0 o Ju (M)

where ny,ny, ..., n; are positive integers and Ay, Ay, ..., A; are scalars in F (not
necessarily distinct, but not necessarily equal either).

We note that any Jordan matrix is upper-triangular.
We claim the following@

Theorem 3.2.2 (Jordan canonical form theorem). Let A € C"*" be an n X n-
matrix over C. Then:

(a) There exists a Jordan matrix | such that A ~ .

(b) This Jordan matrix | is unique up to the order of the diagonal blocks.

This theorem is useful partly (but not only) because it allows to reduce ques-
tions about general square matrices to questions about Jordan matrices. And the
latter can usually further be reduced to questions about Jordan cells, because a
block-diagonal matrix “behaves like its diagonal blocks are separate” (see, e.g., the
discussion before Proposition [1.6.1T).

Note that we cannot hope for the matrix | in Theorem to be fully unique,
unless it has only one diagonal block (i.e., unless k = 1). Indeed, Proposition
shows that if we permute the diagonal blocks [y, (A1), Ju, (A2), ..., Ju, (A), then
the matrix stays similar to A. Thus, the order of these diagonal blocks can be
chosen arbitrary.

Definition 3.2.3. Let A be an n X n-matrix over C. Theorem (a) says that
there exists a Jordan matrix | such that A ~ J. Such a matrix | is called a Jordan
canonical form of A (or a Jordan normal form of A).

We often use the definite article (“the Jordan canonical form of A”), because
Theorem (b) says that | is “more or less unique”. (Strictly speaking, of
course, it is not entirely appropriate.)

The diagonal blocks [, (A1), Ju, (A2), ..., Ju, (Ax) of | are called the Jordan
blocks (or Jordan cells) of A.

We often abbreviate “Jordan canonical form” as “JCF”.

33Recall that “A ~ B” means that the matrix A is similar to the matrix B.
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12 3 2 00
Example 3.2.4. A Jordan canonical formof [ 0 2 5 |is| 0 1 1 |.Indeed,
0 01 0 01
2 00 L2 0
0 1 1 | isa]Jordan matrix (it can be written as 1 ) ) and it can

be checked that
1 2 3
0 25
0 01

atrix, and obtain another

Example 3.25. If A = (1) _01 ), then a Jordan canonical form of A is
N 0 = Ji (=) O. , where i = y/—1 € C. Note that this Jordan
0 i 0 J1 (1)

canonical form has imaginary entries, despite all entries of A being real. This is
unavoidable when A has non-real eigenvalues.

Example 3.2.6. If D is a diagonal matrix, then D itself is a Jordan canonical form
of D. Indeed, each diagonal entry A of D can be viewed as a Jordan cell of size
1 (namely, J; (1)), so that D is a Jordan matrix.

3.3. Jordan canonical form: proof of uniqueness

We shall approach the proof of Theorem slowly@ making sure to record all
auxiliary results obtained on the way (as they are themselves rather useful). We
first try to explore how much of the structure of the Jordan normal form | can be

read off the matrix A. This will lead us to the proof of the uniqueness part (i.e.,
part (b)) of Theorem [3.2.2]

We start with an example:

34Gee [Bourba03, Chapter VII, §5, section 4], [GalQua20, Theorem 31.17], [Heffer20, Chapter Five,

Section IV, Theorem 2.8], [Loehr14, §8.10-§8.11], [OmCIVill, §4.6], [Prasol94, §12.2], [Shapirl5|
§4.3], [Taylor20, §2.4], [Treill5, Chapter 9, Theorem 5.1] and [Woerdel6, Theorem 4.4.1] for other
proofs (at least proofs of Theorem (a), which is the harder part of Theorem [3.2.2).
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Example 3.3.1. Let A € C”*7. Suppose that A ~ | with

8100000

0800000

2(8) 0 0 0081000

] = 0 (8 0 =1 0008100
0 0 J2(9) 0000800
00000091

0000009

How are the structural elements of this matrix | (that is, the diagonal entries 8
and 9 and the sizes 2, 3,2 of the diagonal blocks) reflected in the matrix A ?

First, the matrix | is a Jordan matrix, and thus upper-triangular. Hence, Propo-
sition (applied to T = J) shows that the diagonal entries of | are the eigen-
values of A (with their algebraic multiplicities). Thus, the eigenvalues of A are 8
and 9, with respective algebraic multiplicities 5 and 2.

Now, what about the geometric multiplicities? That is, what are
dim (Ker (A — 8I7)) and dim (Ker (A —917)) ?

From A ~ ], we obtain A — 8I; ~ ] — 817 (by Proposition (h), applied to
B =]and A = 8 and n = 7). Thus, Proposition (b) (applied to A — 81,
] — 817 and 7 instead of A, B and 8) yields that the matrices A — 817 and | — 817
have the same nullity. In other words,

dim (Ker (A — 817)) = dim (Ker (] — 817))

J2(8) — 8 0 0
= dim (Ker ( 0 J5(8) — 813 0 ) )
0 0 J2(9) — 8L

(since

J2(8) 0 0

] —8I; = 0 J3(8) 0 — 817
0 0 J2(9)
J2(8) — 8L 0 0
= ( 0 J3(8) =813 0 )
0 0 J2(9) — 85

). Thus,

dim (Ker (A — 817))

J2(8) — 81 0 0
= dim (Ker ( 0 J5(8) — 813 0 ) )
0 0 J2(9) — 8>

= dim (Ker (], (8) — 81)) + dim (Ker (J3 (8) — 813)) + dim (Ker (]2 (9) — 812))
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(by Proposition [1.6.11). Now, let us find the three dimensions on the right hand
side.

Proposition yields J» (8) = J2(0) + 2@, so that [, (8) — 8L, = J»(0).
Hence,

dim (Ker (J» (8) — 8L)) = dim (Ker (], (0))) = dim (Ker ((]2 (0))1)) ~1

(by Proposition (c), applied to m = 2 and p = 1, because the matrix [, (0) is
what is called B in this proposition). Similarly, dim (Ker (J3 (8) —8I3)) = 1. On
0 1 is an upper-triangular matrix
with 1’s on its main diagonal; thus, its determinant is 1-1 =1 # 0, so that it is
nonsingular. Hence, Ker (], (9) —8I;) = 0, so that dim (Ker (], (9) — 81)) = 0.
Thus, our above computation of dim (Ker (A — 817)) becomes

the other hand, the matrix [, (9) — 81, = ( L

dim (Ker (A — 817))
= dim (Ker (J> (8) —81>)) + dim (Ker (/5 (8) — 815)) + dim (Ker (]2 (9) — 81>))
=1 =1 =0

=1+14+0=2

Looking back, we see that this comes from the fact that exactly 2 of the diagonal
blocks in the Jordan canonical form | are Jordan cells at eigenvalue 8.

Generalizing this reasoning, we obtain the following:

Proposition 3.3.2. Let A be an n X n-matrix, and let | =

]7”11 (Al) 0 ce 0
0 Jn(A2) -~ 0 . .
) ) _ be its Jordan canonical form.  Then:
0 0 oo T (Ag)

(@) We have 0 (A) = {A1, Ay, ..., Ak}

(b) The geometric multiplicity of a number A € C as an eigenvalue of A is the
number of Jordan cells of A at eigenvalue A. In other words, it is the number of
i € [k] satisfying A; = A.

(c) The algebraic multiplicity of a number A € C as an eigenvalue of A is the
sum of the sizes of all Jordan cells of A at eigenvalue A. In other words, it is
L 7
ic[k];
A=A

Proof. TODO: Scribe? O

With some more effort, we can obtain a more precise result:
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Proposition 3.33. Let A be an n X n-matrix, and let | =

Ty (A1) 0 e 0
0 Jnp(A&2) -~ 0 . :
. ) _ ) be its Jordan canonical form. Let A € C.
0 0 o Tae ()

Let p be a positive integer. Then,

(the number of i € [k] such that A; = A and n; > p)
= dim (Ker ((A — AL,)")) — dim <Ker ((A _ AI”)P*)) .

Proof. We have A ~ ], so that A — Al, ~ ] — Al (by Proposition (h), applied
to B = J), and therefore (A — Al,)" ~ (J — Al,)” (by Proposition (f), applied
to A — Al, and B — A, and p instead of A, B and k). Hence,

dim (Ker ((A — AIy)P)) = dim (Ker ((J — ALy)7)) . (66)

For each i € [k], we set
Ml‘ = ]”i ()Li - )\) . (67)

However, for each i € [k], we have
]n,- (Al) - AII’Z, - ]1”1,' ()\1 - A) (68)

(because the two Jordan cells ], (A;) and ], (A; — A) differ only in their diagonal
entries, which are A; in the former matrix and A; — A in the latter). Comparing this
with (67), we obtain

]l’ll' (/\l) - AI}’I,‘ - Mi (69)
for each i € [k].
Now, we have
Jny (A1) 0 0
0 s (A . 0
I and
0 0 Ju, (Ax)
Aly, 0 0
0 Al 0
Al, = _ )
0 0 Al
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Subtracting these two equalities from one another, we obtain

Juy (M) = Aly, 0 ;
J—AL = 0 Jra (A2) = Al :

: 0 ]nk()\k).—/\lnk

M, 0 --- 0

o M0

0 o

(by (68)). Hence,

M 0 0o \? M0 0
(TR I I B
0 0 M 0o "

(by Corollary [1.6.10). Thus,
dim (Ker ((J — ALy)P))

M! 0

0 Mj
= dim | Ker

0 O
= dim (Ker (M})) + dim (Ker Mp ) + -+ dim (Ker (M}))

(by Proposmon 1.6.11))
k

=} dim (Ker (M)) (70)

i=1

Now, fix an i € [k| satisfying A; # A. Thus, A; — A # 0. The matrix J,, (A; — A)
is upper-triangular, and its diagonal entries are all A; — A. Hence, its determinant
is det (Jo, (A; —A)) = (A;—A)" # 0 (since A; — A # 0). Therefore, this matrix
Ju; (Ai — A) is invertible. In other words, the matrix M; is invertible (since M; =
Jn; (Ai — A)). Hence, its p-th power Mlp is also invertible, and therefore has nullity
0. In other words, dim (Ker (M!)) = 0.

Forget that we fixed i. We thus have shown that if i € [k] satisfies A; # A, then

dim (Ker (M!')) = 0. (71)
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Hence, becomes
dim (Ker ((J — ALy)P))

dim (Ker (M)

M-

N
I
AN

dim (Ker (Mlp)) + Z dim (Ker (Mlp))

ielk]; ~7 7 iclk);
AiEA (by*) A=A
(since each i € [k] satisfies either A; # A or A; = A)
Z im (Ker Mp)) (72)
ic[k];
A :/\
Now, let us fix some i € [k]| satisfying A; = A. Then, A; — A = 0. Hence,
010 --- 0
001 -.---0
Jn; (Ai = A) = ], (0) = 000 0 . Let us denote this matrix Ju; (0) by B.
000 --- 0
Then, Proposition 3.1.5|(c) (applied to m = n;) shows that we have
dim (Ker (B”)) =p if p <mn,.
On the other hand, Proposition 3.1.5](c) (applied to m = n;) shows that we have
dim (Ker (Bp)) =n; if p > n;.

Combining these two equalities, we obtain

S
dim (Ker (BF)) = {P, %f P = s
n;, if p > n;.
E] In other words,
I
dim (Ker (M")) = {P' fp<my (73)
ni, if p > 1

(since B = ], (0) = Ju; (Ai — A) = M; (by (67))).
Now, forget that we fixed i. We thus have proved for each i € [k] satisfying
Ai = A. Therefore, becomes

: : p, ifp<mng
dim (Ker ((J — AL,)P)) = dim (Ker (M?)) = { _
(Ker (1= A)) = T dim (Ker (M) = T 4 02
N=A (p, ifp<m; A=A
m, ifp >
(by (73))

%Note that the two cases p < n; and p > n; are not mutually exclusive: They overlap when p = n;.
(But the answers in this case are identical.)
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Thus, becomes

dim (Ker (A= A1,)")) = dim (Ker (] = AL)")) = Y {,,, p <

However, we can also apply the same argument to p — 1 instead of p (since p —1 €
IN). Thus, we obtain

am(kr(ia-sr )= £ {17 TS

1;
A=A

Subtracting these two equalities, we obtain

dim (Ker ((A — AI;)?)) — dim (Ker ((A - /U")p_1>>

B P, ifpgni;_ p—1, ifp—-1<mny
_Z Z ifp—1>mn;

iel; s ifp>n; ic; (M
i=A =A
-y ({7 ifp<n; |p—1, ifp—1<n;
N ielk); \ \ s if p > n; n;, ifp—12>n;
A=A - .
)L ifp <m;
O/ lf p > n;

(this can be directly checked in each
of the two cases p<n; and p>n;)

B Z 1, ifp<n; Z 1, ifn; > p;
ey O dfp>mi G 0 i <p
i= Ai=

since the condition p < n; is equivalent to n; > p,
and since the condition p > n; is equivalent to n; < p

= (the number of i € [k] such that A; = A and n; > p)

(because the sum has an addend equal to 1 for each i € [k] satisfying A; = A and
n; > p, whereas all remaining addends of this sum are 0). Thus, Proposition [3.3.3]

is proved. O
Corollary 3.34. Let A be an n X n-matrix, and let ]| =
]”1 ( )\1) 0 . 0
0 Jnz (A2) - . .
. ) be its Jordan canonical form. Let A € C.
0 0 o Tae ()
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Let p be a positive integer. Then,

(the number of i € [k] such that A; = A and n; = p)
= 2dim (Ker ((A — ALy)"))
— dim (Ker ((A — )Lln)’%l)) — dim (Ker ((A — )\In)pﬂ)) .

Proof. An integer z equals p if and only if it satisfies z > p but does not satisfy
z > p+1. Hence, an i € [k] satisfies n; = p if and only if it satisfies n; > p but does
not satisfy n; > p + 1. Thus,

(the number of i € [k] such that A; = A and n; = p)
= (the number of i € [k] such that A; = A and n; > p)

(.

—dim (Ker((A—AL)") ) —dim(Ker((A-AL)" 1))
(by Proposition
— (the number of i € [k] such that A\; = Aand n; > p+1)

J/

=dim (Ker((A—AlLy)P ")) —dim(Ker ((A—AL)"))
(by Proposition
applied to p+1 instead of p)

(because any i € [k] satisfying n; > p + 1 must also satisfy n; > p)
= (dim (Ker (A — AL,)P)) — dim (Ker ((A—A5L)" "))
- (dim (Ker ((A - /\In)”“)) — dim (Ker ((A — Mn)’”)))
= 2dim (Ker ((A — AL,)?)) — dim (Ker ((A _ Mn)f’—l)) _ dim (Ker ((A _ /\In)”“)) .

This proves Corollary O
Now, we can easily prove Theorem (b):

Proof of Theorem (b). Let A € C"" be an n x n-matrix. Let | be a Jordan

]”1 ()\1) 0 e 0
. . 0 Jnp(A2) - 0
matrix such that A ~ J. Write | as | = ) _ . ) as
0 0 o T (Ag)

in Corollary Then, the Jordan blocks of J are J,, (A1), Ju, (A2) .-+, Ju, (Ak)-
Hence, for any A € C and any positive integer p, we have

the number of Jordan blocks of | of size p at eigenvalue
h b f Jordan blocks of | of p g lue A
= (the number of i € [k] such that A; = A and n; = p)

= 2dim (Ker ((A — /\In)p)) —dim (Ker ((A — )\In)p*1>> — dim <Ker ((A — /\In)i”rl)) .
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Therefore, this number is uniquely determined by A, A and p. Hence, the whole
structure of | is determined uniquely by A, up to the order of the Jordan blocks.
This proves Theorem (b). O

Example 3.3.5. Let A be an 8 X 8-matrix. Assume that we know that the Jordan
canonical form of A has

¢ 1 Jordan block of size 1 at eigenvalue 17;

2 Jordan blocks of size 1 at eigenvalue 35;

1 Jordan block of size 2 at eigenvalue 35;

1 Jordan block of size 3 at eigenvalue 59;

no Jordan blocks of other sizes or at other eigenvalues.

Then, the Jordan canonical form of A must be the block-diagonal matrix

L(17) 0 0 0 0
0 235 0 0 0
0 0 J1i(3) 0 0
0 0 0 hHh@B5 0
0 0 0 0 J5(59)

or one that is obtained from it by permuting the diagonal blocks.

Let us now approach the existence of the Jordan canonical form (Theorem [3.2.2]

(@)).

3.4. Jordan canonical form: proof of existence

We will prove the existence of the Jordan canonical form in several steps, each of
which will bring our matrix A “closer” to a Jordan matrix. Along the way, we will
obtain several results of independent interest.

3.4.1. Step 1: Schur triangularization

Our first step will be an application of Schur triangularization. As we recall, the
“weak” Schur triangularization theorem (Theorem [2.3.1) tells us that if A € C"*"
is an n X n-matrix, then A is unitarily similar to an upper-triangular matrix T. The
diagonal entries of the latter matrix T will be the eigenvalues of A in some order (by
Proposition . However, let us now be a bit pickier. To wit, we now want the
triangular matrix T to have the property that equal eigenvalues come in contiguous
runs on the main diagonal. In other words, we want T to have the property that
if two diagonal entries of T are equal, then all the diagonal entries between them
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are also equal to them. For instance, if the eigenvalues of A are 1,1,2,2, we don’t

Wan@

1 % % x
2 % %
T= 1 % |’
2
but instead we want
1 % *x =%
1 * *
r= 2 x

2

Fortunately, we can achieve this using Theorem Indeed, if we list the eigenval-
ues of A as (A1, Ay, ..., Ay) in such a way that equal eigenvalues come in contiguous
runs in this list, then Theorem shows that we can find an upper-triangular ma-
trix T that is unitarily similar to A and that has diagonal entries Ay, Ay, ..., Ay in
this order. This matrix T is what we want.

3.4.2. Step 2: Separating distinct eigenvalues

Theorem brings any n x n-matrix A € C"*" to a certain simplified form
(upper-triangular with eigenvalues placed contiguously on the diagonal) that is
not yet a Jordan canonical form, but already has some of its aspects. We will now
transform it further to get a bit closer to a Jordan canonical form. To wit, we will
get rid of some of the entries above the diagonal (or, to be more precise, we will
turn them into 0). Let us demonstrate this on an example:

Example 3.4.1. Leta,b,c,...,p € C be any numbers. We shall now show that

1 a b c d e 1 a
1 f g h i 1
2 j k /4 2 ] k
2 m n ~ 2 m (74)
2 p 2
3 3
(where the entries in the empty cells are understood to be 0s).
2 j k /4
Indeed, the triangular matrices ( 1 611 ) and 2 rg Z have disjoint
3

spectra (i.e., they have no eigenvalues in common), because their diagonals have

3In the following equation, an empty cell of the matrix must be filled with a 0, whereas a “+” in a
cell means that any arbitrary value can go into that cell.
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no entries in common. So, by Corollary we have
1 abc de 1 a
1 f ¢ h i 1
2 ] k ¢ 2 j k¢
2 mn |~ 2 m n (7)
2 p 2 p
3 3
1 a
1
Furthermore, the triangular matrices 2 j k | and (3 ) havedisjoint
2 m
2
spectra, so Corollary yields
1 a 1 a
1 1
2 j k¢ 2 7 k
2 mon |~ 2 m 76)
2 p 2
3 3
Since ~ is an equivalence relation, we can combine the two similarities and
(76), and we conclude that the claim holds.

This example generalizes:

Theorem 3.4.2. Let T € C"*" be an upper-triangular matrix. Assume that the
diagonal entries of T come in contiguous runs (i.e., if i,j € [n] satisfy i < j and
Ti,i = T]"]', then Ti,i = Llit+1,i+1 = Ti+2,i+2 = - = T]’]) Let S be the matrix
obtained from T by setting all entries T;; with T;; # T;; to 0. In other words, let
S € C"*" be the n x n-matrix defined by setting

Tij, Ty, =T .
Sij = ijr M2 T foralli,j € [n].
0, otherwise

Then, T ~ S.

Proof. TODO: Scribe! O

Roughly speaking, Theorem 3.4.2says that whenever we have an upper-triangular
matrix T whose diagonal has no interlaced values (i.e., there is never a y between
two A’s on the diagonal when p # A), we can “clean out” all the above-diagonal
entries that correspond to different diagonal entries (i.e., all above-diagonal entries
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T;; with T;; # T; ;) by a similarity (i.e., if we set all these entries to 0, the resulting
matrix will be similar to T).
Now, combining this with Theorem we obtain the following;:

Proposition 3.4.3. Let A € C"*" be an n X n-matrix. Then, A is similar to a
block-diagonal matrix of the form

By
B,

By

where each B; is an upper-triangular matrix such that all entries on the diagonal
of B; are equal. (Here, the cells that we left empty are understood to be filled
with zero matrices.)

Proof. TODO: Scribe! O

Note that we have given up unitary similarity at this point: The word “similar”
in Proposition cannot be replaced by “unitarily similar”. (A counterexample
is easily obtained from Exercise 2.2.1])

3.4.3. Step 3: Strictly upper-triangular matrices

The block-diagonal matrix in Proposition is not yet a Jordan canonical form,

but it is already somewhat close. At least, we have separated out all the distinct

eigenvalues of A and “cleaned out the space between them”. We now can work

with the matrices By, By, ..., By separately; each of these matrices has one distinct

eigenvalue. Our next goal is to show that each of these matrices By, By, ..., By is

similar to a Jordan matrix. (This will easily yield that the total block-diagonal
By

B,
matrix ) is similar to a Jordan matrix, and therefore the same

By
holds for A.)

For each i € [k|, the matrix B; has all its diagonal entries equal. Let us say these
diagonal entries all equal y;. Thus, B; — y;I is a strictly upper-triangular matrix.
(Recall: a strictly upper-triangular matrix is an upper-triangular matrix whose diago-
nal entries are 0.) We want to show that B; is similar to a Jordan matrix. Because of
Proposition (g), it will suffice to show that the strictly upper-triangular matrix
B; — u;I is similar to a Jordan matrix (because adding y;I to a Jordan matrix always
gives a Jordan matrix again).

Thus, our goal is now to show that every strictly upper-triangular matrix A is
similar to a Jordan matrix. Before we approach this goal in general, let us convince
ourselves that it is achievable for 2 x 2-matrices.
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Example 3.4.4. A strictly upper-triangular 2 x 2-matrix A € C?*? must have the
0 a
form ( 0 0 ) for some a € C.

e If a =0, then A is the Jordan matrix

< J1(0) 5 O) )

01

e If a # 0, then A is similar to the Jordan matrix ] (0) = ( 0 0

(NG

Now, we return to the general case. Let F be any field. Let A € F"*" be any
strictly upper-triangular n x n-matrix. (We don’t need to restrict ourselves to the
case F = C here.) We want to prove that A is similar to a Jordan matrix.

The key to this proof will be to restate the question in terms of certain bases of
F", and then to construct these bases by an iterative process. We begin with a few
notions:

) . Indeed,

Convention 3.4.5. We fix a nonnegative integer n € IN, a field [F and a strictly
upper-triangular matrix A € IF"*" for the rest of Subsection

We observe that
A" =0. (77)

(This is a well-known property of strictly upper-triangular n x n-matrices. It can
be obtained by applying Lemma to T; = A, because A is an upper-triangular
matrix whose all diagonal entries are 0. An alternative proof can be found, e.g., in
[Grinbel9, Corollary 3.78@)

Definition 3.4.6. (@) An orbit shall mean a tuple of the form
(A%, Aly, ..., Akv), where v € F" is a vector and k € N is an integer
satisfying A"t = 0. (We can also write this tuple as (v, Av, A%y, ..., Akv).)

(b) The concatenation of two tuples (ay,4a,...,a;) and (b1, by, ..., by) is defined
to be the tuple (ay,az,...,ax,b1,b2,...,by). Thus, concatenation is a binary op-
eration on the set of tuples. Since this operation is associative, we thus ob-
tain the notion of concatenation of several tuples. For example, the concate-
nation of three tuples (ay,a,...,a;) and (by,by,...,by) and (c1,¢2,...,Cm) is
(611,(12, ee e, g, bl, bz, ey bg, C1,Co, ... ,Cm).

%To be precise, [Grinbel9, Corollary 3.78] proves the analogous property for strictly lower-
triangular matrices. But the case of strictly upper-triangular matrices is analogous (the roles
of rows and columns are swapped).
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() A tuple (vy,v2,...,0m) of vectors in F" will be called forwarded if each
i € [m] satisfies Av; = v;;1 or Av; = 0. (Here, v, 11 is understood to be 0.)

(d) A tuple (v1,v2,...,0,) of vectors in F" will be called backwarded if each
i € [m] satisfies Av; = v;_1 or Av; = 0. (Here, vy is understood to be 0.)

Note that the notions of “orbit”, “forwarded” and “backwarded” depend on
A, but we do not mention A since A is fixed.

Example 3.4.7. Let p,q, r be three vectors in [F" satisfying A%p = 0 and A% = 0
and A*r = 0. Then, the 9-tuple

<p, Ap, Azp, q, Aq, r, Ar, Azr, A3r>
is forwarded. Indeed, if we rename this tuple as (v1,vy,...,709), then each i €
{1,2,4,6,7,8} satisfies Av; = v; 1, whereas each i € {3,5} satisfies Av; = 0. This
9-tuple is furthermore the concatenation of the orbits (p, Ap, A%p), (3, Ag) and
(r, Ar, A%r, A%r). Reversing this 9-tuple yields a new 9-tuple

<A3r, Azr, Ar, v, Aq, q, Azp, Ap, p) ,

which is backwarded.

What we have seen in this example can be generalized:

Proposition 3.4.8. (a) A tuple (v1,vs,...,vy) of vectors in IF” is forwarded if and
only if it is a concatenation of finitely many orbits.

(b) A tuple (v1,vy,...,0,) of vectors in F" is backwarded if and only if the
tuple (v, vyy—1,...,0v1) is forwarded.

Proof. TODO: Scribe? O

More importantly, backwarded tuples are closely related to Jordan forms. To wit:

Proposition 3.4.9. Let (s1,s,...,5,) be a basis of [F". Let S € F"*" be the n x n-
matrix with columns sy, s, ...,s,. Then, S"1AS is a Jordan matrix if and only if
the n-tuple (s1,s2,...,5,) is backwarded.

Proof. We shall only prove the “if” part, since this is the only part that we will use;
however, the proof of the “only if” part can essentially be obtained from the proof
of the “if” part by reading it in reverse.

So let us prove the “if” part. Thus, we assume that the n-tuple (s1,52,...,5,) is
backwarded. In other words, each i € [n] satisfies

As; =s;_10or As; =0 (78)
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(where sy means 0). Our goal is to show that S~ AS is a Jordan matrix.
The matrix S is invertible, since its columns sq,ss,...,s; form a basis of [F".
We call an i € [n]

e red if it satisfies As; =s;_1 # 0, and
e Dblue if it satisfies As; = 0.

Thus, shows that each i € [n] is either red or blue. Note that 1 is always
blue, since s1_1 = sg = 0.
Let ] be the n x n-matrix whose (i, j)-th entry is

1, ifj=i+1andjisred;
0, otherwise.

For instance, if n = 8 and if 2, 3,5, 7, 8 are red whereas 1,4, 6 are blue, then

01 00O0O0GO0OGO
0010O0O0O0GO
000O0O0OO0OOGO
100001000
J= 0000O0OO0OGO
0000O0O0OT1PO
000O0O0O0OO0T1
000O0O0OO0OOGO

Thus, all entries of | are 0 except for some 1s placed in cells directly above the main
diagonal. This shows that ] is a Jordan matrix, with each Jordan block covering the
rows and columns between one blue i € [n] and the next. Explicitly, if 71,1y, ..., i
are the blue i’s listed from smallest to largest (i.e., with iy <i; < --- < iy), then J is

Jp-in (0) 0 - 0
. . 0 Ji (0) -+ 0
the block-diagonal matrix ) ] . ) , Where we set
0 0 o i —i (0)

lk+1 =n + 1

We shall now show that AS = SJ. This will entail that S"!AS = ], which as we
know is a Jordan matrix.

For each i € [n], we have

(the i-th column of the matrix AS)
= A - (the i-th column of the matrix S) (by the rules for multiplying matrices)

(. /

=S;
(by the definition of S)

= As; = Sl %f l ?s red; (by the definition of “red” and “blue”).
0, if i is blue
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On the other hand, for each i € [n], we have

(the i-th column of the matrix SJ)
= S - (the i-th column of the matrix J) (by the rules for multiplying matrices)

-~

{ei_l, if i is red;

0, if 7 is blue
(by the definition of ])
_ g ej—1, ifiisred;  [Sei_q, ifiisred;
B 0, ifiisblue O, if i is blue

)81, ifiisred;
o,  ifiisblue.

(since Se;_1 = (the (i —1)-th column of the matrix S) = s;_1). Comparing these
two equalities, we obtain

(the i-th column of the matrix AS) = (the i-th column of the matrix S])

for each i € [n]. Hence, AS = SJ. Therefore, S~1AS = ]. Hence, S™1AS is a Jordan
matrix (since we know that | is a Jordan matrix). This proves the “if” direction of

Proposition [3.4.9} O

Recall that our goal is to show that A is similar to a Jordan matrix. Proposition
B.4.9 shows us a way to this goal: We just need to find a basis for F" that is
forwarded. In view of Proposition (b), this is tantamount to finding a basis
for IF" that is backwarded. Let us first see how to do so on examples:

[...]

TODO: Polish from here!

TODO: Empty cells = 0 entries.

Example 3.4.10. Let n = 4 and A =... (where the cells we leave empty are
understood to contain zeroes). Then, ... find some interesting orbits and bases
TODO: Scribe?

We begin by finding forwarded bases in some examples:

0 a
00

We are looking for an invertible matrix S € IF>*2 such that S~'AS is a Jordan

matrix.
< J1(0)

Example 3.4.11. Let n = 2. Then, A = ( ) for some a € F.

If a2 = 0, then this is obvious (just take S = ), since A = is

J1(0) )

already a Jordan matrix.
Now assume a # 0.
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Consider our unknown invertible matrix S. Let s; and s, be its columns.
Then, s; and s, are linearly independent (since S is invertible). Moreover, we

want ST1AS = ( 8 (1) ) In other words, we want AS = S ( 8 (1) ) However,
01

S = (51 s ) (in block-matrix notation), so S ( 00 ) = (0 s1 ). Thus our

equation AS = S ( 8 (1) ) is equivalent to

(As;y Asy )=(0 s1).

In other words, As; = 0 and Asy = s;.

So we are looking for two linearly independent vectors s1,s, € IF? such that
A51 =0and A52 = 51.

One way to do so is to pick some nonzero vector s; € Ker A, and then define s,
to be some preimage of s; under A. (It can be shown that such preimage exists.)
This way, however, does not generalize to higher n.

Another (better) way is to start by picking s, € IF?\ Ker A and then setting
s1 = Asp. We claim that s; and s; are linearly independent, and that As; = 0.

To show that As; = 0, we just observe that As; = éﬁl/ s, = 0.

—A2=(

To show that s; and s; are linearly independent, we argue as follows: Let
A, Ay € F be such that Ays; + Aysp = 0. Applying A to this, we obtain A -
(A151 4 Asp) = A -0 = 0. However,

A - ()\151 + /\252) = A1 Asy +Ay Asy = Apsq,
< =~

=0 =51

so this becomes Ays1 = 0. However, s; # 0 (because s; = Asp but s, ¢ Ker A).
Hence, Ay = 0. Now, Ays51 + A2sp = 0 becomes Ays; = 0. Since s; # 0, this yields
A1 = 0. Now both A;s are 0, ged.

11
Example 3.4.12. Letn =3 and A = 0

Our first method above doesn’t work, because most vectors in Ker A do not
have preimages under A.

However, our second method can be made to work:
0
We pick a vector s3 ¢ Ker A. To wit, we picks3 =e3 = [ 0 |. Then, As3 = e;.
1
Set s, = Asz = e7. Note that s, € Ker A. Let s; be another nonzero vector in
Ker A, namely e; — e3. These three vectors sy, s, s3 are linearly independent and
satisfy As; = 0 and Asy; = 0 and As3 = sp.

January 4, 2022



Math 504 notes page 128

0 10 000
SoS = 1 0 0 |.Andindeed, S"'AS=| 0 0 1 | isaJordan matrix.
01 0 00O

-1

So what is the general algorithm here? Can we always find 7 linearly indepen-
dent vectors s1, Sy, .. .,s, such that each As; is either 0 or s;_1 ?

Now, we return to the general case: How do we find a backwarded basis (s1, s, . . -

of [F" ?
(The following proof is due to Terence Tao [Tao07].)
We recall that an orbit was defined to be a tuple of the form (v, Av, A%, ..., Akv) ,

where v € F" satisfies A¥1yv = 0. Note that for each v € F", there is an orbit that
starts with v, since A" = 0.
Now, we claim the existence of a forwarded basis:

Lemma 3.4.13 (orbit basis lemma). There exists a basis of [F" that is a concatena-
tion of orbits.

Once Lemma is proved, we will be done, because such a basis will be a
forwarded basis (by Proposition (@), and therefore reading it backwards will
gives us a backwarded basis (by Proposition (b)), which is precisely what we
wish. For example, if the basis that Lemma gives us is

(u,Au, Azu, v, Av, sz, A3v, w, Aw)
(with A3u = 0 and A*v = 0 and A%?w = 0), then reading it backwards gives
(Aw, w, A3v, sz, Av,v, Azu,Au,u> ,

which is a backwarded basis of F".

Proof of Lemma[3.4.13] It is easy to find a finite spanning set of IF" that is a concate-
nation of orbits. Indeed, we can start with the standard basis (ey, ey, ...,e,), and
extend it to the list

2 1
(e1,Aey, A%eq,..., A" ey,

2 -1
ey, Aey, A%er, ..., A" ey,

.« ey

2 n—1
en, Aey, A%y, ..., A" ey).

This is clearly a spanning set of [F" (since e1, e, ...,e, already span [F"), and also a
concatenation of orbits (since A" = 0).

Now, we will gradually shorten this spanning set (i.e., replace it by smaller ones)
until we get a basis. We have to do this in such a way that it remains a spanning set
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throughout the process, and that it remains a concatenation of orbits throughout
the process.
For the sake of concreteness, let us assume that our spanning set is

(x,Ax, y,Ay,Azy, z,Az,Azz,Ae’z, w),

with A2x = 0 and A%y = 0 and A*z = 0 and Aw = 0. If this spanning set is linearly
independent, then it is already a basis, and we are done. So assume that it is not.
Thus, there exists some linear dependence relation — say,

3x + 4Ax +5Ay + 6A%y +7A%z + 8w = 0.
Applying A to this relation, we obtain

3Ax +4A%x +5A% + 6A3%Yy +7A% + 8Aw = 0, ie.
3Ax +5A% +7A%2 =0

(since A%x = 0 and A3y = 0 and Aw = 0). Applying A to this relation again, we
obtain

3A%x +5A% +7A% =0, ie.
0=0.

We have gone too far, so let us revert to the previous equation:
3Ax +5A%y +7A%z = 0.

So this is a linear dependence relation between the final vectors of the orbits in our
spanning set. (“Final” means the last vector in the orbit.) Factoring out an A in this
relation, we obtain

A (3x+54y+74%) =0,

Thus, the 1-tuple (3x + 5Ay + 7A?%z) is an orbit.
Now, let us replace the orbit (x, Ax) in our spanning set (x, Ax, y,Ay, A2y, z,Az, A%z, A3z, w)
by the orbit (3x 4+ 5Ay + 7A%z). We get

(3x +5Ay + 7Azz, y, Ay, Azy, z, Az, A%z, ASZ, w) .

This is still a concatenation of orbits, since the 1-tuple (3x +5Ay +7A%z) is an
orbit. Furthermore, this is still a spanning set of [F"”; why? Because we removed the
vector Ax, which was unnecessary for spanning F" (because the equality 3Ax +
5A%y + 7A3z = 0 reveals that it is a linear combination of the other vectors in our
spanning set), and we replaced x by 3x + 5Ay + 7A%z (which does not change the
span, because Ay and A?z are still in the spanning set).
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This example generalizes. In the general case, you have a spanning set s that is a
concatenation of orbits:

s = (v1, Avy, ..., A™Mvy, vy, Avy, ..., ATy, ..., U, Avg, ..., ATy),

where A"™*1y; = 0and A”™*lv, =0and ...and A" *ly, = 0. If this spanning set
s is a basis, you are done. If not, you pick a linear dependence relation:

ZAi,jAjvi =0.

i,j
By multiplying this by A an appropriate amount of times (namely, you keep mul-
tiplying until it becomes 0 = 0, and then you take a step back), you obtain a linear

dependence relation that involves only the final vectors of the orbits (i.e., the vec-
tors A"™vy, A™v,, ..., A™kvy;). Thus, it will look like this:

ylAmlvl + yzA”’sz + -+ “l/lkAme)k =0

(with at least one of puj, i, ...,y being nonzero). Assume WLOG that the first
p of the scalars iy, uo,..., 4y are nonzero, while the remaining k — p are 0 (this
can always be achieved by permuting the orbits, which of course does not change
anything about the spanning set being a spanning set). So the relation becomes

U Aoy + up AMop 4 - - - + ]/lpAmpUp =0,

with pq, pi2, . .., yp being nonzero. Note that p > 0 (since at least one of pq, o, . . ., pix
is nonzero), so that 1 # 0. Assume WLOG that m; = min {my,my,...,m,}, and
factor out A™ from this relation. This yields

A (,ulUl + AT Mgy ]/lpAm”_mlvp) = 0.

Now, set wy = p101 + pp A" ™Moy + -+ - + up, A"r~"yp,. Thus, A™w; = 0. Hence,

(w1, Awy, A%wy, ..., A" lwy) is an orbit of length m;. Now, replace the orbit

(v1, Avy, ..., A™v1) in the spanning set s by the shorter orbit (wy, Awy, A%wy, ..., A™ wy).
The resulting list

2 1
(wl,Awl,A wi,..., A" T wy, vy, Avy, ..., A0y, L., Uy, Avk,...,Amkvk>

is still a concatenation of orbits (since A™w; = 0). Also, it still spans F", because
the my + 1 vectors vy, Avy, ..., A™v; that we have removed from s can be recovered
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as linear combinations of the vectors in our new list as follows:

U1 = ]/ll (wl — (yzAmZ_mlvz + .-+ ;’lpAmp_mlvp))
1

(since wy = prv1 + P A" M0y 4 - 4 p, AT M)

AZ)l = A . ]/ll (wl . (yzAmZ_mlvz + .-+ P[pAmP_mlvp))
1

_l _ my—mi+1 mp—my+1 .
i <Aw1 (}le 27Ty A AT vp>>,
szl — A2. ]li (wl — (luZAmZ_mlvz 4+ 4 ypAmP_mlvp))
1

= % <A2w1 - (ﬂzAmz_ml+2vz +oe ypAmP_m1+zvp>> ;

Ay = o Am10w1 — (A" vy + -+ -+ upA"o,)
1
)]

So we have found a new spanning set of I[F" that is still a concatenation of orbits,
but is shorter than s (namely, it has one less vector than s). In other words, we
have found a way to replace a spanning set of [F" that is a concatenation of orbits
by a smaller such set as long as it is linearly independent. Performing this process
repeatedly, we will eventually obtain a basis (since we cannot keep making a finite
list shorter and shorter indefinitely). This proves Lemma O

As we said, Lemma gives us a basis of [F" that is a concatenation of orbits.
In other words, it gives us a forwarded basis (by Proposition[3.4.8(a)), and therefore
reading it backwards will gives us a backwarded basis (by Proposition (b)).
In view of Proposition this lets us find an invertible matrix S € [F"*" such
that S71AS is a Jordan matrix. This completes the proof of Theorem (a) (the
existence part of the Jordan canonical form).

Example 3.4.14. Let F = C and

010 -11 -1
011 -2 2 =2
010 -1 2 =2
A= 010 -1 2 =2
010 -11 -1
010 -11 -1

This matrix A is not strictly upper-triangular, but it is nilpotent, with A% = 0, so
the above argument goes equally well with this A.
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[TODO: Replace this by a better example, with an actual strictly upper-
triangular A.]

Let us try to find a basis of IF® that is a concatenation of orbits.

We begin with the spanning set

2 2 2
(61,A€1,A €1, 62,A€2,A €, ..., 66,A€6,A €6> .

It has lots of linear dependencies. For one, Ae; = 0. Multiplying it by A gives
A?e; = 0, so we can replace (el,Ael,Azel) by (e1, Ae1). So our spanning set
becomes

<€1,A€1, én, Aez,A2€2, ceey €6,A€6, A2€6> .

One more step of the same form gives
2 A A 2 A A
€1, €y, Aey, €, ..., €g, A€, €6 -

Now, observe that Ae3 = ep. Thatis, e; — Aez = 0. Multiplying it by A?, we ob-
tain A%e; = 0 (since A% - Aes = A%e3 = 0). So we replace the orbit (ep, Aey, A%e;)
by (ez, Aey). So we get the spanning set

2 2 2 2
<ell €, AeZ/ €3, A€3, A €3, €4, A€4/ A €4, €5, A€5, A €5, €6, A€6, A €6> .
We observe that

Aey =e1+exy+e3+ey+es5+ e

In other words,
Aey —e1 —ep —e3 —eg —e5 —eg = 0.

Multiplying this by A2, we obtain
—A%e; — A%ey — A%es — A%eq = 0.
In other words,
A% (—e3 —eg —e5—eg) = 0.
Thus, we set wy := —e3 — 4 — 5 — ¢, and we replace (e3, Aes, A%e3) by (wy, Awy).
So we get the spanning set

2 2 2
(61/ €2, AeZI w1, Awl/ €4, A€4,A €4, €5, A€5,A €5, €6, A€6IA €6> .

Keep making these steps. Eventually, there will be no more linear dependencies,
so we will have a basis.
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).

Exercise 3.4.2. Let A € C"*" be a matrix. Prove that the following three
statements are equivalent:

oo
o~ o
_ o= N

Exercise 3.4.1. | 3| Compute the Jordan canonical form of the matrix (

¢ A: The matrix A is nilpotent.
e 3: We have A" = 0.

* C: The only eigenvalue of A is 0 (that is, we have o (A) = {0}).

Exercise 3.4.3. 4| Let A € C"*" be a matrix. Let A € C be nonzero. Prove the
following:

(a) If A is nilpotent, then A ~ AA.

(b) If A ~ AA and if all n numbers A1, A2, ..., A" are distinct from 1, then A is
nilpotent.

3.5. Powers and the Jordan canonical form

Letn € N and A € [F"*" for some field [F. Assume that we know the JCF | of A
(this always exists when [F = C, but sometimes exists for other fields as well) and
an invertible matrix S € [F"*" such that

A=SJs1.
Then, it is fairly easy to compute all powers A™ of A. Indeed, recall that
e (SJs™ 1™ = 5Jms~! for any m € N.

A " AY
Ay Al
. ) = ' for any m € IN.

Ay Al

Thus, it suffices to compute the m-th power of any Jordan cell J (A).
So let us consider a Jordan cell

Al
Al
C:=J5(A) = Al
Al
A
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Then,
A 2701 A% 3A7 34 1
AZ 201 AP 3A7 34 1
C* = A2 20 1 | C® = A3 3A% 34 |
A% 27 A% 3A?
A2 A3
AT 4A% A% 4X 1 A% 5A% 10A% 10A% 5
At 44X 6A% 4A A% 51 10A% 10A2
ct= A 4A% A2 | C° = A5 5A% 10A°
At 43 A> Bt
24 A

In general, we have the following:

Theorem 3.5.1. Let [F be a field. Let k > Oand A € F. Let C = Jp(A). Let
m € IN. Then, C™ is the upper-triangular k x k-matrix whose (i, j)-th entry is

(] T i> Am=itiforalli,j € [k]. (Here, we follow the convention that TZ A=t =

0 when ¢ ¢ IN. Also, recall that (Z) =0whenn € N and ¢ > n.)

First proof of Theorem Induct on m and use C"™ = CC™"! as well as Pascal’s

recursion
n\ [(n-— 1 n n—1
() 14 {—1)

Second proof of Theorem[3.5.1] Set B := J;(0) = . Proposition
1

(a) tells us what the powers of B are: Namely, B’ has 1s i steps above the
main diagonal, and Os everywhere else.

However, C = B + Al;. The matrices Al and B commute (i.e., we have B - A[} =
Al - B). Itis a general fact that if X and Y are two commuting n X n-matrices, then
the binomial formula

m - (m iym—i
(X+Y) =Z(i>XY holds.
i=0

(This can be proved in the same way as for numbers, because the commutativity of
X and Y lets you move any Xes past any Y's.) Applying this formula to X = B and
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Y = AlL, we obtain

(B4AL)" =Y <’f) B (AL)" = i (m) Am=ipi

i=0

A-m

which is precisely the matrix claimed in the theorem. O
Now we know how to take powers of Jordan cells, and therefore how to take

powers of any matrix that we know how to bring to a Jordan canonical form.

Corollary 3.5.2. Let A € C"*". Then, 1i_r>n A™ = 0 if and only if all eigenvalues
m—o0

of A have absolute value < 1.

Proof. =: Suppose that li_r>n A™ = 0, and let A be an eigenvalue of A. We must

m—o0
show that |A| < 1.
Consider a nonzero eigenvector x for eigenvalue A. Thus, Ax = Ax. Then,

A%x = A%x (since A%x = A Ax, = A Ax = AAx = A%x) and similarly A3x = A3x

N~ ~~

=Ax =Ax
and A*x = A%*x and so on. Thus,

Al'x = A"x for each m € IN.

Now, as m — oo, the vector A™x goes to 0 (since A™ — 0). Thus, the vector A" x
goes to 0 as well (since A"x = A"x for each m € IN). Since x # 0, this entails that
the scalar A goes to 0 as well. Hence, |A| < 1 (because if |A| was > 1, then A™
would either oscillate along the unit circle, or move further and further away from
the origin).

<=: Suppose that all eigenvalues of A have absolute value < 1.

1
J2
Let A = SJS~! be the Jordan canonical form of A. Write | as ) ,

where [1, J2, ..., ], are Jordan cells.
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It suffices to show that n%lgn Jit = 0 for each h € [p] (because this will yield
lign J™ =0, and therefore
m o0

li m : —1\" : mg—1 : m -1

Jim, A" = Jim (5/571)" = Jim $J"s™! =8 (Jim J") 7! =0,
N e’ N’
:S]”’S’l =0

which is what we want to show).
Fix some & € [p]. Write Jj, as J; (A), with |A] < 1. Theorem thus yields that
the powers J;" of this matrix J, have a very specific form; in particular, each J;" is

an upper-triangular k x k-matrix whose (i, j)-th entry is (JT i) AM=i+i . Thus, we

need to show that for each i,j € [k]|, we have

lim (m ) A — .
m—ro0 \j — 1

However, this follows from a standard asymptotics argument:

M A — 0
j—i —
— exponential in m,
m (m _ 1) (m _ 2) - (m _ ] + 1) with quotient A having absolute value |A|<1

Y
(j—i)!
(for i<j; otherwise the claim is trivial)

because exponential functions with a quotient of absolute value < 1 converge to 0
faster than polynomials can go to . O

Exercise 3.5.1. [6] Let A € C. Let n and k be two positive integers. Prove the
following:

(a) If a k x k-matrix C has eigenvalue A with algebraic multiplicity k and geo-
metric multiplicity 1, then C ~ Ji (A).

(b) We have (Ji (A))" ~ Jx (A") if A # 0.

(c) If A € C**k is an invertible matrix such that A" is diagonalizable, then A
is diagonalizable.

Exercise 3.5.2. [4] Let F be a field. Compute (J; (1))~ for any nonzero A € F
and any k > 0.

3.6. The minimal polynomial

Recall: A polynomial p (t) € F [t] (where F is any field, and f is an indeterminate)
is said to be monic if its leading coefficient is 1 — that is, if it can be written in the
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form

p() ="+ pruat™ "+ pat™ 2 4 4 pot”
for some m € N and po, p1,..., pm—1 € F.

Definition 3.6.1. Given a matrix A € F"*" and a polynomial p (t) € F [t], we say
that p (t) annihilates A if p (A) = 0.

The Cayley—-Hamilton theorem says that the characteristic polynomial p4 of a
square matrix A always annihilates A. However, often there are matrices that are
annihilated by other — sometimes simpler — polynomials.

Example 3.6.2. The identity matrix I, is annihilated by the polynomial p (t) :=
t — 1, because
p(ln) - In_In :0.

010
Example 3.6.3. Thematrix | 0 0 0 | is annihilated by the polynomial p (¢) :=
00O
t2, since its square is 0.
2
Example 3.6.4. The diagonal matrix 2 (where empty cells are un-

3
derstood to be filled with zeroes) is annihilated by the polynomial p (t) :=
(t—2)(t —3), since

(D))
EBIEENE

Theorem 3.6.5. Let IF be a field. Let A € F"*" be an n X n-matrix. Then, there is
a unique monic polynomial g4 (¢) of minimum degree that annihilates A.

Proof. The Cayley-Hamilton theorem (Theorem shows that p 4 annihilates A.
Since p4 is monic, we thus conclude that there exists some monic polynomial that
annihilates A. Hence, there exists such a polynomial of minimum degree.

It remains to show that it is unique. To do so, we let g4 and g4 be two monic
polynomials of minimum degree that annihilate A. Our goal then is to show that

qa = qaA-
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Assume the contrary. Thus, g4 — 44 # 0. However, the two polynomials g4
and g4 have the same degree (since both have minimum degree) and the same
leading coefficients (because they are both monic). Thus, their difference g4 — g4
is a polynomial of smaller degree than g4 and §4; furthermore, this difference
4. — g4 annihilates A (because (74 —g4a) (A) = ga(A) —gqa(A) = 0—-0 = 0).
Thus, by scaling this difference by an appropriate scalar in IF, we can make it monic
(since it is nonzero), and of course it will still annihilate A. Therefore, we obtain
a monic polynomial of smaller degree than g, that annihilates A. This contradicts
the minimality of g4’s degree. This concludes the proof of Theorem [3.6.5 O

Definition 3.6.6. Let A € F"*" be an n x n-matrix. Theorem [3.6.5/ shows that
there is a unique monic polynomial g4 (#) of minimum degree that annihilates
A. This unique polynomial will be denoted g4 (t) and will be called the minimal
polynomial of A.

2
Example 3.6.7. Let F = C. Let A be the diagonal matrix ( 2 ) (where
3

empty cells are supposed to contain 0 entries). Then,

ga(t) = (£=2)(t=3).

Indeed, we already know that the monic polynomial (¢ —2) (¢t — 3) annihilates
A. If there was any monic polynomial of smaller degree that would annihilate
A, then it would have the form t — A for some A € [F, but A cannot be 2 and 3 at
the same time.

For comparison: The characteristic polynomial of Ais ps (t) = (f — 2)2 (¢ —3).

Exercise 3.6.1. |2 | Find the minimal polynomial of a diagonal matrix whose dis-
tinct diagonal entries are Ay, Ay, ..., Ar. (Each of these Ay, Ay, ..., Ay can appear
on the diagonal any positive number of times.)

Exercise 3.6.2. Let IF be a field. Let n > 2 be an integer. Let x1,xp,...,x, € F

X1y1 XxX1y2 - X1Yn

Xoy1r XYy2 - X2
and y1,Y2,...,yn € F. Let A be the n X n-matrix / .;l/ :W

XnY1 XuY2 - XulYn

IFI’IXI’I

(a) Find the minimal polynomial of A under the assumption that xq,x2,...,x,
and y1,Y2, ..., Yn are nonzero.

(b) What changes if we drop this assumption?
[Hint: Compute A?]
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Theorem 3.6.8. Let A € F"*" be an n x n-matrix. Let f (f) € F[t] be any
polynomial. Then, f annihilates A if and only if f is a multiple of g4 (that
is, f (t) = ga (t) - g (t) for some polynomial g (¢) € IF [£]).

Proof. =>: Assume that f annihilates A. Thus, f (A) = 0. WLOG, assume that
f # 0. Thus, we can make f monic by scaling it. Thus, deg f > degg, (since g4
had minimum degree). Hence, we can divide f by g4 with remainder, obtaining

() =qa(t)-g(t)+r(t), (79)
where ¢ (f) and r () are two polynomials with degr < degga. (Note that r (t) is

allowed to be the zero polynomial.) Consider these g (¢) and r ().
Substituting A for ¢ in the equality (and using Lemma (a)), we obtain

f(A) = g4 (A) g (A) +r(A) =r1(4),

(since g4 annihilates A)

so that 7 (A) = f (A) = 0. In other words, r annihilates A. Since degr < degqa,
this entails that r = 0 (since otherwise, we could scale the polynomial 7 (¢) to make
it monic, and then we would obtain a monic polynomial of degree degr < degga
that annihilates A; but this would contradict the minimality of degg4). Thus,

f#)=qa(t) g(t)+r(t) =qa(t) g(t).
=7
Thus, f is a multiple of 4.
<=: Easy and LTTR. O

| Corollary 3.6.9. Let FF be a field. Let A € F"*" be a matrix. Then, g4 (t) | pa (#).

Proof. Apply the previous theorem to f = p4, recalling that p4 annihilates A. [

The corollary yields that any root of g4 must be a root of p,4, that is, an eigen-
value of A. Conversely, we can show that any eigenvalue of A is a root of g4 (but
we don’t know with which multiplicity):

Proposition 3.6.10. Let A € C"*" be an n x n-matrix. If A € 0 (A), then g (A) =
0.

Proof. Let A € 0 (A). Thus, there exists a nonzero eigenvector x for A.

Then, Ax = Ax. As we have seen above, this entails A™x = A"x for each m € IN.
Therefore, f (A)x = f(A)x for each polynomial f (t) € C [t] (because you can
write f (t) as fot° + fit! + -+ - + f,t?, and then apply A™x = A™x to each of m =
0,1,...,p). Hence, g4 (A) x = qa (1) x, so that

ga (M) x = @\@ x=0.

=0
(since g4 annihilates A)

Since x # 0, this entails g4 (A) =0, qed. O

January 4, 2022



Math 504 notes page 140

Combining Corollary with Proposition [3.6.10, we see that the roots of g4 (t)
are precisely the eigenvalues of A (when A € C"*"); we just don’t know yet with
which multiplicities they appear as roots. In other words, we have

ga(t) = (E= M) (E= M) (b= A",

where Ay, Ay, ..., A, are the distinct eigenvalues of A, and the kq, k>, ..., k, are pos-
itive integers; but we don’t know these ki, k,. ..,k yet. So let us find them. We
will use some lemmas for this.

Lemma 3.6.11. Let F be a field. Let A and B be two similar n x n-matrices in
[Frxn, Then, qa (t) = qB (t)

Proof. This is obvious from the viewpoint of endomorphisms (see Remark [2.1.6).
For a pedestrian proof, you can just argue that a polynomial f annihilates A if and
only if it annihilates B. But this is easy: We have A = SBS™! for some invertible S
(since A and B are similar), and therefore every polynomial f satisfies

f(A)=f(sBS™) =sf(B)s™
and therefore f (A) = 0 holds if and only if f (B) = 0. O

We recall the notion of the lem (= least common multiple) of several polynomials.
It is defined as one would expect: If py,p2,..., pm are m nonzero polynomials
(in a single indeterminate t), then lem (p1, p2, ..., pm) is the monic polynomial of
smallest degree that is a common multiple of pq, pa, ..., pm. For example,

lcm(tz—l, t3—1> zlcm<(t—1)(t+1), (t—1) (t2+t—|—1>>
= (=1 (t+ ) (tHP+1) =H 4P -1

(Again, the lcm of several polynomials is unique. This can be shown in the same
way that we used to prove uniqueness of the minimal polynomial.)

Our next lemma tells us what the minimal polynomial of a block-diagonal matrix
is:

Lemma 3.6.12. Let Ay, Ay, ..., Ay be m square matrices. Let
A
A
Am

Then,

ga =lem (qa,, G4y -, qa,) -
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Proof. For any polynomial f € F [t|, we have

Aq f (Al)
Ap  f(Aw)

Aq ¢ A}
Ar Ak

and from the fact that a polynomial f is just a F-linear combination of ts). Thus,
f (A) = 0 holds if and only if

f(A1) =0and f(A;) =0and --- and f (An) =0.

However, f (A) = 0 holds if and only if f is a multiple of g4, whereas f (A;) =0
holds if and only if f is a multiple of g4,. Thus, the previous sentence says that f
is a multiple of g4 if and only if f is a multiple of all of the g4;s. In other words,
the multiples of g4 are precisely the common multiples of all the g4;s. Therefore,
g4 is the lcm of the g4;s (because the universal property of an lcm characterizes the
lcm of the g4.s as the unique monic polynomial whose multiples are the common
multiples of all the g4.s). O

Lemma 3.6.13. Let FF be a field. Letk > 0and A € [F. Let A = [ (A). Then,

ga = (t— A

Proof. It is easy to see that g4 = ga_aj, (t — A), because for a polynomial f € IF [t]
to annihilate A — A is the same as for the polynomial f (¢t — A) to annihilate A. So
we need to find g4_,j,. Recall (from Proposition 3.1.4) that

1

A—AL =]k (0) =
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Therefore, for any polynomial f = fot° + fit! + fot> + - - -, we have

fo i o0 fim
fo f1or fr
F(A=AL) = foo-o fi-s
fo
So f(A—AL) =0ifand only if fp = f1 = --- = fr_1 = 0, i.e., if and only if the

first k coefficients of f are 0. Now, the monic polynomial of smallest degree whose
first k coefficients are 0 is the polynomial t. So the monic polynomial f of smallest
degree that satisfies f (A — Aly) = 0 is t*. In other words, g4, = t*.

Now, recall that g4 = ga_xp, (t —A) = (t — A)F (since ga-ay, = t5). This proves
Lemma [3.6.13 O

Theorem 3.6.14. Let A € C"*" be an n X n-matrix. Let | be the Jordan canonical
form of A. Let Ay, A5,..., A, be the distinct eigenvalues of A. Then,

ga = (t= )M (E= M) (= 0,)",

where k; is the size of the largest Jordan cell at eigenvalue A; in |.
Example 3.6.15. Let A have Jordan canonical form

51
51
5

Then,

ga = (t=5)° (t—8)".

Proof of Theorem |3.6.14, We have A ~ ], so that g4 = q; (by Lemma 3.6.11)).

Recall that | is a Jordan matrix, i.e., a block-diagonal matrix whose diagonal
blocks are Jordan cells Jy, Jo, ..., Ju. Thus, by Lemma 3.6.12}, we have

qy =lem (g7, 41 -+ 47.)
=tem (£ =)0, (E=Ap), o, (E=2y,))),

where each J; has eigenvalue A, and size kj, (by Lemma 3.6.13). This lcm must be
divisible by each t — A at least as often as each of the (t —A L.)k]is is; i.e., it must be

January 4, 2022



Math 504 notes page 143

divisible by (t — A)k, where k is the largest size of a Jordan cell of | at eigenvalue
A. So the lem is the product of these (f — A)¥s. But this is precisely our claim. [

Exercise 3.6.3. | 1| Let IF be a field. Let A € F"*" be any n X n-matrix.
(a) Prove that g 4r = g4, where AT denotes the transpose of the matrix A.

(b) Assume that F = C. Prove that g4« = 74, where g4 denotes the result of
replacing all coefficients of the polynomial g4 by their complex conjugates.

Exercise 3.6.4. (@) A matrix A € C>3 has characteristic polynomial
t(t—1) (t —2). What can its JCF be?

(b) A matrix A € C3*3 has characteristic polynomial #? (+ —2). What can its
JCF be?

(c) A matrix A € C*>*3 has minimal polynomial #? (f —2). What can its JCF
be?

(d) A matrix A € C3*3 has minimal polynomial ¢ (+ — 2). What can its JCF be?

Exercise 3.6.5. Let A € C"™" be a matrix. Prove that AT ~ A, where AT
denotes the transpose of the matrix A.

[Hint: Reduce to the case of a Jordan cell.]

3.7. Application of functions to matrices

Consider a square matrix A € C"*". We have already defined what it means to
apply a polynomial f to A: We just write f as }_ f;t', and substitute A for ¢.

1
Can we do the same with non-polynomial functions f ? For example, can we
define exp A or sin A ?

One option to do so is to follow the same rule as for polynomials, but using the
#

Taylor series for f. For example, since exp has Taylor series expt = )’ 7y We can
ieN *-
set ,
Al
expA = Z T
ieN

This indeed works for exp and for sin, as the sums you get always converge. But it
doesn’t generally work, e.g., for f = tan, since its Taylor series only converges in a
certain neighborhood of 0. Is this the best we can do?

There is a different approach that gives a more general definition. We begin with
a lemma about Jordan cells:

January 4, 2022



Math 504 notes page 144

Lemma 3.7.1. Let k > 0 and A € C. Let A = J; (A). Then, for any polynomial
f € C|[t], we have
fA A e %
o 1 2! (k—1)!
ACO NG N e 0Y
0! 11 (k—2)!
£(A) = 1 A
ol (k—23)!
fA)
0!

I Exercise 3.7.1. |2 | Prove Lemma m

Now, we aim to define f (A) by the above formula, at least when A is a Jordan
cell. This only requires f to be (k — 1)-times differentiable at A.

Definition 3.7.2. Let A € C"*" be an n x n-matrix that has minimal polynomial

ga(t) = (t= A" (E=A)2 - (1= Ap)",

where the Aq, Ay, ..., A, are the distinct eigenvalues of A.

Let f be a function from C to C that is defined at each of the numbers
A1, Az, ..., Ap and is holomorphic at each of them, or at least (ki — 1)-times differ-
entiable at each A; if A; is real. Then, we can define an n x n-matrix f (A) € C"*"
as follows: Write A = SJS™1, where | is a Jordan matrix and S is invertible. Write
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J as

Jit

J2

fUr(A)):

f Um)

SF())s, where
f(h)
f ()
f £ 10
0! 1! 2!
fA) )
0! 1!
fA)
0!

where

, where the [, |», ..., |, are Jordan cells. Then, we set

Theorem 3.7.3. This definition is actually well-defined. That is, the value f (A)

does not depend on the choice of S and J.

Exercise 3.7.2. | 5| Prove this.

[Hint: Use Hermite interpolation to find a polynomial ¢ € C[f] such that
g™ (A) = fm) (A) for each A € ¢ (A) and each m € {0,1,...,m, — 1}, where
m, is the algebraic multiplicity of A as an eigenvalue of A.]

3.8. The companion matrix

For each n x n-matrix A, we have defined its characteristic polynomial p4 and its
minimal polynomial q4. What variety of polynomials do we get this way? Do all
characteristic polynomials share some property, or can any monic polynomial be a

characteristic polynomial?

The latter turns out to be true (and moreover, the same holds for the minimal
polynomial). We shall prove this by explicitly constructing a matrix with a given

polynomial as its characteristic polynomial.
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Definition 3.8.1. Let IF be a field, and let n € IN.

Let f () = t" + fr_1t" 1+ fuot" 2+ - - + fit! + fot° be a monic polynomial
of degree n with coefficients in [F. Then, the companion matrix of f (t) is defined
to be the matrix

0 —fo
10 —f
10 —h
Cf = 1 - e e
o0 _fan
1 _fnfl

(where each cell that is left empty is supposed to be filled with a 0). This
is the n x n-matrix whose first n — 1 columns are the standard basis vectors
e, e3,...,ey, and whose last column is (—fo, —f1,. .., —fn_l)T.

Proposition 3.8.2. For any monic polynomial f (t), we have

pc, (1) =4qc, () = f(1).

Proof. Let us first show that pc, (t) = f (t).

To do so, we induct on n. The base case (that is, the case n = 0) is obvious (since
the determinant of the 0 x 0-matrix is 1 by definition). Let us thus proceed to the
induction step: Let n be a positive integer. Let f (t) = t" + f,_1t" 1+ f, ot" 2 +
-+ fit! + fot° be a monic polynomial of degree n with coefficients in IF. We must
show that pc, (t) = f (). We assume (as the induction hypothesis) that the same
holds for all monic polynomials of degree n — 1.

Let ¢ (t) be the polynomial t"~! + f, 1#""2 + ... + fot! + f1#9. This is a monic
polynomial of degree n — 1; thus, we can apply the induction hypothesis to it.
Thus, we conclude that pc, () = g (¢).

The definition of the characteristic polynomial yields

t fo
-1t fi
1 £

Py (t) = det (tln — Cf) = det .

t fn—Z
-1 t+fn—1

We compute this determinant by Laplace expansion along the first row (exploiting
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the fact that only two entries of this first row are nonzero):

t fo
-1 t fi
-1 t fz
det _q f
t fn—2
-1 t+ fn—l
t fi -1 t
-1 t f2 -1 t
=t det -1 : +(=1)"" fy det -1
t fn—Z .. t
-1 t+ fn—l —1
:tln:—Cg :(71)7171
(by the definition of Cyg) (since this matrix is upper-triangular of
size n—1, and its diagonal entries are —1’s)
=t det (tI, 1 — Cy) + (=)™ f (=)
-~ / N’
=pc, (1) =(-1)""'fo
(by the definition of the characteristic polynomial)
1 -1
=t pc, () +(=D (D" fo
— ~
=g(t) -

=t fy 12t ot + 110
— (tn—l F " 24 fot] -|—f1t0) + fo
=" fu it Rt it fo= (1),

Thus, pc, () = f () is proved. This completes the induction step. Hence, we have
proved the pc, (t) = f (t) part of Proposition

Now, let us show that gc, (t) = f(t). Indeed, both qc, () and f () are monic
polynomials, and we know from Corollarythat qc, (t) | pc s (t) = f (). Hence,
if gc, (t) # f (), then gc, (t) is a proper divisor of f (), thus has degree < n (since

f (t) has degree n). So we just need to rule out the possibility that gc, (f) has degree
< n.

Indeed, assume (for the sake of contradiction) that gc, (t) has degree < n. Thus,
qc; (t) = apt* + ap_1tF"1 4 -+ apt® with k < n and a; = 1 (since qc, is monic of
degree < 1). However, the definition of g, yields gc; (Cy) = 0. In other words,

akcji + ak_lq‘fl +--- 4 agCh = 0.

However, let us look at what C Y does to the standard basis vector e; = (1,0,0,0,...,0) T
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We have

Thus, applying our equality
akC;‘f + ak_lqi_l + -+ aoC? =0
to e1, we obtain
aexs1 + ax_qex + - - +age; =0 (since k < n).

But this is absurd, since ej,ey,...,e; are linearly independent. So we found a
contradiction, and thus we conclude that g¢ y (t) has degree > n. So, by the above,

we obtain gc, (t) = f (t). O

Remark 3.8.3. For algebraists: The companion matrix Cy has a natural meaning.
To wit, consider the quotient ring F[t] / (f (t)) as an n-dimensional F-vector

space with basis <t_0, t_l, .. .,t”—l). Then, the companion matrix C £ represents
the endomorphism “multiply by t” (that is, the endomorphism that sends each
residue class g (t) to t - g (¢)) in this basis.

Exercise 3.8.1. |3| Let A € C"*" be an n x n-matrix that has n distinct eigenval-
ues. Prove that A ~ Cp,.

Exercise 3.8.2. 4| Let [F be a field. Let A € F"*" be an n x n-matrix. Prove that
A ~ Cp, if and only if there exists a vector v € IF" such that

<?}, Av, A%, ..., A”_lv> = (on, Ao, ..., A”_lv>

is a basis of [F".
3.9. The Jordan—Chevalley decomposition

Recall that:

* A matrix A € C"*" is said to be diagonalizable if it is similar to a diagonal
matrix.
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* A matrix A € C"" is said to be nilpotent if some power of it is the zero
matrix (i.e., if A¥ = 0 for some k € IN). As we know from Exercise for
an n X n-matrix A to be nilpotent, it is necessary and sufficient that A" = 0.

Theorem 3.9.1 (Jordan—Chevalley decomposition). Let A € C"*" be an n x n-
matrix.

(@) Then, there exists a unique pair (D, N) consisting of

* a diagonalizable matrix D € C"*" and

* a nilpotent matrix N € C"**"

such that DN = ND and A =D + N.

(b) Both matrices D and N in this pair can be written as polynomials in A. In
other words, there exist two polynomials f,g € C [t] such that D = f (A) and

N =g (A).

The pair (D, N) in this theorem is known as the Jordan—Chevalley decomposition
(or the Dunford decomposition) of A.

For a complete proof of Theorem see [Bourba03, Chapter VII, §5, section
9, Theorem 1]. An outline can also be found on the Wikipedia page for “Jordan—
Chevalley decomposition”.

Partial proof of Theorem We will only show the following claim:

Claim 1: There exists a Jordan—Chevalley decomposition of A.

To prove Claim 1, we can WLOG assume that A is a Jordan matrix. Indeed, if
A = S§]JS7! for some invertible S € C**" and some Jordan matrix ] € C"*", and
if (D, N’) is a Jordan-Chevalley decomposition of ], then (SD’ S—1 SN’ 5_1) is a
Jordan—Chevalley decomposition of A.

So we WLOG assume that A is a Jordan matrix. Thus,

Jiy (A1)
Ji, (A2)

]kp ()‘P)

for some Aq, Az, ..., Ay and some ky, ko, ..., kp. (Here, empty cells are understood
to be filled with zero matrices.)

We want to find a Jordan—Chevalley decomposition of A. In other words, we
want to find a pair (D, N), where D € C"*" is a diagonalizable matrix and N €
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C™" is a nilpotent matrix satisfying DN = ND and A = D + N. We do this by
setting

A, Ji, (0)
Ao Iy, _ Jk, (0)

ApIkp ]kp (0)

It is easy to check that A = D + N (since Ji (A) = Al + J; (0) for each k > 0 and
A € €) and DN = ND (since block-diagonal matrices can be multiplied block by
block, and since matrices of the form Al for k > 0 and A € C commute with every
k x k-matrix). Clearly, the matrix D is diagonalizable (since D is diagonal) and the

matrix N is nilpotent (since N is strictly upper-triangular). Thus, Claim 1 is proved.
The rest of the proof of Theorem is omitted for now. O

3.10. The real Jordan canonical form

Given a matrix A € R"*" with real entries, its Jordan canonical form doesn’t nec-
essarily have real entries. Indeed, the eigenvalues of A don’t have to be real. Some-
times, we want to find a “simple” form for A that does have real entries. What
follows is a way to tweak the Jordan canonical form to this use case.

We observe the following:

Lemma 3.10.1. Let A € R"*" and A € C. Then, the “Jordan structure of A at
A” (meaning the multiset of the sizes of the Jordan blocks of A at A) equals the
Jordan structure of A at A. In other words, for each p > 0, we have

(the number of Jordan blocks of A at A having size p)
= (the number of Jordan blocks of A at A having size p).

In other words, Jordan blocks at A and Jordan blocks at A come in pairs of
equal sizes (wWhen A # A).

I Exercise 3.10.1. |2 | Prove Lemma

So we can try to combine each Jordan block at A with an equally sized Jordan
block at A (when A ¢ RR) and hope that something real comes out somehow, in the
same way as multiplying the complex polynomials t — A and t — A yields the real
polynomial (f — A) (t—A) = 2 —2(ReA) £+ [A]* € R [{].

How to do this? For Jordan blocks of size 1, this is easy:
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Lemma 3.10.2. Let A € C. Let L be the 2 x 2-matrix ( 3 % ) Let a = Re A and
b =ImA (so that A = a + bi). Then,

a b
LN(_M).

I Exercise 3.10.2. Prove Lemma

Now, let us see how to combine a Jordan block at A with an equally sized Jordan
block at A when the size is arbitrary. We can WLOG assume that these two Jordan
blocks are adjacent (since we can permute the Jordan blocks at will). Thus, they
form the following matrix together@

Al
A
1
Jp (A) _ A
Jp (A) Al
A
1
A
This matrix is similar to the 2p x 2p-matrix
A 1
A 1
A 1 L b
X 1 L Iz
Ly := = : ,
L b
L
A

A

. (A0 . Jp (A)
where L is the 2 x 2-matrix — |- (In fact, we can easily see that — =
0 A Jp (A)

P, 'L,P;, where P, is the permutation matrix of the permutation ¢ of [2p] that

38 Again, empty cells in matrices signify Os (or zero matrices).

January 4, 2022



Math 504 notes page 152

sends1,2,3,...,p,p+1,p+2,p+3,...,2pt01,3,5,...,2p—1,2,4,6,...,2p.) How-
ever, Lemma yields
LN( a b)
—b a)’

where a = Re A and b = Im A (so that A = a + bi). So our matrix L, is similar to

a b 1

—b a 1
a b 1
—b a 1

(why?). Hence, altogether, we obtain

(}p(/\) - )N —b a 1
Jp (A)

The matrix on the right is a real matrix. Thus, we can replace our two Jordan blocks
(at A and A, of equal sizes) by a real 2p x 2p-matrix, obtaining a similar matrix.
Performing the same procedure with all Jordan blocks at non-real eigenvalues, we
thus obtain a “normal form” that has real entries. See [HorJoh13| §3.4.1] for details
and for further results in this direction.

3.11. The centralizer of a matrix

Here is a fairly natural question: Which matrices commute with a given square
matrix A ?

Proposition 3.11.1. Let [F be a field. Let A € F"*" be an n x n-matrix. Let f and
g be two polynomials in a single variable ¢ over F. Then, f (A) commutes with

g (A).
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Proof. Write f (t) as f (t) = » fit!, and write g (t) as g (t) = > gjt/. Then,
i=0 =0

f(A)Zi)ffAi and g(A)zi)ngfﬁ
1= ]:

Thus,
rasa = (£50) (Eoar) - £ Eroan - Era
i=0 j=0 i=0 j=0  _Ji; i=0 j=0
A similar computation shows that
n m . .
g(A)-f(A) =), ) figiA™.
i=0 j=0
Comparing these two, we obtain f (A) - g (A) =g (A) - f (A), qed. O

Thus, in particular, f (A) commutes with A for any polynomial f (because A =
g (A) for g (1) = ).

But are there other matrices that commute with A ?

There certainly can be. For instance, if A = Al, for some A € F, then every
n x n-matrix commutes with A (but very few matrices are of the form f (A) for
some polynomial f). This is, in a sense, the “best case scenario”. Only for A = Al
is it true that every n X n-matrix commutes with A.

Let us study the general case now.

Definition 3.11.2. Let A € F"*" be an n X n-matrix. The centralizer of A is
defined to be the set of all n x n-matrices B € F*"*" such that AB = BA. We
denote this set by Cent A.

We thus want to know what Cent A is.
We begin with some general properties:

Proposition 3.11.3. Let A € [F"*" be an n x n-matrix. Then, Cent A is a subset of
F"*" that is closed under addition, scaling and multiplication and contains Al
for all A € F. In other words:

(a) For any B, C € Cent A, we have B + C € Cent A.

(b) For any B € Cent A and A € F, we have AB € Cent A.

(c) For any B, C € Cent A, we have BC € Cent A.

(d) For any A € IF, we have AI,;, € Cent A.

This implies, in particular, that Cent A is a vector subspace of [F**". Furthermore,
it shows that Cent A is an [F-subalgebra of F"*" (in particular, a subring of F"**").
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Proof of Proposition|3.11.3] Let me just show part (c); the other parts are even easier.
(c) Let B,C € Cent A. Thus, AB = BA and AC = CA. Now,

AB C =B AC = BCA.
~~ ~~
=BA =CA
This shows that BC € Cent A. Thus, part (c) is proved. O

Now, as an example, let us compute Cent A in the case when A is a single Jordan
cell ], (0). So we fix an n > 0, and we set

010 - 0
o001 ---0
A:=],(0) = 000 ---0
O 00 --- 0

Let B € F"*" be arbitrary. We want to know when B € Cent A. In other words, we
want to know when AB = BA.

We have

010 0 Bi1 Bip Biz -+ Biy
001 ---0 By Byp Basz -+ By,
AB=10020 --- 0 B3y B3> Bssz -+ Bsy
000 -0 Bn,l Bn,2 Bn,3 Bn,n

Br1 Byp Bpgj By

B31 B3,2 B3,3 B3,

Bnl Bn,2 Bn,3 Bnn

0 0 0 0

and

Biy Bip Bis - By, 010 0
By B2p Bosz -+ Bay 001 ---0
BA—=| B31 Bs2 Bsz --- By 000 -0
By Bn,2 Bn,3 ’ Byn 000 0

0 Bi1 Bip By

0 By1 Byp By 1

— | 0 Bs1 Bsp B3 -1

0 Bn,l Bn,Z Bn,n—l
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Thus, AB = BA holds if and only if

Byi Bap Bog -+ Boy 0 Bii Bip Bin—1
B3y Bsp Bsz -+ Bsp 0 Boi Bap Byn-1
: 5 : L —| 0 Bs1 Bsp Bsn-1 |,
Bn,l Bn,2 Bn,3 te Bn,n : : T
o 0 0 - 0 0 By1 Bnp Bun-1
ie., if
Byj = Byj1 for all j € [n] (where By :=0);
B3 = By 1 for all j € [n] (where By :=0);
Byj = B3j1 for all j € [n] (where B3 := 0);
Byj =By 1,1 for all j € [n] (where B, 10 :=0);
0= By forallj e [n—1].

The latter system of equations can be restated as follows:

.« ey

Bun—2=By1u3=Bypon4s=--=B31=0;

Bn,n—l = Bn—l,n—Z = Bn—2,n—3 == B2,1 =0;
Bn,n = anl,nfl = Bn—2,n—2 == Bl,l;

By 1n=Bu2u1=By3n2="-"=Bp;

By—2n=Bun3n-1=Byan2=-"+=Bg;

In other words, it means that the matrix B looks as follows:

bp by by -+ by

bp by -+ by

B = bo -+ buy-s
bo

(where the empty cells have entries equal to 0). This is called an upper-triangular

Toeplitz matrix. We can also rewrite it as

B="bol, + A+ b A%+ +b, A" L,

So we have proved the following:
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Theorem 3.11.4. Let n > 0. Let A = ], (0). Then,

([ by by by -+ by )
bp by -+ by

Cent A = bo --+ bus | | byby,...,by_1 €F
bo

\ Vs

- {boln F DA+ A% 4+ by APV | b by, by € 1F}
={f(A) | f € F[t] is a polynomial of degree <n —1}.

So this is the worst-case scenario: The only matrices commuting with A are the
matrices of the form f (A) (which, as we recall, must always commute with A).

What happens for an arbitrary A ? Is the answer closer to the best-case scenario
or to the worst-case scenario? The answer is that the worst-case scenario holds for a
randomly chosen matrix, but we can actually answer the question “what is Cent A
exactly” if we know the Jordan canonical form of A.

We start with simple propositions:

| Proposition 3.11.5. Let A € F"*" and A € F. Then, Cent (A — AI,) = Cent A.

I Exercise 3.11.1. |1 | Prove this.

Proposition 3.11.6. Let A, B and S be three n X n-matrices such that S is invert-
ible. Then,

(B € CentA) <= (535*1 € Cent (szxs*)) .

I Exercise 3.11.2. | 1| Prove this.

Thus, if A is a matrix with complex entries, and if we want to compute Cent A,
it suffices to compute Cent J, where | is the JCF of A.

Therefore, we now focus on centralizers of Jordan matrices. One further simpli-
fication stems from the following proposition:

Proposition 3.11.7. Let Ay, Ay, ..., Ax be square matrices with complex entries.
Assume that the spectra of these matrices are disjoint —i.e., if i # j, then o (A;) N
o (A]) = .
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Then,

Cent

By
B,
= _ | B; € Cent(A;) for each i € [k]

By

Proof. The O inclusion is obvious. We thus need to prove the C inclusion only.
Let A; be an n; X n;-matrix for each i € [k].

A
A
Let B € Cent We want to show that B has the form
Ag
By
B,
where B; € Cent (A;) for each i € [k].
By

Write B as a block matrix
B(1,1) B(1,2) B(1,k)
5 B(2,1) B(2,2) B(2,k)
B(k,1) B(k,2) --- B(kk)

where each B (i,j) is an n; X nj-matrix. Then, by the rule for multiplying block

matrices, we have

A B(1,1) B(1,2) --- B(Lk)
A B(2,1) B(2,2) --- B(2,k)
a )\ san Ba2 - Brw
AB(1L,1) A1B(1,2) --- AB(LK)
| 4B@21) AB(22) - AB@2K)
AB(1) ABK2) - ABKK
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and
B(1,1) B(1,2) B(1,k) Aq
B(2,1) B(2,2) B(2,k) A
B(k,1) B(k,2) --- B(kk) A
B(1,1)A; B(1,2) A, B(1,k) Ay
B(2,1)A1 B(2,2) Ay B (2,k) A
B(k,1) A1 B(k,2) Az B (k, k) Ax
B(1,1) B(1,2) B(1,k)
B(2,1) B(2,2) B(2,k)
However, these two matrices must be equal, since . €
B(k,1) B(k,2) B (k, k)
Ay
Ap
Cent _ . Thus, we have
Ak
A1B(1,1) A:B(1,2) --- AiB(Lk) B(1,1)A; B(1,2)Ay --- B(1,k) A
A2B(2,1) AzB(2,2) AB (2,k) B(2,1)A; B(2,2)Ay --- B(2k) A
AgB (k,1) AxB(k,2) --- AgB(kk) B(k,1)A; B(k,2)Ay --- Bi(kk) A
Comparing blocks, we can rewrite this as
AiB(i,j) = B(i,]) A; foralli,j e [k].

Now, let7,j € [k] be distinct. Consider this equality A;B (i,j) = B (i,j) A;. We can
rewrite itas A;B (i,j) — B (i,j) Aj = 0. Thus, B (i,j) is an n; X nj-matrix X satisfying
AiX — XA; = 0. However, because 0 (A;) N0 (Aj) = &, a theorem we proved
before (the YV = U direction of Theorem tells us that there is a unique
n; X nj-matrix X satisfying A;X — XA; = 0. Clearly, this unique matrix X must be
the 0 matrix (since the 0 matrix satisfies A;0 —0A; = 0). So we conclude that B (i, j)
is the 0 matrix. In other words, B (i,j) = 0.

So we have shown that B (7, j) = 0 whenever i and j are distinct. Thus,

B(1,1) B(1,2) --- B(1,k) B(1,1)
s | B@Y B@2) - BRK | _ B(2,2)
B(I;,l) B(l;,z) B(I;,k) ) B (k, k)
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This shows that B is block-diagonal. Now, applying the equation

AB(i,j) = B(i,j) A; for all i, j € [K]
to j = i, we obtain A;B (i,i) = B (i,i) A;, which of course means that B (i,i) &
By
B,
Cent (A;). Thus, B has the form . where B; € Cent (A4;) for

By
each i € [k]. This completes the proof of Proposition

So we only need to compute Cent] when | is a Jordan matrix with only one
eigenvalue.

We can WLOG assume that this eigenvalue is 0, since we know that Cent (A — AL,) =
Cent A.

So we only need to compute Cent ] when ]| is a Jordan matrix with zeroes on its
diagonal.

If ] is just a single Jordan cell, we already know the result (by Theorem [3.11.4).
In the general case, we have the following:

Proposition 3.11.8. Let | € C"*" be a Jordan matrix whose Jordan blocks are

]”1 (O)r ]ﬂ2(0>r cey ]”k(o)’

Let B be an n x n-matrix, written as a block matrix

B(1,1) B(1,2) --- B(1,k)
s | B@D B@2) - B2K
B(I;,l) B(l;,z) B(l;,k)

where each B (i,j) is an n; X nj-matrix. Then, B € Cent] if and only if each of

the k? blocks B (i, ) is an upper-triangular Toeplitz matrix in the wide sense.
Here, we say that a matrix is an upper-triangular Toeplitz matrix in the wide sense
if it
e has the form ( 0 U ), where U is an upper-triangular Toeplitz (square)

matrix and 0 is a zero matrix, or

* has the form ( l(')l ), where U is an upper-triangular Toeplitz (square) ma-

trix and 0 is a zero matrix.

(The zero matrices are allowed to be empty.)
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Proof. Essentially the same argument that we used to prove Theorem [3.11.4} just
with a lot more bookkeeping involved. See [OmClVill, Proposition 3.1.2] for de-
tails. O

We can summarize our results into a single theorem:

Theorem 3.11.9. Let A € C"*" be an n X n-matrix with Jordan canonical form J.
Then, Cent A is a vector subspace of C"*" with dimension

Y, s (A).

Aeo(A)

Here, for each eigenvalue A of A, the number g, (A) is a nonnegative integer de-
tined as follows: Let 11,1y, ..., ni be the sizes of the Jordan blocks at eigenvalue
A that appear in J; then, we set

i=

k k
aa (A) = Z{ gmin{ni,n]’}.
]:

Proof. Combine Proposition(3.11.6, Proposition(3.11.7, Proposition|3.11.5, and Propo-
sition [3.11.8, and count the degrees of freedom. O

Now, let us return to the worst-case scenario: Whenis Cent A = {f (A) | f € C[t]}
? We can answer this, too, although the proof takes longer.

Definition 3.11.10. An n x n-matrix A € [F"*" is said to be nonderogatory if g4 =

pa (that is, the minimal polynomial of A equals the characteristic polynomial of
A).

“Most” matrices are nonderogatory (in the sense that a “randomly chosen” ma-
trix with complex entries will be nonderogatory with probability 1); but there are
exceptions. It is easy to see that if a matrix A has n distinct eigenvalues, then A
is nonderogatory, but this is not an “if and only if”; a single Jordan cell is also
nonderogatory. Here is a necessary and sufficient criterion:

Proposition 3.11.11. An n X n-matrix A € C"*" is nonderogatory if and only if
its Jordan canonical form has exactly one Jordan block for each eigenvalue.

| Exercise 3.11.3. [2] Prove this.

Theorem 3.11.12. Let A € C"*" be an n X n-matrix. Then,
CentA={f(A) | feC]t]}

if and only if A is nonderogatory. Moreover, in this case,

CentA = {f(A) | f€C]Jt is a polynomial of degree <n —1}.
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I Exercise 3.11.4. Prove this.

4. Hermitian matrices ([HorJoh13, Chapter 4])

Recall: A Hermitian matrix is an n x n-matrix A € C"*" such that A* = A.

Note that this is the complex analogue of real symmetric matrices (i.e., matrices
A € R™" such that AT = A).

If A is a Hermitian matrix, then A;; € Rand A;; = A_]l

-1 i 2
For instance, the matrix —i 5 1—1i | is Hermitian.
2 1471 O

4.1. Basics

Theorem 4.1.1. Let A € C"*" be an n x n-matrix. Then, the following are equiv-
alent:

e A: The matrix A is Hermitian (i.e., we have A* = A).

* B: We have A = UDU* for some unitary matrix U € C"*"" and some real
diagonal matrix D € C"*" (that is, D is a diagonal matrix with real entries).

C: The matrix A is normal and its eigenvalues are real.

D: We have (Ax, x) € R for each x € C".

£: The matrix S*AS is Hermitian for all S € C"*¥ (for all k € IN).

To prove this, we will need two lemmas:

U
U
Lemma 4.1.2. Let M € C"*" be an n X n-matrix. Let u = . and v =

Uy

U1

U2

be two vectors in C". Then,
Un

(Mu,v) = i

i=1 j

Mi,]'u]-v_i.

n
=1
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Proof. For each i € [n], let w; denote the i-th entry of the column vector w. Accord-
ing to the definition of matrix multiplication, this entry is given by

n

wi = Mjqur 4+ Mipup + - + M iy = Y M juj. (80)
j=1
w1 U1
wH (%)
However, Mu = ) and v = | ; therefore, the definition of the inner
Wy (o
product yields
n n n
(Mu,v) =wiO1 + wop + -+ we0p = Y, w;  T;=Y. Y Mju.
i-1 o~ i=1 j=1
=L Mjju;
j=1
(by (80))
This proves Lemma O

Lemma 4.1.3. Let M € C"*" be an n X n-matrix. Assume that (Mx,x) = 0 for
each x € C". Then, M = 0.

X1
X2
Proof of Lemma For every x = ) € C", we have
Xn
n n
<Mx, x) = Z Z Mi,]-xjx_i (by Lemma '
i=1 j=1
n n
=) ) Mz
i=1 j=1
and therefore L
Y ) M;Tixj = (Mx,x) =0 (81)
i=1 j=1

(since we assumed that (Mx, x) = 0 for each x € C"). In particular:

* We can apply tox =e = (1,0,0,...,0)T, and we obtain M; -1-1=0,
which means M; ; = 0. Similarly, we can find that

M;; =0 foralli € [n]. (82)
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e We can apply tox=e1+e=(1,1,0,0,... ,O)T, and we obtain
Mi1-1-14+Myo-1-1+Mpq-1-1-Mpp-1-1=0.
This simplifies to
My + Mip+ M1+ Mpp = 0.

However, the previous bullet point yields M;; = 0 and M, = 0, so this
simplifies further to
M2+ My = 0.

* We can apply tox = e +iep = (1,1',(),0,...,0)T (where i = v/—1), and

we obtain
M, 'T'1+M1,2'T'i+M2,1 -f-l-lez-;-iz 0.
This simplifies to
M1,1 + iMl,Z — iM2,1 + M, =0.
However, we know that M;; = 0 and M;, = 0, so this simplifies further to
iMl,Z — Z'lel =0.
Thus,
M1,2 — M2,1 =0.

Adding this to
My, + My =0,

we obtain 2M; , = 0. In other words, M;, = 0. Similarly, we can show that

M;;=0 forall i # j. (83)

Combining with (83), we conclude that all entries of M are 0. In other words,
M = 0. This proves Lemma O

Now we can prove the theorem:

Proof of Theorem4.1.1} The equivalence A <= B has already been proved (it is
Corollary 2.6.6). The implication A = C follows from Proposition (@) and
Proposition and Theorem (b). The implication C = B follows from
Theorem Combining these facts, we obtain the equivalence A <= B <= C.
So we only need to prove the equivalence A <= D <= €.

* Proof of A = D: Assume that A holds. Thus, A = A*. Now, let x € C".
Then, (x, Ax) = (Ax,x) (by Proposition (b)). However, by Proposition
(a), we have

(Ax,x) = x* Ax and (x,Ax) = (Ax)" x = x* A* x = x*Ax.
Y A
—x* A* =

January 4, 2022



Math 504 notes page 164

Comparing these two equalities, we see that (Ax,x) = (x, Ax) = (Ax,x).
This entails (Ax, x) € R (since the only complex numbers z € C that satisfy
z = z are the real numbers). Thus, statement D is proved.

® Proof of D = A: Assume that statement D holds. Thus, (Ax,x) € R for
each x € C". Again, Proposition (a) shows that each x € C" satisfies
(Ax,x) = x* Ax and (x,Ax) = (Ax)" x = x*A*x.
A
—x* A*

Thus, each x € C" satisfies

x*Ax = (Ax,x) = (Ax, x) (since (Ax,x) € R)
= (x, Ax) (by Proposition (b))
=x"A"x

and thus
X (A" —A)x =x"A'x — Y"Ax =x"A'x —x"A*x = 0.
N~
=x*A*x
Applying Lemma to M = A* — A, we thus conclude that A* — A = 0.
In other words, A* = A. This proves statement A.

* Proof of A = &: If A is Hermitian, then A* = A, so that every matrix
S € €™k satisfies

(S*AS)" = S* A* (S§*)" = S*AS,
SN~
and therefore S*AS is again Hermitian. This proves the implication A = €.

* Proof of £ = A: If statement £ holds, then we can apply it to S = I, (and
k = n), and conclude that I; Al, is Hermitian; but this is simply saying that
A is Hermitian. So the implication £ = A follows.

Theorem is thus proved. O
Exercise 4.1.1. | 1| (a) Prove the converse of Proposition m If a matrix A €
C"*k satisfies || Ax|| = ||x|| for each x € CF, then A is an isometry.

(b) Prove the converse of Exercise (@): If a matrix A € C"*" satisfies
||Ax|| = ||A*x|| for each x € C", then A is normal.

Let us recall again that sums of Hermitian matrices are Hermitian, but products
are not (in general).

4.2. Definiteness and semidefiniteness
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Definition 4.2.1. Let A € C"*" be a Hermitian matrix.

(a) We say that A is positive semidefinite if it satisfies
(Ax,x) >0 for all x € C".
(b) We say that A is positive definite if it satisfies
(Ax,x) >0 for all nonzero x € C".
(c) We say that A is negative semidefinite if it satisfies
(Ax,x) <0 for all x € C".
(d) We say that A is negative definite if it satisties
(Ax,x) <0 for all nonzero x € C".

(e) We say that A is indefinite if it is neither positive semidefinite nor negative
semidefinite, i.e., if there exist vectors x,y € C" such that

(Ax,x) <0< (Ay,y).

Here are some examples of matrices that are definite, semidefinite or neither:

11 1
11 --- 1

Example 4.2.2. Let n € IN. Let | = L |- This matrix | is real
11 --- 1

symmetric, thus Hermitian. Is it positive definite? Positive semidefinite? Let us
see.

Let x = (x1,x2,. .. ,xn)T € C". Then, Lemma yields
n
Xj
=1

) = 3 jéx_jxi - (]_ ) (; xl’) - @17) (; xi)

So | is positive semidefinite.
Is | positive definite? Again, let x = (xl,xz,...,xn)T € C". We just have

L2
Y x
i—1

2
> 0.

shown that (Jx,x) = . Therefore, to have (Jx,x) = 0 is equivalent to

n
having ) x; = 0. When n = 1 (or n = 0), this is equivalent to having x = 0, so
i=1
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we can conclude that | is positive definite in this case. However, if n > 1, then
this is not equivalent to having x = 0, and in fact the vector e; — e, is an example
of a nonzero vector x € C" such that (Jx,x) = 0. So ] is not positive definite
unless n < 1.

Example 4.2.3. Consider a diagonal matrix

Ar O 0

0 A 0
D :=diag (A, Az, ..., Ay) = :

0 0 --- A,

with Ay, Ay, ..., A; € R. When is D positive semidefinite?
We want (Dx,x) > 0 for all x € C". Let x = (xl,xz,...,xn)T € C". Then,

n

(Dx, x) i)‘l X;x; = Z |xl~|2.

:1 \/ 1:

~.

If A, Ap,...,Ay > 0, then we therefore conclude that (Dx,x) > 0, so that D is
positive semidefinite. Otherwise, D is not positive semidefinite, since we can
pick an x = e; where j satisfies A; < 0. So D is positive semidefinite if and only
if Ay, Ay, ..., Ay > 0. A similar argument shows that D is positive definite if and
only if Ay, Ay, ..., Ay > 0.

Example 4.2.4. The Hilbert matrix

1 1 1
1 2 n
1 1 1
2 3 n—+1
1 1 1
Pl o

(i.e., the n x n-matrix whose (i,)-th entry is irio1

other words, for any x = (x1,x2,..., X, )T € C", we have

) is positive definite. In

n
xx]

.Z Zer]

This is not obvious at all, and the proof will be the content of the next exercise.
More generally, if ay,ay,...,a, are positive reals, then the n x n-matrix whose

is positive definite.

1
,7)-th entry i
(i,7)-th entry is nta
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Exercise 4.2.1. Let ay,ay,...,a, be positive reals. Let A be the n X n-matrix

whose (i, j)-th entry is ———. Prove that A is positive definite.

i 4aj

1
[Hint: Recall that = fol t"=1dt for each m > 0. Also, integrating an R>g-

valued function over [0, 1] yields a nonnegative real.]

Exercise 4.2.2. Let ay,ap,...,a, be reals. Let A € R"*" be the n X n-matrix

ap ap - a1 a
ap dy --- an ar
a dz -+ A4p—1 du—1
ap daz -+ Ay—1  An

(that is, the n x n-matrix whose (i, j)-th entry is a ). This matrix A is real

symmetric and thus Hermitian.

min{i,j}

(@) Set ap := 0, and let d; := a; — a;_1 for each i € [n]. Let D be the diagonal
matrix diag (dq,da,...,d,) € R"*". Let U be the upper-triangular matrix

111 1
011 1
0 01 1 e RV
000 --- 1

all of whose entries on and above the main diagonal are 1. Prove that A = U*DU.

(b) Prove that A is positive definite if and only if 0 < a1 < ay < --- < ay.

Note that a Hermitian matrix A is negative definite if and only if —A is positive
definite. Similarly, a Hermitian matrix A is negative semidefinite if and only if —A
is positive semidefinite. (These claims follow easily from the definitions.)

As an application of positive semidefiniteness, the Schoenberg theorem gener-
alizes the triangle inequality. Recall that the triangle inequality says that three
nonnegative real numbers x, y,z are the mutual distances of 3 points in the plane
if and only if x <y +zand y <z+ x and z < x + y. More generally, Schoenberg’s
theorem gives a criterion for when a bunch of nonnegative reals can be realized as
mutual distances of n points in an r-dimensional real vector space:

Theorem 4.2.5 (Schoenberg’s theorem). Let n € IN and r € IN. Let d;; be a
nonnegative real for each i,j € [n]. Assume that d;; = 0 for all i € [n], and
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furthermore d;; = d;; for all i,j € [n]. Then, there exist n points Pj, Py, ..., P, €
R’ satisfying
}Pi — P]| = di,j for all l,] € [I’l]

if and only if the (n — 1) x (n — 1)-matrix whose (i, j)-th entry is

d%n+d]2,n—d%j foralli,je [n—1]

is positive semidefinite and has rank < r.
We will not prove this here. (See [LibLav15, Theorem 7.1] for a proof.)

Remark 4.2.6. If A € R"" and (Ax,x) > 0 for all x € R”, then we cannot
conclude that A is positive semidefinite. The reason is that it does not follow
that A is symmetric. For example, A = ( (2) ; ) satisfies

1 3
(Ax,x) =22 + 2100 + 225 = 5 (it x7)% + > (x% + x%) >0

for each x = ( il ) € R?, but it is not symmetric.
2
Theorem 4.2.7. Let A € C"*" be a Hermitian matrix. Then:

(a) The matrix A is positive semidefinite if and only if all eigenvalues of A are
nonnegative.

(b) The matrix A is positive definite if and only if all eigenvalues of A are
positive.

(Recall that the eigenvalues of A are real by the spectral theorem.)

Proof. By the spectral theorem (Corollary [2.6.6), the matrix A is unitarily similar to
a diagonal matrix with real entries. In other words, A = UDU" for some unitary
matrix U € U, (C) and some diagonal matrix D € C"*" that has real entries.
Consider these U and D. From Theorem (b), we know that the diagonal
entries of D are the eigenvalues of A. Let A, Ay,..., A, be the diagonal entries of
D, so that D = diag (A1,A2,...,A,). Then, Ay, Ay, ..., A, are the eigenvalues of A
(since the diagonal entries of D are the eigenvalues of A).

(a) =: Assume that A is positive semidefinite. Let A be an eigenvalue of A. Let
x # 0 be a corresponding eigenvector. Then, Ax = Ax. However, (Ax, x) > 0 since
A is positive semidefinite. However, from Ax = Ax, we obtain (Ax, x) = (Ax,x) =
A{x,x). Thus, A (x,x) = (Ax,x) > 0. We can cancel (x,x) from this inequality
(since (x,x) > 0). Thus, we get A > 0. Therefore, all eigenvalues of A are > 0.

<=: Assume that all eigenvalues of A are > 0. In other words, A1,A3,...,A; >0
(since A1, Ay, ..., A, are the eigenvalues of A). Thus, the square roots /A1, vAa, ..., VA
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are well-defined nonnegative reals. Set E := diag (v/A1, VA2, ...,V/A,) € CP
Then,

E? = <diag (\/A_, \/)\_,...,\//\—n>>2 = diag ((\//\—1>

= diag (A1,A2,...,Ay) =D,

2

(V) (V)

so that D = E2 = EE. Moreover, E* = E, since E is a diagonal matrix with real
entries. Now,

A=U_D U*=UE_E U*= UE E'U* = ((UE)")" (UE)".
N~ A

Hence, for each x € C", we have

(Ax,x) = x*Ax (by the formula (u,v) = v*u)
= x* (UE)*)" (UE)* x (since A = ((UE)")" (UE)")
= ((UE)"x, (UE)"x) (by the formula (u,v) = v*u)
>0 (since (u,u) >0 for each u € C").

Thus, A is positive semidefinite.

We have thus proved Proposition (a). The proof of Proposition (b) is
similar, except that we need to also observe that x # 0 entails (UE)" x # 0 (because
U and E are invertible, thus UE is invertible, thus (UE)" is invertible). O

Exercise 4.2.3. |4|Let A, B € C"*" be two positive definite Hermitian matrices.
(a) Prove that A + B is positive definite.
(b) Find a counterexample showing that AB is not necessarily Hermitian.

(c) Now assume that AB = BA. Prove that AB is Hermitian and positive
definite.

[Hint: In part (c), use Exercise 2.6.7]]

4.3. The Cholesky decomposition

Theorem 4.3.1 (Cholesky decomposition for positive definite matrices). Let A €
C"*" be a positive definite Hermitian matrix. Then, A has a unique factorization
of the form

A=LL",

where L € C"*" is a lower-triangular matrix whose diagonal entries are positive
reals.
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Example 4.3.2. For n = 1, the theorem is trivial: In this case, A = ( a ) for some

a € R, and this a is > 0 because A is positive definite. Thus, setting L = ( Va ),
we obtain A = LL*. Moreover, this is clearly the only choice for L.

Example 4.3.3. Let us manually verify Theorem forn = 2. Let A =

a b . . o . :
( ¢ d ) be a positive definite Hermitian matrix. We are looking for a lower-

triangular matrix L = A g whose diagonal entries A and § are positive

reals that satisfies A = LL*.
So we need

a b « (A O
(c d)_A_LL_(x5
A .
0 ) (since A, d are real)

x

)
[ A2 Ax (A Ax
A @+ )\ Ax [x)P+82 )

So we need to solve the system of equations

a= A%
b= Ax;
c= Ax;

d = |x|* + 6%

First, we solve the equation a = A? by setting A = /a. Since A is positive
definite, we have a = (Ae,e1) > 0, so that v/a is well-defined, and we get a

‘e . . c
positive real A. Next, we solve the equation ¢ = Ax by setting x = T Next, the

equation b = AX is automatically satisfied, since the Hermitianness of A entails
b =T = Ax = A¥ (since A is real). Finally, we solve the equation d = |x|* + 62

by setting 6 = \/d — |x|%. Here, we need to convince ourselves that d — |x|* is a
positive real, i.e., that d > |x|*. Why is this the case?

I claim that this follows from applying (Az,z) > 0 to the vector z = ( _ba )

2= (0a) ()= (ol )
so that
(Az,z):<( bcfad)( ’ )>:(bc—ad)—_a:a(ad—bc)
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and thus a (ad — bc) = (Az,z) > 0 (by the positive definiteness of A, since z # 0).
We can divide this inequality by a (since a > 0), and obtain ad — bc > 0. Now,

recall that x = — and A = va. Hence,

A
2 c|? cc cb . 5
d— |x| :d—’ﬂ :d—ﬁ:d—; (smcec:band)t :a>
:ad;bc>0 (since ad —bc > 0and a > 0).

This is what we need. So Theorem is proved for n = 2.

To prove Theorem in general, we need a lemma that essentially generalizes
our above argument for d — |x|* > 0:

Lemma 4.3.4. Let Q € C"*" be a invertible matrix. Let x € C" be some column
vector. Let d € R. Let

_ [ QQ" Qx (n4+1)x (n+1)
o (82, @Y ccmarin

Assume that A is positive definite. Then, ||x||* < d.

Proof of Lemma Set Q~*:= (Q71)" = (Q*) . (This is well-defined, since Q is
Q"x

-1
this is the column vector obtained by appending the extra entry —1 at the bottom

of Q7 *x.)
The definitions of A and u yield

Ay — ( (QQ* Qx ) ( Q *x ) _ ( QQ*Q *x + Qx (~1) )

invertible.) Set u = € C"*1. (This is in block-matrix notation. Explicitly,

Qv a4 )\ 1 (Qx)" Q~*x +d (1)

_ 0 _ 0 B 0
‘(x*Q*Q—*x—d>‘(x*x—d)‘ x| —d

(since x*x = (x,x) = ||x||?). Hence,

(Au,u) = <( HxH?_d ) ( L )> = (Il = d) (=1) =d — [Ix|P.

However, the vector u is nonzero (since its last entry is —1), and the matrix A is
positive definite (by assumption). Thus, (Au, u) > 0. Since (Au,u) = d — ||x||?, we
thus obtain d — ||x||* > 0. In other words, d > ||x||>. This proves Lemma O

Now, let us prove the Cholesky factorization theorem:
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Proof of Theorem We proceed by induction on .

The base cases n = 0 and n = 1 are essentially obvious (n = 1 was done in
Example 4.3.2).

Induction step: Assume that Theorem holds for some n. We must prove that
it holds for n + 1 as well.

Let A € C"+1)x("+1) be a positive definite Hermitian matrix. Write A in the

block-matrix form
A B b
S\t d )’

where B € C"*" and b € C" and d € C. Note that the b* on the bottom of
the right hand side is because A is Hermitian, so all entries in the last row of A
are the complex conjugates of the corresponding entries in the last column of A.
Also, d = d* for the same reason, so d € IR. Moreover, B is Hermitian (since A is
Hermitian).

Next, we claim that B is positive definite. Indeed, for any nonzero vector x € C”,

we have (Bx,x) = (Ax’,x’), where x’ is the nonzero vector ( Z)C ) € C"*1. Thus,

positive definiteness of B follows from positive definiteness of A. (More generally,
any principal submatrix of a positive definite matrix is positive definite.)

Therefore, by the induction hypothesis, we can apply Theorem to the n x n-
matrix B instead of A. We conclude that B can be uniquely written as a product
B = QQ*, where Q € C"*" is a lower-triangular matrix whose diagonal entries
are positive reals. Consider this Q. Note that the matrix Q is invertible (since it is
lower-triangular and its diagonal entries are positive).

Now, we want to find a vector x € C" and a positive real ¢ such that if we set

_( Q0
L‘_(x* 5)/

then A = LL*. If we can find such x and J, then at least the existence part of
Theorem will be settled.
Q

So let us set L := o , and see what conditions A = LL* places on x and

0
)
0. We want

Bb , ... [(Q0O Q* (x)
(b*d)_A_LL_(x*(S)(o 5 )
:(Jg g)(%* ) (since 6 € R entails § = )

X

)
(55 %)
- *Q*xx-i—éz
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In other words, we want

B = QQ%
b = Qx;
d = x*x + 6.

The first of these four equations is already satisfied (we know that B = QQ™). The
second equation will be satisfied if we set x = Q1b. We can indeed set x = Q~1b,
since the matrix Q is invertible. The third equation follows automatically from the
second (indeed, b = Qx entails b* = (Qx)" = x*Q*). Finally, the fourth equation

rewrites as d = ||x||* + 2. We can satisfy it by setting & = 1/d — ||x||?, as long as

we can show that d — ||x||* > 0. Fortunately, we can indeed show this, because

Lemma yields that ||x| * < d. Thus, we have found x and 6, and constructed
a lower-triangular matrix L whose diagonal entries are positive reals and which
satisfies A = LL".

It remains to show that this L is unique. Indeed, we can basically read our
argument above backwards. If L € C("+1)*("+1) js 3 Jower-triangular matrix whose
diagonal entries are positive reals and which satisfies A = LL*, then we can write A

Q

in the form A = < - for some Q € C"*" and x € C" and some positive real

0
0
J, where Q is lower-triangular with its diagonal entries being real. The equation
A = LL* then rewrites as

B b QQ* Qx
(b* d):(x*Q* x*x+52>' (84)

Thus, in particular, B = QQ*. By the induction hypothesis, the lower-triangular
matrix Q € C"*" with real diagonal entries that satisfies B = QQ* is unique.
Hence, our new Q is exactly the Q that was constructed above. Furthermore,
shows that b = Qx, so that x = Q~!b, so again our new x is our old x. Finally,

yields d = x*x 4 62, whence 62 = d — x*x = d — ||x||%. Thus, § = \/d — ||x||%,
because J has to be positive. So our ¢ is our old 6. Thus, our L is the L that
we constructed above. This proves the uniqueness of the L. Theorem is
proved. O

Theorem can be used to prove several facts about positive definite matrices:

Exercise 4.3.1. |2|Let A € C"*" be a positive definite Hermitian matrix. Prove
that det A is a positive real.

Exercise 4.3.2. [4|Let n > 0. Let A and B be two positive definite Hermitian
matrices in C"*". Prove that Tr (AB) is real and Tr (AB) > 0.
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Exercise 4.3.3. |4|Let A € R"*" be a symmetric matrix with real entries. Assume
that every nonzero vector x € R” (with real entries) satisfies (Ax,x) > 0. Prove
that A is positive definite.

Some properties of positive semidefinite matrices can be deduced from corre-
sponding properties of positive definite matrices:

Exercise 4.3.4. |4|Let A € C"*" be a positive semidefinite Hermitian matrix.

(a) Prove that A + eI, is positive definite whenever ¢ is a positive real number.

(b) Prove that det A is a nonnegative real.

(c) Let B € C"*" be a further positive semidefinite Hermitian matrix. Prove
that Tr (AB) is real and Tr (AB) > 0.

There is a version of Cholesky decomposition for positive semidefinite matrices,
but we omit it for now.

4.4. Rayleigh quotients
4.4.1. Definition and basic properties

Definition 4.4.1. Let A € C"*" be a Hermitian matrix, and x € C" be a nonzero
vector. Then, the Rayleigh quotient for A and x is defined to be the real number
(Ax,x) x*Ax x*Ax

R(A,X) = <xlx> = e = ||x||2

Proposition 4.4.2. Let A € C"*" be a Hermitian matrix, and x € C" be a nonzero

vector. Let y = ﬁ Then,

R(A,x)=R(Ay) =y Ay.

Proof. Let A = ||x||. Thus, y = %, so that x = Ay. Hence,

R(Ax) = A0Y) (A Ay dy) M (Ayy) _ (Ayy) _ g

m  wAn Ay by A

(by the definition of R (A, y)). Moreover, the definition of y yields ||y|| = ‘ ‘ﬁ ‘ ‘ =
H = 1. Now, the definition of R (4, y) yields
R(Ay) = ﬂyHZ = y* Ay (since ||y|| =1).
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The proof of Proposition is thus complete. O

4.4.2. The Courant—Fisher theorem: statement

Let us explore what Rayleigh quotients can tell us about the eigenvalues of a Her-
mitian matrix.

Let A € C"" be a Hermitian matrix with n > 0. By the spectral theorem,
we have A = UDU* for some unitary U € C"*" and some real diagonal matrix
D € R™". Consider these U and D. We have D = diag (A1, Ay, ..., Ay), where
A1, Ay, ..., Ay are the eigenvalues of A. We WLOG assume that

M<A < <A,

(indeed, we can always achieve this by permuting rows/columns of D and inte-
grating the permutation matrices into U @ We set

Let us now pick some vector x € C" of length 1 (that is, ||x|| = 1). Set z = U*x.
Then, z* = (U*x)" = x* (U*)* = x*U. Also, the matrix U* is an isometry (since U
is unitary), and thus we have ||[U*x|| = ||x|| = 1. In other words, ||z|| = 1 (since

n n
z = U*x). In other words, Y |z|* = 1 (since ||z|| = ,/ ¥ |z|?). Furthermore,
k=1 k=1
Z1
22
writing z as ] , we have
Zn

n

n
* * * * —_ 2
X A x=x"UDU'x =z"Dz = AMZize = Ar |z
A X*‘uDU*x Y MZeze =Y Ax |z

—ubDu- —z* =z k=1 =1

n n
< Z An ’Zk‘z = An Z ‘Zk|2 = An.
k=1 k=1
——
=1

Thus, we have shown that each vector x € C" of length 1 satisfies x*Ax < A,,.
This inequality becomes an equality at least for one vector x of length 1: namely,
for the vector x = Ue, (because for this vector, we have z = U*Ue, = e,, so that

=1,

n n
zx = 0 for all k < n, and therefore the inequality kzl Az < kzl An |2k |? becomes

% Alternatively, we can achieve A; < A < -+ < A, right away by applying Theoremm
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an equalityP_Ub. Thus,

Ay = max {x*Ax | x € C" is a vector of length 1}

*A
= max{x . a | xeC"is nonzero}
xX*x

=max {R (A, x) | x € C" is nonzero} .
Since Ay, = Amax (A), we thus have proved the following fact:

Proposition 4.4.3. Let A € C"*" be a Hermitian matrix with n > 0. Then, the
largest eigenvalue of A is

Amax (A) = max {x*Ax | x € C" is a vector of length 1}
=max {R (A,x) | x € C" is nonzero} .

Similarly, we can prove the following:

Proposition 4.4.4. Let A € C"*" be a Hermitian matrix with n > 0. Then, the
smallest eigenvalue of A is

Amin (A) = min {x*Ax | x € C" is a vector of length 1}
=min{R (A,x) | x € C"is nonzero}.

What about the other eigenvalues? Can we characterize A, (for example) in terms
of Rayleigh quotients? Yes, but the characterization is more complicated:

Theorem 4.4.5 (Courant-Fisher theorem). Let A € C"*" be a Hermitian matrix.
Let Ay, Ay, ..., Ay be the eigenvalues of A, with A < Ay < --- < A,. Then, for
each k € [n], we have

A = min max R (A, x) (85)
SCC" is a subspace; x€S;
dim S=k x40
and
A = max min R (A, x). (86)

SCC" is a subspace; x€S;
dim S=n—k+1 x#0

(The notation ”mi(rll f(x)” we are using here is a synonym for
xXe

min{f (x) | x € Q} whenever () is a set and f is a function defined on
this set. The same applies to maxima. For instance, maxR (A, x) means

X€S;
x#0
max {R (A,x) | x € Sand x # 0}.)
#0and because the vector Ue,, does have length 1 (since U is an isometry, so that ||Ue,|| = ||ex|| = 1)
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To prove this theorem, we will use some elementary facts about subspaces of
finite-dimensional vector spaces. We begin by recalling a classical definition:

4.4.3. The Courant-Fisher theorem: lemmas
Definition 4.4.6. Let S; and S, be two subspaces of a vector space V. Then,
S14+ 5y := {Sl+52 | s1 €5 andSZESZ}.

This is again a subspace of V. (This is the smallest subspace of V that contains
both S; and S; as subspaces.)

Proposition 4.4.7. Let FF be a field. Let V be a finite-dimensional [F-vector space.
Let S and S, be two subspaces of V. Then,

dim (S1 N Sy) + dim (51 + S2) = dim S1 + dim So.

Proof. Pick any basis (x1,x2, ..., xx) of the vector space S; N S5.
Then, (x1,x2,...,xx) is a linearly independent list of vectors in S;. Thus, we can
extend it to a basis of S1 by inserting some new vectors y1, >, ...,y,. Hence,

(x1,%2, ..., X, Y1,Y2,- .., Yp) is a basis of Sy.

On the other hand, (x1,xp,...,xx) is a linearly independent list of vectors in S,.
Thus, we can extend it to a basis of S, by inserting some new vectors zy, 2y, ..., Z;.
Hence,

(x1,%2,...,Xk,21,22,...,24) is a basis of Sy.

The above three bases yield dim (S1 N Sy) = kand dim Sy = k+ p and dim S, =
k+gq.
Now, we claim that

W= (xl,xz,...,xk,yl,yz,...,yp,zl,zz,...,zq) is a basis of S1 + S».

Once this is proved, we will conclude that dim (S; + S2) = k+ p + g, and then
Proposition will follow by a simple computation (namely, k + (k+p+¢) =
(k+p) + (k+ ).

So let us prove our claim. To prove that w is a basis of S; + S,, we need to check
the following two statements:

1. The list w is linearly independent.

2. The list w spans S; + S».
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Proving statement 2 is easy: Any element of S; + S is an element of S; plus an
element of Sy, and thus can be written as
(a linear combination of x1, X, ..., Xk, Y1, Y2, - -, Yp)
+ (a linear combination of x1,xy, ..., Xk, 21,22, . .., Zg)
= AMx1+Aoxp + -+ A+ ayn Haoys £+ Hapyp
+ pax1 + poxo + - -+ X + B1z1 + Paza + - -+ Byzg
(for some scalars A;, aj, i, Bv € IF)
=M +pu)x1+ Ax+u2) x2+ -+ (Mg + pg) X
+ a1y +aoyr + -+ apyp + P1z1 + Baza + - -+ Bgzg
= (a linear combination of x1,%x2,..., Xk, Y1,Y2,-- -, Yp, 21,22, - - -, 2q) ;
thus it belongs to the span of w.

Let us now prove statement 1. We need to show that w is linearly independent.
So let us assume that

A1x1+A2x2+---+Akxk—|—oqy1+oc2y2—|—~~~—|—ocpyp—|—[3121—l—,Bzzz—i—---+,6qu:O

for some coefficients Ay, «;, Bi that are not all equal to 0. We want a contradiction.
Let

vi=Mxg+Aaxp + - A+ ayn + oy + -+ apyp.
Then,

v=— (Br1z1+ Paza+ - + Byzg) (by the above equation)
€S, (since the zj’s lie in S,) .

On the other hand, the definition of v yields v € S; (since the x;,’s and the y;’s lie in
S1). Thus, v lies in both S; and S,. This entails that v € S; N S;. Since (x1, x3, ..., Xk)
is a basis of 51 N Sy, this entails that

v = C1x1 + Coxp + - - - + CrXg for some ¢1,¢>,...,C € F.
Comparing this with
v=—(B1z1+Poza+ -+ Bgzy),
we obtain
Gix1 +Coxo+ -+ G = — (B1zi + Paza + - + Byzg) -
In other words,

G1x1 + Goxp + -+ + G + P121 + Pozo + - + Pgzq = 0.
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Since the list (xl, X0, vy XkyZ1, 22, - .,zq) is linearly independent (being a basis of
S»), this entails that all coefficients ¢, and B; are 0. Thus, v = 0 (since v = §1x1 +
Coxp + - - - + Crxy). In view of

U= AMx1+ Axxo + -+ A + gy + a0y + - apYp,
this rewrites as
Ax] + Aoxo + - "+Akxk+061y1+062y2+"'+0(pyp =0.

Since the list (x1,x2,..., Xk, Y1,Y2,---,Yp) is linearly independent (being a basis of
S1), this entails that all coefficients A, and «; are 0.

Now we know that all A, and &; and B; are 0, which contradicts our assumption
that some of them are nonzero. This completes the proof of Statement 1.

As we said, we now conclude that the list w is a basis of the vector space S + S».
Since this list w contains k + p + g vectors, we thus obtain dim (S; + S2) = k+p+4,
so that

Eiim(SlﬂSz)—i-dim(Sl—FSz)/:k—i—(k—i‘P‘f‘Q)
;rk :k;r;a+q

=k+p) +(k+q)
—— N~

= dim 51 + dim 52.
This proves Proposition O

Remark 4.4.8. A well-known fact in elementary set theory says that if A; and A,
are two finite sets, then

|A1 ﬂA2| + |A1 UA2| = |A1| + |A2| .

Proposition is an analogue of this fact for vector spaces (noticing that the
sum Sq + S is a vector-space analogue of the union).

Note, however, that the “next level” of the above formula has no vector space
analogue. We do have

’Al UAZUA3| + ’Al ﬁAz‘ + |A1 ﬂA3| -+ ‘AzﬂA3|
= |A1] + |Az| + |As| + |A1 N A2 N A3

for any three finite sets Aj, A, A3, but no such relation holds for three subspaces
of a vector space.

Corollary 4.4.9. Let F be a field, and let n € IN. Let V be an n-dimensional
[F-vector space. Let 51, Sy, ..., Sk be subspaces of V (with k > 1). Let

6 := dim (51) + dim (52) + -+ dim (Sk) — (k — 1) n.
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(@) Then, dim (S NSy N---NSg) > 4.

() If F =C and V = C" and 6 > 0, then there exists a vector x € S; NS, N
-+ N Sk with ||x]| = 1.

Proof. (a) We induct on k. The base case (k = 1) is obvious (since dim (S1 NSy N --- N Sy) =
dim (S1) = J in this case).

Induction step: Suppose the statement holds for some k. Now consider k + 1
subspaces S1, Sy, ..., Sk+1 of V, and let

ki1 = dim (S7) + dim (S) + - - - + dim (S 1) — kn.

We want to prove that dim (S1 NSy N -+~ N Ski1) > Okuq-
Then,

dim(SlﬂSQQ---ﬂSk_H)
= dim(51ﬁ52ﬁ"'ﬂsk71 N (Skﬂsk+1)).

Now, set
O := dim (S1) +dim (Sp) + - - - + dim (S;_q) + dim (S N Sppq) — (K —1) n.

By the induction hypothesis, we can apply Corollary (@) to Sx N Sk and ok
instead of S; and 6. Thus, we obtain

dim (S1 NSy N+ NSk_1N(SkNSki1)) > .
It remains to show that J; > J;1. Equivalently, we need to show that
dim (Sx N Sky1) — (k—1)n > dim (Si) + dim (Sg1) — kn.
In other words, we need to show that
dim (S; N Sgy1) +n > dim (Si) + dim (Sgyq) -

However, Sy + Sk.q is a subspace of V, so its dimension is dim (Si + Sgy1) <
dim V = n. Therefore,
dim (Sy N Sks1)+ ., = dim (Sg N Sgqq) +dim (S + Sgiq1) = dim () + dim (Sgr1)
>dim(Sg+Sk1)
(by Proposition 4.4.7). So the induction step is complete, and Corollary (a) is
proved.
(b) Assume that F = C and V = C" and ¢ > 0. Then, part (a) yields

dim(51ﬂ52ﬂ~~~ﬂ5k)2(5>0.

Thus, the subspace S1 NS N - - - N Sk is not just {0}. Therefore, it contains a nonzero
vector. Scaling this vector by the reciprocal of its length, we obtain a vector of length
1. This proves Corollary (b). O
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Lemma 4.4.10. Let A € C"*" be a Hermitian matrix. Let (v1,vp,...,7) be
an orthonormal tuple of eigenvectors of A, and let uq,up, ...,y be the cor-
responding eigenvalues (so that A;v; = u;v; for each i € [k]). Assume that
#1 < pp < --- < pg. Then, each v € span (v, vy, ...,vk) satisfies

(Av,v) > uq (v,0) (87)

and

(Av,v) < g (v,v). (88)

Proof. Let v € span (v1,vs,...,vx). Thus, we can write v in the form
U = 101 + XU + - - - + &)U (89)

for some a7y, ay, ..., a, € C. Consider these ay,ay, ..., a. From (89), we obtain

U= ®101 + &0V + -+ - + &)U = Z(XZ’UZ'
i=1

and thus ; ]
Av=A) wjv; = Z Q Avl Y aipiv;.
i=1 = M i=1
k
Combining this with v = } a;0; = } a;v;, we obtain
i=1 j=1

k

(Av,v) <Zo¢ylvl, Zoc]v]> Z Zocly,zx] (v, vj) . (90)

=1

However, the inner products <vi,v]'> in this sum are 0 whenever i # j (since the
tuple (v1,v,...,vk) is orthonormal). Thus, we can simplify this sum as follows:

k k k k
Yo Y wipiw; (v, 0)) = Y api; (vi, vi) =Y apuw;
i=1 j=1 i=1 — i=1
=[Jo;|[*=1 =0l i
(since the tuple (v1,v2,...,0%)
is orthonormal)

k k
- Z nil; Ui = Z |“1| Ui.

=~~~ =

N
~.

Thus, rewrites as

(Av,0) = Y |al* s 91)
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k k
On the other hand, from v = }_ a;v; and v = }_ a;v;, we obtain
i=1 j=1

k k k
(0,0) = <}:“ﬂ’i/ Z“ﬂ’f> =) 2w (vi,05)

i=1 j=1 i=1 j=1
k
=) &l (vi, ;)
=1 —
= o] =|[oi]|*=1
(since the tuple (v1,v2,..., %)
is orthonormal)
(since the inner products (v;,v;) are 0 whenever i # j)
L
=) |l (92)

Now, (91) becomes

k k
2 2
(Av,v) Z ;| Mi > Y ol =1 Y |l
~ i=1 i—=
> N —
(since prq <po<-+-<pig) =(v,0)
(by (92))
=1 (v,0) .

This proves (87). Likewise, becomes

k k
(Av, ) Dal\ i < Yl e = o ) ol
~ i=1 i=1
(since g;}:k< <) (
1 <pp<---<pi ={v,v
)
= i (v,0) .
This proves (88). ]

4.4.4. The Courant—Fisher theorem: proof
Now, we are ready for the proof of the Courant-Fisher theorem:

Proof of Theorem [4.4.5] The spectral theorem (Theorem2.6.1](a)) says that A = UDU*
for some unitary U and some diagonal matrix D. Con51der these U and D. Propo-
sition shows that the diagonal entries of D are real.

The columns of U form an orthonormal basis of C" (since U is unitary); let
(u1,up, ..., uy,) be this basis. Then, uy, uy, ..., u, are eigenvectors of A (by Theorem
(b)). We WLOG assume that the corresponding eigenvalues are A1, Ay, ..., Ay
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(otherwise, permute the diagonal entries of D and correspondingly permute the
columns of U). Thus, D = diag (A1, Ay, ..., ;) (by the proof of Theorem (b)).
Let k € [n].
Let S be a vector subspace of C" with dim S = k. Let S’ = span (uy, tg11,...,Un).
Then, by Proposition we have

dim (SNS') +dim (S+ ') =dimS+ dimS’ =n+1>n>dim (S+5')
=k =n—k+1
(since S+ S’ is a subspace of C"). Subtracting dim (S + S’) from this inequal-

ity, we obtain dim (SNS’) > 0. Thus, SN S’ contains a nonzero vector. Thus,
sup R(A,x)and inf R (A,x) are well-defined.

xGSﬂS’, xESﬂS/,
x#£0 x70
Now,

sup R(A,x)> sup R(Ax)> inf R(Ax)

S; .. xXESNS’;
fcio XE,CSQ)S ’ x#0
> inf R(A, x). (93)
xes/;
x#0

However, I claim that inf R (A,x) > Ax (actually, this is an equality, but we
s,
"0
will not need this). Indeed, (ug, ug.1,...,un) is an orthonormal tuple of eigenval-
ues of A (since (uj,uy,...,uy,) is an orthonormal tuple of eigenvalues of A) with
corresponding eigenvalues Ay, Agiq,..., Ay, satistying Ay < Appq < -2 < Ay (since

A <Ay <o < Ay). Thus, any x € span (u, tyy1,. .., Uy) satisfies

(Ax,x) > A (x,x)

(by (87), applied to (uy, tg41,- - ., un) and (A, Agtq, ..., Ay) and x instead of (v1, 0, . ..

Ax, x)

(x, %)

x € S’ satisfies R (A, x) > Ay (since S' = span (ug, 41, ..., Un)). Hence, we have

and (y1, 2, ..., Hx) and v) and thus R (A, x) = > Ag. In other words, any

inf R (A, x) > /\k.
x€s’;

x#0

Combining this with (93), we obtain
sup R (A, x) > A

X€S;
x#£0
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Furthermore, this supremum is a maximum, because

sup R(A,x)= sup R(Ay) (since R(A,x) =R (A,y) wherey = L)
X€ES; yEeS; |x| |
x#0 [lylI=1
since the set of all y € S satisfying ||y|| =1
= max R (A,y) is compact, and since a continuous function
\|yyﬁ5:;1 on a compact set always has a maximum
=max R (A, x).
X€ES;
x#0

So we conclude that

max R(A,x) =sup R(A,x)> A
X€S; X€S;

x;éO X#O

Forget that we fixed S. We thus have shown that if S is any k-dimensional sub-

space of C", then max R (A, x) exists and satisfies
xXes,

x#£0

max R (A, x) > A
X€S;
x#£0

However, by choosing S appropriately, we can achieve equality here; indeed, we

have to choose S = span (uj, uy, ..., uy) for this. (Why? Because each x € span (uq, uy, ...

can easily be seen to satisfy (Ax, x) < Ay (x,x) by a similar argument to the one we

used aboveT])
Thus, we have shown that the value max R (A, x) is > A for each S, but is = Ay

X€S;
x#£0
for a certain S. Therefore, Ay is the smallest possible value of max R(A,x). In
xXes,;
x#0
other words,
A = min max R (A, x).
SCC" is a subspace; x€S;
dim S=k X0

Thus, we have proved (85). It remains to prove the other part of the theorem —
i.e., the equality (86).
One way to prove this is by arguing similarly to the above proof. Alternatively,

we can simply apply the already proved equality to —A instead of A, after
noticing that — A is a Hermitian matrix with eigenvalues

_)\n < _)\n—l <--- < _)\1-

“put using instead of
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Keep in mind that —Ay is not the k-th smallest eigenvalue of —A, but rather is the
k-th largest eigenvalue of —A, and thus the (n — k + 1)-st smallest eigenvalue of
—A. Thus, we have to apply the equality to —A and n — k + 1 instead of A
and k. Taking negatives turns minima into maxima and vice versa (i.e., we have

13218 (—f(x)) =— 1;n€a5<f (x) and max (—f(x)) =— E{r&r}f (x)). Finally, it is helpful

to know that R(—A,x) = —R (A, x) for any vector x € C". Armed with these
observations, we can easily derive from (85). The proof of Theorem is
now complete. O

4.4.5. The Weyl inequalities

The Courant-Fisher theorem can be used to connect the eigenvalues of A 4 B with
the eigenvalues of A and B.

Theorem 4.4.11 (Weyl’s inequalities). Let A and B be two Hermitian matrices in
C"" Letie [n]andje {0,1,...,n—1i}.

(a) Then,
Ai(A+B) < Aigj (A) + Anj (B).

Here, Ay (C) means the k-th smallest eigenvalue of a Hermitian matrix C.
Moreover, this inequality becomes an equality if and only if there exists a
nonzero vector x € C" satisfying

Ax = Ay (A) x, Bx=A,_j(B)x, (A+B)x=A;(A+B)x

(at the same time).

(b) Furthermore,

Aiki1 (A)+ A (B) < A (A+B) for any k € [i].

Theorem (4.4.11 lets us bound the eigenvalues of A + B in terms of those of A
and B under the assumption that A and B are Hermitian matrices. (In contrast, if
A and B are arbitrary — not Hermitian — matrices, then no such bounds are possible
forn >1.)

Example 4.4.12. Applying Theorem 4.4.11|(a) to i = n and j = 0, we obtain
A (A+B) <Ay (A)+Au(B).
Applying Theorem 4.4.11[(b) to i = 1 and k = 1, we obtain

M (A)+A1(B) <A (A+B).
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Proof of Theorem d.4.11} Let (x1,x2,...,%n), (Y1,Y2,---,Yn) and (21,22, ..., 2z,) be three
orthonormal bases of C" with

Axp = M (A) xx, By = Ak (B) Y, (A+ B)zr = Ax (A+B) z

for all k € [n]. (As above, we can find such bases by using the spectral decomposi-
tions of A, B and A + B.)

Let
Sl = Span (xl, X2,... ,xiﬂ-) ;
Sy =span (y1,Y2, -+, Yn—j) ;
Sz = span (z;,zj41,.--,2n) -
Then,

5 := dim (S1) + dim () +dim (S3) —2n =1 > 0.
——— N N e

Hence, Corollary (b) yields that there is a length-1 vector v in §1 N Sy N Ss.
This v satisfies

Ai(A+B) < {((A+B)v, v) (by (87), since v € S3 = span (z;, i1, - - -,Zn))
= (Av+ By, v) = (Av, v) + (Bu, v)
—— ——
S)\i+j(A) S)\n—j(B)
(by @8), (by (83),

since veSl:span(xl,xz,...,x,vﬂ-)) since veSzzspan(yl,yz,...,yn,j))

< /\i+j (A) + /\nfj (B) :

This proves the inequality part of Theorem (@). The equality case is not hard
to analyze following the above argument; we leave this to the reader.
The proof of Theorem (b) is left to the reader as well. O

4.5. ([Missing lecture]) The interlacing theorem

4.6. Consequences of the interlacing theorem

Recall: If A € C"*" is a Hermitian matrix (i.e., a square matrix satisfying A* = A),
then we denote its eigenvalues by A1 (A), Ay (A),..., Ay (A) in weakly increasing
order (with multiplicities). This makes sense, since we know that these eigenvalues
are reals.

Last time, Hugo proved:

Theorem 4.6.1 (Cauchy’s interlacing theorem, aka eigenvalue interlacing theo-
rem). Let A € C"*" be a Hermitian matrix. Let j € [n]. Let B € C(*~1*x(*=1) pe
the matrix obtained from A by removing the j-th row and the j-th column. Then,

M(A) <A (B) <A2(A) <A2(B) <+ <Ay 1 (A) <A1 (B) S A (A).
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In other words,

Ai(A) <A (B) < Aiyq (A) for eachi € [n —1].

A converse of this theorem also holds:

Proposition 4.6.2. Let Ay, Ay, ..., A, and py, 4o, ..., uy—1 be real numbers satisfy-
ing
MSu S << <Ay Sy < A

Then, there exist n — 1 reals y1,v2,...,y,—1 € R and a real a € R such that the
matrix

M1 Y1

H2 Y2

A= : :
Un—1 Yn-—1

Vi Y2 - Yu— a

(where all empty cells are supposed to be filled with Os) has eigenvalues
A, Ag, ..., Ay. (This matrix is, of course, Hermitian, since it is real symmetric.)

Proof. Omitted. (Exercise?) O

Now, let us derive some consequences from Cauchy’s interlacing theorem. We
begin with a straightforward generalization:

Corollary 4.6.3 (Cauchy’s interlacing theorem for multiple deletions). Let A &
C"*" be a Hermitian matrix. Let r € {0,1,...,n}. Let C € C"™*" be the result of
removing n — r rows and the corresponding n — r columns from A. (That is, we
pick some j; < jp < -+ < ju—r, and we remove the ji-st, jo-nd, ..., j,—,-th rows
from A, and we remove the ji-st, j-nd, ..., ju—,-th columns from A.) Then, for
each j € [r], we have

Aj(A) <A (C) < Ajyn—r (A).

Proof. Induction on n —r.

The base case (n — r = 0) is trivial, since C = A in this case.

In the induction step, we obtain C from B by removing a single row and the
corresponding column. Thus, by the original Cauchy interlacing theorem, we get
Aj(B) < A;(C). However, by the induction hypothesis, we get A; (A) < A;(B).
Combining these inequalities, we get A;(A) < A;(C). The remaining inequality
Aj(C) < Ajyu—r (A) is proved similarly: By the original Cauchy interlacing the-
orem, we get A;(C) < Ajyq(B). However, by the induction hypothesis, we get
Aj1 (B) < Ajyiinr—1) (A) = Ajn—r (A). O

The next corollary provides a minimum/maximum description of the sum of the
tirst m smallest/largest eigenvalues of a Hermitian matrix:
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Corollary 4.6.4. Let A € C"*" be a Hermitian matrix. Let m € {0,1,...,n}.
Then:
(a) We have

M(A)+ A (A) 4 +Am(A)=  min  Tr(V*AV).

isometries VeCnxm

(b) We have

An—m+1 (A) + Aoy (A) -+ An (A) = max Tr (V7AV).

isometries VeCnxm

Proof. First of all, it suffices to show the first equality, because the second follows
by applying the first to —A instead of A.
First, we shall show that

MA)+ 2 (A)+ -+ A (A) <Tr (VFAV) for every isometry V € C"*"™.

Indeed, let V € C"*" be an isometry. Thus, V is an n x m-matrix whose columns
are orthonormal. As we know from Corollary we can extend each orthonor-
mal tuple of vectors to an orthonormal basis. Doing this to the columns of V, we
thus obtain an orthonormal basis of C" whose first m entries are the columns of V.
Let U be the matrix whose columns are the entries of this basis. Then,

u= ( vV v ) (in block-matrix notation)

by construction of this basis, and furthermore the matrix U is unitary since its
columns form an orthonormal basis.
Since U is unitary, we have U*AU ~ A and therefore

Aj(UFAU) = A; (A) forall j € [n].

However, U = ( vV V > entails

wau=(v v)a(v V’):(“;)A(v V):(V*fv :)

where the three *s mean blocks that we don’t care about. So the matrix V*AV is ob-
tained from U* AU by removing a bunch of rows and the corresponding columns.

Hence, Corollary yields
A (UFAU) < A (VEAVY) for all j € [m]
(since U* AU is Hermitian (because A is Hermitian)). In other words,

Aj(A) <A (VFAV) for all j € [m]
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(since A; (U*AU) = Aj (A)). Adding these inequalities together, we obtain

A (A) + A2 (A) 4+ + Au (A)
<M (VFAV) + A (VFAV) 4+ -+ 4+ Ay (VFAV)
= (the sum of all eigenvalues of V*AV)
( since V*AV is an m X m-matrix )
and thus has m eigenvalues
= Tr (V*AV)

(since the sum of all eigenvalues of a matrix is the trace of this matrix).
Now, we need to show that there exists a unitary matrix V € C"*" such that

To do this, we construct V' as follows: We pick an eigenvector x; of A at eigenvalue
Ai (A) for each i € [n] in such a way that (x1,xp,...,x,) is an orthonormal basis
of C". (This is possible because of Theorem 2.6.1 (b).) Now, let V € C"*" be
the matrix whose columns are x1,x3,...,x,. This matrix V is an isometry, since
X1,X2,..., Xy are orthonormal. Moreover,

Xq
x*

VAV =| 2 | A(x xp o xm)
Xin
XJAxy xjAxy ..o x]Axy
x3Ax1 x3Axy oo x5 Axy
X, Axy xpAxy o X5 Axpy

so that
m m
Tr (V*AV) = ij Ax; = Z)L] (A) X x;

j=1 AV add =1 ~—

i [

(since x; is an eigenvector of A

at eigenvalue A;(A)) (since (x1,x3,...,n)

is an orthonormal basis)
=Y A(A) =2 (A) + A (A) + -+ An(A).
=1
This is precisely what we needed. Thus, we conclude that

MA) +A A+ +An(A) = min Tr (V*AV).

isometries VeCnxm

As we said above, this completes the proof. O
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Corollary 4.6.5. Let A € C"*" be a Hermitian n x n-matrix. Letm € {0,1,...,n}.
Let i1, ip,...,im € [n] be distinct. Then,
MA)FM0 A+ A (A) S Ay + AL+ + A
< An—m—l—l (A) + AnferZ (A) +- Ay (A) .

In words: For a Hermitian matrix A, each sum of m distinct diagonal entries of
A is sandwiched between the sum of the m smallest eigenvalues of A and the sum
of the m largest eigenvalues of A.

Proof. Let C be the matrix obtained from A by removing all but the i;-st, i»-nd, ..,
im-th rows and the corresponding columns of A. Then,

TrC = Ail/il + Aiz,iz +---+A

i, im
However, Cauchy’s interlacing theorem for multiple deletions yields
Aj(A) <A (C) for each j € [m].
Summing these up, we obtain
MA)+FA A+ + A (A) <M (C)+ A (C)+ -+ A (C)
= (the sum of all eigenvalues of C)
=TrC = Ai1,i1 + Aiz,iz + -+ Aim,im'
So we have proved the first of the required two inequalities. The second follows by
applying the first to —A instead of A. O

The above corollary has a bunch of consequences that are obtained by restating
it in terms of something called majorization. Let us define this concept and see what
it entails.

4.7. Introduction to majorization theory ([HorJoh13, §4.3])

We will now give a brief introduction to majorization theory. Much more can be
found in [MaOIAr11] (see also [Nathan21] for an elementary introduction).

4.7.1. Notations and definition

Convention 4.7.1. Let x € IR” be a column vector with real entries. Then:

(a) For each i € [n], we let x; denote the i-th coordinate of x. (“Coordinate” is
just a synonym for “entry” in the context of a vector.) Thus,
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(b) We say that x is weakly decreasing if x; > x > --- > x,. We say that x is
weakly increasing if x; < xp < -+ < xy.

(c) We let x* denote the weakly decreasing permutation of x (that is, the col-
umn vector obtained by sorting the entries of x in weakly decreasing order).
In other words, x* is the unique weakly decreasing column vector that can be
obtained by permuting the entries of x.

Thus, xl‘.L is the i-th largest entry of x for each i € [n]; in particular, xiL > x% >
cee >yt

e
(d) We let x" denote the weakly increasing permutation of x (that is, the col-
umn vector obtained by sorting the entries of x in weakly increasing order). In
other words, x' is the unique weakly increasing column vector that can be ob-
tained by permuting the entries of x.
Thus, xiT is the i-th smallest entry of x for each i € [n]; in particular, xI < xg <
c <yl

-

For example, if x = (3, 5,2)T, then x; =3 and x, =5 and x3 = 2 and

xt=(5,3,2)" and x% =5and x% =3 and xé =2 and
x' = (2,3,5)7 and xI:Zand x§:3and Xy = 5.

Definition 4.7.2. Let x € R" and y € IR" be two column vectors with real entries.
Then, we say that x majorizes y (and we write x = y) if and only if we have

x> ny for each m € [n]

1

m
i=1

m
=1

and

n
Yx =Yy

n
i=1 i=1

In other words, x majorizes y if and only if we have

Xy > y;
xp+ x5 >yt +ys
Xy + x5+ x5 >yt s+

WS Syt by ey

n—1 =

X+ x5+ =y Y5+

(note that the last relation in this chain is an equality, not just an inequality).
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Example 4.7.3. We have

Y
ANODN DN

N 01 WO =

since

7>6;
7+5>6+6;
7+5+3>6+6+2;
7+54+34+1=6+6+2+2.

Example 4.7.4. We don’t have

e
NN O

N U1 W=

since we don’t have 7 > 8.

The intuition behind majorization is the following: A column vector x majorizes
a column vector y if and only if you can obtain y from x by “moving the entries
closer together (while keeping the average equal)”. We will soon see a rigorous
way to state this.

Here are some more general examples of majorization:

X144
n

X
" Show that x =

‘ Exercise 4.7.1. |2| Let x € R", and let m =

(m,m,...,m)T.

Exercise 4.7.2. Let a,b,c € R, and let x = btec and y = c42—a and z = a—;b
Show that (a,b,¢)" = (x,v,2)".

b b
Exercise 4.7.3. Leta,b,c € R, and let x = % and y = ¢ ; 4 and z = @ ;
and m = %M. Show that

(a,b,c,m,m,m)" (x,x,y,y,z,Z)T.
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I Exercise 4.7.4. |3| Let x,y € R". Prove that x = vy if and only if —x = —y.

n n
We note that the condition ) xii =) yf in the definition of majorization can

i=1 i=1
n n
be rewritten as ) x; = ) y;, because the sum of all coordinates of a vector does
i=1 i=1
not change when we permute the entries of the vector. However, the conditions
m m m m
x# > '21 yii cannot be rewritten as 'Zl X; > ‘21 Yi.
= i= i= i=

i=1

Proposition 4.7.5. Majorization is a partial order: That is, the binary relation >
on the set R" is reflexive, antisymmetric and transitive.

m m m
Proof. This is straightforward to verify. For example, if ) x% >y yf and ) yii >
i=1 i=1 i=1

Y zi, then ) x7 > ) z. ]
i=1 i=1 i=1

However, majorization is not a total order: For example, the vectors

N NN

1
and y= g
5

satisfy neither x > y nor y = x, since we have 6 > 5but 6 +4+42 < 545+ 3. For
an even simpler example, if two vectors x € R"” and y € R" have different sums of
coordinates, then we have neither x > y nor y = x.

4.7.2. Restating Schur's theorem as a majorization

Now we can restate Corollary as follows:

Corollary 4.7.6 (Schur’s theorem). Let A € C"*" be a Hermitian n x n-matrix.
Then,
(M (A), A2 (A), oo A (AN 5= (Ar1, Asp, oo Aun)

In words: The tuple of all eigenvalues of A majorizes the tuple of all diagonal
entries of A.

Proof. We need to show that

¢ the sum of the m largest eigenvalues of A is > to the sum of the m largest
diagonal entries of A for each m € [n];

¢ the sum of all diagonal entries of A equals the sum of all eigenvalues of A.
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But the second of these two statements follows from the well-known theorem
that the trace of a matrix is the sum of its eigenvalues (Theorem (d)). Thus,
it remains to prove the first statement.

So let m € [n]. We must prove that the sum of the m largest eigenvalues of A
is > to the sum of the m largest diagonal entries of A. However, Corollary
yields that

/\1 (A) + )\2 (A) + tee + /\m (A) S Ail,il + Aiz,iz + U + Aim/im
< Mp—mt1 (A) + An—m42 (A) + A (A)

for any distinct i1, 1y, ..., € [n]. The second inequality here says that

An—m+1 (A) + Ap—mi2 (A) + A+ Auem (A) > Ailril + Aiz,i2 +---4+ A

iinriﬂ’l

for any distinct i1,7y,...,in € [n]. In other words, the sum of the m largest eigen-
values of A is > to any sum of m distinct diagonal entries of A. Thus, in particular,
the sum of the m largest eigenvalues of A is > to the sum of the m largest diagonal
entries of A. This completes the proof of Corollary O

Exercise 4.7.5. |5| For each Hermitian matrix A € C"*", let A (A) € R” be the

column vector (A, (A), A1 (A), ..., A (A)T consisting of all eigenvalues of
A in decreasing order.

Let A € C"*" and B € C"*" be two Hermitian matrices. Prove the following:

(a) (Fan’s theorem:) We have
A(A)+A(B)=A(A+B).
(b) (Lidskii’s theorem:) We have
A(A+B)=A(A)+ (A(B)".

[Hint: For part (a), use Corollary (b). For part (b), observe first that three
weakly decreasing vectors x,y,z € R" satisfying x — z! = y must always satisfy
x=y+z]

4.7.3. Robin Hood moves

Above, we briefly alluded to an intuition for majorization: We said that x majorizes
y if and only if you can obtain y from x by “moving the entries closer together
(while keeping the average equal)”. Let us now turn this into an actual theorem.
First, a simple lemma:
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| Lemma 4.7.7. Let x,y € R™. Then, x 3= y if and only if x* = yt.

Proof. The definition of = only involves x* and y*. In other words, whether or not
we have x = y does not depend on the order of the coordinates of x or of those of
y. Thus, replacing x and y by x* and y* doesn’t make any difference. O

Definition 4.7.8. Let x € R". Let i and j be two distinct elements of [n] such that
x; < xj. Let t € [x;,x;] (thatis, t € Rand x; < t < xj). Let y € R" be the column
vector obtained from x by

replacing the i-th and j-th coordinates x; and x; by u and v

for some u,v € [x;, x;] satisfying u + v = x; 4 x;. In other words, we obtain y by
picking two numbers 1, v € [x;, x;] satisfying u + v = x; + x; and setting

u, ifk=i;
V=10, ifk=7j for all k € [n].
Xy, otherwise

Then, we say that y is obtained from x by a Robin Hood move (short: RH move),
and we write
RH
X — .

Moreover, if x and y are weakly decreasing, then this RH move is said to be
an order-preserving RH move (short: OPRH move), and we write

OPRH
X — V.

A Robin Hood move is thus a “local transformation” that changes a column
vector x by picking two of its entries (say, x; and x;) and replacing them by two
new entries u and v that are “closer together” (that is, u,v € [xi, x]-}) and have
the same sum (that is, u +v = x; + x]-). If we regard the entries x1,x2,...,x,
of x as the wealths of n persons, then a Robin Hood move thus corresponds to
redistributing some wealth from a richer person to a poorer person in such a way
that the disparity between these two people does not increase. (Thus the name.) If
the n people were ordered in the order of decreasing wealth at the beginning (that
is, x was weakly decreasing) and this remains so after the RH move, then the RH
move is an OPRH move.

Example 4.7.9. (a) Replacing two coordinates of a vector x by their average is
Xi+Xj |
> in

an RH move. (Indeed, this corresponds to the case when u = v =
Definition [4.7.8])
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(b) Swapping two coordinates of a vector x is an RH move. (Indeed, this
corresponds to the case when u = x; and v = x; in Definition[4.7.8])

(o) If x € R" is weakly decreasing, then replacing two adjacent entries of x
by their average is an OPRH move. (Indeed, if we replace x; and x;,; by their

X; + X . . .
average ITM, then the vector remains weakly decreasing, since x; > xp >
. X; + Xx; X; + Xx;
o> xpentailsxg > xp > > a0 > 21“2 : 21+12xz'+22xi+32
e Z xn.)

(d) More generally: If x € R" is weakly decreasing, then replacing its co-
ordinates x; and x;;1 by u and x; + x;41 — u is an OPRH move if and only if

X; + X1
u e [%’xl}

(e) Here is an example of an RH move that is not an OPRH move:

— N U1 O
)
an
W DN Q1 =

This move replaces the two entries 1 and 6 by 3 and 4 (with 3,4 € [1,6] and
3+4 =1+ 6), but it changes the relative order of the entries, so it is not order-
preserving.

Proposition 4.7.10. If x LLEN y, then the sum of the entries of x equals the sum of
the entries of y.

Proof. Clear from the u + v = x; + x; requirement in Definition W N

Lemma 4.7.11. Let x,y € R" be weakly decreasing column vectors such that y is
obtained from x by a (finite) sequence of OPRH moves. Then, x = y.

Proof. Let us first prove Lemma in the case when y is obtained from x by a
single OPRH move.

So let us assume that y is obtained from x by a single OPRH move. Let this
move be replacing x; and X; by u and v, where x; < X; and u,v € [xi, x]} with
u+v=x;+x;. WLOG, we have x; < x; (since otherwise, the OPRH move changes
nothing, because we have u = v = x; = x;). Therefore, i > j (since x is weakly
decreasing (by the definition of an OPRH move)). Thus,

T
y= (xll X2yenny xj—l/ 0, xj+1l xj—|—2/ ey X1 Uy X 1, Xig 2,0 e ey xn)

(since y is obtained from x by replacing x; and x; by u and v).
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Now, we must prove that x = y. In other words, we must prove that
Xi+xo+ x>yt Ym (94)
for each m € [n] (since x and y are weakly decreasing), and we must prove that
X1+x+ - txn=y1+y2+- +Yn (95)

The latter equality follows from u +©v = x; + x;. So we only need to prove the
former inequality. So let us fix an m € [n]. We must prove the inequality (94). We
are in one of the following cases:

1. We have m < j.
2. Wehave j <m < i.

3. We have i < m.

In Case 1, we have x1 +xp + - - + Xy = y1 + Y2 + - - - + Y (because x, = y, for
all p < m in this case). Thus, is proved in Case 1.
In Case 2, we have

Yityat ot ym=X1+ X2+ F X+ O+ X+ X+ X
= (x1+x24+-+xm) + U —Xj
~——"
<0
(since ve[xi,xj])

<x1t+x2++ X

Thus, is proved in Case 2.
In Case 3, we have

nty2+-+Ym
=X tX2t XAt O X X+ X U Xt X+ X
= (X1 4+x2+-Fxm) + (u—x) + (0 —xj)

N

-~

(since u—:v:xi—&—x]-)
=X1+X2+ -+ Xp.

Thus, is proved in Case 3.

So we have proved in all cases. As we said, this concludes our proof of x = y.

We are not completely done yet: We have only proved Lemma in the case
when y is obtained from x by a single OPRH move.

Now, let us prove the general case: Assume that y is obtained from x by a (finite)
sequence of OPRH moves. That is, there is a finite sequence X[0)s X[1)7 - - -+ X[m] of
vectors in IR" such that xg) = x and x,; = y and

OPRH OPRH OPRH
> X 3. Y

o) 1] [m]-
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Then, by the special case we have already proved, we conclude that

Hence, x(g = x (smce the relation = is reflexive and transitive). In other words,
x =y (since x[O] = x and xp,,] = V). Th1s completes the proof of Lemma 4.7.11] [

We are now ready to state one version of the “moving the entries closer together”
intuition for majorization:

Theorem 4.7.12 (RH criterion for majorization). Let x,y € R" be two weakly
decreasing column vectors. Then, x = vy if and only if y can be obtained from x
by a (finite) sequence of OPRH moves.

Example 4.7.13. (a) We have (4,1,1)" = (2,2,2)7, and indeed (2,2,2)" can be
obtained from (4,1,1)" by OPRH moves as follows:

T OPRH ( T OPRH (

(4,1,1) 3,2,1) 2,2,2)T.

(b) We have (7,5, 2,O)T = (4,4, 3,3)T, and indeed (4,4, 3,3)T can be obtained
from (7,5,2, O)T by OPRH moves as follows:

)T OPRH ( )T OPRH ( )T OPRH ( )T OPRH (

(7,5,2,0 6,6,2,0 6,5,3,0 6,4,3,1 4433)

Here is another way to do this:

)T OPRH ( )T OPRH (

(7,5,2,0

7,4,3,0 4,4,3,3)7.

Proof of Theorem 4.7.12] <=: This follows from Lemma 4.7.11

—: Let x > y. We must show that y can be obtained from x by a finite sequence
of OPRH moves.

If x = y, then this is clear (just take the empty sequence). So we WLOG assume
that x # y. We claim now that there is a further weakly decreasing vector z € R"
such that

OPRH
1. we have x — z;
2. we have z = y;

3. the vector z has more entries in common with y than x does; in other words,
we have

{iel] | zi=y}l>H{icn | xi=vi} (96)
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In other words, we claim that by making a strategic OPRH move starting at x,
we can reach a vector z that still majorizes y but has at least one more entry in
common with y than x does. If we can prove this claim, then we will automatically
obtain a recursive procedure to transform x into y by a sequence of OPRH moves.
(And in fact, this procedure will use at most n moves, because each move makes
the vector agree with y in at least one more position.)

So let us prove our claim.
Since x is weakly decreasing, we have x = x*. Similarly, y = y*. Thus, from
X = Y, we obtain
Xp+Xo+ -t Xm 2 Y1 +ty2+ o+ Ym (97)

for all m € [n], as well as
X1+x+- -+ xp=y1+y2+- -+ yn. (98)
We define a turn to be a pair (a,b) of two elements of [n] satisfying
Xg > Ya and xp < Yp and a<b.

We claim that there exists at least one turn.

[Proof: We have x # y. Thus, there exists some a € [n] such that x, # y,.
Consider the smallest such a. Thus, x; = y; for each i < a. However, (applied
tom =a)yieldsxy +x2+---+ x4 > y1 +y2+ - - - +ya. Thus, x;, > y, (since x; = y;
for each i < a). Hence, x, > y, (since x, # y,). Therefore, x; +xp +--- + x, >
Vity2+-+VYa

Next, let us pick the smallest b € {a+1,a+2,...,n} such that x; + xp +--- +
Xp =Yy1+y2+ -+ yp. (This exists, because shows that 7 is such a b.) Clearly,
a<b(sincebe{a+1,a+2,...,n}).

We shall now show that x;, < y;. Indeed, assume the contrary. Thus, x;, > y;.
Subtracting this inequality from the equality x; +x2+---+x, = y1 +y2+ -+ yp,
we obtain x1 +xp + -+ x51 <Y1 +y2 + - + yp_1. However, we have x; + x, +
ok Xpm1 2 Y1+ Y2+ -+ ypo1 (by (97)). Combining these two inequalities, we
obtain x; +xo+---+x,_1 = y1 +y2+--- +yp—1. However, recall that b was
defined to be the smallest element of {a +1,a+2,...,n} such that xy +x, + - - - +
Xp = Y1 + Y2 + - -+ yp. This contradicts the equality x; +xo +---+x,_1 = y1 +
Y2+ -+ yp_q (after all, b — 1 is smaller than b) unless b — 1 is not an element of
{a+1,a+2,...,n}. Thus, b — 1 must not be an element of {a+1,a+2,...,n}. So
we have b € {a+1,a+2,...,n} butb—1¢ {a+1,a+2,...,n}. Therefore, b =
a+1,sothatb—1 = a. Thus, the equality x; +xp+-- -+ xp_1 =y1 +y2+ -+ yp_1
rewrites as x1 +xp + - - - +x; = y1 + Y2 + - - - + y,. But this contradicts the inequality
X1+ X2+ -+ x5 > Y1+ Y2+ - +y, proved above. Thus, our proof of x; < yy is
complete.

We thus conclude that (a,b) is a turn (since a < b and x, > y, and x;, < y;). This
proves that there exists at least one turn.]

The width of a turn (a, b) shall denote the positive integer b — a. (This is a positive
integer, since @ < b in a turn (a,b).)
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Now, let us pick a turn (a,b) with the smallest possible width. Then, we have
Xa > Ya and xp < Yp and a <b.

Moreover, for each j € {a+1,a+2,...,b—1}, we have xj = y; (because if we had
xj < yj, then (a,j) would be a turn of smaller width than (a,b), and if we had
x;j > yj, then (j,b) would be a turn of smaller width than (a,b)). Thus, we have

Xj =Y, forallje{a+1,a+2,...,b—-1},

Since y is weakly decreasing (so that y, > y,41 > --- > y;), we thus obtain the
following chain of inequalities:

Xq > Yo > (all of the xjand yj with j € {a+1,a+2,...,b—1}) >y > xp.

(If therearenoj € {a+1,a+2,...,b— 1}, then this is supposed to read x, > y, >
Yy > xp.) This shows, in particular, that y, and y, lie in the open interval (x,, x;).

Now, we make an RH move (on the vector x) that “squeezes x, and x; together”
until either x, reaches y, or x; reaches y;, (whatever happens first). In formal terms,
this means that we do the following;:

o If x;, — ya < yp — x3, then we replace x, and x;, by y, and x; + x;, — 4.

o If x; — ya > yp — xp, then we replace x, and x;, by x, + x, — y; and yy.

(The two cases overlap, but this is not a problem, because if x, — vy, = v — xp, then
both outcomes are identical.)

Let z € R" be the n-tuple resulting from this operation. We claim that z is weakly
decreasing and satisfies the three requirements 1, 2, 3 above:

OPRH
1. we have x — z;

2. we have z = y;

3. the vector z has more entries in common with y than x does; in other words,
we have

Hien] | zi=yi}|>NHi€n] | xi=yi}|.

Indeed, let us prove that these three requirements hold. Requirement 3 is the
easiest one to verify: The only entries of z that differ from the respective entries of
x are the two entries z; and z;; among these two entries, at least one agrees with the
corresponding entry of y (because we have either z, = y, or z, = y;), whereas none
of the corresponding entries of x agrees with the corresponding entry of y (since
X > Yg and x, < y3). Thus, going from x to z, we have increased the number of
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entries that agree with the corresponding entries of y by at least 1. Requirement 3
is therefore satisfied.

Let us next check Requirement 1. (The reader should draw a picture of the
numbers x; and y; for j € {a,a+1,...,b} as points on the real axis. As we recall,
z, and z;, are obtained by moving x, and x; closer together (preserving their sum)
until either x, hits y, or x; hits y;, (whatever happens first). This picture should
render some of the verifications below trivial.)

The definition of z shows that z, > y, @ and z;, < y, H Moreover, the
numbers z, and z; lie in the interval [x, x,] @ and we have z, +z;, = x; + X3,
Thus, the operation that transformed x into z was an RH move (with b and a

playing the roles of i and j from Definition 4.7.8). Therefore, x ﬁ z. It remains to
prove that this RH move is order-preserving, i.e., that z is weakly decreasing. Since
the only entries of x that changed in our RH move were x, and x; (and since we
know that x is weakly decreasing), we only need to verify the inequalities

Xg—1 > Za (ifa>1) and
Zg > Xgi1 (ifa+1#Db) and
Zg > Zp (ifa+1="0) and
Xp_1 > Zp (ifa+1#Db) and
Zp > Xp4 (if b # n).

Fortunately, these inequalities all follow easily from the facts that we know (viz.,

42Proof, The definition of z, shows that z, = y, in the case when x;, —y, < y;, — xp, and that
Zg = X4 + X — Yp in the case when x; — i, > ¥ — xp. In the former case, the inequality z, > y,
is obvious (and is, in fact, an equality). Hence, it remains to prove z, > y, in the latter case.
So let us assume that we are in the latter case — i.e., that we have x, — y, > vy, — x5. Thus,
Xa = Yp — Xp + Ya- Now,

Zg = X +Xp =Yy = Yp— Xp +Ya+ Xp — Yp = Ya,
a a y y Ya Yy Ya
>Yp—Xp+Ya

ged.
43Pr00f. The definition of z;, shows that z;, = x; 4+ x; — y, in the case when x, — y, <y, — x3, and
that z; = y; in the case when x; — y, > ¥, — xp. In the latter case, the inequality z, < y; is
obvious (and is, in fact, an equality). Hence, it remains to prove z; < y; in the former case.
So let us assume that we are in the former case - i.e., that we have x, — y, < y; — x5. Thus,
Xg < Yp — Xp + Ya. Now,

Zp = Xa  AX%—Ya SYp—Xpt+Yat+ X —Ya=Yp
<Yp—Xp+Ya

ged.
“proof. The definition of z shows that we have either (z, =y, and z; = x, + X, — ys) or
(za = xq+xp —yp and z, = y;). Hence, we must show that the numbers y,, x; + x5 — Y,
Xa + Xp — yp and y;, all lie in the interval [x;, x,]. But this follows easily from x; > y, > y;, > x;.
45Proof. The definition of z shows that we have either (z, =y, and z, = x, +x, —y4) or
(za = xa + x5 — yp and z, = yp,). Hence, we must show that v, + (x; + x5 — ¥a) = x5 + x; and
(xa + xp — Yp) + Yp = X4 + xp. But both of these equalities are clearly true.
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from the chain of inequalities
Xg > Yo > (all of the xjand yj with j € {a+1,a+2,...,b—1}) >y, > x,

and from the inequalities z, > y, and z; < y;, and the fact that z, and z, lie in the
interval [x}, x,4]): The inequality x,_1 > z, (if a > 1) follows from x,_1 > x; > z,
(since z, € [xp, x4]). The inequality z, > x,11 (if a + 1 # b) follows from

2y > Yo > (all of the xj and y; withj € {a+1,a+2,...,b—1})

(since x,41 is one of the latter x;). Furthermore, z, > z; follows from z, > y, >
Yp > zp (since z, < yp). Next, x,_1 > z;, (if a + 1 # b) follows from

(all of the xjand y; withj € {a+1,a+2,...,b—1}) >y, > 2,

(since x;_1 is one of those former x;). Finally, z, > x;,1 follows by combining
z > xp (this is because z; lies in the interval [x}, x,]) and x;, > x5, 1. Thus, we have
checked all the necessary inequalities to ensure that z is weakly decreasing. Thus,
requirement 1 holds.

Finally, we need to verify requirement 2. In other words, we need to show that
z = y. Since z and y are weakly decreasing, this means that we need to verify the
inequalities

zitzt - tzm 2yttt Ym (99)
for all m € [n], as well as the equality
Zitzt ot zn=y1tyat o+ Yne (100)

The equality (100) is easy to verify: Since x . (and since the sum of the
entries of a vector does not change when we make an RH move), we have

Z1+z22+--tzp=x1+xX2+---+xp=y1+y2+---+yn

(since x 3= y). Thus, it remains to prove the inequality (99). So let us fix m € [n].
We must prove (99). We are in one of the following three cases:

Case 1: We have m < a.

Case 2: We have a < m < b.

Case 3: We have m > b.

Let us first consider Case 1. In this case, we have m < a. Hence, z; = x; for each
i < m. Thus,

1+t -tz =x1 2+t x>ty Ym

(since x = y). This proves in Case 1.
Let us next consider Case 2. In this case, we have a < m < b. Hence,

ittt zZm=x1t+X+ -+ X1+ 2o+ Xat1+ Xgp2 + 0+ X

>y1t+y2+-+Ya-1 ZYa =Ya+1HtYar2 T +Ym
(since x3=y) (since x;=y; for all je{a+1,a+2,..,b—1})

>ynty2+- Y1+ Yat Yar1 T Yar2 T+ Ym
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This proves in Case 2.
Finally, let us consider Case 3. In this case, we have m > b. Hence,

Z1+ 22+ +zp
=X1+xX2+---+ X1+ Zg+ X1 X2+ F Xpo1HZp+ Xpyp1 F Xpyo -+ Xy
= (x1+x2+ A xm) + (2o — Xa) + (25 — xp)

J/

-

(since z, —&-_zb:xa—kxb)

=xi+x+- - F+xm>y1+y2+-+Ym (since x = y).

This proves in Case 3.

We have now proved in all three Cases 1, 2 and 3. Hence, always holds.
Thus, we have verified Requirement 2. Now, all three requirements 1, 2 and 3
are satisfied. As we explained, this means that our vector z fits our bill, and this

completes the proof of Theorem O

that x »= y if and only if y can be obtained from x by a sequence of at most n — 1

‘ Exercise 4.7.6. | 2| Let x,y € R" be two weakly decreasing column vectors. Prove
OPRH moves.

Theorem formalizes our intuition about majorization as “moving entries
closer together” for weakly decreasing vectors. There is a version for arbitrary
vectors as well:

Theorem 4.7.14 (RH criterion for majorization, non-decreasing form). Let x,y €

R" be two column vectors. Then, x = y if and only if y can be obtained from x

by a (finite) sequence of RH moves.

The proof of this theorem will be an exercise, but we delay this exercise until
after Theorem since the latter theorem provides a good tool for the proof.

Exercise 4.7.7. |7 | Let x,y € R" be two column vectors such that x = y. Prove that
there exists a real symmetric matrix A € R"*" with diagonal entries y1,y2, ..., yx
and eigenvalues x1, xp,. .., xy.

[Remark: This can be viewed as a converse to Corollary (but is in fact
even stronger, since A is not just Hermitian but real symmetric).]

4.7.4. Karamata’s inequality

Now, what can we do with majorization? Probably the most important property of
majorizing pairs of vectors is the so-called Karamata inequality. To state it, we recall
the concept of a convex function:
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Definition 4.7.15. Let I C R be an interval. Let f : I — R be a function. We say
that f is convex if and only if it has the following property: For any a,b € I and
any A € [0,1], we have

Af(@)+(1=2A)f(b) > f(Aa+(1-A)b).

This property is best conceptualized using the plot of the function: A function
f: I — Ris convex if and only if, for any two points (a, f (a)) and (b, f (b)) on the
plot of f, the entire segment connecting these two points lies weakly above (i.e., on
or above) the plot of f. (In fact, the segment connecting these two points can be
parametrized as

{(Aa+ (1 =A)b, Af (a) + (1 =A) f (b)) | A€ [01]},
so a typical point on this segment has the form
(Aa+(1—=A)b, Af(a)+(1—A)f (b))
for some A € [0,1], whereas the corresponding point on the plot of f is
(Aa+(1—=A)b, f(ha+(1—-A)D)).

Thus, the former point lies weakly above the latter point if and only if Af (a) +
(1-A)f(b) > f(Aa+ (1 —A)Db) holds.)
Here are some examples of convex functions:

e f(t) = t" defines a convex function f : R — R whenever n € IN is even.

e f(t) = t" defines a convex function f : Ry — R whenever n € R\ (0,1).
Otherwise, it defines a concave functio

e f(t) = sint defines a concave function f : [0, 7] — R and a convex function
f:m2n] - R

Before we state Karamata’s inequality, let us recall three fundamental properties
of convex functions:

Theorem 4.7.16 (second derivative test). Let I C R be an interval. Let f : I —+ R
be a twice differentiable function. Then, f is convex if and only if each x € I
satisfies f (x) > 0.

Note that there are convex functions that are not twice differentiable. For in-
stance, the absolute value function f : R — R (given by f (z) = |z| for each z € R)
is convex. This cannot be proved by the second derivative test, but it is easy to
check using the triangle inequality.

A classical property of convex functions is Jensen'’s inequality. Let us give it in two
of its forms — a simple unweighted and a more general weighted one:

46 A function f : I — R is said to be concave if —f is convex.
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Theorem 4.7.17 (Jensen’s inequality). Let I C R be an interval. Let f : I — R be

. X1+x2+--+x
a convex function. Let x1,x5,...,x, € I. Let m = ! 2 - " Then,

f ) +f(x2) +-- -+ f(xn) 2 nf (m).

Theorem 4.7.18 (weighted Jensen’s inequality). Let I C R be an interval. Let
f : I = R be a convex function. Let x1,x2,...,x, € I. Let Ay, Ay,..., A, ben
nonnegative reals satisfying Ay + Ay +---+ A, = 1. Then,

Af (x1) +Aaf (x2) + -+ Anf (xn) > f (Axg + Apxa + -+ + Apxn) -

The easiest way to prove these two theorems is to first prove Theorem (4.7.18 by
induction on 7 (this is commonly done in textbooks on probability theory, where
this inequality is used quite ofteﬂ and then obtain Theorem from it by

1

setting Ay = Ay = --- = Ay = .

Note that both Jensen’s inequalities are highly useful for proving various kinds
of inequalities, even ones in which there is no convex function easily visible. See
[Hung07, Chapter 4] for some such applications.

Jensen’s inequality can be interpreted as saying that a sum of values of a convex

function f at several points x1, xp, ..., x; becomes smaller (or at least not larger) if

B B Karamata’'s

all these points are replaced by their average m =

inequality generalizes this by saying that we don’t need to rgplace all the points by
their average right away, but rather it suffices to “move them closer together” (not
necessarily going all the way to the average). Here, “moving them closer together”
is formalized using majorization:

Theorem 4.7.19 (Karamata’s inequality). Let I C R be an interval. Let f : I — R
be a convex function. Let x € I" and y € I" be two vectors such that x = y. Then,

fa) +f(xa) +- o+ f (%) 2 f 1) + f(y2) + -+ f () -

Karamata’s inequality has many applications (see, e.g., [KDLMO05, §2], which
incidentally also gives a proof of Karamata’s inequality different from the ones
we shall give below). In particular, Jensen’s inequality follows from Karamata’s
inequality, since Exercise says that (x1,xp,..., xn)T =(m,m,..., m)T.

The weighted Jensen’s inequality can, incidentally, be derived from a weighted
Karamata’s inequality (see Exercise below).

Let us now prove Karamata’s inequality:

¥0Or see https://en.wikipedia.org/wiki/Jensen’s_inequality or https://www.ucd.ie/
mathstat/t4media/convex-sets-and-jensen-inequalities-mathstat.pdf .
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Proof of Theorem It is enough to prove the claim in the case when x and y
are weakly decreasing (because permuting the entries of any of x and y does not
change anything).

Furthermore, it is enough to prove the claim in the case when x RALC y (this
means that y is obtained from x by a single OPRH move). Indeed, if we have shown
this, then it will mean that the sum f (x1) + f (x2) + - - - + f (x5,) decreases (weakly)
every time we apply an OPRH move to the vector x. Therefore, if y is obtained
from x by a (finite) sequence of OPRH moves, then f (x1) + f (x2) + -+ -+ f (xn) >
f )+ f (y2) +- -+ f (yn). Hence, ifif x 3=y, then f (x1) + f (x2) +- -+ f () 2
fy1)+ f(y2)+ -+ f (yn) (since Theorem shows that y can be obtained
from x by a (finite) sequence of OPRH moves).

So let us assume that x Zob y. Thus, y is obtained from x by picking two entries
x; and x; with x; < x;j and replacing them by u and v, where u,v € [x;, x| with
u+o=x+x;. Consider these x;, xj, u,v. We must prove that

f )+ f )+t f(xn) 2 f (1) + f (y2) + -+ f (yn)-
It clearly suffices to show that
f )+ £ (x5) 2 f () + f (2)

(since yx = xi for all k other than i and j).
But showing this is easy: From u € [x;, x;], we obtain

u=Axj+(1—-A)xj for some A € [0, 1]

u— x]- . .
. ). Consider this A. Then,
j

(namely, A = —

1
v=(1-A)x;+ Ax;

(this follows easily from substituting u = Ax; + (1 — A) xj into u + v = x; + x; and
solving for v).
From u = Ax; + (1 — A) xj, we obtain

fu)=fAxi+ 1 —=A)x;) <Af(x)+(1=A)f(x)) (since f is convex) .
From v = (1 — A) x; + Ax;, we obtain

f@)=f((A=A)xi+Ax;) < (1—A)f(x;) +Af (x)) (since f is convex) .
Adding together these two inequalities, we obtain

fl)+f@) < (Af () + (1=A) f (%)) + (A =A) f (i) + Af (7))
= fx)+f (%), qed.
Thus, Theorem [4.7.19]is proved. O
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Karamata’s inequality has a converse: If x,y € IR" are two vectors such that every
convex function f : R — R satisfies

fla)+fxa) -4 f () 2 f) +f(y2) + -+ f (yn),

then x = y. Even better, we don’t even need to require this to hold for every convex
function f; instead, it suffices to require for the special class of convex functions
f : R — R that have the form z +— |z — t| for constants f € R. In other words, we
have the following;:

Theorem 4.7.20 (absolute-value criterion for majorization). Let x € R" and y &
R" be two vectors. Then, x = y if and only if all ¢ € R satisty

g =t |xa—t[+ A=t >y — |+ =t + -+ |y — H]

Proof. =: Assume that x > y. Let t € R. Consider the function
ft 'R — R,
z+> |z —t].

This function f; is convex (this follows easily from the triangle inequality). Hence,
Karamata’s inequality (Theorem |4.7.19) yields

fe(x1) + fe (x2) + -+ fe (xn) = fr (1) + fr (y2) + -+ fr (yn) -
By the definition of f;, this means

X1 =t |xo =t + A [ =t >y =ty =t + o+ yn — H]
So we have proved the “=" direction of Theorem {4.7.20
<=: We assume that the inequality

|xqp — £+ |xp —t| 4+ - - 4 |xp — £
>y —t|+ly2 =t + -+ yn — ¢ (101)

holds for all + € R. (Actually, it will suffice to assume that it holds for all t &
{x1,x2,...,x1}.)
We must prove that x = y.
WLOG assume that x and y are weakly decreasing (since permuting the entries
changes neither the inequality nor the claim x = ).
For each t € R, we have
n
Yo lxi—t] = |x1 —t|+ |2 —t|+ -+ |xy — ]
i=1

> yr —tl+ly2 — [+ |y — ¢ (by (101))
=) lvi—tl. (102)
i=1
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Letk € {0,1,...,n}. Pick some t € {x1,xp,...,x,} satisfying xx >t > x.41 @
Then, since x is weakly decreasing, we have

X1 2 Xp 2o n 2 X 282 X 2 Xjyp = 70+ 2 X
Thus, each i € {1,2,...,k} satisfies x; > t and therefore
lx; —t| =x;—t, (103)
whereas each i € {k+1,k+2,...,n} satisfies t > x; and therefore
|x; —t| =t —x;. (104)

Now,

Z|x1—t|—2|xl—t|+z j

i=k+1
oy () oy (@)

k n k n
Z + Y (t—x) =) xi—kt+(n—k)t— ) x
im i=k+1 i=1 i=k+1
N — < ~— v ——

~%x (- ¥ x ~fx-Yx

i=k+1 i=1 i=1

k n k

=Y xi—kt+(n—kt—{Y xi—) x
i=1 i=1 i=1
k n
=2) xi+(n—2k)t—) x (105)
i=1 i=1
and
k n
Z|yz_t| :,'Z ’yl_t’ +1:k2+1 |yl_t|
i—t >i—
(since |z|> >z for each z€R) (smce |z|>—z for each z€R)
k n n
>Y i—-tH+ Y, (t—y) Zyz—kt+(n—k) - ) Vi
=1 i=k+1 i=1 i=k+1
\ —~ P - ——
k n k

= - =(n—k)t—

A b d

k n k

:Zyz_kt+(n_k)t_ Zyi_zyz
i=1 i=1 i=1
k n
=2 yi+(n—2k)t—) y (106)
i=1 i=1

“8Here is how to find such a t: If k > 0, then we pick t = x;; otherwise, we pick t = xj,1 = x1.
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Now, (105) yields

k n
2Y xi+(n—2k)t—) x
i=1

i:l

= ):|x1—t| > ):|yz—t| (by (102))

k n

>2) yi+(n—2k)t=) i (by (106)) -
=1

i=1
Subtracting (n — 2k) t from both sides of this inequality, we obtain

k n k n
229@'—23@222%‘—2%

i=1 i=1 i=1

i— =

(107)

Forget that we fixed k. We thus have proved the inequality (107) for all k &

{0,1,...,n}.
Applying (107) to k = 0, we obtain
n n
~Yx>-Y (108)
=1 =1

i=1

n n
Z X < Zyz (109)
i=1 i=1
On the other hand, applying (107) to k = n, we obtain
(110)

in > Zyz

i=1 i=1

n
(since the left hand side simplifies to 2 Z X; — 2 X; = 2 x;, and likewise for the

right hand side). Combining this mequahty Wlth -, We obtain
(111)

Now, for each k € [n], we have

k k
2 ZX,‘ > 2 Zyl
i=1 i=1
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(by adding the inequalities (107) and (110) together) and therefore

i=1 i=1

(by cancelling the factor 2 from both sides of the previous inequality). This fact,
combined with (111, shows that x = y (since x and y are weakly decreasing). This
proves the “<=" direction of Theorem O

Exercise 4.7.8. |2| Let x,y € IR” be two vectors such that x > y. Let u,v € R™ be

two further vectors such that u = v. Prove that ( z ) = ( ‘Z ) (We are using

block-matrix notation here, so that z means the vector obtained by stacking

x on top of u.)

I Exercise 4.7.9. | 3| Prove Theorem

We note that the analogue of Exercise for arbitrary (not necessarily weakly
decreasing) column vectors is false: It is not hard to find two vectors x,y € R* such
that x = y but it takes 4 (not 3) RH moves to transform x into y. (For example,
x = (5,3, 2,O)T and y = (1,1,4,4)T are two such vectors.) On the other hand,
it is easy to see (piggybacking on Exercise that for any two column vectors
x,y € R" satistying x = y, it is possible to obtain y from x by at most 2n — 2
RH moves. Finding the minimum number of RH moves that always suffices to
transform x € R" into y € R” when x > y appears to be an interesting question.

We can use Theorem 4.7.20|to define a “weighted” generalization of majorization.
This leads to the following generalization of Theorem

Theorem 4.7.21 (weighted Karamata’s inequality). Let I C R be an interval. Let
f : 1 — R be a convex function. Let wq,wy, ..., w, be n nonnegative reals. Let
x € I" and y € I" be two vectors such that all t € IR satisfy

wy [xy =t wa |xp =t 4wy |xn — ] > w1 [y1 =t +wa y2 =t 4+ wn [yn — ]
(Note that this is a “weighted” version of the condition x > y.) Then,

wif (x1) +waf (x2) + -+ wnf (xn) = wif (y1) +waf (y2) + - +waf (yu) -

Exercise 4.7.10. |7 | Prove Theorem
[Hint: Let S be a finite subset of I. For each s € S, let f; : I — R be the
piecewise-linear function that sends each z € I to |s —z|. Show that the con-

vex function f can be interpolated on S by a linear combination ) asfs of the
s€S
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functions fs; with nonnegative coefficients as; that is, show that there exists a
nonnegative real as for each s € S such that

f(z) =) asls—z| for each z € S.

seS
Then, apply this to S = {x1,x2,..., X, Y1, Y2, - -, Yn}.]

Exercise 4.7.11. | 7| We define a new binary relation =" on the set R" as follows:
For two column vectors x € R" and y € R", we write x = y (and say that x
weakly majorizes y) if and only if we have

xl.i > ny for each m € [n]

n J, n \L
(but we do not require 21 Xy = '21 yy)-
1= 1=
Let x and y be two weakly decreasing column vectors in R". Let I be an

interval of R that contains all entries of x and of y. Prove that the following
statements are equivalent:

e A: We have x =’ y.

| - x y
B: For any sufficiently low a € R, we have ( §—Yx ) s ( a—Yy ),
n

n
where ) x:= ) x;and ) y := }_ y; (and where we are using block-matrix
i=1 i=1

notation, so that ( ) denotes the result of appending a new entry

X
n—) x
x — Y x to the bottom of the column vector x).

* C: We can obtain y from x by a sequence of OPRH moves and OPD moves.
Here, an “OPD move” (short for “order-preserving decrease move”) means
a move in which we decrease an entry of a weakly decreasing vector in
such a way that the vector remains weakly decreasing (i.e., we replace an
entry z; of a decreasing vector z € R” by a smaller entry z; < z; such that
westillhave z; > 20 > -+ >z 1 > 2/ > 24 > zj4p > -+ > 2).

* D: Every weakly increasing convex function f : I — IR satisfies
fla) +f(x2) 4o+ fxn) 2 f(ya) + f(y2) +-+ f (yn)-
o &£ Allt € R satisfy

(xl_t)++(x2_t)++"'+(xn_t)+ > (yl_t)++(y2_t)++"'+(yn_t)+'

Here, the notation z, means the positive part of a real number z (that is,
we have z; = z when z > 0, and z; = 0 otherwise).
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4.7.5. Doubly stochastic matrices

Majorizing pairs of vectors are closely related to doubly stochastic matrices:

Definition 4.7.22. A matrix S € R"*" is said to be doubly stochastic if its entries
Si; satisfy the following three conditions:

1. We have Si,]' > 0foralli,j.

n
2. We have ) S;; =1 for each i € [n].
=1

n
3. We have }_ S;; = 1 for each j € [n].
i=1

In other words, a doubly stochastic matrix is an n x n-matrix whose entries are
nonnegative reals and whose rows and columns have sum 1 each.

Exercise 4.7.12. | 2| Show that even if we allow S to be rectangular in Definition
the conditions 2 and 3 still force S to be a square matrix.

111
2 3 6
Example 4.7.23. (a) The matrix % 411 % is doubly stochastic.
5 7
‘121
(b) Each doubly stochastic 2 x 2-matrix has the form
A 1=A
(1_)L A ) for some A € [0,1].
(c) Any permutation matrix is doubly stochastic.

Proposition 4.7.24. Let S € IR"*" be a matrix whose entries are nonnegative
reals. Lete = (1,1,.. .,1)T € R". Then, S is doubly stochastic if and only if
Se=eande’S =eT.

Corollary 4.7.25. Any product of doubly stochastic matrices is again doubly
stochastic.

I Exercise 4.7.13. | 3| Prove Proposition and Corollary

Now, we can connect doubly stochastic matrices with majorization:
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Theorem 4.7.26. Let x,y € IR" be two vectors. Then, x = y if and only if there
exists a doubly stochastic matrix S € R"*" such that y = Sx.

Proof. =: Assume that x = y. We must prove that there exists a doubly stochastic
matrix S € R"*" such that y = Sx.

By Example (c) and Corollary it suffices to show this in the case
when x and y are weakly decreasing (because any permutation of the entries of a
vector can be effected by multiplying this vector with a permutation matrix).

Thus, we WLOG assume that x and y are weakly decreasing. We must prove
that there exists a doubly stochastic matrix S € R"*" such that y = Sx.

By Corollary 4.7.25) it suffices to show this in the case when x QPR (because in
the general case, y is obtained from x by a sequence of OPRH moveg™)).

So let us WLOG assume that x o5 y. Thus, y is obtained from x by picking two
entries x; and Xj with x; < X; and replacing them by u and v, where u,v € [x,-, x]-}
withu+v=x;+ X;. Consider these x;, Xj, U, 0.

From u € [x;, x]-} , we obtain

u=Axj+(1-A)xj for some A € [0, 1]

U —Xx;j . .
. ). Consider this A. Then,
Y

(namely, A = —

1
v=(1-A)x;+ Ax; (since u +v = x; + x;) .

This entails that y = Sx, where S € R"*" is the matrix defined by

Sii=A, Sij=1-=24, Sii=1-=A4, Siji=4A
Sk =1 for each k ¢ {i,j},
Ske=0 for all remaining k, /.

For example, if i = 2 and j = 4, then

(where all empty cells are filled with zeroes). In this case,

X1 X1 X1

S.X'ZS X2 — /\x2+(1—/\)x4 — u :y
X3 X3 X3
X4 (1 —A)xp+ Axg v

“This is a consequence of Theorem [4.7.12
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So we have constructed a matrix S € R"*" that satisfies y = Sx, and it is easy to
see that this S is doubly stochastic. Thus, we have proved the “=" direction of
Theorem

<=: Assume that y = Sx for some doubly stochastic matrix S € R"*". Then, for
every i € [n], we have

yi = (Sx); = ) _ Sijx;j. (112)
=1

Hence, for every i € [n] and t € R, we have

n n n
yi—t=) Sixj—t=1) Sijxj—) Sijt
j=1 j=1 j=1
since condition 2 in Definition [4.7.22

n n n
yields ) Si/]' =1, so that ) Si,]'t = (Z S@j) t=t
=1 j=1 j=1

—_——
=1

n
and therefore t = }° §; jt
j=1

yi =t = [} Siji (xj— 1)
j=1
n
SE 1Sij (xj — 1)
j= —_————
=Sij|x—t|
(since S; ;>0

(by condition 1 in Definition 4.7.22))

n n
by the triangle inequality, which says that |} a;| < ¥ |aj]
=1 =1
for any n reals ay, ap, ..., &y
=ZSi,j-‘x]-—t‘. (113)

j=1
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Thus, for every t € R, we have
Y1 =t 4y =t 4+ [y — ]

" Ysiky—f Gy @)

Il
|/\
M:

N
Il
—

I
1=

\_/II
—_

n
(ZSU Ty—ol = Sl -
j=1  \i=1 j=1
%,_/
(by coerition 3
in Definition [4.7.22)

=|xy —t+|xp—t|+ -+ |xp —t].
In other words, for every t € IR, we have
X1 =t 4+ xo —t[ 4+ |y =t > |y —t |y =t yn — ]

Therefore, by Theorem 4.7.20, we have x = y. This proves the “<=" direction of
Theorem O

5. Singular value decomposition ([HorJoh13|, §2.6])

This will be just a brief introduction to singular value decomposition. For much
more, see [TreBau97].

5.1. Some properties of A*A

We first state some basic properties of matrices of the form A*A:
Proposition 5.1.1 (the Ker (A*A) lemma). Let A € C"*" be any m x n-matrix
with complex entries (not necessarily a square matrix). Then:

(@) The matrix A*A is Hermitian and positive semidefinite.

(b) We have Ker A = Ker (A*A).

(c) We have rank A = rank (A*A).

Proof. (a) The matrix A*A is Hermitian, since (A*A)* = A* (A*)" = A*A. More-
=A
over, this matrix A*A is positive semidefinite, since each vector x € C" satisfies
(A*Ax, x) = 2" A* Ax = (Ax)" Ax = ||Ax|]* > 0.
-~
=(Ax)"

Thus, Proposition (a) is proven.
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(b) Each y € Ker A satisfies y € Ker (A*A) (because y € Ker A entails Ay = 0, so

that A* Ay = 0 and thus y € Ker (A*A)). In other words, Ker A C Ker (A*A).
~
=0
Let us now show that Ker (A*A) C Ker A. Indeed, let x € Ker (A*A). Thus,

x € C" and A*Ax = 0. Hence,

| Ax||* = (Ax)* Ax <since |[0]|* = (v,0) = v*v for any v € C”)
V./
—x* A*
=x"A"Ax = 0.
——
=0
In other words, ||Ax|| = 0. Hence, Ax = 0 (since a vector whose length is 0 must

itself be 0). In other words, x € Ker A.

Forget that we fixed x. We thus have shown that x € Ker A for each x €
Ker (A*A). In other words, Ker (A*A) C Ker A. Combining this with Ker A C
Ker (A*A), we obtain Ker A = Ker (A*A). This proves Proposition (b).

(c) The rank-nullity theorem yields

rank A = n — dim (Ker A) and
rank (A*A) = n — dim (Ker (A*A)).

The right hand sides of these two equalities are equal (since part (b) yields Ker A
Ker (A*A)). Thus, the left hand sides are also equal. In other words, rank A
rank (A*A). This proves Proposition (c).

I

Note that Proposition (b) really requires a matrix with complex entries. It
cannot be generalized to matrices over an arbitrary field.

5.2. The singular value decomposition

Definition 5.2.1. Let A and B be two m x n-matrices with complex entries.
We say that A and B are unitarily equivalent if there exist unitary matrices
UeU,(C)and V € U, (C) such that A = UBV*.

Note that we could just as well require A = UBV instead of A = UBV™ here, since
V is unitary if and only if V* is unitary.

Note the difference between “unitarily equivalent” and “unitarily similar”: The
latter requires A = UBU*, whereas the former only requires A = UBV*.

Unitary equivalence is an equivalence relation.

| Exercise 5.2.1. [2] Prove this!
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A natural question is therefore: What is the “simplest” matrix in the equivalence
class of a given matrix? The answer is pretty nice: Each matrix is unitarily equiv-
alent to a “more or less diagonal” matrix. We are saying “more or less” because
diagonal matrices are supposed to be square, but our matrices can have any di-
mensions; thus, we introduce a separate word for rectangular matrices that “would
be diagonal if they were square”:

Definition 5.2.2. Let [F be a field. A rectangular matrix A € F**™ is said to be
pseudodiagonal if it satisfies

Aij=0 whenever i # j.

This is just the straightforward generalization of diagonal matrices to non-square
matrices. In particular, a square matrix is pseudodiagonal if and only if it is diag-

onal. A pseudodiagonal 2 x 3-matrix looks like this: ( 8 2 8 ) A pseudodiag-
* 0

onal 3 x 2-matrix looks like this: | 0 * |. (Of course, any of the *s can be a 0
00

too.)

Theorem 5.2.3 (SVD). Let A € C"™*". Then:

(@) There exist unitary matrices U € Uy, (C) and V € U, (C) and a pseudodi-
agonal matrix X € C"*" such that all diagonal entries of X are nonnegative reals
and such that

A=UZV".

In other words, A is unitarily equivalent to a pseudodiagonal matrix whose
diagonal entries are nonnegative reals.

(b) The matrix X is unique up to permutation of its diagonal entries. (The
matrices U and V are usually not unique.)

(c) Let k = rank A. Then, the matrix X has exactly k nonzero diagonal entries.

(d) Let 0y, 09, ...,0, be the square roots of the n eigenvalues of the Hermitian

matrix A*A, listed in decreasing order (so that oy > 0 > --- > 03,). Then, we
have 0,1 = 0g1p = - -+ = 0, = 0, and we can take
oq 0 -+ 0 0 --- 0
0 oo - 0 0 --- 0
Y= o 0 -+ 0 0 --- 0 | eCc™”
O 0 --- 00 ---0
0 0 0 0 0
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| in part (a).

Definition 5.2.4. The triple (U, V, X) in Theorem (a) is called a singular value
decomposition (short: SVD) of A. The numbers 3,0, ...,0; are called the singular
values of A.

Before we prove the theorem, a few words are to be said about the use of an
SVD. In practice, you often want to find a low-rank “approximation” for a given
matrix A: that is, a matrix B that is “sufficiently close” to A and yet has low rank.
One of the best ways to do this is by computing an SVD of A — that is, writing A
in the form A = UXV* with U, X,V as in Theorem (@) — and then setting all
but the first few 0;’s to 0 in X. We will soon see why this “approximates” A.

Let us now prove the theorem.

Proof of Theorem [5.2.3] Let k := rank A. Then, k is the rank of an m x n-matrix
(namely, A), and thus satisfies k < m and k < n.

Proposition[5.1.1](a) shows that the matrix A* A is Hermitian and positive semidef-
inite. Let Ay, Ay, ..., A, be the eigenvalues of this matrix A*A, listed in decreasing
order. These eigenvalues A1, Ay, ..., A, are nonnegative reals (since A*A is positive
semidefinite). Thus, we can set

0 = /A; for each i € [n].

Then, 01,07, ...,0, are nonnegative reals. Moreover, A; > A;
A, Ag, ..., Ay are listed in decreasing order) and therefore oy
(since 0; = y/A; for each 7).

The matrix A*A is Hermitian and thus normal. Hence, Corollary (applied
to A*A instead of A) yields that there exists a spectral decomposition (V, D) of
A*A with D = diag (A1, Ay, ..., Ay). Consider this spectral decomposition. Thus,
V € U, (C) is a unitary matrix, and D = diag (A1, A2, ..., Ay), and we have

A*A = VDV*. (114)

2..
> 0

From li we obtain A*A ~ D (since V is unitary). Now,

k = rank A = rank (A*A) (by Proposition ()
= rank (diag (A1, A2, ..., An)) (since A*AR D = diag (A1, Ay, .. .,/\n)>

= (the number of i € [n] such that A; # 0)
= (the number of i € [n] such that ¢; # 0)
(since 0; = +/A; for each i). Hence, exactly k of the numbers oy,05,...,0, are
nonzero. Since 01,02, ...,0, are nonnegative reals and satisfy o3 > 0 > -+ > 0y,
this entails that
0'120'22--'20'k>0 and (115)
Okt1 = Ogqp = - =0, = 0. (116)
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Let v1,vy,...,v, be the columns of the unitary matrix V. Thus, (v1,v,...,0,)
is an orthonormal basis of C" (since V is unitaryﬂ Since V is the unitary ma-
trix in a spectral decomposition of A*A, we can easily see that the columns of V
are eigenvectors of A*A corresponding to the eigenvalues Ay, Ay, ..., A;. In other
words,

A Av; = Aju; for each i € [n]. (117)
[Proof of : Let i € [n]. Then, we haveﬂ Vei = v; (since vq,v>,...,v, are the
columns of V). However, from (114), we obtain A*AV = VD V*V = VD.
=I,
(since V is unitary)

Hence,

(A*AV), ;= (VD),,

= (V- diag (A1, A2, .., An)), (since D = diag (A1, Az, ..., An))
since multiplication by the diagonal
=Ai Vs, matrix diag(Aq,Az,...,A,) on the right
7

scales the i-th column of a matrix by A;

Comparing this with

(A*AV),, = AA V,; (by the rules for matrix multiplication)
! N~
=v;

= A*AUZ',

we obtain A*Av; = A;v;. This proves (117).]

For each j € [k], we set
1
u]- = —Av]-.
9j
(The division by 0; in this definition is legitimate, since (115) reveals that o; # 0.)
We claim that the tuple (19, uy, ..., uy) is orthonormal. Indeed:

UHere we are using the implication A => £ of Theorem m
>IRecall that the notation M, ; denotes the i-th column of a matrix M.
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e For any two distinct elements i and j of [k], we have

1 1
(uj, uj) = <;iAvi, ;jAvj> (by the definitions of u; and u;)
1 1 *
= — <A?)i, AU]> = — (AU]) Avi
0'1'(7']' ——’ UjUj —_——
Z(AU]')*AUI' :UjA*
1 1 A
= —0vf A"Av; = —viAv; = —— i =0
U'i(T]' T/ U’i(Tj (7'1'0']' \ ,
=Av;
(by =(vij)

(since (v1,02,...,0n)
is orthonormal)

and thus u; L uj. Therefore, the tuple (uy, uy, ..., 1) is orthogonal.

e For any i € [k], we have

1 1
(Ui, u;) = <;Avi, ;Av,-> (by the definition of u;)
i i
1 1 «
= — <AUZ', A?)Z'> = — (AUZ') A?)Z'
0;0; N — )\i ———
\f =(Av;)* Av; =0f A*

A
(since 0;€R and
thus UiaZUl‘UiZUiZZ)L,‘

(because 0;=+/A;))

1 1
= —U;k A*AUZ' = xU;‘(Aivi = U;'kvi = <vilvi> = ||Ui||2 =1

oo
=A\:0;
(by
(since (v1,vy,...,0y,) is orthonormal and thus ||v;|| = 1), and thus ||u;|| = 1.

Hence, the orthogonal tuple (uq,uy, ..., uy) is orthonormal.

So (u1,uy,...,ux) is an orthonormal tuple of vectors in C". Hence, Corollary
shows that we can extend this tuple to an orthonormal basis (uy,uy, ..., im)
of C" by appending m — k new (appropriately chosen) vectors w1, g2, ..., Un.
Let us consider the orthonormal basis (11,2, ..., u;) of C" obtained in this way.
Let U € C"™*™ be the m x m-matrix with columns u1, uy, ..., u,. Thus, the columns
of this matrix U form an orthonormal basis of C™; hence, U is a unitary matrix (by
the implication £ = A of Theorem [1.5.3).
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Let
o 0 0 0 0
0 o 0 0 0
Y= O 0 -+ o 0 --- 0 e Ccmxn,
0O 0 --- 00 --- 0
0O 0 --- 00 --- 0

(This is the m x n-matrix whose (i, i)-th entries are ¢; for all i € [k|, and whose all
remaining entries are 0.) Clearly, this matrix X is pseudodiagonal. Moreover, this
matrix X has exactly k nonzero diagonal entries (since shows that oy, 09, ..., 0%
are nonzero). All its diagonal entries are nonnegative reals.

Now, we claim that A = UXV*. To prove this, we shall first show that AV = UZX.

It is sufficient to prove tha
(AV),; = (UZ), for each j € [n].

So let us fix j € [n] and try to prove that (AV), ; = (UX), ;. We note that V, ; = v
(since the columns of V are v1,v»,...,v;) and U, = u; (since the columns of U are
ui, Uy, ..., un). We distinguish between the cases j < k and j > k:

¢ Assume that j < k. Then, by the rules for multiplying matrices, we have

1
(AV),;j=A V. = Avj =0; u; (since uj = ;Aq)
SN~~~ SN~ ]
:z)] :u.,],
= 0']'u.’]'. (118)

On the other hand, j < k shows that the j-th column of the matrix ¥ has a
0j in its j-th position and zeroes in all other positions. In other words, this
column equals iej (where (eq1,e,...,en,) denotes the standard basis of C™).
In other words, Z.,j = oje; (since Z.,]- is the j-th column of ). Now, by the
rules for multiplying matrices, we have

(LIZ)./] =U Z./]' =U- 0']6] = 0']' lle] = U'JU.,]
~—~— N~~~
=0jej =l

(since multiplying a matrix by ¢; always
produces the j-th column of the matrix)

Comparing this with 1 , we obtain (AV).’]. = ( UZ).,]..
Thus, (AV), ; = (UX), ; is proved in the case when j < k.

52Recall that the notation M, ; means the j-th column of a matrix M.
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* Now, assume that j > k. Then, 0; = 0 (by ), so that A; = 0 (since the
definition of o; yields 0; = /A, so that A; = o7). However, applying (117) to
i = j, we obtain

A*AZ)]' = )L] ’(J]' = 0,

(since j>k)

so that v; € Ker (A*A) = Ker A (by Proposition (b)). Now, by the rules
for multiplying matrices, we have

(AV),;j=AV,; = Av; =0 (since vj € Ker A) .

:Uj
Comparing this with

(UZ).] =Uu Z‘o,j = 0,
" ~—~

=0
(since j>k, so that all entries in
the j-th column of X are 0)

we obtain (AV)./]- = (UZ).,]..
Thus, (AV)./]- = (LIZ).J is proved in the case when j > k.

Thus, we have proved (AV), ; = (UX), ; in both cases.
Forget that we fixed j. We thus have shown that (AV), . = (UX), ; for each

j € [n]. In other words, each column of the matrix AV equals the corresponding
column of the matrix UX. Hence, AV = UX. Therefore,

UL V*=A 4% = A,
~~ ~—~~
=AV =Iy

(since V is unitary)

so that A = UXV*, as desired.
This proves parts (a), (c) and (d) of Theorem

(b) We must show that if P is a pseudodiagonal matrix such that all diagonal
entries of P are nonnegative reals, and such that A is unitarily equivalent to P, then
P and X have the same diagonal entries up to order.

Before we prove this, let us show two auxiliary results:

Claim 1: Let X € C™" and Y € C™*" be two unitarily equivalent
matrices. Then, X and Y have the same singular Value

SRecall that the singular values of a matrix X are defined to be the square roots of the eigenvalues
of X*X.
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[Proof of Claim 1: Since X and Y are unitarily equivalent, there exist two unitary
matrices U € Uy, (C) and V € U, (C) such that X = UYV*. (These U and V have
nothing to do with the U and V from Theorem [5.2.3]) Consider these U and V.
From X = UYV™*, we obtain

X*X = (UYVH* (UYV*) = (V)" Y* uu YV = VY'YV
~——— — ~—~

— * = :I
=(V*)"y*ur v (since U ismunitary)

This shows that X*X ~ Y*Y (since V is unitary). Therefore, X*X ~ Y*Y (by
Proposition 2.2.5). Thus, the matrices X*X and Y*Y have the same eigenvalues (by
Proposition (e)). Therefore, X and Y have the same singular values (because

the singular values of X are defined as the square roots of the eigenvalues of X*X,
and likewise for Y). This proves Claim 1.]

Claim 2: Let D € C"*" be a pseudodiagonal matrix. Then, the nonzero
singular values of D are the absolute values of the nonzero diagonal
entries of D.

[Proof of Claim 2: We WLOG assume that m < n, since the case m > n is similar
but easier. Let dy,dy, ..., dy be the diagonal entries of D. Then,

d 0 - 0 0 --- 0
0 d --- 0 0 --- 0
D=1 . . .
0 O dy 0 0
Hence, it is easy to check that

0 d_zdz 0 0 --- 0
D*D = 0 0 - dpydy 0 -+ 0

0 0 --- 0 0 --- 0

0 0 0 0 0

= diag | didy,doda, ..., dmdm, 0,0,...,0
N—

n—m entries

— diag (d1|2,d2|2,...,dm|2,0,0,...,9) :

n—m entries
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Therefore, the eigenvalues of D*D are \d1|2, \d2|2,..., |dm|2,0, 0,...,0 (since the

———

n—m entries
eigenvalues of a diagonal matrix are its diagonal entries). Hence, the singular
values of D are |di],|d2|,...,|dm|,0,0,...,0 (since the singular values of D are

A e

n—m entries
defined as the square roots of the eigenvalues of D*D). Thus, the nonzero singular
values of D are the nonzero numbers among |d1|,|dz|,...,|dn|. In other words,

they are the absolute values of the nonzero diagonal entries of D. This proves
Claim 2.]

Now, we can prove the claim we intended to prove. Let P be a pseudodiagonal
matrix such that all diagonal entries of P are nonnegative reals, and such that A is
unitarily equivalent to P. As we recall, our goal is to prove that P and X have the
same diagonal entries up to order.

We know that the matrix A is unitarily equivalent to ¥ and also to P. Thus, X is
unitarily equivalent to P (because unitary equivalence is an equivalence relation).
Therefore, Claim 1 (applied to X = ¥ and Y = P) shows that the matrices ¥ and P
have the same singular values. However, these two matrices are pseudodiagonal;
thus, Claim 2 shows that their nonzero singular values are the absolute values of
their nonzero diagonal entries. Since their diagonal entries are nonnegative reals,
we can actually drop the “absolute values” part from this sentence, and conclude
that their nonzero singular values are simply their nonzero diagonal entries. Thus,
the matrices ¥ and P have the same nonzero diagonal entries (because we have
shown that they have the same singular values). Therefore, the matrices ¥ and P
have the same diagonal entries (since they have the same dimensions and therefore
the same number of diagonal entries). Thus, we have shown that the matrices P
and X have the same diagonal entries up to order. This completes the proof of

Theorem (b). O

32 2
2 3 2

This is not the way SVDs are computed in practice, but we can try following
our above proof of Theorem Thus, we compute a spectral decomposition
of A*A. (Since A*A is Hermitian, this is equivalent to diagonalizing A*A.) A
simple computation yields that

Example 5.2.5. Let A = ( ) € C2*3, How do we find an SVD of A ?

13 12 2
ATA=1| 12 13 -2
2 -2 8

and that A*A has eigenvalues 25,9,0 and a spectral decomposition (V, D) with

Vv2/2 V2/6 —2/3
V=| v2/2 =v2/6 2/3 and D = diag (25,9,0).
0 2v2/3 1/3
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(Of course, we have handpicked A to make the eigenvalues integers; a random A
would give rise to irrational eigenvalues.) Thus, A; =25and A, =9 and A3 =0

and k = 2. Hence, 07 = v/25 = 5 and 0 = V9 = 3, so that T = ((5) g 8).It

1
remains to find U. To do so, we set u; := ;Avj for all j € [k|; thus,
j

V2/2
1 1/3 2 2 V2/2
”1_0_1‘%1:5(2 3 —2) \/%/2 :<ﬁ/z> and

V2/6
1 1/3 2 2 2/2
MQZ—AUQZ—(Z?) _2> —\/5/6 :<_\/\;§//2>

o 3
2 2v/2/3

The proof of Theorem [5.2.3) tells us to extend this orthonormal tuple
(u1,uy,...,ux) to an orthonormal basis (u1,uy, ..., uy) of C", but this is unnec-
essary here, since it already is a basis (since k = m). Thus, we can now compute

V2/2 V2/2
V2/2 —2/2 )

U as the matrix with columns uq,u»,...,u,; thatis, U = <

Hence, we obtain the SVD (U, V, %) of A with

o V32 /3 B Vv2/2 V2/6 —2/3
=\ Vo v ) V=1 V2/2 —=vV2/6 2/3 |,
0 2v2/3 1/3

500
Z_(o 3 o)'

| Exercise 5.2.2. Find an SVD of the matrix A := ( (1) (1) (1) ) .

1
Exercise 5.2.3. |4| Find an SVD of the matrix A := ( 0
-1

o= O
_ o -

).

Exercise 5.2.4. |3|Let (U, V,X) be an SVD of a matrix A € C"*".
(a) Construct an SVD of the matrix A* € C"*™.

(b) Now assume that A is invertible (so that m = n). Construct an SVD of the
matrix AL
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Exercise 5.2.5. |3| Let A and B be two m X n-matrices. Prove that A and B are
unitarily equivalent if and only if the matrices A*A and B*B are unitarily similar.

A variant of the SVD is the so-called compact SVD, in which the unitary matrices
U and V are replaced by isometries and the pseudodiagonal matrix X is replaced
by a diagonal k x k-matrix for k = rank A:

Corollary 5.2.6. Let A € C"*". Let k = rank A. Then:
(a) There exist isometries U € C"™*F and V € C"*F and a diagonal matrix
Y. € C"™k such that all diagonal entries of X are positive reals and such that
A=UXV".
(b) The matrix X is unique up to permutation of its diagonal entries. (The
matrices U and V are usually not unique.)

(c) Let 0y, 02, ...,0, be the square roots of the n eigenvalues of the Hermitian
matrix A*A, listed in decreasing order (so that o4 > 02 > --- > 03,). Then, we
have 0}.1 = 031p = - -+ = 0, = 0, and we can take

Y. = diag (0q,02,...,0%) € Ckxk

in part (a).

| Exercise 5.2.6. [4] Prove Corollary

Exercise 5.2.7. |4 |Give a simple algorithm (without using eigenvalues or spectral
decomposition) to compute a compact SVD of a given rank-1 matrix.

6. Positive and nonnegative matrices ([HorJoh13,
Chapter 8])

6.1. Basics

Recall the triangle inequality:

Proposition 6.1.1 (triangle inequality). Let z1,2»,...,z, be n complex numbers.
Then:

(a) We have the inequality
2+ ool o+l 2 o bz .

(b) Equality holds in this inequality if and only if zj,zy, ..., z, have the same
argument (i.e., there exists some w € C such that z1,2),...,z, are nonnegative
real multiples of w).
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Definition 6.1.2. Let A € C"*™ be a matrix.

(a) We say that A is positive (and write A > 0) if all entries of A are positive
reals.

(b) We say that A is nonnegative (and write A > 0) if all entries of A are
nonnegative reals.

(c) We let |[A| € R"*™ be the nonnegative matrix obtained by replacing each
entry of A by its absolute value. In other words,

A1 |A12] o |Auw

|Ag1| |Azp| - |Aom]
|A| = . . .. .

|An,1| |An,2| |An,m

Remark 6.1.3. Recall that row vectors and column vectors are matrices. Thus,
the statements “v > 0” and “v > 0” and the notation |v| are defined for them as

well. If v = (01,0, ...,0¢)7, then |v] = (|o1], |02, ..., |v]).

Warning 6.1.4. Do not mistake |v| (a vector) for ||v|| (a number). Also, when A
is a matrix, do not mistake |A| for (an old notation for) the determinant of A.
(We always write det A for the determinant of A, so this confusion should not
arise.)

Let us stress once again that positive matrices and nonnegative matrices are re-
quired to have real entries by definition.

Exercise 6.1.1. | 1| Let v € C™ be a column vector. Prove that |||v]|| = ||v||, where
the left hand side means the length of |v|.

| Exercise 6.1.2. [1]Let A € C and A € C"*™. Prove that |AA| = |A| - |Al.

| Proposition 6.1.5. A matrix A € C"*™ is nonnegative if and only if |A| = A.

Proof. = If A is nonnegative, then each i and j satisfy A;; > 0 and thus ‘Ai,]-‘ =
Aj j; therefore, |A| = A.
<=:1If |A| = A, then A is nonnegative (since |A| is always nonnegative). O

Definition 6.1.6. Let A, B € R"*™ be two matrices with real entries. Then:

(@) We say that A > B if and only if A — B > 0 (or, equivalently, A;; > B;; for
alli € [n] and j € [m]).

(b) We say that A > B if and only if A — B > 0 (or, equivalently, A;; > B; ; for
alli € [n] and j € [m]).
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(c) We say that A < B if and only if A — B < 0 (or, equivalently, A;; < B;; for
alli € [n] and j € [m]).

(d) We say that A < B if and only if A — B < 0 (or, equivalently, A;; < B; ; for
alli € [n] and j € [m]).

1 2 0 2
| Example 6.1.7. We have(3 4) > (2 4).

The relations >, >, < and < are known as entrywise inequalities (specifically,
“entrywise greater or equal”, “entrywise greater”, etc.), since they are just saying
that each entry of A is >, >, < or < to the corresponding entry of B.

Remark 6.1.8. Again, recall that row vectors and column vectors are matrices
too; thus, Definition applies to them as well.

Proposition 6.1.9. (a) The relations >, >, < and < on R"™ " (introduced in
Definition [6.1.6) are transitive.

(b) The relations > and < are reflexive and antisymmetric (so they are weak
partial orders on IR"*™).

(c) Let A and B be two matrices in R**™. Then, the implications (A > B) =
(A>B)and (A <B) = (A < B) as well as the equivalences (A > B) <=
(B< A)and (A > B) <= (B < A) hold.

Proof. All of these are straightforward, since the relations >, >, < and < are just
entrywise inequalities. O

Warning 6.1.10. The relations > and < are not total orders (unless n < 1). For
instance, the row vector (2,1) is neither > nor < to (3,0).

Warning 6.1.11. Do not mistake the relation > on column vectors for the relation
= (majorization).

v>vand v < v and v > v and v < v, because the “for all” statements in
Definition are vacuously true. However, this is the only case in which a
vector v satisfies both v > v and v < v.

Warning 6.1.13. Given two matrices A and B, the relation A > B is not equivalent
to “A > B or A = B”. For example, (3,1) > (2,1) is true, but we have neither

‘ Warning 6.1.12. The trivial vector v = () € R? (with no entries at all) satisfies
‘ (2,1) > (3,1) nor (2,1) = (3,1).
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Exercise 6.1.3. [1| Let A € C"*" be a doubly stochastic matrix (see Definition
for the meaning of this). Let | be the n x n-matrix whose all entries equal
1. Prove that ] > A > 0.

Two complex numbers z and w always satisfy |z| - |w| = |zw|. For two matrices,
however, this equality is not usually satisfied; however, it survives as an inequality:

Proposition 6.1.14. Let A € C"*™ and B € C"*? be two matrices. Then,
[A]-[B| > |AB].
Proof. We must prove that (|A| - [B);, > |AB|;, for alli € [n] and k € [p].

So let i € [n] and k € [p]. Then, the definition of the product of two matrices
yields

m
(IA[-[B)ix = Y |Alij - 1Bl = Z |Aij] - |BJk| = Z |AijBj| = ZAZJBJk
j=1 N~~~ S~~~ v j=1 j=1
=[4ij| =[Bi] =[4i,Bjx|
(by the triangle inequality). In view of
’AB’zk_) AB)ix| = ZAIJB]k ’

we can rewrite this as (|A| - |B|);; > [AB];, qed. O
I Corollary 6.1.15. Let A € C"*" and k € N. Then, |A[f > | AK].
Proof. Induction on k, using Proposition |6.1.14| (and the fact that |I,| = I,,). O

It is not easy to characterize when the inequality in Proposition becomes
an equality. However, conclusions can be drawn in some cases. The following
proposition considers the case when the matrix B is a column vector (which we call
x to avoid unusual notations):

Proposition 6.1.16. Let A € C"*™ and x € C". Then:
(a) We have |A| - |x| > |Ax].

(b) If at least one row of A is positive and we have A > 0 and |Ax| = A - |x|,
then |x| = wx for some w € C satisfying |w| = 1.

() If x > 0and Ax = |A| x, then A = |A| (so that A > 0).
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Proof. (a) follows from Proposition [6.1.14

(b) Assume that at least one row of A is positive and we have A > 0 and |Ax| =
A x].

We have assumed that at least one row of A is positive. Let the i-th row of A be
positive. Thus, the numbers A; ; are positive reals for all j € [m].

Write x = (x1,%2,...,%y) . Thus, |x| = (|x1], |x2|,.. ., [xm])T.

From |Ax| = A - |x|, we obtain

3

(the i-th entry of |Ax|) = (the i-th entry of A - |x|) = Aij- |xj]

=[ 4|
(since A>0 and thus Ai/jZO)

4

m
=2 |Aijx;
j=1
so that

|Ajjxj| = (the i-th entry of |Ax|) = |the i-th entry of Ax]|
1

]

m

m
) Aijxj
=1

m
(since the i-th entry of Ax is ) A;;x;). This is an equality case of the triangle
j=1

inequality. Thus, the complex numbers A; ;x; for all j € [m] have the same argument
(by Proposition (b)). In other words, the numbers x; for all j € [m] have the
same argument (since all the A; ; are positive reals and thus we have arg (Ai/jxj) =
arg x;). Let ¢ be this argument, and let w := e~'?. Then, w is a complex number
satistying |w| = 1, and the numbers wxj, wxy, ..., wx, are nonnegative reals. This
shows that wx > 0, so that |wx| = wx. However, Exercise yields |wx| =
|w| - |x| = |x|. Comparing these two equalities, we obtain |x| = wx. Theorem

1
(b) is thus proven.
(c) Suppose x > 0 and Ax = |A| x. We must show that A = |A| (so that A > 0).
Write x = (x1, xp, .. .,xm)T. Thus, x1, x2, ..., X, are positive reals (since x > 0).
Fix i € [n]. Then,
(the i-th entry of Ax) = (the i-th entry of |A|x).

In other words,

m

m m
Y Aijxi =), |Aij %, =) Ay
j=1 j=1 —— j=1

=|Aixj]

(since x; is a positive real)
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m
This shows that ) A; jx; is a nonnegative real. Furthermore, we obtain
j=1

(by the triangle inequality)

m m m
Y Aijxp =) |Aixj| > | ) Aijx
j:l j=1 j:1

m
> Z Ai,]'x]-.
j=1

This is a chain of inequalities in which the first and the last side are equal. Thus,

all inequalities in it must be equalities. In particular, we thus have equality in the
m m

triangle inequality )’ }Ai/]-xj‘ > | X Aijx;
j=1 j=1

. Hence, the complex numbers A; jx; for

m
all j € [m] have the same argument (by Proposition |6.1.1| (b)). Their sum )~ A;;x;
=1

m
therefore has the same argument as them; but since we know that this sum ‘21 Ajjx;

]:
is a nonnegative real, we thus conclude that this common argument is 0. In other
words, the complex numbers A; ;x; for all j € [m] are nonnegative reals. Since
X1,X2,..., Xy are positive reals, this means that the Ai/j for all j € [m] are nonnega-
tive reals. Since we have proved this for all i € [n], we thus conclude that all entries
of A are nonnegative reals. Hence, A > 0, so that A = |A|. This proves Theorem

6.1.16 (c). O
Proposition 6.1.17. (a) If A,B,C,D € C"*" satisfy A < B and C < D, then
A+C<B+D.
(b) If A,B € C"™"™ and C € C"*P satisfy A < B and 0 < C, then AC < BC.
(©If A,Be C"™™and C € CP*" satisfty A < Band 0 < C, then CA < CB.

dIfABeC”™ and C,D € C"*P satisfy 0 < A < Band 0 < C < D, then
0< AC < BD.

(e)If A,B € C"" satisty 0 < A < B, and if k € IN, then 0 < Ak < Bk,

Proof. (a) For alliand j, we have A;; < B; ;and C;; < D;; and therefore A; ; + C;; <
Bi,j + Di,j- But this means A + C < B+ D.

(b) Assume A < Band 0 < C. Leti € [n] and k € [p]. The definition of the
product of two matrices yields

m m
(Ac)i,k = Z Ai,jcj,k with (Bc)i,k = Z Bi/]'C]"k.
= =

The right hand side of the first equality is < to the right hand side of the second,
because all j € [m] satisfy A;; < B;; (since A < B) and C;jx > 0 (since 0 < C).
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Thus, we obtain (AC);; < (BC);,. Since we have proved this for all i and k, we
thus obtain AC < BC. This proves Proposition 6.1.17] (b).

(c) Similar to (b).

(d) Part (b) yields AC < BC. Part (c) (applied to C, D and B instead of A, B and
C) yields BC < BD. Since the relation < is transitive, we can conclude AC < BD
from these two inequalities.

(e) Follows from (d) by induction on k. O

Exercise 6.1.4. |2| Let n,m, p be three positive integers.

(@) Show that any two positive matrices A € R"*™ and B € R"*7 satisfy
AB > 0.

(b) Now, assume that m > 1. Find an example of two nonzero nonnegative
matrices A € R"*" and B € R™*? that nevertheless satisfy AB = 0.

6.2. The spectral radius

Definition 6.2.1. The spectral radius p (A) of a matrix A € C"*" (with n > 0) is
defined to be the largest absolute value of an eigenvalue of A. That is,

0(A):=max{[A| | A €c(A)}.

Note that p (A) is always a nonnegative real.
Some examples:

e If A = diag(Aq,A2,...,Ay), then p(A) = max{|A], |A2],..., |An|}. More
generally, this is true if A is a triangular matrix with diagonal entries Ay, Ay, ..., Ay.

* By Exercise[3.4.2] (equivalence A <= C), a square matrix A satisfies p (A) =0
if and only if A is nilpotent.

The following is obvious:
| Lemmasé6.2.2. Let A € Cand A € C"*" (where n > 0). Then, p (AA) = |A]-p (A).

It is furthermore easy to see that each n X n-matrix A € C"*" (with n > 0)
satisfies p (AT) = p (A*) = p (A).

Theorem 6.2.3. Let A € C"*" and B € R"*" be such that B > |A| and n > 0.
Then, p (A) < p(B).
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Proof of Theorem If p(A) = 0, then this is obvious. So, WLOG assume that
p(A)>0.
1

We can thus scale both matrices A and B by the positive real P—( A) This does
not break the inequality B > |A|, and also does not break the claim p (A) < p (B)
(by Lemma [6.2.2).

Thus, we WLOG assume that p (A) = 1. (This is achieved by the scaling we just
mentioned.)

This yields that A has an eigenvalue A with |A| = 1. Let A be such an eigenvalue,
and let v be a nonzero A-eigenvector. Thus, Av = Av. Hence,

Ao = A" for any m € IN. (119)

(This follows easily by induction on m.)

Now, we must prove p (A) < p (B). In other words, we must prove that 1 < p (B)
(since p (A) = 1). Assume the contrary. Thus, p (B) < 1. Hence, all eigenvalues of
B have absolute value < 1. Therefore, Corollary (applied to B instead of A)

shows that lim B™ = 0. Therefore, lim B™ - |v| = 0.
m—»00 m—»00

However, let m € IN. Then, B > |A| > 0 entails B" > |A|" (by Proposition 6.1.17]
(e)). Also, |A|"™ > |A™]| (by Corollary |6.1.15). Thus, B"™ > |A|" > |A™|. Hence,
using Proposition (b), we obtain

B™ - |v| > |A™] - || (since |v]| > 0)
> |A"| (by Proposition [6.1.14))
= [A"0] (by (I19))

At o by Exercise [6.1.2))
A" ol (by p12)

—|AI"=1

(since |A|=1)
= [o].
Taking limits as m — oo, we obtain lim B" - |v| > lim |v| = |v| # 0 (since v is
m—»00 m—ro0

nonzero). This contradicts liin B™ . |v] = 0. This contradiction shows that our

m—00
assumption was false, and the proof of Theorem is complete. O

Corollary 6.2.4. Let A € C"*" and B € R"*" be such that B > |A| and n > 0.
Then, p (A) < p(|A]) < p (B).

Proof. Applying Theorem to |A| instead of B, we get p (A) < p (|A]).
Applying Theorem to |A| instead of A, we get p(|A|) < p(B) (since
[ A[] = |AD-
Hence, Corollary is proved. O
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Corollary 6.2.5. Let A € R"*" and B € R"*" satisfty B > A > 0 and n > 0. Then,
p(A) <p(B).

Proof. We have |A| = A. Thus, we can apply Theorem [6.2.3] O

Corollary 6.2.6. Let A € R"*" satisfy A > 0 and n > 0.

(a) If A is a principal submatrix of A (that is, a matrix obtained from A by
removing a bunch of rows along with the corresponding columns), then p (ﬁ) <
p(A).

(b) We have max {A;; | i € [n]} <p(A).

(c) If A;; > 0 for some i € [n], then p (A) > 0.

Proof. (a) Let A be a principal submatrix of A. For simplicity, I assume that A is A
with the n-th row and the n-th column removed@ Thus,

A= ( A ])/\ ) (in block-matrix notation) (120)
x

for some nonnegative x € R™*("~1), y ¢ R"~1>x1 and A € R. Let

B:= ( 1(‘)1 8 ) (in block-matrix notation), (121)

where the three Os have the same dimensions as the x, y and A above. Comparing
1} with , we see that A > B (since x > 0and y > 0 and A > 0). Also, A>0
(since A > 0) and thus B > 0. Thus, A > B > 0. Hence, Corollary [6.2.5 (applied to
B and A instead of A and B) yields p (B) < p (A).

However, it is easy to see from (121) that o (B) = ¢ (ﬁ) U {0} (for example, be-

cause we can pick any Schur triangularization (U, T) of A, and then obtain a Schur

triangularization (U’, T’) of B by setting U’ = ( %[ (1) ) and T' = ( g 8 ))

Hence, p (B) = p <g> (because inserting 0 into a set of nonnegative reals cannot

change the maximum of this set). Hence, p (B) < p (A) rewrites as p (ﬁ) <p(A).
This proves Corollary ().

(b) We must show that A;; < p(A) for alli € [n].

So let i € [n]. Then, the 1 x 1-matrix ( A;; ) is a principal submatrix of A
(obtained by removing all rows of A other than the i-th one, and all columns of
A other than the i-th one). Hence, part (a) yields p (( A;;i )) < p(A). However,

since the only eigenvalue of the 1 x 1-matrix ( A;; ) is A;;, we have p (( A )) =

*4The proof in the general case is similar; it just requires more notational work.
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|Aij| = Aj; (since A > 0). Therefore, A;; = p(( Aii )) < p(A). This proves
Corollary (b).
(c) Follows from (b). O

I Exercise 6.2.1. |1|Let A € R"*" satisfy A > 0 and n > 0. Prove that p (A) > 0.

Exercise 6.2.2. |2|Let A € C"*" and B € R"*" be such that B > |A| and n > 0.
Prove that p (A) < p (B).

[Hint: Show that there exists some real A > 1 such that B > A - |A|/]
Let us next prove some more bounds for p (A) when A is a nonnegative matrix.
We will use the following notionsﬂ
Definition 6.2.7. Let IF be a field. Let A € F"*"™.

(a) The column sums of A are the m sums

n
A;;j = (the sum of all entries of the j-th column of A)

i=1

for j € [m].

(b) The row sums of A are

m
Ajj = (the sum of all entries of the i-th row of A)
j=1

for i € [n].
(c) Now, assume that F = C and n > 0 and m > 0. Then, we set

m
||A||o := (the largest row sum of |A|) = mﬁ( Ay ]
€l i3

J

and

n
|A]]; := (the largest column sum of |A|) = m[a>]< YAl -
JEIM] =1

These two numbers ||A||,, and ||Al|; are called the co-norm and the 1-norm of A
(for reasons that will be explained in a later chapter).

%Recall that maxa; is a shorthand notation for max{a; | i € I} (when I is a set and 4; is a real
1€

number for each i € I).
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Example 6.2.8. The column sums of a 2 X 2-matrix ( Z Z ) area+cand b+d,
whereas its row sums are a + b and c +d.

Warning 6.2.9. Let A be a matrix. Then, the sum of all rows of A is a row vector
whose entries are the column sums (not the row sums!) of A. Likewise, the sum

of all columns of A is a column vector whose entries are the row sums (not the
column sums!) of A.

The following is obvious:

Remark 6.2.10. Let A € [F"*" be a matrix over a field IF.
(a) The row sums of A are the column sums of AT, and vice versa.
(b) If F =Candn > 0and m > 0, then ||A||,, = ||AT||, and ||A]|; = ||AT|]..

We can now bound the spectral radius of a matrix in terms of its 1-norm and its
co-norm:

Lemma 6.2.11. Let A € C"*" with n > 0. Then:
(@) We have p (A) < ||A]|w-
(b) If A > 0 and if all row sums of A are equal, then p (A) = ||A||-
(c) We have p (A) < ||All;.
(d) If A > 0 and if all column sums of A are equal, then p (A) = || A]l;.

Proof. (@) We have p (A) = |A| for some eigenvalue A of A (by the definition
of p(A)). Consider this A, and let v = (01,02,...,vn)T € C" be a nonzero A-
eigenvector of A. Then, Av = Av.

Choose an i € [n] such that |v;| = max {|v1|,|v2],...,|vs|}. Then, |v;| > 0 (since
v is nonzero). Furthermore,

|| < |vi] for each j € [n] (122)

(since |v;| = max {|v1],|v2|,. .., |vn|}).
n
Now, the i-th entry of the column vector Avis )}  A;;v; (by the definition of the
j=1
product Av); however, the same entry is Av; (since Av = Av). Comparing these two
facts, we obtain

n
)\Ui = Z Ai,]'ZJj.
j=1
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Taking absolute values on both sides of this equality, we obtain

n
|Avi| = Z Ajjoj| < Z ‘Ai,jvj| (by the triangle inequality)
j=1 j=1 S——
=[Aij]-|oj < Aij ol
(by (122))
n
<2 1Al il
j=1
Since |Av;| = |A| - |vi|, we can rewrite this as

n
AL Joil < ) [Aij] - Joil.
j=1
Since |v;| > 0, we can cancel |v;| from this inequality, and thus we obtain

n
Al <) |Aij| = (the i-th row sum of |A|)
j=1

< (the largest row sum of |A|) = ||A]|, -

Since p (A) = |A|, this rewrites as p (A) < ||Al|- This proves Lemma [6.2.11] (a).

(b) Assume that A > 0 and that all row sums of A are equal. Lete = (1,1,..., 1)T €

IR", and let x be the common value of the row sums of A. Then, all row sums of
A equal x; in other words, we have Ae = «xe (since Ae is the column vector whose
entries are the row sums of A, whereas «e is the column vector whose entries are
K, %,...,k). Hence, x is an eigenvalue of A (since e # 0), so that p (A) > |k| = «
—

n times

(since A > 0 entails x > 0).
On the other hand, |A| = A (since A > 0). Now, Lemma [6.2.11| (a) yields

p(A) <Al = (the largest row sum of |A]| ) = (the largest row sum of A) = «
——
=A

(since all row sums of A are x). Combining this with p (A) > x, we obtain p (A) =

k = ||Al| - This proves Lemma [6.2.11| (b).
(c) This follows by applying Lemma [6.2.11| (a) of the lemma to AT instead of A,
and recalling that ||AT|| = [|A]]; and p (AT) = p (A).

(d) This follows by applying Lemma 6.2.11| (b) of the lemma to AT instead of A,
and recalling that ||AT|| = ||A]|; and p (AT) = p(A) and the row sums of AT
are the column sums of A. O
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Remark 6.2.12. We note that the converse of Lemma [6.2.11] (b) is false: For ex-
1 00

ample, the 3 x 3-matrix A:= | 0 0 1 | satisfies A > 0and p(A) = ||A||w,
000
but the row sums of A are not all equal.

Next, let us bound the spectral radius p (A) of a matrix A from both sides when
A>0:

Theorem 6.2.13. Let A € R"*" satisfy A > 0 and n > 0. Then,

(the smallest row sum of A) < p (A) < (the largest row sum of A).
Proof. We have |A| = A (since A > 0). Now, Lemma [6.2.11| (a) yields

p (A) <||Al|, = | the largest row sum of |A| | = (the largest row sum of A).
~
—A

Hence, it remains to prove that (the smallest row sum of A) < p (A).

Let r1,72,...,r, be the row sums of A. Let r; be the smallest among them. We
must thus prove thatr; < p (A). If r; = 0, then this is obvious. So let WLOG assume
that r; > 0. Hence, all n numbers r1,7,...,r, are positive (since the smallest among
them is r; > 0) and thus nonzero.

. .1

Let B the n x n-matrix whose (u, v)-th entry is r—lAu,v for all u,v € [n]. Thus,
u

B is obtained from the matrix A by scaling each row by a certain positive real factor

ri ,
(namely, r—l for the u-th row) chosen in such a way that the row sums all become 7;.

Hence, theu matrix B is > 0 (since A > 0, and since all # numbers rq,7,...,r, are
positive), and its row sums are all equal to r;. Hence, Lemma |6.2.11| (b) (applied to
B instead of A) yields

p (B) = ||B|| = | the largest row sum of  |B]
—~—

B
(since B>0)

= (the largest row sum of B) = r; (123)

. vi
(since all row sums of B are r;). However, for each u,v € [n], we have —A, , < A, »
r

u
(since r; < 1y (because r; is the smallest among the numbers r1,7,,...,74)). In

. . r
other words, B < A (since the entries of B are the numbers —IAM, whereas the
Ty

56This is well-defined, since 7, # 0 (because all n numbers r1,73,...,r, are nonzero).
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corresponding entries of A are A, ). Hence, Corollary (applied to B and A
instead of A and B) yields p (B) < p (A). Thus, (123) becomes r; = p (B) < p (A).

This proves Theorem 6.2.13 O

Corollary 6.2.14. Let A € R"*" satisfy A > 0and n > 0. Let x1,x3,...,x, be any
n positive reals. Then,

mmz A,]<p() maz A]
ZE[ 16[]]71]

Proof. Let D = diag (x1,x2,...,%,). Then, DAD~! is the n x n-matrix whose (i, j)-
th entry is xiAi,]'xj_1 = %Ai,j for all i,j € [n]. Thus, DAD~! > 0 (since A > 0 and
j

since x1, X7, ..., X, are positive). Hence, Theorem |6.2.13| (applied to DAD! instead
of A) yields

<the smallest row sum of DADfl) <p (DAD*1> < (the largest row sum of DAD*1> )

In view of p (DAD™!) = p (A) (which is a consequence of the fact that the matrices

DAD™! and A are similar and thus have the same spectrum), we can rewrite this
as

(the smallest row sum of DAD_l) <p(A) < (the largest row sum of DAD_1> .

Now, it remains only to notice that the row sums of DAD~! are exactly the sums
n .

Y, LA fori € [n]. O
=1 %j

Remark 6.2.15. If the matrix A in Corollary |6.2.14] is positive, then there is a

choice of x1,x,...,x, > 0 such that both of the inequalities become equalities.
(This follows from Theorem [6.3.2] (c) further below.)

Corollary 6.2.16. Let A € R"*" satisfy A > 0 and n > 0.
Let x € R" satisfy x > 0.
Let a be a nonnegative real. Then:

(@) If Ax > ax, then p (A) > a.
(b) If Ax > ax, then p (A) >
(0) If Ax < ax, then p (A) <
(d) If Ax < ax, then p (A) <

Proof. Write x as x = (x1,xp,... ,xn) . Then, the n numbers x1,xy, ..., X, are pos-
itive reals (since x > 0); hence, their reciprocals 1/xy, 1/x2, ..., 1/x, are well-
defined positive reals as well.
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(a) Assume that Ax > ax. Then, for each i € [n], we have
n
) Aj;x; = (the i-th entry of Ax)
=1

> (the i-th entry of ax) (since Ax > ax)
= nXx;. (124)

However, Corollary |6.2.14] (applied to 1/x; instead of x) yields

The first of these two inequalities yields

/xz
A) > mm = min A %X = min — A;ix;
o (4) i€n Z 1/9(] Aij i€n] ; 2 I i€[n] Xi = Z b7
A/_/ A/—/
1 >ox;
:x_iAinf (by (128)
1

> min — - aX; = mina = a.
i€n] X; ien]
;\/_/
=u

This proves Corollary [6.2.16| (a).

(b) The proof is analogous to the proof of Corollary [6.2.16| (a), but uses > signs
instead of > signs.

(c) The proof is similar to the proof of Corollary [6.2.16| (a), but uses > signs
instead of > signs and uses max instead of min.

(d) The proof is analogous to the proof of Corollary [6.2.16] (c). O

Corollary 6.2.17. Let A € R"*" satisfy A > O and n > 0 and p(A) = 1. Let
w € R" satisfy w > 0 and w # 0. Then:
(a) We always have Aw > 0.
(b) If Aw > w, then Aw = w > 0.
Proof. Write the vector was w = (wq, wy, ..., wn)T. Then, the numbers wq, wo, ..., wy

are nonnegative reals (since w > 0). Moreover, at least one k € [n] satisfies wy # 0
(since w # 0). Consider this k. Thus, w; > 0 (since w > 0).

n
(a) For each i € [n], the i-th entry of Aw is ). A;;w;. This is a sum of nonnegative
=1

addends (since A > 0 and w > 0), and at least one of these addends is actually
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positive (indeed, A > 0 entails A;; > 0 and thus A;; wy > 0). Hence, this sum is

=~
>0 >0

positive. We have thus shown that for each i € [n], the i-th entry of Aw is positive.
In other words, Aw > 0. This proves Corollary [6.2.17] (a).

(b) Assume that Aw > w. Let z := Aw — w. Then, z = Aw — w > 0. However,
Corollary [6.2.17] (a) also yields Aw > 0.

We claim that z = 0. Indeed, assume the contrary. Thus, z # 0. Hence, Corollary
(a) (applied to z instead of w) yields Az > 0. Therefore, AAw > Aw (since
AAw — Aw = A (Aw —w) = Az > 0). Also, A > 0 (since A > 0). Hence, Corollary

———
=z
(b) (applied to x = Aw and « = 1) yields p (A) > 1, which contradicts
p (A) = 1. This contradiction shows that our assumption was wrong. Hence, z = 0
is proved. Thus, Aw = w (since Aw —w = z = 0). Hence, w = Aw > 0. This

proves Corollary (b). O

6.3. Perron—Frobenius theorems

We now come to the most important results about nonnegative matrices: the
Perron-Frobenius theorems.

6.3.1. Motivation

Let us first motivate the theorems using a less general (but more intuitive) setting.

Recall a standard situation in probability theory: Consider a system (e.g., a slot
machine) that can be in one of n possible states s1,sy,...,5,. Every minute, the
system randomly changes states according to the following rule: If the system is
in state s;, then it changes to state s; with probability P;;, where P is a (fixed, pre-
determined) nonnegative n x n-matrix whose row sums all equal 1 (such a matrix
is called row-stochastic). This is commonly known as a Markov chain.

Given such a Markov chain, one often wonders about its “steady state”: If you
wait long enough, how likely is the system to be in a given state?

09 0.1
05 0.5
states s; and sy, and the probability of going from state s; to state s, (any given
minute) is 0.1, whereas the probability of going from state s; to state s; (that is,
staying at state s1) is 0.9, and the probability of going from state s; to either state
is 0.5.

We encode the two states s; and s, as the basis vectors e; = (1,0) and e; =
(0,1) of the vector space R'*? (we work with row vectors here for convenience).
Thus, a probability distribution on the set of states (i.e., a distribution of the form
“state s; with probability a; and state s, with probability a,”) corresponds to a
row vector (aj,a;) € R*? satisfying a; > 0 and ap > 0 and a; +a; = 1.

Example 6.3.1. Let P = . This corresponds to a system that has two
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If we start at state s; and let k minutes pass, then the probability distribution
for the resulting state is s;P¥ (why?). More generally, if we start with a probabil-
ity distribution d € R*2 and let k minutes pass, then the resulting state will be
distributed according to dP* (why?). So our question about the steady state can

be rewritten as follows: What is klirn dP* ? Does this limit even exist?
—00

We can notice one thing right away: If the limit klim dP* exists, then this limit
— 00

is a left 1-eigenvector of P, in the sense that it is a row vector y such that yP =y
(because if we set y = lim dP¥, then we have y = lim dP¥ = lim d PF"1 =

k—ro0 k—o0 k= S~~~
=Pkp
(klirn de) P = yP). Since it is furthermore a probability distribution (because
—00

it is a limit of probability distributions), we can easily compute it (indeed, our
matrix P has only one left 1-eigenvector up to scaling, and the scaling factor is
uniquely determined by the requirement that it be a probability distribution).

We obtain 5 1
lim dP* = (2,2 ).
P (6’6)

But does this limit actually exist? Yes: In our specific example, it does; but
this isn’t quite that obvious. Note that this limit (known as the steady state of the
Markov chain) actually does not depend on the starting distribution d.

Does this generalize? Not always. Here are two examples where things go bad:

e IfP=1, = ( (1) (1) ), then klim dP* = d for each d, so the limits do depend
—00

ond.

o If P = ( (1) (1) ), then klim dPF does not exist unless d = (0.5, 0.5), since in
—00

all other cases the sequence (dP¥), . oscillates between (a1,42) and (a2, a1).

k>0

Perhaps surprisingly, such bad cases are an exception. For most row-stochastic
matrices P (that is, nonnegative matrices whose row sums all equal 1), there is a
unique steady state (i.e., left 1-eigenvector whose entries sum up to 1), and it can be

obtained as klim dP* for any starting distribution d. To be more precise, this holds
—00

whenever P is positive (i.e., all P;; > 0). Some weaker assumptions also suffice.

More general versions of these facts hold even if we don’t assume P to be row-
stochastic, but merely require P > 0 (or P > 0 with some extra conditions). These
will be the Perron and Perron-Frobenius theorems.

6.3.2. The theorems

We can now state the Perron and Perron-Frobenius theorems; we will prove them
later:
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Theorem 6.3.2 (Perron theorem). Let A € R"*" satisfy A > 0 and n > 0. Then:
(a) We have p (A) > 0.

(b) The number p (A) is an eigenvalue of A and has algebraic multiplicity 1
(and therefore geometric multiplicity 1 as well).

(c) There is a unique p (A)-eigenvector x = (x1,xy,...,%;)" € C" of A with
x1 +x2 +--- 4+ x, = 1. This eigenvector x is furthermore positive. (It is called
the Perron vector of A.)

(d) There is a unique vector y = (yl,yz,...,yn)T € C" such that yTA =
o (A)yT and x1y; + xay2 + - - - + x4y, = 1. This vector y is also positive.

(e) We have .
1
—A) — xy?l as m — oo.
(p (A) /

(f) The only eigenvalue of A that has absolute value p (A) is p (A) itself.

We will prove this soon, but first we have two more theorems to state. The
Perron theorem applies to positive matrices; but some parts of it can be adapted
to the more general situation of a nonnegative matrix. If we require nothing other
than nonnegativity, then only two statements hold:

Theorem 6.3.3 (Perron-Frobenius theorem 1). Let A € R"*" satisfy A > 0 and
n > 0. Then:

(a) The number p (A) is an eigenvalue of A.

(b) The matrix A has a nonzero nonnegative p (A)-eigenvector.

To get stronger statements without requiring A > 0, we need two further prop-
erties of A.

Definition 6.3.4. Let A € R"*" be an n X n-matrix with n > 0.

(a) We say that A is reducible if there exist two disjoint nonempty subsets I and
J of [n] such that I U] = [n] and such that

Aij=0 forallic Iandj €< J.

Equivalently, A is reducible if and only if there exists a permutation matrix P €
R™"*" such that

B C
P lAp = forsome Q0 <r<mn
O(nfr)xr D

and some matrices B, C, D.

(Note that P~1 AP is the matrix obtained from A by permuting the rows and then
permuting the columns using the same permutation.)
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(b) We say that A is irreducible if A is not reducible.
(c) We say that A is primitive if there exists some m > 0 such that A™ > 0.

Theorem 6.3.5 (Perron-Frobenius theorem 2). Let A € R"*" be nonnegative and
irreducible and satisfy n > 0. Then:

(a) We have p (A) > 0.

(b) The number p (A) is an eigenvalue of A and has algebraic multiplicity 1
(and therefore geometric multiplicity 1 as well).

(c) There is a unique p (A)-eigenvector x = (x1,%z,...,%;)] € C" of A with
x1 +x2 +--- 4+ x, = 1. This eigenvector x is furthermore positive. (It is called
the Perron vector of A.)

(d) There is a unique vector y = (y1,v2,...,ys). € C" such that yTA =
o (A)yT and x1y1 + x2y2 + - - - + Xuyn = 1. This vector y is also positive.

(e) Assume furthermore that A is primitive. We have

1 m T
— A — X as m — oo.
(p(A) ) Y

(f) Assume again that A is primitive. The only eigenvalue of A that has abso-
lute value p (A) is p (A) itself.

Remark 6.3.6. If A is the row-stochastic matrix P corresponding to a Markov
chain, then:

¢ Aisirreducible if and only if there is no set of states from which you cannot
escape (except for the empty set and for the set of all states);

* A is primitive if and only if there is an m > 0 such that we can get from
any state to any state in exactly m minutes (this technical condition rules
out the kind of “oscillation” that prevented us from finding a steady state

forP:<(1) (1)))

6.3.3. Proof of Perron

We shall now approach the proof of the Perron theorem (Theorem [6.3.2). We begin
with some notations:

Definition 6.3.7. For the rest of this subsection, we shall use the following nota-
tions:
Let n be a fixed positive integer. Let e := (1,1,..., 1)T e R".
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Remark 6.3.8. (a) An n x n-matrix A satisfies Ae = e if and only if all row sums
of A equal 1.

(b) An 1 x n-matrix A satisfies e’ A = el if and only if all column sums of A
equal 1.

Proof of Remark (a) This is because the entries of the column vector Ae are the
row sums of A, while the entries of the column vector e are all 1.

(b) This is because the entries of the row vector el A are the column sums of A,
while the entries of the row vector e’ are all 1. H

Next, we state a few lemmas. The first one is an instance of the obvious idea
that when some addends in a sum have different signs, they interfere destructively
with each other:

Lemma 6.3.9. Let y € R" and v = (v1, v, .. .,vn)T € R" be two column vectors
such that y > 0 and y # 0 and yTU = 0. Let ay,ay,...,a, be nonnegative reals.
Then, there exists some proper subset K of [n] such that

< Y ag ||

kekK

n
Z Ax 0k
k=1

Proof. Let
P:={ke[n] | vy >0} and N:={ke[n] | v <O0}.

Then, P and N are two disjoint subsets of [n], and every k € [n] \ (P U N) satisfies
n
v = 0. Therefore, we can break up the sum ) a;vy as follows:

k=1
¥ o= ¥ )
ayvy = ax Uk + ay (o
k=1 kepP ol keN — o]
— Yk — 1%
(since ke P and thus v;>0) (since keN and thus v, <0)
=Y ao = ) axfoi]- (125)

keP keN

Note that both sums Y a;|vk| and Y ai|vk| are nonnegative (since ay,ay, ..., a,
kep keN
are nonnegative). However, it is easy to see that |x — y| < max{x,y} for any two

nonnegative reals x and y. Applying this to x = Y ay |vx| and y = Y ag |vk|, we
kep keN

thus obtain

Y a o] — ) a |vk]

keP keN

§max{2ak|vk|, Zak|vk|}.

keP keN
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Therefore,

Y axlox| — Y axlokl| < ) axloxl, (126)

kep keN keK
where K is either P or N depending on whether Y ay|vx| > Y ag|vg| or not.
kepP keN

Consider this K. Clearly, K is a subset of [n].

We shall now show that K is a proper subset of [n]. Indeed, assume the contrary.
Thus, K = [n]. However, K is either P or N (by definition). We WLOG assume that
K = P (since the case K = N is analogous). Thus, P = K = [n]. In other words,
vr > 0 for each k € [n] (by the definition of P). In other words, v > 0.

Write the vector y as v = (y1,2, .. .,yn)T. Then, at least one k € [n] satisfies
yx 7 0 (since y # 0). Consider this k. Then, y; > 0 (since y > 0).
n

However, y'v = ¥ y;vj. This is a sum of nonnegative reals (since y > 0 and v >
j=1
0), and at least one of its addends is actually positive (indeed, v (o > 0).
—

>0 >0
(since v>0)

Thus, the entire sum is positive. Therefore, yTv > 0. But this contradicts yTU =0.
This contradiction shows that our assumption was false. Hence, we have shown
that K is a proper subset of [n]. Furthermore, from (125), we obtain

Y ag|oe] = Y aploel| < Y ag vk

keP keN keK

n
2 arOk
k=1

(by (126))). This proves Lemma O

The next three lemmas will help us derive some parts of Theorem from
others:

Lemma 6.3.10 (crucifix lemma, stochastic case). Let A € R"*" satisfy A > 0 and
Ae =e. Lety € R" satisfy yTA = yT and y > 0 and y’e = 1 (that is, the sum of
all entries of y is 1). Then,

A" = eyt as m — oo.

Proof. Write the vector y = (y1,V2,...,Yn)’. Then, the entries y1,Va,...,n are
nonnegative reals (since y > 0), and we have y'e = y1 +y» + -+ + yy, (since e =
(1,1,...,1)7). Hence, y1 +yo+ - +yn = yTe = 1.

Thus, the n numbers y1,¥5,...,y, are nonnegative reals whose sum is 1 (since
Y1 +y2+ -+ vy, = 1). Hence, all these n numbers y1,y>, ...,y lie in the interval
[0,1]. In other words,

y; € [0,1] for each j € [n]. (127)
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From Ae = e, we conclude that all row sums of A equal 1 (by Remark (@)).
Since A > 0, this implies that all entries A, of A satisfy

0<Au, <L (128)
Let
p:=1—min{A,, | u,v € [n]}.
Then, 0 < u < 1 (by (128))). We claim the following:

Claim 1: For each i € [n] and each proper subset K of [n], we have

Y Ak <
kek

[Proof of Claim 1: Let i € [n]. Let K be a proper subset of [n]. Then, there exists

at least one element j € [n] satisfying j ¢ K. Consider this j. Then, Y. A;x > A;;
ke(n];
K

(since A > 0 entails that all A;; are nonnegative). However,

Y A= Z} Ajk — ) A <1- Ajj

keK ke[n ke[n]; e
—— kéK >min{Ay, | uven]}
=(the i-th row sum of A) S~
=1 >4
(since all row sums of A equal 1)
<l-v=u (by the definition of ).

This proves Claim 1.]

Next, we claim:

Claim 2: For any i,j € [n] and any m € IN, we have

(4 -ar),

Once Claim 2 is proved, it will follow easily that (A" — eyT)l.]. — 0asm — oo

(because 0 < u < 1), so that A™ — ey, and the lemma will thus follow.
[Proof of Claim 2: We induct on m:
Base case: For any i, € [n], we have

(Ao _ eyT)i,j _ <A0>i,j Y= &
H/—/

m

<u.

yi  €[-L1]
~ ~—
€01} €[]

:(I;)i,j by [27))
=5

and therefore ‘ (AO —eyT)..

i <1= ;40. In other words, Claim 2 holds for m = 0.

January 4, 2022



Math 504 notes page 248

Induction step: Let p € IN. Assume (as the induction hypothesis) that Claim 2
holds for m = p. We must now show that Claim 2 also holds for m = p + 1.
Let
B:= AP —ey’ and C:= AP — ¢yl

Our induction hypothesis says that Claim 2 holds for m = p. In other words, for
all i,j € [n], we have )(AP — eyT)i].‘ < uP. In other words, for all ;,j € [n], we have

|Bij| < uP (129)

(since B = AP —ey?).
Our goal is to show that Claim 2 holds for m = p + 1. In other words, our goal is

to show that for all 7, j € [n], we have ‘ (AP — eyT)l.].‘ < uP*1. In other words, our
goal is to show that for all ,j € [n], we have |C; j| < uP*! (since C = AP —eyT).
Fix i, € [n]. Thus we must prove that |Ci,]~| < ubtl,

From B = A? — ey, we obtain

AB:A(AP—eyT) = AAL — AeyT = Artl— eyl = C.

—Ap+1 =e

Hence, C = AB, so that (by the definition of the product of two matrices we have)

n
Cij= ) AirB,. (130)
k=1

For each m € IN, we have
]/T AMm — yT
(indeed, this is easily proved by induction on m, using the fact that yTA = y7).
Applying this to m = p, we obtain yT A7 = yT.
Recall that B, ; denotes the j-th column of the matrix B. We have
T B =yt (AP —eyT) = yTAP — yTe yT =T — T =0,
y:;:yTy( y) y:ﬁ/i—(yyy

and thus yTB.,]- = 0 (since yTB.,]- is the j-th entry of the row vector y' B). Also, from
yTe = 1 # 0, we obtain y # 0. Hence, Lemma (applied to B, ; and By ; and
A instead of v and vy and a;) yields that there exists some proper subset K of [#]
such that

< Y Aik|Bl- (131)
keK

n
Y. Ak By
k=1
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Consider this K. Now, from (130), we obtain

n
|Cijl = | X2 AixBrj| < ) Ak | B (by (131))
k=1 keK ~
<uP
(by (129),
applied to k instead of i)
< Z Ajx P (since A;x > 0 for all k)
keK
H/_/
<
(by Claim 1)
< =t

As we explained above, this completes the induction step. Thus, Claim 2 is proved.]

Finishing the proof of Lemma [6.3.10| is now easy: We have 0 < py < 1 and
therefore u™ — 0 as m — oo. Thus, Claim 2 shows that for any i,j € [n], we have

A™ —eyT) =0 as m — oo.
(a7=a),

In other words, A™ — ey’ — 0 as m — co. In other words, A” — ey’ as m — oo.
This proves Lemma |6.3.10 O

Next, we generalize Lemma [6.3.10| by replacing e by an arbitrary positive vector
x:

Lemma 6.3.11 (crucifix lemma, general case). Let A € R"*" satisfy A > 0. Let
x € R" satisfy Ax = x and x > 0. Let y € R" satisfy yTA = y” and y > 0 and
yTx = 1. Then,

A — xyT as m — .

Proof. We can easily reduce this to Lemma [6.3.10

Indeed, write the vector x as x = (x1,x2,..., xn)T. Thus, x1, xy, ..., x, are positive
reals (since x > 0). Let
D := diag (x1,x2,...,%n) .

Thus, we easily obtain De = x. Moreover, the matrix D is diagonal, so that DT = D.
Furthermore, we have
D 'AD >0

(since the (u,v)-th entry of the matrix D™'AD is x,' A,, x, > 0 for each
0 0 >0
> >

u,v € [n]) and
D 'ADe =e
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(since A De = Ax = x = De) and
~~

=X

T p-1ap—,TPpp-1 _ T _ T
(Dy)) D "AD=y DD _AD=y AD=y'D

——
—y"DT=yTD =Iy =yT
(since DT=D)
and
(Dy)' =y" DL =y"D >0
=D

(sincey > 0and D > 0) and

T, _ T — TN —
@y) e=y De =y'x=1

:yTD
Hence, we can apply Lemma|6.3.10[to D! AD and Dy instead of A and y. We thus
obtain that

=X

(DflAD>m —e(Dy)" as m — oo.

Since we have (D"'AD)" = D~'A™D for each m € N (in fact, this is essentially
the equality we proved long ago), we can rewrite this as

D'A"D — ¢ (Dy)" as m — oo

Multiplying both sides by D from the left and by D! from the right, we can
transform this into

A™ — De (Dy)' D7} as m — oo.
In other words,
A" — xyT as m — oo
. TpHy-1_ ,.T -1_ ..,,T ;
(since De (Dy)" D™ =xy QDI = xy"). This proves Lemma|6.3.11 O
=X _.T =l1n
=y D

Lemma 6.3.12. Let A € C"*" and B € C"*" be two matrices such that p (A) =1
and rank B < 1. Assume that

A™ — B as m — oo. (132)

Then:

(@) The number 1 is an eigenvalue of A and has algebraic multiplicity 1 (and
therefore geometric multiplicity 1 as well).

(b) There is at most one 1l-eigenvector x = (xl,xg,...,xn)T € C" of A with
X1+x2+--+x, =1

(c) There is at most one vector y = (y1,Y2, .. .,yn)T € C" such that yTA = yT
and xjy1 + xoy2 + - - - + xuyn = 1.

(d) The only eigenvalue of A that has absolute value 1 is 1.
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Proof. We know that A has a Schur triangularization. Let (U, T) be a Schur trian-
gularization of A. Then, U € C"*" is unitary and T € C"*" is upper-triangular and
A = UTU*. Since U is unitary, we have U* = U~! sothat A = LIT\U: =UurTtu-L
—y-1
Moreover, Proposition shows that the diagonal entries of T are the eigenval-
ues of A (with their algebraic multiplicities). Let A1, Ay, ..., A, be these diagonal
entries, in the order in which they appear on the diagonal of T. Thus, A1, Ay, ..., Ay
are the eigenvalues of A.
For each m € IN, we have

AW::(UTu—gm @ﬂmeA::UTu—Q
= ur"u-?

(this is essentially the equality we proved long ago). Hence, our assumption
(132) can be rewritten as follows:

ur"u-! — B as m — oo. (133)

Thus, T™ converges to a limit (namely, to U~1BU) as m — co. Therefore, each entry
of T™ converges to a limit as m — oco. In particular, hgn (T™); ; is well-defined for
m—o0 4

each i € [n]. However, since T is an upper-triangular matrix with diagonal entries
A, A, ..o, Ay, its m-th power T™ (for each m € IN) is an upper-triangular matrix
with diagonal entries AJ", A}, ..., AJl. In particular, we have (Tm)i,l- = A" for each
i € [n]. Therefore, n%l_rgo A" is well-defined for each i € [n] (since we have shown

that li_1>n (T™); ; is well-defined for each i € [n]). This shows that
m—o0 4

Al <lorA; =1 for each i € [n]. (134)

If we had |A;] < 1 for each i € [n], then we would have p(A) < 1 (since
A1, Ag, ..., Ay are the eigenvalues of A); but this would contradict p (A) = 1. Hence,
we cannot have |A;| < 1 for each i € [n]. According to (134), this shows that at
least one i € [n] satisfies A; = 1. In other words, 1 is an eigenvalue of A (since
A, Ag, ..., Ay are the eigenvalues of A). Moreover, shows that the only eigen-
value of A that has absolute value 1 is 1. This proves Lemma (d).

Let k be the number of all i € [n] that satisfy A; = 1. The matrix lim T is an

m—o0
upper-triangular matrix whose diagonal entries are lim A}, lim A%, ..., lim A}
m—00 1 2 m n

m—o0 — 00
(since each T™ is an upper-triangular matrix whose diagonal entries are A[", A7', ..., AJl).

In view of (134), we conclude that exactly k of these diagonal entries are nonzero

(since |A;] < 1 entails li_r>n A" =0, whereas A; = 1 entails li_r>n Al = li_r)n 1" =1).
m—r00 m—»0o m—»00

Therefore, the matrix li_r}n T™ has rank > k (since the rank of an upper-triangular
m—o0

matrix is always > to the number of its diagonal entries that are nonzer. There-

fore, the matrix U ( li_r>n Tm) U~ has rank > k as well (since U is invertible, so
m o0

This can be proved in several ways; for example, nonzero diagonal entries can be used to create
a nonzero principal minor.
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that rank (U ( lim Tm) U_1> = rank ( lim T’”)). In other words, the matrix B

m—00 m—00

has rank > k (since (133) yields U ( lim Tm> U~ = B). In view of the assumption

m—o0
rank B < 1, this entails k < 1. In other words, at most one i € [n] satisfies A; = 1

(since k is the number of all i € [n] that satisfy A; = 1). In other words, the alge-
braic multiplicity of the eigenvalue 1 of A is at most 1 (since Ay, Ay, ..., Ay, are the
eigenvalues of A). Since this multiplicity is at least 1 (because we know that 1 is an
eigenvalue of A), we thus conclude that this multiplicity is 1. This proves Lemma
(a).

The geometric multiplicity of the eigenvalue 1 of A is therefore also 1. Hence,
the 1-eigenvectors x = (xl,xz,...,xn)T € C" of A form a 1-dimensional vector
subspace of C". Thus, at most one of these 1-eigenvectors x satisfies x; + xp 4 - - - +
x, = 1. This proves Lemma (b).

The matrices A and AT have the same characteristic polynomial, and thus have
the same eigenvalues with the same algebraic multiplicities. Hence, the algebraic
multiplicity of the eigenvalue 1 of AT equals the algebraic multiplicity of the eigen-
value 1 of A. Since the latter multiplicity is 1, we thus conclude that the former is
1 as well. Hence, the geometric multiplicity of the eigenvalue 1 of AT must also
equal 1.

The vectors y = (y1, Y2, - - .,yn)T € C" satisfying yT A = yT are the 1-eigenvectors
of AT (since the equality yTA = y' is equivalent to ATy = y (because y'A =

(ATy) T)). Hence, they form a 1-dimensional vector subspace of C" (since the ge-
ometric multiplicity of the eigenvalue 1 of AT is 1). Thus, at most one of these
vectors y satisfies x1y1 + x2y2 + - - - + x,y, = 1. This proves Lemma [6.3.12| (c). [

Proving Theorem is now an easy matter of combining lemmas:

Proof of Theorem (@) We have A > 0. Thus, all the more, we have A;; > 0 for
some i € [n]. Hence, Corollary (o) yields p (A) > 0. This proves Theorem [6.3.2)
(a).

This also shows that the matrix LA is well-defined. Moreover, LA >

P (A) P (A)
0 (since A > 0). The matrix MA has the same eigenvectors as A (with the
same algebraic multiplicities), while the corresponding eigenvalues are those of A
multiplied by ﬁ Hence, if we replace A by ﬁA, then the claim of Theorem
does not substantially change (i.e., it gets replaced by an equivalent claim).

1
Thus, let us replace A by MA. This replacement causes p (A) to become 1
1

(since p (ﬁfl) = mp (A) =1). Thus, we have p (A) = 1 now.

Next, we shall show that A has a positive 1-eigenvector. Indeed, from p (A) =1,
we see that A has an eigenvalue A € C with |A| = 1. Consider this A. Pick any
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nonzero A-eigenvector z = (z1,2p, .. .,zn)T € C" of A. Thus, Az = Az. Moreover,
z # 0 and thus |z| # 0. Also, clearly, |z| > 0.
From A > 0, we obtain A = |A|. Hence,

A |z| =A] - |z| = | Az (by Proposition [6.1.16] (a))
=|A| =Az
= [Az[ = AL -z| = 2]
—

=1

Thus, Corollary (b) (applied to w = |z|) yields A |z| = |z| > 0. In other
words, |z| is a positive 1-eigenvector of A.

We have thus constructed a positive 1-eigenvector of A. The same argument
(applied to AT instead of A) lets us construct a positive 1-eigenvector of AT (since
A > 0 entails AT > 0, and since p (AT) = p(A) = 1). Let these two eigenvectors
be x and y (with x being the 1-eigenvector of A and y being the one of AT). Thus,
x € R" satisfies Ax = x and x > 0, whereas y € R" satisfies ATy = y and y > 0.

Write the vectors x and y as x = (x1,xp, .. .,xn)T and y = (y1, Y2, .- .,yn)T.

By scaling x by an appropriately chosen real scalar’, we can achieve x1 + x2 +
-+ x, = 1. So we WLOG assume that xy + xo + - - -+ x, = 1.

Moreover, by scaling y by an appropriately chosen positive real scalar @ we can
achieve yTx = 1 (without disturbing the properties ATy = y and y > 0). So we
WLOG assume that yTx = 1. In other words, x1y; + x2y2 + - - - + X,y = 1 (since
ylx = xqy1 + X202 + - + XnYn)-

By taking transposes on both sides of the equality ATy = y, we obtain yTA =y

(since (ATy)T = yT A). Thus, Lemma [6.3.11|yields

T

A™ — xyT as m — oo. (135)
y

1
This proves Theorem [6.3.2{ (e) (since mA = A (because p (A) = 1)).

The matrix xy! has rank
rank (xyT> <rankx <1

(since x is a column vector). Hence, we can apply Lemma [6.3.12/ to B = xy!

(because of (135)).
Lemma 6.3.12] (a) tells us that the number 1 is an eigenvalue of A and has al-

gebraic multiplicity 1 (and therefore geometric multiplicity 1 as well). In view of
p (A) =1, this proves Theorem (b).

1
%namely, by the scalar
Xp+ X+ Xp

YSpecifically, we must scale y by T (which is a well-defined positive real scalar, since x > 0 and

y > 0 entail y'x > 0).
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Lemma (d) tells us that the only eigenvalue of A that has absolute value 1
is 1. In view of p (A) = 1, this proves Theorem ).

We already know that x = (x1,%s,...,x,)" € C" is an 1-eigenvector of A with
X1+ X2+ -+ -+ x, = 1. Moreover, Lemma (b) tells us that there is at most
one such 1-eigenvector; therefore, x is the only such 1-eigenvector. This proves
Theorem (c) (since p (A) = 1, and since we also know that x is positive).

We already know that y = (y1,v2,...,y,)" € C" is a vector such that yTA = yT
and x1y1 + x2y2 + - - - + xuyn = 1. Moreover, Lemma (c) tells us that there is
at most one such vector; therefore, y is the only such vector. This proves Theorem
(c) (since p (A) = 1, and since we know that y is positive). O

We shall now prove the Perron-Frobenius theorems.

[.]
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