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1 EXERCISE 1

1.1 PROBLEM
Let p be a prime. Let k € N.

( k ) 1, ifk=-1 mod p;
= _ mod p.
p—1 0, ifk#—-1 modp

()=[2] mar

1.2 SOLUTION

(a) Prove that

(b) Prove that
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2 EXERCISE 2

2.1 PROBLEM

A polynomial p (z) with rational coefficients is called integer-valued if it has the property
that p(a) € Z for each a € Z.

An integer-valued polynomial p (z) is called congruence-preserving if it has the following
additional property: If n,a,b are three integers satisfying a = b mod n, then p (a) = p (b)
mod n.

The substitution principle for congruences yields that every polynomial with integer

coefficients is congruence-preserving.
-1
On the other hand, the polynomial p (z) = % = (920) is integer-valued but not

congruence-preserving (because 1 =3 mod 2 but p (1) # p(3) mod 2).
Prove that the polynomial

b= 20 ()

is integer-valued and congruence-preserving (despite not having integer coefficients). Thus,
all inclusions in

{polynomials with integer coefficients}
C {congruence-preserving integer-valued polynomials}

C {integer-valued polynomials}

are strict.

2.2 SOLUTION

3 EXERCISE 3

3.1 PROBLEM

Let m and n be two coprime positive integers. Prove that

MZ[%”J MUEDIEH)

k=0

3.2 SOLUTION
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4 BEXERCISE 4

4.1 PROBLEM

Let P (x) and (s, s1, S2,...) be as in Exercise 3.4.1. (That is, P (z) is a polynomial with
integer coefficients, and (s, $1, So, . ..) is the integer sequence defined recursively by sq = 0
and s; = P (s;_1) for all i > 1.) Prove that

ged (84, 8p) = ‘Sgcd(a,b)’ for any a,b € N.

[Hint: Show that ged (sq,$p) = ged (Sa, Sp—a) Whenever a < b; then argue by strong
induction as in the proof of the Bezout theorem.|

4.2 SOLUTION

5 EXERCISE 5

5.1 PROBLEM

Let p be a prime such that p =3 mod 4.

(a) Prove that there exists no ¢ € Z such that ¢ = —1 mod p.

(b) Prove that if a,b € Z are two integers satisfying a® + b* = 0 mod p, then a and b are
multiples of p.

(c) Prove that there exist no two rational numbers a and b such that a® + b* = p.

[Hint: For part (a), apply Exercise 3.6.4 (d) and note that (p — 1) /2 is odd. For part
(b), use modular inverses modulo p. Note that part (c) generalizes Exercise 3.6.1.]

5.2 SOLUTION

6 EXERCISE 6

6.1 PROBLEM

Prove that there exist infinitely many primes that are congruent to 1 modulo 4.
[Hint: You can use Exercise 5 (a).]
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6.2 SOLUTION
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