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1 Exercise 1

1.1 Problem

Let n be a positive integer. For each k ∈ {1, 2, . . . , n− 1}, we let

ak := (n− k)
k−2∏
i=0

(n− i) = (n− k) (n− k + 2) (n− k + 3) · · ·n.

Prove that
n−1∑
k=1

ak = n!− 1.

1.2 Solution

...
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2 Exercise 2

2.1 Problem

Let n ∈ N. Prove that
n∑

r=1

1

r

(
n

r

)
=

n∑
r=1

2r − 1

r
.

2.2 Solution

...

3 Exercise 3

3.1 Problem

Let n and p be positive integers such that p ≤ 2n. Prove that

n∑
k=p

2kk

(
2n− k − 1

n− 1

)
= 2pn

(
2n− p

n

)
.

3.2 Solution

...

4 Exercise 4

4.1 Problem

A country has n towns (with n ≥ 1), arranged along a linear road running from left to right.
Each town has a left bulldozer (standing on the road to the left of the town and facing left)
and a right bulldozer (standing on the road to the right of the town and facing right). The
sizes of the 2n bulldozers are distinct. Every time when a left and right bulldozer confront
each other, the larger bulldozer pushes the smaller one off the road. On the other hand,
bulldozers are unprotected at their rears; so, if a bulldozer reaches the rear-end of another
one, the first one pushes the second one off the road, regardless of their sizes.

For any two towns P and Q, we say that town P dominates town Q if the bulldozer of
P that is facing in the direction of Q can move over to Q without getting pushed off the
road.

Prove that there is exactly one town that is not dominated by any other town.
[Example: Here is one possibility for n = 5:

7A3 5B4 1C9 2D6 8E10 ,
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where A,B,C,D,E are the five towns and where each number stands for the size of the
corresponding bulldozer. It is easy to check that in this configuration, town A dominates
no other town; town B dominates towns A, C and D; town C dominates D and E; town
D dominates no other towns; town E dominates town D. Thus, the unique undominated
town is B.]

4.2 Solution

...

5 Exercise 5

5.1 Problem

Let k and n be two nonnegative integers. Let S be a set with size |S| ≥ k (n+ 1) − 1.
Assume that each n-element subset of S is colored either red or green. Prove that there
exist k pairwise disjoint n-element subsets of S that have the same color.

5.2 Solution

...

6 Exercise 6

6.1 Problem

Let n be a positive integer. You have n boxes, and each box contains a non-negative number
of pebbles. In each move, you are allowed to take two pebbles from an arbitrary box, throw
away one of the pebbles and put the other pebble in another box. (You can freely choose
these two boxes.) An initial configuration of pebbles is called solvable if it is possible to
reach a configuration with no empty box, in a finite (possibly zero) number of moves.

Prove that a configuration (a1, a2, . . . , an) (that is, a configuration in which box 1 has
a1 pebbles, box 2 has a2 pebbles, and so on) is solvable if and only if⌈a1

2

⌉
+
⌈a2
2

⌉
+ · · ·+

⌈an
2

⌉
≥ n.

Here, ⌈x⌉ denotes the ceiling of a real number x (that is, the smallest integer that is ≥ x).
[Example: The configuration (3, 0, 6, 0, 0) is solvable. Indeed, we can take two pebbles

from the first box and move one of them to the second, obtaining (1, 1, 6, 0, 0); then we
can take two pebbles from the third box and move one of them to the fourth, obtaining
(1, 1, 4, 1, 0); and finally take two pebbles from the third box and move one of them to the
fifth, obtaining (1, 1, 2, 1, 1).]
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6.2 Solution

...
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