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1 EXERCISE 1

1.1 PROBLEM

Let u be a positive integer. Let & € N. Define a sequence (ag, ai,as,...) of integers by
setting

ay, = <Z> %ou for each n € N.

Show that this sequence (ag, a1, as, . ..) is uk!-periodic.

1.2 SOLUTION

2 EXERCISE 2

2.1 PROBLEM

Let u and v be two integers. Let (zg,z1,x2,...) be a (u,v)-recurrent sequence of integers
with zg = 0.
Show that all a,b € N satisfying a | b satisfy z, | x,.
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2.2 SOLUTION

3 EXERCISE 3

3.1 PROBLEM

Generalize the generalized Cassini identityE] further, to a claim about two (a,b)-recurrent

sequences (T, T1, Ta,...) and (Yo, Y1, Y2, - - -)-
[Hint: The left hand side will be ;1 1Yn—1 — TnYn.|

3.2 SOLUTION

4 EXERCISE 4

4.1 PROBLEM

Let a be any number. Let (zg, 1, 22, ...) and (Yo, y1, Y2, - - .) be two (a, 1)-recurrent sequences
of numbers with o = 0. (We don’t require anything of yo.) Let n,m € N satisfy n > m.
Prove that

Tn—mYnt+m = TnlYn — (_1)n+m TmYm-

4.2 SOLUTION

5 EXERCISE 5

5.1 PROBLEM

Let u and v be two integers such that u L v. Let (2o, x1, 22, .. .) be a (u, v)-recurrent sequence
of integers with g = 0 and z; = 1. Show that all a,b € N satisfy ged (z,, ) = |azgcd(a,b)’.

n—1

Ywhich says that @, 117, 1 — 22 = (—b) (xgxo — x%) for any (a, b)-recurrent sequence (zg,x1,Z2,...)
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5.2 SOLUTION

6 EXERCISE 6

6.1 PROBLEM
Let n € N. Prove that there exists some m € N such that (\/§ — 1)” =vm+1—/m.

6.2 SOLUTION

7 EXERCISE 7

7.1 PROBLEM

A sequence (ag,ay,as,...) of numbers is defined recursively by ay = —1 and a; = 0 and

an = a?_; —na,_o — 1 for all n > 1. Find ayqp.

7.2 SOLUTION

8 EXERCISE 8

8.1 PROBLEM
Let n € N. Prove that L(l + \/5) nJ is even if and only if n is odd.

8.2 SOLUTION
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9 EXERCISE 9

9.1 PROBLEM

Let m and k be two positive integers such that m | k + 1. Define a sequence (ag, ai, as, .. .)
of positive integers recursively by

ap =1, a; =1, ag =m and
k+ an_1a,—
ay = ——n=lone2 for each n > 3.
QAn—3
Prove that a,, is an integer for each n € N.
[Hint: Prove that each of the two subsequences (ag, as, a4, ag, . . .) and (ay, as, as, az, . . .)

is (a,b)-recurrent for some integers a and b (but not the same integers for both subse-
quences!).|

9.2 SOLUTION

10 EXERCISE 10

10.1 PROBLEM

Let (a,a+ d,a+ 2d,a+ 3d,...) be any (infinite) arithmetic progression with d # 0. Prove
that this arithmetic progression contains an infinite geometric progression as a subsequence
(i.e., there is an infinite strictly increasing sequence (ig, 1,12, ...) of nonnegative integers

such that (a + ipd, a +i1d,a + isd, . . .) is a geometric progression) if and only if g € Q.

10.2 SOLUTION
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