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due date: Wednesday, 13 February 2019 at the beginning of class,
or before that by email or canvas.

Please solve at most 3 of the 6 exercises!

1 Exercise 1: gcd basics

1.1 Problem

Prove the following:

(a) If a1, a2, b1, b2 are integers satisfying a1 | b1 and a2 | b2, then gcd (a1, a2) | gcd (b1, b2).

(b) If a, b, c, s are integers, then gcd (sa, sb, sc) = |s| gcd (a, b, c).

1.2 Solution

[...]
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2 Exercise 2: Products of gcds

2.1 Problem

Prove the following:
Any four integers u, v, x, y satisfy gcd (u, v) gcd (x, y) = gcd (ux, uy, vx, vy).

2.2 Solution

[...]

3 Exercise 3: The gcd-lcm connection for three
numbers

3.1 Problem

Let a, b, c be three integers. Prove that lcm (a, b, c) gcd (bc, ca, ab) = |abc|.

3.2 Solution

[...]

4 Exercise 4: Divisibility tests for 3, 9, 11, 7

4.1 Problem

Let n be a positive integer. Let “dkdk−1 · · · d0” be the decimal representation of n; this
means that d0, d1, . . . , dk are digits (i.e., elements of {0, 1, . . . , 9}) such that n = dk10

k +
dk−110

k−1 + · · ·+ d010
0. The digits d0, d1, . . . , dk are called the digits of n.

(Incidentally, the quickest way to find these digits is by repeated division with remainder:
To obtain the decimal representation of n ≥ 10, you take the decimal representation of n//10
and append the digit n%10 at the end. Thus,

d0 = n%10, d1 = (n//10)%10, d2 = ((n//10) //10)%10, etc.

But in this exercise, you can just assume that the decimal representation exists.)

(a) Prove that 3 | n if and only if 3 | dk + dk−1 + · · · + d0. (In other words, a positive
integer n is divisible by 3 if and only if the sum of its digits is divisible by 3.)

(b) Prove that 9 | n if and only if 9 | dk + dk−1 + · · · + d0. (In other words, a positive
integer n is divisible by 9 if and only if the sum of its digits is divisible by 9.)

(c) Prove that 11 | n if and only if 11 | (−1)k dk +(−1)k−1 dk−1 + · · ·+(−1)0 d0. (In other
words, a positive integer n is divisible by 11 if and only if the sum of its digits in the
even positions minus the sum of its digits in the odd positions is divisible by 11.)
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(d) Let q = dk10
k−1 + dk−110

k−2 + · · ·+ d110
0. (Equivalently, q = n//10 =

n− d0
10

; this is
the number obtained from n by dropping the least significant digit.) Prove that 7 | n
if and only if 7 | q − 2d0.

(This gives a recursive test for divisibility by 7.)

4.2 Solution

[...]

5 Exercise 5: A divisibility

5.1 Problem

Let n ∈ N. Prove that 7 | 32n+1 + 2n+2.

5.2 Solution

[...]

6 Exercise 6: A binomial coefficient sum

6.1 Problem

Let n ∈ N. Prove that
n∑

k=0

(
−2
k

)
= (−1)n ((n+ 2) //2) . (1)

6.2 Solution

[...]
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to match that in the citations above, see https://github.com/darijgr/
detnotes/releases/tag/2019-01-10 .
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