
Drexel University, Department of Mathematics

Math 222: Enumerative Combinatorics,
Fall 2019: Midterm 1

Darij Grinberg

December 16, 2019

due date: Friday, 2019-10-25 at the beginning of class,
or before that through Blackboard.

Please solve 5 of the 6 exercises!

This is a midterm, so collaboration is not allowed!

1 Exercise 1

1.1 Problem

Let n ∈ N. Prove that
n∑

k=0

(
2n+ 1

k

)
= 4n.

1.2 Solution

[...]
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2 Exercise 2

2.1 Problem

Let n ∈ N. Compute the number of 4-tuples (A,B,C,D) of subsets of [n] satisfying

A ∩B = C ∪D.

2.2 Solution

[...]

3 Exercise 3

3.1 Problem

Let m and n be two nonnegative integers such that m ≤ n. Let fm, fm+1, . . . , fn be any
n−m+ 1 numbers. Let gm, gm+1, . . . , gn+1 be any n−m+ 2 numbers. Prove that

n∑
k=m

fk (gk+1 − gk) +
n∑

k=m+1

gk (fk − fk−1) = fngn+1 − fmgm. (1)

3.2 Remark

This is a discrete version of the “integration by parts” formula∫ n

m

fg′ +

∫ n

m

gf ′ = (fg) (n)− (fg) (m)

from calculus.

3.3 Solution

[...]

4 Exercise 4

4.1 Problem

Let n ∈ N. Let T1, T2, . . . , Tn be n finite sets of integers. For each i ∈ [n], we let ai be the #
of even elements of Ti, and we let bi be the # of odd elements of Ti. Furthermore, for each
i ∈ [n], we set si = ai + bi = |Ti| and di = ai − bi.

An n-tuple (i1, i2, . . . , in) ∈ T1×T2×· · ·×Tn is said to be even if the sum i1+i2+ · · ·+in
is even. (For example, the 4-tuple (1, 0, 4, 1) is even, whereas (1, 0, 3, 1) is not.)

Prove that the # of even n-tuples (i1, i2, . . . , in) ∈ T1 × T2 × · · · × Tn equals
s1s2 · · · sn + d1d2 · · · dn

2
.
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4.2 Remark

This generalizes [hw1s, Exercise 6].

4.3 Solution

[...]

5 Exercise 5

5.1 Problem

Let A and B be two finite sets. Let n = |A| and m = |B|. Prove the following:

(a) For each b ∈ B, we have

(# of maps f : A→ B such that b ∈ f (A)) = mn − (m− 1)n .

(b) We have ∑
f :A→B

|f (A)| = m (mn − (m− 1)n) .

5.2 Remark

If f : A→ B is a map, then f (A) denotes the image of f (that is, the subset {f (a) | a ∈ A}
of B). More generally, if f : A→ B is a map and S is any subset of A, then f (S) denotes
the subset {f (a) | a ∈ S} of B.

The sum in part (b) of this exercise is a sum over all maps f from A to B. It can also
be written as

∑
f∈BA

|f (A)|. See [Math222, Example 1.2.4 (b)] for an example.

5.3 Solution

[...]

6 Exercise 6

6.1 Problem

Recall the Fibonacci sequence (f0, f1, f2, . . .). Prove that

n∑
i=0

(
n

i

)
fi+j = f2n+j (2)

for each n ∈ N and j ∈ N.
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6.2 Solution

[...]
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