DREXEL UNIVERSITY, DEPARTMENT OF MATHEMATICS

Math 222: Enumerative Combinatorics,
Fall 2019: Homework 2

Darij Grinberg

December 16, 2019

due date: Friday, 2019-10-18 at the beginning of class,
or before that by email (to darij.grinberg@drexel.edu ).

Please solve 5 of the 6 exercises!

1 EXERCISE 1

1.1 PROBLEM

For each n € N, we define the n-th harmonic number H, by

Prove that

for each n € N.

1.2 SOLUTION

]
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2 EXERCISE 2

2.1 PROBLEM
Let n € N. Compute the number of 4-tuples (A, B, C, D) of subsets of [n] satisfying

ANB=CnND.

[Hint: This is similar to [17f-hw3s, Exercise 1]. It is not necessary to be as detailed as
in the solution of part (a) of the latter exercise.|

2.2 SOLUTION
[.]

3 EXERCISE 3

3.1 PROBLEM

Let n € N. A subset S of [n] is said to be odd-sum if the sum of the elements of S is odd.
How many subsets of [n] are odd-sum?

3.2 SOLUTION
[..]

4 BEXERCISE 4

4.1 PROBLEM
Let n € N. Prove that
n.oo . —1)" 4 9ontl
e .
— 7 3

[Hint: Remember counting the pseudomino tilings on the previous problem set? Time
to count them again! (This is not the only possible solution.)]

4.2 SOLUTION
[..]
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5 EXERCISE 5

5.1 PROBLEM
Let n,k € R. Prove that

n n—1 n+1l) (n-—1 n+1 n (3)
k+1 k—1 k) \k k+1 k—1)
n!
' formula, keep in mind that it only

k! (n —k)!
holds for n, k € N with k£ <n. When in doubt, go back to the definition of (Z) ]

[Hint: Tempting as it may be to use the

5.2 SOLUTION
[.]

6 EXERCISE 6

6.1 PROBLEM

Fix an n € N and an n-element set X.

A filter basis (of X) means a nonempty set F' of nonempty subsets of X such that for
every A € F and B € I, there exists some C' € F' such that C C AN B.

For example, if X = [4], then {{1,3},{1,3,4},{1,2,3,4}} is a filter basis, and so is
{{2},{1,2,3},{1,2,4},{2,3,4}}. But {{2,3},{1,3},{1,2,3}} is not a filter basis (because
it contains no C' C {2,3} N{1,3}).

Prove the following:

(a) If F is a filter basis, then the intersection of all A € F' does itself belong to F.

n—1 n
92"-1,
(0)
k=0

6.2 SOLUTION

(b) The number of all filter bases is

o]
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