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n—1

Let us define a function H : N — N by H (n) = [] k! for every n € N.
k=0
Our goal is to prove the following theorem:

Theorem 0 (MacMahon). We have
Hb+c)H(c+a)H(a+0b)| H(a)H (b)H (¢c)H (a+b+c¢)
for every a € N, every b € N and every ¢ € N.

Remark: Here, we denote by N the set {0,1,2,...} (and not the set {1,2,3,...} , as
some authors do).

Before we come to the proof, first some definitions:

Notations.

e For any matrix A, we denote by A [ Z } the entry in the j-th column and the
i-th row of A. [This is usually denoted by A;; or by A, ;]

e Let R be aring. Let u € N and v € N, and let a;; be an element of R for every

i,7) €41,2,....,u} x{1,2,...,v}. Then, we denote a; 1) == the u x v matrix
7)€ {1,2 1,2 Th d by (ai;), =15, th

A € R**? which satisfies A [ Z } = a,; for every (i,7) € {1,2,...,u} x{1,2,...,v}.

e Let R be a commutative ring with unity. Let P € R[X] be a polynomial. Let
J € N. Then, we denote by coeff; P the coefficient of the polynomial P before
X7, (In particular, this implies coeff; P = 0 for every j > deg P.)

We recall a fact from linear algebra:

Theorem 1 (Vandermonde determinant). Let R be a commutative
ring with unity. Let m € N. Let ay, as, ..., a,, be m elements of R. Then,

ot (@)= I (e-a.

(i,5)€{1,2,....,m}%;
i>7

We are more interested in a corollary - and generalization - of this fact:

Theorem 2 (generalized Vandermonde determinant). Let R be a
commutative ring with unity. Let m € N. For every j € {1,2,...,m}, let
P; € R[X] be a polynomial such that deg (P;) < j — 1. Let a1, as, ..., an,
be m elements of R. Then,

det ((Pj (ai))ifg%) = ﬁcoeffj—l (F) - II (a; — a;).



Both Theorems 1 and 2 can be deduced from the following lemma:

Lemma 3. Let R be a commutative ring with unity. Let m € N. For every
Jj€{1,2,...,m}, let P; € R[X] be a polynomial such that deg (P;) < j—1.

Let aq, ao, ..., a,, be m elements of R. Then,
1<5<m i 1\ 1<5<m
det <(‘P] (ai))1§i§m> = Hcoeffj_l (£;) - det (( @; )1§z§m> :
j=1

Proof of Lemma 3. For every j € {1,2,...,m}, we have P; (X) = Z coeffy, (P;)- X*

(since deg (P;) < j—1 < m —1, since j < m). Thus, for every i E {1 2,...,m} and
j€{1,2,...,m}, we have

m—1
P;(a;) = coeffy, (P Z a¥ - coeffy, (P Zak L. coeff, (P))
(here we Substltuted k —1 for k in the sum) :

Hence,
(P (@), =iz = (al ™) 2l - (coeft;y (P)Zi20 (1)

1<i<m 1<i<
(according to the definition of the product of two matrices).

But the matrix (coeff; ; (Pj))igg: is upper triangular (since coeff;_; (P;) = 0 for

1<j<m

everyi € {1,2,...,m}and j € {1,2,...,m} satisfying i > j 1); hence, det ((coeffi_l (Pj))12i2m> =
I coeff;_1 (P;) (since the determinant of an upper triangular matrix equals the prod-

uct of its diagonal entries).
Now, (1) yields

1<5<m

det ((PJ (az))igﬁl) = det (( z 1)1<'L<m (coeff; (PJ»EE::)
1<j<m i<m
= det (( al” 1)1§Z§ ) - det ((Coeffi—l (P]))Efiﬁ

/

'
m

= -H1 coeff; 1 (Pj)
j=

= det (( a; 12::) Hcoeﬂ:] 1 Hcoeffj 1 - det (( a; 1)1;;”;),

and thus, Lemma 3 is proven.

Proof of Theorem 1. For every j € {1,2,...,m}, define a polynomial P; € R[X] by
j—1

(X) = II (X —ag). Then, P; is a monic polynomial of degree j — 1 (since P; is a
k=1

product of j — 1 monic polynomials of degree 1 each?). In other words, deg (P;) = j —1

P

J

"because i > j yields i — 1 > j — 1, thus i — 1 > deg (P;) (since deg (P;) < j — 1) and therefore
coeffi,l (P]) =0
2because X — ay is a monic polynomial of degree 1 for every k € {1,2,...,5 — 1}, and we have
j—1
P (X) =TT (X -~



and coeff;_; (P;) = 1 for every j € {1,2,...,m}. Obviously, deg (P;) = j — 1 yields
deg (P;) < j —1 for every j € {1,2,...,m}. Thus, Lemma 3 yields

det (P (@)= ) = Hw%1 )-det (a7, 220 2)

But the matrix (P; (%))EZS:;

{1,2,..,m} and j € {1,2,...,m)} satisfying i < j  ?); hence, det ((Pj (ai))}§g§§> _

is lower triangular (since P; (a;) = 0 for every i €

m
I1 P; (a;) (since the determinant of a lower triangular matrix equals the product of its

diagonal entries). Thus, (2) becomes

[17 @ Iﬁwhl )-det ((a7),220)
j=1 o
Since [] coeff;_; (P;) = [[ 1 = 1, this simplifies to
jzl\—_fl—/ j:1
- 1\ 1<i<m
HP (a;) = det (( @; )1<z<m)
j=1
Thus,
1<5< - - =
i—1\1<i<m
det ((ai )1§i§m> = HP)J (aj) = H (aj - ak)
j=1 j=1 k=1
~— —~—
— H H =
]6{12 ..... m} kE{lQ ----- Jj—1} kE{l,Q, ,m}
k<j
j—1 Jj—1
(since P (X) = H (X — ay) yields Pj(a;) = H (a; — ay)
k=1 k=1
= ] I (6—a)= 1T (aj —ar) = 11
je{1,2,...,m} ke{1,2,...m}; (,k)e{1,2,....,m}?; (i,5)e{1,2,...,m}?;
k<j k<j J<i

(here we renamed j and k as ¢ and j in the product)

= I  (u-q.

(1,5)€{1,2,...,m}?;
i>7

3because i < j yields i < j — 1 (since i and j are integers) and thus

j—1 Jj—1
P; (a;) = H (a; — a) <since P; (X)= H (X — ak)>
k=1 k=1
=0
j—1
(since the factor of the product [] (a; —ax) for k =i equals a; — a; = 0)
k=1



Hence, Theorem 1 is proven.
Proof of Theorem 2. Lemma 3 yields

1< <m 1\ 1<i<m
det <(PJ (a;) 1<f<m> HCOQHJ 1 det (( @; )1§1§m>
- 0 (w-a)
(1,5)€{1,2,...,m}?;
1>)
by Theorem 1

= Hcoeffj—l () - I (w-a.

(i,)€{1,2,....m}*;
1>]

Hence, Theorem 2 is proven.
A consequence of Theorem 2:

Corollary 4. Let R be a commutative ring with unity. Let m € N. Let

ai, as, ..., a,, be m elements of R. Then,
i1 1<j<m
det (H (a; — k)) = H (a; —aj).
k=1 1<i<m (1.4)€{1,2,....m}?;

1>)

Proof of Corollary 4. For every j € {1,2,...,m}, define a polynomial P; € R[X] by
j—1
P; (X) = [] (X — k). Then, P; is a monic polynomial of degree j — 1 (since P; is a
k=1
product of j — 1 monic polynomials of degree 1 each?). In other words, deg (P;) = j—1
and coeff;_; (P;) = 1 for every j € {1,2,...,m}. Obviously, deg (F;) = j — 1 yields
deg (P;) < j—1 for every j € {1,2,. m} Thus, Theorem 2 yields

1< <m
det ((P] (a;) 1<f<m> | | coeff;_1 ( | | (a; — a;) .
2,7 1,2,....m 2;
( J)G{Dj }

Jj—1

Since Pj(a;) = H( — k) for every i € {1,2,....,m} and j € {1,2,...,m} (since

j—1
P; (X) = ]I (X —k)), this becomes
k=1
i 1<j<m m
det <H (ai — k‘)) = H coeﬁ“jfl (P]) . H (Gi - Clj) .
k=1 1<i<m 3=1 (1.)€{1,2,...m}?;
i>j

“because X — k is a monic polynomial of degree 1 for every k € {1,2,....,j — 1}, and we have

PO =T (X -0



Since [] coeff;_; (P;) = [[ 1 = 1, this simplifies to
j=1 N ——— j

J=1
=1

det (ﬁ (a; — k))

k=1

Hence, Corollary 4 is proven.
Also notice that:

Lemma 5. Let m € N. Then,

1<j<m
1<i<m (i,5)e{1,2,...,m}?;
i>j
(i —j)=H (m)



Proof of Lemma 5. We have

I[I G-»= 11 (((+1) =G +1)
(i.4)€{1,2,...m}%; (i.1)€{0,1,...,m—1}?;
1>] i+1>5+1

(here we substituted ¢ + 1 and j 4+ 1 for ¢ and j in the product)

= I -9

(17_])6{0,177771—1}27
(>

since (i +1)— (j+1) =i — 7, and since
1+ 1>7+11isequivalent to ¢ > j

- 11 I e-0= TI I -9

1€{0,1,....m—1} je{0,1,....m—1}; 1€{0,1,....m—1} jEN;
i>7 j<m—1 and i>j

(since j € {0,1,...,m — 1} is equivalent to (j € Nand j <m — 1))
= 1T II -9
1€{0,1,....m—1}  j€EN;

i>j
~—

i—1
=1l =11
JEN; I=0
1<t
since for every i € {0,1,...,m — 1}, the assertion
(j <m—1andi>j) is equivalent to (i > j), because
if i > j, then j <m —1 (since i € {0,1,...,m — 1} yields i <m — 1)

i—1 %
= II Ile-»= 11 1l
i€{0,1,...,m—1} j=0 i€{0,1,....,m—1} j=1

=i!

(here we substituted ¢ — j for j in the second product)

m—1 m—1
= H il = H il = H k! (here we renamed i as k in the product)
i€{0,1,...,m—1} =0 k=0
m—1
- 1=0
= H (m).

Hence, Lemma 5 is proven.
Now let us prove Theorem 0: Let a € N, let b € N and let ¢ € N.

We have
a+b+c—1 a+b—1 a+b+c—1 a+b+c—1 c
H(a+b+ce)= [ ¥=J[ * J[ #=H@+b)- [[ H=H@+b) -J[a+b+i-1)
k=0 k=0 k=a+b k=a-+b i=1
=H (a+b)
(here we substituted a + b+ ¢ — 1 for k in the product), (3)



b+c—1 b—1 b+c—1 b+c—1 c

H(b+c)= Hk' Hk!-Hk!:H(b)-Hk!:H(b)-H(b+z‘—1)!

—H(b)
(here we substituted b+ ¢ — 1 for k in the product), (4)
ct+a—1 a—1 ct+a—1 ct+a—1 c
H (c+a) H =1[k- [ #=H@- [] #=H() [J(a+i-1)
k=0 k=a k=a i=1
=H(a)
(here we substituted a + i — 1 for k in the product) . (5)

Next, we show a lemma:

Lemma 6. For every i € N and j € N satisfying 2+ > 1 and j > 1, we have

a+bti—1 (a+b+i— 1) =
= ‘ — k).
(a+i—j) m+i—UL®+j—D!JIW+Z )

Proof of Lemma 6. One of the following two cases must hold:
Case 1: We have a +1i — j > 0.

Case 2: We have a +1 — j < 0.
In Case 1, we have

a+i1—1 ati—j a+i—1 a+1—1
(a—l—z—l'—Hk— I+ I k=G+i-si- ] &
k=1 k=ati—j+1 k=a+i—j+1
N——
=(a+i—j)!

7—1
=(a+i—j)!- H (a+1i—k) (here we substituted a + 4 — k for k in the product),
k=1

so that ,
(a+i-1)! ]1—[
(a+i—k (6)
(a+z—j Pl
Now,
<a+b+i—1>__ (a+b+i—1) B (a+b+i—1)
at+i—j ) (a+i—i-((a+b+i—1)—(a+i—j) (a+i—7)

b+j—1)
(since (a+b+i—1)—(a+i—j)=b+j—1)

B (a+b+1—1)! (at+i-1)
S (a+i—=D!-(b+j5—1)! (a—l—z—j)
a+b+i—1) -
:(a+S—D (b+j—1) £1a+z_ (by (6)).

Hence, Lemma 6 holds in Case 1.



In Case 2, we have

Jj—1 a+i—1 a+i j—1

[[a+i-k)= ] (a+i=k)- [] (a+i=k)- J[ (a+i—k)

k=1 k=1 ]\f:CH-’i , k=a+i+1
:a-‘ri—‘(,a-i-i):o

(since a+i—j < 0 yields a +i < j)

=0,
so that
b+1—1
(CH— *,—Z , )20 (since a +1i—j < 0)
a+1—7
B (a+b+1—1)! 0
S (a+i—1D-(b+j5—1)! ~
—]1:[(a+z k)
j—1
B (a+b+i—1)
T lati—1-(btj— D) g ati

Hence, Lemma 6 holds in Case 2.

Hence, in both cases, Lemma 6 holds. Thus, Lemma 6 always holds, and this
completes the proof of Lemma 6.

Another trivial lemma:

Lemma 7. Let R be a commutative ring with unity. Let v € Nand v € N,
and let a; ; be an element of R for every (i,7) € {1,2,...,u} x {1,2,...,v}.

(a) Let g, ag, ..., oy, be u elements of R. Then,
NS b o
(070 lfj =1, ) )1§]§’U . ( - )1§]§U
0, if j #£1 (@i 1<i<u — \Qilij)i<icy -
’ 1<i<u

(b) Let B1, Ba, ..., By be v elements of R. Then,
P . 1<j<v
1<j<w Bi, if j =1; ) _ 1<j<v
Q; q . : oo . = \Q; 9, . .
( ,J)1§zgu ({ 0, if j # i ( ,]ﬁ])lgzgu

(c) Let aq, g, ..., a, be u elements of R. Let (31, Ba, ..., B, be v elements
of R. Then,

P . 1<j<u P . 1<5j<v
({ g, lf] =1 ) '(CL' ,)1SJ:S'U,({ ﬁia lf] =1 ) _ (Oé'(l' 45')1§J:§v.
0,ifj#i ) o, e\l 0, it ), T s

(d) Let aq, ag, ..., a, be u elements of R. Let (31, (s, ..., 3, be v elements
of R. If u=wv, then

1< < 1< <
det ((aiai,jﬁ] 1<Z<;’> HO‘Z Hﬁl det ( 1<i<5> .



Proof of Lemma 7. (a) For every i € {1,2,...,u} and j € {1,2,...,v}, we have

z“: a, if0=i; 3 a, if0=i;
0,if ££i T 0,if 04 O

(=1 0e{1,2,...,u}
~—
_26{1,2 ,,,,, u}
= E . . Ay + E . . Oy
0, if ¢ #1 0, if ¢ #1
66{172,....7’11}; ~ 7 EE{LQ,.‘..,U};\ ~ 7
£=i =q;, since £=1 b =0, since £#1i
= > wmag+ Y Oeag = Y aa = )
0e{1,2,...,u}; 0e{1,2,...,u}; 0e{1,2,...,u}; Le{i}
=i 14 =i
=0
(since ¢ € {1,2,...,u} yields {¢ € {1,2,...,u} | ¢ =i} = {i})
= O./Z'CL,'J.
Thus,
. 1<5<v
. . 1<j<u u . i 7>
ay, lfj =1, -(CL‘ ‘)1§j§v o (07N if ¢ = 1, - . (aa‘ A)lgjgv
0, if j £1i ‘ 4, /1<i<u 0, if ¢ #1 4,j 19,5 )1<i<u,
Isisu =1 1<i<u

and thus, Lemma 7 (a) is proven.
(b) For every i € {1,2,...,u} and j € {1,2,...,v}, we have

2 W'{ 0,ifj#£0 > e 0, if j # ¢
(=1 e{1,2,...,v}
~—

e{1,2,...,v}

= 2 ‘W'{ 0 ifj e T2 wme

0, if j £/
0e{1,2,...,v}; o e{1,2,....v}; ’ lvj # _
t=j =0, since {=j 7] =0, since {#£j
yields j=¢ yields j#£¢
= Z a; o3 + Z a0 = Z a; 1B = Z a; o3
e{1,2,...,v}; e{1,2,...,v}; £e{1,2,...,v}; Le{j}
(=j A t=j
=0
(since j € {1,2,...,v} yields {¢ € {1,2,...,v} | ¢ =j} ={j})
= aLjﬁj-
Thus,
e N 1<j<w v e 1<jsv
C\I<i<v Bi, it j =14 _ o Be, it j = (. A<y
(Un,j)lgigu ({ 07 lfj 7éZ )1<'< = (;az,e { 0, lf] 7&6 - (awﬁj)lgiguv
v = <i<u

and thus, Lemma 7 (b) is proven.



(c) We have

i, if j =1; s . (a‘ .)1§j§U . By, it j =1 ==
0, itj£i )., hese (oA )

J/

NV
1<5<
:(O‘iai’j)lgggs by Lemma 7 (a)

B, if j =iy \
1<5<v is =1 _ 1<j<v
by Lemma 7 (b) (applied to o;a; ; instead of a; ;).

Thus, Lemma 7 (c) is proven.

a, it j=i; )= a, if j = i;

(d) The matrix ({ 0. if j £ i )1<i<u 0. if j £ i
every i € {1,2,...,u} and j € {1,2,...,u} satisfying j # 7). Since the determinant of a
diagonal matrix equals the product of its diagonal entries, this yields

a;, if j=14; ' S, iti=d T
det(({ 0, if j A )KM):H{ 0, if i £i :HO‘Z"

=q;, since 1=1%

B, ifi=14 V') ¢
det (({ 07 1f]7é2 )1<i§v) :Eﬁl

is diagonal (since { = 0 for

Similarly,

Lemma 7 (c) yields

- . 1<5<u op - . 1<5<v
(way 3, S5 = (1 @ 1T =1 o (a5 1= (L P =14 ==
17,7177 1<i<u 0’ lfj 7&2 6,3/ 1<i<u 0’ lf] 7&’1, .

1<i<u 1<i<v

Thus, if v = v, then

o, if j = ;| Biy it j =iy '

1<j<v iy — 1 1<5<5v iy =

det ((ai&i,jﬁj)@gg_u) = det (({ 0, if j # ) ais)icicu ({ 0, if j #4 ) )
) 1<i<u ! 1<i<w

i, if j =14\ B, ifj=d; '
o I3 = 1, . o 1<5<5v . () 2
e ({ 0, if j # 1 )1§z’§u> det <(a”)1§i§“> det (<{ 0, if j # 4 )199)

(. J (.
~\~ '

:ﬁ o =1£I Bi
=1 i=1

u v
= TTew T det (@ iZ52).
i=1 i=1

Thus, Lemma 7 (d) is proven.
Now, back to Theorem 0:

10



We have

1\ s
det ((a—l—b—i.—z ‘ ))
a+1—) 1<i<c

a+b+i—1) = e
-t ((a+(z—1)!-(b+;—1)!'H<“+’_k)) (by Lemma 6)

1<i<c

- 1<j<ec

(a+b+i—1) T 1 )
= det ( Ha—l—z—k) —_—
(a+1i—1)! Pl (b+j—1)! Lcice

1 1<j<e
(a+b+i—1)! ° g _
= t —
H (a+1i—1)! H b—|—z—1 de kl(a—i—z )

1<i<c

j—1

(by Lemma 7 (d), applied to R = Q, u = ¢, v = ¢, a;; = [[(a+i—k), a; =
k=1

1

(a+i—1)! T (b+i—1)

). Since

det <_(a+i—k)> = 1T (a+i)—(a+))

1<i<e (i.4)€{1.2,....c}%; —in

_z—j
1>
(by Corollary 4, applied to R = Z, m = c and a; = a + i for every ¢ € {1,2,...,¢c})
= H (1—j)=Hc) (by Lemma 5, applied to m = ¢),
(1.3)€{1,2,...c}%;
i>7

this becomes

a+b+i—1\)"= Cla+b+i—1) £
det = (7
) ((( ati—j ))@gc o b+z—1 -0

11



Now,

H@HMOHQH@+b+e 0 @QIOHET@rd)-[]{a+bri=1)

Hb+o)H(cta)Ha+b) — po. IT(b+i— 1) H(a) I] (a+i— 1) H(a+D)

(by (3), (4) and (5))

H(a+b—|—z—1) [T(a+b+i-1) |
- ¢ — c H(C>: Z:1c ¢ H(C)
[TO+i—1D!- ] (a+i—1)! II(a+i—-1) (b+i—1)!
i=1 i=1 i=1 =t
Clatbrio1) . 1
:il;ll (a—|—i—1)! zl;Il(b—f-Z—l)
T(a+b+i—1) H H (¢) = det <(a+b+i—1))1§]§c (by (7)
-1 (a+i-1I 24 b—i—z—l B at+i—j I<ice Y
(8)
€L
- 1<j<e
(since ((CH_ZH,_Z 1)) € 7). In other words,
a+i—]j 1<i<e

HOb+c)H(c+a)H(a+0b)|H(a)H (b)H (c)H (a+b+c).
Thus, Theorem 0 is proven.

Remarks.
1. Theorem 0 was briefly mentioned (with a combinatorial interpretation, but
without proof) on the first page of [1]. It also follows from the formula (2.1) in [3]
: H(a)H(()H (¢)H (a+b+c) c (a+b+i—1)!(i—1)! .
(since Aot H ettt  MaricDioric 1)!), or, equivalently,
the formula (2.17) in [4]. It is also generalized in [2], Section 429 (where one has to
consider the limit x — 1).

2. We can prove more:

Theorem 8. For every a € N, every b € N and every ¢ € N, we have

me b () ) e () ).

We recall a useful fact to help us in the proof:

Theorem 9, the Vandermonde convolution identity. Let x € Z and
y € Z. Let q € Z. Then,

(206

(The sum on the right hand side is an infinite sum, but only finitely many
of its addends are nonzero.)

12



Proof of Theorem 8. For every i € {1,2,...,c} and every j € {1,2,...,c}, we have

<a+b+i—1) :Z(azb>(a+§:;—k>

a+1—) o
(by Theorem 9, applied tox =a+b,y=i—1land g=a+1i — j)

_Z< a+b )( i—1 )
S \a—j+1 a+i—j—(a—j+70)
(here we substituted a — j + ¢ for k in the sum)

-2 ()6

N s () ()

ez,
tez; a—j+L/\i-{ ez,
(0<i—£<i—1 is true) (0<i—£<i—1 is false) =0, since i—1>0 and
h g g (Oéi—fﬁi—l is false)
= X =X
LEL; LEL;
0<i—<i—1 1<0<i
(since 0<i—¢<i—1 is
equivalent to 1<¢<7)
a+b 1—1 a+b a+0b 1—1
2D 1 VRS () R DR (a9 REED O (R )
LED; J VAV J LET; o J
1<<i (0<i—£<i—1 is false) 1<0<i . e
=1
< <¢—1)( a+b )—i(i_l)( a+b )
— 1—0)\a—7+/¢ — i—C0)\a—7+/
here we replaced the ) sign by an ) sign, since all addends
=1 =1

1 —1

for ¢ > 1 are zero (as ( €) =0 for £ > i, since i — £ < 0 for £ > i) and since ¢ > i
i —

1<j<e

(o) (2 6)

a+1=] 1<i<c =

Thus,

1<j<c

t=i=e a+b
a—7+1

(a—i—b)
N\a+i—j Icize

1<j<e

(D) ()




i— 1)\ == i—1

Now, the matrix (( )) is lower triangular (since ( ) = 0 for every
t—1J1) /) 1<i<e L

i€{1,2,...,m}and j € {1,2,....m} satisfying i < 7 °). Since the determinant of an

lower triangular matrix equals the product of its diagonal entries, this yields

(D)) () -

=1« , 7j=1
()
= =1
0
(D ()
1<z<c at+i—7J 1<i<c
(by (9))

( 1<]<C et (( a4 b ))ISJSC

l<z<c at+i—7j 1<i<c
( a+b )1<j<c
a+1— ] 1<i<e '

Combined with (8), this yields

m o () ) e () ).

Thus, Theorem 8 is proven.
3. We notice a particularly known consequence of Corollary 4:

Now,

. 1<5<c
det ((a—l—b—il—z 1>)
a+1—) 1<i<e

det

Corollary 10. Let m € N. Let a4, as, ..., a,, be m integers. Then,

o (o) o R

(i,)€{1,2,....m}*;
1>7

In particular,

H(m) | 1T (a;i — a;).

(i,)€{1,2,....m}%;
i>]

Proof of Corollary 10. Corollary 4 (applied to R = Z) yields

1<j<m

det (H (a; — k)) = H (a; —aj). (11)

1<i<m (1,5)€{1,2,...,m}?;
i>j

,— 1
because i < j yields i — j < 0 and thus (Z ) =0
i—J
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Now, for every i € {1,2,....,m} and j € {1,2,...,m}, we have

(-D-1

- [T ((a;=1)~h) Gyt =
<az 1): F=0 _ 1 T (w15 - 1

. - ' - ' - ' N .
j—1 (j—1)! =D 2 G—=D= —~~
(here we substituted k — 1 for & in the product)
1 o = 1
o Lo m =1 TTw-m 5y (12)

Therefore,

C_ 1<j<m j—1 1<j<m
J=1Y) ) 1cicm Pl G—1)!

:Hl-Hﬁ-det (H@_k))
————

=1 =l k=1 1<i<m
= <i<

J/

= 1 -0 aea)way
m (i,5)€{1,2,...,m}%;
[]@G—1) i>]

=1

j—1
(by Lemma 7 (d), applied to R=Q, u=m, v=m, a;; = H (a; — k), oy =1and §; = .

:;' H (ai — a;),

LG =D Gaenz..mp

1>)

1 womse((()7) fe

(i,5)e{1,2,....,m}?;
1<j<m m—1
a; — 1
= v . |
(G20
1<i<m k=0

1>]
——
=H(m)

so that

(here we substituted k for i — 1 in the product)
1\ s
= det ((a )) H(m).
J=1Y) ) 1<i<m

H(m) | 11 (a; — a;)

(i,)€{1,2,....m}?%;
i>j

Thus,

15




1<j<m

i — 1 :
(since det (a. 1) € Z). Thus, Corollary 10 is proven.
j —
——
€Z 1<i<m
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