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n—1

Let us define a function H : N — N by H (n) = [] k! for every n € N.
k=0

Our goal is to prove the following theorem:

Theorem 0 (MacMahon). We have
Hb+c)H(c+a)H(a+0b) | H(a)H (b)H (¢)H (a+b+c)
for every a € N, every b € N and every ¢ € N.

Remark: Here, we denote by N the set {0,1,2,...} (and not the set {1,2,3,...} , as

some authors do).

Before we come to the proof, first some definitions:
Notations.

e Let R be aring. Let v € N and v € N, and let a;; be an element of R for
every (i,7) € {1,2,...,u} x {1,2,...,v}. Then, we denote by (aU)Efzj the u x v
matrix A € R**Y whose entry in row i and column j is a;; for every (i,j) €

{1,2,...,u} x {1,2,...,0}.

e Let R be a commutative ring with unity. Let P € R[X] be a polynomial. Let
J € N. Then, we denote by coeff; P the coefficient of the polynomial P before
X9, (In particular, this implies coeff; P = 0 for every j > deg P.)

We are first going to prove a known fact from linear algebra:

Theorem 1 (Vandermonde determinant). Let R be a commutative
ring with unity. Let m € N. Let a4, as, ..., a,, be m elements of R. Then,

det (( al 1)12;’:) _ H (a; — aj) .

(i,4)€{1,2,...,m}?%;
i>7

Actually we are more interested in a corollary - and generalization - of this fact:

Theorem 2 (generalized Vandermonde determinant). Let R be a
commutative ring with unity. Let m € N. For every j € {1,2,...,m}, let
P; € R[X] be a polynomial such that deg (P;) < j — 1. Let a1, as, ..., ap,
be m elements of R. Then,

det ((P] (a;) iif:gj) Hcoeffj 1 ( H (a; — aj) .

(i,4)€{1,2,....m}?;
1>7

Both Theorems 1 and 2 can be deduced from the following lemma:
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Lemma 3. Let R be a commutative ring with unity. Let m € N. For every
Jj€{1,2,...,m}, let P; € R[X] be a polynomial such that deg (P;) < j—1.
Let aq, ao, ..., a,, be m elements of R. Then,

m 1<5<m
det ((PJ ( ifjm) HCOGHJ 1 - det (( a; 1)1§Z§m) :

Proof of Lemma 3. For every j € {1,2,...,m}, we have P; (X) = Z coeffy (P;)- X*

(since deg (P;) < j—1 <m—1). Thus, for every i € {1,2,...,m} and ] € {1,2,....,m},
we have
m—1 m—1 m
P; (a;) = Z coeffy (P;) - a¥ = a¥ - coeffy (P;) = Zaf‘l - coeffy_1 (P))

k=0

B
Il

0 k=1
(here we substituted k& — 1 for k in the sum). Hence,

1<5< i—1\ 1<j<m 1<5<
(Pj (@) =iz = (a] ) 2izy - (coeffit (Py), 22 -

But the matrix (coeff; 4 (P]))Efm is upper triangular (since coeff,_; (P;) = 0 for every

i€{l1,2,...m}andj € {1,2,...,m} satisfyingi > j !); hence, det ((coeffi_l (Pj))ls?gm

1<i<m
m
[ coeff;_1 (P;) (since the determinant of an upper triangular matrix equals the prod-

uct of its diagonal entries).
Now,

1<5<m

det (P, (@)}Z/5) = det ((af™),Z27 - (coeftir ()17
= det ((af 1)1<j<m> -det ((coeff,-_l (Pj))lg?ém>

1<:i< 1<i<m

J/

-

=T coeff;_1(P;)
j=1

1<j<m

= Hcoefqu (P;) - det ((ag_l)lgi;m) ’

and thus, Lemma 3 is proven.
Proof of Theorem 1. For every j € {1,2,...,m}, define a polynomial P; € R[X]
j—1
by P; (X) = [[ (X —ag). Then, P; is a monic polynomial of degree j — 1. In other
k=1
words, deg (P;) = j — 1 and coeft;_; (P;) = 1 for every j € {1,2,...,m}. Thus, Lemma
3 yields

det ((P; (@)}Z50) = Hw%1 )-det (ol )220 (1)

"because i > j yields i —1 > j — 1, thus i — 1 > deg (P;) (since deg (P;) < j — 1) and therefore
coeffi_l (P]) =0



But the matrix (P; (a,))fifﬂf is lower triangular (since P; (a;) = 0 for every i €

{1,2,...,m} and j € {1,2,...,m} satisfying i < j, as follows quickly from the definition
of P;); hence, det ((P] (aJ)EiEﬁ) = [[ P; (a;) (since the determinant of a lower
<i< =

triangular matrix equals the product of its diagonal entries). Thus, (1) becomes
a - 1\ 1<i<m 1\ 1<j<m
H Pj(a;) = Hcoeffj_l (F;) - det <(a§ 1)1<i<m> = det ((a{ )1<i<m> '
j=1 J=1 T —=v= >

J—1

But P; (X) = [[ (X — ax) yields Pj(a;) = [] (a; — ax), so that
k=1 k=1
1<5< - moI

- 1<j<m
det (@), 220) =TI Py =[] -a= TI  (w-a)
j=1 j=1k=1 (j,k)e{1,2,....m}?;
k<j
= H (a; — a;) = H (a; — a;).
(i,j)e{l‘,2,‘...,m}2; (i,j)e{l‘,z,:..,m}z;
7<t 1>7

Hence, Theorem 1 is proven.
Now, Theorem 2 immediately follows from Lemma 3 and Theorem 1.

A consequence of Theorem 2:

Corollary 4. Let R be a commutative ring with unity. Let m € N. Let

ai, as, ..., a,, be m elements of R. Then,
i1 1<j<m
det (H (a; — k)) = H (a; — aj).
k=1 1<i<m (,7)€{1,2,...,m}?;
i>j

Proof of Corollary 4. For every j € {1,2,...,m}, define a polynomial P; € R[X]
j—1
by P; (X) = [] (X —k). Then, P; is a monic polynomial of degree j — 1. In other

k=1
words, deg (P;) = j—1 and coeff;_; (P;) = 1 for every j € {1,2,...,m}. Thus, applying

Theorem 2 to these polynomials P; yields the assertion of Corollary 4.
Also notice that:

Lemma 5. Let m € N. Then,

II (i —j)=H(m).

(i,)€{1,2,....m}*;
i>j



Proof of Lemma 5. We have

I G-i= 1T (i — j)

(i,)€{1,2,....m}?; (4,5)€{0,1,....m—1}%;
1>7 i>7

(here we shifted ¢ and 7 by 1, which doesn’t change anything since i — j remains constant)

= ]I I -»= 11 ﬁ@‘—j): 11 HJ

1€{0,1,....,m—1} je{0,1,....m—1}; 1€{0,1,...,m—1} 7=0 1€{0,1,....m—1} j=1
>
=i!

(here, we substituted j for ¢ — j in the second product)
m—1
= I #=]]¥=Hm
i€{0,1,...m—1} k=0

Hence, Lemma 5 is proven.
Now, we notice that every a € N, every b € N and every ¢ € N satisfy

a+b+c—1 a+b—1 a+b+c—1 a+b+c—1 c
H(a+b+c)= H K= [ # [ ®=H@+b) J[ #=H@+b) -[[a+b+i-1)
k=0 k=a+b k=a+b i=1
=H (a+b)
(here we substituted a + b+ ¢ — 1 for k in the product), (2)
b+c—1 b+c—1 b+c—1 c
H(b+c)= Hk' Hk:' Hk' Hk:' b)-[Jb+i-1)
i=1
—H(®)
(here we substituted b+ ¢ — 1 for k in the product), (3)
cta—1 a—1 cta—1 cta—1 c
=[] »=]]* ] #=H()- ] ¥=H() [[a+i-1)
k=0 k=0 k=a k=a i=1
=H(a)
(here we substituted @ + 4 — 1 for k in the product). (4)

Next, a technical lemma.

Lemma 6. For every ¢ € N and j € N satisfying ¢+ > 1 and j > 1, we have

a+b+i—1 (a+b+i—1) -
- : — k).
( a+i—j ) (ati-Dl-(btj— 1) g(““ )

The proof of this lemma is completely straightforward: Either we have a+i—j5 > 0
and Lemma 6 follows from standard manipulations with binomial coefficients, or we

b+i—1 =t
@Ot , )—Oand]_[(a—iri—k)—
J k=1

have a+i—7 < 0 and Lemma 6 follows from ( i
a+i—

0.

Another trivial lemma:



Lemma 7. Let R be a commutative ring with unity. Let v € N, and let
a;; be an element of R for every (i,7) € {1,2,...,u}>.

Let aq, as, ..., a,, be u elements of R. Let 31, Bs, ..., 3, be u elements of
R. Then,

1< < 1< <
det ((aiamﬂ] 1<Z<;‘> 1_[()4Z Hﬁl det ( 1<i<5> .

This is clear because the matrix (aiai’jﬁj)igi? can be written as the product

dlag (CYl, g, ..., au) : (az,])}izgg : dlag (517 527 seey 6u) )
and thus

det ((aza”ﬂ])iigj) = det (diag (1, gy ey ) - (aw)iz;‘ - diag (44, Ba, ..., 6u)>

-~

= det (diag (a1, @z, ..., Oéu)l'det ((GZJ)EEZ) 'Eiet (diag (1, B2, -, ﬁu)l

:_l_u[ a; :_ﬁ Bi
i=1 i=1
Now, back to proving Theorem 0:
We have
bai— 1\ Sise
e (((7205)
a+1—) 1<i<c
1<j<c
+b+i—1 =
= det ((a—|—(za—1) Zb+)_1 Ha—i—z— ) (by Lemma 6)
J k=1 1<i<e
i 1<j<c
b+i—1) ¢ 1
= det <<a+ _'_Zl H&—i—z ﬁ)

c 1<j<e

(a+b+i—1)! i
= t  — k
H (a+1i—1)! E b+z—1 de (g(cH—z )>

1<i<c

i1 (a+b+i—1)!
by L 7, applied to R = = ¢ = — k), a; = .
(by Lemma 7, applied to Q u=c ai kljl(a“ ), @ (a+i—1)!
1

(b+i—1)!

and (; = ). Since

det (H(a+z’—k)> = H (a+1i)—(a+j)

1<i<c (i,§)€{1,2,....c}?; —isj
i>j
(by Corollary 4, applied to R = Z, m = ¢ and a; = a + i for every ¢ € {1,2,...,¢c})
= H (t—j)=Hc) (by Lemma 5, applied to m = ¢),
(1.)€{1,2,..c}%;
1>



this becomes

a+b4i—1\) "= Sla+b+i—1) £ 1
det L H (c).
¢ ((( ati—j ))1%6 =11 (ati—1) E(b+i—1)! (). ()

i=1

Now,

C

H(a)H(b)H(c)H(a+b+c) _ H(a) HO)H () H(a+b)- T (a+b+i-1)!

H(b+c)H(c+a)H (a+Db) H(b)- be+Z—U }U).f“a+z—m H (a+Db)

(by (2), (3) and (4))

[[@a+b+i—1)! [[(a+b+i—1)! |
a— = c H(C) - 1:10 T e -H (C)
[To+i—1D![](a+i—1)! [[(a+i—1)! [I(+i—1)
i=1 i=1 i=1 =1
. bri—1) . V1
_f a+ —I.—z ) L

(a—i—b—l—z—l)' < 1 at+bti—1 1<j<¢
RS S 'iZl(bH_l)!-H(c):det((( ati i )) | > (by (5))

i=1 1<i<ce
(6)
€L
bai— 1\ 1si<e
(since ((a i —i,_l , )) € 7). In other words,
a+i—] 1<i<e

Hb+c)H(c+a)H(a+0b)|H(a)H (b)H (c)H (a+b+c).
Thus, Theorem 0 is finally proven.

Remarks.

1. Theorem 0 was briefly mentioned (with a combinatorial interpretation, but
without proof) on the first page of [1]. It also follows from the formula (2.1) in [3]
H(a)H(b)H (¢)H (a+b+¢) c (a+b+i—1)!(i—1)!
H(b+c)H(c+a)H(a+b) 1131 (a+i—)!b+i—1)!
the formula (2.17) in [4]. It is also generalized in [2], Section 429 (where one has to
consider the limit z — 1).

2. We can prove more:

(since

), or, equivalently,

Theorem 8. For every a € N, every b € N and every ¢ € N, we have

st () ) e (G ).

We recall a useful fact to help us in the proof:




Theorem 9, the Vandermonde convolution identity. Let x € Z and
y € Z. Let q € Z. Then,

() =200

(The sum on the right hand side is an infinite sum, but only finitely many
of its addends are nonzero.)

Proof of Theorem 8. For every i € {1,2,...,c} and every j € {1,2,...,c}, we have

at+b+1—1 a+b 7 —1
() ) i)

(by Theorem 9, applied to z =a+b,y=i—1and g=a+1i—j)

b —1
= Z ¢ + ' (here we substituted a — j + ¢ for k in the sum)
a—j3+0)\i—/
here, we restricted the summation from ¢ € Z to ¢ € {1,2, ...
- i ( a+b ) (Z - 1) which doesn’t change the sum because
=R AR A PN o forall £ e 2N (1,2
¢ <a—j+£ iy 0 for all £ € Z\{1,2,...,¢c}

< (i—1)< a+b )
= i —/ a—7j+/4
Illus?
((a+b+z’—1>)1§j§c c (i—l)( a+b )
a+1— 1<i<e p— 1—{0)\a—j+/¢

1<j<c

1<i<e
() (G5))
=] 1<i<ec a—j+i 1<i<c
ENEACE)T -
=7/ ) 1<i<e a+1i—7/)/) 1<i<c .
i— 1)\~ i—1
Now, the matrix (( )) is lower triangular (since < ) = 0 for every
=7/ /1<i<e t=J

i€{1,2,....,m} and j € {1,2,...,m} satisfying ¢« < j). Since the determinant of an
lower triangular matrix equals the product of its diagonal entries, this yields

w((C2))) -1 2 - <8>

—_———

(o)



Now,

. 1<j5<e
det ((a—l—b—i'—z 1>)
a+1—) 1<i<c

. 1<j<e 1<j<e
e ((025) L (G52)
=10/ /1<i<e a+1—7/)/1<i<c

(by (7))

. 1<j<e 1<j<e
N )
=70/ /) 1<i<e a+1—7/)/1<i<c

J

=1 by (8)

1<j<c
()
at+tv—7/)/)1<i<c

Combined with (6), this yields Theorem 8.
3. We notice a particularly known consequence of Corollary 4:

Corollary 10. Let m € N. Let a4, as, ..., a,, be m integers. Then,

(G o R

(i,)€{1,2,....m}>;
1>7

In particular,
H (m) | H (ai — (Ij) .
(i.)€{1,2,...m}?;
1>)
Proof of Corollary 10. For every i € {1,2,....,m} and j € {1,2,...,m}, we have
j—1
i —k j
(ai—1> = !

j-1) 7 g T e ey o

k=1
Therefore,

. i 1<j<m
o 1 1<j<m Jj—1 1
det ((aj‘ >> —det [ [1-TT(ai—k) ——
J—1 1<i<m (j—1)! .

i=1 i=1 ’
N—— N — J
=1 m—1 1 1 1

=1
j—1
(by Lemma 7, applied to R =Q, u=m, a;; = H (a; — k), ay=1and §; =
k=1

(i,)€{1,2,....,m}?%;
i>j

)




so that

(i.4)€{1,2,...,m}?%;

1>)
Thus,
H (m) | II (a-a)
(i.)€{1,2,...m}?;
1>]
1<j<m
=1 |
(since det (a' 1) € 7). Thus, Corollary 10 is proven.
] J—
—_———
€z 1<i<m
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