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1. Introduction

Let K be a commutative ring. The famous Cayley-Hamilton theorem says that

if xa = det(tl, — A) € K[t] is the characteristic polynomial of an n x n-matrix

A € K", then x4 (A) = 0. Speaking more explicitly, it means that if we write
n . n ,

this polynomial x 4 in the form x4 = .2 c,—itt (with ¢,,_; € K), then }_ c,_;A' = 0.

i=0 i=0
Various proofs of this theorem are well-known (we will present one in this note,

but it could not be any farther from being new). A less standard fact, which I call
the trace Cayley-Hamilton theorem, states that

k .

key + ZTr (Al) ki =0 for every k € N (1)

i=1

n ,
(where Y c,,_;t' is xa as before, and where we set c,,_; = 0 for every i < 0). In
i=0
the case of k > n, this can easily be obtained from the Cayley-Hamilton theorem
n ,
Y. c,_;A" = 0 by multiplying by A*"" and taking traceq'} no such simple proof
i=0
exists in the general case, however. The result itself is not new (the k < n case,
for example, is [LomQuil6, Chapter III, Exercise 14]), and is well-known e.g. to
algebraic combinatorialists; however, it is hard to find an expository treatment.
When the ground ring K is a field, it is possible to prove the trace Cayley-
Hamilton theorem by expressing both Tr (A’) and the ¢; through the eigenvalues

of A (indeed, Tr (A?) is the sum of the i-th powers of these eigenvalues, whereas Cj

is (—1)/ times their j-th elementary symmetric function); the identity (1) then boils
down to the Newton identities for said eigenvalues. However, of course, the use
of eigenvalues in this proof requires K to be a field. There are ways to adapt this
proof to the case when K is a commutative ring. One is to apply the “method of
universal identities” (see, e.g., [LomQuil6, Chapter III, Exercise 14]; the method is
also explained in [Conrad09]) to reduce the general case to the case when K is a
fieldﬂ Another is to build up the theory of eigenvalues for square matrices over
an arbitrary commutative ring K; this is not as simple as for fields, but doable (see
[Laksov13]).

In this note, I shall give a proof of both the Cayley-Hamilton and the trace Cayley-
Hamilton theorems via a trick whose use in proving the former is well-known (see,
e.g., [Hefter14, Chapter Five, Section IV, Lemma 1.9]). The trick is to observe that

IThe details are left to the interested reader. The kc; term on the left hand side appears off, but it
actually is harmless: In the k = #n case, it can be rewritten as Tr (AO) ¢y and incorporated into
the sum, whereas in the k > n case, it simply vanishes.

2This relies on the observation that (1) (for a given k) is a polynomial identity in the entries of A.
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the adjugate matrix adj (tI, — A) can be written as Dot" + Dit! + --- + D, "1
for some n matrices Dy, D1, ..., D,_1 € K"*"; then, a telescoping sum establishes
the Cayley-Hamilton theorem. The same trick can be used for the trace Cayley-
Hamilton theorem, although it requires more work; in particular, an intermediate
step is necessary, establishing that the derivative of the characteristic polynomial
xa =det(tl, — A)is Tr (adj (tI, — A)). I hope that this writeup will have two uses:
making the trace Cayley-Hamilton theorem more accessible, and demonstrating
that the trick just mentioned can serve more than one purpose. Next, I shall show
an application of the trace Cayley-Hamilton theorem, answering a question from
[m.se1798703]. Finally, I shall discuss several other properties of the adjugate ma-
trix as well as further applications of polynomial matrices in proving determinant
identities.

2. Notations and theorems

2.1. Notations

Before we state the theorems that we will be occupying ourselves with, let us agree
on the notations.

Definition 2.1. Throughout this note, the word “ring” will mean “associative
ring with unity”. We will always let K denote a commutative ring with unity.
The word “matrix” shall always mean “matrix over IK”, unless explicitly stated
otherwise.

As usual, we let K [f] denote the polynomial ring in the indeterminate ¢ over
K.

If f € K[t] is a polynomial and 7 is an integer, then [t"] f will denote the
coefficient of t" in f. (If n is negative or greater than the degree of f, then this
coefficient is understood to be 0.)

Let IN denote the set {0,1,2,...}.

If n € N and m € N, and if we are given an element 4;; € K for every (i, ]) €

{1,2,...,n} x {1,2,...,m}, then we use the notation (ai'j)1<i<n I<j<m for the

n x m-matrix whose (i, j)-th entry is a; ; for all (i, j) € {1,2,...,n} x {1,2,...,m}.

For every n € IN, we denote the n x n identity matrix by I,.

For every n € IN and m € IN, we denote the n x m zero matrix by 0y, .

If A is any n X n-matrix, then we let det A denote the determinant of A, and
we let Tr A denote the trace of A. (Recall that the trace of A is defined to be the
sum of the diagonal entries of A.)

We consider K as a subring of K [t]. Thus, for every n € IN, every n x n-matrix
in IK"*" can be considered as a matrix in (K [t])"*".
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2.2. The main claims

We shall now state the results that we will prove further below. We begin with a
basic fact:

Proposition 2.2. Let n € IN. Let A € K"*" and B € K"*" be two n x n-matrices.
Consider the matrix tA + B € (K [t])"*".

(@) Then, det (tA + B) € K [t] is a polynomial of degree < n in t.

(b) We have [t°] (det (tA+ B)) = detB.

(c) We have [t"] (det (tA + B)) = det A.

Definition 2.3. Let n € IN. Let A € K"*" be an n x n-matrix. Then, we consider
A as a matrix in (K [])"*" as well (as explained above); thus, a matrix tI, — A €
(K [t])" " is defined. We let x 4 denote the polynomial det (I, — A) € K [t]; we
call x 4 the characteristic polynomial of A.

We notice that the notion of the characteristic polynomial is not standardized
across the literature. Our definition of x 4 is identical with the definition in [Knapp2016,
§V.3] (except that we use t instead of X as the indeterminate), but the definition in
[Heffer14, Chapter Five, Section II, Definition 3.9] is different (it defines x4 to be
det (A —tI,) instead). The two definitions differ merely in a sign (namely, one
version of the characteristic polynomial is (—1)" times the other), whence any
statement about one of them can easily be translated into a statement about the
other; nevertheless this discrepancy creates some occasions for confusion. I shall,
of course, use Definition 2.3 throughout this note.

Corollary 2.4. Let n € N. Let A € K"*".
(@) Then, x4 € K[t] is a polynomial of degree < n in t.
(b) We have [t°] x4 = (—1)" det A.
(c) We have [t x4 = 1.

Of course, combining parts (a) and (c) of Corollary shows that, for every
n € N and A € K", the characteristic polynomial ) 4 is a monic polynomial of
degree n.

Let me now state the main two theorems in this note:

Theorem 2.5 (Cayley-Hamilton theorem). Let n € IN. Let A € K"*". Then,
XA (A) = 0yxn. (Here, x4 (A) denotes the result of substituting A for ¢ in the
polynomial x 4. It does not denote the result of substituting A for t in the expres-
sion det (tI, — A); in particular, x4 (A) is an n X n-matrix, not a determinant!)

Theorem 2.6 (trace Cayley-Hamilton theorem). Let n € IN. Let A € K"*". For
every j € Z, define an element ¢; € K by ¢; = [t"77] x4. Then,

k
key + ZTI‘ <Ai) i =20 for every k € IN.
i=1
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Theorem [2.5|is (as has already been said) well-known and a cornerstone of lin-
ear algebra. It appears (with proofs) in [Bernhall], [Brown93, Theorem 7.23],
[Camero08, Theorem 2.16], [Climen13, Theorem 23.1], [Ford22, Theorem 4.6.12],
[Garrett09, §28.10], [Heffer14, Chapter Five, Section IV, Lemma 1.9], [Knapp2016,
Theorem 5.9], [Loehr14, §5.15], [Matel6, §4, Theorem 1], [McDona84, Theorem
1.8], [Moore68| §6.1, Theorem 1.1], [Sage(08, Seconde méthode (§3)], [Shurmal5],
[Stoll17, Theorem 3.1], [Straub83|, [BroWil89, Theorem 7.10], [Zeilbe85, §3] and in
many other sourceﬂ The proof we will give below will essentially repeat the proof
in [Heffer14, Chapter Five, Section IV, Lemma 1.9].

Theorem 2.6|is a less known result. It appears in [LomQuil6, Chapter III, Exercise
14] (with a sketch of a proof), in [Zeilbe93, (C — H)] (with a beautiful short proof
using exterior algebra) and in [Zeilbe85, Exercise 5] (without proof); its particular
case when K is a field also tends to appear in representation-theoretical literature
(mostly left as an exercise to the reader). We will prove it similarly to Theorem
this proof, to my knowledge, is new.

3. The proofs

3.1. Proposition [2.2] and Corollary

Let us now begin proving the results stated above. As a warmup, we will prove
the (rather trivial) Proposition

We first recall how the determinant of a matrix is defined: For any n € N,
let S, denote the n-th symmetric group (i.e., the group of all permutations of
{1,2,...,n}). f n € N and ¢ € S,, then (—1)7 denotes the sign of the permu-

tation . If n € N, and if A = (a;;),_._, |<j<y 18 @n 1 X n-matrix, then

detA = Z (—1)01—[01"0(1'). (2)
i=1

oEeS,

We prepare for the proof of Proposition 2.2 by stating a simple lemma:

Lemma 3.1. Let n € IN. Let x1,xp,...,x, be n elements of K. Let y1,y5,...,y, be
n
n elements of K. Define a polynomial f € K [t] by f = T (tx; + y;).
i=1

3All the sources we are citing (with the possible exception of [Garrett09, §28.10]) prove Theorem
in full generality, although some of them do not state Theorem [2.5/in full generality (indeed,
they often state it under the additional requirement that IK be a field). There are other sources
which only prove Theorem [2.5]in the case when K is a field. The note [Sage08] gives four proofs
of Theorem for the case when K = C; the first of these proofs works for every field K,
whereas the second works for any commutative ring KK, and the third and the fourth actually
require K = C.
Note that some authors decline to call Theorem [2.5the Cayley-Hamilton theorem; they instead
use this name for some related result. For instance, Hefferon, in [Heffer14], uses the name
“Cayley-Hamilton theorem” for a corollary.
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(@) Then, f is a polynomial of degree < n.
(b) We have [t"] f = ﬁ X;.
i=1

(c) We have [t] f = ]_n[ Yi.
i=1

n
Proof of Lemma Obvious by multiplying out the product [T (tx; + y;) (or, if one
i=1
desires a formal proof, by a straightforward induction over n). O

Proof of Proposition Write the n x n-matrix A in the form A = (a;)
Thus, a;; € K for every (i,j) € {1,2,...,71}2 (since A € K"™*"),
Write the # x n-matrix B in the form B = (b; )

every (i,7) € {1,2,...,n}* (since B € K"™*"),
For every o € S,, define a polynomial f, € K [¢] by

1<i<n, 1<j<n’

1<i<n, 1<j<n’ Thus, bi,j € K for

n

fo= H (tai,a(i) + bi,a(i)) : 3)

i=1

The following holds:

Fact 1: For every o € S;, the polynomial f; is a polynomial of degree
< n.

[Proof of Fact 1: Let ¢ € S,. Then, Lemma 3.1 (a) (applied to a;,(;), b;,(;) and fo
instead of x;, y; and f) shows that f, is a polynomial of degree < n. This proves
Fact 1.]

From A = (aj), cicy, 1jcn A B = (if)1cicn, 15jcm

(tal-,j + bi/j>1§i§n, 1<j<n’ Hence,

we obtain fA 4+ B =

n

det(tA+B)= Y (-1)]] (tai,a(i) + bi,a(i))

. S

=fy
(by @)
by (), applied to K [t], tA + B and ta;; + b;
instead of K, A and 4; ;

= Z (_1)Uf0~

oEeS,

Hence, det (A + B) is a K-linear combination of the polynomials f, for o € S,.
Since all of these polynomials are polynomials of degree < n (by Fact 1), we thus
conclude that det (A + B) is a KK-linear combination of polynomials of degree < n.
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Thus, det (tA + B) is itself a polynomial of degree < n. This proves Proposition
(a).

(b) We have
#lgavarey =[] (L cvR)-per s
-5 O o - ne

i=1
(by Lemma 3.1 (c) (applied to
B0 (i)r Dio(iy and fo
instead of x;, y; and f))
n

=Y (=D Tbicw):
ogES, i=1
Comparing this with

- by (@), applied to B and b;
detB= Y (~1)"[bios ( @ n

. instead of A and a; ;
oeSy i=1 /]

we obtain [t°] (det (tA + B)) = det B. This proves Proposition 2.2{ (b).
(c) We have

[#7] (det (tA + B)) =[] (UGZS; (-1) fa) = UGZS)n (-1) t"] fo
:O'EZSn 0 fe = Iﬁl i (i)

(by Lemma (3.1 (b) (applied to
B o (i) bio (i) and fo
instead of x;, y; and f))

=Y (=140

oES, i=1

Comparing this with (2), we obtain ["] (det (tA + B)) = det A. This proves Propo-
sition 2.2] (c). O

Proof of Corollary The definition of x4 yields

Xxa = det| tI,—A | = det(tl,+ (—A)). Hence, Corollary 2.4 follows from
——
=tl,+(—A)

Proposition [2.2| (applied to I, and —A instead of A and B). (For part (b), we need

the additional observation that det (—A) = (—1)" det A.) O

Let me state one more trivial observation as a corollary:
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Corollary 3.2. Let n € IN. Let A € K"*". For every j € Z, define an element
. n
¢j € Kby c¢j = [t"7] xa. Then, xa = ¥ c,t".
k=0

Proof of Corollary For every k € Z, the definition of ¢, yields

Cn—k = [tnf(nfk)} Xa = [tk} XA- 4)

We know that x4 € K |[t] is a polynomial of degree < n in t (by Corollary

(a)). Hence,
XA = Z ([tk} XA) th = kgocnktk.

k=0 N e’
=Cn—k

(by @)
This proves Corollary O

3.2. Reminders on the adjugate

Let us now briefly introduce the adjugate of a matrix and state some of its proper-
ties.
We first recall the definitions (mostly quoting them from [Grinbel5, Chapter 6]):

Definition 3.3. Let n € N and m € N. Let A = (a;;),_,., 1<j<m DE an n x m-

matrix. Let iy,1ip,...,1, be some elements of {1,2,...,n}; let j1, /o, ..., j» be some
jler/-'-rjU

i A to be the u x v-matrix

elements of {1,2,...,m}. Then, we define sub

Definition 3.4. Let n € IN. Let a1,ay,...,a, be n objects. Leti € {1,2,...,n}.
Then, (ay,ay,...,a;,...,a,) shall mean the list (ay,4a2,...,4;_1,8i41,8i12,--.,0n)
(that is, the list (aq, 4y, . ..,a,) with its i-th entry removed). (Thus, the “hat” over
the a; means that this 4; is being omitted from the list.)

For example, (12,2%,...,5%,...,82) = (12,22,32,42, 6%, 72, 8%).

Definition 3.5. Let n € IN and m € IN. Let A be an n X m-matrix. For every
ie{l,2,...,n}and j € {1,2,...,m}, we let A.i~j be the (n—1) x (m—1)-

>
S P

matrix subi’i Zl A. (Thus, A.;; is the matrix obtained from A by crossing

out the i-th row and the j-th column.)

Definition 3.6. Let n € IN. Let A be an n X n-matrix. We define a new n X n-
matrix adj A by

adjA = ((—1)i+j det (AN]-,Ni))

1<i<n, 1<j<n
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| This matrix adj A is called the adjugate of the matrix A.

The main property of the adjugate is the following fact:

Theorem 3.7. Let n € IN. Let A be an n x n-matrix. Then,
A-adjA=adjA-A=detA-I,.

(Recall that I, denotes the n x n identity matrix. Expressions such as adjA - A
and det A - I,, have to be understood as (adjA) - A and (det A) - I,, respectively.)

Theorem [3.7|appears in almost any text on linear algebra that considers the adju-
gate; for example, it appears in [Heffer14, Chapter Four, Section III, Theorem 1.9],
in [Knapp2016, Proposition 2.38], in [BroWil89, Theorem 4.11] and in [Grinbel5,
Theorem 6.100]. (Again, most of these sources only state it in the case when K is a
tield, but the proofs given apply in all generality. Different texts use different nota-
tions. The source that is closest to my notations here is [Grinbel5|], since Theorem
above is a verbatim copy of [Grinbel5, Theorem 6.100].)

Let us state a simple fact:

Lemma 3.8. Let n € IN. Let u and v be two elements of {1,2,...,n}. Let A and u
be two elements of K. Let A and B be two n x n-matrices. Then,

(M + uB) = Ay ~v + UBis 0.

~U,~T

Proof of Lemma Obvious. O

Next, we prove a crucial, if simple, result:

Proposition 3.9. Let n € IN. Let A € K"*" be an n x n-matrix. Then, there exist
n matrices Dy, D1, ..., D,_1 in K"*" such that

n—1
adj (tI, — A) = Y_ t*Dy in (K [t])"".
k=0

(Here, of course, the matrix Dy on the right hand side is understood as an ele-
ment of (K [¢t])"*".)

Proof of Proposition Fix (u,v) € {1,2,...,n}*. Then, Proposition (a) (applied
ton—1, (In)., ., and (—A) instead of 1, A and B) shows that

det (t (L) + (—A)
other words, there exists an n-tuple (d;, ,,0,du01,---,3uon—1) € K" such that

Nu,N'U

) € K |t] is a polynomial of degree < n—11in t. In

~U,~D ~U,~D

n—1
det (£ (L) oy + (= A) o) = Y Aot
k=0
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Consider this (dy,0,0, dup1, - - - dupu—1). But Lemmal[3.8|(applied to K [t], £, 1, I, and
—A instead of K, A, u, A and B) yields (tI, — A)_, ., = t (In). ;oo + (—
(after some simplifications). Thus,

)t 0

det ((tln - A)NM,NU> — det (t (In) s oo + (—A) ~v> Z duort. (5

Now, forget that we fixed (#,v). Thus, for every (u,v) € {1,2,.. .,n}z, we have
constructed an n-tuple (dy,00, dup1, - - -, duon-1) € K" satisfying ().
Now, the definition of adj (I, — A) yields

adj (t, — A) = | (=1)"* det((tln —A)N].,N,.)

(.

~"

= Z d]zkt
(by @ apphed to (w0)=(ii)/ 1<j<n, 1<j<n

. o.on—1
= | (=) Y d;tt (Ztk “L]d ) .
k=0 1<i<n, 1<j<n

J/

-~

n—1 i+
=Y tk(—l)l ]dj,i,k
k=0 1<i<n, 1<j<n

Comparing this with

n—1

k z+] k l+]

! ( —1)"a;, ) ! d ,
g (-1 Ak ) <icn, 1<]<n 2 ik ,
k=0 1<i<n, 1<j<n

n—1
we obtain adj (tI, — A) = ¥ t (( 1) d]lk> ‘ . Hence, there exist n
k=0 1<i<n, 1<j<n

matrices Dy, D1, ..., D,_1 in K"*" such that

adj (tI, — Ztka in (K [t])"*"
— ((—1\tig.. _ '
(namely, Dy = (( 1) d]’l’k>1<i<n, L<ien for every k € {0,1,...,n—1}). This
proves Proposition 3.9} O

3.3. Polynomials with matrix entries: a trivial lemma




The trace Cayley-Hamilton theorem page 11

Lemma 3.10. Let n € N and m € N. Let (By,By,...,By) € (K™")" ™ and

(Co,C1,...,Cnm) € (]K”X”)m+1 be two (m + 1)-tuples of matrices in K"*". As-
sume that

2 By = 2 e in (K [t])"".

Then, By = Cy for every k € {0,1,...,m}.

Proof of Lemma For every k € {0,1,...,m}, write the matrix By € K"*" in
the form By = (by,; 1<i<n, 1<j<n’ and write the matrix C, € K"*" in the form

Cr = (Ck/i'f)lgign, 1<j<n’

m m
Now, Y B, = ( Y tkbk,i,j> (since By = (bgij) <., I<j<n for every
k=0 k=0 1<i<n, 1<j<n -

m o B _m
k€{0,1,...,m}). Similarly, Y tC, = (Z tkck,,-,j) . Thus,
k=0 k=0 1<i<n, 1<j<n

- k - k - k < k
thk,i,j = ZtBk: ZtCk: Ztck,i/]- .
k=0 1<i<n, 1<j<n k=0 k=0 k=0 1<i<n, 1<j<n

In other words,

thklj Ztckz]

forevery (i,j) € {1,2,..., n}?. Comparing coefficients on both sides of this equality,
we obtain

bk,ij = Ck

forevery k € {0,1,...,m} forevery (i,j) € {1,2,...,71}2. Now, every k € {0,1,...,m}
satisfies

Bk = bk,i,j = (Ck'i/j)lgign, 1<j<n = Ck.

ki) 1<i<n, 1<j<n

This proves Lemma m O

3.4. Proof of the Cayley-Hamilton theorem

We are now fully prepared for the proof of the Cayley-Hamilton theorem. However,
we are going to organize the crucial part of this proof as a lemma, so that we can
use it later in our proof of the trace Cayley-Hamilton theorem.
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Lemma 3.11. Let n € IN. Let A € K"*". For every j € Z, define an element
¢ € ]Kby Cj = [tni]] XA-
Let Dy, Dy, ...,D,_1 be n matrices in K"*" such that

adj (I, — Z Dy in (K [t])"". (6)

Thus, an n-tuple (Dy, Dy, ...,D,_1) of matrices in K"*" is defined. Extend this
n-tuple to a family (Dy), .5 of matrices in IK"*" by setting

(Dx = Ouxn for every k € Z\ {0,1,...,n—1}). (7)

Then:
(@) We have x4 = Z itk

(b) For every 1nteger k we have ¢,,_;I, = Dy_1 — ADx.
(c) Every k € IN satisfies

k
Y ¢ iA' =Dy 14
i=0

Proof of Lemma (@) Lemma (a) is just Corollary

(b) We have
ok 0 ok ok S
t'Dy_1 =t Do1 +) t'Drq1= t'Dy_q = £ D .
k:zo k-1 2ot k:Zl klkzzl k-1 kg(f’(kﬂ)l
=D_1=0pxn =ttk =Dy
(by @)
(here, we have substituted k + 1 for k in the sum)
n—1 n—1
= Y Dy =t Y Dy =tadj(tl, — A) (8)
k=0 k=0
——
=adj(tl,—A)
(by (@)
and

Z t*Dy = " D, + Z Dy = Z t*Dy

k=0 _OW k=0
(by ()
— adj (t], — A) (by @) 9)

But Theorem [3.7] (applied to K [f] and tI, — A instead of K and A) shows that
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Thus, in particular,

(tl, — A)-adj(tl, — A) = det(tl,— A) Ly =xa L,
——_— ——
(by the degffi?ion of xa)
so that

n n
= tadj(tl, — A) —Aadj (tl, — A) = )_#*Dy_1 — A Y Dy
~~ ” k=0 k=0

N J/

-~

= i t*Dy_4 = i t*Dy n
k=0 k=0 — v ¢k
by @) by @) APk
= =k =k
=) Dy — ) t*ADy =) (D1 — ADy).
k=0 k=0 k=0
Thus,
t (Dkfl - ADk) = XA Ay = Cpit" | - In
k=0 —~ k=0
=) Cn—ktk
k=
(by Lemgna (@)

n
— Z tkcn_kln.
k=0

Lemma (applied to m = n, By = Dy_1 — ADy and Cy = ¢,,_xI;) thus shows that
Dy_1 — ADy = c,,_I, for every k € {0,1,...,n}. (10)

Now, let k be an integer. We must prove that ¢, I, = Dy_1 — ADy.

If k € {0,1,...,n}, then this follows from . Thus, we WLOG assume that k ¢
{0,1,...,n}. Hence, k—1 € Z\ {0,1,...,n — 1}, so that @) (applied to k — 1 instead
of k) yields Dy_1 = Opxyn. Also, k ¢ {0,1,...,n} leadstok € Z\ {0,1,...,n—1};
therefore, H yields Dy = 0y5n. Now, D1 —A Dy = 0pxn — Onxcn = Opxne

—— ~~

=0pxn =0nxn

On the other hand, ¢, = 0 Hence, ¢, I = 0uxn. Compared with
—~—

=0
Dy_1 — ADy = 0y xy, this yields ¢, I, = Dyx_1 — ADx.
Hence, ¢, _¢ly = Dy_1 — ADy is proven. In other words, Lemma (b) is
proven.

4Proof. Recall that x4 is a polynomial of degree < n (by Corollary (@)). Hence, [tk] xa=0
(since k ¢ {0,1,...,n}). Now, (H) yields ¢,y = [tk] xa =0.
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(c) Let k € IN. Then,

k n

i_ k—n+i
Y kA=) G (ki) A
i=0 i=n—k S~

=Cn—i

(here, we have substituted k — n + i for 7 in the sum)

n n
k—n+i __ k—n+i
Z —iA = Y, A Cn-iln
=n—k 7Ak nJrICn l[ i=n—k :Difl_ADi
(by Lemma (b),

applied to i instead of k)

n
Z kn+z 11_AD)
j=n—k

! k— k—
— Ak=m+iD,_ — Ak=n+i AD;

n

_ Z Ak—n+zDi_1_ Ak—nti g D,
ok —
i=n— = Ak—n+itl= gk—n+(i+1) =D(i11)-1

n

_ Z (AkfnJriDiil _Akfn+(i+1)D(i+1)_1)

i=n—k
— Ak—n+(n—k) D, 11— Ak—n+(n+1) D(n+1)—1
:AOZIH ;Etzonxn
by @)
(by the telescope principle)
=Dy k-1=Dn1¢
This proves Lemma (). O

Proof of Theorem For every j € Z, define an element ¢; € K by ¢j = [t"7/] xa.
Proposition shows that there exist n matrices Dy, Dq,...,D,,—1 in K"*" such
that

adj (I, — Z t Dy in (K [t])"".

Consider these Dy, Dy, ..., D,,_1. Thus, an n-tuple (Dy, D1, ..., D,_1) of matrices in
K"*" is defined. Extend this n-tuple to a family (Dg),., of matrices in K"*" by
setting

Dy = 05xn for every k € Z\ {0,1,...,n —1}.

Thus, in particular, D_1 = 0.

Lemma [3.11f (a) shows that x4 = 2 Cp itk = 2 cp_ith. Substituting A for t in
i=0
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this equality, we obtain

n .
xa(A) =Y cyiA'=Dy 1y (by Lemma (c), applied to k = n)
i=0
— Dfl — Onxn.
This proves Theorem O

3.5. Derivations and determinants

Now, let us make what seems to be a detour, and define IKK-derivations of a K-

algebraﬂ

Definition 3.12. Let L be a K-algebra. A K-linear map f : L — L is said to be a
K-derivation if it satisfies

(f (ab) =af (b)+ f(a)b foreveryacLandbeLL). (11)

The notion of a “IK-derivation” is a particular case of the notion of a “k-derivation”
defined in [Grinbel6a, Definition 1.5]; specifically, it is obtained from the latter
when setting k = K, A = IL and M = L. This particular case will suffice for us.
Examples of K-derivations abound (there are several in [Grinbel6al]), but the only
one we will need is the following:

Proposition 3.13. Let 0 : K[f] — K |[t] be the differentiation operator (i.e., the
map that sends every polynomial f € K[¢] to the derivative of f). Then, 9 :
K [t] = K [t] is a K-derivation.

Proof of Proposition This follows from the fact that 0 (ab) = ad (b) + 9 (a) b for
any two polynomials 2 and b (the well-known Leibniz law). O

A fundamental fact about KK-derivations is the following:

Proposition 3.14. Let IL be a K-algebra. Let f : L — IL be a K-derivation. Let
n € N, and let aq,ay,...,a, € L. Then,

n
flaray---an) =) aay---aiaf (a;) @100 - an.
i=1

>See [Grinbel6a, Convention 1.1] for what we mean by a “K-algebra”. In a nutshell, we require
K-algebras to be associative and unital, and we require the multiplication map on a K-algebra
to be K-bilinear.
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This proposition is a particular case of [Grinbel6a, Theorem 1.14] (obtained by
setting k = K, A =L and M = LL); it is also easy to proveﬂ

What we are going to need is a formula for how a derivation acts on the deter-
minant of a matrix. We first introduce a notation:

Definition 3.15. Let n € IN and m € IN. Let L and M be rings. Let f : L — IM be
any map. Then, f"*" will denote the map from IL"*" to IM"*™ which sends ev-

ery matrix (a;;),_;_, 1<jem € L7 to the matrix (f (@)1 <icy, 1<jam € M

(In other words, f"*™ is the map which takes an n x m-matrix in IL"*", and ap-
plies f to each entry of this matrix.)

Theorem 3.16. Let IL be a commutative K-algebra. Let f : . — IL be a K-
derivation. Let n € IN. Let A € IL"*". Then,

f(detA) =Tr (" (A)-adjA).

Proving Theorem will take us a while. Let us begin by stating three lemmas:

Lemma 3.17. Let n € N and m € IN. Let A = (aiff>1<i<n L <iem c K"™M and
B = (bi'j)lgigm, 1<j<n € Kmxn, Then,
n m
Tr (AB) =Y ) a;b;,.
i=1j=1

m
Proof of Lemma[3.17] The definition of AB yields AB = (Z ai/kbk,j)
k=1 1<i<n, 1<j<n

(since A = (a; ) and B = (b;) ). Hence,

1<i<n, 1<j<m 1<i<m, 1<j<n

n m n.om
Tr (AB) = Z Z a;xby; = Z Z a;bji
i=1k=1

i=1j=1

(here, we have renamed the summation index k as j in the second sum). This proves
Lemma [3.171 O

Lemma 3.18. Let L be a commutative K-algebra. Let f : L — L be a K-
derivation. Let n € IN, and let ay,a5,...,a, € IL. Then,

n
flmay---an) =Y fla) [
k=1 i€{1,2,..n};
ik

®First one should show that f (1) = 0 (by applying toa =1 and b = 1). Then, one can prove
Proposition by straightforward induction on 7.
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Proof of Lemma Proposition yields

n
flaay---an) =) aaz---a;i1f (a;) 418442 an
i=1

n
= Z a1z - - ag—1f (Ax) Ags1042 - "l
k=1

~
=f(ag)(ayaz--ax_1) (g 10542 an)
(since IL is commutative)

(here, we have renamed the summation index i as k)

n

S Y F (@) (1) (a1 a0) = k”zlfwk) M«

k=1 ™~ ic{12,..,n};
= H a; :
ic{12,..,n}; ik
ik
This proves Lemma [3.18| O
Lemma 3.19. Let n € IN. Let A = (ai,]-)1<l.<n 1<j<n be an n x n-matrix. Let

pe{l,2,...,n}and g € {1,2,...,n}. Then,
Z (—1)0 H ai,(T(i) = (_1)P+5] det (ANPIN(,]) .

oEeSy; i€{1,2,..n};
o(p)=q i#p

Lemma is [Grinbel), Lemma 6.84]; it is also easy to prove (it is the main
step in the proof of the Laplace expansion formula for the determinant).
Proof of Theorem Write the matrix A € L”*" in the form A = (ai,]')l <i<n, 1<j<n’
Hence, f"" (A) = (f (airj))lgign, 1<j<n (by the definition of f"*"). The definition

of adj A shows that adjA = ((—1)i+j det (ij,~i>>l<,< ;.- Hence, Lemma
<i<n, 1<j<n

3.17|(applied to IL, n, f"*" (A), f (a;;), adj A and (—1)""/ det (A~ ;) instead of K,

m, A, a;j, B and b; ;) yields

Tr (f"" (A)-adjA) = iif (a;;) (—1)" det (Avi ;)
i=1j=

= Flag) (—1) 1 det (Ag i
L L) 1 et ()
=(—1)*
here, we have renamed the summation index i
as k in the outer sum
n o n )
= Z Zf (ﬂlk,]') (—1)k+] det (ANk,Nj) . (12)

k=1j=1
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But the map f is a IK-derivation, and thus is K-linear. Now, (2) (applied to IL
n

instead of K) yields det A = Y. (—1)7 I] 4;,(;)- Applying f to both sides of this
i=1

cEeS,
equality, we find

f(detA)
=f ( Y. (—1)01—[411',0(1'))
TESy i=1
=Y (-1)7f [Ta00 (since the map f is K-linear)
TESy i=1

N——
=1,0(1)42,0(2) """ Un,o(n)

= L (-1f

S

M,e1)2,0(2) " 'an,a(n)>

ceSy, " g
= i f ko (k H Ao (i
k=1 ( ot >) ie{1,2,...n}; -
i£k

(by Lemma applied to

;o (j) instead of a;)

(—1)01:21f <ak,a(k)) [T e

I
g

cEeS, ie{12,..n};
i£k
=Y, )Y (-1)°f <ak,a(k)> IT e (13)
k=10€S, i€{1,2,...n};

i#k
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But every k € {1,2,...,n} satisfies

) (=17 f <ak,a(k)> [1 4w

oES, ie{12,..n};
= X r
jE{12,..n} 0€Sy;
o(k)=j

(since o(k)€{1,2,...,n} for each 0€S,,)

= Y Y (D)f| aen IT e

j€{1,2,...n} 0E€Sy; —~ i€{1,2,..,n};
o(k)=j NN i#k
(since o (k)=j)

= Y, Y (D) f(ay) TT 4w

j€{1,2,..n} o€Sy; i€{1,2,..n};
o) ik
= ) flay) X 07 [ 4o
je{1,2,..n} oESy; ie{1,.2,..n};
g o) "
:jgl =(-1)* ;;t(ANk,~j)

(by Lemma applied to
L, k and j instead of KK, p and g)

=Y f () (~1) det (Aky)

n
J=1
Hence, (13) becomes

n

f(detA)=3 Y (-1)7f (ak,a(k)> IT e

k=10¢€S, ie{12,..,n};
ik
:.ilf(ak,j)(_l)kﬂ det(ANk,Nj)
=
non )
= 2 Y S (agj) (F1)" 7 det (Ang) = Tr (£ (4) -adj 4)
k=1j=1
(by (12)). This proves Theorem [3.16| O

3.6. The derivative of the characteristic polynomial

The characteristic polynomial x 4 of a square matrix A is, first of all, a polynomial;
and a polynomial has a derivative. We shall have need for a formula for this
derivative:




page 20

The trace Cayley-Hamilton theorem

Theorem 3.20. Let n € IN. Let A € K"*". Let 9 : K[t] — K |[t] be the differ-
entiation operator (i.e., the map that sends every polynomial f € K|¢] to the

derivative of f). Then,
oxa = Tr(adj (tI, — A)).

Proof of Theorem Proposition shows that 0 : K [f] — K [t] is a K-derivation.
Now, consider the map 9"*" : (K [t])"*" — (K [t])"*" (defined according to Defi-

nition 3.15). It is easy to see that
""" (tB—A) =B (14)

for any n x n-matrix B € K" [| Applying this to B = I,,, we obtain 9"*" (tI, — A) =

In.
The definition of x 4 yields x4 = det (tI, — A). Applying the map 9 to both sides

of this equality, we obtain

dxa = (det (tl, — A)) = Tr | " (tI, — A) -adj (tI, — A)

=1,
by Theorem (applied to K [t], 0 and tI, — A >

( instead of I, f and A)
=Tr| I, -adj(tl, — A) | =Tr(adj(tl, — A)).
:adj(‘t?n_A)
O

This proves Theorem [3.20]
Proof. Let B € K" " be an n x n-matrix. Write the matrix B in the form B = (birf)1<i<n 1<j<n’
Both matrices A and B belong to K"*";
—aij) = bij

1<i<n, 1<j<n’
i € K and b;; € K and therefore 9 (tb;

Write the matrix A in the form A = (al-,j)
]

thus, every (i,j) € {1,2,...,n}” satisfies a;
(since 0 is the differentiation operator).

Now,
t B
~—~—
ij :(”f/f) <i<n, 1<j<n

1
- <“i,]‘)1§i§n, 1<j<n (thij — ”i/f)lgign, 1<j<n

i,j

=t bi'f)léién, 1<j<n

Hence, the definition of the map 0"*" yields

M (tB— A) = | (thi; — ai;) = (0ij)1cicn 1<jen = B

=bij 1<i<n, 1<j<n

ged.
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We can use Theorem to obtain the following result:

Proposition 3.21. Let n € IN. Let A € K"*". For every j € Z, define an element
¢j € Kby ¢j = [t"7] xa.

Let Dy, Dy,...,D;,_1 be n matrices in K"*" satisfying @ Thus, an n-tuple
(Do, Dy, ...,Dy—1) of matrices in K"*" is defined. Extend this n-tuple to a family
(D )ez of matrices in K"*" by setting @) Then, every k € Z satisfies

Tr (Dy) = (k+1) ¢y (k11)- (15)

Proof of Proposition Let 0 : K[t] — K|[t] be the differentiation operator (i.e.,
the map that sends every polynomial f € K [t] to the derivative of f).

n
Lemma [3.11| (a) yields x4 = Y c,_xt*. Applying the map 9 to both sides of this
k=0

equality, we obtain

n n . . . . .
. K\ k—1 since 9 is the differentiation
oxa =20 <k¥0 Cp_xt ) = k_zlcnkkt ( operator
g 1 k
=) kep k" H =) (k41) ¢y eyt
k=1 k=0

(here, we have substituted k + 1 for k in the sum). Comparing this with

dxa =Tr | adj(tl, — A) (by Theorem [3.20])
N ——’
:nil tka
k=0
(by @)
n—1 n—1 n—1
=Tr | Y Dy | = Y Tr (D) = Y Tr (Dy) £,
k=0 k=0 k=0
we obtain
n—1 . n—1 r
Y (D)t =) (k+1)cy eyt
k=0 k=0

This is an identity between two polynomials in K [t|. Comparing coefficients on
both sides of this identity, we conclude that

Tr (Dy) = (k+1) ¢y (1) for every k € {0,1,...,n—1}. (16)
Now, let k € Z. We must prove (15).
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If k € {0,1,...,n—1}, then follows immediately from . Hence, for the
rest of this proof, we WLOG assume that we don’t have k € {0,1,...,n —1}.

We don’t have k € {0,1,...,n —1}. Thus, k € Z\ {0,1,...,n —1}. Hence, (7)
yields Dy = 0,xn, so that Tr (Dy) = Tr (0, xn) = 0.

Recall again that k € Z\ {0,1,...,n —1}. In other words, we have either k < 0
or k > n. Thus, we are in one of the following two cases:

Case 1: We have k < 0.

Case 2: We have k > n.

Let us first consider Case 1. In this case, we have k < 0. If k = —1, then (15)
hold Hence, for the rest of this proof, we WLOG assume that k # —1. Combining
k < 0 with k # —1, we obtain k < —1. Hence, k + 1 < 0.

pn—(n—(k+1)) XA
—tk+1

The definition of ¢, _ 1) yields ¢, (1) = = [fkﬂ} xXa =0

(since k +1 < 0, but x 4 is a polynomial). Hence, (k+1)c,_(41) = 0. Comparing
——

=0
this with Tr (D) = 0, we obtain Tr (Dy) = (k + 1) ¢,,_(x41)- Hence, (15) is proven in
Case 1.
Let us now consider Case 2. In this case, we have k > n. Thus, k+1>n+1 > n.
But x4 is a polynomial of degree < n. Hence, [t"] x4 = 0 for every integer
m > n. Applying this to m = k + 1, we obtain [#*+1] x4 = 0 (since k + 1 > n).

——
—tk+1

Hence, (k+1)c,_(x4+1) = 0. Comparing this with Tr (Dx) = 0, we obtain Tr (D) =
N——

The definition of ¢, (k1) yields ¢, _(x41) = {t”(”(kﬂ))] XA = [tkﬂ} xa =0.

=0
(k+1) ¢y—(k41)- Hence, (15) is proven in Case 2.
We have now proven in each of the two Cases 1 and 2. Thus, always
holds. Thus, Proposition (3.21|is proven. O

3.7. Proof of the trace Cayley-Hamilton theorem

Now, we can finally prove the trace Cayley-Hamilton theorem itself:

Proof of Theorem Proposition[3.9shows that there exist n matrices Dy, Dy, ..., D, 1
in K"*" such that

n—1
adj (tI, — A) = Y_ t*Dy in (K [t])"™".
k=0

8Proof. Assume that k = —1. Then, k+1 = 0, so that (k + 1) Cn—(k+1) = 0. Comparing this with
——r

=0
Tr (Dy) = 0, we obtain Tr (Dg) = (k + 1) ¢, (x41); hence, holds, ged.
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Consider these Dy, D1, ..., D;,—1. Thus, an n-tuple (Dy, D1, ..., D,_1) of matrices in
K"*" is defined. Extend this n-tuple to a family (Dy),., of matrices in K"*" by
setting

(Dg = Opxn for every k € Z\ {0,1,...,n—1}).
Now, let k € IN. Then, Proposition (applied to n — 1 — k instead of k) yields
Tr(Dyo1-i) = (n=1-k)+1) ¢y (n-1-k)+1) = (n—k)cr
:nv—k =Ck ~

(since n—((n—1—k)+1)=k)

Thus,
k .
(ﬂ - k) Cr = Tr Dn—l—k =Tr Z Ck_l'AZ
— i=0
= £ cp_iA!
i=0
(by Lemma 3.11] ()

=%t (4) =e o (4,,) + Lo (4)
=Ck

(here, we have split off the addend for i = 0 from the sum)

= C Tl‘_([n) + i_zlck_i Tr <Al) = N + Z_ZITI‘ <Al> Ck—i-

:TI'(Ai ) Cl—i

k .
Solving this equation for } Tr (A') ¢_;, we obtain
i=1

k .
ZTr <A1> Cr_i = (n—k)cx— cxn = ncg — ke — ney = —key.
—_———

i=1
=ncp—kcy =ncy

k .
Adding kcy to both sides of this equation, we obtain k¢ + Y Tr (A) ¢,—; = 0. This
i=1
proves Theorem O

3.8. A corollary

The following fact (which can also be easily proven by other means) follows readily
from Theorem
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| Corollary 3.22. Let n € N. Let A € K"*". Then, [t""!] x4 = — Tr A.

Proof of Corollary For every j € Z, define an element ¢; € K by ¢; = [t"7/] xa.

The definition of c; yields ¢c; = [#"7!] x 4. The definition of ¢ yields ¢y = [t”fo] XA =
[ }/
—[pmn
("] x4 = 1 (by Corollary 2.4] (c)).
1 .
Theorem [2.6/ (applied to k = 1) yields 1c; + Y Tr (A’) ¢;—; = 0. Thus,
i=1
y(4) :
1C1 = — Tr ( A C1—; = —Tr A C1—-1 = —TrA.
— | ~~
1\_1 =A =C0=1
:Tr(Al)cl_l

Comparing this with 1c; = ¢; = [t"71] x4, we obtain [t""1] x4 = —Tr A. This
proves Corollary O

4. Application: Nilpotency and traces

4.1. A nilpotency criterion

As an application of Theorem let us now prove the following fact (generalizing
[m.sel1798703]):

Corollary 4.1. Let n € IN. Let A € K"*". Assume that
Tr <Ai) =0 foreveryi e {1,2,...,n}. (17)

(a) Then, n!A" = 0, x-

(b) If K is a commutative Q-algebra, then A" = 0;;y.
(c) We have n!x 4 = n!t".

(d) If K is a commutative Q-algebra, then x4 = t".

Proof of Corollary @1} For every j € Z, define an element ¢; € K by ¢; = [t"7/] xa.

The definition of ¢ yields cyp = [t”_o] Xxa=[t"xa=1(by Corollaryi (0)).

N
="

We now claim that
ke, =0 for every k € {1,2,...,n}. (18)

[Proof of ({18): Let k € {1,2,...,n}. Then, every i € {1,2,...,k} satisfies i €
{1,2,...,n} and therefore also

Tr (Ai) —0 (19)
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(by (17)). Now, Theorem [2.6] yields
k .
kep+ Y Tr (A’) cx_; = 0.
i=1
Solving this equation for kci, we obtain

k k

kop=—Y Tr (Ai> Gi=—Y Oc_j=—0=0.
i=1 / i=1
(by ) =0
This proves (18).]
Now, we claim that
nlcy =0 for every k € {1,2,...,n}. (20)
[Proof of (20): Let k € {1,2,...,n}. The product 1-2-----n contains k as a

factor, and thus is a multiple of k; in other words, n! is a multiple of k (since
n=1-2----- n). Hence, n!cy is a multiple of kcg. Thus, follows from (18).]
Finally, we observe that

nlc,_r =0 for every k € {0,1,...,n—1}. (21)
[Proof of 21): Let k € {0,1,...,n —1}. Then, n —k € {1,2,...,n}. Hence,
(applied to n — k instead of k) yields n!c,_; = 0. This proves (21).]

n
Now, Corollary yields x4 = ) itk Substituting A for t in this equality,
k=0

n
we obtain x4 (A) = ¥ c,_rAF. Multiplying both sides of the latter equality by n!,

k=0
we obtain
n n n—1
nixa (A) =n! Y c, AF =Y nle, A=Y nle,  A¥+nlc,, A"
k=0 k=0 k=0~ et
(by 1) ’

(here, we have split off the addend for k = n from the sum)

n—1
= Y 0A*+ntA" = ntA™.
k=0

——
=0
Hence,
—
=0nxn
(by Theorem [2.5)

This proves Corollary [4.1] (a).
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(b) Assume that K is a commutative Q-algebra. Corollary 4.1 (a) yields n!A" =

1
Onxn. Now, — 1 € Q, so that we can multiply an n x n-matrix in K"*" by (smce

1 1 1
K is a Q-algebra). We have En! A" = A" Hence, A" = o Q'\é_/ = Eonxn = 0yxn-
SN~~~ =0pxn

This proves Corollary 1] (b).
n
(c) Multiplying the equality x4 = Y. c,_xt* by n!, we obtain
k=0
n n n—1
nixa=mn!y_ c, 1t =Y nlc, " = Z n'cn kt +n! cpp t"

k=0 k=0 hnat
by b)

(here, we have split off the addend for k = n from the sum)

n—1
= Y ot 4ntt" = nit".

This proves Corollary [4.1] (c).
(d) Assume that K is a commutative Q-algebra. Corollary |4.1| (c) yields n!xy4 =
n!t".

1 1
Now, 1€ Q, so that we can multiply any polynomial in K [t] by p (since K is

1 1 1

a Q-algebra). We have ﬁ”!XA = xa. Hence, x4 = i n'XA mn!t” = t". This
\_.’1'/ —n't” .

proves Corollary {.1] (d). O

4.2. A converse direction

The following result — in a sense, a converse of Corollary 4.1{(d) — also follows from
Theorem

Corollary 4.2. Let n € N. Let A € K"*". Assume that x4 = #". Then, Tr (A’) =
0 for every positive integer i.

Proof of Corollary[.2} For every j € Z, define an element ¢; € K by ¢; = [t"7/] xa.
Then, each positive integer j satisfies

¢; = 0. (22)

[Proof of (22): Let j be a positive integer. Thus, j # 0, so that n — j # n and thus
[t"71] (#") = 0. In view of x4 = t", this rewrites as [t" /] x4 = 0. But the definition

of ¢; yields ¢; = [t"/] x4 = 0. This proves (22 .]
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The definition of ¢y yields cy = [ ] = [t"] xa =1 (by Corollary 2.4 (c)).
- =[]
Now, we claim that
Tr (AP) =0 for every positive integer p. (23)

[Proof of (23): We shall prove by strong induction on p:

Induction step: Fix a positive integer k. Assume (as the induction hypothesis) that
holds whenever p < k. We must now prove that holds for p = k.

From (applied to j = k), we obtain ¢, = 0.

We have assumed that holds whenever p < k. In other words,

Tr (A7) =0 for every positive integer p < k. (24)
Now, Theorem [2.6] yields

ke + iTr <Ai> cr—; = 0.

i=1

Hence
3 » T (A e e (4
0=k ¢, + T( )Ckz TI'( )Ck—i: TI‘(AZ>Ck_i—|—TI' A>Ck—k
= -0 :C():l
(by ,
applied
to p=i)

(here, we have split off the addend for i = k from the sum)

k-1
=Y Ocp;+Tr (A*) = Tr (AF).
X Oecei T (1) = T (47)
N’
=0
Thus, Tr (A¥) = 0. In other words, holds for p = k. This completes the
induction step. Thus, is proven by strong induction.]
We have thus proven that Tr (AF) = 0 for every positive integer p. Renaming the
variable p as i in this statement, we conclude that Tr (A’) = 0 for every positive
integer i. This proves Corollary O

5. More on the adjugate

I shall now discuss various other properties of the adjugate adj A of a square matrix
A.
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5.1. Functoriality

For any n € IN and m € IN, a homomorphism f : L. — IM between two rings IL and
M gives rise to a map f"*™ : L"*™ — IM"*"™ (as defined in Definition [3.15). We
recall some classical properties of these maps f"*":

Proposition 5.1. Let L and M be two commutative rings. Let f : L — M be a
ring homomorphism.

(a) For every n € IN and m € IN, the map f"*" : L™ — M"*" is a homo-
morphism of additive groups.

(b) Every n € N satisfies f"*" (I,,) = I,.

(c) Foreveryn € N, m € N, p € N, A € L' and B € L"™*F, we have
f15P (AB) = frXm (A) - f7 (B).

(d) For every n € IN and m € IN and every A € L™ and A € L, we have

frm(AA) = f(A) fm (A).

Now, let me state the classical (and simple) fact which is often (somewhat incom-
pletely) subsumed under the slogan “ring homomorphisms preserve determinants
and adjugates”:

Proposition 5.2. Let L and M be two commutative rings. Let f : L — M be a
ring homomorphism. Let n € IN. Let A € IL"*".

(a) We have f (det A) = det (f"*"* (A)).

(b) Any two elements u and v of {1,2,...,n} satisfy f*=D>x=1)(A_, ) =
(f"" (A)) g

(c) We have f"*" (adj A) = adj (f"*" (A)).

Proof of Proposition Proving Proposition [5.2]is completely straightforward, and
left to the reader. O

5.2. The evaluation homomorphism

We shall apply the above to relate the determinant and the adjugate of a matrix A
with those of the matrix tI,, + A:

Proposition 5.3. Let ¢ : K[f] — K be the map which sends every polynomial
p € K|[t] to its value p (0). It is well-known that ¢ is a K-algebra homomorphism.
Let n € N. Let A € K"*". Consider the matrix tI,, + A € (K [t])"*". Then:
(a) We have ¢ (det (tI, + A)) = det A.
(b) We have ¢"*" (adj (tI, + A)) = adj A.
(c) We have ¢"" (tI, + A) = A.

Proof of Proposition We have

¢ (tB+A) = A




The trace Cayley-Hamilton theorem page 29

for every B € K™ f| Applying this to B = I,, we obtain &"*" (tI, + A) = A.
This proves Proposition [5.3] (c).

(a) Proposition 5.2| (a) (applied to K [¢], K, € and tI, + A instead of L, M, f and
A) yields

e(det(tl, + A)) =det | " (t, + A) | = det A.
T/
This proves Proposition [5.3] (a).
(b) Proposition [5.2] (c) (applied to K [¢], K, ¢ and tI, + A instead of L, M, f and
A) yields

" (adj (tl, + A)) = adj | " (t[, + A) | = adj A.
_zjq_/
This proves Proposition [5.3| (b). O]

If A € K'™" is a square matrix, then the matrix tI, + A € (K[t])"*" has a
property which the matrix A might not have: namely, its determinant is regular.
Let us first define what this means:

Definition 5.4. Let A be a commutative ring. Let 2 € A. The element a of A is
said to be regqular if and only if every x € A satisfying ax = 0 satisfies x = 0.

Instead of saying that a is regular, one can also say that “a is cancellable”, or
that “a is a non-zero-divisor”.

A basic property of regular elements is the following:

Lemma 5.5. Let A be a commutative ring. Let a be a regular element of A. Let
b and ¢ be two elements of A such that ab = ac. Then, b = c.

Proof of Lemma 5.5, We have a (b —c) = ab_ —ac = ac —ac = 0.

Now, recall that the element a of A is regafllar if and only if every x € A satisfying
ax = 0 satisfies x = 0 (by the definition of “regular”). Hence, every x € A
satisfying ax = 0 satisfies x = 0 (because the element a of A is regular). Applying
this to x = b — ¢, we obtain b — ¢ = 0 (since a (b — ¢) = 0). Thus, b = c¢. This proves
Lemma 5.5 O

Regular elements, of course, can also be cancelled from matrix equations:

Lemma 5.6. Let n € IN and m € IN. Let a be a regular element of K. Let
B € K"*™ and C € K"*" be such that aB = aC. Then, B = C.

9Proof. This equality is similar to |i and is proven analogously.
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Proof of Lemma Write the n x m-matrices B and C in the forms B = (b; ;)
and C = (c;) . Then, aB = (ab; ;) and aC = (ac;;)
Hence,

1<i<n, 1<j<m

1<i<n, 1<j<m 1<i<n, 1<j<m 1<i<n, 1<j<m’

= aB = aC = (ac;)

(abid’)gign, 1<j<m 1<i<n, 1<j<m

In other words,
ab;; = ac; for every (i,j) € {1,2,...,n} x{1,2,...,m}.
Thus,
bij = ci for every (i,j) € {1,2,...,n} x{1,2,...,m}
(by Lemma applied to b = b;; and ¢ = ¢;;). Hence, (b;;) =

1<i<n, 1<j<m
(Cij)1<icn, 1<jem THUS, B = (Bij)1cicy 1<jom = (Cij)icicy, 1<jem = C- Lemma
j j j

[SE] is proven. O

One important way to construct regular elements is the following fact:

Proposition 5.7. Let n € IN. Let p € K[t] be a monic polynomial of degree n.
Then, the element p of K [¢] is regular.

Proof of Proposition Proposition [5.7]is precisely [Grinbel6b| Corollary 3.15]. O
Corollary 5.8. Let n € IN. Let A € K"*". Consider the matrix tI, + A €

(K [¢])™.
Then, the element det (¢I, + A) of K [t] is regular.

Proof of Corollary 5.8} Proposition 2.2] (a) (applied to I, and A instead of A and B)
yields that det (tI, + A) € K[t] is a polynomial of degree < n in t. Proposition
(c) (applied to I, and A instead of A and B) yields that [t"] (det (tI, + A)) =
det (I;) = 1.

So we know that the polynomial det (tI, + A) € K[t] is a polynomial of degree
< n, and that the coefficient of " in this polynomial is [¢"] (det (tI, + A)) = 1.
In other words, the polynomial det (tI, + A) € K|[t] is monic of degree n. Thus,
Proposition 5.7| (applied to p = det (I, + A)) shows that the element det (tI,, + A)
of K [t] is regular. This proves Corollary O

A square matrix whose determinant is regular can be cancelled from equations,
as the following lemma shows:

Lemma 5.9. Let n € IN. Let A € K"*". Assume that the element det A of K is
regular. Let m € IN.

(@) If Be K"™™ and C € K"*™ are such that AB = AC, then B = C.

(b) If B € K™*" and C € KK™*" are such that BA = CA, then B = C.
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Proof of Lemma Define an element a of K by 4 = det A. Recall that the element
det A of K is regular. In other words, the element a of K is regular (since a = det A).
Theorem 3.7]yields A-adjA =adjA- A = detA - I,.

(@) Let B € K" and C € K"*™ be such that AB = AC. We must prove that
B=C.

We have
adjA-AB=detA- I,B =aB.
R , =~
=det A-I, =a =B
Thus,

aB=adjA- AB =adjA-AC =detA- I,C = aC.
\ v _ N~ \ ,
=AC _detA-l, - =C

Lemma [5.6| thus yields B = C. This proves Lemma [5.9] (a).

(b) The proof of Lemma (b) is similar to the proof of Lemma (@) (but
now we need to work with BA -adjA and CA - adj A instead of adjA - AB and
adj A - AC). The details are left to the reader. O

5.3. The adjugate of a product

Corollary 5.8/ can be put to use in several circumstances. Here is a simple example:
Theorem 5.10. Let n € IN. Let A and B be two n x n-matrices. Then,
adj (AB) = adj B - adj A.
Theorem [5.10| is the statement of [Grinbel5, Exercise 6.33]; see [Grinbel5, solu-
tion of Exercise 6.33] for a proof of this theorem. We shall show a different proof

of it now.
We begin by showing a particular case of Theorem [5.10;

Lemma 5.11. Let n € IN. Let A and B be two n X n-matrices. Assume that the
elements det A and det B of K are regular. Then, adj (AB) = adj B - adj A.

Proof of Lemma Theorem [3.7] yields
A-adjA=adjA-A=detA-I,.
Theorem [3.7| (applied to B instead of A) yields
B-adjB =adjB-B = detB - I,.
Theorem [3.7| (applied to AB instead of A) yields

AB-adj (AB) = adj (AB) - AB = det (AB) - I,.
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Now,
AB-adjB-adjA=A-detB-I,-adjA
—— ———
—det B-I, =detB-A
=detB-A-adjA =detB-detA- I,
N——
=det A-I,
—detA-detB-I,.

Comparing this with

AB-adj(AB) = det(AB) ‘I, =detA-detB- I,
—_———
=det A-detB

we obtain AB-adjB-adjA = AB-adj(AB). Lemmal5.9 (a) (applied to 1, B - adjB -
adj A and B - adj (AB) instead of m, B and C) therefore yields B -adjB -adjA =
B - adj (AB) (since the element det A of K is regular). Thus, Lemma 5.9| (a) (applied
to n, B, adjB - adj A and adj (AB) instead of m, A, B and C) yields adjB -adjA =
adj (AB) (since the element det B of K is regular). This proves Lemma 5.1} O

We now derive Theorem from this lemma:
Proof of Theorem Define the K-algebra homomorphism ¢ : K[t] — K as in
Proposition 5.3

Define two matrices A and B in (K [t])"*" by A = tI, + A and B = tI, + B.

From A = tI, + A, we obtain &"*" (adj A) = """ (adj (tI, + A)) = adj A (by
Proposition 5.3| (b)). Similarly, &"*" <adj §> = adj B.

From A = tI, + A, we obtain ¢"*" <K> =" (tl, + A) = A (by Proposition
(©)). Similarly, ¢ (B) = B.

Corollary [5.8 shows that the element det (tI, + A) of K[t] is regular. In other

words, the element det A of K [f] is regular (since A = tI, + A). Similarly, the

element det B of K [t] is regular. Lemma - (applied to K [t], A and B instead of
K, A and B) thus yields

adj <,2{]§> — adj B - adj A.
Applying the map &"*" to both sides of this equality, we obtain
g (ad] <AB>> e (ad]B adj A) = e”X” (ad] B) e <adj Av)

S\

:ad] B :an A
by Proposition |5.1{ (c), applied to
Kt], K, ¢ n n, adjB and adj A
instead of L, M, f, m, p, A and B
= adj B - adj A.
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Hence,
adjB-adjA =" (adj (AE)) = adj (s”X” (AE)) (25)

(by Proposition 5.2|(c), applied to K [t], K, ¢ and AB instead of I, M, f and A).
But Proposition (o) (applied to K [t], K, ¢, 1, n, A and B instead of L, M, f,
m, p, A and B) shows that

gtxn <g§> = (Av> -s””i/(_g)/ = AB.
=A =B

Hence, becomes

adjB-adj A = adj | &”" (AB’) — adj (AB).
=AB

This proves Theorem O

5.4. Determinant and adjugate of an adjugate

Our next target is the following result:

Theorem 5.12. Let n € IN. Let A be an n X n-matrix.
(@) If n > 1, then det (adj A) = (det A)" .
(b) If n > 2, then adj (adj A) = (det A)" 2 A.

Again, we shall first prove it in a particular case:

Lemma 5.13. Let n € IN. Let A be an n X n-matrix. Assume that the element
det A of K is regular.

(@) If n > 1, then det (adj A) = (det A)" .
(b) If n > 2, then adj (adj A) = (det A)" 2 A.

Before we start proving Lemma let us first recall the following fact: If n € IN,
A € Kand C € K" then

det (AC) = A" det C. (26)

(In fact, this is precisely [Grinbelb, Proposition 6.12] (applied to C instead of A).)

Proof of Lemma Theorem [3.7] yields
A-adjA=adjA-A =detA-1I,.
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(a) Assume that n > 1. Now,

det | A-adjA | =det(detA-I,) = (det A)" det ()
det A I/ = 1
=ae “In =

(by (applied to det A and I, instead of A and C))
— (det A)" = det A - (det A)" 1.

Thus,
detA- (detA)" ! =det(A-adjA) = detA - det (adjA).

Hence, Lemma (applied to A = K, a = detA, b = (detA)" ! and ¢ =
det (adj A)) yields (det A)" ! = det(adjA) (since detA is a regular element of
K). This proves Lemma (a).

(b) Assume that n > 2. Thus, n—1 > 1and n > 2 > 1. Now, Lemma (a)
yields

det(adjA) = (det A)" ! =det A - (det A)" V1 (sincen —1 > 1)

.

~

—=(det A)" 2
= detA-(detA)" 2.

But Theorem [3.7] (applied to adj A instead of A) yields

adjA-adj(adjA) = adj(adjA) -adjA = det(adj A) - L.

Now,
A-adjA-adj(adjA) = A-det(adjA) I, = det(adjA) A
=det(adjA)-I —det A-(det A)" 2
—=detA-(detA)" ? A.
Hence,

detA-(detA)" A= A-adjA - adj(adjA) = detA -, -adj (adj A)
———
=det A-I,
=detA-adj(adjA).

Hence, Lemma [5.6 (applied to 1, det A, (det A)" 2 A and adj (adj A) instead of m,

a, B and C) yields (detA)" > A = adj (adjA) (since det A is a regular element of
K). This proves Lemma (b). O

Let us now derive Theorem from this lemma:
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Proof of Theorem Define the K-algebra homomorphism ¢ : K[| — K as in

Proposition
Define a matrix A € (K[#])"*" by A = tI, + A. Corollary [5.8 shows that the

element det (tI, + A) of K [#] is regular. In other words, the element det A of K [¢]
is regular (since A = tI, + A).

We have <" (adj A ) = " (adj (tI, + A)) = adjA (by Proposition

=tl,+A
(a) Assume that n > 1. Lemma (a) (applied to K [t] and A instead of K and

A) yields det (adj A) = (det A)”_l.

Now, Proposition (a) (applied to K [t], K, ¢ and adj A instead of I, M, f and
A) yields

(b)). Also, ¢ (det A = ¢ (det (tI, + A)) = det A (by Proposition |5.3| (a)).

€ (det (adj A)) = det | " (:ij A) = det(adjA).
—adj

Hence,

. - [y - ~\n-1
det(adjA) = ¢ | det (ad] A) =¢ ((det A) )
:(cle’t/T)W1
n—1

=|e (det A) (since ¢ is a IK-algebra homomorphism )

a/—/
=det A

— (detA)" 1.

This proves Theorem (a).
(b) Assume that n > 2. Lemma (b) (applied to K [t] and A instead of K and

~—~
=tl,+A

A (by Proposition (0)). Proposition (o) (applied to K[t], K, ¢ and adj A

~ N2~ ~
A) yields adj (ade) = <detA>n A. We have ¢"*" A ) =" (tl, + A) =
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instead of IL, M, f and A) yields
g (adj (adj g)) =adj | " (adj g) =adj(adjA).

Thus,

. -2
adj (adj 4) = " | adj (acj A) :s”X”<(detA)n A)
—_——

—(detA)" A

= ¢((ad)”) e (4)

n—2

—(c(det A))
(since ¢ is a K-algebra
homomorphism)

by Proposition [5.1] (applied to K [t], K,
~ o\ 12
e, n, A and (det A) ! instead of L, M, f, m, A and A)

n—2

= |e (det E) A= (detA)" 2 A,

————
=det A

This proves Theorem (b). O

5.5. The adjugate of A as a polynomial in A

Next, let us show that the adjugate of a square matrix A is a polynomial in A (with
coefficients that depend on A, but are scalars — not matrices):

Theorem 5.14. Let n € IN. Let A € K"*". For every j € Z, define an element
¢j € Kby ¢; = [t"7] xa. Then,

n—1 )
adjA = (-1)"""Y ¢, 1AL
i=0

One consequence of Theorem is that every n x n-matrix which commutes
with a given n x n-matrix A must also commute with adj A.
We prepare for the proof of Theorem with two really simple facts:
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Lemma 5.15. Let n € IN. Let u and v be two elements of {1,2,...,n}. Let A € K.
Let A be an n x n-matrix. Then,

(AA) — AANM,N'U'

~1U,~T

Proof of Lemma [5.15] This follows from Lemma [3.8| (applied to u = 0 and B = A).
]

Proposition 5.16. Let n be a positive integer. Let A € K"*" and A € K. Then,
adj(LA) = A" ladj A

Proof of Proposition [5.16] Recalling the definitions of adj (/\A) and adj A (and using
Lemma [5.15), the reader can easily reduce Proposition [5.16|to (26) (applied to n — 1
and A.;.; instead of n and C). O

Now, let me show a slightly simpler variant of Theorem

Lemma 5.17. Let n be a positive integer. Let A € K"*". For every j € Z, define
an element ¢; € Kby ¢; = [t"7/] x 4. Then,

adj (— ch 1_;A

Proof of Lemma For every j € Z, define an element ¢; € K by ¢; = [t"7/] xa.
Proposition shows that there exist n matrices Dy, Dq,...,D,,—1 in K"*" such
that

adj (I, — Ztka in (K [£])"". 27)

Consider these Dy, Dy, ..., D,,_1. Thus, an n-tuple (Dy, D1, ..., D;_1) of matrices in
K"*" is defined. Extend this n-tuple to a family (Dy),., of matrices in K"*" by

setting (7). Lemma (c) (applied to k = n — 1) yields

n—1 )
Z Cn_l_l'Al = Dn—l—(n—l) = DQ. (28)
i=0

On the other hand, define the K-algebra homomorphism ¢ : K[t] = K as in
Proposition[5.3] This homomorphism ¢ satisfies € () = 0. Also, it satisfies ¢ (u) = u
for every u € K. Hence, the map &¢"*" : (K [¢])"*" — K"*" (defined as in Definition

3.15) satisfies
e " (F)=F for every F € K"*". (29)
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But Proposition 5.1 (@) (applied to L = K [t|, M = K, f = ¢ and m = n) yields

that the map ¢*" : (K [t])"*" — K"*" is a homomorphism of additive groups.
Hence,
n—1 n—1
ghxn <Z tka> — Z ghxn <tka)
k=0 k=0 ————
:s(t")s”x”(Dk)

(by Proposition 5.1](d) (applied to
KJt], K, ¢, n, Dy and tk
instead of L, M, f, m, A and A))

n—1
_ e k ghtxn
= k;) (f ) (Dx)

\_\5—/
=Lk
=(em)* (by @9)
(since ¢ is a ring (applied to F=Dy))
homomorphism)
k
n—1 n—1 v 0 n—1 '
=Y |e(t)] Dek=)_ 0"Dy=_0" Do+ 0 Dy
k=0 :’0 k=0 -1 k=1

(sincj k>1)
here, we have split off the addend for k = 0 from the sum
(since 0 € {0,1,...,n—1})
n—1

= Do+ Y_ 0Dy = Dy. (30)

k=1
——

:Onxn

But applying the map €"*" to both sides of the equality (27), we obtain
n—1
Snxn (ad] (tln — A)) = €n><n (Z tka> = DQ
k=0
(by (30)). Thus,

Do=¢""|adj| tlx—A =" (adj (t[, + (—A))) =adj(—A)
=tly+(—A)
(by Proposition [5.3| (b), applied to —A instead of A). Hence, becomes
n—1 )
Z Cn_l_iAl = Do = ad] (—A) .
i=0
This proves Lemma O

Finally, we are ready to prove Theorem [5.14
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n—1 .
Proof of Theorem We must prove the equality adjA = (—1)""' ¥ ¢, 1AL
i=0
This is an equality between two n x n-matrices, and thus obviously holds if n =

0. Hence, we WLOG assume that n # 0. Thus, n is a positive integer. Hence,
Proposition (applied to A = —1) yields

adj(—A) = (—1)" adj A.

Therefore,
n—1 )
adjA = (-1)"" adj(—A) =(-1)""Y c,1A.
= Z Cn—l—iAi
(byzigmma
This proves Theorem O

5.6. Minors of the adjugate: Jacobi’'s theorem

A minor of a matrix A is defined to be a determinant of a square submatrix of A.
A theorem due to Jacobi connects the minors of adj A (for a square matrix A) with
the minors of A. Before we can state this theorem, let us introduce some notations:

Definition 5.18. Let n € N and m € N. Let A = (a;;), ., I<j<m be an n x

m-matrix. Let iy,1p,...,i, be some elements of {1,2,...,n}; let ji,ja,...,j» be

some elements of {1,2,...,m}. Then, we shall use subU21) A as a synonym
(11,82, )

for the u x v-matrix subﬁgfz A. Thus, for every i € {1,2,...,n}" and j €

{1,2,...,m}", a u x v-matrix sub’; A is defined.

elements of I. (Thus, Y1 = Y i.)

‘ Definition 5.19. If I is a finite set of integers, then ) I shall denote the sum of all
i€l

Definition 5.20. If I is a finite set of integers, then w (I) shall denote the list
of all elements of I in increasing order (with no repetitions). (For example,
w ({3,4,8}) = (3,4,8).)

The following fact is obvious:

| Remark 5.21. Let n € IN. Let I be a subset of {1,2,...,n}. Then, w(Il) €
(1,2,...,n}1.

Now, we can state Jacobi’s theorem@

0This is [Grinbel5), Corollary 7.256]. It also appears in [Prasol94, Theorem 2.5.2] (in a different
form).
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Theorem 5.22. Let n € IN. For any subset I of {1,2,...,n}, we let I denote the
complement {1,2,...,n} \ I of I.

Let A be an n X n-matrix.

Let P and Q be two subsets of {1,2,...,n} such that |P| = |Q| > 1. Then,

«(P) A) :

(P) «(0)

)

det (suwaU(Q) (adj A)) = (—1)EPe (de’cA)'QF1 det (sub

We shall not give a standalone proof of this theorem; instead, we will merely
derive it from results proven in [Grinbel5]. Namely, in [Grinbel5| Corollary 7.255],
the following was proven:

Lemma 5.23. Let n € IN. For any subset I of {1,2,...,n}, we let I denote the
complement {1,2,...,n} \ I of I.

Let A be an n X n-matrix.

Let P and Q be two subsets of {1,2,...,n} such that |P| = |Q|. Then,

O

det A - det (SUbZE%) (adj A)) = (—=1EPHEQ (det A)/9 det (Subzg )) A) '

We shall also use the following obvious lemma:

Lemma 5.24. Let L and M be two commutative rings. Let f : L. — M be any
map. Letn € N and m € N. Let A € L"*"™,
Letu € Nand v € N. Leti € {1,2,...,n}"and j € {1,2,...,m}". Then,

fuxe (subg A) = sub]; (f”Xm (A)) .

Proof of Theorem [5.22] Define the K-algebra homomorphism ¢ : K[f] — K as in
Proposition

Define a matrix A € (K [t])"*" by A = tI, + A. Corollary 5.8 shows that the
element det (tI, + A) of K [t] is regular. In other words, the element det A of K [¢]
is regular (since A=t + A).

We have |Q| —1 € IN (since |Q| > 1). Lemma(applied to K [¢] and A instead
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of K and A) yields

—~
o ™

det A - det (subzzg%) (adj g)) = (—1)ZP+ZQ \(d_et:l)_/ det <subz(

%)
—(det A) (det A)/ 97"
(since |Q|>1)

= (—1)ZP+ZQ (det Av> <detA> Q- det (subzgg)) A)

det( ub” g A)
)

Hence, Lemma 5.5 (applied to A = K [t], a = detA, b = det (sub (ad A)

~ 1
—detA- (—1)2FTLC (d tA) o

and ¢ = (—1)>"E€ <det A) ot det (subwgg)) A)) yields

det (suszgl%) <adj Av>> = (—1)EPTEQ (d tA> ot det (subzwvgg)) Av)

(since the element det A of K [] is regular). Applying the map ¢ to both sides of
this equality, we obtain

€ (det (SszE%) (adj A)))
:5((_1)2P+2Q<d tA)' et <subzg)) E))
= (0FE (e (et d)) U (et (suv(F) ) ) 61)

(since ¢ is a K-algebra homomorphism).
The definition of P yields P = {1,2,...,n} \ P. Hence,

‘p( {2 1P (since P C {1,2,...,n})

:n—]P|.

Similarly,

Q’ = n — |Q|. Notice that ’13’ =n— |P| =n—|Q|
=1Q|
But Remark(applied tol = P)yieldsw (P) € {1,2,...,11}“3‘ = {1,2,...,n}|Q|
(since |P| = |Q|). Also, Remark|5.21|(applied to I = Q) yields w (Q) € {1,2,...,~n}|Q‘.
Furthermore, Remark [5.21| (applied to I = P) yields w <13) € {1,2,...,n}|P | =
{1,2,...,71}”*‘(2‘ (since ‘13 = n — |Q|). Finally, Remark [5.21| (applied to I = Q)

yields w (Q) € {1,2,...,n}|é| = {1,2,...,n}”_|Q| (since QV‘ =n—1QJ).
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Recall that adj A € (K [#])""". Furthermore,

g (adj A | =" (adj(tl, + A)) = adj A
=tl,+A

(by Proposition [5.3] (b)).
We have w (P) € {1,2,...,n}|Q| and w (Q) € {1,2,...,n}|Q|. Hence,

subzg%) (adj ﬁ) e (K [1])e1Ql.

Thus, Proposition 5.2/ (a) (applied to K [t], K, ¢, |Q| and subzgl%) (adj A) instead of
L,M, f, nand A) yields

€ (det (subzgl%) (adj ﬁ))) = det elQIx1Ql (suwaQ)) <adj A))
A))

e, n, adj4, Ql, |Q|,
m, A, u, v, iand j))

fsub ( X1 (adj

(by Lemma [5.24] “ (apphed to K|t
w(P) and w(Q) instead of L,

[1], K,
M, £,
= det subZE%) e ad]A ))

=adj A

=

= det (subx(g) (adj A (32)
Comparing this with (31), we obtain

det (SUbZEI%) (adj A))

= (—1)ZPEQ (s (det E)) o (det (wbi% E) ) . (33)

Recall that ¢"*" ( A ) =" (tl, + A) = A (by Proposition(c)).
=tl,+A

On the other hand, w (ﬁ) c{1,2,...,n}"" 1Ql and w( > e {1,2,. n}n—\Ql'
Hence,
A€ (K [t])(H*IQI)X(W*IQI)_

—~
CE

w
sub
w
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el

)

Hence, Proposition [5.2|(a) (applied to K [t], K, ¢, n — |Q| and subz( A instead of

L, M, f, nand A) yields

—
el
N—

s(det <subzgﬁ )) A’)) ~ det (110D % (1-1Q)) (Subzgp)) )

[\ J/
-~

w(P) ~
:subw(é) (S”X" (A)) i
(by Lemma 5.24] (applied to K[t], K, ¢, n, A, n—|Q|, n—|Q|,

w(é) and w(ﬁ) instead of L, M, f, m, A, u, v, i and j))

O
e}

= det SUbZEg)) g <A)
~——
=A
= det (subzg)) A) : (34)

Also, ¢ [ det _A = ¢ (det (tI, + A)) = det A (by Proposition |5.3( (a)).
=tl,+A
Now, (33) becomes

det (subw(Q) (adj A))

w(P)
|Q[-1
_ (_1\ZP+rQ 7 w(P)
= (-1) € <detA>/ f (det (sub (@) A))
=det A
—det(sub A)
(by I)

_ (—1)EPFEQ (et 4)191 get ((sub®(P)
= (=1)="TE8 (det A) dt( b )A>.

©

This proves Theorem O

5.7. Another application of the tI, + A strategy

The strategy that we have used to prove Theorem [5.10} Theorem [5.12) and Theorem
5.22] (namely, replacing a matrix A € K" by the matrix tI, + A € (K [t])"*",
whose determinant is a regular element of K [f]; and then applying the homo-
morphism ¢ to get back to A) has many applications; not all of them concern the
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adjugate of a matrix. As an example of such an application, let us prove a neat
property of commuting matrices:

Theorem 5.25. Let n € IN. Let A, B and S be three n x n-matrices such that
AB = BA. Then,
det (AS + B) = det (SA+ B).

Again, we start by showing a particular case of this theorem:

Lemma 5.26. Let n € IN. Let A, B and S be three n x n-matrices such that
AB = BA. Assume that the element det A of K is regular. Then,

det (AS+ B) = det(SA+ B).
Proof of Lemma Define two 1 x n-matrices X and Y by X = AS+Band Y =

SA + B. Comparing
X A= (AS+B)A=ASA+BA

=AS+B
with
A Y =A(SA+B)=ASA+ AB = ASA+ BA,
=SA+B =BA

we obtain XA = AY. Now, comparing

det (XA) = det (AY) = det A -detY
=AY

with

det (XA) =detX-detA =detA-detX,
we obtain det A - detX = detA-detY. Lemma (applied to K, det A, detX
and detY instead of A, a, b and c) thus yields det X = detY (since the element
det A of K is regular). In view of X = AS+ B and Y = SA + B, this rewrites as
det (AS + B) = det (SA + B). This proves Lemma [5.26] O

Proof of Theorem [5.25] Define the K-algebra homomorphism ¢ : K[tf] — K as in
Proposition Thus, ¢ is a ring homomorphism. Hence, Proposition {5.1] (a) (ap-
plied to L. = K[t|, M = K and m = n) shows that the map &¢"*" : (K [¢])"*" —
K"*" is a homomorphism of additive groups.

Recall that every n x n-matrix in K"*" can be considered as a matrix in (K [t

In other words, for each F € K"*", we can consider F as a matrix in (K[t
therefore, ¢"*" (F) is well-defined. We have

)n><n

]
])nxn,

4

""" (F)=F for every F € K"*". (35)
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(In fact, the proof of is identical with the proof of we gave above.)
Let A be the matrix tI, + A € (K[t])"*". Thus, A = tI, + A. Applying the

map £"*" to both sides of this equality, we find £"*" (A) =" (tl, + A) = A (by

Proposition (c)).

Corollary (5.8 shows that the element det (I, + A) of K [t] is regular. In other
words, the element det A of K [{] is regular (since A = tI,, + A).

Let us consider the matrix S € IK"*" as a matrix in (K [¢])""" (since every n x n-
matrix in IK"*" can be considered as a matrix in (K [t])"*").

Similarly, let us consider the matrix B € K"*" as a matrix in (K [t])"*". Then,

A B=(tl, +A)B=t I,B + AB = tBI, +BA
=tlh+A =B=BI, =BA  =B.],
— B-tl, + BA =B (tl, + A) = BA.
f
=A

Hence, Lemma (applied to K [¢] and A instead of K and A) yields
det (AS T B) — det (SE + B) . (36)

Proposition 5.2 (a) (applied to K [t], K, € and AS + B instead of I, M, f and A)
yields

¢ (det (AS+B)) = det (™" (A5 +B)).

In view of
e (AS+B) = e (AS) +¢"" (B)
—_——
zenxn(g)‘gnxn(s)
(by Proposition [5.1] (b)

(applied to K[t], K, ¢, n, 1, Aand S
instead of I, M, f, m, p, A and B))

( since the map €"*" is a homomorphism )

of additive groups

— ghxn (g) . ghxn (S) + ghxn (B)

—— —~—
_A :S =B
= (by (by
(applied to F=S))  (applied to F=B))
= AS+ B,
this becomes
¢ (det (AS+B)) =det | ™" (AS+B) | = det(AS+B). (37)

=AS+B
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Similarly,
ey ¢ (det (SA+B)) = det(SA +B).

Comparing this with

e | det (sﬁ + B> —¢ (det (As + B)) — det (AS + B) (by B7)),
~—_———
=det( AS+B)
(by @6))
we obtain det (AS + B) = det (SA + B). This proves Theorem O

5.8. Another application of the strategy: block matrices

The same strategy (replacing A € K™ " by tI, + A € (K[t])"*") turns out to
be useful in proving a formula for determinants of block matrices with a certain
property.

We will use [Grinbel5| Definition 6.89] in this section. Roughly speaking, this
definition says that if n, n’, m and m’ are four nonnegative integers, and if A €
Knxm B ¢ ]K”X’”/, C € K"*" and D € K" *™" are four matrices, then ( é g )
shall denote the (n + n’) x (m + m’)-matrix obtained by “gluing the matrices A, B,
C and D together” in the way the notation suggests (i.e., the matrix B is glued to
the right edge of A, and then the matrices C and D are glued to the bottom edges
of A and B, respectively). For example, if n =2, n' =2, m =2 and m’ = 2, and if

ain aip b1 bip
A — ’ ¢ , B — ! ! 7 38
< ary azp ) ( by1 bop ) (38)
C_ ( €11 €12 ) and D — ( di1 dip ) (39)
€21 €2 )’ dyy dap )’

then
a1 a1 b1y bip
( A B > | a1 axp boy byp
C D c11 12 dig dip

€21 C22 da1 dap

There are more general versions of this “gluing operation” that allow for more than
four matrices; but we will only concern ourselves with the case of four matrices.
We are aiming to prove the following theorem:
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Theorem 5.27. Let n € IN. Let A, B, C and D be four n x n-matrices such that
AC = CA. Then, the (2n) x (2n)-matrix ( é g ) satisfies

A B
det( C D):det(AD—CB).

Theorem appears, e.g., in [Silves00, (14)]. Our proof of this theorem will
closely follow [Silves00, proof of Lemma 2]. We will use the following obvious
lemma:

Lemma 5.28. Let L and M be two commutative rings. Let f : L — M be any
map. Let n, n’, m and m’ be four nonnegative integers. Let A € IL"*™, B ¢ IL”X’”/,
C € L"*M and D € IL" %™ be four matrices. Then,

e (& )= (R F205)

Example 5.29. For this example, set n = 2 and n’ = 2 and m = 2 and m’ = 2,
and let the 2 x 2-matrices A, B, C and D be given by and (39). Then, Lemma

5.28 says that
axa (A B _ (P24 22 (B)
(e D))_<fm(€) fM<D>)‘

Both the left and the right hand side of this equality are easily seen to equal

flay) f(a2) f(b11) f(b12)
flaz1) f(az2) f(b21) f(b22)
fle11) flap) f(din) f(di2)
fle21) fle22) f(d21) f(d2p)

Next, let us recall a result from [Grinbel5] (a version of the Schur complement
theorem):

Proposition 5.30. Let n € N and m € IN. Let A € K*"*", B € K™, C € K"™*"
and D € K™ ™  Furthermore, let W € K"*™ and V € K™*" be such that
VA = —WC. Then,

detW-det( A B

c D ) =detA-det(VB+WD).
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Proposition appears (with proof) in [Grinbel5, Exercise 6.35], so we will not
prove it here.

Let us next prove the particular case of Theorem in which we assume det A
to be regular:

Lemma 5.31. Let n € IN. Let A, B, C and D be four n x n-matrices such that
AC = CA. Assume that the element det A of K is regular. Then, the (2n) x (2n)-

) A B .
matrix ( C D ) satisfies

A B
det< C D):det(AD—CB).

Proof of Lemma The matrix

definition), i.e., a (2n) x (2n)-matrix (since n + n = 2n).
We have CA = — (—A) C (since — (—A) C = AC = CA). Thus, Proposition [5.30]
(applied to V = C and W = —A) yields

é g ) is an (n+n) x (n+ n)-matrix (by its

det(—A) - det ( Ié IB; ) =detA-det | CB+ (—A)D
=CB—-AD
= detA-det(CB— AD). (40)
But (applied to —1 and CB — AD instead of A and C) yields
det((—1) (CB— AD)) = (—1)"det (CB— AD). (41)

Also, (applied to —1 and —A instead of A and C) yields det ((—1) (—A4)) =
(—1)"det (—A). Inview of (—1) (—A) = A, this rewrites asdet A = (—1)" det (—A).

Hence,
det A -det ( g >

= (— 1) det (— det(‘é )

=det A- det CB—AD)

(by .)
= (—1)"det A -det(CB— AD) =detA-(—1)"det(CB — AD)

—det((~1)(CB—AD))

(by @1))

— detA-det | (—1)(CB— AD) | = det A -det(AD — CB).
—AD—CB
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Lemma |5.5( (applied to K, det A, det ( A B > and det (AD — CB) instead of A,

C D
a, b and c) thus yields det ( Ié IB; ) = det (AD — CB) (since the element det A of
K is regular). This proves Lemma O

We are now ready to prove Theorem

Proof of Theorem The matrix ( A isa (2n) x (2n)-matrix. (This is proven

B

C D
in the same way as in our proof of Lemma 5.31})

Define the K-algebra homomorphism ¢ : K [t| — K as in Proposition Thus, ¢
is a ring homomorphism. Hence, Proposition 5.1| (a) (applied to L = K [{], M = K
and m = n) shows that the map " : (K [t])"*" — K"*" is a homomorphism of
additive groups.

Recall that every n x n-matrix in K"*" can be considered as a matrix in (K [¢]
In other words, for each F € K"*", we can consider F as a matrix in (K [t])""";
therefore, ¢"*" (F) is well-defined. We have

)Tl><1’l

""" (F)=F for every F € K"*". (42)

(In fact, the proof of (#2) is identical with the proof of 29) we gave above.)

Let A be the matrix tI, + A € (K[t])"*". Thus, A = tI, + A. Applying the
map £"*" to both sides of this equality, we find &**" (}() =" (tl,+ A) = A (by
Proposition 5.3| (c)).

Corollary 5.8 shows that the element det (¢, + A) of K[t] is regular. In other
words, the element det A of K [t] is regular (since A = tI,, + A).

Let us consider the matrix B € K" " as a matrix in (K [¢])"”" (since every n x
n-matrix in K"*" can be considered as a matrix in (K [t])"*"). Similarly, let us
consider the matrices C and D as matrices in (K [¢t])"*".

Notice that (42) (applied to F = B) yields ¢"*" (B) = B. Similarly, ¢"*" (C) = C
and ¢"*" (D) = D.

Now,

A C=(tl,+A)C=t I,C + AC = tCI, +CA
=tl,+A =C=CI, =CA  =C¢tl,
=C-tl,+CA=C(tl,+ A) = CA.
=A

Thus, Lemma (applied to KK [t] and A instead of K and A) yields

det(é g):det(AD—CB)
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(since the element det A of K [t] is regular). Applying the map ¢ to both sides of
this equality, we find

s(det( ‘g g )) :£<det (/TD—CB)). 43)

But Proposition [5.2{ (a) (applied to K [#], K, ¢ and AD — CB instead of I, M, f and
A) yields
¢ (det (AD — CB)) = det (¢"" (AD — CB)) .

In view of
g (AD - CB> - gnxn (AD) -~ ™" (CB)
——
\‘f_/ nxn X
_ ~ =e"*"(C)-¢"*"(B)
_€n><n (A) -.gn><ﬂ (D) (by Proposition (b)
(by PI’OPOSIUOH (b) (applied to K[t], K, ¢, n, n, C and B

(applied to K[t], K, ¢, n,n, Aand D instead of I, M, f, m, p, A and B))
instead of IL, M, f, m, p, A and B))

since the map €"*" is a homomorphism
of additive groups

— ghxn (A) L ghxn (D) _ ghxn (C) L ghtxn (B)
——— N N —

this becomes

e (det (AD - CB)) — det | e (AD - CB)

J/

—AD—CB
= det (AD — CB). (44)
But Proposition [5.2| (a) (applied to K [t], K, &, n + n and < ‘é
M, f, n and A) yields

() el (E3))

On the other hand, Lemma (applied to K [t], K, ¢, 1, n, n and A instead of
L, M, f,n',m,m and A) yields
B
D

e (& )= (528 0) (4

g ) instead of IL,

o>
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(since ™" <A> = A and " (B) = B and ¢"*"(C) = C and &"*" (D) = D).
Taking determinants on both sides of this equality, we find

(n+n)x(n+n) A B o A B
det ((&7))=a(25)

Hence,
A B — (n+n)x(n+n) A B
det(c D)—det<s c D
_ A B ;
—c(a(dE)) e
=¢ (det (gD — CB>> (by (@3))
= det (AD — CB) (by @4)) .
This completes the proof of Theorem O

5.9. The trace of the adjugate

The following neat result follows so easily from Theorem and Theorem
that it would be strange not to mention it:

Theorem 5.32. Let n € IN. Let A € K"*". For every j € Z, define an element
¢j € Kby ¢; = [t"7] xa. Then,

Tr(adjA) = (—1)" o1 = (-1)" " ] xa

In other words, the trace of the adjugate adj A of an n x n-matrix is the coefficient
of t in the characteristic polynomial x 4.

Proof of Theorem The definition of ¢, yields ¢,—1 = [t”_(”_l)} XA = [tl} XA
(sincen — (n—1) =1).
It is easy to see that Theorem holds for n = 0 E Thus, for the rest of

this proof, we can WLOG assume that we don’t have n = 0. Assume this. Hence,
n # 0, so that n > 1 (since n € IN). Therefore, n — 1 € IN.

1Proof. Assume that n = 0. Thus, 1 > 0 = n. But Corollary (@) yields that x4 € K|[t] is a
polynomial of degree < n in t. Hence, [t""] x4 = O for every integer m > n. Applying this to
m = 1, we obtain [t!] x4 = 0 (since 1 > n). Also, adjA is an n x n-matrix, and thus a 0 x 0-
matrix (since n = 0). Hence, Tr (adj A) = 0 (since the trace of a 0 x 0-matrix is 0). Comparing this

with (=1)""' ¢,.; =0, we obtain Tr (adjA) = (-1)""' ¢, ., = (=1)" ' [t!] x4. Hence,
—~— N
s o

we have proven Theorem under the assumption that n = 0.
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Thus, Theorem 2.6/ (applied to k = n — 1) yields

n—1

(n—1)cp—1+ Z Tr (Ai) Ch1—i = 0.
i=1
Subtracting (n — 1) ¢,—1 from both sides of this equation, we obtain
n—1 .
Z Tr (AZ> Cp1—i=—(m—1)cy_1. (46)
i=1
But Theorem yields
n—1
adjA = (—1)"! Y en1iA

Applying the map Tr : K"*" — K to both sides of this equality, we obtain

Tr(adjA) = ( )" 12% 1-i )
Y T (a7) (47)
i=0

(since the map Tr : K"*" — K is K-linear). But n — 1 > 0 (since n > 1); therefore,
0 € {0,1,...,n—1}. Hence, we can split off the addend for i = 0 from the sum

n—1 )
Y. cn—1-iTr (A"). We thus obtain
i=0

n—1 .
Z Cn—1—i Tr <AZ) = Cp—-1-0 Tr Z Cp—1— 1TI' < )
i=0 — [

=Cn—1 =1
_Tr(A )en—1-i

= Cp— 1Tr )+ ZTY< )Cn—l—i:Cnfln"i_(_(n_l)cn—l)

= 7

(n‘rl Cn 1
(by (@)
=m—(nm—1))cp—1=cp_1.
—_——
—1
Hence, becomes
n 1 _ (_1\n—1 _ (_1\yn—1 |41
Tr(adjA) = ch 1— ZTr( ) = (—1) -1 = (—1) [t ] XA-
~\~ -~ :[tl]XA
=Cn-1

This proves Theorem O
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5.10. Yet another application to block matrices

Let us show one further formula for determinants of certain block matrices that
can be proved using our “replace A by tI, + A” strategy.

We will again use [Grinbel, Definition 6.89] in this section. We shall further-

more use the following notation:

Definition 5.33. If B is any 1 x 1-matrix, then entB will denote the (1,1)-th

entry of B. (This entry is, of course, the only entry of B. Thus, the 1 x 1-matrix
B satisfies B= ( entB ).)

We now claim the following:
Theorem 5.34. Let n € N and m € IN. Let A € K" and D € K"™*™ be

two square matrices. Let p € K"*! and g € K"*! be two column vectors. Let
v € K™ and u € K" be two row vectors. Then,

det< 2[ 11937’ ) =detA-detD —ent(u(adjA) p) -ent (v (adjD)q).

Example 5.35. Let us see what Theorem says in the case when n = 2 and
m = 2. Indeed, let n = 2 and m = 2 and

A < ai1 aip ) and D— ( dig dip ) and
a1 A2 dy1 dap
v=_(v1 vy ) and u=(u up).
Then,
Do = ( p101 p102 ) and qut = ( qiu1 qru2 ) '
p201 Pp202 qa2u1  qauz
Hence,

a11 412 pP191 p102

( A po > | 421 a2 pov1 pav2
qu D qiur qiup dig o dip
qour qoup dog  dop
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Hence, the claim of Theorem [5.34| rewrites as follows in our case:

a1 412 P11 p1o2
a Ao P01 P202
det 21 P P
qiur quuz dig dip
qouy qouy dpy  dap

- det( M1 012 ) .det< T iz )
a1 azp oy a2
(411 a1 P1
— ent S
en (( uy uz)(a](azll az,z>)(l72))
. d1,1 d1,2 7
-ent (( v 02 (ad] < day dop )) ( 12 .

In order to prove Theorem we will need one standard result (known as the
matrix determinant lemma):

Theorem 5.36. Let n € IN. Let u be a column vector with n entries, and let v
be a row vector with n entries. (Thus, uv is an n x n-matrix, whereas vu is a
1 x 1-matrix.) Let A be an n X n-matrix. Then,

det (A + uv) =detA+ent(v(adjA)u).

See [Grinbel), Theorem 7.262] for a proof of Theorem
We will furthermore need the following three trivial lemmas:

I Lemma 5.37. Let C € K'*! be an 1 x 1-matrix. Let A € K. Then, ent (AC) =
AentC.

| Lemma 5.38. Let B and C be two 1 x 1-matrices. Then, ent (BC) = entB - ent C.

Lemma 5.39. Let IL and M be rings. Let f : L — M be any map. Let B € L'*1.
Then, ent (11 (B)) = f (ent B).

Finally, we will need a simple property of regular elements in a commutative
ring:

Lemma 5.40. Let A be a commutative ring. Let a be a regular element of A. Let
m € IN. Then, a” is a regular element of A.

Proof of Lemma The element a is regular. In other words,

every x € A satisfying ax = 0 satisfies x = 0 (48)
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(by the definition of “regular”).
Now, let x € A satisfy a™x = 0. We shall show that x = 0. Indeed, we shall first
prove that
a"ix =0 foreachi € {0,1,...,m}. (49)

[Proof of (49): We proceed by induction on i:

Induction base: We have a™ Ox = a"x = 0 (by assumption). Hence, holds for
i=0.

Induction step: Let j € {1,2,...,m}. Assume that holds for i = j —1. We
must show that holds for i = j as well.

We have assumed that holds for i = j — 1. In other words, a” (~Yx = 0.
In other words, a" /*1x = 0 (since m — (j—1) = m —j+1). In other words,
aa™ ix = 0 (since a™ It = aa™J). Hence, 4@} (applied to a"Ix instead of x)
yields a"Jx = 0. In other words, holds for i = j. This completes the induction
step. Thus, is proved by induction.]

Now, (applied to i = m) yields a™~™x = 0. Since ﬁ:_ " x = x, this rewrites

=a0=1
as x = 0.
Forget that we fixed x. We thus have shown that every x € A satistfying a"x = 0

satisfies x = 0. In other words, the element a” of A is regular (by the definition of
“regular”). This proves Lemma [5.40] O

Now, we can approach the proof of Theorem using the same technique as
various theorems proved above. We begin by proving it in the case when det A is
regular:

Lemma 5.41. Let n € N and m € IN. Let A € K" and D € K"*" be two
square matrices. Assume that the element det A of K is regular. Let p € K"*!
and g € K"*! be two column vectors. Let v € K*" and u € K'*" be two row
vectors. Then,

det(ﬂﬁl I;DU ) =detA-detD —ent(u(adjA) p) -ent (v (adjD)q).

Proof of Lemma Set A = det A. Thus, the element A of K is regular (since the
element det A of K is regular). Hence, Lemma (applied to A =K and a = A)
shows that A™ is a regular element of K.

It is furthermore easy to see that

Aadj (AD) = A" adjD. (50)

[Proof of : If m = 0, then holds for trivial reason Thus, for the rest
of this proof, we WLOG assume that we don’t have m = 0. Hence, m is a positive

12Proof. Assume that m = 0. The matrices A adj(AD) and A™ adj D are m x m-matrices (since D is
an m x m-matrix). In other words, the matrices A adj (AD) and A" adj D are 0 x 0-matrices (since
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integer (since m € IN). Therefore, Proposition (applied to m and D instead
of n and A) yields adj (AD) = A" 'adjD. Hence, A adj(AD) = A" ladjD =
——— ~———

=Am-1adjD =A
A™adjD. This proves (50).]
Define two matrices W € K"™*™ and V € K"*" by
W = Al and V = —quadj A.
Then,
VA= —qu @A . 4 =—qu detA I, =—quAl,
=—quadjA —det A-I,, ) Xéd A
(by Theorem 3.7) (since A=det A)

= —Aquly, = —Aqu = —Wqu

(since — W gu = —AlLyqu = —Aqu). Hence, Proposition 5.30 (applied to B = pv

:/\Im
and C = qu) yields

A pv\
detW - det ( qgu D ) =detA-det(Vpv+ WD).
In view of
by (26), applied to m and I,
— _ m
det\%’ = det (Aln) = A dit(,lfl ( instead of n and C
Al ~
— AM
and det A = A, we can rewrite this as
A po
m . f— .
A" . det ( gu D > A-det(Vpv+ WD). (51)
Let us define two 1 x 1-matrices B and C by
B=u(adjA)p € KI*! and C=v-adj(AD)- (—q) € KL
Next, we observe that
V. po+ W D
=—quadj A =Aly
= (—quadjA)pv+AI,D =(—q) wu(adjA)p v+ AD = (—q)Bv+AD
—(—duladi =D T
=(=auladA)po (since B:uB(ade)p)
=AD + (—q)Bv =AD+ (—q) (Bv). (52)

m = 0). Hence, these two matrices Aadj(AD) and A™adjD are equal (since there exists only
one 0 x 0-matrix, and therefore any two 0 x 0-matrices are equal). In other words, A adj (AD) =
A™adj D. Thus, we have proved under the assumption that m = 0.
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Note that AD € K" ™ and —g € K"™*! and Bv € K. Hence, Theorem
(applied to m, —q, Bv and D instead of n, u, v and A) yields

det (AD + (—¢q) (Bv))

— det (AD) +ent | (Bv)-adj(AD) - (—q)
, \

=A"detD —B(o- d“):D e
(by (26), applied to m and D (v-adj(AD)-(—q))

instead of n and A)

= A"detD+ent | B(v-adj(AD)-(—q)) | =A"detD+ ent(BC)

- N e’

—C =ent B-ent C
(since C=v-adj(AD)-(—q)) (by Lemma 5.38)
= A"detD +entB-entC.
In view of (52), we can rewrite this as
det (Vpv+ WD) = A" detD +entB -entC.
Thus, becomes
A po
m . — .
A" det < qu D ) A det (VpEJ,—l— WD)
=A" det D+ent B-entC
=A-(A"detD+entB-entC)
= AA"detD + AentB-entC
—_—
=AentC-ent B
= AA"detD + AentC -entB
= AAN"detD — (—A)entC - entB. (53)

However, Lemmal5.37 (applied to —A instead of A) yields ent ((—A) C) = (—A)entC.
Thus,

—~—
=v-adj(AD)-(—q)

=Av-adj(AD)-q
=v-Aadj(AD)-g

(—A)entC = ent (()\) C ) =ent | (—A)v-adj(AD)- (—q)

=ent|v-Aadj(AD)-q | =ent|v-(A"adjD)-q
N ——’ N ~ 7
=A"adjD =A".p(adjD)gq

(by (B0))
=ent (A" v (adjD)g) = A"ent (v (adjD) q)
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(by Lemma applied to A" and v (adjD)gq instead of A and C). Thus,
becomes

A po

Am-det<qu D):/\AmdetD— (=A)entC -entB

—_——
=A"ent(v(adjD)q)
= AA"detD — A" ent (v (adjD)q) - ent B

=A".(AdetD —ent(v(adjD)gq) -entB).

Since A™ is a regular element of K, we can thus conclude that

det((ﬁl Ig ) = AdetD —ent(v(adjD)gq) -entB

(by Lemma applied to A = Kand a = A" and b = det( 2{ ;g) ) and

c = AdetD —ent(v(adjD)q) -entB). In view of A = detA and B = u (adjA) p,
we can rewrite this as

det ( qli }1?:;) ) =detA-detD —ent(v(adjD)q) -ent (u (adjA) p)

=detA-detD —ent(u(adjA) p) -ent(v(adjD)q).
This proves Lemma O

We can now derive Theorem from Lemma by the same recipe as before:

Proof of Theorem [5.34, Define the K-algebra homomorphism ¢ : K[f] — K as in
Proposition Thus, ¢ is a ring homomorphism.

Recall that every n x n-matrix in K"*" can be considered as a matrix in (K [¢])
More generally, every k x /-matrix in IK¥** (for any nonnegative integers k and /)

nxmn

can be considered as a matrix in (K [t])k ! In other words, for each F € KF*¢, we
can consider F as a matrix in (K [])**; therefore, &/ (F) is well-defined. We have

e (F)=F for every F € KM, (54)

(In fact, the proof of is analogous to the proof of we gave above.)

Let A be the matrix tI, + A € (K[t])"*". Thus, A = tI, + A. Applying the
map £"*" to both sides of this equality, we find &"*" (ﬁ) =" (tl, + A) = A (by
Proposition |5.3| (c)).

Corollary 5.8/ shows that the element det (tI, + A) of K [t] is regular. In other
words, the element det A of K [t] is regular (since A = tI,, + A).

Let us consider the matrix A € K"*" as a matrix in (K [t]) (since every

n x n-matrix in K"*" can be considered as a matrix in (K [¢])"""). Similarly, let
us consider the matrices D € K™, p € K™, g € K™, v € K™ and u €

nxmn
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K" as matrices in (K [t])™*", (K [t])"", (K[f])"™, (K[t])"*™ and (K [t])'*",
respectively.

Notice that (54) (applied to k = n and ¢ = n and F = A) yields ¢”" (A) = A.
Similarly, <™ (D) = D and ™! (p) = p and ¢"*! (g) = g and &!*" (v) = v and
e (u) = u and "™ (pv) = pv and ™" (qu) = qu.

In the proof of Theorem we have already shown that

e (adj A) =adjA and € (det A) = det A.
Next, we claim that
€ <ent (u (adj A) p)) =ent(u(adjA)p). (55)

Proofof' Define the 1 x 1-matrix B = u (adj ﬁ) p € (K[t])'*!. Then, Lemma
[5.39 (applied to . = K [t} and M = K and f = ¢) yields ent (¢1*! (B)) = ¢ (ent B).
However, from B = u (ad] A> ((ad] A) p), we obtain

) = o (1))
gl (u) nx1 (( A) P) (by Theorem 5.1 (c))

—Enxn(ad]A) nxl(p)
(by Theorem [5.1] (c))
=u- " (adj Z) &1 (p) = u(adjA) p.
h\’d

—_——

—adj A =F

In view of this, we can rewrite the equality ent (¢!*1 (B)) = & (entB) (which we
have proved in the previous paragraph) as

ent(u(adjA)p) =e(entB) =¢ <ent (u (adj g) p))

(since B = u (adj A) p). This proves .]

Furthermore, we have ¢ (A) = A for each A € K (by the definition of €). Applying
this to A = det D, we find
e (detD) = detD.

Also, v (adjD)g € K'! and thus ent (v (adjD)q) € K. Recall again that we
have ¢ (A) = A for each A € K. Applying this to A = ent (v (adj D) q), we obtain

e(ent(v(adjD)g)) =ent(v(adjD)q) (56)
(since ent (v (adj D) q) € K).




The trace Cayley-Hamilton theorem page 60

Now, Lemma (applied to K [¢] and A instead of K and A) yields

A po ) _ e B Y ' .
det ( qu D ) = det A-detD —ent (u (ad] A) p) ent (v (adjD)q)

(since the element det A of K [t] is regular). Applying the map ¢ to both sides of
this equality, we find

€ (det ( A po >>
qu D
=¢ (detg -detD — ent (u (adj A) p) -ent (v (adjD) q))

—¢ (detAv)/-&i\e/tBZ—f <ent (u (adjg> p))/-s(ent (v(adjD)q))

/
-~

—det A =detD :ent(u?gde)p) =ent(v(adjD)q)
(by ) (by )
(since ¢ is a ring homomorphism)
=detA-detD —ent(u(adjA)p)-ent(v(adjD)q). (57)

However, 2{ Ig isan (n 4 m) x (n 4+ m)-matrix in (K [¢])" (14 Thys,

A

Proposition 5.2 (a) (applied to K [t], K, ¢, n 4+ m and ( i lg ) instead of I, M,

f,nand A) yields

e (det ( A po )) = det (s(’”m)x(”“”) ( A po )) : (58)
qu D qu D

On the other hand, Lemma (applied to K [t], K, &, m, n, m, ﬁ, pv and qu
instead of L, M, f, n’, m, m’, A, B and C) yields

ot (A po Y Z [ € (A) enmipo) | _ ( A po )
qu D g™ (qu) €™M (D) qu D
(since """ (A) = A and ¢ (pv) = pv and €"*" (qu) = qu and ¢€"*" (D) = D).
Taking determinants on both sides of this equality, we find

(n+m)x (n+m) A po _ A po
wa(smonn (2 ))) -an (4,
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Hence,

A po _ (ntm)x(uam) [ [ A po
det(qu D)-det(ﬁ qu D

:€<det<g P”)) (by (58))

qu D
= detA-detD —ent(u(adjA) p) - ent (v (adjD) q) (by (57)) .
This completes the proof of Theorem [5.34] O

Note that Theorem generalizes the following known fact (e.g., [Grinbel5,
Exercise 6.60 (a)]):

Corollary 5.42. Let n € IN. Let u € K"*! be a column vector with n entries,
and let v € K" be a row vector with n entries. (Thus, uv is an n x n-matrix,
whereas vu is a 1 x 1-matrix.) Let & € K. Let H be the 1 x 1-matrix ( h ) e K1,
Let A € K"*" be an n X n-matrix. Then,

A u .
det( o I ) =hdetA—ent(v(adjA)u).

Proof of Corollary [5.42] (sketched). Consider the 1 x 1identity matrix I; = ( 1 ). Then,
I; is both a row vector and a column vector, and we have u = ul; and v = [v.
Moreover, the adjugate of any 1 x 1-matrix is ( 1 ) (since the determinant of a
0 x O-matrix is defined to be 1). Thus, in particular, adjH = ( 1 ) = ;. Further-
more, from H = ( h ), we obtain det H = h. Now, from u = ul; and v = Lv, we
obtain

A u '\ A uly
det(v H)_det(hv H)

=detA-detH—ent(v(adjA)u)-ent | I (idj H)L

=h Y

by Theorem applied to 1, H, u, I, I and v
instead of m, D, p, q, v and u

=detA-h—ent(v(adjA)u)-ent(l -1 1)

=hdetA =1 ~
=hdetA —ent(v(adjA)u)-ent(I)
———

=1
=hdetA —ent(v(adjA)u).

This proves Corollary O
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Another particular case of Theorem is the following:

Corollary 5.43. Let n and m be two positive integers. Let A € K"*" and D €
K™ ™ be two square matrices. Let B be the n x m-matrix whose (n,1)-th entry
is 1 and whose all other entries are 0. Let C be the m x n-matrix whose (1,7)-th
entry is 1 and whose all other entries are 0. Then,

det ( é g ) = detA-detD —det(A~y,~n)-det (D 1) -

(Recall that we are using the notations from Definition 3.5])

Example 5.44. Let us see what Corollary says in the case when n = 2 and
m = 3. Indeed, let 1 = 2 and m = 3 and

o dig dip di
A— ( a1,1 a1,2 ) and D=\ dy; dap dog |.
21 22 dsq dzp dis

Then, the matrices B and C defined in Corollary are
000
B = ( 10 0 ) and C= (

al,l aLz 0 0 0
A B aZ,l 612/2 1 0 0
cpJ~ 0 1 dyy dip dis
0 0 dpy dop das
0 0 dz1 d3p dsp

Therefore, the claim of Corollary rewrites as follows in our case:

o O O

SO
N~ —

Hence,

a1l aip 0 0 0

a1 azp 1 0 0
det 0 1 d1’1 d1,2 d1,3
0 0 dyy drp dog
0 0 d31 dsp ds3

dig dip dig

= det ( a1 aip ) - det ( dz,l dyo dag3 ) — det( a11 ) 'd@t( dyo da3 ) '

a a d d
21 422 dy1 dsn dss 32 033

Proof of Corollary (sketched). What follows is by far not the easiest proof of Corol-
lary but it puts the corollary in the context of Theorem [5.34]
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We let p € K"*! be the column vector whose n-th entry is 1 and whose all other
entries are 0.

We let g € K"*! be the column vector whose 1-st entry is 1 and whose all other
entries are 0.

We let v € K™ be the row vector whose 1-st entry is 1 and whose all other
entries are 0.

We let u € K" be the row vector whose n-th entry is 1 and whose all other
entries are 0.

Thus,
0 1
0 0
p: EH(HXl, q: 0 kaxll
0 :
1 0
v=(100 - 0)eK>, u=(00 --- 0 1)eK™.

Now, it is easy to see (using just the definition of a product of two matrices) that
the following four claims hold:

Claim 1: We have qu = C.
Claim 2: We have pv = B.
Claim 3: Every m X m-matrix Y satisfies

ent (vYg) = (the (1,1)-thentry of Y). (59)

Claim 4: Every n x n-matrix X satisfies

ent (uXp) = (the (n,n)-th entry of X). (60)
Now, Theorem yields

det( zﬁt 119;’ ) =detA-detD —ent(u(adjA) p) -ent (v (adjD)q).

In view of pv = B and qu = C and

ent (u (adjA) p) = (the (n,n)-th entry of adj A)
(by (60), applied to X = adj A)
= (=)™ det(Apn) (by the definition of an adjugate)
——

=(-1)*'=1
(since 2n is even)

— det (ANn/Nn)
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and
ent (v (adjD)g) = (the (1,1)-th entry of adjD)
(by (59), applied to Y = adj D)
= (=)'t det (Dq 1) (by the definition of an adjugate)
——
=det(D1~1),

we can rewrite this as

det ( é g ) = detA-detD —det(A~y,~n)-det(D1~1)-

This proves Corollary O
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