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1 Introduction

Consider the symmetric group Sn, consisting of permutations of the n-element set [n] :=
{1, 2, . . . , n}. The permutations w ∈ Sn are often visualized as a shuffled deck of n
cards that are labeled 1, 2, . . . , n: Any permutation w ∈ Sn corresponds to the state
in which the cards are ordered w (1) , w (2) , . . . , w (n). We may define a random state
(i.e., a probability distribution on the set of states) to be a formal linear combination of
permutations ∑w∈Sn aww ∈ R[Sn] where the aw ∈ R are non-negative and ∑w∈Sn aw = 1.
Then aw is the probability that the deck is in state w. We may drop the ∑w∈Sn aw =
1 condition as we may simply “normalize” our sum (divide by ∑w∈Sn aw) to obtain a
random state. For example, the element 1 + cyc1,2,3 (where cyc1,2,3 is the 3-cycle 1 7→
2 7→ 3 7→ 1) corresponds to the random state where the probability of the deck being
ordered 1, 2, 3 is 1/2 and ordered 2, 3, 1 is 1/2.

A random shuffle can then be defined as a Markov chain on Sn, or, equivalently, a
linear endomorphism of the R-vector space R[Sn] that is given by a stochastic matrix.
However, R[Sn] is itself an R-algebra – the group algebra of the group Sn – and thus
each of its elements gives rise to two endomorphisms, one by left and one by right
multiplication. Hence, each element of R[Sn] with nonnegative coefficients gives rise
to two random shuffles. For instance, left multiplication by 1 + cyc1,2 swaps the cards
labelled 1 and 2 with probability 1/2 and otherwise leaves the deck unchanged; whereas
right multiplication by 1 + cyc1,2 swaps the top two cards (whatever their labels are)
with probability 1/2 and otherwise leaves the deck unchanged. This rests on the fact
that the multiplication in R[Sn] is just extending by linearity the multiplication in the
symmetric group Sn, which corresponds to composing permutations (performing one
after the other).
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This algebraic viewpoint on card shuffling first rose to prominence when Diaconis
and Shahshahani bounded the mixing time of some shuffles by computing the eigenval-
ues of the respective operators [7]; this answers the (admittedly open-ended) question
“how many times should we shuffle a deck of cards to obtain a well-shuffled deck”. See
[6, 5] for surveys of work done along these lines. Recent research efforts have focused on
identifying shuffles whose eigenvalues admit a combinatorial description [12, 7, 18, 8].
We extend this line of research by studying a new shuffle derived from the well-known
top-to-random shuffle.

Let Tk be the element of the group algebra R[Sn] given by

Tk = ∑
w∈Sn;

w−1(k+1)<···<w−1(n)

w (for each integer 0 ≤ k ≤ n) .

The element Tk is known as the k-top-to-random shuffle and has been well studied in
[18]. In particular it is known that T1 is diagonalizable with integer eigenvalues that
admit a combinatorial description. That is, the minimal polynomial of T1 – meaning
the lowest-degree monic polynomial that vanishes when applied to T1 – is a product of
linear factors, namely

∏
k∈{0,1,...,n−2,n}

(x − k) ∈ R[x]

(note the conspicuous absence of the x − (n − 1) factor). This entails that when acting
on R[Sn] either by left or right multiplication, T1 is a diagonalizable endomorphism
with eigenvalues 0, 1, . . . , n − 2, n; their multiplicities too can be computed. This analysis
can be extended to arbitrary base rings k instead of R (we are restricting ourselves to
R in this introduction for simplicity’s sake), and to all the Tk’s (in fact, each Tk is a
polynomial in T1, thus inheriting the diagonalizability of the latter). See [10] (where Tk
is denoted Bk) for details and further references. Informally, Tk – acting as a random
shuffle by right multiplication – corresponds to taking the top k cards of the deck and
moving them to random positions.

The antipode of k [Sn] is the k-linear map S : k [Sn] → k [Sn] that sends each per-
mutation w ∈ Sn to its inverse w−1. This is a k-algebra anti-isomorphism, and thus
preserves the minimal polynomial. Hence, to determine the minimal polynomial of
some element it suffices to study its antipode.

The antipodes of the elements Tk are instances of a wider class of shuffle-like ele-
ments, which form a basis of the descent algebra of k [Sn]. These are indexed by the
compositions of n, that is, by the tuples of positive integers with sum n. Given a com-
position α = (α1, α2, . . . , αk) of n, we set

Bα = ∑ w,

where the sum ranges over all permutations w ∈ Sn that increase on the smallest α1
elements of [n], on the next-smallest α2 elements of [n], on the next-smallest α3 elements
of [n], etc. (but can decrease between these blocks). Note that S (Tk) = Bα for α =
(1, 1, . . . , 1, n − k) (with k many 1s). These elements Bα are known as the “α-shuffles” in
the shuffling world, and are diagonalizable as well; their eigenvalues are known since
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Bidigare’s pioneering work [1, §4.1.9]. Moreover, any linear combination of the Bα with
nonnegative real coefficients is still diagonalizable and its eigenvalues are known, by a
result of Brown [23, Theorem 4.1].

In this work, we extend this analysis to a “mirror version” of the α-shuffles and their
linear combinations. The “mirroring” refers to reversing the deck, which is modelled by
an application of the longest word w0. Formally, w0 is defined as the permutation in
Sn with one-line notation (n, n − 1, . . . , 1). We shall study the shuffles w0Bα and Bαw0,
which are conjugate because w−1

0 = w0.
We shall now overview our results in the simple-looking (but already highly nontriv-

ial) case when α = (1, n − 1), in which case Bα = S (T1). The 1-top-to-random shuffle T1
is denoted by A, and is known as the top-to-random shuffle or the Tsetlin library; it has
appeared (among other places) in Lie algebra cohomology [26, Appendix] and machine
learning [20, Lemma 29].

Informally, the shuffle w0T1 corresponds to picking the top card, moving it to a ran-
dom position, and reversing the order of all cards in the deck, while T1w0 corresponds
to first reversing the deck, then moving the top card to a random position. We thus call
w0T1 and T1w0 the reverse top-to-random shuffles.

Our first main result for this case is saying that w0T1 is diagonalizable with integer
eigenvalues. To be more precise, we have the following theorem:

Theorem 1.1 (Theorem 9.5 further on). Let n > 1. The minimal polynomial of w0A and
Aw0 over R is

∏
k∈{−n+2}∪[−n+4,n−3]∪{0}∪{n}

(x − k) ∈ R [x] (1)

(where [a, b] := {k ∈ Z : a ≤ k ≤ b}). Thus, the elements w0A and Aw0 – acting either
by left or by right multiplication on R[Sn] – are diagonalizable linear endomorphisms
whose eigenvalues are 0, as well as ±k for k ∈ {1, 2, . . . , n − 4}, as well as n − 3 and
−n + 2 and n.

Our path to proving Theorem 1.1 begins with a tour of Solomon’s descent algebra
D (Sn), which we define in Section 3 (including its B-basis elements Bα), and its con-
nection to Bidigare’s face algebra kF , which we introduce in Section 4. In these two
sections, we will prove various combinatorial and algebraic properties of these objects,
including some classical results of Bidigare and Brown. The underlying combinatorial
objects are compositions (i.e., tuples of positive integers) and set compositions (also
known as “ordered set partitions”, i.e., tuples of disjoint nonempty sets with a given
union). We will refer to set compositions as “faces”, as they are known to correspond to
the faces of the (type-A) braid arrangement; however, we will not use any geometry in
this paper. We let F be the set of all set compositions of [n]; this set is equipped with a
monoid structure (Definition 4.4).

In Section 4, we will also introduce the knapsack numbers nα (F), which – roughly
speaking – count the ways that the blocks of a given set composition F of [n] can be
“packed” into bags of sizes α1, α2, . . . , αk (the entries of the composition α). The set of all
these knapsack numbers is denoted nα (F ). These numbers (for α fixed and F ranging
over all faces) turn out to be the eigenvalues of Bα, as (implicitly) shown by Brown [23,
Theorem 4.1].
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One of our main results is a similar description of the eigenvalues of w0Bα: We will
show (Theorem 8.1) that these eigenvalues are the signed knapsack numbers ñα (F) =
(−1)n−ℓ(F) nα (F) of all faces F, where ℓ (F) denotes the number of blocks of F. Again,
the element w0Bα is diagonalizable (over Q), so that its minimal polynomial is therefore

∏
k∈ñα(F )

(x − k) .

This will be proved in Section 8, after the necessary tools have been developed in Sec-
tions 5, 6 and 7.

In Section 9, we will apply our results to the particular case α = (1, n − 1), prov-
ing Theorem 1.1 (restated as Theorem 9.5). The perhaps strange-looking set {−n + 2} ∪
[−n + 4, n − 3] ∪ {0} ∪ {n} will be revealed there as the set ñ(1,n−1) (F ) of signed knap-
sack numbers.

In Section 10, we will extend our analysis from a single element Bα to an arbitrary
linear combination Bγ := ∑α γαBα (where α ranges over the compositions of n) of such
elements with nonnegative real coefficients γα ≥ 0. Just like Brown determined the mini-
mal polynomial of any such combination Bγ , we will compute it for any w0Bγ . The result
(Theorem 10.5) is that any such w0Bγ is again diagonalizable, and its eigenvalues are the
respective linear combinations ∑α γαñα (F) of the signed knapsack numbers. The proof
is rather similar to the case of a single Bα, and so we will just outline the differences.
Note that the nonnegativity of the coefficients γα is important for the diagonalizability,
but not for the computation of the eigenvalues.

With the eigenvalues computed, an obvious question to ask is about their algebraic
multiplicities. This question can be asked about any element of the descent algebra
(nonnegative coefficients are irrelevant), and it comes in four versions: the element can
act either by left or by right multiplication, and it can do so either on the descent algebra
or on the whole k [Sn]. These four questions have three different answers (not four,
because left and right action on k [Sn] yield the same multiplicities). The answer in the
k [Sn] case can be pieced together from the work of Bidigare [1, Sections 3.8 and 4.1] and
Brown [3, Appendix B] (see [11, Theorem 1.2], [19, Proposition 4.2] and [1, Corollary
4.1.3] for the specific results needed); the descent algebra case appears to lead into the
combinatorics of integer matrices (via Solomon’s Mackey formula, [22, Corollary 2.4]).
Thus, we will avoid this topic in the present paper, hoping to study it in the detail it
deserves in future work.

As mentioned above, we used the base ring R in this introduction for the sake of
concreteness. In the rest of the paper, we shall work over an arbitrary commutative
ring k much of the time; occasionally, we will restrict ourselves to fields of characteris-
tic 0 (when discussing diagonalizability and minimal polynomials). When k is a field
of positive characteristic, the polynomials that would normally be minimal still vanish
at the respective elements, but are not necessarily minimal any more; sometimes diag-
onalizability is also lost. (For example, for n = 4 and k = F3, the element w0A has
minimal polynomial x (x − 1)2.) We do not venture any guesses on what the minimal
polynomials over finite fields shall be.
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2 Notation

Let N = {0, 1, 2, . . .}. For each n ∈ Z, we let [n] denote the set {1, 2, . . . , n}. (This
is empty if n ≤ 0.) More generally, if a, b ∈ Z are any two integers, then [a, b] will
denote the set {x ∈ Z | a ≤ x ≤ b} = {a, a + 1, a + 2, . . . , b}. (Thus, [n] = [1, n].) Note
that [a, b] = ∅ if a > b.

We fix a nonnegative integer n ∈ N.

The symmetric group on n letters is denoted Sn; it is the set of all bijections from [n] to
[n]. Its multiplication is given by (α ◦ β) (i) = α (β (i)).

The one-line notation of a permutation σ ∈ Sn is the n-tuple (σ (1) , σ (2) , . . . , σ (n)) ∈
[n]n. Usually, we enclose this n-tuple in square brackets instead of parentheses.

By abuse of notation, we sometimes identify a permutation σ with its one-line notation
– e.g., we write “the permutation [2, 1, 4, 3]” for “the permutation with one-line notation
[2, 1, 4, 3]”. We hope this will not be confused with the interval notation [a, b].

Let w0 denote the permutation in Sn with one-line notation (n, n − 1, . . . , 1). More
explicitly, w0 (i) = n − i + 1 for each i ∈ [n].

Fix a commutative ring k. (The reader might take k = Z without losing much general-
ity.)

We let k [Sn] denote the group algebra of Sn over k.

3 The Descent Algebra

3.1 Compositions, subsets and the bijections between them

Definition 3.1.

(a) A composition of an integer n ∈ N into k parts is a k-tuple α = (α1, α2, . . . , αk) ∈ [n]k

such that α1 + α2 + · · ·+ αk = n. A tuple α is called simply a composition of n if it is a
composition of n into k parts for some k ≥ 0. In this case we may write α |= n.

(b) The length of a composition α, denoted ℓ (α), is its number of parts: ℓ (α1, α2, . . . , αk) =
k.
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Example 3.2. The distinct compositions of n = 4, grouped by their length, are

length compositions of this length
1 (4);
2 (3, 1) , (2, 2) , (1, 3);
3 (2, 1, 1) , (1, 2, 1) , (1, 1, 2);
4 (1, 1, 1, 1).

Definition 3.3. Let P ([n − 1]) denote the set of all subsets of [n − 1] = {1, 2, . . . , n − 1},
and C (n) = {α |= n} denote the set of compositions of n. We define the following maps:

(a) The map gaps : P ([n − 1]) → C (n) is given by

gaps (J) = (j1 − j0, j2 − j1, . . . , jm − jm−1) ,

where J = {j1, j2, . . . , jm−1} ⊆ [n − 1] with ji < ji+1 and where we set j0 = 0 and jm = n.
Visually speaking, gaps (J) is the composition whose entries are the distances between
adjacent elements of {0} ∪ J ∪ {n}, that is, the lengths of the little intervals into which
the set J splinters the interval [n].

(b) The map rev : C (n) → C (n) is given by

rev (α1, α2, . . . , αk) = (αk, αk−1, . . . , α1) .

The composition rev α is called the reverse of the composition α.

(c) The map sub : P ([n − 1]) → P ([n − 1]) is given by

sub (J) = n − J = {n − j : j ∈ J} .

Visually speaking, sub (J) is the reflection of J across the point n/2 on the number line.

Proposition 3.4. These three maps gaps, rev and sub are bijections. In particular, sub
and rev are involutions, and we have

sub = gaps−1 ◦ rev ◦ gaps . (2)

Proof. Visually, this is obvious:1 Reflecting a set J ⊆ [n − 1] across the point n/2 causes
the distances between adjacent elements of {0} ∪ J ∪ {n} to get reversed (i.e., the same
distances appear in opposite order), since 0 and n trade places; thus, the composition
gaps J is replaced by its reverse rev (gaps J).

Definition 3.5 (Descents). Let w ∈ Sn be a permutation.

(a) An element i ∈ [n − 1] is called a descent of w if w (i) > w (i + 1).

(b) The descent set of w is the set of the descents of w. It is denoted by Des w. That is,

Des w = {i ∈ [n − 1] : w (i) > w (i + 1)} .

Example 3.6. The permutation w = [5, 2, 3, 4, 1] ∈ S5 has descents 1 (since w (1) = 5 >
w (2) = 2) and 4, but not 2 or 3. Thus, Des w = {1, 4}.

1A formalized proof can be found in [13, ancillary file comps-compiled.pdf, Theorem 3.8 (i), Corollary
3.10] (where (2) is stated in the equivalent form “D (rev α) = revn (D (α)) for any composition α of n”,
using the notations D and revn for what we call gaps−1 and sub).
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3.2 The descent algebra and its B- and D-bases

Definition 3.7.

(a) For any I ⊆ [n − 1], we define an element

BI := ∑
w∈Sn;

Des w⊆I

w ∈ k [Sn] .

(b) For any I ⊆ [n − 1], we define an element

DI := ∑
w∈Sn;

Des w=I

w ∈ k [Sn] .

(c) We may also index the elements BI by the composition of n that corresponds to the
subset I under the map gaps. That is, for each α |= n, we set

Bα := Bgaps−1(α) = ∑
w∈Sn;

Des w⊆gaps−1(α)

w.

(d) The descent algebra D (Sn) is defined as the k-linear span of the elements BI for
all I ⊆ [n − 1] inside k [Sn]. It follows from (4) and (5) below that this span is also the
span of the elements DI for all I ⊆ [n − 1]. Both families (BI)I⊆[n−1] and (DI)I⊆[n−1]
are known to be bases of the k-module D (Sn) (this is easy to see2); we call them the
B-basis and the D-basis.

As the name suggests, the descent algebra D (Sn) is actually a subalgebra of k [Sn].
This is a celebrated result of Solomon [24, Theorem 1], which we will say more about
later (Theorem 4.12); at the present moment we will not need it.

Example 3.8. For n = 4, we have

D{1,3} = [2, 1, 4, 3] + [3, 1, 4, 2] + [3, 2, 4, 1] + [4, 1, 3, 2] + [4, 2, 3, 1] ,

D{1} = [2, 1, 3, 4] + [3, 1, 2, 4] + [4, 1, 2, 3] ,

D{3} = [2, 3, 4, 1] + [1, 3, 4, 2] + [1, 2, 4, 3] ,

D∅ = [1, 2, 3, 4] ,

2The family (DI)I⊆[n−1] is linearly independent, since its entries DI are sums of disjoint nonempty sets
of permutations (nonempty because each I ⊆ [n − 1] is the descent set of at least one permutation w ∈ Sn).
Thus, the family (BI)I⊆[n−1] is also linearly independent, since Proposition 3.10 establishes a triangular
change-of-basis relationship between these two families. Therefore, this latter family (BI)I⊆[n−1] is a basis
of its span, which is what we call D (Sn). Thus, (DI)I⊆[n−1] is a basis of D (Sn) as well, again because of
Proposition 3.10.
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and

B{1,3} = D{1,3} + D{1} + D{3} + D∅

= [2, 1, 4, 3] + [3, 1, 4, 2] + [3, 2, 4, 1] + [4, 1, 3, 2] + [4, 2, 3, 1]
+ [2, 1, 3, 4] + [3, 1, 2, 4] + [4, 1, 2, 3] + [2, 3, 4, 1] + [1, 3, 4, 2] + [1, 2, 4, 3]
+ [1, 2, 3, 4] .

Example 3.9. The element B[n−1] ∈ k [Sn] is defined as the sum of all permutations
w ∈ Sn satisfying Des w ⊆ [n − 1]. Thus, it is simply the sum of all permutations w ∈ Sn
(since the condition Des w ⊆ [n − 1] is a tautology). In other words,

B[n−1] = ∑
w∈Sn

w. (3)

The following proposition gives change-of-basis formulas between the B-basis and
the D-basis:

Proposition 3.10. For any I ⊆ [n − 1], we have

BI = ∑
J⊆I

DJ (4)

and

DI = ∑
J⊆I

(−1)|I\J| BJ . (5)

Proof. The first formula is obvious. The second follows from it by Möbius inversion on
the Boolean lattice (P ([n − 1]) ,⊆) (see, e.g., [9, Theorem 6.2.10] or [25, the dual form of
Theorem 2.1.1]).3

Note that w0 is the unique permutation in Sn having descent set [n − 1]. Thus, w0 =
D[n−1] ∈ D (Sn). Hence, the change-of-basis formula (5) yields the following corollary.

Corollary 3.11. Let n ≥ 1. Then,

w0 = ∑
I⊆[n−1]

(−1)n−|I|−1 BI . (6)

Proof. Applying (5) to I = [n − 1], we find

D[n−1] = ∑
J⊆[n−1]

(−1)|[n−1]\J| BJ = ∑
I⊆[n−1]

(−1)|[n−1]\I| BI = ∑
I⊆[n−1]

(−1)n−|I|−1 BI ,

since each I ⊆ [n − 1] satisfies |[n − 1] \ I| = (n − 1) − |I| = n − |I| − 1. Since w0 =
D[n−1], this is precisely the claim of the corollary.

3In more detail: Apply [9, Theorem 6.2.10] to S = [n − 1] and A = k [Sn] and aI = DI and bI = BI .
Then, the theorem shows that (5) follows from (4).
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Note that w0 is an involution: w2
0 = id, thus w−1

0 = w0. Hence, conjugation by w0
takes any element a of k [Sn] to w0aw0. On the descent algebra, this takes the following
simple form:

Proposition 3.12. Let I ⊆ [n − 1]. Then we have

w0BIw0 = Bsub I .

In order to prove this, we show two simple combinatorial lemmas:

Lemma 3.13. Let σ ∈ Sn. Then, Des (w0σw0) = sub (Des σ).

Proof. Let i ∈ [n − 1]. It suffices to show that i ∈ Des (w0σw0) if and only if i ∈
sub (Des σ).

The permutation w0 sends each k ∈ [n] to n + 1 − k. By the definition of Des w, we
have the following chain of equivalences:4

(i ∈ Des (w0σw0))

⇐⇒ (w0σw0i > w0σw0 (i + 1)) (by the definition of a descent)
⇐⇒ (σw0i < σw0 (i + 1))(

since w0 is strictly decreasing, so that
two elements p, q ∈ [n] satisfy w0p > w0q if and only if p < q

)
⇐⇒ (σ (n + 1 − i) < σ (n − i))

(since w0i = n + 1 − i and w0 (i + 1) = n − i)
⇐⇒ (σ (n − i) > σ (n + 1 − i))
⇐⇒ (σ (n − i) > σ ((n − i) + 1))
⇐⇒ (n − i ∈ Des σ) (by the definition of a descent)
⇐⇒ (i ∈ sub (Des σ)) (by the definition of the map sub) .

This proves the desired equivalence.

Lemma 3.14. Let σ ∈ Sn, and I ⊆ [n − 1]. Then, Des σ ⊆ I if and only if Des (w0σw0) ⊆
sub I.

Proof. The map sub : P ([n − 1]) → P ([n − 1]) clearly respects containment of sets: Two
sets U, V ∈ P ([n − 1]) satisfy U ⊆ V if and only if sub U ⊆ sub V. Hence, we have
Des σ ⊆ I if and only if sub (Des σ) ⊆ sub I. But Lemma 3.13 yields that sub (Des σ) =
Des (w0σw0), so this can be rewritten as “Des σ ⊆ I if and only if Des (w0σw0) ⊆ sub I”.
This proves the lemma.

4In the following computation, we will use the shorthand notation uk for the image u (k) of an element
k ∈ [n] under a permutation u ∈ Sn. Thus, an expression of the form uvk with u, v ∈ Sn and k ∈ [n] can be
read either as (uv) k or as u (vk). This ambiguity is harmless, since (uv) k and u (vk) are equal. Likewise,
expressions like uvwk can be made sense of.
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Proof of Proposition 3.12. By the definition of BI , we have BI = ∑ σ∈Sn;
Des σ⊆I

σ. Thus,

w0BIw0 = w0 ∑
σ∈Sn;

Des σ⊆I

σw0 = ∑
σ∈Sn;

Des σ⊆I

w0σw0

= ∑
σ∈Sn;

Des(w0σw0)⊆sub I

w0σw0 (by Lemma 3.14)

= ∑
σ∈Sn;

Des σ⊆sub I

σ (here, we have substituted σ for w0σw0)

= Bsub I (by the definition of Bsub I) ,

as desired.

Translating from the set to the composition indexing of the B-basis, we obtain the
following corollary.

Corollary 3.15. Let α |= n. Then,

w0Bαw0 = Brev α.

Proof. Let I = gaps−1 (α). Then, Bα = BI by Definition 3.7 (c). Moreover, (2) yields

sub I =
(

gaps−1 ◦ rev ◦ gaps
)
(I) = gaps−1 (rev (gaps I)) = gaps−1 (rev α)

(since the definition of I shows that gaps I = α). Hence, Bsub I = Bgaps−1(rev α) = Brev α

(again by Definition 3.7 (c)). But Proposition 3.12 yields w0BIw0 = Bsub I = Brev α. In
view of Bα = BI , this rewrites as w0Bαw0 = Brev α. This proves the corollary.

4 The Face Algebra

4.1 Faces and their algebra

We shall now introduce another combinatorial notion – that of set compositions. Realizing
their relevance to the descent algebra was Bidigare’s main contribution [1]. 5 We will
use them to describe the eigenvalues of our operators.

5Bidigare used them to reprove Solomon’s main results from [24] in simpler and more conceptual ways.
Recently, a similar approach was taken by Kenyon, Kontsevich, Ogievetsky, Pohoata, Sawin and Shlos-

man [15] in a more general setting: In fact, if their poset X is an antichain, their matrix MX represents the
left multiplication by a generic element ∑β|=n aβDβ of the descent algebra D (Sn) on the symmetric group
algebra k [Sn] (though they index the sum not by the compositions but by the “ε functions”, i.e., bitstrings
of length n − 1); and their main result [15, Theorem 1] is saying that the eigenvalues of this matrix MX

are Z-linear combinations of the coefficients aβ. This is implicit in Bidigare’s thesis [1] and [23, Theorem
4.1], and explicit in [16, Proposition 3.12] (each of the sources describes the eigenvalues). Their proof of
this fact proceeds by embedding the descent algebra in the face algebra kF , just as Bidigare did (their
“filters” are in bijection with the set compositions of [n]), but subsequently they (implicitly) extend kF to
a larger space indexed by the tournaments on [n]. Thus, their approach is an interesting variation and new
viewpoint on Bidigare’s.

10
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Definition 4.1 (Set compositions).

(a) A set composition of [n] – or, for short, a face of [n] – means an (ordered) tuple

F = (F1, F2, . . . , Fk) of nonempty sets satisfying
k⋃

i=1
Fi = [n] and Fi ∩ Fj = ∅ for each

i ̸= j. If F is a set composition of [n], we may write F |= [n].

(b) A block of a set composition F = (F1, F2, . . . , Fk) is one of its entries Fi for i ∈ [k].

(c) The length of a set composition is its number of blocks. We denote the length of F
by ℓ (F). More formally, if F = (F1, F2, . . . , Fk), then ℓ (F) = k.

(d) We define the type of a set composition (F1, F2, . . . , Fk) of [n] to be the composition

type (F1, F2, . . . , Fk) := (|F1| , |F2| , . . . , |Fk|) |= n.

(e) For an integer n ∈ N, we denote the set of all set compositions of [n] by F or by
F (n) when n is not clear from context.

Example 4.2. Let n = 3. Then, ({1, 2, 3}), ({1, 2} , {3}) and ({3} , {1, 2}) are three distinct
set compositions / faces of the set [3] = {1, 2, 3}. When it is not confusing to do so, we
will omit braces and commas when writing a face. With this convention, the above three
faces are (123), (12, 3) and (3, 12). The blocks of (12, 3) are {1, 2} and {3}. The faces
(12, 3) and (3, 12) have length 2, while (123) has length 1. We have type (12, 3) = (2, 1),
type (3, 12) = (1, 2) and type (123) = (3).

Example 4.3. Here are all set compositions of [3], grouped by type:

type set compositions of this type
(3) (3);

(2, 1) (12, 3) , (13, 2) , (23, 1);
(1, 2) (1, 23) , (2, 13) , (3, 12);

(1, 1, 1) (1, 2, 3) , (1, 3, 2) , (2, 1, 3) , (2, 3, 1) , (3, 1, 2) , (3, 2, 1).

The word “face” harkens back to the bijection between set compositions and the faces
of the n-th braid arrangement (see [1, §4.1.4] or [22, §1.2.1]). We will not use this bijection
– or any geometry for that matter – but we will still often use the word “face” for its
brevity.

Definition 4.4 (Face monoid/algebra).

(a) If H = (H1, H2, . . . , Hm) is a list of sets, then its reduction Hred means the list
obtained by removing all the empty sets from H.

(b) Recall that F is the set of set compositions of [n]. We define a multiplication on F
as follows: For F = (F1, F2, . . . , Fk) ∈ F and G = (G1, G2, . . . , Gm) ∈ F , set

(F1, F2, . . . , Fk) · (G1, G2, . . . , Gm) = (F1 ∩ G1, . . . , F1 ∩ Gm, . . . , Fk ∩ Gm)
red ,

11
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where the list on the right hand side contains all the pairwise intersections Fi ∩ Gj in
the order of lexicographically increasing (i, j). In other words, FG is obtained from F
by replacing each block Fi with its m intersections Fi ∩ G1, Fi ∩ G2, . . . , Fi ∩ Gm (in this
order) and throwing away the empty intersections. By Lemma 4.6 below, this turns F
into a monoid.

(c) Let kF be the monoid algebra of the monoid F over k. This is the free k-module
with basis F , equipped with a multiplication that extends the multiplication of F in
the usual bilinear way.

Example 4.5. Consider the two faces (12, 3) , (3, 2, 1) ∈ F (3). Then we have

(12, 3) (3, 2, 1) = (12 ∩ 3, 12 ∩ 2, 12 ∩ 1, 3 ∩ 3, 3 ∩ 2, 3 ∩ 1)red

= (∅, 2, 1, 3,∅,∅)red = (2, 1, 3) ,

while (3, 2, 1) (12, 3) = (3, 2, 1). We also have

(12, 3) (123) = (12 ∩ 123, 3 ∩ 123) = (12, 3) ,

and more generally, the set composition ([n]) is the unity of F (n). Let k = Z; then
3 (12, 3) and (123)− (3, 12) are elements of the algebra ZF (3). Their product is

3 (12, 3) ((123)− (3, 12)) = 3 ((12, 3) (123)− (12, 3) (3, 12))

= 3
(
(12, 3)− (12 ∩ 3, 12 ∩ 12, 3 ∩ 3, 3 ∩ 12)red

)
= 3 ((12, 3)− (12, 3)) = 3 · 0 = 0.

Thus we see that kF has zero divisors in general.

Note that the monoid F (and thus the algebra kF ) is not commutative in general: For
two faces F and G, the products FG and GF have the same blocks, but usually appearing
in different orders.

Lemma 4.6. The multiplication defined in Definition 4.4 (b) is associative and has neutral
element ([n]); thus, F really is a monoid.

Proof. We define a set decomposition of [n] in the same way as a set composition, but
without requiring that its blocks be nonempty (so it is a tuple of disjoint sets whose union
is [n]). Thus, each set decomposition F = (F1, F2, . . . , Fk) gives rise to a set composition
Fred = (F1, F2, . . . , Fk)

red. Of course, when F is itself a set composition, we just have
Fred = F.

Now we shall show the following auxiliary formula:

Auxiliary formula: If (F1, F2, . . . , Fk) and (G1, G2, . . . , Gm) are two set decom-
positions of [n], then the multiplication on F satisfies

(F1, F2, . . . , Fk)
red · (G1, G2, . . . , Gm)

red = (F1 ∩ G1, . . . , F1 ∩ Gm, . . . , Fk ∩ Gm)
red .

12



Grinberg and Parlett Top to Random and Reverse August 9, 2025

Indeed, if a block Fi is empty, then its intersections Fi ∩ Gj are empty for all j, and
likewise an empty block Gj gives rise to empty intersections Fi ∩ Gj. Hence, the right
hand side of the auxiliary formula does not change if we remove an empty block from
either (F1, F2, . . . , Fk) or (G1, G2, . . . , Gm). Therefore, in particular, it does not change if
we remove all the empty blocks, i.e., if we replace (F1, F2, . . . , Fk) and (G1, G2, . . . , Gm) by
(F1, F2, . . . , Fk)

red and (G1, G2, . . . , Gm)
red. But then the above auxiliary formula just boils

down to the definition of the multiplication on F . So the auxiliary formula is proved.
Now, if E =

(
E1, E2, . . . , Ep

)
, F =

(
F1, F2, . . . , Fq

)
and G = (G1, G2, . . . , Gr) are three

set compositions of [n], then we can use the above auxiliary formula to compute both
products (EF) G and E (FG): Indeed, we get

FG =
(

F1, F2, . . . , Fq
)
(G1, G2, . . . , Gr) =

(
F1 ∩ G1, . . . , F1 ∩ Gr, . . . , Fq ∩ Gr

)red

and thus

E (FG) =
(
E1, E2, . . . , Ep

)︸ ︷︷ ︸
=(E1,E2,...,Ep)

red

·
(

F1 ∩ G1, . . . , F1 ∩ Gr, . . . , Fq ∩ Gr
)red

=
(
E1, E2, . . . , Ep

)red ·
(

F1 ∩ G1, . . . , F1 ∩ Gr, . . . , Fq ∩ Gr
)red

=
(
E1 ∩ (F1 ∩ G1) , . . . , E1 ∩ (F1 ∩ Gr) , . . . , E1 ∩

(
Fq ∩ Gr

)
, . . . , Ep ∩

(
Fq ∩ Gr

))red

(by the auxiliary formula)

=
(
E1 ∩ F1 ∩ G1, . . . , Ep ∩ Fq ∩ Gr

)red ,

where the triple intersections Ei ∩ Fj ∩ Gk on the right hand side are listed in the order
of lexicographically increasing (i, (j, k)), or, equivalently, of lexicographically increasing
(i, j, k). A similar computation yields the same expression for (EF) G. Hence, E (FG) =
(EF) G, and thus associativity is proved.

It remains to show that ([n]) is a neutral element for the multiplication on F . But
this is clear, since any block Fi of any face F ∈ F satisfies [n] ∩ Fi = Fi ∩ [n] = Fi.

Definition 4.7 (Actions of Sn on F and kF ; invariant subalgebra of kF ). Consider the
left action of the symmetric group Sn on the set F that applies the permutation to each
entry of each block of the set composition. That is, a permutation w ∈ Sn acts on a set
composition (F1, F2, . . . , Fk) ∈ F by

w (F1, F2, . . . , Fk) := (w (F1) , w (F2) , . . . , w (Fk)) .

This action extends linearly to an action of Sn on kF . Then the invariant subalgebra
(kF )Sn ⊆ kF is defined by

(kF )Sn := {F ∈ kF : w (F) = F for all w ∈ Sn} .

Proposition 4.8 (Invariant subalgebra of kF ). This invariant subalgebra (kF )Sn is actu-
ally a k-subalgebra of kF .

13
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Proof. 1. The action of Sn on F introduced in Definition 4.7 respects the multiplica-
tion on F , meaning that any permutation w ∈ Sn and any two set compositions
F, G ∈ F satisfy w (F · G) = (wF) · (wG). This is clear from the definitions, since
w
(

Fi ∩ Gj
)
= w (Fi) ∩ w

(
Gj
)

for any blocks Fi, Gj of F, G.

2. Thus, Sn acts on F by monoid automorphisms, and hence (by linearity) acts on the
monoid algebra kF by k-algebra automorphisms. Hence, the invariant subalgebra
(kF )Sn is a k-subalgebra of kF (since this holds for every action by k-algebra
automorphisms).

Definition 4.9. For each composition α |= n, we define the element

B̃α := ∑
F∈F ;

type F=α

F ∈ kF .

Proposition 4.10 (The B̃α form a basis). The family of the elements B̃α, where α ranges
over all compositions of n, is a basis of (kF )Sn .

Proof. We must show that the elements B̃α actually belong to (kF )Sn and form a basis of
(kF )Sn .

The Sn-representation kF is a permutation module: The action of Sn permutes the
basis F of kF . Thus, the invariant subspace (kF )Sn has a basis (as a k-module) consist-
ing of the orbit sums (i.e., of the sums ∑F∈O F for each orbit O of the Sn-action on F ).
6 It remains to show that the elements B̃α are precisely these orbit sums.7

The Sn-action on F preserves the type of a set composition: If F ∈ F and w ∈ Sn,
then type (wF) = type F, since |w (Fi)| = |Fi| for each block Fi of F. Hence, two set
compositions F and G lying in the same Sn-orbit must have the same type. Conversely,
if two set compositions F and G have the same type, then they lie in the same Sn-orbit
(indeed, we can easily construct a permutation w ∈ Sn that satisfies wF = G: just let it
map the elements of each block of F to the elements of the corresponding block of G, in
some arbitrarily chosen order). Summarizing, we see that two set compositions F and G
in F lie in the same Sn-orbit if and only if they have the same type.

Hence, each orbit O of the Sn-action on F is the set of all set compositions F ∈ F
having a given type α |= n. The orbit sum ∑F∈O F of the former orbit can thus be written
as ∑ F∈F ;

type F=α
F = B̃α. Moreover, the correspondence between the orbits O and the types

α |= n is a bijection8. Therefore, the orbit sums ∑F∈O F are precisely the elements B̃α.
This completes our proof.

6What we are using here is the following folklore fact: If a group G acts on a finite set X, then the
invariant subspace (kX)G := {x ∈ kX : wx = x for all w ∈ G} of the permutation module kX has a basis
consisting of the orbit sums (i.e., of the sums ∑x∈O x for each orbit O of the G-action on X). For a proof
of this fact, see Proposition A.2 in the Appendix (Subsection A.4).

7We invite the reader to take another look at Example 4.3. The rows of the table in that example are
precisely the orbits of the Sn-action on F for n = 3.

8Injectivity is obvious (different orbits correspond to different types), and surjectivity is easy (for each
composition α = (α1, α2, . . . , αk) |= n, there is at least one set composition F ∈ F of type α, since we can
certainly subdivide [n] into subsets of sizes α1, α2, . . . , αk).

14



Grinberg and Parlett Top to Random and Reverse August 9, 2025

4.2 Bidigare’s anti-isomorphism

As we know, the family (BI)I⊆[n−1] is a basis of the descent algebra D (Sn) (as k-module).
Reindexing this family using compositions instead of subsets (see Definition 3.7 (c)), we
conclude that the family (Bα)α|=n is a basis of D (Sn). This allows us to define the
following crucial map (due to Bidigare [1, Theorem 3.8.1]):

Definition 4.11. Let ρ : D (Sn) → (kF )Sn be the k-linear map defined by

ρ (Bα) = B̃α for each α |= n (7)

and extended linearly to all of D (Sn).

(We have used the fact that the B̃α belong to (kF )Sn ; this is part of Proposition 4.10.)

Theorem 4.12 (Bidigare). The set D (Sn) is a k-subalgebra of k [Sn]. The map ρ :
D (Sn) → (kF )Sn is a k-algebra anti-isomorphism.

Proof. This is Bidigare’s result [1, Theorem 3.8.1], and appears all across the literature.
We give a self-contained proof in the Appendix (Subsection A.3). Here, however, let
us outline how it can be obtained from more recent sources: Saliola, in [22, proof of
Theorem 2.1], constructs a k-algebra anti-morphism ξ : (kF )Sn → k [Sn] and shows that
it satisfies ξ

(
B̃α

)
= Bα for each composition α |= n (in his notations, this takes the form

ξ (aB) = xJ , with B being a set composition of type α and J being the set gaps−1 (α)).
The same is also proved in [14, Theorem 1] (take G = {1} and observe that σα = B̃α and
Xα = Bα) and in [2, Appendix B, a few lines above Remark B.5] (their q is our α, so that
Xq = B̃α and Ξq = Bα), as well as in [4, Theorem 7].

Either way, we now know that the k-algebra anti-morphism ξ : (kF )Sn → k [Sn]

satisfies ξ
(

B̃α

)
= Bα for each composition α |= n. Since the B̃α form a basis of (kF )Sn

(by Proposition 4.10), this shows that the image of ξ is the span of the Bα’s for α |= n,
which of course is the descent algebra D (Sn). Hence, D (Sn) is a k-subalgebra of k [Sn]
(since the image of a k-algebra anti-morphism is always a k-subalgebra of its target).
Moreover, the k-algebra anti-morphism ξ is clearly injective (since the Bα’s are k-linearly
independent), and thus is a k-algebra anti-isomorphism from (kF )Sn to its image D (Sn).
Thus, we have found an anti-isomorphism from (kF )Sn to D (Sn) that sends each B̃α to
Bα. Its inverse must obviously be our map ρ. This shows that ρ is a k-algebra anti-
isomorphism.

Using this anti-isomorphism ρ we can transport our identities from the descent alge-
bra to the face algebra and back. Let us set

w̃0 := ρ (w0) (8)

(this is allowed, since w0 ∈ D (Sn)). Applying ρ to Proposition 3.12, we obtain the
following corollary:

15
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Corollary 4.13. For any α |= n, we have

w̃0B̃αw̃0 = B̃rev α (9)

and (
w̃0B̃α

)2
= B̃rev αB̃α. (10)

Proof. Let α |= n. Then, Corollary 3.15 yields w0Bαw0 = Brev α. Applying the algebra
anti-morphism ρ to this equality, we obtain precisely (9) (since ρ sends w0 to w̃0 and
sends each Bβ to B̃β).

To prove (10), we multiply the equality (9) by B̃α from the right, obtaining

w̃0B̃αw̃0B̃α = B̃rev αB̃α.

This proves (10), since the left hand side here is
(

w̃0B̃α

)2
.

To make this more explicit, we give an explicit formula for w̃0 = ρ (w0):

Proposition 4.14. We have

w̃0 = ∑
F∈F

(−1)n−ℓ(F) F. (11)

Proof. We assume that n ≥ 1, since the n = 0 case is trivial. Applying the k-linear map
ρ to both sides of (6), we find

ρ (w0) = ∑
I⊆[n−1]

(−1)n−|I|−1︸ ︷︷ ︸
=(−1)n−ℓ(gaps I)

(since ℓ (gaps I) = |I|+ 1)

ρ (BI)︸ ︷︷ ︸
=ρ(Bgaps I)

(since BI=Bgaps I
by Definition 3.7 (c))

= ∑
I⊆[n−1]

(−1)n−ℓ(gaps I) ρ
(
Bgaps I

)
.

Since gaps : P ([n − 1]) → C (n) is a bijection, we can now substitute α for gaps I on the
right hand side, and this becomes

ρ (w0) = ∑
α|=n

(−1)n−ℓ(α) ρ (Bα)

= ∑
α|=n

(−1)n−ℓ(α) B̃α (by (7))

= ∑
α|=n

(−1)n−ℓ(α) ∑
F∈F ;

type F=α

F
(

by the definition of B̃α

)
= ∑

α|=n
∑

F∈F ;
type F=α

(−1)n−ℓ(α) F = ∑
F∈F

(−1)n−ℓ(F) F

(since each set composition F has a unique type α and satisfies ℓ (α) = ℓ (F)). Since the
left hand side is w̃0, we have thus proved the proposition.
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Thanks to the anti-isomorphism ρ, we can use the element w̃0B̃α of (kF )Sn as a stand-
in for the elements Bαw0 and w0Bα of D (Sn). The precise way this works is formalized
in the following lemma:

Lemma 4.15. Let f (x) ∈ k [x] be a polynomial. Let α |= n. Then, we have the equiva-
lences

( f (Bαw0) = 0) ⇐⇒ ( f (w0Bα) = 0) ⇐⇒
(

f
(

w̃0B̃α

)
= 0

)
.

Proof. The map ρ is a k-algebra anti-isomorphism (by Theorem 4.12). Thus,

ρ (Bαw0) = ρ (w0) ρ (Bα) = w̃0B̃α (12)

(since ρ (w0) = w̃0 and ρ (Bα) = B̃α).
Let ω be the map D (Sn) → D (Sn) , a 7→ w0aw−1

0 . This map ω is simply conjugation
by w0 in the k-algebra D (Sn). Thus, it is a k-algebra isomorphism, and sends Bαw0 to

ω (Bαw0) = w0 (Bαw0)w−1
0 = w0Bα. (13)

However, polynomials are known to commute with algebra morphisms and anti-
morphisms: That is, if A and B are any two k-algebras, if ϕ : A → B is a k-algebra
morphism or anti-morphism, and if g (x) ∈ k [x] is any polynomial, then

ϕ (g (a)) = g (ϕ (a)) for any a ∈ A. (14)

Applying this fact to A = D (Sn) and B = (kF )Sn and ϕ = ρ (a k-algebra anti-
morphism) and g (x) = f (x) and a = Bαw0, we obtain ρ ( f (Bαw0)) = f (ρ (Bαw0)) =

f
(

w̃0B̃α

)
(by (12)).

Applying (14) to A = D (Sn) and B = D (Sn) and ϕ = ω (a k-algebra morphism)
and g (x) = f (x) and a = Bαw0, we obtain ω ( f (Bαw0)) = f (ω (Bαw0)) = f (w0Bα) (by
(13)).

Now, the map ρ is a k-module isomorphism (being a k-algebra anti-isomorphism).
Hence, we have the equivalences

( f (Bαw0) = 0) ⇐⇒ (ρ ( f (Bαw0)) = 0) ⇐⇒
(

f
(

w̃0B̃α

)
= 0

)
(since ρ ( f (Bαw0)) = f

(
w̃0B̃α

)
). Furthermore, the map ω is a k-algebra isomorphism.

Hence, we have the equivalences

( f (Bαw0) = 0) ⇐⇒ (ω ( f (Bαw0)) = 0) ⇐⇒ ( f (w0Bα) = 0)

(since ω ( f (Bαw0)) = f (w0Bα)). These two equivalences prove the lemma.

A similar (but simpler) argument shows the following:

Lemma 4.16. Let f (x) ∈ k [x] be a polynomial. Let α |= n. Then, we have the equivalence

( f (Bα) = 0) ⇐⇒
(

f
(

B̃α

)
= 0

)
.

Proof. Left to the reader.
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4.3 The containment relation

We return to the combinatorics of set compositions.

Definition 4.17. Let F = (F1, F2, . . . , Fk) and G = (G1, G2, . . . , Gm) be two faces in F . We
say F is contained in G – and we write F ↠ G – if every block of F is a subset of a block
of G. (More formally: if for each i ∈ [k], there is a j ∈ [m] such that Fi ⊆ Gj.)

Example 4.18. If G = (45, 123) (we omit the commas and the set braces, so for example
45 means {4, 5}), then the faces (5, 4, 123), (123, 4, 5), (45, 2, 13), (5, 1, 2, 4, 3) (and several
others) are contained in G, while (5, 134, 2) is not (as are many others).

Clearly, the relation ↠ is transitive and reflexive. It is not antisymmetric, because
reordering the blocks of a face F yields a new face G that satisfies F ↠ G ↠ F. More
generally, the relation F ↠ G depends only on the set of blocks of F and the set of
blocks of G, not on their respective orders. Thus, the relation ↠ is better understood as
a relation between set partitions (known as the refinement order of set partitions), not
set compositions. However, we will find it useful on set compositions.

If a face F is contained in a face G, then G can be obtained from F by merging and
reordering its blocks. What blocks are merged and where they are placed can be encoded
by a set composition of [ℓ (F)], which is obtained from F by renaming the blocks of F
as 1, 2, . . . , ℓ (F) from left to right. For example, for F = (123, 4, 5) and G = (45, 123),
we can obtain G from F by merging the last two blocks and swapping the result with
the first block; this is encoded by the set composition (23, 1) of [ℓ (F)] = [3]. In full
generality, the encoding is described by the following proposition:

Proposition 4.19. Let F = (F1, F2, . . . , Fm) ∈ F be a face (i.e., a set composition of [n]).
Then, the map

f : {G ∈ F : F ↠ G} → {H : H |= [m]} ,

(G1, G2, . . . , Gk) 7→ (H1, H2, . . . , Hk) where Hi =
{

j ∈ [m] : Fj ⊆ Gi
}

is a bijection. This bijection is furthermore length-preserving:

ℓ ( f (G)) = ℓ (G) .

The proof of this proposition is a standard argument in combinatorics (see, e.g., [25,
Example 3.10.4] for the analogue for unordered set partitions); we give it in the Appendix
(Subsection A.1).

The following simple properties of the containment are also easy to prove:

Proposition 4.20. Let F and G be two faces in F . Then:

(a) If F is contained in G, then ℓ (F) ≥ ℓ (G).

(b) The product FG is contained in both F and G.

(c) We have FG = F if and only if F is contained in G.

(d) We have ℓ (FG) ≥ ℓ (F). Equality holds if and only if F is contained in G.

(e) We have ℓ (FG) ≥ ℓ (G).

We again refer to the Appendix (Subsection A.2) for the proof of Proposition 4.20.
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4.4 The knapsack numbers nα (F)

The following definition will be crucial to the study of Bα and related elements:

Definition 4.21. Let α |= n be a composition.

(a) Given a face F ∈ F , we define the finite set Nα (F) by

Nα (F) = {G ∈ F : F ↠ G and type G = α} ,

and we define the nonnegative integer nα (F) by

nα (F) = |Nα (F)| .

Thus, nα (F) is the number of faces G ∈ F satisfying F ↠ G and type G = α. We
refer to nα (F) as the knapsack number of F with respect to α.

(b) We will furthermore write nα (F ) for the set {nα (F) : F ∈ F}, which consists of
the knapsack numbers of all faces. This is the image of F under the map nα. It is
obviously a finite set of nonnegative integers.

Example 4.22. Let n = 4 and α = (2, 2). Then:

1. If F = (4, 23, 1), then

Nα (F) = {(14, 23) , (23, 14)} , and thus nα (F) = 2.

2. If F = (123, 4), then Nα (F) = ∅ and thus nα (F) = 0.

3. If F = (3, 2, 1, 4), then Nα (F) consists of all six faces of type α = (2, 2), and thus
nα (F) = 6.

4. Systematically computing nα (F) for all faces F ∈ F shows that nα (F ) = {0, 2, 6}.

Example 4.23. Let n ≥ 1 and α = (n). Then, the only face G ∈ F of type α is ([n]). Each
face F ∈ F satisfies F ↠ ([n]) and thus

N(n) (F) = {G ∈ F : F ↠ G and type G = (n)} = {([n])} ,

so that

n(n) (F) = |{([n])}| = 1. (15)

The word “knapsack number” refers to the knapsack problem in combinatorial op-
timization. Indeed, given a composition α = (α1, α2, . . . , αk) |= n and a face F ∈ F , we
can view the knapsack number nα (F) as the number of ways to distribute the blocks
of F into k (labeled) bags such that the total size of the blocks in the i-th bag is αi for
each i. (In fact, such a distribution corresponds to a face G ∈ Nα (F), namely the face
G = (G1, G2, . . . , Gk) whose i-th block Gi is the union of the blocks of F in the i-th bag.)

We shall now show some simple properties of knapsack numbers.
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Proposition 4.24. Let α |= n. Let F, G ∈ F be such that F ↠ G. Then, we have nα (F) ≥
nα (G).

Proof. Recall that nα (F) = |Nα (F)| and likewise nα (G) = |Nα (G)|. However, for each
H ∈ Nα (G), we have G ↠ H and type H = α (by the definition of Nα (G)), so that
F ↠ G ↠ H (since the containment relation is transitive), and thus H ∈ Nα (F) (since
F ↠ H and type H = α). Thus, we have shown that

Nα (G) ⊆ Nα (F) .

Hence, |Nα (G)| ≤ |Nα (F)|. In other words, nα (G) ≤ nα (F) (since nα (F) = |Nα (F)| and
likewise nα (G) = |Nα (G)|). This yields the proposition.

Proposition 4.25. Let α |= n. Let F, G ∈ F . Then, we have nα (FG) ≥ nα (F) and
nα (FG) ≥ nα (G).

Proof. Proposition 4.20 (b) yields FG ↠ F and FG ↠ G. Hence, by Proposition 4.24, we
conclude that nα (FG) ≥ nα (F) and nα (FG) ≥ nα (G).

Proposition 4.26. Let α |= n. Let F, G ∈ F be such that type G = α and F ̸↠ G. Then,
we have nα (FG) > nα (F).
Proof. Recall that nα (F) = |Nα (F)| and likewise nα (FG) = |Nα (FG)|. Hence, in order to
prove that nα (FG) > nα (F), it suffices to show that Nα (F) is a proper subset of Nα (FG).

It is easy to see that Nα (F) is a subset of Nα (FG): In fact, any H ∈ Nα (F) satisfies
F ↠ H and thus (by Proposition 4.20 (b)) also FG ↠ F ↠ H, so that H ∈ Nα (FG).

It remains to show that the subset Nα (F) of Nα (FG) is proper. For this, we must find
an element that belongs to Nα (FG) but not to Nα (F). But G is such an element: Indeed,
G ∈ Nα (FG) (because Proposition 4.20 (b) shows that FG ↠ G and type G = α) and
G /∈ Nα (F) (since F ̸↠ G). Thus, the proof is finished.

Proposition 4.27. Let α |= n and F ∈ F . Then, nα (F) = nrev α (F).
Proof. If F is contained in some face G, then F will still be contained in any face ob-
tained by reordering the blocks of G. Thus, in particular, F is contained in a face G =
(G1, G2, . . . , Gk) if and only if it is contained in its reverse rev G := (Gk, Gk−1, . . . , G1).
Furthermore, a face G satisfies type G = α if and only if type (rev G) = rev(α), since we
always have type (rev G) = rev(type G). Thus, the map

Nα (F) → Nrev α (F) ,
G 7→ rev G

is well-defined. This map is furthermore a bijection, since an inverse map can be defined
in the exact same way (note that rev (rev α) = α). By the bijection principle, we thus
obtain |Nα (F)| = |Nrev α (F)|. In other words, nα (F) = nrev α (F).

Remark. Let α |= n and F ∈ F . In our above proof, we essentially showed that nα (F)
does not change if we permute the entries of the composition α. But there are further
symmetries: nα (F) also remains unchanged if we permute the blocks of F or apply a
permutation w ∈ Sn to F. Hence, nα (F) depends on the unordered type of F (that
is, of the partition of n obtained from the composition type F by sorting the entries in
decreasing order) rather than on F itself. In particular, the size of the set nα (F ) is at
most the number p (n) of partitions of n.
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5 The knapsack filtration and the first annihilating poly-
nomials

From now on, we fix a composition α of n.
Our goal in this section is to establish polynomials that annihilate9 Bα and w0Bα

(Theorem 5.1 and Theorem 5.7, respectively). The former polynomial is well-known,
and the latter is suboptimal (i.e., has higher degree than necessary); however, these
polynomials make natural stepping stones on the way to our main result (Theorem 7.2),
allowing us to introduce the relevant ideas one at a time.

5.1 A polynomial annihilating Bα

The following theorem (a particular case of [16, Proposition 3.12] and of [23, Theorem
4.1]) gives a polynomial that annihilates Bα:

Theorem 5.1. The element Bα ∈ D (Sn) satisfies

∏
k∈nα(F )

(Bα − k) = 0. (16)

(This product ranges over all distinct elements k ∈ nα (F ). Thus, even if several different
faces F have the same knapsack number k, there is only one Bα − k factor in the product.)

To prove this theorem, we need some preparations. We begin with a definition, which
will be equally important in further proofs later on:

Definition 5.2 (The knapsack filtration of kF ).

(a) For each k ∈ N ∪ {∞}, we define Fk := {F ∈ F : nα (F) ≥ k}. (Thus, F∞ = ∅.)

We furthermore let kFk denote the k-linear span of Fk inside kF .

(b) Write the set nα (F ) as {k0 < k1 < k2 < · · · < km}. Set km+1 = ∞. Then the Fki form
a filtration of F :

F = Fk0 ⊇ Fk1 ⊇ · · · ⊇ Fkm ⊇ Fkm+1 = ∅.

Therefore their k-linear spans form a filtration of kF :

kF = kFk0 ⊇ kFk1 ⊇ · · · ⊇ kFkm ⊇ kFkm+1 = 0.

We shall call this the knapsack filtration of kF .

To illustrate Definition 5.2, we compute the smallest element k0 of nα (F ):

Proposition 5.3. (a) If α ̸= (n), then k0 = 0.

(b) If α = (n), then k0 = 1 and m = 0.
9We say that a polynomial f ∈ k [x] annihilates an element a of a k-algebra if f (a) = 0.
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Proof. (a) Assume that α ̸= (n). Thus,

Nα (([n])) = {G ∈ F : ([n]) ↠ G and type G = α} = ∅,

since the face ([n]) is contained only in itself and is of type (n) ̸= α by assumption.
Therefore, nα (([n])) = 0, so that 0 = nα (([n])) ∈ nα (F ). Since nα (F ) is a set of
nonnegative integers, this shows that 0 is its smallest element; that is, k0 = 0.

(b) Assume that α = (n). For every face F ∈ F , we have n(n) (F) = 1 by (15).
Consequently n(n) (F ) = {1}, and thus km = k0 = 1 and m = 0, as desired.

The following simple fact will be used without mention:

Proposition 5.4. Let k ∈ N ∪ {∞}. Then, kFk is a (two-sided) ideal of kF .

Proof. The set kFk is defined as a k-linear span, and thus is closed under addition and
contains zero. It remains to prove that it satisfies the absorption axiom – i.e., that if one
of two elements F, G ∈ kF belongs to kFk, then FG ∈ kFk as well. By linearity, it
suffices to show that if one of two faces F, G ∈ F belongs to Fk, then FG ∈ Fk as well
(since kFk and kF are the spans of Fk and F ).

But this is easy: Let F, G ∈ F be two faces. Assume that one of them belongs
to Fk. That is, one of the knapsack numbers nα (F) and nα (G) is ≥ k. Hence, we
have max {nα (F) , nα (G)} ≥ k. But Proposition 4.25 shows that nα (FG) ≥ nα (F) and
nα (FG) ≥ nα (G), so that nα (FG) ≥ max {nα (F) , nα (G)} ≥ k. In other words, FG ∈ Fk.
This is just what we needed to prove.

This shows that the knapsack filtration of kF is a filtration by ideals (i.e., by (kF , kF )-
bimodules). Hence, the subquotients kFki /kFki+1

of this filtration are kF -kF -bimodules.
The following lemma says that right multiplication by B̃α acts on these subquotients as
scaling by ki:

Lemma 5.5. Let F ∈ F . Let i ∈ [0, m] be such that nα (F) = ki. Then we have

FB̃α ≡ kiF mod kFki+1
.

Proof. The definition of B̃α yields B̃α = ∑ G∈F ;
type G=α

G. Hence,

FB̃α = ∑
G∈F ;

type G=α

FG = ∑
G∈F ;

type G=α;
F↠G

FG︸︷︷︸
=F

(by Proposition 4.20 (c))

+ ∑
G∈F ;

type G=α;
F ̸↠G

FG

= ∑
G∈F ;

type G=α;
F↠G

F + ∑
G∈F ;

type G=α;
F ̸↠G

FG. (17)

But the sum ∑ G∈F ;
type G=α;

F↠G

F can be rewritten as ∑G∈Nα(F) F (by the definition of Nα (F)).

Hence,

∑
G∈F ;

type G=α;
F↠G

F = ∑
G∈Nα(F)

F = |Nα (F)|︸ ︷︷ ︸
=nα(F)=ki

F = kiF. (18)
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On the other hand, if G ∈ F satisfies type G = α and F ̸↠ G, then Proposition 4.26

yields nα (FG) > nα (F) = ki and thus nα (FG) ≥ ki+1 (since nα (FG) belongs to the set
nα (F ) = {k0 < k1 < k2 < · · · < km}, and thus cannot be > ki without being ≥ ki+1), so
that FG ∈ Fki+1

⊆ kFki+1
and therefore

FG ≡ 0 mod kFki+1
. (19)

Thus, (17) becomes

FB̃α = ∑
G∈F ;

type G=α;
F↠G

F

︸ ︷︷ ︸
=kiF

(by (18))

+ ∑
G∈F ;

type G=α;
F ̸↠G

FG︸︷︷︸
≡0 mod kFki+1

(by (19))

≡ kiF mod kFki+1
.

Lemma 5.6. Let i ∈ [0, m]. If F ∈ kFki , then

F
(

B̃α − ki

)
∈ kFki+1

.

Proof. By linearity, it suffices to prove that the lemma holds when F is a single face
F ∈ Fki . Thus, let us assume that this is the case; thus, nα (F) ≥ ki. Thus, we have
either nα (F) > ki or nα (F) = ki. If nα (F) > ki, then nα (F) must be at least ki+1 (since
nα (F) ∈ nα (F ) = {k0 < k1 < k2 < · · · < km}), so that F ∈ Fki+1

. In this case, we thus

conclude that F = F ∈ Fki+1
⊆ kFki+1

and therefore F
(

B̃α − ki

)
∈ kFki+1

as well (since
kFki+1

is an ideal of kF ). So Lemma 5.6 is proved in this case.
Hence, we WLOG assume that nα (F) = ki. Thus, Lemma 5.5 yields FB̃α ≡ kiF

mod kFki+1
. In other words, FB̃α − kiF ∈ kFki+1

. But F = F, so that

F
(

B̃α − ki

)
= F

(
B̃α − ki

)
= FB̃α − kiF ∈ kFki+1

.

This proves Lemma 5.6.

Proof of Theorem 5.1. Define the polynomial

f (x) := ∏
k∈nα(F )

(x − k) ∈ k [x] .

Thus, our goal is to prove that f (Bα) = 0. This is equivalent to proving that f
(

B̃α

)
= 0,

because of Lemma 4.16. So this is what we need to do.
In other words, we need to prove the equality

∏
k∈nα(F )

(
B̃α − k

)
= 0
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(by the definition of f ). Using the notations of Definition 5.2, we can rewrite this as

m

∏
j=0

(
B̃α − k j

)
= 0 (20)

(since k0, k1, . . . , km are the elements of nα (F ) in increasing order).
We will obtain this equality as a particular case (i = m) of the equality

i

∏
j=0

(
B̃α − k j

)
∈ kFki+1

, (21)

which we claim to hold for each i ∈ [−1, m]. This latter equality (21) will be proved by
induction on i:

The base case (i = −1) is saying that the empty product belongs to kFk0 . But this is
clear, since kFk0 = kF .

The induction step (from i − 1 to i) follows from Lemma 5.6, because

i

∏
j=0

(
B̃α − k j

)
=

(
i−1

∏
j=0

(
B̃α − k j

))
︸ ︷︷ ︸

∈kFki
(by the induction hypothesis)

(
B̃α − ki

)

∈ kFki

(
B̃α − ki

)
⊆ kFki+1

by Lemma 5.6.

Thus, (21) is proved. Applying (21) to i = m, we find ∏m
j=0

(
B̃α − k j

)
∈ kFkm+1 = 0,

so that (20) follows. As explained above, this completes the proof of Theorem 5.1.

5.2 A polynomial annihilating w0Bα

We now present a polynomial that annihilates w0Bα:

Theorem 5.7. The element w0Bα ∈ D (Sn) satisfies

w0Bα ∏
k∈nα(F );

k ̸=0

(w0Bα + k) (w0Bα − k) = 0. (22)

The proof will rely on the following two lemmas:

Lemma 5.8. Let F ∈ F . Let i ∈ [0, m] be such that nα (F) = ki. Then

FB̃rev αB̃α ≡ k2
i F mod kFki+1

.

Proof. By Proposition 4.27, we have nrev α (F) = nα (F) = ki. But Lemma 5.5 yields
FB̃α ≡ kiF mod kFki+1

. Likewise, Lemma 5.5 (applied to rev α instead of α) yields
FB̃rev α ≡ kiF mod kFki+1

(since nrev α (F) = ki, and since Proposition 4.27 shows that
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nrev α (F ) = nα (F ) = {k0 < k1 < k2 < · · · < km}). Since kFki+1
is a right ideal, we can

multiply this congruence by B̃α, thus obtaining

FB̃rev αB̃α ≡ kiFB̃α ≡ kikiF
(

since FB̃α ≡ kiF mod kFki+1

)
= k2

i F mod kFki+1
,

as desired.

Lemma 5.9. Let i ∈ [0, m]. If F ∈ kFki , then

F
(

w̃0B̃α + ki

) (
w̃0B̃α − ki

)
∈ kFki+1

.

Proof. It suffices to show that the lemma holds when F is a single face F ∈ Fki , so let us
assume this is the case; thus, nα (F) ≥ ki. The case when nα (F) > ki can be handled just
as in the proof of Lemma 5.6 above10. Hence, we WLOG assume that nα (F) = ki. Then,
Lemma 5.8 yields FB̃rev αB̃α ≡ k2

i F mod kFki+1
. In other words,

FB̃rev αB̃α − k2
i F ∈ kFki+1

. (23)

Now, (
w̃0B̃α + ki

) (
w̃0B̃α − ki

)
=
(

w̃0B̃α

)2
− k2

i = B̃rev αB̃α − k2
i (by (10)) ,

so that

F
(

w̃0B̃α + ki

) (
w̃0B̃α − ki

)
= F

(
B̃rev αB̃α − k2

i

)
= F

(
B̃rev αB̃α − k2

i

)
(since F = F)

= FB̃rev αB̃α − k2
i F ∈ kFki+1 (by (23)) .

Proof of Theorem 5.7. Define the polynomial

f (x) := x ∏
k∈nα(F );

k ̸=0

(x + k) (x − k) ∈ k [x] .

Thus, our goal is to prove that f (w0Bα) = 0. According to Lemma 4.15, this is equivalent
to proving that f

(
w̃0B̃α

)
= 0. So this is what we need to do.

In other words, we need to prove the equality

w̃0B̃α ∏
k∈nα(F );

k ̸=0

(
w̃0B̃α + k

) (
w̃0B̃α − k

)
= 0

10If nα (F) > ki, then nα (F) must be at least ki+1, so that F ∈ Fki+1
, thus F = F ∈ Fki+1

⊆ kFki+1
. Then,

since kFki+1
is an ideal of kF , we must have F

(
w̃0B̃α + ki

) (
w̃0B̃α − ki

)
∈ kFki+1

as well.
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(by the definition of f ). Using the notations of Definition 5.2, we can rewrite this as

w̃0B̃α

m

∏
j=p

(
w̃0B̃α + k j

) (
w̃0B̃α − k j

)
= 0, (24)

where p is the smallest element of [0, m] satisfying kp > 0 (clearly, p is either 0 or 1,
depending on whether k0 is positive or 0).

We will obtain this equality as a particular case (i = m) of the equality

w̃0B̃α

i

∏
j=p

(
w̃0B̃α + k j

) (
w̃0B̃α − k j

)
∈ kFki+1

, (25)

which we claim to hold for each i ∈ [p − 1, m]. This latter equality (25) will be proved by
induction on i:

The base case (i = p − 1) is saying that w̃0B̃α ∈ kFkp . To prove this, it suffices to show
that B̃α ∈ kFkp (since kFkp is an ideal). But this is easy: Any face F ∈ F that satisfies
type F = α must satisfy Nα (F) ̸= ∅ (indeed, F itself is a G ∈ F satisfying F ↠ G and
type G = α; thus, the set Nα (F) contains at least F as an element) and thus nα (F) > 0
and therefore nα (F) ≥ kp (since the definition of p shows that kp is the smallest positive
element of nα (F )), so that F ∈ Fkp ⊆ kFkp . Thus, B̃α (being a sum of such F’s) belongs
to kFkp as well. This completes the base case.

The induction step (from i − 1 to i) follows from Lemma 5.9, because

w̃0B̃α

i

∏
j=p

((
w̃0B̃α + k j

) (
w̃0B̃α − k j

))
=

(
w̃0B̃α

i−1

∏
j=p

(
w̃0B̃α + k j

) (
w̃0B̃α − k j

))
︸ ︷︷ ︸

∈kFki
(by the induction hypothesis)

(
w̃0B̃α + ki

) (
w̃0B̃α − ki

)

∈ kFki

(
w̃0B̃α + ki

) (
w̃0B̃α − ki

)
⊆ kFki+1

by Lemma 5.9.

Thus, (25) is proved. Applying (25) to i = m and recalling that kFkm+1 = 0, we obtain
(24), and Theorem 5.7 follows.

6 Alternating sum identities for set compositions

To improve on the polynomial in Theorem 5.7, we need two combinatorial identities
regarding set compositions:

Lemma 6.1. We have
∑

G∈F
(−1)ℓ(G) = (−1)n .
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Proof. This is essentially [21, Theorem 2.2.2] (see the first paragraph in the proof of [21,
Theorem 2.2.2] for an explanation). However, let us give a new proof here, using the
tools of this paper.

Consider the composition (1, 1, . . . , 1) of n (with n many 1’s). The definition of
B̃(1,1,...,1) yields

B̃(1,1,...,1) = ∑
F∈F ;

type F=(1,1,...,1)

F = ∑
A∈F ;

type A=(1,1,...,1)

A. (26)

One of the addends in this sum is the face ({1} , {2} , . . . , {n}) ∈ F . Hence, the coeffi-
cient of this face in B̃(1,1,...,1) is 1.

Set
λ := ∑

F∈F
(−1)n−ℓ(F) ∈ Z. (27)

Let A ∈ F be a face of type (1, 1, . . . , 1) |= n. (Note that there are n! such faces, each
of them having the form ({σ (1)} , {σ (2)} , . . . , {σ (n)}) for some permutation σ ∈ Sn.)
Then, the blocks of A have size 1, and therefore cannot be subdivided any further by
intersecting them with the blocks of another face F ∈ F . Hence,

AF = A for each F ∈ F . (28)

But Proposition 4.14 yields

Aw̃0 = A ∑
F∈F

(−1)n−ℓ(F) F = ∑
F∈F

(−1)n−ℓ(F) AF︸︷︷︸
=A

(by (28))

= ∑
F∈F

(−1)n−ℓ(F)

︸ ︷︷ ︸
=λ

A = λA.

Forget that we fixed A. We thus have proved the equality Aw̃0 = λA for each face
A ∈ F of type (1, 1, . . . , 1) |= n. Summing this equality over all such faces A, we obtain

∑
A∈F ;

type A=(1,1,...,1)

Aw̃0 = λ ∑
A∈F ;

type A=(1,1,...,1)

A. (29)

Using (26), we can rewrite this as

B̃(1,1,...,1)w̃0 = λB̃(1,1,...,1).

On the other hand, (1, 1, . . . , 1) = gaps ([n − 1]), so that

B(1,1,...,1) = B[n−1] = ∑
w∈Sn

w

(by (3)), and therefore

w0B(1,1,...,1) = w0 ∑
w∈Sn

w = ∑
w∈Sn

w0w = ∑
w∈Sn

w
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(here, we have substituted w for w0w in the sum). Comparing these two equalities, we
obtain w0B(1,1,...,1) = B(1,1,...,1). Applying the map ρ to this equality, we find

ρ
(

w0B(1,1,...,1)

)
= ρ

(
B(1,1,...,1)

)
= B̃(1,1,...,1) (by the definition of ρ) ,

so that

B̃(1,1,...,1) = ρ
(

w0B(1,1,...,1)

)
= ρ

(
B(1,1,...,1)

)
︸ ︷︷ ︸

=B̃(1,1,...,1)

ρ (w0)︸ ︷︷ ︸
=w̃0

(since ρ is a k-algebra anti-morphism)

= B̃(1,1,...,1)w̃0 = λB̃(1,1,...,1).

Comparing coefficients in front of the face ({1} , {2} , . . . , {n}) ∈ F in this equality,
we obtain 1 = λ (since the coefficient of this face in B̃(1,1,...,1) is 1). Thus, 1 = λ =

∑F∈F (−1)n−ℓ(F) (by the definition of λ). Dividing this equality by (−1)n, we find
(−1)n = ∑F∈F (−1)ℓ(F) = ∑G∈F (−1)ℓ(G), qed.

Lemma 6.2. Let F ∈ F be a face. Then,

∑
G∈F ;
F↠G

(−1)n−ℓ(G) = (−1)n−ℓ(F) .

Proof. Write the set composition F as F = (F1, F2, . . . , Fm), so that ℓ (F) = m. Then,
Proposition 4.19 shows that there is a length-preserving bijection

f : {G ∈ F : F ↠ G} → {H : H |= [m]} ,

(G1, G2, . . . , Gk) 7→ (H1, H2, . . . , Hk) where Hi =
{

j ∈ [m] : Fj ⊆ Gi
}

.

Using this bijection, we can reindex the sum ∑
G∈F ;
F↠G

(−1)n−ℓ(G) as follows:

∑
G∈F ;
F↠G

(−1)n−ℓ(G) = ∑
H|=[m]

(−1)n−ℓ(H) = ∑
G|=[m]

(−1)n−ℓ(G) = (−1)n ∑
G|=[m]

(−1)ℓ(G) .

However, applying Lemma 6.1 to m instead of n, we find

∑
G|=[m]

(−1)ℓ(G) = (−1)m .

In light of this, the previous equality simplifies to

∑
G∈F ;
F↠G

(−1)n−ℓ(G) = (−1)n (−1)m = (−1)n−m = (−1)n−ℓ(F)

(since m = ℓ (F)), as desired.
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7 The optimal polynomial for w0Bα

Recall that α is a fixed composition of n.
As we mentioned above, the equality (22) provides a polynomial that annihilates

w0Bα, but this polynomial is not optimal: Some of the factors can be removed from the
product without turning it nonzero. In this section, we shall find an optimal polynomial
that annihilates w0Bα (meaning that – at least when k is a field of characteristic 0 – it is
the minimal polynomial of w0Bα, as we will see in Theorem 8.1).

First, we need some more notations.

Definition 7.1.

(a) The signed knapsack number ñα (F) of a face F ∈ F is the integer defined by

ñα (F) = (−1)n−ℓ(F) nα (F) . (30)

(b) We will furthermore write ñα (F ) for the set {ñα (F) : F ∈ F}, which consists of
the signed knapsack numbers of all faces. This is the image of F under the map
ñα. It is obviously a finite set of integers.

Note that each face F ∈ F satisfies

|ñα (F)| = nα (F) (31)

(by (30), since nα (F) is nonnegative). Hence, each signed knapsack number k ∈ ñα (F )
satisfies

|k| ∈ nα (F ) = {k0 < k1 < · · · < km}
(see Definition 5.2 (b) for the latter equality).

Our main result takes the following form (recall that α is a fixed composition of n):

Theorem 7.2. The elements w0Bα and Bαw0 of D (Sn) satisfy

∏
k∈ñα(F )

(w0Bα − k) = 0 (32)

and
∏

k∈ñα(F )

(Bαw0 − k) = 0. (33)

(Each of these products ranges over all distinct elements k ∈ ñα (F ). Thus, even if several
different faces F have the same signed knapsack number k, there is only one w0Bα − k
(resp. Bαw0 − k) factor in each product.)

The proof of this will rely on a counterpart to Lemma 5.9:

Lemma 7.3. Let k ∈ ñα (F ). Let i ∈ [0, m] be such that |k| = ki. Let F ∈ kFki . Then:
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(a) If −k /∈ ñα (F ), then
F (w̃0 − sign k) ∈ kFki+1

.

Here, sign k means the sign of k (that is, 1 if k > 0 and −1 if k < 0).

(b) We have
F
(

B̃α − |k|
)
∈ kFki+1

.

(c) If ñα (F ) ∩ {k,−k} = {k} (that is, if −k = k or −k /∈ ñα (F )), then

F
(

w̃0B̃α − k
)
∈ kFki+1

.

Proof. (a) Assume that −k /∈ ñα (F ). Then, −k ̸= k (since k ∈ ñα (F )), so that k ̸= 0.
Thus, sign k is well-defined.

We must prove that F (w̃0 − sign k) ∈ kFki+1
. By linearity, we WLOG assume that

F is a single face F =
(

F1, F2, . . . , Fp
)
∈ Fki . Thus, nα (F) ≥ ki, so that nα (F) > ki or

nα (F) = ki. If nα (F) > ki, then nα (F) ≥ ki+1 (since nα (F) belongs to the set nα (F ) =
{k0 < k1 < k2 < · · · < km}, and thus cannot be > ki without being ≥ ki+1), so that F =
F ∈ Fki+1

⊆ kFki+1
, and so the claim follows because kFki+1

is an ideal of kF . Hence,
we WLOG assume that nα (F) = ki.

Therefore, (31) yields |ñα (F)| = nα (F) = ki = |k|. In other words, ñα (F) = ±k. But
ñα (F) cannot be −k, since −k /∈ ñα (F ). Hence, we conclude that ñα (F) = k. Hence,
k = ñα (F) = (−1)n−ℓ(F) nα (F), so that

sign k = (−1)n−ℓ(F) (34)

(since nα (F) ≥ 0 and k ̸= 0).
Next, we claim that if G ∈ F is any face such that F ̸↠ G, then

FG ∈ Fki+1
. (35)

[Proof of (35): Let G ∈ F be any face such that F ̸↠ G. Then, there exists some block
Fu of F that is not a subset of any block of G. Consider this block Fu. Thus, Fu intersects
at least two distinct blocks of G. Let Gv be one of the blocks of G that Fu intersects.
Then, the sets Fu ∩ Gv and Fu \ Gv are both nonempty and disjoint, and their union is Fu.
Hence, replacing the block Fu of F by the two nonempty blocks Fu ∩ Gv and Fu \ Gv, we
obtain a new set composition

H :=
(

F1, F2, . . . , Fu−1, Fu ∩ Gv, Fu \ Gv, Fu+1, Fu+2, . . . , Fp
)

,

which has length p + 1 = ℓ (F) + 1 (since p = ℓ (F)) and satisfies FG ↠ H ↠ F. Thus,
Proposition 4.24 yields nα (FG) ≥ nα (H) ≥ nα (F).

Recall that ñα (F) = k. Thus, −ñα (F) = −k /∈ ñα (F ). Hence, in particular, −ñα (F) ̸=
ñα (H). However, if we had nα (H) = nα (F), then we would have ñα (H) = −ñα (F)
(since ℓ (H) = ℓ (F)+ 1 shows that the signs (−1)n−ℓ(H) and (−1)n−ℓ(F) in the definitions
of ñα (H) and ñα (F) are opposite), which would contradict −ñα (F) ̸= ñα (H). Thus,
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we cannot have nα (H) = nα (F). Therefore, nα (H) > nα (F) (since nα (H) ≥ nα (F)).
Altogether, nα (FG) ≥ nα (H) > nα (F) = ki. Hence, nα (FG) ≥ ki+1 (again since nα (FG)
belongs to the set nα (F ) = {k0 < k1 < k2 < · · · < km}) and therefore FG ∈ Fki+1

. This
proves (35).]

Now, multiplying the equalities F = F and (11), we obtain

Fw̃0 = F ∑
G∈F

(−1)n−ℓ(G) G = ∑
G∈F

(−1)n−ℓ(G) FG

= ∑
G∈F ;
F↠G

(−1)n−ℓ(G) FG + ∑
G∈F ;
F ̸↠G

(−1)n−ℓ(G) FG︸︷︷︸
∈Fki+1
(by (35))

≡ ∑
G∈F ;
F↠G

(−1)n−ℓ(G) FG︸︷︷︸
=F

(by Proposition 4.20 (c))

= ∑
G∈F ;
F↠G

(−1)n−ℓ(G)

︸ ︷︷ ︸
=(−1)n−ℓ(F)

(by Lemma 6.2)

F = (−1)n−ℓ(F)︸ ︷︷ ︸
=sign k
(by (34))

F︸︷︷︸
=F

= sign k · F mod kFki+1
.

In other words,
Fw̃0 − sign k · F ∈ kFki+1

.

Equivalently,
F (w̃0 − sign k) ∈ kFki+1

.

Thus, Lemma 7.3 (a) is proved.

(b) Lemma 5.6 yields
F
(

B̃α − ki

)
∈ kFki+1

.

Since |k| = ki, we can rewrite this as F
(

B̃α − |k|
)
∈ kFki+1

. This proves Lemma 7.3 (b).

(c) Recall that kFki+1
is an ideal of kF , so we can compute modulo it as with integers.

Now, assume that ñα (F )∩ {k,−k} = {k} (that is, that −k = k or −k /∈ ñα (F )). Thus,
we are in one of the following two cases:

Case 1: We have −k = k.
Case 2: We have −k /∈ ñα (F ).
We begin by handling Case 1. In this case, −k = k. Hence, k = 0, so that our goal is

to prove that Fw̃0B̃α ∈ kFki+1
. But F ∈ kFki and thus Fw̃0 ∈ kFki (since kFki is an ideal).

Hence, part (b) (applied to Fw̃0 instead of F) yields Fw̃0

(
B̃α − |k|

)
∈ kFki+1

. In view

of k = 0, this simplifies to Fw̃0B̃α ∈ kFki+1
, which is what we desired to prove. Thus,

Lemma 7.3 (c) is proved in Case 1.
Now let us consider Case 2. In this case, −k /∈ ñα (F ). Hence, part (a) yields

F (w̃0 − sign k) ∈ kFki+1
. In other words,

Fw̃0 ≡ sign k · F mod kFki+1
. (36)
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But part (b) yields F
(

B̃α − |k|
)
∈ kFki+1

. That is,

FB̃α ≡ |k| F mod kFki+1
.

Multiplying the congruence (36) with B̃α from the right, we find

Fw̃0B̃α ≡ sign k · FB̃α︸︷︷︸
≡|k|F mod kFki+1

≡ sign k · |k|︸ ︷︷ ︸
=k

F = kF mod kFki+1
.

In other words,
F
(

w̃0B̃α − k
)
∈ kFki+1

.

Thus, Lemma 7.3 (c) is proved in Case 2. Hence, the proof of Lemma 7.3 (c) is complete
in both cases.

We combine Lemmas 5.9 and 7.3 into one:

Lemma 7.4. Let i ∈ [0, m] and F ∈ kFki . Then,

F ∏
h∈ñα(F );
|h|=ki

(
w̃0B̃α − h

)
∈ kFki+1

.

Proof. We have nα (F ) = {k0 < k1 < · · · < km} and thus ki ∈ nα (F ). Hence, there exists
a face F ∈ F such that nα (F) = ki. Consider this face F. Its signed knapsack number
ñα (F) must then be either ki or −ki (since it is defined to be (−1)n−ℓ(F)︸ ︷︷ ︸

=±1

nα (F)︸ ︷︷ ︸
=ki

= ±ki).

Therefore, at least one of ki and −ki equals ñα (F) and thus belongs to ñα (F ). In other
words, there exists an element k ∈ {ki,−ki} that belongs to ñα (F ). We are thus in one
of the following two cases:

Case 1: There exists exactly one element k ∈ {ki,−ki} that belongs to ñα (F ). (That is,
either ki = −ki, or exactly one of the two numbers ki and −ki belongs to ñα (F ).)

Case 2: There are two elements k ∈ {ki,−ki} that belong to ñα (F ). (That is, ki and
−ki are distinct, and both belong to ñα (F ).)

Let us consider Case 1. In this case, there exists exactly one element k ∈ {ki,−ki}
that belongs to ñα (F ). Consider this k. Then, k = ±ki, so that |k| = |ki| = ki (since
ki = nα (F) ≥ 0). This also yields {k,−k} = {ki,−ki}. But k is the only element of
{ki,−ki} that belongs to ñα (F ). In other words, k is the only element of {k,−k} that
belongs to ñα (F ) (since {k,−k} = {ki,−ki}). That is, ñα (F ) ∩ {k,−k} = {k}. Hence,
Lemma 7.3 (c) shows that

F
(

w̃0B̃α − k
)
∈ kFki+1 (since |k| = ki) .

However, the only h ∈ ñα (F ) satisfying |h| = ki is k (since the condition |h| = ki is
equivalent to h ∈ {ki,−ki}, but we know that k is the only element of {ki,−ki} that
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belongs to ñα (F )). Thus,

∏
h∈ñα(F );
|h|=ki

(
w̃0B̃α − h

)
= w̃0B̃α − k.

Hence,
F ∏

h∈ñα(F );
|h|=ki

(
w̃0B̃α − h

)
= F

(
w̃0B̃α − k

)
∈ kFki+1

.

This proves Lemma 7.4 in Case 1.
Let us next consider Case 2. In this case, there are two elements k ∈ {ki,−ki} that

belong to ñα (F ). Thus, both numbers ki and −ki belong to ñα (F ) (and are distinct).
Hence, the elements h ∈ ñα (F ) satisfying |h| = ki are ki and −ki (and these two values
are distinct). Therefore,

∏
h∈ñα(F );
|h|=ki

(
w̃0B̃α − h

)
=
(

w̃0B̃α − (−ki)
) (

w̃0B̃α − ki

)
=
(

w̃0B̃α + ki

) (
w̃0B̃α − ki

)
.

Multiplying this by F from the left, we find

F ∏
h∈ñα(F );
|h|=ki

(
w̃0B̃α − h

)
= F

(
w̃0B̃α + ki

) (
w̃0B̃α − ki

)
∈ kFki+1

by Lemma 5.9. Thus, Lemma 7.4 is proved in Case 2.

We are now ready to prove Theorem 7.2:

Proof of Theorem 7.2. Define the polynomial

f (x) := ∏
k∈ñα(F )

(x − k) ∈ k [x] .

Thus, our goal is to prove that f (w0Bα) = 0 and f (Bαw0) = 0. According to Lemma 4.15,
both of these equalities will follow if we can show that f

(
w̃0B̃α

)
= 0. So this is what

we shall now do.
First, we shall prove that each i ∈ [0, m + 1] satisfies

∏
k∈ñα(F );
|k|<ki

(
w̃0B̃α − k

)
∈ kFki . (37)

Once this is proved, we will easily obtain f
(

w̃0B̃α

)
= 0 by applying (37) to i = m + 1.

We shall prove (37) by induction on i:
Base case: The validity of (37) for i = 0 is obvious, since the left hand side is an empty

product (thus equals 1), while the right hand side kFk0 is the whole algebra kF .
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Induction step: Fix i ∈ [0, m]. Assume that (37) holds for this i. We must prove that
(37) holds for i + 1 instead of i as well.

We note that any k ∈ ñα (F ) that satisfies |k| < ki+1 must satisfy |k| ≤ ki (since each
k ∈ ñα (F ) satisfies |k| ∈ nα (F ) = {k0 < k1 < · · · < km}), and thus must satisfy either
|k| < ki or |k| = ki. Hence,

∏
k∈ñα(F );
|k|<ki+1

(
w̃0B̃α − k

)
= ∏

k∈ñα(F );
|k|<ki

(
w̃0B̃α − k

)
︸ ︷︷ ︸

∈kFki
(by our induction hypothesis, which

says that (37) holds for i)

· ∏
k∈ñα(F );
|k|=ki

(
w̃0B̃α − k

)
︸ ︷︷ ︸
= ∏

h∈ñα(F );
|h|=ki

(w̃0B̃α−h)

∈ kFki · ∏
h∈ñα(F );
|h|=ki

(
w̃0B̃α − h

)
⊆ kFki+1

(by Lemma 7.4). This shows that (37) holds for i + 1 instead of i. Thus, the induction is
complete, so that (37) is proved.

Now, applying (37) to i = m + 1, we obtain

∏
k∈ñα(F );
|k|<km+1

(
w̃0B̃α − k

)
∈ kFkm+1 .

Since each k ∈ ñα (F ) satisfies |k| < km+1 (because km+1 = ∞), and since Fkm+1 = ∅, we
can rewrite this as

∏
k∈ñα(F )

(
w̃0B̃α − k

)
∈ k∅ = 0.

In other words,

∏
k∈ñα(F )

(
w̃0B̃α − k

)
= 0. (38)

Since the left hand side of this equality is f
(

w̃0B̃α

)
(by the definition of f (x)), we can

rewrite this as f
(

w̃0B̃α

)
= 0. As we explained above, this proves Theorem 7.2.

8 Identifying the minimal polynomial

Recall that if k is a field, and if a is an element of a k-algebra A, then the minimal poly-
nomial of a (over k) means the smallest-degree monic polynomial p ∈ k [x] satisfying
p (a) = 0. This always exists when A is finite-dimensional over k. In particular, if A is a
matrix ring kr×r, then this is just the minimal polynomial of a matrix.

In this section, we shall assume that k is a field of characteristic 0. Note that the
minimal polynomial of an element a of a k-algebra A does not change if we replace A
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by a larger algebra that contains A as a subalgebra. Thus, we shall denote this minimal
polynomial by µ (a) without explicitly specifying A.

If two elements of a k-algebra are conjugate, then they have the same minimal poly-
nomials. Thus,

µ (Bαw0) = µ (w0Bα) ,

since the two elements Bαw0 and w0Bα of k [Sn] are conjugate (indeed, conjugating Bαw0
by w0 yields w0 (Bαw0)w−1

0 = w0Bα). This minimal polynomial µ (Bαw0) = µ (w0Bα)
will be the focus of our study in this section.

Injective k-algebra morphisms preserve minimal polynomials: That is, if f : A → B
is an injective k-algebra morphism, and if a ∈ A has a minimal polynomial, then f (a)
has the same minimal polynomial as a (that is, µ ( f (a)) = µ (a)). This is because each
polynomial p ∈ k [x] satisfies p ( f (a)) = f (p (a)), but the injectivity of f ensures that
f (p (a)) = 0 if and only if p (a) = 0. The same reasoning works when f is an injective
k-algebra anti-morphism instead of a k-algebra morphism; thus, we conclude that

µ ( f (a)) = µ (a) (39)

holds in this case as well. In particular, we can apply this to f being the k-algebra
anti-isomorphism ρ : D (Sn) → (kF )Sn , and conclude that

µ (ρ (a)) = µ (a) for each a ∈ D (Sn) .

Applying this to a = Bαw0, we obtain µ (ρ (Bαw0)) = µ (Bαw0). In view of (12), we can
rewrite this as

µ
(

w̃0B̃α

)
= µ (Bαw0) = µ (w0Bα) (40)

(as we saw above). We shall use this to compute µ (w0Bα).

Theorem 8.1. Assume that k is a field of characteristic 0. Let α |= n. Then, the minimal
polynomial of the element w0Bα of k [Sn] is

µ (w0Bα) = ∏
k∈ñα(F )

(x − k) . (41)

This will follow from a description of the eigenvalues of the “right multiplication by
w̃0B̃α” operator on kF :

Theorem 8.2. Assume that k is a field of characteristic 0. Let α |= n. Then, the k-linear
operator

kF → kF ,

F 7→ Fw̃0B̃α

is diagonalizable, and its eigenvalues are the signed knapsack numbers ñα (F) of the
faces F ∈ F . (The algebraic multiplicity of each eigenvalue λ is the number of the faces
F whose signed knapsack number is λ.)
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To prove this, we will need the following two lemmas:

Lemma 8.3 (More blocks lemma). Let F ∈ F and α |= n. Then we have

F · w̃0B̃α = ñα (F) F + ∑
G∈F ;

ℓ(G)>ℓ(F)

cGG for some scalars cG ∈ k.

Proof. Let I be the set of all faces G ∈ F satisfying ℓ (G) > ℓ (F). Let kI be the k-linear
span of this set I in kF . This span kI is an ideal of kF (by an argument analogous
to the proof of Proposition 5.4, but now using Proposition 4.20 (d) and (e) instead of
Proposition 4.25). Our goal is to show that F · w̃0B̃α ≡ ñα (F) F mod kI.

But Definition 4.9 yields

F · B̃α = F · ∑
G∈F ;

type G=α

G = ∑
G∈F ;

type G=α

FG

= ∑
G∈F ;

type G=α;
F↠G

FG︸︷︷︸
=F

(by Proposition 4.20 (c))

+ ∑
G∈F ;

type G=α;
F ̸↠G

FG︸︷︷︸
≡0 mod kI

(since Proposition 4.20 (d)
yields ℓ (FG) > ℓ (F),

so that FG ∈ I)

≡ ∑
G∈F ;

type G=α;
F↠G

F = nα (F) F mod kI (42)

(since the sum consists of nα (F) equal addends, by Definition 4.21). Furthermore, (11)
yields

F · w̃0 = F · ∑
G∈F

(−1)n−ℓ(G) G = ∑
G∈F

(−1)n−ℓ(G) FG

= ∑
G∈F ;
F↠G

(−1)n−ℓ(G) FG︸︷︷︸
=F

(by Proposition 4.20 (c))

+ ∑
G∈F ;
F ̸↠G

(−1)n−ℓ(G) FG︸︷︷︸
≡0 mod kI

(since Proposition 4.20 (d)
yields ℓ (FG) > ℓ (F),

so that FG ∈ I)

≡ ∑
G∈F ;
F↠G

(−1)n−ℓ(G)

︸ ︷︷ ︸
=(−1)n−ℓ(F)

(by Lemma 6.2)

F = (−1)n−ℓ(F) F mod kI.

Since kI is an ideal, we can multiply the latter congruence by B̃α from the right, obtaining

F · w̃0B̃α ≡ (−1)n−ℓ(F) F · B̃α ≡ (−1)n−ℓ(F) nα (F)︸ ︷︷ ︸
=ñα(F)

F (by (42))

= ñα (F) F mod kI.

Recalling how I was defined, we see that this is the claim of the lemma.
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Lemma 8.4. Let k be a field. Let A be a k-algebra. Let a ∈ A be an element that has a
minimal polynomial. Let

Ra : A → A,
x 7→ xa

be the map known as “right multiplication by a”. This Ra is a k-linear map, i.e., belongs
to the endomorphism ring End A. Then,

µ (Ra) = µ (a) .

Proof. Forget that we fixed a. We thus have defined an endomorphism Ra ∈ End A for
each a ∈ A. The map f : A → End A that sends each a ∈ A to this endomorphism Ra is
easily seen to be an injective k-algebra anti-morphism (injective because Ra (1) = 1a =
a; anti-morphism because Rb (Ra (x)) = (xa) b = x (ab) = Rab (x)). Thus, (39) yields
µ ( f (a)) = µ (a) for each a ∈ A. In other words, µ (Ra) = µ (a) for each a ∈ A (since
f (a) = Ra). This proves the lemma.

Proof of Theorem 8.2. Let us denote this operator by Φ. Define a polynomial

f (x) := ∏
k∈ñα(F )

(x − k) ∈ k [x] .

This polynomial factors into distinct monic linear factors (distinct because k has charac-
teristic 0). Clearly, (38) says that f

(
w̃0B̃α

)
= 0. Thus, the minimal polynomial µ

(
w̃0B̃α

)
must divide f (since the minimal polynomial µ (a) of an element a of a k-algebra always
divides any polynomial that annihilates a).

As we recall, the operator Φ sends each element F ∈ kF to Fw̃0B̃α. In other words,
this operator Φ is right multiplication by w̃0B̃α. Hence, Lemma 8.4 (applied to A = kF
and a = w̃0B̃α and Ra = Φ) shows that µ (Φ) = µ

(
w̃0B̃α

)
. Hence, the polynomial µ (Φ)

divides f (since the polynomial µ
(

w̃0B̃α

)
divides f ).

Therefore, this polynomial µ (Φ) factors into distinct monic linear factors (because
the same is true of f ). Hence, the operator Φ is diagonalizable (because kF is a finite-
dimensional k-vector space, and thus any endomorphism of kF whose minimal poly-
nomial factors into distinct monic linear factors must be diagonalizable).

It remains to determine its eigenvalues. The faces in F form a basis of the k-vector
space kF . Let us order this basis by increasing length of the face (breaking ties arbitrar-
ily). Then, the operator Φ is represented by a lower-triangular matrix with respect to
this ordered basis, because Lemma 8.3 gives an expansion of Φ (F) = F · w̃0B̃α as a linear
combination of F and longer (thus later) faces. But the eigenvalues of a lower-triangular
matrix are its diagonal entries (and their algebraic multiplicities are how often they ap-
pear on the diagonal). In our case, the diagonal entries of the matrix that represents Φ
are the numbers ñα (F), again according to Lemma 8.3. Hence, the eigenvalues of Φ are
these numbers ñα (F). This completes the proof of Theorem 8.2.
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Proof of Theorem 8.1. Let Φ : kF → kF be the operator defined in Theorem 8.2. As
shown in that theorem, the eigenvalues of this operator Φ are the signed knapsack
numbers ñα (F) of the faces F ∈ F . Thus, the set of all eigenvalues of Φ is ñα (F ). Since
Φ is furthermore diagonalizable (again by Theorem 8.2), this shows that the minimal
polynomial µ (Φ) of Φ is the polynomial

f (x) := ∏
k∈ñα(F )

(x − k) ∈ k [x]

(since the minimal polynomial of a diagonalizable endomorphism is the product of x−λ
over the distinct eigenvalues λ of the endomorphism).

However, Φ is just the right multiplication by w̃0B̃α. Hence, Lemma 8.4 (applied to
A = kF and a = w̃0B̃α and Ra = Φ) shows that µ (Φ) = µ

(
w̃0B̃α

)
. Thus, µ

(
w̃0B̃α

)
=

µ (Φ) = f (x), as we just saw.
Comparing this with (40), we obtain µ (w0Bα) = f (x). Upon recalling the definition

of f (x), this proves Theorem 8.1.

9 Application to top-to-random-and-reverse

In this section, we shall focus on the case when α is the composition (1, n − 1) (for n > 1).
In this case, Bα = B(1,n−1) is the image of the top-to-random shuffle under the antipode
map of the symmetric group algebra k [Sn]. We recall their definitions:

Definition 9.1. The top-to-random shuffle is the element

A :=
n

∑
i=1

cyc1,2,...,i ∈ k [Sn] , (43)

where cyck1,k2,...,km
denotes the m-cycle in Sn that sends k1 7→ k2 7→ · · · 7→ km 7→ k1.

Definition 9.2. The antipode of the symmetric group algebra k [Sn] is the k-linear map
S : k [Sn] → k [Sn] that sends each basis vector (permutation) w ∈ Sn to w−1. It is
well-known that S is a k-algebra anti-isomorphism.

Now, our above claim about B(1,n−1) can be stated as follows:

Proposition 9.3. We have
S (A) = B(1,n−1).

Proof. This is well-known, but we give a proof for completeness. By definition of Bα, we
have

B(1,n−1) = Bgaps−1(1,n−1) = B{1}

(
since gaps−1 (1, n − 1) = {1}

)
= ∑

w∈Sn;
Des w⊆{1}

w. (44)
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But the permutations w ∈ Sn that satisfy Des w ⊆ {1} are precisely those permutations
that satisfy w (2) < w (3) < · · · < w (n); in other words, they consist of an arbitrary
element i ∈ [n] in their first position, followed by the remaining elements of [n] in
increasing order. Such permutations can be written as cycles cyci,i−1,...,2,1. Hence, we can
rewrite (44) as

B(1,n−1) =
n

∑
i=1

cyci,i−1,...,2,1 .

On the other hand, the definition of A yields

S (A) = S

(
n

∑
i=1

cyc1,2,...,i

)
=

n

∑
i=1

cyc−1
1,2,...,i,

since the antipode S sends each permutation to its inverse. The right hand sides of these
two equalities are equal, since cyci,i−1,...,2,1 = cyc−1

1,2,...,i for each i. Therefore, the left hand
sides are equal as well. In other words, B(1,n−1) = S (A).

Since the antipode S is a k-algebra anti-morphism, we have

S (Aw0) = S (w0) S (A) = w0B(1,n−1) (45)

(since S (w0) = w−1
0 = w0 and S (A) = B(1,n−1) by Proposition 9.3). Thus, if k is a

field of characteristic 0, then the element w0B(1,n−1) = S (Aw0) has the same minimal
polynomial as Aw0 (by (39), since S : k [Sn] → k [Sn] is an algebra anti-isomorphism).
From Theorem 8.1, this minimal polynomial is

µ
(

w0B(1,n−1)

)
= ∏

k∈ñ(1,n−1)(F )

(x − k) .

To make this concrete, we will determine the set ñ(1,n−1) (F ) indexing this product.

Proposition 9.4. Assume that n > 1. Then, the set ñ(1,n−1) (F ) is the set

L (n) := {−n + 2} ∪ [−n + 4, n − 3] ∪ {0} ∪ {n} .

Once this proposition is proved, we will be able to conclude:

Theorem 9.5. Assume that k is a field of characteristic 0, and that n > 1. Then, the
elements w0A and Aw0 of k [Sn] have minimal polynomial

µ (w0A) = µ (Aw0) = ∏
k∈L(n)

(x − k) .

Proof. The elements w0A and Aw0 are conjugate (via conjugation by w0), and thus have
the same minimal polynomial. That is, µ (w0A) = µ (Aw0). Furthermore, S : k [Sn] →
k [Sn] is a k-algebra anti-isomorphism. Hence, (39) yields µ (S (Aw0)) = µ (Aw0). By
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(45), this rewrites as µ
(

w0B(1,n−1)

)
= µ (Aw0). But by Theorem 8.1, the minimal poly-

nomial of w0B(1,n−1) is

µ
(

w0B(1,n−1)

)
= ∏

k∈ñ(1,n−1)(F )

(x − k) = ∏
k∈L(n)

(x − k) (by Proposition 9.4) .

Comparing these two equalities, we find µ (Aw0) = ∏k∈L(n) (x − k). Together with
µ (w0A) = µ (Aw0), this completes our proof.

It remains to prove Proposition 9.4. We begin with a definition.

Definition 9.6 (Singleton blocks). For each face F = (F1, F2, . . . , Fk) ∈ F , we set

Sin F := {Fi : |Fi| = 1} = {all blocks of F that have size 1} and
sin F := |Sin F| .

Thus, sin F is the number of all size-1 blocks (“singleton blocks”) of F.

Example 9.7. The set composition (4, 25, 1, 7, 36) of [7] has singleton blocks {4}, {1}, {7},
so we have Sin (4, 25, 1, 7, 36) = {{4} , {1} , {7}} and sin (4, 25, 1, 7, 36) = 3.

Lemma 9.8. Consider the composition (1, n − 1) of n > 1. For each F ∈ F , we have

n(1,n−1) (F) = sin F and (46)

ñ(1,n−1) (F) = (−1)n−ℓ(F) sin F. (47)

Proof. Let α = (1, n − 1). Fix F ∈ F .
The faces G ∈ F having type α = (1, n − 1) are precisely the n faces of the form

({k} , [n] \ {k}) for some k ∈ [n] .

Hence, in particular, all the faces G ∈ Nα (F) have this form.
Moreover, if a face G ∈ Nα (F) is written as ({k} , [n] \ {k}), then {k} is a block of F

(indeed, G ∈ Nα (F) entails F ↠ G, so that each block of F is a subset of a block of G;
in other words, each block of F is either a subset of {k} or a subset of [n] \ {k}; but the
only way this is possible is when {k} is a block of F). Thus, it must satisfy {k} ∈ Sin F.
Hence, we can define a map

Nα (F) → Sin F,
({k} , [n] \ {k}) 7→ {k} .

This map is injective (obviously) and surjective (since each singleton block {k} of F does
satisfy F ↠ ({k} , [n] \ {k}) and therefore ({k} , [n] \ {k}) ∈ Nα (F)). Hence, it is bijective.
Thus, |Nα (F)| = |Sin F| = sin F, so that

nα (F) = |Nα (F)| = sin F. (48)

This proves (46) (since α = (1, n − 1)). Moreover, the definition of ñα (F) shows that

ñα (F) = (−1)n−ℓ(F) nα (F) = (−1)n−ℓ(F) sin F (49)

(by (48)). This proves (47), and thus completes the proof.
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Proof of Proposition 9.4. We assume that n > 3; the other cases (n = 2 and n = 3) are left
to the reader.

Let α = (1, n − 1). Thus, we must prove that ñα (F ) = L (n). In other words, we
must prove that each r ∈ L (n) belongs to ñα (F ), and conversely, that each k ∈ ñα (F )
belongs to L (n).

In order to prove that each r ∈ L (n) belongs to ñα (F ), we need to construct a face
F ∈ F satisfying ñα (F) = r. We do this case by case:

1. If r = ±s for some s ∈ [0, n − 4], then we set

either F = ({1} , {2} , . . . , {s} , [s + 1, n])
or F = ({1} , {2} , . . . , {s} , {s + 1, s + 2} , [s + 3, n]) .

Both of these faces satisfy sin F = s (here we are using s ≤ n − 4, which ensures
that the last block [s + 3, n] of the second F has size > 1), but their lengths are
s + 1 and s + 2 respectively, so that the corresponding (−1)n−ℓ(F) factors are 1 and
−1 in some order. Thus, by (47), we conclude that the signed knapsack numbers
ñα (F) = ñ(1,n−1) (F) of these two faces F are s and −s in some order; in particular,
one of them is r (since r = ±s). This shows that r is the signed knapsack number
of a face. In other words, r ∈ ñα (F ).

2. If r = n − 3, then we set F = ({1} , {2} , . . . , {n − 3} , [n − 2, n]). This face satisfies
sin F = n − 3 and ℓ (F) = n − 2, so that (47) yields ñα (F) = (−1)n−(n−2) (n − 3) =
n− 3 = r. Therefore, r is the signed knapsack number of a face. That is, r ∈ ñα (F ).

3. If r = −n + 2, then we set F = ({1} , {2} , . . . , {n − 2} , [n − 1, n]). This face satisfies
sin F = n − 2 and ℓ (F) = n − 1, so that (47) yields ñα (F) = (−1)n−(n−1) (n − 2) =
−n + 2 = r. Therefore, r is the signed knapsack number of a face. In other words,
r ∈ ñα (F ).

4. If r = n, then we set F = ({1} , {2} , . . . , {n}), which satisfies ñα (F) = n = r. Thus,
r = ñα (F) ∈ ñα (F ).

This shows that each r ∈ L (n) belongs to ñα (F ).
It remains to prove that conversely, each k ∈ ñα (F ) belongs to L (n). So we fix

a k ∈ ñα (F ). Then, k = ñα (F) for some face F ∈ F . Consider this F. Recall that
α = (1, n − 1). Hence, by (47), we have ñα (F) = (−1)n−ℓ(F) sin F = ± sin F. But sin F is
clearly an element of [0, n], and cannot be n − 1 (because if F contains n − 1 singleton
blocks, then the last remaining block must also be a singleton block, so F actually has n
singleton blocks). Thus, sin F ∈ [0, n] \ {n − 1}, so that

k = ñα (F) = ± sin F︸︷︷︸
∈[0,n]\{n−1}

∈ [−n, n] \ {−n + 1, n − 1} .

This is almost enough to show that k ∈ L (n); we only need to prove that k cannot be −n
or −n + 3 or n − 2. This can be done fairly easily:
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1. If k was −n, then sin F would be n (since k = ± sin F), which would mean that F
has n singleton blocks; thus, F would have the form ({σ (1)} , {σ (2)} , . . . , {σ (n)})
for some σ ∈ Sn. But such faces F have signed knapsack number ñα (F) =

(−1)n−ℓ(F) sin F = (−1)n−n n = n, not −n.

2. If k was −n + 3, then sin F would be n − 3 (since k = ± sin F), which would mean
that F has n− 3 singleton blocks, which account for all but three elements of [n]; the
remaining three elements would then be all in one single block (as there is no way
to break them into more than one block without creating singleton blocks). Thus, F
would have n − 2 blocks in total, and therefore the signed knapsack number ñα (F)
would be (−1)n−(n−2) (n − 3) = n − 3, not −n + 3.

3. If k was n− 2, then a similar argument would show that ñα (F) is −n+ 2, not n− 2.

Hence, k cannot be −n or −n + 3 or n − 2. This shows that k ∈ L (n). In other words,
k belongs to L (n). This completes the proof of Proposition 9.4.

10 Positive linear combinations

Our above results can be generalized with fairly little effort, from single elements Bα to
their linear combinations ∑α|=n γαBα ∈ D (Sn). However, since the proofs use inequali-
ties between the knapsack numbers nα (F) (such as Proposition 4.26), we cannot let the
coefficients γα be arbitrary. It turns out that requiring them to be nonnegative reals is
sufficient. This idea goes back to Brown [4, Theorem 5] and was stated explicitly for the
Bα by Schocker [23, Theorem 4.1], but we shall now extend it to w0Bα and prove it anew.

Instead of fixing a composition α |= n, we now fix a family γ = (γα)α|=n of nonneg-
ative real numbers γα ≥ 0 indexed by the compositions α of n. We assume that the
ring k is ordered and contains these numbers γα (for instance, k = R, or k = Q if these
numbers are rational).

We define the element
Bγ := ∑

α|=n
γαBα ∈ D (Sn) .

For each face F ∈ F , we define the γ-weighted knapsack number of F to be the
number

nγ (F) := ∑
α|=n

γαnα (F) ∈ k,

and we define the γ-weighted signed knapsack number of F to be the number

ñγ (F) := ∑
α|=n

γαñα (F) ∈ k.

We set nγ (F ) = {nγ (F) | F ∈ F} and ñγ (F ) = {ñγ (F) | F ∈ F}.
Now, we claim the following generalizations of Theorem 5.1 and Theorem 7.2:
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Theorem 10.1. The element Bγ ∈ D (Sn) satisfies

∏
k∈nγ (F )

(Bγ − k) = 0. (50)

Theorem 10.2. The elements w0Bγ and Bγw0 of D (Sn) satisfy

∏
k∈ñγ (F )

(w0Bγ − k) = 0 (51)

and
∏

k∈ñγ (F )

(Bγw0 − k) = 0. (52)

The proofs of Theorem 10.1 and Theorem 10.2 proceed mostly analogously to the
proofs of Theorem 5.1 and Theorem 7.2; we just need to replace every object Oα that
depends on a composition α by the corresponding linear combination ∑α|=n γαOα of
such objects. In particular, we need to

• replace Bα by Bγ ,

• replace B̃α by B̃γ := ∑α|=n γαB̃α ∈ (kF )Sn (noting that ρ (Bγ) = B̃γ follows from
(7) by linearity),

• replace B̃rev α by B̃revγ := ∑α|=n γαB̃rev α,

• replace nα (F) by nγ (F),

• replace nrev α (F) by nrevγ (F) := ∑α|=n γαnrev α (F),

• replace ñα (F) by ñγ (F) (which equals (−1)n−ℓ(F) nγ (F)),

• etc. (beware: B̃rev αB̃α must be replaced by B̃revγ B̃γ , not by ∑α|=n γαB̃rev αB̃α).

The reader can easily make the necessary changes to almost all relevant results in Sec-
tions 4, 5 and 7, including the lemmas.11 Some of the modified lemmas can be derived
from the original unmodified ones, whereas others can be proved analogously. For in-
stance:

• Corollary 4.13 must be replaced by the statement that w̃0B̃γw̃0 = B̃revγ and
(

w̃0B̃γ

)2
=

B̃revγ B̃γ . The first of these equalities follows by applying (9) to each composition
α of n, multiplying it by γα and summing the resulting equalities. The second
equality follows from the first in the same way as (10) was derived from (9).

• Proposition 4.27 must be replaced by the statement that each F ∈ F satisfies
nγ (F) = nrevγ (F). This follows from applying Proposition 4.27 to each α |= n,
multiplying the result by γα and summing over all α’s.

11Do not bother changing Proposition 5.3 and Theorem 5.7, as these are not needed anyway. No changes
are needed in Section 6.
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• Lemma 5.8 must be replaced by the statement that every F ∈ F and every i ∈ [0, m]
satisfying nγ (F) = ki satisfy FB̃rev γB̃γ ≡ k2

i F mod kFki+1
, where we are now

writing the set nγ (F ) (not nα (F )) as {k0 < k1 < k2 < · · · < km}. The proof of this
is analogous to the above proof of Lemma 5.8, of course using the generalized
versions of Proposition 4.27 and Lemma 5.5.

More substantial changes are needed to the proof of Proposition 4.26 and to the proof
of Lemma 5.5; thus we shall dwell on them now. Proposition 4.26 must be replaced by
the following:

Proposition 10.3. Let F, G ∈ F be such that γtype G > 0 and F ̸↠ G. Then, we have
nγ (FG) > nγ (F).

Proof. Proposition 4.25 shows that nα (FG) ≥ nα (F) for each composition α. Multiplying
this inequality by the nonnegative scalar γα and summing over all α, we obtain

∑
α|=n

γαnα (FG) ≥ ∑
α|=n

γαnα (F) .

In other words, nγ (FG) ≥ nγ (F). It remains to prove that this inequality is strict
(that is, > rather than =). For this purpose, we need to ensure that at least one of the
inequalities γαnα (FG) ≥ γαnα (F) that were summed is strict. In other words, we need
to find a composition α |= n satisfying γα > 0 and nα (FG) > nα (F). But type G is such
a composition α, since γtype G > 0 (by assumption) and ntype G (FG) > ntype G (F) (by
Proposition 4.26).

We now come to the generalized Lemma 5.5. The changes to the lemma itself are
pretty obvious, but the proof requires some adapting:

Lemma 10.4. Let F ∈ F . Let i ∈ [0, m] be such that nγ (F) = ki. Then we have

FB̃γ ≡ kiF mod kFki+1
.

(Note that {k0 < k1 < k2 < · · · < km} now stands for nγ (F ), not for nα (F ).)

Proof. The definition of B̃γ yields

B̃γ = ∑
α|=n

γαB̃α = ∑
α|=n

γα ∑
G∈F ;

type G=α

G = ∑
G∈F

γtype GG.

Multiplying this by F from the left, we find

FB̃γ = ∑
G∈F

γtype GFG = ∑
G∈F ;
F↠G

γtype G FG︸︷︷︸
=F

(by Proposition 4.20 (c))

+ ∑
G∈F ;
F ̸↠G

γtype GFG

= ∑
G∈F ;
F↠G

γtype GF + ∑
G∈F ;
F ̸↠G

γtype GFG. (53)
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But

∑
G∈F ;
F↠G

γtype G = ∑
α|=n

∑
G∈F ;
F↠G;

type G=α

γα

︸ ︷︷ ︸
=|Nα(F)|γα=nα(F)γα

= ∑
α|=n

nα (F) γα = ∑
α|=n

γαnα (F) = nγ (F)

= ki. (54)

On the other hand, if G ∈ F satisfies γtype G > 0 and F ̸↠ G, then Proposition 10.3
yields nγ (FG) > nγ (F) = ki and thus nγ (FG) ≥ ki+1 (by the standard argument), so
that FG ∈ Fki+1

⊆ kFki+1
and therefore

γtype GFG ≡ 0 mod kFki+1
. (55)

The same conclusion can be reached if γtype G = 0, albeit for the trivial reason that the
left hand side of this congruence is 0 then. Hence, (55) holds for each G ∈ F satisfying
F ̸↠ G. Thus, (53) becomes

FB̃γ = ∑
G∈F ;
F↠G

γtype G

︸ ︷︷ ︸
=ki

(by (54))

F + ∑
G∈F ;
F ̸↠G

γtype GFG︸ ︷︷ ︸
≡0 mod kFki+1

(by (55))

≡ kiF mod kFki+1
.

By making similar changes to the results in Section 8, we obtain the following gener-
alizations of Theorem 8.1 and Theorem 8.2:

Theorem 10.5. Assume that k is a field of characteristic 0. Then, the minimal polynomial
of the element w0Bγ of k [Sn] is

µ (w0Bγ) = ∏
k∈ñγ (F )

(x − k) .

Theorem 10.6. Assume that k is a field of characteristic 0. Then, the k-linear operator

kF → kF ,

F 7→ Fw̃0B̃γ

is diagonalizable, and its eigenvalues are the γ-weighted signed knapsack numbers
ñγ (F) of the faces F ∈ F . (The algebraic multiplicity of each eigenvalue λ is the number
of faces F whose γ-weighted signed knapsack number is λ.)

Actually, the claim about eigenvalues and their algebraic multiplicities in Theorem 10.6
holds even if k is just a field (not necessarily ordered, not necessarily of characteristic
0) and the γα are arbitrary scalars (not necessarily ≥ 0). However, the operator is not
always diagonalizable in this generality. Similarly, if we drop all assumptions on the
field k and the scalars γα in Theorem 10.5, then the minimal polynomial µ (w0Bγ) is still
a product of factors of the form x − k with k ∈ ñγ (F ), but some of these factors can
appear multiple times.
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A Omitted proofs

A.1 Proof of Proposition 4.19

Proof of Proposition 4.19. Let A = {G ∈ F : F ↠ G}, and B = {H : H |= [m]}. Define the
maps f : A → B and g : B → A by

f (G1, G2, . . . , Gk) := (H1, H2, . . . , Hk) where Hi =
{

j ∈ [m] : Fj ⊆ Gi
}

and

g (H1, H2, . . . , Hk) := (G1, G2, . . . , Gk) where Gi =
⋃

j∈Hi

Fj.

We first show these maps are well-defined:

1. To see that f is well-defined, we let G = (G1, G2, . . . , Gk) ∈ A. Define the set
Hi =

{
j ∈ [m] : Fj ⊆ Gi

}
for each i ∈ [k]. We must show that (H1, H2, . . . , Hk) ∈ B,

that is, (H1, H2, . . . , Hk) |= [m].

From G = (G1, G2, . . . , Gk) ∈ A, we see that G = (G1, G2, . . . , Gk) |= [n] and F ↠ G.
Thus, each block Fj of F is a subset of some Gi (since F ↠ G) and therefore satisfies
j ∈ Hi for this i, so that j ∈ ⋃i∈[k] Hi. Hence,

⋃
i∈[k] Hi = [m].

To see that the sets Hi are disjoint, note that if j ∈ Hi ∩ Hi′ for two distinct indices
i and i′, then Fj ⊆ Gi and Fj ⊆ Gi′ , so that Fj ⊆ Gi ∩ Gi′ = ∅ (since the blocks of G
are disjoint), which contradicts the nonemptiness of Fj.

Finally, we claim that the sets Hi are nonempty. Indeed, let i ∈ [k]. Then, the block
Gi is nonempty, so there exists some x ∈ Gi. Pick this x, and let Fj be the block of F
that contains x. From F ↠ G, we see that Fj is a subset of some Gp. This Gp must
then satisfy x ∈ Fj ⊆ Gp and thus x ∈ Gp ∩ Gi (since x ∈ Gi), so that Gp ∩ Gi ̸= ∅,
which is impossible unless p = i (since different blocks of G are disjoint). Hence,
p = i, so that Fj ⊆ Gp = Gi. Therefore, j ∈ Hi, and thus Hi is nonempty.

Thus we have shown that the sets Hi are disjoint and nonempty and satisfy
⋃

i∈[k] Hi =

[m]. In other words, (H1, H2, . . . , Hk) |= [m]. This shows that f is well-defined.

2. To see that g is well-defined, we let H = (H1, H2, . . . , Hk) ∈ B, that is, (H1, H2, . . . , Hk) |=
[m]. We define the set Gi =

⋃
j∈Hi

Fj for each i ∈ [k]. We must show that
(G1, G2, . . . , Gk) ∈ A, that is, we must show that (G1, G2, . . . , Gk) ∈ F and F ↠
(G1, G2, . . . , Gk).

Each of the sets Gi is nonempty, since it is a nonempty union of nonempty sets
(as each Hi and each Fj are nonempty). Furthermore, their definition shows that⋃

i∈[k] Gi =
⋃

i∈[k]
⋃

j∈Hi
Fj =

⋃
j∈[m] Fj = [n], where the second equality sign is a

consequence of the fact that each j ∈ [m] belongs to some Hi. Finally, the sets
Gi are disjoint, since each element of [n] belongs to exactly one Fj, and since the
corresponding j belongs to exactly one Hi. These three facts together show that
(G1, G2, . . . , Gk) |= [n], that is, (G1, G2, . . . , Gk) ∈ F .
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It remains to show that F ↠ (G1, G2, . . . , Gk). This is again clear: Each block Fj of
F is a subset of a block of G (namely, of Gi, where i is such that j ∈ Hi; this i exists
because H is a set composition of [m]).

Altogether, we have thus shown that (G1, G2, . . . , Gk) ∈ A. The map g is therefore
well-defined.

Now we show that these maps f and g are mutually inverse:

1. To show that g ◦ f = id, we must prove that g ( f (G)) = G for each set composition
G = (G1, G2, . . . , Gk) ∈ A. So let us fix such set composition G. Let i ∈ [k]. Then,
the i-th block of f (G) is f (G)i =

{
j ∈ [m] : Fj ⊆ Gi

}
(by the definition of f ). Hence,

the i-th block of g ( f (G)) is in turn

g ( f (G))i =
⋃

j∈ f (G)i

Fj =
⋃

j∈[m] satisfies Fj⊆Gi

Fj︸︷︷︸
⊆Gi

⊆ Gi.

Now, let us prove the reverse inclusion Gi ⊆ g ( f (G))i. Indeed, let x ∈ Gi. Since
g ( f (G)) is a set composition of [n], we have [n] =

⋃
s∈[k] g ( f (G))s. Hence, x ∈

Gi ⊆ [n] =
⋃

s∈[k] g ( f (G))s. In other words, x ∈ g ( f (G))s for some s ∈ [k].
Consider this s. Just as we showed g ( f (G))i ⊆ Gi, we see that g ( f (G))s ⊆ Gs.
Hence, x ∈ g ( f (G))s ⊆ Gs. Combined with x ∈ Gi, this leads to x ∈ Gi ∩ Gs, so
that Gi ∩Gs ̸= ∅. But this is only possible if i = s, since otherwise the blocks Gi and
Gs would be disjoint. Hence, we have i = s. Thus, from x ∈ g ( f (G))s, we obtain
x ∈ g ( f (G))i. Since we have proved this for each x ∈ Gi, we thus conclude that
Gi ⊆ g ( f (G))i. Combined with g ( f (G))i ⊆ Gi, this shows that g ( f (G))i = Gi.

So we have shown that g ( f (G))i = Gi for each i ∈ [k]. In other words, g ( f (G)) =
G. Hence, g ◦ f = id is proved.

2. Next, we show that f ◦ g = id. Indeed, let H = (H1, H2, . . . , Hk) |= [m]. Then, for
each i ∈ [k], we have (using the definitions of f and g as before)

f (g (H))i =
{

j ∈ [m] : Fj ⊆ g (H)i
}
=
{

p ∈ [m] : Fp ⊆ g (H)i
}

=

p ∈ [m] : Fp ⊆
⋃

j∈Hi

Fj

 = Hi

(since the blocks Fj of F are disjoint and nonempty, so that the only blocks Fp that
are subsets of the union

⋃
j∈Hi

Fj are the very addends of this union). That is,
f (g (H)) = H. This shows that f ◦ g = id.

Thus, f and g are mutually inverse, and hence are bijections. These bijections f and
g are obviously length-preserving. In particular, f is a length-preserving bijection. This
proves Proposition 4.19, since our f is precisely the f defined in the proposition.
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A.2 Proof of Proposition 4.20

Proof of Proposition 4.20. Write the faces F and G in the forms F = (F1, F2, . . . , Fk) and
G = (G1, G2, . . . , Gm). Thus, of course, ℓ (F) = k and ℓ (G) = m.

(b) Each block of FG is of the form Fi ∩ Gj for some i ∈ [k] and j ∈ [m] (by the definition
of FG). Hence, it is a subset of a block of F (namely, of Fi) and a subset of a block of G
(namely, of Gj). Thus, FG ↠ F and FG ↠ G, as desired.

(c) “If”: Assume that F is contained in G. Then, each block Fi of F is a subset of some
block Gj(i) of G, and therefore disjoint from all the other blocks of G (since the blocks of
G are disjoint); therefore, the intersection Fi ∩Gj(i) is nonempty (and equals Fi), whereas
all other intersections Fi ∩ Gr with r ̸= j (i) are empty. But the definition of FG yields

FG = (F1 ∩ G1, . . . , F1 ∩ Gm, . . . , Fk ∩ Gm)
red =

(
F1 ∩ Gj(1), F2 ∩ Gj(2), . . . , Fk ∩ Gj(k)

)
,

since the reduction operation removes all the empty intersections Fi ∩Gr and leaves only
the nonempty intersections Fi ∩Gj(i) around. But since the latter nonempty intersections
Fi ∩ Gj(i) are just the blocks Fi (because Fi ⊆ Gj(i)), we can rewrite this as

FG = (F1, F2, . . . , Fk) = F.

This proves the “if” direction.

“Only if”: Assume that FG = F. But part (b) shows that FG is contained in G. Hence,
F is contained in G (since FG = F). This proves the “only if” direction.

(d) The blocks of FG are the nonempty intersections of the form Fi ∩Gj (by the definition
of FG). Each block Fi of F gives rise to at least one such nonempty intersection Fi ∩ Gj

(since
⋃
j

(
Fi ∩ Gj

)
= Fi ∩

⋃
j

Gj︸ ︷︷ ︸
=[n]

= Fi ∩ [n] = Fi is nonempty). Consequently, there are at

least k nonempty intersections of the form Fi ∩ Gj (since there are k blocks Fi of F). In
other words, FG has at least k blocks. In other words, ℓ (FG) ≥ k = ℓ (F).

It remains to show that this inequality becomes an equality if and only if F is contained
in G.

“If”: Assume that F is contained in G. Then, part (c) shows that FG = F. Hence,
ℓ (FG) = ℓ (F). Thus, equality holds.

“Only if”: Now assume that F is not contained in G. Then, there is a block of F – say,
Fi0 – that is not a subset of any block of G. Hence, Fi0 has nonempty intersection with
more than one block of G. But the blocks of FG are the nonempty intersections of the
form Fi ∩ Gj. Each block Fi of F gives rise to at least one such nonempty intersection
Fi ∩ Gj (as we already saw above), but the block Fi0 gives rise to more than one such
nonempty intersection (since Fi0 has nonempty intersection with more than one block
of G). Consequently, the total number of nonempty intersections of the form Fi ∩ Gj
is larger than the number of blocks Fi of F. In other words, ℓ (FG) > ℓ (F). Hence,
equality does not hold in ℓ (FG) ≥ ℓ (F). The proof of part (d) is thus complete.
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(e) This is similar to the proof of ℓ (FG) ≥ ℓ (F) in part (d). (This time, we have to argue
that each block Gj of G gives rise to at least one nonempty intersection of the form
Fi ∩ Gj.) Alternatively, we can apply part (d) with the roles of F and G interchanged,
and then observe that ℓ (FG) = ℓ (GF) because the set compositions FG and GF differ
only in the order of their blocks.

(a) Assume that F is contained in G. Then, FG = F by part (c). But part (e) yields
ℓ (FG) ≥ ℓ (G). Since FG = F, we can rewrite this as ℓ (F) ≥ ℓ (G).

A.3 Proof of Theorem 4.12

We shall now give a self-contained proof of Theorem 4.12. This is essentially just Bidi-
gare’s proof ([1, Theorem 3.8.1], [22, proof of Theorem 2.1], [14, Theorem 1], etc.), restated
in our language for the sake of consistency.

We begin with a lemma that is so simple that its usefulness is hard to believe. It is
implicit in most expositions of Theorem 4.12, but in our view it is worth isolating, as it
makes the rest of the proof more transparent.

Lemma A.1. Let B and C be two monoids (written multiplicatively). Let f : B → C be
any map.

Let S be a set on which both monoids B and C act from the left. Let s ∈ S be an
element that generates a free C-orbit – i.e., that has the property that

if c1, c2 ∈ C satisfy c1s = c2s, then c1 = c2. (56)

Assume furthermore that

b (cs) = c (bs) for all b ∈ B and c ∈ C. (57)

Assume moreover that
bs = f (b) s for each b ∈ B. (58)

Then, f is a monoid anti-morphism, i.e., it satisfies

f (ab) = f (b) f (a) for all a, b ∈ B

and f (1B) = 1C.

Proof. From (58), we have 1Bs = f (1B) s, so that f (1B) s = 1Bs = s = 1Cs. Thus, (56)
(applied to c1 = f (1B) and c2 = 1C) yields f (1B) = 1C.

It thus remains to show that f (ab) = f (b) f (a) for all a, b ∈ B.
To prove this, we fix any a, b ∈ B. Then, (58) (applied to ab instead of b) shows that

abs = f (ab) s. However, (58) also yields bs = f (b) s and as = f (a) s.
On the other hand, (57) (applied to a and f (b) instead of b and c) shows that

a ( f (b) s) = f (b) (as). In view of bs = f (b) s, we can rewrite this as a (bs) = f (b) (as)︸︷︷︸
= f (a)s

=

f (b) f (a) s. Comparing this with a (bs) = abs = f (ab) s, we find f (ab) s = f (b) f (a) s.
Therefore, (56) (applied to c1 = f (ab) and c2 = f (b) f (a)) yields f (ab) = f (b) f (a).
This completes our proof of Lemma A.1.
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Proof of Theorem 4.12. Recall the left action of Sn on F introduced in Definition 4.7. We
shall need one more piece of notation:

For any permutation w ∈ Sn, we let Pw be the face

Pw := ({w (1)} , {w (2)} , . . . , {w (n)}) ∈ F .

In particular, Pid = ({1} , {2} , . . . , {n}). It is easy to see that each permutation w ∈ Sn
satisfies

Pw = wPid, (59)

where the action of Sn on F is the one from Definition 4.7. Note that the k-module kF
has a linear left Sn-action (as we know from Definition 4.7), and thus is a left k [Sn]-
module. Furthermore, the k-module kF is a left (kF )Sn-module (by left multiplication,
since (kF )Sn is a subalgebra of kF ). We shall use both of these module structures on
kF in what follows.

Now, we recall that the family
(

B̃α

)
α|=n

is a basis of the k-module (kF )Sn (by Propo-

sition 4.10). The k-linear map ρ : D (Sn) → (kF )Sn (defined in Definition 4.11) sends
the basis (Bα)α|=n of D (Sn) to the basis

(
B̃α

)
α|=n

of (kF )Sn (by its definition), and thus

is a k-module isomorphism (like any k-linear map that sends a basis to a basis). Hence,
it has a k-linear inverse ρ−1 : (kF )Sn → D (Sn). We shall view ρ−1 as a k-linear map
(kF )Sn → k [Sn] (since D (Sn) is a k-submodule of k [Sn]).

We shall now attempt to apply Lemma A.1 to B = (kF )Sn and C = k [Sn] (both
viewed as monoids with respect to multiplication) and f = ρ−1 and S = kF (where the
monoids B and C act on S since S = kF is both a left (kF )Sn-module and a left k [Sn]-
module) and s = Pid ∈ kF . If we can show that all the conditions of Lemma A.1 are
satisfied for these inputs, then Lemma A.1 will yield that ρ−1 is a monoid anti-morphism
(with respect to multiplication), and this will quickly finish our proof of Theorem 4.12

(see below for the details).
We shall now show that the conditions of Lemma A.1 are satisfied:

1. We claim that (56) is satisfied. In other words, we claim that

if c1, c2 ∈ k [Sn] satisfy c1Pid = c2Pid, then c1 = c2.

Proof: In other words, we must show that the map k [Sn] → kF , c 7→ cPid is
injective. But this map is k-linear, and it sends the basis vectors w ∈ Sn of the k-
module k [Sn] to the elements wPid = Pw (by (59)), which are distinct basis vectors
of kF (since all the faces Pw for w ∈ Sn are distinct) and therefore are k-linearly
independent. Thus, this map must be injective (since a k-linear map that sends a
basis of its domain to a k-linearly independent family in its target must always be
injective). This proves that (56) is satisfied.

2. We claim that (57) is satisfied. In other words, we claim that

b (cPid) = c (bPid) for all b ∈ (kF )Sn and c ∈ k [Sn] .
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Proof: Let b ∈ (kF )Sn and c ∈ k [Sn]. We must prove the equality b (cPid) = c (bPid).
Note that this equality depends k-linearly on c. Hence, by linearity, we can WLOG
assume that c is a permutation w ∈ Sn. Assume this, and consider this w. Recall
that Sn acts on the monoid algebra kF by k-algebra automorphisms (see the proof
of Proposition 4.8); thus,

w (pq) = (wp) (wq) for all p, q ∈ kF .

Applying this to p = b and q = Pid, we obtain w (bPid) = (wb) (wPid). But
b ∈ (kF )Sn and thus wb = b (by the definition of (kF )Sn). Hence, w (bPid) =
(wb)︸︷︷︸
=b

(wPid) = b (wPid). Since c = w, we can rewrite this as c (bPid) = b (cPid). In

other words, b (cPid) = c (bPid). This proves that (57) is satisfied.

3. We claim that (58) is satisfied. In other words, we claim that

bPid = ρ−1 (b) Pid for each b ∈ (kF )Sn .

Proof: Let b ∈ (kF )Sn . We must show that bPid = ρ−1 (b) Pid.

Since this equality depends k-linearly on b, we can WLOG assume that b = B̃α

for some composition α of n (since we know from Proposition 4.10 that the family(
B̃α

)
α|=n

is a basis of (kF )Sn). Assume this, and consider this α. Thus, b = B̃α. But

the definition of ρ yields ρ (Bα) = B̃α. Hence, b = B̃α = ρ (Bα), so that

ρ−1 (b) = Bα = ∑
w∈Sn;

Des w⊆gaps−1(α)

w (by the definition of Bα) .

Hence,

ρ−1 (b) Pid =

 ∑
w∈Sn;

Des w⊆gaps−1(α)

w

 Pid = ∑
w∈Sn;

Des w⊆gaps−1(α)

wPid︸︷︷︸
=Pw

(by (59))

= ∑
w∈Sn;

Des w⊆gaps−1(α)

Pw. (60)

On the other hand, from b = B̃α = ∑
F∈F ;

type F=α

F, we obtain

bPid =

 ∑
F∈F ;

type F=α

F

 Pid = ∑
F∈F ;

type F=α

FPid. (61)
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Let us now prove that the right hand sides of (60) and of (61) are the same.

Indeed, write the composition α as α = (α1, α2, . . . , αk). Let (I1, I2, . . . , Ik) ∈ F be
the unique set composition of [n] that has type α and whose blocks I1, I2, . . . , Ik
are intervals of [n] arranged from left to right. That is, the block I1 consists of the
α1 smallest elements of [n] (that is, I1 = [1, α1]); the next block I2 consists of the
α2 next-smallest elements of [n] (that is, I2 = [α1 + 1, α1 + α2]); the next block I3
consists of the α3 next-smallest elements of [n]; and so on. Explicitly, these blocks
Ij are given by

Ij =
[
α1 + α2 + · · ·+ αj−1 + 1, α1 + α2 + · · ·+ αj

]
for all j ∈ [k] .

For example, if n = 8 and α = (2, 3, 1, 2), then

(I1, I2, . . . , Ik) = ({1, 2} , {3, 4, 5} , {6} , {7, 8}) .

Note that the set gaps−1 (α) consists precisely of the numbers α1 + α2 + · · · + αj
for all j ∈ [k − 1]; these numbers are the maxima of the intervals I1, I2, . . . , Ik−1
(whereas the maximum of Ik is n). Thus, the permutations w ∈ Sn that satisfy
Des w ⊆ gaps−1 (α) are exactly those permutations w ∈ Sn that have no descents
except at the maxima of the intervals I1, I2, . . . , Ik−1 (and possibly not even at those
maxima); in other words, they are exactly those permutations w ∈ Sn that are
increasing on each of the intervals I1, I2, . . . , Ik. Obviously, such a permutation w
is uniquely determined by the sets w (I1) , w (I2) , . . . , w (Ik) (since w must send
the elements of each Ij to the elements of w

(
Ij
)

in increasing order), and these sets
have respective sizes α1, α2, . . . , αk (since

∣∣w (Ij
)∣∣ = ∣∣Ij

∣∣ = αj for each j ∈ [k]) and
thus form a set composition (w (I1) , w (I2) , . . . , w (Ik)) ∈ F of type α. Thus, we
can define an injective map

Ωα :
{

w ∈ Sn | Des w ⊆ gaps−1 (α)
}
→ {F ∈ F | type F = α} ,

w 7→ (w (I1) , w (I2) , . . . , w (Ik)) ,

which sends each w to the k-tuple formed of these sets w (I1) , w (I2) , . . . , w (Ik).
This map Ωα is a bijection, since any set composition F = (F1, F2, . . . , Fk) ∈ F
of type α can be written as (w (I1) , w (I2) , . . . , w (Ik)) for a unique permutation
w ∈ Sn that satisfies Des w ⊆ gaps−1 (α) (namely, the permutation w whose values
on each interval Ij are the elements of Fj in increasing order). For example, if n = 8
and α = (2, 3, 1, 2) and if w = [3, 5, 1, 4, 8, 2, 6, 7], then Ωα (w) = (35, 148, 2, 67).

Next, we claim that the bijection Ωα has the following property: For any permuta-
tion w ∈ Sn satisfying Des w ⊆ gaps−1 (α), we have

Ωα (w) Pid = Pw. (62)

[Proof of (62): Let w ∈ Sn be a permutation satisfying Des w ⊆ gaps−1 (α). Then,
from Ωα (w) = (w (I1) , w (I2) , . . . , w (Ik)) (which follows from the definition of
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Ωα) and Pid = ({1} , {2} , . . . , {n}), we obtain

Ωα (w) Pid = (w (I1) , w (I2) , . . . , w (Ik)) ({1} , {2} , . . . , {n})
= (w (I1) ∩ {1} , . . . , w (I1) ∩ {n} , . . . , w (Ik) ∩ {n})red

(by the definition of the product on F ). In other words, Ωα (w) Pid is the set com-
position whose blocks are the nonempty intersections of the form w

(
Ij
)
∩ {p} for

all j ∈ [k] and p ∈ [n], in the order of lexicographically increasing (j, p). Thus, each
block of the set composition Ωα (w) Pid has size 1 (since it has the form w

(
Ij
)
∩ {p}

for some j ∈ [k] and p ∈ [n], and thus is a subset of the 1-element set {p}; but
this shows that it has size 0 or 1, and of course it cannot have size 0 when it is
nonempty, so that it must then have size 1).

So we have shown that Ωα (w) Pid is a set composition of [n] whose each block has
size 1. Therefore, the blocks of this set composition Ωα (w) Pid are {1} , {2} , . . . , {n}
in some order. We are now going to identify this order. Namely, we shall show that
the order in which these blocks appear in Ωα (w) Pid is {w (1)} , {w (2)} , . . . , {w (n)}.
Once this is proved, it will follow that

Ωα (w) Pid = ({w (1)} , {w (2)} , . . . , {w (n)}) = Pw,

and thus (62) will be proved.

So it remains to show that the order in which the blocks {1} , {2} , . . . , {n} appear
in Ωα (w) Pid is {w (1)} , {w (2)} , . . . , {w (n)}. Clearly, it suffices to show that if
a, b ∈ [n] are such that a < b, then the block {w (a)} appears before12 {w (b)} in
Ωα (w) Pid. So we shall show this.

Fix two elements a, b ∈ [n] such that a < b. We must show that

{w (a)} appears before {w (b)} in Ωα (w) Pid. (63)

Recall that Des w ⊆ gaps−1 (α); thus, the permutation w is increasing on each of
the intervals I1, I2, . . . , Ik (as we have seen above). We distinguish between two
cases:

Case 1: The elements a and b belong to the same interval Ii for some i ∈ [k].

Case 2: The elements a and b belong to two different intervals Ii. In other words,
a ∈ Ii1 and b ∈ Ii2 for some i1 ̸= i2 in [k].

Consider Case 1 first. In this case, a, b ∈ Ii for some i ∈ [k]. Consider this i. Then,
the permutation w is increasing on Ii (since w is increasing on each of the intervals
I1, I2, . . . , Ik). Thus, from a, b ∈ Ii and a < b, we obtain w (a) < w (b). Furthermore,
from a ∈ Ii, we obtain w (a) ∈ w (Ii), so that w (Ii) ∩ {w (a)} = {w (a)}. Likewise,
w (Ii) ∩ {w (b)} = {w (b)}.

Now, recall that Ωα (w) Pid is the set composition whose blocks are the nonempty
intersections of the form w

(
Ij
)
∩ {p} for all j ∈ [k] and p ∈ [n], in the order

12The word “before” means “someplace before”, not “immediately before”.

53



Grinberg and Parlett Top to Random and Reverse August 9, 2025

of lexicographically increasing (j, p). Hence, the intersection w (Ii) ∩ {w (a)} ap-
pears before w (Ii) ∩ {w (b)} in this set composition (since w (a) < w (b) and thus
(i, w (a)) < (i, w (b)) in the lexicographic order). In other words, the block {w (a)}
appears before {w (b)} in this set composition (since w (Ii) ∩ {w (a)} = {w (a)}
and w (Ii) ∩ {w (b)} = {w (b)}). This proves (63) in Case 1.

Let us now consider Case 2. In this case, a ∈ Ii1 and b ∈ Ii2 for some i1 ̸= i2 in
[k]. Consider these i1 ̸= i2. If we had i1 > i2, then we would have a > b (since
the intervals I1, I2, . . . , Ik are arranged from left to right, so that any element of Ii1
would be larger than any element of Ii2), which would contradict a < b. Hence,
i1 ≤ i2, so that i1 < i2 (since i1 ̸= i2). Furthermore, from a ∈ Ii1 , we obtain w (a) ∈
w
(

Ii1
)
, so that w

(
Ii1
)
∩ {w (a)} = {w (a)}. Likewise, w

(
Ii2
)
∩ {w (b)} = {w (b)}.

Now, recall that Ωα (w) Pid is the set composition whose blocks are the nonempty
intersections of the form w

(
Ij
)
∩ {p} for all j ∈ [k] and p ∈ [n], in the order of

lexicographically increasing (j, p). Hence, the intersection w
(

Ii1
)
∩{w (a)} appears

before w
(

Ii2
)
∩ {w (b)} in this set composition (since i1 < i2 and thus (i1, w (a)) <

(i2, w (b)) in the lexicographic order). In other words, the block {w (a)} appears
before {w (b)} in this set composition. This proves (63) in Case 2.

We have now proved (63) in both cases; thus, (63) always holds. As we explained
above, this concludes the proof of (62).]

Now, (61) becomes

bPid = ∑
F∈F ;

type F=α

FPid = ∑
w∈Sn;

Des w⊆gaps−1(α)

Ωα (w) Pid

(here, we have substituted Ωα (w) for F in the sum, since the map Ωα is a bijection).
Hence,

bPid = ∑
w∈Sn;

Des w⊆gaps−1(α)

Ωα (w) Pid︸ ︷︷ ︸
=Pw

(by (62))

= ∑
w∈Sn;

Des w⊆gaps−1(α)

Pw.

Comparing this with (60), we obtain bPid = ρ−1 (b) Pid. This proves that (58) is
satisfied.

Thus, all conditions of Lemma A.1 are satisfied. Hence, Lemma A.1 shows that
ρ−1 (viewed as a map (kF )Sn → k [Sn], where both (kF )Sn and k [Sn] are regarded as
monoids with respect to multiplication) is a monoid anti-morphism. Hence, ρ−1 is a k-
algebra anti-morphism (since ρ−1 is k-linear). Thus, its image Im ρ−1 is a k-subalgebra
of k [Sn] (since the image of a k-algebra anti-morphism is always a k-subalgebra of the
target). Since Im ρ−1 = D (Sn) (because ρ−1 was defined as the inverse of the map
ρ : D (Sn) → (kF )Sn), we thus have shown that D (Sn) is a k-subalgebra of k [Sn].
Furthermore, the map ρ is the inverse of the k-algebra anti-morphism ρ−1, and thus is a
k-algebra anti-isomorphism itself. This completes the proof of Theorem 4.12.
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A.4 The fixed points of a permutation module

Let us prove the following general fact ([17, §3.3.1, “Invariants of Permutation Repre-
sentations”]) about permutation modules (which we have used in the proof of Proposi-
tion 4.10):

Proposition A.2. Let G be a group, and let X be a finite left G-set. Consider the invariant
subspace (kX)G := {x ∈ kX : wx = x for all w ∈ G} of the permutation module kX.

For each orbit O of the G-action on X, let ∑x∈O x be the sum of all elements of this
orbit in kX. This sum is called an orbit sum.

Then, the invariant subspace (kX)G (as a k-module) has a basis consisting of the
orbit sums (i.e., of the sums ∑x∈O x for each orbit O of the G-action on X).

Proof. This fact is proved by combining three simple observations:

1. Each orbit sum ∑x∈O x belongs to (kX)G, because the action of a w ∈ G on this
sum merely permutes its addends: w ∑x∈O x = ∑x∈O wx = ∑x∈wO x = ∑x∈O x
because wO = O.

2. If an element x = ∑x∈X λxx ∈ kX (with coefficients λx ∈ k) belongs to (kX)G, then
every two elements x, y ∈ X that lie in the same G-orbit have the same coefficient
(i.e., satisfy λx = λy), because the action of an appropriately chosen w ∈ G puts λx

in the position of λy. Thus, given such an element x ∈ (kX)G, we can rename its
coefficients λx as λGx, where Gx (as usual) denotes the G-orbit containing x. Hence,
we can rewrite x = ∑x∈X λxx as x = ∑x∈X λGxx = ∑O is a G-orbit λO (∑x∈O x), which
shows that x is a linear combination of orbit sums. Hence, the orbit sums span
(kX)G.

3. The orbit sums ∑x∈O x are k-linearly independent, since any k-linear combina-
tion ∑O is a G-orbit λO (∑x∈O x) can be rewritten as ∑x∈X λGxx and thus cannot be 0
unless all the λGx are 0, that is, unless all the λO are 0.

Thus, the orbit sums form a basis of (kX)G.
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