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Abstract. Given a positive integer n, we consider the group alge-
bra of the symmetric group S,. In this algebra, we define n elements
t1,t2, ..., ty by the formula

bp = Cyey + €y F Yt T F Y,

where cyc,,,;  denotes the cycle that sends ¢ — £ +1 — (+2 —

-+ -+ k+— (. These n elements are called the somewhere-to-below shuffles
due to an interpretation as card-shuffling operators.

In this paper, we show that their commutators [ti, t]} = t;tj — t;t; are
nilpotent, and specifically that

(i, ] [(n=1)/21+1 _ foranyi,j € {1,2,...,n}

and o
(i, tj]]_lH =0 forany 1 <i<j<n.
We discuss some further identities and open questions.
Mathematics Subject Classifications: 05E99, 20C30, 60]J10.

Keywords: symmetric group, permutations, card shuffling, top-to-
random shulffle, group algebra, filtration, nilpotency, substitutional anal-
ysis.
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1. Introduction

The somewhere-to-below shuffles ty,ts,...,t, (and their linear combinations, called
the one-sided cycle shuffles) are certain elements in the group algebra of a symmetric
group S,. They have been introduced in [GriLaf22] by Lafreniere and the present
author, and are a novel generalization of the top-to-random shuffle (also known as
the Tsetlin library). They are defined by the formula

te:=cycptcyc o eyCp ooty g, € KI[SH],

where cyc,,,;  denotes the cycle thatsends £ — {+1— £+2+— - =k {
(and leaves all remaining elements of {1,2,...,n} unchanged).

One of the main results of [GriLaf22] was the construction of a basis (aw) s,
of the group algebra in which multiplication by these shuffles acts as an upper-
triangular matrix (i.e., for which a,t, equals a linear combination of 4,’s with u <
w for a certain total order on S;). Consequences of this fact (or, more precisely,
of a certain filtration that entails this fact) include an explicit description of the
eigenvalues of each one-sided cycle shuffle, as well as analogous properties of some
related shuffles.

Another consequence of the joint triangularizability of ¢, t5, ..., t, is the fact that
the commutators [ti, t]-} := t;t; — tjt; are nilpotent (since the commutator of two
upper-triangular matrices is strictly upper-triangular and thus nilpotent). Explic-

itly, this means that [t;, tj}n! = 0, since the ty,t3,...,t, act on a free module of
rank n!. However, experiments have suggested that the minimal m € N satisfying
[ti, t]-] "™ = 0 is far smaller than 7!, and in fact is bounded from above by n.

In the present paper, we shall prove this. Concretely, we will prove the following
results (the notation [m]| means the set {1,2,...,m}):

* Corollary 8.18, We have [t;, ;] [=0)/21 0 for any i,j € [n].

e Theorem Let j € [n] and m € N be such that 2m > n—j+ 2. Let
i1,1,...,im be m elements of [j] (not necessarily distinct). Then,

[ti tj] [ti t] - - [t tj] =0

e Corollary[9.11, We have [t;, t]}j_iﬂ =0forany1<i<j<n,

e Theorem Let j € [n], and let m be a positive integer. Let k1, ko, ..., ki, be
m elements of [j] (not necessarily distinct) satisfying m > j — kj, + 1. Then,

tir ] [t 8] < B t] = 0.
Along the way, we will also prove the following helpful facts:

e Theorem We have (1+s;) [ti,tj] = 0 forany 1 < i < j < n, where s;
denotes the transposition swapping j with j + 1.
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* Theorem[5.1} For any i € [n — 1], we have t;1t; = (t; — 1) t; = t; (t; — 1).
* Theorem|[6.1} For any i € [n — 2], we have t;5 (t; = 1) = (f; — 1) (tjx1 — 1).

¢ Corollary For any i € [n — 1], we have [t;,t; 1] = t; (t;;1 — (; — 1)) and
[ti/tia) ti = [t tia]* = 0.

These results can be regarded as first steps towards understanding the k-subalgebra
k[t ta, ..., ta] of k[S,] that is generated by the somewhere-to-below shuffles. So
far, very little is known about this k-subalgebra, except for its simultaneous trian-
gularizability (a consequence of [GriLaf22, Theorem 4.1]). One might ask for its
dimension as a k-module (when k is a field). Here is some numerical data for
k=Qandn <8:

n 1/2/3/4|5|6| 7|8
dim (Q[t1, 2, ..., ta]) |12 4|9 |23 |66 | 212 | 761

(1)

As of September 14th, 2023, this sequence of dimensions is not in the OEIS. We note
that each single somewhere-to-below shuffle by itself is easily understood using the
well-known theory of the top-to-random shufﬂeﬂ but this approach says nothing
about the interactions between two or more of the n somewhere-to-below shuffles.

Acknowledgements The author would like to thank Sarah Brauner and Nadia
Lafreniére for inspiring discussions. The SageMath CAS [SageMath] was indis-
pensable at every stage of the research presented here.

2. Notations and notions

2.1. Basic notations

Let k be any commutative ring. (The reader can safely take k = Z.)
Let N :={0,1,2,...} be the set of all nonnegative integers.
For any integers a and b, we set

a,b]:={keZ | a<k<b}={aa+1,...,b}.

This is an empty set if 2 > b. In general, [a, b] is called an integer interval.

Indeed, the first somewhere-to-below shuffle t; is known as the top-to-random shuffle, and has
been discussed, e.g., in [Hendri72, [Donnel91} [Phatar91, [Fill96| BiHaR099, [DiFiPi92| [Palmes10),
Grinbel8]. More generally, for each ¢ € [n], the somewhere-to-below shuffle f, is exactly the
top-to-random shuffle of the symmetric group algebra k [S,,_y.1], transported into k [S,] using

the embedding S,,_;,1 — S, that renames the numbers 1,2,...,n—¢+1as¢,{+1,...,n. Thus,
n—~{-1
we know (e.g.) that the minimal polynomial of ¢, over a characteristic-0 field kis ] (x —1i)-

i=0
(x —(n—¢+1)) (by [DiFiPi92, Theorem 4.1]).
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Foreachn € Z, let [n] :=[1,n] ={1,2,...,n}.

Fix an integer n € IN. Let S, be the n-th symmetric group, i.e., the group of all
permutations of [n]. We multiply permutations in the “continental” way: that is,
(o) (i) = 7 (o (i)) for all r,0 € S, and i € [n].

For any k distinct elements iy, iy, ..., i of [n], we let CYCi, iy i be the permuta-
tion in S, that sends iy, 1y, ..., ix_1, ik to 12, 13,. .., ik, 11, respectively while leaving all
remaining elements of [n] unchanged. This permutation is known as a cycle. Note
that cyc; = id for any single i € [n].

For any i € [n—1], we let s; := cyc;;,; € Sy. This permutation s; is called a
simple transposition, as it swaps i with i + 1 while leaving all other elements of [n]
unchanged. It clearly satisfies
s2 =id. 2)

1

Furthermore, two simple transpositions s; and s; commute whenever |i —j| > 1.
This latter fact is known as reflection locality.

2.2. Some elements of k [S,]

Consider the group algebra k [S,]. In this algebra, define n elements ¢4, t,,...,t, by

settinﬁ

ter=cyc,+cycpp g +CYCrpi o0t Y pp1 y € K([Sh] 3)

for each ¢ € [n]. Thus, in particular, t, = cyc, = id = 1 (where 1 means the
unity of k[S,]). We shall refer to the n elements f1,fy,...,t, as the somewhere-to-
below shuffles. These shuffles were studied in [GriLaf22] (where, in particular, their
probabilistic meaning was discussed, which explains the origin of their name).

2.3. Commutators

If a and b are two elements of some ring, then [a, b] shall denote their commutator
ab — ba. This notation clashes with our above-defined notation [g, b] for the interval
{keZ | a <k<b} (when a and b are two integers), but we don’t expect any
confusion to arise in practice, since we will only use the notation [a, b] for ab — ba
when a and b are visibly elements of the ring k [S,] (as opposed to integers).

3. Elementary computations in S,

In this section, we will perform some simple computations in the symmetric group
Sy. The results of these computations will later become ingredients in some of our
proofs.

2We view S, as a subset of k [S,] in the obvious way.
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3.1. The cycles (v = w)

Definition 3.1. Let v,w € [n] satisfy v < w. Then, (v = w) shall denote the

permutation CYCo,041,...w"

The symbol “=" in this notation (v = w) has nothing to do with logical impli-
cation; instead, it is meant to summon an image of a “current” flowing from v to w.
The symbol “==-" is understood to bind less strongly than addition or subtraction;
thus, for example, the expression “(v+1 = w)” means ((v+1) = w).

Every v € [n] satisfies

(v=1v) =cyc, =id = 1. 4)
The following is just a little bit less obvious:
| Proposition 3.2. Let v,w € [n] satisfy v < w. Then, (v = W) = SySp+1 - - - Sw—1-
Proof. Easy verification. O
Proposition 3.3. Let v, w € [n] satisfy v < w. Then:
(@) We have (v = w) =5, (v+1 = w).

(b) We have (v = w) = (v = w — 1) 54_1.

Proof. Easy verification (easiest using Proposition [3.2). [

3.2. Rewriting rules for products of cycles

Next we recall how conjugation in S, acts on cycles:
Proposition 3.4. Let o € S,,. Let i1, 1y, ..., i be k distinct elements of [n]. Then,

O-Cycil,iz,...,ik 0-_1 = CyCU'(il),(T(iz),...,(T(ik) - (5)

Proof. Well-known. O

Proposition [3.4allows us to prove several relations between the cycles (v = w).
We shall collect a catalogue of such relations now in order to have them at arm’s
reach in later proofs.

Lemma 3.5. Let 7,j,v,w € [n] be such that w > v > j > i. Then,

+H+l=v)(i=w=>I=w(j=0v-1).
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Proof. Let 0 := (i = w). We have i < j (since j > i) and v —1 < w — 1 (since
w > v). Thus, the numbers j,j+1,...,v — 1 all belong to the interval [i,w — 1].
Hence, the permutation ¢ = (i = w) = cyc sends these numbers to j +
1,j+2,...,9v, respectively. In other words,

(c(j),c(j+1),...,.0(v=1))=(G+1,j+2,...,0).

However, from (i = w) = 0 and (j = v — 1) = cyg;

i,i+1,...,w

i+1,..,0—17 We obtain

(i=w)(=v-1)(i=w)""

= O—Cycj,jJrl,...,vfl U_l = CyC(T(j),U'(j+1),...,0’(0*1) (by )
— oy, (since (0(),0(+1),0 0 (0=1)) = (j+1j+2,...,0))
=(G+1=0).

In other words, (i = w) (j = v—1) = (j+ 1 = v) (i = w). Thus, Lemma[3.5]
is proved. O

Lemma 3.6. Let i, v, w € [n] be such that v > w > i. Then,

(i+1=0)(i=w)=(i=>w+1)(i=0).

Proof. We have i < v (since v > i). Thus, Proposition 3.3](a) yields
(i=v)=si(i+1=0). (6)

On the other hand, from v > w, we obtainv > w+1,sothat w+1 < v <n
and therefore w + 1 € [n]. Furthermore, v > w+1 > w > i > i. Thus, Lemma
(applied to i, w + 1 and v instead of j, v and w) yields

N————
=w

(i+l=w+1)(i=v) = (i=0) (i:>(w+1)1>

=(i=0)(i=w). (7)

However, Proposition 3.3| (a) yields (i = w+1) = s; (i+1 = w+1) (since i <
w < w+1). Hence,

(i=w+l)(i=v)=s(i+l=w+l)(i=0v)=s (i=v) (i=w)

N\ — - - ~~ ~
=s;(i+1=w+1) =(i=v)(i=w) =s;(i+1=0)
by @) (by (&)
= S;S; = :
\,i,/(z+1:>v)(z:>w) (i+1=7)(i= w)
:sizzid
(by @)

This proves Lemma O
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Lemma 3.7. Let i, u,v € [n] be such that i < u < v. Then,

sy(i=v) = (= 0)sy-1.

Proof. Let 0 := (i => v). Then, i < u —1 (since i < u) and u < v — 1 (since u < v).
Therefore, the numbers u — 1 and u both belong to the interval [i,v — 1]. Hence,
the permutation o = (i = v) = cyc;;; _, sends these numbers to u and u +1,
respectively. In other words,

c(u—1)=u and o(u)=u+1.
However, from (i = v) = ¢ and s,1 = cyc,_;,, we obtain
) . -1 _
(i=0v)sy1(i=v) =ocyc, 1,0 e CYCo(u—1),0(u) (by )
= CYC, i1 (sincec(u—1)=uand o (u) =u+1)
= Sy.
In other words, (i = v)s,_1 = s, (i = v). Thus, Lemma 3.7]is proved. O

Finally, the following fact is easy to check:
Lemma 3.8. Let i, ],k € [n] be such that i < j < k. Then,
(i=k=(i=7j)(j=k).
Proof. Proposition.2yields (i == j) = s;siy1---sj_1and (j = k) = s;8j,1- - 1.
Multiplying these equalities by each other, we find

(i==7) (G ==k) = (sisit1--5j-1) (58417 Sk-1) = SiSiva -+ -1

Comparing this with

(i= k) =s;5i+1" " Sk-1 (by Proposition[3.2) ,
we obtain (i = k) = (i => j) (j = k). This proves Lemma 3.8| O

4. Basic properties of somewhere-to-below shuffles

We now return to the group algebra k [S,,]. We begin by rewriting the definition of
the somewhere-to-below shuffle f,:
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Proposition 4.1. Let ¢ € [n]. Then,

n

tg22(£:>ZU).

w=

~

Proof. From (3), we have

tp = cyc,+cycp 1 +CYCr 10t T CYC g g

n n
=) CYCl 041, =) (l=w).
w={ N w=/{
=(l=w)
(by the definition of ({=w))
This proves Proposition O

| Corollary 4.2. Let £ € [n —1]. Then, t; =1+ syt .
Proof. Proposition [4.1] yields

n n

=) l=w)=l=0+ ), ({ = w)
w=~{ S~ w=i+1 —

=1 :s/(€+1:>w

(by Proposition 3.3| (a))
n n
=14+ ), ss(l+1=w)=1+4s, ) ({+1=w).
w=/+1 w=/,+1
Comparing this with

n

1+ sy tri1 =1+sy Z (f-l—l:ZU),
" ~ w=0+1
= Y ((+l=w)
w=(+1
(by Proposition [&.1)
we obtain ty = 1 + syty 1, qed. O

We state another simple property of the t,’s:

Lemma 4.3. Let ¢/ € [n]. Let o € S,. Assume that ¢ leaves all the elements
¢,0+1,...,n unchanged. Then, o commutes with ¢, in k [S].

Proof. The permutation o leaves all the elements ¢,/ 41, ..., n unchanged, and thus

commutes with each cycle cyc,, ;  withw > /£ (because the latter cycle permutes

only elements of {¢,¢/+1,...,n}). Hence, the permutation ¢ also commutes with
n

the sum ) cyc,,., , of these cycles. Since the definition of ¢, yields
e,

n
tp = cyc)+¢Cycy i1 +CYCpiqpipt T CYC gy = E CYCr 11, w0
w=/{
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we can rewrite this as follows: The permutation ¢ commutes with t,. This proves
Lemma 4.3 O

Specifically, we will need only the following particular case of Lemma
Lemma 4.4. Let i, k,j € [n] be such that i < k < j. Then,

and
[(Z = k) p t]} =0. )

Proof. The permutation (i = k) = cyc;;,; , leaves all the elements k + 1,k +
2,...,n unchanged, and thus leaves all the elements j,j +1, ..., n unchanged (since
the latter elements are a subset of the former elements (because k < j)). Hence,
Lemma (applied to ¢ = j and ¢ = (i = k)) shows that (i = k) commutes
with ¢; in k [Sy]. In other words, (i = k) t; = t; (i = k). This proves .

Now, the definition of a commutator yields

(sinced(i == k) t; = t; (i = k)). This proves (). Thus, Lemma [4.4]is completelg
proved.

5. The identities tiv1t = (ti — 1) ti=1t; (ti — 1) and
[t ti1]° =0
5.1. The identity t;;1t; = (ti — 1) ti=1t; (ti — 1)

We are now ready to prove the first really surprising result:

Theorem 5.1. Let i € [n — 1]. Then,

tiviti = (i — 1)t (10)
ti(t;—1). (11)

Proof. From Proposition 4.1}, we obtain

)": (i = w) (12)

:(L:H/+ 2 (i = w)
—1dv1 w=i+1

here, we have split off the
addend for w = i from the sum

=1+ Z (i = w)
w=i+1
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In other words,
n
ti—1= ) (i=w). (13)
w=i+1
Moreover, becomes
n n
- L i=w=L(=0. (14)

w=i

Also, Proposition §.T| (applied to ¢ =i + 1) yields

n n
ti+1: Z (l+1:>ZU): Z (l—|—1:>?))
w=i+1 v=i+1

Multiplying this equality by (12), we obtain

n n
tip1ti = Z (l—|—1:>0)2(l:>w>
v=i+1 w=i
n n
=) 21+1:>v(i:>w)
v=i+1 w=i

-~

T (i1=0) (i w)+ 3 L (i+1==0) (i=w)
o (since i<v;n)

— i (Z)Zl(i+1:>v)(i:>w)+i(i+1:>v)(i:>w))

v=i+1 \w=i w=v
n v—1 n n

=Y ) (i—|—1:>v)(1:>w —1—2 Y. (i+1=0) (i = w)
=i+1 =i ~ =i+1 w=o > ~~ ~

v=ttl w=t :(i=>w+1)(z=>v) o=it =(i=w)(i=v-1)
(by Lemma (by Lemma 3.5} applied to j=i

(since w<v—1<v and thus v>w>i)) (since w>v>i+1>i>1i))
v—1 n n

— Z Z i=w+1l)(i=v) + Z Z(i:>w)(i:>v—1)

v=i+1 w= i | v=i+1 wW=0v
v ., . n
= L (i=w)(i=0) = Z Y. (i=w)(i=0)
w=i+1 . v=i w=v+1
(here, we have substituted w for w+1) (here, we have substituted v for v—1)

—1

= Z 2 (i = w) (i = v) +2 Z (i = w) (i = 0).

v=i+1 w=i+1 v=i w=v+1
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Comparing this with

n n
(ti—l)ti: Z (l:>ZU)Z(l:>U)
w=i+1 v=i
(by multiplying the two equalities and (14))
n n
=) Y, (i=w)(i=n0)
v=i w=i+1 P

= ¥ (=) (i=0)+ ¥ (i—w)(i=0)
w=i+1 w=0v+1
' (since igvgrj)

:i( i (i=w)(i=0v)+ i (i:>w)(i:>v)>

i 4
= Y (i=w)(i=i)+ ¥ Y. (i=w)(i=v)
w=i+1 v=i+1 w=i+1
(here, we have split off the addend for v=i from the sum)

+ i (i=w) (i =v)

J

n n

= Y (i=w)(i=n)+ Y% Y (i=w)(i=v)
w=n+1 v=i w=v+1

(here, we have split off the addend for v=n from the sum)

Y (—mwi=)+ Y Y (= w) (= o)
w=i+1 v=i+1 w=i+1

(. S
-~

=(empty sum)=0

n—1 n
+ Z i=w)(i=n+) Y (i=w)(i=n0)
=n+1 v=i w=v+1
:(empty\rsum):o
n—1 n
= Z Z i=w(i=0o)+) Y (i=w(i=0),
v=i+1 w=i+1 v=i w=v+1

we obtain t;,1t; = (t; —1)t;. This proves (10). From this, follows, since
(ti—1t; = tlz —t; = t; (t; — 1). Thus, Theorem [5.1|is proved. O

5.2. The identity [t;,t; 1] =0
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Corollary 5.2. Let i € [n — 1]. Then,
[ti tiv1]) = ti (tig1 — (ti = 1)) (15)
and
[ti tiv1]ti =0 (16)
and ,
i tia]? = 0. a7)

Proof. The definition of a commutator yields
[ti ti1] = titiv1 — tigati =titi —ti(t—1) =t (ti — (L —1)).
e~
=ti(ti—1)

(by (1))
This proves the equality (I5). Multiplying both sides of this equality by t; on the
right, we obtain
[t tiva] ti = b (fig — (6 — 1)) £ = & (fiati — (5 — 1) 1) = 0.

N . J/
~\~ ~\~

=tipati—(—=1)k o5 &)
This proves (16). Now,
b ti]® = [ty tisa] [t = [ftial b (b — (4= 1)) =0.
— —
Tw ot
This proves (17). Thus, Corollary [5.2]is proved. O

6. The identities t;;, (t; —1) = (t;—1) ({1 —1) and
(i, tivo] (ti — 1) = tiya [ti, tiga]

6.1. The identity tito (ti — 1) = (ti — 1) (ti—i—l — 1)

The next theorem is a “next-level” analogue of Theorem

Theorem 6.1. Let i € [n — 2]. Then,

tivo (ti—1) = (£ —1) (fi1 — 1)

Proof of Theorem From i € [n — 2], we obtaini+1 € [2,n — 1] C [n — 1]. Hence,
(applied to i + 1 instead of i) yields ¢ 1)41tis1 = tit1 (ti1 —1). In view of
(i4+1)+1 =i+ 2, we can rewrite this as

tivativr = tiy1 (fi1 —1). (18)




Commutators of somewhere-to-below shuffles, version November 3, 2023 page 14

Furthermore, Corollary (applied to ¢ = i) yields t; = 1+ s;tj11 (since i €
[n —2] C [n—1]). Hence,
ti—1=sitii1. (19)
The definition of (i = i+1) yields (i =i+1) = cyc;;,1 ;.1 = CYC; 14 =
si. However, (8) (applied to k = i+ 1 and j = i +2) yields (= i+1)tn =
tiyo (i=1+1). Inview of (i = i + 1) = s;, we can rewrite this as s;t; 1> = t;125;.
In other words, t;17s; = s;tji».

Now,
tiya (ti—1) = tipositiyn =i tipotiyn = sitiy1 (b —1) = (4 —1) (ti1 —1).
~——r N —— \,_/
=Sitiy1 =Sitit2 =tit1(tiz1—1) =ti—
(by (%)) (by (T8)) (by I)
Thus, Theorem [6.1]is proved. O

Remark 6.2. The similarity between Theorem [5.1and Theorem [6.T might suggest
that the two theorems are the first two instances of a general identity of the form
tivk (ti — ) = (t; —m) (something) for certain integers ¢ and m. Unfortunately,
such an identity most likely does not exist for k = 3. Indeed, using SageMath,
we have verified that for n = 6 and k = Q, the product t4 (t; — ¢) is not a right
multiple of t; —m for any m € {0,1,2,3,4,6} and ¢ € [0,12]. (The restriction
m € {0,1,2,3,4,6} ensures that t; — m is not invertible; otherwise, the claim
would be trivial and uninteresting.)

We also observe that t4t; does not belong to the Q-linear span of the elements
1, t; and t;t; for i < j when n = 5. This is another piece of evidence suggesting
that the pattern of Theorems |5.1|and [6.1| does not continue.

Generally, for k = Q, the span of all products of the form t;t; with i,j € [n]
inside Q [S;,] seems to have dimension n? — 3n + 4 (verified using SageMath for
all n < 14). The discrepancy between this dimension and the naive maximum
guess n? is fully explained by the n — 1 identities t;,1t; = 7 — t; from Theorem
the n — 2 identities t; ot; — ti1p = titi1 — t; — tir1 + 1 from Theorem 6.1 and
the n — 1 obvious identities t;t, = t,t; that come from ¢, = 1 (assuming that
these 3n — 4 identities are linearly independent). This suggests that Theorem
and Theorem [6.1| exhaust the interesting quadratic identities between the t;.

6.2. The identity [ti, ti_|_2] (ti — 1) = tit1 [ti, ti_|_1]
Corollary 6.3. Let i € [n — 2|. Then,

[titipo] (i —1) = tipq [t tiga] -

Proof. From i € [n — 2|, we obtaini+1 € [2,n — 1] C [n — 1]. Thus, (applied to
i+ 1instead of i) yields t(; 1) 1ti1 = titq (tiy1 —1). Inview of (i+1) +1=i+2,
we can rewrite this as

tivativr = tiy1 (fi1 —1). (20)
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However, we have

titipo (ti—1) =t (ti—1) (i — 1) = tiati (i — 1)
o’ —_——

N\ —
=(ti=1)(tiy1-1 =tipiti
(by Theorem [6.1) (by )
= tipatitipyr — tipati (21)

and

tipti (ti—1) = tiotiyn =t (L —1)¢t
—_—— ——

-4
=t 1t =tip1(tip—1)
(by (1)) (by (20)
= tiyatiiti — tiati (22)

Now, the definition of a commutator yields [t;, t; 1] = tit; 1 — tivqt; and [t tio] =
titi+2 — ti+2ti. Hence,

[ti tiva] (ti—1) = (titipo — tigat;) (i — 1)
N——

=titio—titoti
= titiya (i — 1) —tipoti (i — 1)
= (tipatitipn — tiati) — (fipatipati — tipahi)
(here, we subtracted the equality from (21))
= tipatitivn — tipatipati = tipn (Gitipa — tiati) = tiga [t ]
=[]
This proves Corollary O

7. The identity (1 —i—sj) [ti, tj} =0 for all 1 <

7.1. The identity (1 —I—sj) [t]-_l,t]-] =0
We shall next prove the following:

Lemma 7.1. Let i € [n — 2]. Then,

(1 +sit1) [ti tipa] = 0.

Proof. Set a :=t; and b := t;;q.
From H we obtain SZZH = id = 1. Hence, SIZH —
The definition of a commutator yields
a—-1,b-1=@@-1)(b-1)—(b—-1)(a—1)
=(@—-a—-b+1)—(ba—b—a+1)
=ab—ba = [a,b]. (23)

1=0.
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From i € [n—2], we obtain i +1 € [2,n —1] C [n—1]. Hence, Corollary
(applied to £ = i+ 1) yields t; 11 = 1+si11t (i1 1)1 = L +8iptiy2 (since (i +1) +1 =
i+2). Hence, b = t;.1 =1+ 5s;1t;1p. Therefore, b — 1 = s;,1tj1». Thus,

sit1 (b—1) =sip1Siy1tive = tito. (24)
—— H,_/
=Sit+1tit2 _Sz+1 1

However, Theorem [6.1] yields
tivo (ti—1) = (£ —1) (fip1 — 1)

In view of 2 = t; and b = t;1 1, we can rewrite this as

tiio(a—1)=@—-1)(b—-1).
Hence,
(-1(b-1)= tys (-1 =5 (b-1)@-1). (25)

ey
Now, becomes
[a,b]=a—1,b—-1=@—-1)(b-1)—(b—1)(a—1)
———
=siy1(b—1)(a—1)
(by @)
— s (b—1) (a—1) = (b—1) (- 1)
= (sipn =1 (b=1)(a—1).

Multiplying both sides of this equality by 1 + s, from the left, we obtain
(T+sit1) [ b] = (L +si11) (Siy1 —1) (b —1) (a —1) =0.

(Sz+1+1)(51+1_1)
z+1 —1=0

In view of a = t; and b = t;;1, we can rewrite this as (1 +s;,1) [t;, ti+1] = 0. This
proves Lemma [7.1} O

The following is just a restatement of Lemma

Lemma 7.2. Let j € [2,n — 1]. Then,

(1+45)) [tji-1.tj] =0.

Proof. We have j — 1 € [n — 2] (since j € [2,n — 1]). Hence, Lemma [7.1| (applied to
i =j—1)yields

(1 + S(j—1)+1> [tj—lrt(j—l)—H] =0.

In view of (j — 1) + 1 = j, we can rewrite this as (1+5s;) [tj_1,t;] = 0. This proves
Lemma [7.2l O




Commutators of somewhere-to-below shuffles, version November 3, 2023 page 17

7.2. Expressing [ti, t]'] via [t]'_1, t]'}

The following lemma is useful for reducing questions about [t;t;] to questions
about [tj_1,1;]:

Lemma 7.3. Let 7,j € [n] satisfy i < j. Then:

(a) We have
[t tj] = [sisiv1 - sj-1,t] £,

(b) We have
[ti tj] = (sisiv1 - sj-2) [ti-1,tj] -

Proof. A well-known identity for commutators says that if R is a ring, then any
three elements 4, b, c € R satisty

lab,c] = [a,c]b+alb,c]. (26)

Hence, if R is a ring, then any two elements a,b € R satisfy

lab,b] = [a,b]b+a [b, 1] (by (26), applied to c = b)
~——
=bbbb

= [a,b] b+ a0 = [a,b] b. (27)
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(a) Proposition [4.1] yields

n n
ti=) (i=w)=) (i=k)
w=i k=i
j—1 n
=) (i=k+) (i=k) (since i < j < n)
k=i k=j T
= (=) (j==k)
(by Lemma [3.§
since i<j<k)
-1 n
:Z(z:>k)+2(z:>])(]:>k)
k=i k=j
=(i=]) ¥ (j=k)
k=j
1 n
=) (i=hk+(i=j Y =k
= =
l ;,_/
(since I]’roposition
yields t;= 3 (j=—))
w=j
j—1
=) (i=k+({i=j)t.
k=i
Thus,
j—1
[ti, t]] = (Z — k) + (l — ]) tj, t]'
k=i
j—1

[(i=k), tj]] +[(i=])t; t]
k=i ~~
(by ©) (sinck i<k< )
(since the commutator [a,b] is bilinear in a and b)

j—1
= 20+ (=)t t] = [(i = ])tj, t]]
=
—0
= [(i=)) .t t (by (27), applied to a = (i = j) and b = t;)

= [sisiy1- - sj-1, 4] L
(since Proposition 3.2]yields (i == j) = s;8;11 - - - §j_1). This proves Lemma 73| (a).
(b) Seta:=s;s;11---sjpand b:=s; 1 and ¢ :=t;. Thus,

ab = (siSiy1- - Sj—2) Sj—1 = SiSit1 " " " Sj-1- (28)
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However, i < j—1 (since i < j). Hence, Proposition (applied to v = i
and w = j—1) yields (i = j—1) = ;841 S(j_1)—1 = 8iSi+1" " *Sj—2 = a (since
a=S8iSit1"""Sj-2)-

Now, i < j—1 < j. Hence, (9) (applied to k = j — 1) yields [(i = j— 1), t;] =0.
In view of (i = j — 1) = a and t; = ¢, we can rewrite this as [a,c] = 0. Hence,
becomes

lab,c] = [a,c]b+a[b,c] =alb,c]. (29)
=0
On the other hand, applying Lemma [7.3| (a) to j — 1 instead of j, we obtain

]

ti1tj] = [sj-1t

However, Lemma [7.3] (a) yields

£ (30)

[ti,t]'] = |5iSi+1 " 'S]'_l, i']' t]' = [llb,C] f]' = a [ b ;. C ] f]'
—ab =c =a[b,c] =SiSiy1Sj2 | TSj-1 =
by @8) (by @9)
= (sisivr - -sj2) [spu b)) = (sisiva---sj-2) [t 4]
N——
=[tj-t]
by (B0)
This proves Lemma [7.3] (b). O

Corollary 7.4. Let i € [n] and j € [2,n] be such that i < j. Then,

[ti, t] tjq = 0.

Proof. If i = j, then this is obvious (because i = j entails [t;, t;] = [tj, tj] = tjtj —
titj = 0 and therefore [ti, t]} ti 1 = 0). Hence, for the rest of this proof, we WLOG
~—

=0
assume that i # j.
Combining i < j with i # j, we obtain i < j. Hence, Lemma [7.3 (b) yields

[titj] = (sisiz1 - -sj-2) [t 4] -

On the other hand, j — 1 € [n — 1] (since j € [2,n]). Thus, (applied to j — 1
instead of i) yields [tj_1,tj_141] tj_1 = 0. In other words, [tj_1,tj] tj_1 = 0 (since
j—1+1=). Thus,

[ti 1] tio1 = (sisip1 - -sj-2) [tio1, 4] tj1 = 0.
~——

N

~(ssia-5y-2) -t

This proves Corollary O

=0




Commutators of somewhere-to-below shuffles, version November 3, 2023 page 20

7.3. The identity (1+s;) [t;,t;] =0 for all i <j
We are now ready to prove the following surprising result:

Theorem 7.5. Let i,j € [n — 1] satisfy i < j. Then,

(1+s5j) [t tj] = 0.

Proof. If i = j, then this is obvious (since i = j entails [t;, t;] = [t;,t;] = 0). Hence,
we WLOG assume that i # j. Thus, i < j (since i < j).

The transpositions s;,S;11,...,5;—2 all commute with s; (by reflection locality,
since the numbers i,i +1,...,j — 2 differ by more than 1 from j). Thus, their prod-
uct s;s;11 - - - $j_o commutes with s; as well. In other words,

5 (siSit1 - 'ijz) = (sisiy1-- 'ijz) 5j-
Thus, in k [S,], we have

(1+5j) (sisiv1--8j-2) = sisip1---8j2 + 5j (sisivn - 'Sj—Z)J

-~

:(Si5i+1"'5]'72)sf
= (sisiv1--sj2) (1+s)) - 1)

However, Lemma (b) yields [t;,tj] = (sisiy1---Sj—2) [tj—1,¢j] (since i < j).
Hence,

(1+s)) [t 1] = (1+4s5)) (sisiv1 - -5j-2) [ti-1, 1]
— ~ ~
s D] () (1)
(by (1))
= (sisit1-5j-2) (1+5)) [ti-1,tj] = 0.
(by Leri(r)na
This proves Theorem O

| Corollary 7.6. Let n > 2 and i € [n]. Then, t,_1 [t;, t,—1] = 0.

Proof. This is true for i = n (because t, = 1 and thus [t,, t,—1] = [1,t,-1] =
1t 1 —ty11 = t,—1 —t,—1 = 0 and therefore t, 1 [ty, t,—1] = 0). Hence, we
——

=0
WLOG assume that i # n. Therefore, i € [n]\ {n} = [n —1]. Also,n —1 € [n —1]
(since n > 2).
The definition of t,_1 yields t,_1 = cyc, _; +cyc, 1, =1+s,_1.
——— e —L
=1 =Sn—-1

However, Theorem [7.5| (applied to j = n — 1) yields (1 +s,_1) [t tys_1] = 0. In
view of t,_1 = 1+ s,_1, we can rewrite this as f,_1 [t;, f,—1] = 0. This proves

Corollary O
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8. The identity |[t;, t;] (=)21F _ 0 for all i,j € [n]

8.1. The elements s;” and the left ideals Hy

We now introduce two crucial notions for the proof of our first main theorem:
Definition 8.1. We set A := k [S,]|. Furthermore, for any i € [n — 1], we set

s =s;+1€A.

1

We also set s := 1 € A for all integers i ¢ [n—1]. Thus, s; is defined for all
integers 1.

Definition 8.2. Let k and j be two integers. Then, we define

e +
Hk,j = Z ASu .
ueljk);
u=kmod?2

This is a left ideal of A. Note that

Hy,;j =0 whenever k < j. (32)

Example 8.3. We have

H7z= Y, As =As]+As! +AsS and
ue(3,7);
u=7mod 2
Hzp= Y, As) =As{+As! +As],
ue2,7);
u=7mod 2

so that Hy, = Hy3. Similarly, Hy 4 = Hy5 = Asy + As} and Hy = Hy7 = As;.
Let us prove some basic properties of the left ideals Hy ;:

Remark 8.4. Let k be an integer such that k ¢ [n —1]|. Let j € [n] satisfy j < k.
Then, Hy; = A.

Proof. Since k ¢ [n — 1], we have s;” = 1 (by the definition of s;). Also, k € [j, k]
(since j < k).
Recall that Hy; is defined as the sum Y  As;. But this sum contains the
uglfg{lcc)]éZ
addend As;" (since k € [j,k] and k = kmod2). Hence, Y Asf DA s/ =
uzfr[{{ﬁ]éz \:T
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Al = A. Now,
Hij= ), As DA,
ueljkl;
u=kmod 2
so that Hy ; = A. This proves Remark O

| Lemma 85. Let k and j be two integers. Then, Hy; C Hy; 1.

Proof. Definition 8.2 yields Hy; = ¥ As) and Hy;1 = Y As,. But
ueljk; uelj—1,kl;
u=kmod 2 u=kmod 2

clearly, any addend of the former sum is an addend of the latter sum as well (since

each u € [j, k| satisfies u € [j,k] C [j —1,k]). Thus, the former sum is a subset of
the latter. In other words, Hy; C Hy ;1. This proves Lemma O

Lemma 8.6. Let v, w and j be three integers such that v < w and v = wmod 2.
Then, Hv,j g Hw,j-

Proof. Definition [8.2] yields

H,j= ), 6 As} and (33)

ueljvl;
u=vmod 2

Hyj= ), As,. (34)
u€ljwl;
u=wmod 2
However, each u € [j, v] satisfying u = vmod 2 is also an element of [j, w] (since
u < v < w) and satisfies 1 = wmod 2 (since u = v = wmod 2). Thus, any addend
of the sum Y  As; is also an addend of the sum Y  As;. Therefore,

u€lj,v); u€ljwl;
u=vmod 2 u=wmod 2
the former sum is a subset of the latter sum. In other words, Y Asf C
uelj,o
uzvgm]dZ
Y. Asl. In view of and , we can rewrite this as H,; C Hy,;. This
ueljw;
uzw[inodz
proves Lemma O
Lemma 8.7. Let k and j be two integers such that k = jmod2. Then, Hy; 1 =
Hy,.
Proof. Definition [8.2] yields
Hej= Y, Asf and (35)
u€ljkl;
u=kmod?2
Hk,]',1 = Z AS;_. (36)
uej—1,kl;

u=kmod?2
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However, each element u € [j, k| satisfying u = kmod?2 is also an element of
[j —1,k] (since u € [j,k] C [j —1,k]). Conversely, each element u € [j — 1, k| sat-
isfying © = kmod 2 is also an element of [}, k| (since otherwise, it would equal
j—1, so that we would have j — 1 = u = k = jmod 2, but this would contradict
j—1 # jmod?2). Therefore, the elements u € [j —1,k| satisfying u = kmod?2 are
precisely the elements u € [j, k| satisfying u = kmod 2. In other words, the sum on
the right hand side of ranges over the same set as the sum on the right hand
side of (35). Therefore, the right hand sides of the equalities and are equal.
Hence, their left hand sides must also be equal. In other words, Hy ; 1 = Hy ;. This
proves Lemma 8.7 O

The following easy property follows from Lemma

Lemma 8.8. Let i, u,v € [n] be such that i < u < v. Then,

sf(i=v)=({I=0)s] |

Proof. We have u € [n—1] (since u < v <mnand u >i>1)and thuss;} =s, + 1.
Also,u >i>1,sothatu—1>0. Hence,u—1€ [n—1|(sinceu—1<u<ov<n
and # — 1 > 0) and thus s} ; =s,_1 + 1. Hence,

si (i=v)—(i=0v) s/,
—— —~—
=s5,+1 =5, 1+1
=Gu+1)(i=v)—(i=0v)(sy-1+1)
=s,(i=v)+(i=v)— (I=v)s,-1— (I =0)
=s,(i=v)—(i=v)sy_1=(=7v)s,1— (= v)s,-1 =0.
—_—

=(i==>0)s,_1

(by Lemma3.7)
Thus, s;f (i = v) = (i => v) s ;. This proves Lemma O
Let us also derive a simple consequence from Corollary

Lemma 8.9. Let j € [2,n]. Then,

st (b= (t1=1)) =0.

Proof. From j € [2,n], we obtain j — 1 € [n — 1]. Hence, the definition of s]tl yields
S]_'tl = ijl +1=1 —|—S]',1.
Corollary (applied to £ = j—1) yields tj 1 = 1+5; 1t(j_1)41 = 1+5j 1t
(since (j —1) +1 =j). Thus, t; 1 —1 = s;_1t;, so that
t]' — &1 — 1) = t]' — ijltj = (1 — ijl) t]'.
~—
=sj-1l;j
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Thus,
st (= (=) = (L4spa) (1=sja) £ =0.
(since @) yields s7_;=id=1)
This proves Lemma O
8.2. The fuse

The next lemma will help us analyze the behavior of the ideals Hy ; under repeated
multiplication by ¢;’s:

Lemma 8.10. Let j € [n] and k € [n + 1] be such that j < k. Then:
(@) If k # jmod 2, then s,‘:t]- € Hy_1.

(b) If k = jmod 2, then s;” (tj — 1) € Hy_1,.

Proof. If k = n + 1, then both parts of Lemma hold for fairly obvious reason
Hence, for the rest of this proof, we WLOG assume that k # n + 1. Therefore,
ke n+1]\{n+1} = [n], so that k < n.

Recall that Hy_1; is a left ideal of A, therefore an additive subgroup of A.

We have j < k, so that j <k —1. Hence, k —1 € [j,k —1].

The definition of Hy_1; yields

kalrj = Z ASLT. (37)
ueljk—1J;
u=k—1mod?2

Since As; , is an addend of the sum on the right hand side here (because k — 1 €

i,k —1] and k — 1 = k — 1mod 2), we thus conclude that As;” | C Hy_1.
Proposition 4.1] yields

n

=Y (=w).

w:]

3Proof. Assume that k = n+1. Then, k—1 =n ¢ [n—1] and j < k—1 (since j < k), so
that Hy_1; = A (by Remark applied to k — 1 instead of k). Thus, both elements sk+ t; and

;,jlgj - 1(3 belong to Hi_1j (since they both belong to A). Therefore, both parts of Lemma
old. Qed.
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Hence,

H—st Y (= w) = Y st (= w)

Sk . .
w=j w=j
k n
:Z.s;(j:>w)—|— Y, sf (= w) (since j < k < n)
w=J g ) w=k+1 st
ko (by Lemma (8.8
=s{ wZ:j(]:>w) si};lce j<k<
k n
=5 L (=w+ ), (=w)s, (38)
w=j w=k+1

We now need a better understanding of the sums on the right hand side. For this
purpose, we observe that every w € [j, n — 1] satisfies

(=w+ ((=wtl) =({=w)+(= w)so
~————
=(j=w)sw
(by Proposition [3.3 (b))

=(j=mw) (+s) =({=w)sy
———
=sp+1=s3

(by the definition of s;}))
€ As;. (39)

(a) Assume that k # jmod 2. Thus, the integer k — j is odd, so that k —j+ 1 is
even.
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Now,

k

Y (=w)=(G=N+((=j+D)+(=j+2)+ -+ (=5

w=]

== N+({=j+1)

(.

eXs;’
(by BN
+((=j+2)+(j=j+3))
EAs]f‘_2
(by B9)
+t({((=j+4)+(=j+5))
€A5j++4
(by G
+ (= k-1)+(j=k))
€As;
(by (%)

( here, we have split our sum into pairs of

consecutive addends, since k — j + 1 is even )

+ + + + _
EAS]- +Asj+2—|—Asj+4+---+Ask_1—

u=k—1mod 2

= Hy_1,j (by (7))

Now, becomes

n

k
s,‘ftj:s]jZ(j:w)%— Z (= w)s; ,

w=j

w=k+1

N et \CHi

€siHe1j+ ), Hi1jC Heqj

€H1,j

n

w=k+1

This proves Lemma ().

(b) Assume that k = jmod 2. Thus, the integer k — j is even.

(since Hi_ j is a left ideal of A) .
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Now,

k
Zl(j=>w>=(j=>j+1>+(j=>j+2)+(j=>j+3)+---+(j=>k)
w=j+

=((=j+)+({=j+2)

. J/

(by G%)
(= j+3)+ (= j+4)
EAsjt_3
(by )
+((=j+5+(=j+6))
EAs]tr5
(by B9
+ (= k-1)+(j=k))
€As;
(by B9
here, we have split our sum into pairs of
consecutive addends, since k — j is even
€ Asiy TAsl T Asis T TASL = ), Asy
ueljk—1J;
u=k—1mod 2
—Hey by D). (40)
But
k k
Li=w) ==+ ), (=w)
w=j —~ w=j+1

=id=1
here, we have split off the
addend for w = j from the sum

k
=1+ ) (=w).
w=j+1
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Now, becomes

k n
s,jt]-:s,j Z (= w) + Z (= w)s; ,
w=j w=k+1
_\/_/
14 5 (=)
w=j+1
k n
=s;(1+ ). (=w |+ ), (=ws,
w=j+1 w=k+1
k n
=si+sf )Y, (=w+ ) (=ws,.
w=j+1 w=k+1

Subtracting s;” from both sides of this equality, we find

k n

siti—sp=s{ ) (=w)+ ) (j=w)s,
w=j+1 W=k 1 ~—————
~ g o €As; | CHy
€Hy_1

(by (@0))
n

w=k+1

C Hy_y, (since Hy_1,; is a left ideal of A).

Hence, s;" (t; — 1) = s;°t; — s € Hy_1,;. This proves Lemma (b). O
From Lemma and Lemma we can easily obtain the following;:

Lemma 8.11. Letj € [2,n] and u € [n] besuch thatu > j—1and u = j — 1mod?2.
Then,

sy (tj— (ti-1—1)) € Hyaj.

Proof. If u = j — 1, then this follows from

sty (t—(ti1—1)) =0 (by Lemma 8.9))

€ Hj—1)-1;

s,

- is a left ideal) )

(since Hij 1)1,

Thus, for the rest of this proof, we WLOG assume that u # j — 1. Combining this
with u > j—1, we obtain u > j — 1. Therefore, u > (j — 1) +1 = j. Moreover, u # |
(since u = j —1 # jmod?2). Combining this with u > j, we obtain u > j. Thus,
uz>j+1

Also, from j € [2,n], we obtain j —1 € [n—1] C [n]. From u > j, we obtain
j < u. Moreover, u = j —1 # jmod 2. Hence, Lemma [8.10] (a) (applied to k = u)
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yields s,/ t; € H,_yj (since j < u). Furthermore, Lemma (b) (applied to u and
j — 1instead of k and j) yields s} (tj_1 —1) € H,_1,j1 (since u = j —1mod2 and
j—1<j<u). Moreover, H, 1; C H, 1,1 (by Lemma applied to k = u — 1).
Finally, from u = j —1mod2, we obtainu —1 = (j—1)—1=j—2 = jmod 2.
Hence, Lemma [8.7] (applied to k = u — 1) yields H,_1; 1 = Hy_1.
Altogether, we now have

sy (= (t-1—1)) = sqtj — sy (t1—1) € Hyoqj— Hy1,; € Hyn)j
~ ————
eIiufl,j 6Iqufl,jflzliufl,j
(since Hy 1 is a left ideal of A). This proves Lemma [8.11} O
Using Lemma with Lemma (a), we can obtain the following;:

Lemma 8.12. Let j € [n] and k € [n + 1] be such that 1 < j < k and k = jmod 2.
Then,
s¢ [ti-14j] € Hiay

Proof. From j € [n] and 1 < j, we obtain j € [2,n]. Thus, j—1 € [n —1].
Hence, (applied to i = j — 1) yields

] = tia (4= (2 —-1)). (41)
Multiplying this equality by s;" from the left, we obtain
s¢ [t = st (b= (2 - 1)) (42)

However, k —1 = j — 1mod 2 (since k = jmod 2). Furthermore, we have j — 1 &
m—1] C[nand j—1 < j < kand k = # j— 1mod2. Thus, Lemma [8.10| (a)
(applied to j — 1 instead of j) yields

sition € Heopjor= ), Asy (by the definition of Hy_qj_1) .
uelj—1k-1j;
u=k—1mod 2

In other words, we can write sl‘: ti_1 in the form

sctioi= Y, ausy, (43)
uelj—1k-1j;
u=k—1mod?2
where a,, € A is an element for each u € [j — 1,k — 1] satisfying u = k — 1mod 2.
Consider these elements a,. Now, becomes

sp lti-ut] =5t (b= (H-1-1))

= Y sy | (4= (ti1—1)) (by (@3))
uelj—1k-1J;
u=k—1mod?2

= Z ausj[ (t] - (tj—l - 1)) . (44)
uelj—1k-1j;
u=k—1mod2
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However, every u € [j — 1,k — 1] satisfying u = k — 1 mod 2 satisfies
sy (tj— (tio1 —1)) € He_o- (45)

[Proof of (@5): Let u € [j — 1,k — 1] be such that u = k — 1mod 2.

We have j € [2,n]. Moreover, u € [j—1,k—1] shows that u > j—1 and u <
k—1 < n (since k <n+1). Thus, u € [n] (since u < n). Furthermore, u =k —1 =
j—1mod?2. Thus, Lemmayields st (ti— (tj1—1)) € Hyq ).

However, from u < k—1, we obtain u —1 < (k—1) — 1 = k — 2. Moreover, from
u =k—1mod2, we obtain u —1 = (k—1) —1 = k—2mod2. These two facts
entail H, 1; C Hy 5, (by Lemma applied to u — 1 and k — 2 instead of v and
w).

Hence, s,; (tj — (tj-1 — 1)) € H,_1,j C Hi_2. This proves .]

Now, becomes

s vt = ), msi (G-(a-D)e ) auHio; C Heo,
i—1k—1]; g d i—1,k—1];
Zglgl—l mod]Z €Hy o ZEIEI— 1 mod]Z
(by @5))
(since Hy_; is a left ideal of A). This proves Lemma W O

Lemma 8.13. Let i,j € [n] and k € [n+ 1] be such that i < j and k = jmod?2.
Then,
Hyj [ti tj] € Hi_a.

Proof. This is obvious for i = j (since we have [t;,t;] = [tj,t;] = 0 in this case).
Thus, we WLOG assume that i # j. Hence, i < j (since i < j). Therefore, 1 <1i < j.
Set a :=s;s;y1--5j_p. We have i < j. Thus, Lemma 7.3| (b) yields

[tirtj] = (sisiza---sj-2) [tj-1. 4] = a [tj-1, 4]

~\~
=a

However, it is easy to see that

sha=as} for each u € [j,k]. (46)

[Proof of (46): Let u € [j, k]. We must prove that s;fa = as,; .

If u ¢ [n—1], then s; = 1 (by the definition of s;/), and thus this claim boils
down to 1a = al, which is obvious. Thus, we WLOG assume that u € [n —1].
Hence, s = s, + 1.

However, from u € [j, k], we obtain u > j. Hence, j < u, so that j —2 < u — 2.
Thus, each of the integers i,i +1,...,j — 2 has a distance larger than 1 from u.
Hence, each of the transpositions s;,s;;1,...,5;_» commutes with s, (by reflection
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locality). Therefore, the product s;s;y1---s; 2 of these transpositions also com-
mutes with s,. In other words, a commutes with s, (since 4 = s;s;11---sj»). In
other words, s,a = as,,. Now,

sy a=(sy+1)a=sa +a=as,+a=a(s,+1)=as,.
N~ N~~~ N——
=s,+1 =asy :SLT

This proves (46).]
Using (46), we can easily see the following: For each u € [j, k| satisfying u =

kmod 2, we have
sa [tistj] € Hy_aj- (47)

[Proof of (@7): Let u € [j, k] be such that u = kmod2. From (46), we obtain
s;'a = as;l. Hence,

S;— [ti, t]l ZS\J;LZ/ [t]'_l, t]} = EISZ_ [t]'_l, t]} . (48)
—aftj 1] =osi

However, u € [j,k] C [k] C [n+1]and 1 < j < wuand u = k = jmod2. Thus,
Lemma (applied to u instead of k) yields s;; [t]-,l, t]-] € H, 5.

Furthermore, u —2 < k—2 (since u < k) and u —2 = k —2mod 2 (since u =
kmod 2). Hence, Lemma 8.6 (applied to v = u — 2 and w = k —2) yields H,_,; C
Hy o
Now, becomes

sy [t tj] = asy [tj-1,tj] € aHy_p; C Hy o (since H,,_, is a left ideal)
—_——
GHM,Q,]‘
C Hy .
This proves ({@#7).]
Now,
H, o] =| X Asi|[tt]= ) Asy[tt]
—~ u€(jkl; u€(jkl; —
= )y As;f u=kmod 2 u=kmod 2 EHp
u€ljkl; (by @7))
u=kmod 2

(by the definition of Hy ;)

c ) AHy 5 C Hig

ueljk);
u=kmod?2

(since Hy_ is a left ideal). This proves Lemma O
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Ifi,j € [n] and k € [n + 1] are such that i < j and k = jmod 2, then we can apply
Lemma recursively, yielding
Hy; [ti tj] € Hi—a,
2
Hk,j [ti, t]] g Hk_4,j,
3
Hk/]- [t,-, f]'] - Hk—6,]'/

Eventually, the right hand side will be 0, and thus we obtain Hy [t;, t]-}s = 0 for
some s € IN. By picking k appropriately (specifically, setting k = n or k = n +1
depending on the parity of n — j), we can ensure that Hy; = A, and thus this
equality Hyj [t; tj]” = 0 yields [t;,#;]° = 0. Thus, Lemma @I “lays a fuse” for
proving the nilpotency of [t;, t;]. We shall now elaborate on this.

8.3. Products of [ti, t]-] 's for a fixed j

Lemma 8.14. Let j € [n] and m € IN. Let r be the unique element of {n,n+1}
that is congruent to j modulo 2. (That is, r = " Hn=j ‘mo
n+1, otherwise.

Let i1, ip,...,im be m elements of [j] (not necessarily distinct). Then,

(i, t] [ty t] - [tir tj] € Hi—om,j-

Proof. We induct on m:
Base case: We have r > n (by the definition of r), so that r ¢ [n—1] and j < r
(since j < n < r). Hence, Remark 8.4 (applied to k = r) yields H, ; = A. Now

[til, t]] [tiz, t]] R [tio’ t]] = (empty pI‘OdU.Ct) =1 A= Hr,j = Hrf2'0,j

(since r = r — 2-0). In other words, Lemma is proved for m = 0.
Induction step: Let m € IN. Assume (as the induction hypothesis) that

[t ] [t t] - [t tj] € Hy—om, (49)
whenever i1, 1, ..., i, are m elements of [j]. We must prove that
(i ] [t ] - - [tiar ti] € Hroomin),j (50)

whenever i1,1,...,i,4+1 are m + 1 elements of [j].
So let iy, iy, ..., i1 be m 41 elements of [j]. We have r —2m = r = jmod 2 (by
the definition of r) and i,,.1 € [j] C [n] and i,,11 < j (since iy,4q1 € [j]). Hence,
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Lemma (applied to k = r —2m and i = iy,41) yieldsﬂ
Hr—Zm,j |:tim+1lt]':| - Hr—Zm—Z,j-

Now,

i bl L b g L N b Do Y] Wi Y1) 7 i
(i, ti] [t ti] - [ty 00 E] \([t ti] [t ti] - [t t})J [t 1. t]

-~

eI_Ir—Zm,j

(by (9))
€ Hy_om,j [ti, 1] € Hr—om—2j = H, 5(m+1),j

(since r —2m — 2 = r — 2 (m + 1)). In other words, holds. This completes the
induction step. Thus, Lemma is proved. O

We can now prove our first main result:

Theorem 8.15. Letj € [n] and m € N be such that 2m > n—j+2. Let iy, ip,...,im
be m elements of [j] (not necessarily distinct). Then,

[t ti] [tip t] - [t tj] =0

Proof. Let r be the element of {n,n + 1} defined in Lemma Then, r < n-+1,
so that

ro— 2m, <(n+1)—(n—j+2)=j—-1<].
<n+l >n—j+2

Thus, H,_2,,; = 0 (by ). But Lemma yields
(i, ti] [t ti] - - [t ti] € Hy—am,; = 0.
] ] ] ]

In other words, [t;,, t]-] (£, t]-} [t t]-] = 0. This proves Theoremm O

/2]+1

8.4. The identity [t;, t]] (=) =0 for any i,j € [n]

4Strictly speaking, this argument works only if r — 2m € [n + 1] (since Lemma requires k €
[n +1]). However, in all remaining cases, we can get to the same result in an even simpler way:
Namely, assume that r —2m ¢ [n+1]. Thus, r — 2m is either < 0 or > n + 1. Since r —2m
cannot be > n + 1 (because r — 2 \ﬂi/ < r < n+1), we thus conclude that r — 2m < 0. Hence,

>0
r—2m <0 < j and therefore H, 5,,; = 0 (by ). Hence,

Hr—Zm,j I:tim+1/tjj| =0¢ Hr—2m—2,j-
-’

=0
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Lemma 8.16. Let i,j € [n] and m € IN be such that 2m > n—j+2and i < j.
Then, [t;, t]-]m = 0.

Proof. We have i € [j] (since i < j). Hence, Theorem (applied to iy = i)
yields [t;, t;] [ti,tj] - - - [ti,£j] = 0. In other words, [t;, t]-}m = 0. This proves Lemma

- 7
-~

m times

3.16) H

Corollary 8.17. Let i,j € [n] and m € IN be such that 2m > n —j+ 2. Then,
ti,t;]" =0.

Proof. 1f i < j, then Corollary follows directly from Lemma Thus, we
WLOG assume that we don’t have i < j. Hence, i > j.

Therefore, j < i, so that j < i. Moreover, 2m > n— j +2 > n —i+ 2. Hence,
~——
<i

we can apply Lemma to j and i instead of i and j. We thus obtain [t;, ;]

0. However, [t;,tj] = — |t;,t;] (since any two elements a and b of a ring satisfy

[a,b] = —[b,a]). Hence, [t;,t;]" = (= [t;,ti])" = (=1)" [t;,;]" = 0. This proves
T/

Corollary O

Corollary 8.18. For any x € R, let [x] denote the smallest integer that is > x.
Leti,j € [n]. Then, [t,]/" /21" —o.

m_

Proof. Wehave2 | [(n—j)/2]4+1 | >2((n—j)/2+1) = n—j+ 2. Thus, Corol-
\/_/

>(n—j)/2
lary 8.17| (applied to m = [(n — j) /2] + 1) yields [t;, ;] (=727 _ 0. This proves
Corollary [8.18| O

8.5. Can we lift the iy,1,...,i, € [j] restriction?

Remark 8.19. Theorem does not hold if we drop the iy,ip,...,im € [j] re-
striction. For instance, for n = 6 and j = 3, we have

[tl, t3] [t5, tg] [t4, t3] [tl, tg] 7é 0 despite 2:4>n— ] + 2.

Another counterexample is obtained for n = 4 and j = 2, since [f3, t5] [t1, t2] # 0.

Despite these counterexamples, the restriction can be lifted in some particular cases.
Here is a particularly simple instance:
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| Corollary 8.20. Assume that n > 2. Let u,v € [n]. Then, [ty, t,_1] [to, tn—1] = 0.

Proof. We are in one of the following three cases:

Case 1: We have u = n.

Case 2: We have v = n.

Case 3: Neither u nor v equals n.

Let us first consider Case 1. In this case, we have u = n. Hence, t, = t, = 1 and
thus [t,, t,—1] = [1,t,—1] = 0 (since [1, x] = 0 for each x). Hence, [ty, t,—1] [to, tn—1] =

SN———’

0. Thus, Corollary is proved in Case 1. '

A similar argument proves Corollary in Case 2.

Let us now consider Case 3. In this case, neither u nor v equals 7. In other words,
u and v are both # n. Thus, u and v are elements of [n] \ {n} = [n —1]. Hence,
Theorem (applied to j = n—1and m = 2 and (i, ip,...,im) = (u,v)) yields
[tu, tn—1] [to, ty—1] = 0 (since 2-2 =4 >3 = n — (n — 1) +2). Thus, Corollary [8.20]
is proved in Case 3.

We have now proved Corollary in all three Cases 1, 2 and 3. O

Proposition 8.21. Assume that n > 3. Then:
(a) We have [t;, t,—2] [Sn—1,5n—2] =0 foralli € [n —2].
(b) We have [t;, t, 2] [th—1,tn—2] =0 for all i € [n].

(c) We have [ty, ty—2] [to, tn—2] [tw, tn—2] = 0 for all u, v, w € [n].

Proof sketch. (a) This is easily checked for i = n —3 and for i = n — 2. ﬁ In all
other cases, Lemma (b) lets us rewrite [t;,t,-2] as (5iSijt1- - Sn—4) [tn—3,tn—2],
and thus it remains to prove that [t,_3,t,_2] [Sy—1,5n—2] = 0, which is exactly the
i = n — 3 case. Thus, Proposition (a) is proved.

(b) This is easily checked for i = n — 1 and for i = n. In all other cases, we have
i € [n— 2], and an easy computation shows that [t,,_1, t,—2] = [Sp—1,5n—2] (1 +5,-1),
so that the claim follows from Proposition (@). Thus, Proposition (b) is
proved.

(c) Let u,v,w € [n]. We must prove that [t,, t,—2] [tv, tn—2] [tw, tn—2] = 0. If any of
u,v,w equals n, then this is clear (since t, = 1 and thus [t,, t,—2] = [1,t,-2] = 0).
Thus, WLOG assume that u,v,w € [n —1].

If v =n—1, then [ty, th—2| [to, tu—2] = [tu, tn—2] [tn—1,tn—2] = O (by Proposition
(b)), so that our claim holds. Likewise, our claim can be shown if w = n — 1.
Thus, WLOG assume that neither v nor w equals n — 1. Hence, v,w € [n —2].

SIndeed, the case of i = n — 2 is obvious (since [th—2,tn—2] = 0). The case of i = n — 3 requires some
calculations, which can be made simpler by checking that [t,_3,f,_2] is an element a € k[S,]
satisfying a = as,_» = as,_1. (Explicitly, [t,_3,t,—2] = (1 —s,—2) Sy—3b, where b is the sum of
all six permutations in S, that fix each of 1,2,...,1n —3.)
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Therefore, Theorem shows that [t,, t,—2] [tv, tn—2] = 0, which yields our claim
again. This proves Proposition (c). O

9. The identity [t;, ] =0 for all i < |

We now approach the proof of another remarkable theorem: the identity [t;, t]} =

0, which holds for all i,j € [n] satisfying i < j. Some more work must be done be-
fore we can prove this.

9.1. The elements y;; for i € [j — 1]

We first introduce a family of elements of the group algebra k [S,].

| Definition 9.1. Set A = k [S,].

Definition 9.2. Let j € [n], and leti € [j—1]. Then, j—1 > 1 (since i € [j — 1]
entails 1 <i < j—1),so that j — 1 € [n]. Hence, the elements (i = j—1) € S,
and t;_1 € k[S,] are well-defined.

Now, we define an element

Hij = (Z — ] — 1) t]'_l € A.

Lemma 9.3. Let j € [n], and let i € [j — 1]. Then,

[ti/ t]} = (l — ] — 1) [tjfl, t]} (51)
= Wi (t]' —tji1+ 1) . (52)

Proof. From i € [j—1], weobtain 1 <i < j—1,sothatj—1> 1. Thus, j—1 €
[n —1] (since j — 1 < j < n). Hence, (applied to j — 1 instead of 7) yields
ti—ttim1a] = tio1 (b — (-1 - 1))
Since j — 1+ 1 = j, we can rewrite this as
tut] =t (= (1 -1)). (53)
We have i < j — 1. Hence, Proposition 3.2] (applied to v = i and w = j — 1) yields
(i=j—1) =siSit1""S(j-1)-1 = SiSi+1" " Sj-2- (54)
However, i < j—1 < j. Thus, Lemma [7.3] (b) yields

[ti ti] = £5i5i+1 - 'Sj—ZZ ti-uti] = ((=j—-1) [tj-1t].

=(i=>j-1)

(by 9)
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This proves (5I). Furthermore,

titj] = (i=j—1) [i‘f,i] = (i:>]: 1)t (t; — (ti:1 —1))/
- f’l((gy_ 1_1) (by the definihon of i) it
= pij (t—ti1+1).
This proves (52). Thus, Lemma [9.3]is proved. O

Lemma 9.4. Let R be a ring. Let 4,b,c € R be three elements satisfying ca = ac
and cb = bc. Then,
c[a,b] = [a,b]c.

Proof. The definition of a commutator yields [a, b] = ab — ba. Thus,

c la,b] =c(ab—ba)= ca b— cb a=a_cb —b_ca
g =~ =~ =~

=ab—ba =ac =bc =bc =ac
= abc — bac = (ab—ba)c = [a,b]c.
—_——
=[ab]
This proves Lemma O

Lemma 9.5. Let 7, j, k € [n] be such that i < k < j — 1. Then,

[t tj] pej = i [t tja] -

Proof. Wehave j—12>j—1>k > i. Thus, Lemma[3.5 (applied tok,j—1and j—1
instead of j, v and w) yields

N—
=j—2

=(i=j—-1)(k=j—-2). (55)

ktl=j-1)(i=j-1)=(=j-1) [k=(-1)-1

From i < j—1, we obtain i < j—2 and thus i € [j—2] C [j —1]. Likewise,
ke [j—1] (since k < j—1).
Furthermore, Proposition 3.3/ (b) (applied to v = k and w = j — 1) yields

k=j-1)=(k=(G-1)—1)s;-1—1 (since k < j—1)
= (k — ] — 2) §j—2 (56)

(since (j —1) —1 = j — 2). The same argument (applied to i instead of k) yields
(i=j-1)=({=j]—-2)si2 (57)
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(since i < j—1).
We have k < j—2 (since k < j—1)and j—2 < j. Thus, (8) (applied to k and j — 2
instead of 7 and k) yields

(k:>j—2)tj:tj(k:>j—2). (58)

Furthermore, we have k < j—2and j —2 < j— 1. Thus, (8) (applied to k, j — 2
and j — 1 instead of i, k and j) yields

(k:>]—2) tjflztjfl (k:>]—2) (59)
The same argument (but using 7 instead of k) shows that
(i=j-2)tia=ti1(i=j—-2) (60)

(sincei < j—2).
From and (59), we obtain

(k = ] — 2) [t]',l, t]} = [tjfl, t]} (k = ] — 2) (61)

(by Lemma 9.4, applied to R=A,a =t; 1, b=t;and c = (k = j - 2)).
Now, the definition of y ; yields py; = (k = j — 1) t;_1. Hence,

[t t] Mk j
—— ~—
:(l:>]—1) [i’j,l,t]‘] :(k:>]‘_1)t]'71
(by (1))
= (Z — ] — 1) [t]'_l,t]'] (k — ] — 1lt]'_1
I(k:>j—2)5j_2
(by (6))

= (l — ] — 1) [tjfl, t]] (k =50 ] — 2) ijztjfl

(.

:(k:>]—2) t]'—lrtj]
(by (61))
= gl -] — 1) (k =] — 22 [t]'_l, t]} Sj—2tj—1
(ke 1=j—1) (i=j—1)

(by G5)
= (k +1l=j— 1) (l == ] — 1) [t]'_l, t]] Sj—2tj—1
—_——

:(l':>]'*2)s]',2
(by 67
=(k+1=j—1)(i=j—2)sj2 [tj1,tj] s 2tj1. (62)
Next, we shall simplify the product s;j_, [tj_1,t;] sj_»tj_1 on the right hand side.
Lemma [7.3] (b) (applied to j — 2 instead of i) yields that

[t]‘_z, i']] = <Sj_2S(j_2)+1 s S]'_2> [t]'_l, t]] (since ] -2< ])

(. J

=sj_2

= S]'_z [i’]'_l, t]} . (63)
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Furthermore, i < j—2,so that j —2 > i > 1. Combining this with j —2 <#n —2
(since j < n), we obtain j — 2 € [n —2] C [n — 1]. Hence, Corollary 4.2] (applied to

{=j—2)yieldst;i o =1+sj 2t 241 =1+sj2tj_1. Hence,
——

:t]—l

f]'_z —1= Sj—2tj—1- (64)
Multiplying the equalities and together, we obtain
t-2j] (t2 = 1) = sj2 [tj-1, 1] sj-atj1. (65)
On the other hand, Corollary [6.3| (applied to i = j — 2) yields
[t]'_z, t]'_z_,_z} (t]'_z — 1) =ti o4 [t]'_z, tj—2—|—1} (since j—2¢ [Tl — 2]) .

Inviewof j =242 =jand j —2+1 = j — 1, we can rewrite this as

2] (2= 1) =t [t2 ] -
Comparing this with (65), we obtain
sj-2 (-1 4] sj-2tj1 = tj1 [t 8]
Hence, becomes
[tirt] i = (k+1 = j=1) (= j—=2)sj2 [tj-1,tj] 5j-2tj1

-~

—aly 2]

= (k +1 = ] — 1) Sl — ] — 2) t]',11 [tjfz, t]',l}

:fj—l(ivzﬁ'—z)
(by (0
=k+1=j-1tji1(i=j—2) [tj-2, tj-1] . (66)

Butk <j—2,sothatk+1 <j—1. Thus, k+1 € [j — 1]. Hence, the definition of

;/lkJrl,]' yields '
Hik+1,j = (k +1=7j— 1) t]'_l. (67)

Furthermore, i <j—2 = (j—1) — 1, so thati € [(j — 1) — 1]. Hence, (applied
to j — 1 instead of j) yields
titia] == (—-1)-1) [t(j—l)—lftjfl}
= (i=-2) [tj-2 tj1] (68)
(since (j — 1) — 1 = j — 2). Multiplying the equalities (67) and (68), we obtain
Hi+1,j [ti, t]'_l] = (k +1=j— 1) f]‘_l (l =] — 2) [t]'_z, t]'_l} .

Comparing this with (66), we obtain [t;,t;] px;j = ps1j [t tj-1]. This proves
Lemma [9.5 [

We can combine Lemma and Lemma into a single result:
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Lemma 9.6. Let j € [n], and leti € [j] and k € [j — 1]. Then, we have

([tistj] prj = 0) or ([ti,t] prj € pe,jA for some £ € [k+1,j—1]).

Proof. 1f i = j, then this holds for obvious reasonsﬂ Hence, for the rest of this proof,
we WLOG assume that i # j.

We have i < j (since i € [j]). Combining this with i # j, we obtain i < j, so that
i <j—1.In other words, i € [j —1].

From k € [j — 1], we obtain 1 < k < j—1, so that j —1 > 1 and therefore j > 2.
Hence, j € [2,n].

We are in one of the following three cases:

Case 1: We have k > j — 1.

Case 2: We have i > k.

Case 3: We have neither k > j — 1 nor i > k.

Let us first consider Case 1. In this case, we have k > j — 1. Combining this with
k<j—1,weobtaink =j—1.

The definition of p ; yields

Vk,j: k :>]—1 t]'—l :S]—l:}]—lzt]_lzt]_l

e ~
(by @))
Hence,
[ti, t]} Hij = [t,‘, t]] tig = 0 (by Corollary .
\t/
=t

Thus, we have ([t;t;] prj=0) or ([ti ti] px; € pejA for some £ € [k+1,j —1]).
This proves Lemma 9.6/in Case 1.

Let us next consider Case 2. In this case, we have i > k. Hence, i > k+ 1.
Combined with i < j—1, this entails i € [k+1,j —1]. Furthermore, shows
that

[tirtj] = pij (1 — b1 +1) € pijA.
€A

We now know that i € [k+1,j—1] and [t;,t;] € p;jA. Therefore, [t; ti] i, €
pe,iA for some £ € [k +1,j — 1] (namely, for £ = i). Thus, we have ([t;, t;] p; = 0)
or ([ti tj] px,j € HeA for some £ € [k+1,j— 1]). This proves Lemma 9.6]in Case 2.

SProof. Assume that i = j. Then, [t;tj] = [tj,tj] = 0 (since [g,a] = 0 for any element
a of any ring). Hence, [t;, tj] prj = 0. Therefore, we clearly have ([ti, t]-} Prj = 0) or
——

([ti, ti] pj € pejA for some £ € [k+1,j — 1]) Thus, Lemma [9.6is proved under the assump-
tion that i = j.
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Finally, let us consider Case 3. In this case, we have neither k > j — 1 nor i > k.
In other words, we have k < j —1and i < k. Thus, i < k < j — 1. Hence, Lemma
yields

[, tj] Hik,j = Hik+1,) [t tj—l} € MHrr1,jA.
W—/
€A

Furthermore, k < j—1, so that k < (j—1) — 1. In other words, k+1 < j—1.
Hence, k+1€ [k+1,j—1].

We now know thatk+1 € [k +1,j — 1] and [t;, t;] pxj € piy1,A. Hence, [t;, 1] pr; €
pe, A for some £ € [k +1,j — 1] (namely, for £ = k+1). Thus, we have ([t;, t;] p; = 0)
or ([t tj] px,; € pejA for some £ € [k+1,j— 1]). This proves Lemma 9.6|in Case 3.

We have now proved Lemma in each of the three Cases 1, 2 and 3. Hence,
this lemma is proved in all situations. O

9.2. Products of [t;,tj]'s for a fixed j redux

For the sake of convenience, we shall restate Lemma [9.6|in a simpler form. To this
purpose, we extend Definition 9.2] somewhat:

Definition 9.7. Let j € [n], and let i be a positive integer. In Definition we
have defined y; ; whenever i € [j — 1]. We now set

pij:=0€A whenever i ¢ [j —1].

Thus, p;j is defined for all positive integers i (not just for i € [j — 1]). For exam-
ple, uj,; = 0 (since j & [j — 1]).

Using this extended meaning of y; ;, we can rewrite Lemma 9.6 as follows:
Lemma 9.8. Let j € [n], and let i € [j]. Let k be a positive integer. Then,

[ti,ti] px; € pejA for some integer £ > k 4 1.

Proof. If k > j, then this holds for obvious reasonﬂ Hence, for the rest of this
proof, we WLOG assume that k < j. Thus, k € [j — 1] (since k is a positive integer).
Therefore, Lemma [9.6] yields that we have

([ti/ t]} “llk,]‘ = O) or ([ti/ t]] ,uk,j - ‘llg,]'A for some ¢ € [k+ 1,j — 1]) .

’Proof. Assume that k > j. Thus, k > j > j—1, so that k ¢ [j — 1] and therefore i = 0 (by
Definition 0.7). Hence,

[t 6] mej =0=piy1,- 0 € gy jA.
il Mkj TN j

5 eA

Hence, [t;, t]-] MK € e A for some integer £ > k + 1 (namely, for £ = k + 1). Thus, Lemma is
proved under the assumption that k > j.




Commutators of somewhere-to-below shuffles, version November 3, 2023 page 42

In other words, we are in one of the following cases:

Case 1: We have [t;, t;] pg; = 0.

Case 2: We have [t;, t;] py; € pg A for some £ € [k+1,j —1].

Let us first consider Case 1. In this case, we have [ti, t]-] Hrj = 0. Hence,
[ti, t]-} prj = 0 = Vk+1,j'\0/_, € Mry1,;A. Hence, [ti, t]} Hkj € HejA for some in-

€A

teger £ > k 41 (namely, for ¢ = k 4 1). Thus, Lemma [9.8|is proved in Case 1.

Let us now consider Case 2. In this case, we haveﬂl,t 1y j € Me;A for some
¢ € [k+1,j—1]. Hence, we have [t;t;] px; € pyjA for some integer £ > k + 1
(because any £ € [k +1,j— 1] is an integer > k + 1). Thus, Lemma [9.§]is proved in
Case 2.

We have now proved Lemma in both Cases 1 and 2. Hence, Lemma is
proved in all situations. O

The next lemma is similar to Lemma and will play a similar role:

Lemma 9.9. Let j € [n]. Let k be a positive integer, and let m € IN. Let iy, i, ..., im
be m elements of [j] (not necessarily distinct). Then,

[tir ti] [tin oo ti] - [ty 1] B € pejA for some integer £ > k + m.

Proof. We shall show that for each v € {0,1,...,m}, we have
[ty ti] [ti, 1, tj] - - [ti, tj] pij € pojA for some integer £ > k + 0. (69)

In fact, we shall prove by induction on v:
Base case: Let us check that holds for v = 0. Indeed,

[t t] [tiga i) - [t ] 1 = piej = 1aj L € pejA
€A

=(empty product)=1

Thus, [t t;] [tiy o ti] - - [ty 8] Jij € oA for some integer £ > k + 0 (namely, for
¢ = k). In other words, (69 holds tor v = 0. This completes the base case.

Induction step: Let v € {O, 1,...,m—1}. Assume (as the induction hypothesis)
that holds for v. We must prove that holds for v + 1 instead of v. In other
words, we must prove that

[ti o ti] [t b - - [ty £] Mij € 1o jA for some integer £ > k+ (v+1).
Our induction hypothesis says that holds for v. In other words, it says that
[ty ti] [ti, 1, tj] - - [ti, tj] pij € pojA for some integer £ > k + 0.
Let us denote this integer ¢ by w. Thus, w > k + v is an integer and satisfies

[tigti] [ti, 0 ti] o [t ] piaj € B jA (70)
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However, w > k+ v > k, so that w is a positive integer. Also, i1 € [j]. Thus,
Lemma 9.8| (applied to i,,1 and w instead of i and k) yields that

[ti,11, 1] Mo, € 1o A for some integer £ > w + 1. (71)

Consider this ¢. Thus, { > w +1>k+v+1=k+ (v+1). Furthermore,

>k+v
Wi b i ] - [t ] ey = [t ] - ([ ) [t 4] - [t 4]) g
=ty ot (Lot [ 1] [ 1) (16)5“’.)
€ [t tj] 1o jA S ﬂ&jéc% C peiA
E]/tg,]‘A -
by ()

Thus, we have found an integer ¢ > k + (v + 1) that satisfies
[t 1ot [tiosti] - - [ty  t] pij € 1o jA. Hence, we have shown that

[ti o ti] [t £ - - [ty £] Mij € 1o jA for some integer £ > k+ (v+1).

In other words, holds for v + 1 instead of v. This completes the induction step.
Thus, is proved by induction on v.
Therefore, we can apply to v = m. We obtain

[tim,t]-} [timqftj] e [ iys ] Hr,j € Mo A for some integer £ > k + m.
This proves Lemma O

Now, we can show our second main result:

Theorem 9.10. Let j € [n], and let m be a positive integer. Let kq, ko, ...,k be
any m elements of [j] (not necessarily distinct) satisfying m > j — k;;, + 1. Then,

[tkl’t :| |:tk2’t :| o [tknz’t].} = 0.

Proof. If ky, = j, then this claim is obviouﬂ Hence, for the rest of this proof, we
WLOG assume that k,, # j. Combining this with k,, < j (since k,, € [j]), we obtain
ky < j. Hence, ky, € [j — 1]. Therefore, (applied to i = ky,) yields

[tir ] = My (5 — tim1 + 1) (72)

8Proof. Assume that k,, = j. Thus, [t ti] = [tj,tj] = 0 (since [a,a] = 0 for any element a of
any ring). In other words, the last factor of the product [y, t;] [tk,,t;] - - - [tx,, t;] is 0. Thus,

this whole product must equal 0. In other words, [ty ] [t,,tj] - - [tk,tj] = 0. This proves
Theorem under the assumption that k,, = j.
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Now, we have m — 1 € IN (since m is a positive integer). Let us define an (m — 1)-
tuple (i1, ip,...,i,—1) of elements of [j] by

(ill iZI ceey im—l) = (km—llkmfZI s /kl)

(that is, iy := kyy—p for each v € [m — 1]). Then, iy, iy, ...,i,_1 are m — 1 elements of
j]. Hence, Lemma [9.9| (applied to m — 1 and &, instead of m and k) yields

[ti 10 t] |:ti(m71)71' tj] <+ [tiy ] pr,,j € pejA for some integer £ > ky, + (m —1).
Consider this /. We have

>j—k+1

so that £ ¢ [j — 1]. Therefore, ys; = 0 (by Definition 9.7). Hence,

[timfl’tj} |:ti(m71)71’t]‘i| T [til’t]} ]/tkm/j < I’lg,] A=0A=0.
—~—
=0
In other words,
[timfl’t]’] |:ti<”171)71/tj:| U [til’tj] ;’lkm,] = 0. (73)
However, from the equality (i1,12,...,iy-1) = (km—1,km—2, ..., k1), we immediately
obtain (im,l,i(m_l)_l,...,il = (k1,ko, ..., kyu—1). Therefore,

[tim—l’t]} |:ti(m—1)—l’tj:| [tﬁ’tﬂ - [tklft]} [tsztf] [tkmfl’t]} :

Thus, we can rewrite (73) as

[tk ti] [t ti] o [t oo t] i = 0. (74)
Now,
[t ti] B ] - Tt ] = [t 4] [ ] - (b, o8] (B 8]
—~—
:aner(tj_tf*1+1)
(by 72))
= [t ] [t bi] o [t o ] P (5= 41 +1) = 0.
(by)
This proves Theorem m O

9.3. The identity [t, 4] =0 for all i <j

As a particular case of Theorem we obtain the following;:
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I Corollary 9.11. Let i,j € [n] be such that i < j. Then, [t;, tj]j_i+1 = 0.

Proof. We have j —i > 0 (since i < j) and thus j —i4+1 > 1. Hence, j —i+1
is a positive integer. Moreover, i is an element of [j] (since i < j) and we have
j—i+12>j—i+1 Hence, Theorem 9.10| (applied to m = j—i+1 and k, = i)
yields [tl’, t]} [i’i, i']} [ti, t]] = 0. Thus, [i’i, i’j}]ilJrl = [tl’, t]} [i’i, i']} [ti, t]] = 0.

J/ J/
-~ -~

j—i+1 times j—i+1 times

This proves Corollary O

10. Further directions

10.1. More identities?

A few other properties of somewhere-to-below shuffles can be shown. For example,
the proofs of the following two propositions are left to the reader:

j—1

Proposition 10.1. We have t; = }_ s;8; 1+ Sk_1 +8iSiy1---sj1tjforany 1 <i <
k=i

j < n.

Proposition 10.2. Let i,j € [n—1] be such that i < j. Then, [t;,tj] =
[Sisiv1 - "Sj—1, Sj] tivit;.

i-1

Proposition 10.3. Set B; := [] (t; — k) for each i € [0,n]. Then, B; = t;B;_1 for
k=0

each i € [n].

We wonder to what extent the identities that hold for ty,f,,...,t, can be de-
scribed. For instance, we can ask:

Question 10.4.

(@) What are generators and relations for the Q-algebra Q [t1,t2,...,t,] for a
givenn € N ?

(b) Fix k € IN. What identities hold for ty,tp,...,t; for all n ? Is there a
single algebra that “governs” the relations between ¢y, 15,13, ... that hold
independently of n ?

(c) If a relation between t1, 1, ..., t; holds for all sufficiently high n > k, must
it then hold for all n > k ?
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We suspect that these questions are hard to answer, as we saw in Remark
that even the quadratic relations between t4,t,...,t, exhibit some rather finicky
behavior. The dimension of Q [t1,t,,...,t,] as a Q-vector space does not seem to
follow a simple rule either (see (1) for the first few values), although there appear
to be some patterns in how this dimension is generate

Another question, which we have already touched upon in Subsection is the
following:

[t ti] [ty £] - - - [ti, tj] = O for all iy, ip, ..., i, € [n] (as opposed to holding only

Question 10.5. Fix j € [n]. What is the smallest # € IN such that we have
for iy, in, ..., i € []] )?

10.2. Optimal exponents?

Corollary and Corollary give two different answers to the question “what
powers of |t;, tj} are 0?”. One might dare to ask for the smallest such power (more
precisely, the smallest such exponent). In other words:

Question 10.6. Given i, j € [n], what is the smallest m € N such that [t;, t;]" =0
? (We assume k = Z here to avoid small-characteristic cancellations.)

We conjecture that this smallest m is min{j —i+1, [(n —j) /2] + 1} whenever
i < j (so that whichever of Corollary and Corollary gives the better bound
actually gives the optimal bound). Using SageMath, this conjecture has been veri-
fied for all n < 12.

10.3. Generalizing to the Hecke algebra

The type-A Hecke algebra (also known as the type-A Iwahori-Hecke algebra) is a defor-
mation of the group algebra k [S,] involving a new parameter g € k. It is com-
monly denoted by H = H, (Sn); it has a basis (Tw),.s, indexed by the permuta-
tions w € S;, but its multiplication is more complicated than composing the index-
ing permutations. We refer to [Mathas99] for the definition and a deep study of this
algebra. We can define the g-deformed somewhere-to-below shuffles t]¢, ¢, ...t
by
t? = TCYCe + TCYCe,zH + TCYC/,€+1,£+2 + -+ T €M

Surprisingly, it seems that many of the properties of the original somewhere-to-
below tq,ty,...,t, still hold for these deformations. In particular:

YCt041,...n

9Namely, for all n < 8, we have verified that the algebra Q [t3, f, .. ., t,] is generated by products of
m somewhere-to-below shuffles with m € {0,1,...,n — 1}, and moreover, only one such product
for m = n — 1 is needed.




Commutators of somewhere-to-below shuffles, version November 3, 2023 page 47

Conjecture 10.7. Corollary and Corollary both seem to hold in ‘H when
the t, are replaced by the ¢7¢.

This generalization is not automatic. Our above proofs do not directly apply to
H, as (for example) Lemma [3.6| does not generalize to H. The H-generalization of
Theorem [5.1 appears to be

gtht 1 = (tﬂ _ 1) tH = H (t? - 1) (75)

(verified using SageMath for all n < 11). (The g on the left hand side is necessary;
the product ¢/ is not a Z-linear combination of 1, t/* and (ifl?{)2 when g = 0.)
Our proof of Theorem [5.1] does not seem to adapt to (75), and while we suspect
that proving won’t be too difficult, it is merely the first step.

10.4. One-sided cycle shuffles

We return to k [S,].

The k-linear combinations Aty + Axty + - -+ + Aty (wWith Aq, Ay, ..., A, € K) of
the somewhere-to-below shuffles are called the one-sided cycle shuffles. They have
been studied in [GriLaf22]. Again, the main result of [GriLaf22] entails that their
commutators are nilpotent, but we can ask “how nilpotent?”.

This question remains wide open, not least due to its computational complexity
(even the n = 6 case brings SageMath to its limits). All that I can say with surety
is that the commutators of one-sided cycle shuffles don’t vanish as quickly (under
taking powers) as the [t;, t;]’s.

Example 10.8. For instance, let us set n = 6 and choose arbitrary
ab,c,dea, b, c,d, e €k, and then introduce the elements

u = aty + bty + ct3 + dty + ets and
W =adt+bt+t3+d'ty+e'ts

(two completely generic one-sided shuffles, except that omit ¢ terms since t5 = 1
does not influence the commutator). Then, 10 minutes of torturing SageMath

reveals that [11,1']° = 0, but [u,1']” is generally nonzero.

Even this example is misleadingly well-behaved. For n = 7, it is not hard to find
two one-sided cycle shuffles u, 1’ such that [u, u]" # 0.

Question 10.9. For each given n, what is the smallest (or at least a reasonably
small) m € IN such that every two one-sided cycle shuffles u, u’ satisfy [u, u']"
07
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