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Abstract. Let D = (V, A) be a digraph with n vertices, where each arc
a € Aisa pair (u,v) of two vertices. We study the Redei—Berge symmetric
function Up, defined as the quasisymmetric function

ZLDes(w,D), n € stm

Here, the sum ranges over all lists w = (wy, wy,...,wy,) that contain
each vertex of D exactly once, and the corresponding addend is

LDes(w,D), n-= Z Xy Xiy =+ X,
i1 <ip <+ <ip;
ip<ipyq for each p satisfying (wp,pr)GA

(an instance of Gessel’s fundamental quasisymmetric functions).

While Up is a specialization of Chow’s path-cycle symmetric function,
which has been studied before, we prove some new formulas that ex-
press Up in terms of the power-sum symmetric functions. We show that
Up is always p-integral, and furthermore is p-positive whenever D has
no 2-cycles. When D is a tournament, Up can be written as a polynomial
in p1,2p3,2ps,2p7, ... with nonnegative integer coefficients. By special-
izing these results, we obtain the famous theorems of Redei and Berge
on the number of Hamiltonian paths in digraphs and tournaments, as
well as a modulo-4 refinement of Redei’s theorem.
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1. Definitions and the main theorems

We begin with introducing the notations, some of which come from
Problem 120]. We use standard notations as defined, e.g., in [Stanle01, Chapter 7]
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and [GriRei20, Chapters 2 and 5].

1.1. Digraphs, V-listings and D-descents

We let N :={0,1,2,...} and P := {1,2,3,...}. We set [n] := {1,2,...,n} for each
n € Z. (This set [n] is empty if n <0.)

The words “list” and “tuple” will be used interchangeably, and will always mean
finite ordered tuples.

We shall next introduce some basic notations regarding digraphs (i.e., directed

graphs):

Definition 1.1. A digraph means a pair (V, A), where V is a finite set and where A
is a subset of V x V. The elements of V are called the vertices of this digraph, and
the elements of A are called the arcs of this digraph. For any further notations,
we refer to standard literature (the definitions in [Grinbel7, §1.1-§1.2] should
suffice) and common sense. (Our digraphs are allowed to have loops, but this
has no effect on what follows.)

Definition 1.2. Let D = (V, A) be a digraph. Then, the digraph (V, (V x V) \ A)
will be denoted by D and called the complement of the digraph D. Its arcs will
be called the non-arcs of D (since they are precisely the pairs (u,v) € V x V that
are not arcs of D).

Example 1.3. If D is the digraph

{123}, {(1,2), (22), 3,3)}),

then its complement D is the digraph

{123}, {(1L1Y), (1L3), 21), (23), (31), (32)}).

Here are the two digraphs, drawn side by side:

<

303)
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Definition 1.4. Let V be a finite set. A V-listing will mean a list of elements of V
that contains each element of V exactly once.

For example, (2,1,3) is a {1,2,3}-listing.

Of course, if V is a finite set, then there are exactly |V|! many V-listings. They
are in a canonical bijection with the bijective maps from [|V|] to V, and in a non-
canonical bijection with the permutations of V.

w; shall denote the i-th entry of w. (Thus, w = (wy,wy, ..., wy), where k is the

Convention 1.5. If w is any list (i.e., tuple), and if i is a positive integer, then
length of w.)

Definition 1.6. Let D = (V, A) be a digraph. Let w = (wj,wy,...,w,) be a
V-listing. Then:

(@) A D-descent of w means an i € [n — 1] satisfying (w;, wi;1) € A.

(b) We let Des (w, D) denote the set of all D-descents of w.

listing (3,1,2). Then, 2 is a D-descent of w (since (wy, w3) = (1,2) € A), but 1is

Example 1.7. Let D be the digraph D from Example and let w be the V-
not a D-descent of w (since (w1, wy) = (3,1) ¢ A). Hence, Des (w, D) = {2}.

Example 1.8. Let n € N, and let V = [n]. Let D be the digraph whose vertices
are the elements of V and whose arcs are all the pairs (i,]) € [n]2 satisfying i > j.
Let w be a V-listing. Then, the D-descents of w are exactly the descents of w in
the usual sense (i.e., the numbers i € [n — 1] satisfying w; > w;1).

We note that D-descents for general digraphs D have already implicitly ap-
peared in the work of Foata and Zeilberger [FoaZei96], which considers the number

majp, w 1= Y. ifor each V-listing w. We would not be surprised if what fol-
i€Des(w,D)

lows can shed some new light on the results of [FoaZei%]|, but so far we have not

found any deeper connections.

1.2. Quasisymmetric functions

Next, we introduce some notations from the theory of quasisymmetric functions
(see, e.g., [Stanle01, §7.19] or [GriRei20, Chapter 5]):

Definition 1.9.

(@) A composition means a finite list of positive integers. If & = (a1, ap, ..., ax)
is a composition, then the number k is called the length of a, whereas the
number a1 + ap + - - - + ay is called the size of a. If n € IN, then a composition
of n shall mean a composition having size n.




The Redei—Berge symmetric functions page 5

(b) A partition (or integer partition) means a composition that is weakly decreas-
ing.

For example, (2,5, 3) is a composition of 10 that has length 3 and is not a partition
(since 2 < 5).

Definition 1.10. Let n € IN. For any subset I of [n — 1], we let comp (I, 1) be the
list

(h —do, o — 11, i3 — 12, ..., I — k1),
where iy, 11, ...,i; are the elements of {0} UI U {n} listed in strictly increasing
order. This list comp (I,n) is a composition of 7.

| Example 1.11. If n = 6 and [ = {2,3,5}, then comp (I,n) = (2,1,2,1).

Note that comp (I, n) is denoted by co (I) in [Stanle0T} §7.19], but we prefer to
make the dependence on n explicit here. In the notation of [GriRei20, Definition
5.1.10], the composition comp (I,n) is the preimage of I under the bijection D :
Comp, — 2[n=1],

For any n € IN, the map

{subsets of [n — 1]} — {compositions of n},
I — comp (I,n)

is a bijection.

Definition 1.12. Consider the ring Z [[x1,x2,x3,...]] of formal power series
in countably many indeterminates xi,xp,x3,.... Two subrings of this ring
Z [[x1,x2,x3,...]] are:

¢ the ring A of symmetric functions (defined, e.g., in [Stanle01, §7.1] or in
[GriRei20), §2.1]);

¢ the ring QSym of quasisymmetric functions (defined, e.g., in [Stanle01, §7.19]
or in [GriRei20), §5.1]).

We will not actually use any properties of these rings A and QSym anywhere
except in Sections [§} [f and [7] (and even there, only A will be used); thus, a reader
unfamiliar with symmetric functions can read Z [[x1, X2, x3,...]] instead of A or
QSym everywhere else.

Definition 1.13. Let « be a composition. Then, L, will denote the fundamental
quasisymmetric function corresponding to a. This is a formal power series in
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QSym, and is defined as follows: Let I be the unique subset of [n — 1] satisfying
« = comp (I,n). Then, we set

Ly = Y. Xi, Xi, - - - X, € QSym
i1 Sip<--<ip;
ip<ipyq for each p€l

(where the summation indices iy, 1, ..., i, range over IP).

See [Stanle(01, §7.19] or [GriRei20, §5] for more about these fundamental qua-
sisymmetric functions L, (originally introduced by Ira Gesselﬂ We will actually
find it easier to index them not by the compositions a but rather by the correspond-
ing subsets I of [n — 1]. Thus, we define:

Definition 1.14. Let n € IN, and let I be a subset of [n — 1]. Then, we will use
the notation Ly, for Leomp(1,1)- Explicitly, we have

Lin= Y. Xi, Xjy - X, € QSym (1)
i1 <ip <+ <iy;
ip<ipyq for each pel

(where the summation indices iy, iy, ..., i, range over IP).
Example 1.15. If n = 3 and [ = {2}, then

Liy =Lz = Y. Xi XXy = Y, Xp XX
i1<ip<i3; i1<ip<i3
ip<ipy1 for each pe{2}

= X1X1X2 + X1X1X3 + - - - + X1X2X3 + X1X2Xg + -+ -+ XpXpX3 + - - - .

1.3. The Redei—Berge symmetric function

We are now ready to define the main protagonist of this paper:

Definition 1.16. Let n € IN. Let D = (V, A) be a digraph with n vertices. We
define the Redei—Berge symmetric function Up to be the quasisymmetric function

Z LDes(w,D), n € stm :

w is a V-listing

INote that the definition of L, given in [GriRei20} Definition 5.2.4] differs from ours. However, it
is equivalent to ours, since [GriRei20, Proposition 5.2.9] shows that the L, defined in [GriRei20,
Definition 5.2.4] satisfy the same formula that we used to define our L,.
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Example 1.17. Let D be the digraph D from Example Then,
Up = Z LDes(w,D), 3
w is a V-listing
= Lpes((1,2,3),0), 3 T Lpes((1,3,2),0), 3 + LDes((2,1,3),0), 3

+ Lpes((2,3,1),0), 3 T Lbes((3,1,2),0), 3 T Lbes((32,1),D), 3
=Ly, 3+ Le,3+Lg 3+ Le 3+ Ly, 3+Lss3

=4 Ly, 3 +  Lpy,s  + Ly, s
N~ N N——
= X XXX = Y XXX = Y xox,x
L XipXipXig
i <ip<iy i<ip<iy U2 L, 12T
=4. Z Xi XiyXiy + Z Xiy XiyXiy + Z Xiy XipXig-
i1<ip<i3 i1<ip<i3 i1 <ip <i3

From this expression, we can easily see that Up is actually a symmetric function,
and can be written (e.g.) as p? + 2p1p2 + p3, where py := x’l‘ + x’z‘ + x§ + .- is
the k-th power-sum symmetric function for each k > 1.

The name “Redei-Berge symmetric function” for the power series Up was chosen
because (as we will soon see) it is actually a symmetric function and is related to
two classical results of Redei and Berge on the number of Hamiltonian paths in
digraphs. In [EC2sup22, Problem 120], it is called Uy, where X is what we call A
(that is, the set of arcs of D); but we shall here put the entire digraph D into the
subscript.

The Redei-Berge symmetric function Up equals the quasisymmetric function
E5 (x,0) from Chow’s [Chow%]ﬂ It also is denoted by 115 in [WisemaO7]E| Several
properties of Up have been shown in [Chow96] and in [Wisema07], and some of
them will be reproved here for the sake of self-containedness and variety. However,
our main results — Theorems [1.31} [1.39|and [1.41|— appear to be new.

Question 1.18. Can these results be extended to the more general functions
Zp (x,y) from [Chow96]?

1.4. Arcs and cyclic arcs

The main results of this paper are explicit (albeit not, in general, subtraction-free)
expansions of Up in terms of the power-sum symmetric functions. To state these,
we need some more notations. We shall soon define cycles of digraphs and cycles
of permutations, and we will then connect the two notions. First, some auxiliary
notations:

%Indeed, this equality follows immediately from [Chow96, Proposition 7], since the quasisymmet-
ric function we call L;,, appears under the name of Q1 in [Chow96], and since our Des (w, 5)
is what is called S (w) in [Chow96].

3Indeed, comparing the definition of Ilp in [Wisema(7, Definition 2.2] with the definition of Ep
in [Chow96)| §2] shows that IIp = Zp (x,0). Thus, II5 = E5 (x,0) = Up (as we already know).
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Definition 1.19. Let V be a set. Let v = (v1,0y, ..., ;) € V¥ be a nonempty tuple
of elements of V.

(a) We define a subset Arcsv of V x V by

Arcsv:= {(v;,vi41) | i€ [k—1]}
= {(v1,02), (v2,03), .-, (Vk-1,04)} 2
CVxV.

This subset Arcs v is called the arc set of the tuple v. Its elements (v;, v; 1)
are called the arcs of v.

(b) We define a subset CArcsv of V x V by

CArcsv := {(v;,vi41) | 1€ [k]}
= {(v1,02), (v2,03), ..., (vk-1,0k), (v, 01)} 3)
CVxV,

where we set vy, := v1. This subset CArcsv is called the cyclic arc set of
the tuple v. Its elements (v;, v;;1) are called the cyclic arcs of v.

(c) The reversal of v is defined to be the tuple (vy, vx_1,...,v1) € V.

Example 1.20. Let V = N and v = (1,4,2,6) € V*. Then,

Arcsv = {(1,4), (4,2), (2,6)} and
CArcsv = {(1,4), (4,2), (2,6), (6,1)}.

Note that if we cyclically rotate a nonempty tuple v € V¥, then the set CArcs v
remains unchanged: i.e., for any (v1,v2,...,0¢) € vk we have

CArcs (v1,vy,...,v;) = CArcs (vp,03,...,0k, V1) .

1.5. Permutations and their cycles

Now, let us discuss permutations and their cycles. We start with some basic nota-
tions:

Definition 1.21. Let V be a finite set. Then, Sy shall denote the symmetric group
of V (that is, the group of all permutations of V).

Note that the order of this group is |Gy | = |V]!.
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Definition 1.22. Let V be a set.

(a) Two tuples v € V¥ and w € V' of elements of V are said to be rotation-
equivalent if w can be obtained from v by cyclic rotation, i.e., if £ = k and
w = (v;,0i41,.-.,0k,01,02,...,0;_1) for some i € [k].

(b) The relation “rotation-equivalent” is an equivalence relation on the set of
all nonempty tuples of elements of V. Its equivalence classes are called the
rotation-equivalence classes. In other words, the rotation-equivalence classes
are the orbits of the operation

(a1, a2, ..., ak) — (az,a3,..., 4, a1)
on the set of all nonempty tuples of elements of V.

(c) The rotation-equivalence class that contains a given nonempty tuple v € V*
will be denoted by v...

For instance, the tuple (1,2,3,4) is rotation-equivalent to (3,4,1,2), but not to
(4,3,2,1). Thus,
(1,2, 3/4)~ = (3,4, 1/2)~ = (4, 3,2, 1)N .

Also,
(1,3,6).=1{(1,3,6), (3,6,1), (6,1,3)}.

Definition 1.23. Let V be a set. Let o be a rotation-equivalence class (of
nonempty tuples of elements of V). Then:

(@) All tuples v € 7 have the same length (i.e., number of entries). This length
is denoted by ¢ (vy), and is called the length of . Thus, if v = v for some
tuple v € VK, then £ () = k.

(b) All tuples v € < have the same cyclic arc set CArcsv (since CArcsv re-
mains unchanged if we cyclically rotate v). This cyclic arc set is denoted
by CArcs 1y, and is called the cyclic arc set of . Thus, the cyclic arc set of a
rotation-equivalence class y = (v1,v,...,0¢) . is

CAresy = {(v1,v2), (v2,03), ..., (Vk—1,%) , (Vk,01)} -

(c) All tuples v € 7 have the same entries (up to order). These entries are
called the entries of . Thus, the entries of a rotation-equivalence class

v = (v1,v2,...,0%). are v1,0y,..., V.

(d) The reversals of all tuples v € < are the elements of a single rotation-
equivalence class rev<y. This latter class will be called the reversal of .
Thus, the reversal of a rotation-equivalence class y = (v1,vy,...,vx) is the
rotation-equivalence class (vg, vg_1,...,71)

~"*
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(e) We say that v is nontrivial if £ () > 1.

For instance, the rotation-equivalence class (3,1,4)_ has length 3, cyclic arc set
{(3,1), (1,4), (4,3)}, and entries 3,1, 4. Its reversal is (4,1, 3) _, and it is nontrivial
(since £((3,1,4).) =3 >1).

Definition 1.24. Let V be a finite set. Let 0 € Gy be any permutation.

(@) The cycles of o are the rotation-equivalence classes of the tuples of the form

where i is some element of V, and where k is the smallest positive integer
satisfying o* (i) = i.
For example, the permutation wy € &) that sends each i € [7] to 8 —i has

cycles (1,7)., (2,6), (3,5). and (4)_. (Note that we do allow a cycle to
have length 1.)

(b) The cycle type of o means the partition whose entries are the lengths of the
cycles of . We denote this cycle type by typec. It is a partition of the
number |V|.

(c) We let Cycs o denote the set of all cycles of .

Example 1.25. Let wy € &[y) be the permutation that sends each i € [7] to 8 — 1.
We have already seen that wy has cycles (1,7)_, (2,6)_, (3,5). and (4)_. Their
respective lengths are 2,2,2,1. Thus, the cycle type of wy is typewy = (2,2,2,1).
We have Cycso = {(1,7)., (2,6)., (3,5)., (4)_}. The first three of the four
cycles (1,7)., (2,6) .., (3,5) and (4) . are nontrivial.

1.6. D-paths and D-cycles

Next, we define paths and cycles in a digraph:
Definition 1.26. Let D = (V, A) be a digraph.

(@) A D-path (or path of D) shall mean a nonempty tuple v of distinct elements
of V such that Arcsv C A.

(b) A D-cycle (or cycle of D) shall mean a rotation-equivalence class y of
nonempty tuples of distinct elements of V such that CArcsy C A.
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We note that our notion of “cycle of D” differs slightly from the common one
used in graph theoryﬂ

Example 1.27. Let D be the digraph D from Example Then:

(@) The pair (1,2) as well as the three 1-tuples (1), (2) and (3) are D-paths.
The triple (1,2,2) is not a D-path (even though it satisfies the “Arcsv C A”
condition), since its entries 1,2,2 are not distinct. The triple (1,2,3) is not
a D-path, since (2,3) is not an arc of D.

The triple (2,3,1) is a D-path (and there are several others).

(b) The only D-cycles are the rotation-equivalence classes (2). and (3)_. The
D-cycles are (1), (1,3)_,(2,3)_ and (2,1,3) _.

1.7. The sets Gy (D) and &y (D, D)

Now, we can connect digraphs with permutations by comparing their cycles:

Definition 1.28. Let D = (V, A) be a digraph. Then, we define
Sy (D) := {0 € Sy | each nontrivial cycle of ¢ is a D-cycle}
and

Sy (D,D) := {0 € &y | each cycle of ¢ is a D-cycle or a D-cycle} .

Note that we could just as well replace “each cycle” by “each nontrivial cycle”
in the definition of &y (D, D), since a cycle of length 1 is always a D-cycle or a

D-cycle (depending on whether its only cyclic arc belongs to A or not). However,
we could not replace “nontrivial cycle” by “cycle” in the definition of Gy (D).

Example 1.29. Let D be the digraph D from Example Let V ={1,2,3} be its
set of vertices. Then:

(@) We have 6y (D) = {idy }, since the only D-cycles have length 1.
(b) We have
&y (D,D) = {idV/ CYCi 3 Yo,/ CYC1,3,2} ’

where cyc; ; ; denotes the permutation that cyclically permutes the ele-
ments i1, 1y, . .., iy while leaving all other elements of V' unchanged.

“Namely, cycles in graph theory have their first vertex repeated at the end, whereas our cycles
don’t. However, this difference is purely notational: A cycle (v1,vy,...,vk) in our sense corre-
sponds to the cycle (v1,v2,...,v,v1) in the graph-theorists’ terminology.
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1.8. Formulas for Up
1.8.1. The power-sum symmetric functions

We now introduce some of the best-known (and easiest to define) symmetric func-
tions:

Definition 1.30.
(a) For each positive integer n, we define the power-sum symmetric function
Pni=x{+x5+x5+--- €A
(b) If A = (A1, Ay, ..., Ag) is a partition with k positive entries, then we set

PA = PaPAy Pag € A

For instance, p(51) = p2p2p1 = (x2+x3+x5+-- )2 (x1+x2+x3+---).

1.8.2. The first main theorem: general digraphs

We now state our first main theorem (which will be proved in Section [2):

Theorem 1.31. Let D = (V, A) be a digraph. Set

o)== Y,  (L(y)-1) for each 0 € Gy.
v€Cycso;
7 is a D-cycle
Then,
Up = Z (_1)(/)(0) Ptypec-
UGGV(D,ﬁ)

Example 1.32. Let V = {1,2,3,4,5,6} and D = (V, V x V). Let 0 € &y be the
permutation whose cycles are (1,3)_, (2,4,5). and (6) . Then, every cycle of o
is a D-cycle, and the number ¢ (0) (as defined in Theorem [1.31) is

(£((1,3)) =)+ (£((24,5).) —1) + (£((6).) = 1)
—2-1D+B-1)+(1-1)=3
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Example 1.33. Let D be the digraph D from Example [1.3l Recall that
Gy (D, 5) = {idv, CyCy 3, CYCy 3, cyc1,3,2}. Thus, Theorem [1.31| yields

_ (_qyelidy) , _1)#(eye13)
Up = (Z1) Piypetiay) +(ZD)™"p type(eye3)

0 0
=(=1)"=1 =paq11)=r ==D'=1 =ppy=pp1

_1\¢ (CYC2,3 ) _1\¢ (CYC1,3,2 )
+ &,_/ Piype(cyers) T &,_/

Piype(cyey 5,)
0 ~ 0
=(=1)"=1" =pp1)=p2m =(-1)’=1 “PE)TPs

= pi+Papy+ pap1+p3 = pi +201p2 + s
This agrees with the result found in Example

Example 1.34. Let D be the digraph (V, A), where V = {1,2,3} and

A={13), 21, 31, 32)}.

Then, a straightforward computation using Theorem shows that Up = p3 —
p1p2 + p3. (This example is due to Ira Gessel.)

The following two corollaries can be easily obtained from Theorem [1.31] (see
Section [ for their proofs):

Corollary 1.35. Let D = (V, A) be a digraph. Then, Up is a p-integral symmet-
ric function (i.e., a symmetric function that can be written as a polynomial in
p1, P2, P3, - --). Thatis, we have Up € Z [p1, p2, P3,-- |-

Corollary 1.36. Let D = (V, A) be a digraph. Assume that every D-cycle has
odd length. Then,

uD - Z Ptypec S N[P1,P2,p3,...] .
ve&y(D,D)

1.8.3. The second main theorem: tournaments

After we will have proved Theorem we will use it to derive a simpler for-
mula, which however is specific to tournaments. First, we recall the definition of a
tournament:

Definition 1.37. A fournament means a digraph D = (V, A) that satisfies the
following two axioms:

* Looplessness: We have (u,u) ¢ A for any u € V.
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* Tournament axiom: For any two distinct vertices u and v of D, exactly one
of the two pairs (u,v) and (v, u) is an arc of D.

Example 1.38. Neither the digraph D from Example nor its complement D,
is a tournament. Here is a tournament:

We can now state our second main theorem (which we will prove in Section [3):

Theorem 1.39. Let D = (V, A) be a tournament. For each o € Sy, let ¢ (0)
denote the number of nontrivial cycles of . Then,

Up = Z 21/)((7) Ptypeo-

ceS v ( D ),'
all cycles of o have odd length

Once this is proved, the following corollary will be easy to derive (see Section 4
for the details):

Corollary 1.40. Let D = (V, A) be a tournament. Then,
Up € N [p1,2p3,2p5,2p7,...] =N p1, 2p; | i > 1isodd].

(Here, IN [p1,2p3,2ps5,2p7,...] means the set of all values of the form
f (p1,2p3,2p5,2p7,...), where f is a polynomial in countably many indetermi-
nates with coefficients in IN.)

1.8.4. The third main theorem: digraphs with no 2-cycles
A more general version of Theorem is the following:




The Redei—Berge symmetric functions page 15

Theorem 1.41. Let D = (V, A) be a digraph. Assume that there exist no two
distinct vertices 1 and v of D such that both pairs (#,v) and (v, u) belong to A.

(@) Then, Up is a p-positive symmetric function (i.e., a symmetric function that
can be written as a polynomial in py, p2, p3, . . . with coefficients in IN). That
is, we have Up € IN [p1, p2, p3,- -]

(b) A rotation-equivalence class 7y of nonempty tuples of elements of V will be
called risky if its length is even and it has the property that either y or the
reversal of <y is a D-cycle. Then,

Up = Z Ptypec-
U’GGV(D,E);
no cycle of ¢ is risky

We will prove this in Section |5, Note that Theorem (a) generalizes [Chow96,
Theorem 7]

Remark 1.42. The converse of Theorem (a) does not hold. Indeed, consider
the digraph D = (V, A) with V = {1,2,3,4} and

A={12), 21), (23), (2,4), (3,4)}.

Then, D does not satisfy the assumption of Theorem (since the two distinct
vertices 1 and 2 satisfy both (1,2) € A and (2,1) € A), but the corresponding
symmetric function Up is p-positive (indeed, Up = p] + pap? + p3p1). It would
be interesting to know some more precise criteria for the p-positivity of Up.

The next sections are devoted to the proofs of the above results. Afterwards, we
will proceed with further properties of the Redei-Berge symmetric functions Up
(Section [8), applications to reproving Redei’s and Berge’s theorems (Section [6) and
a (not very substantial) generalization (Section 9).

Remark on alternative versions

This paper also has a detailed version [GriSta23], which includes more details (and
less handwaving) in some of the proofs (and some straightforward proofs that have

5To see how, one needs to observe that

1. any acyclic digraph D satisfies the assumption of Theorem [T.41}

2. the wyEp from [Chow96] equals our Up in the case when D is acyclic.

The first of these two observations is obvious. The second follows from the equality
further below, combined with the fact that Ep = Ep (x,0) when D acyclic (since the y-variables
do not actually appear in Ep for lack of cycles), and the fact that Uy = Ep (x,0) (stated above
in the equivalent form Up = &5 (x,0)).
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been omitted from the present version).

2. Proof of Theorem

In the following, we will outline the proof of Theorem We hope that the proof
can still be simplified further.

2.1. Basic conventions

The following two conventions are popular in enumerative combinatorics, and we
too will use them on occasion:

Convention 2.1. The symbol # shall mean “number”. For instance,
(# of subsets of {1,2,3}) =8.

Convention 2.2. We shall use the Iverson bracket notation: For any logical
statement 4, we let [A] denote the truth value of A. This is the number

1, if Ais true;
0, if A is false.

Our proof of Theorem will rely on many lemmas. The first is a well-known
cancellation lemma (see, e.g., [Grinbe21, Proposition 7.8.10]):

I Lemma 2.3. Let B be a finite set. Then, Y (—1)|F| = [B = 2].
FCB

2.2. Path covers and linear sets

We begin with some more notations:
Definition 2.4. Let V be a finite set.

(@) A path of V means a nonempty tuple of distinct elements of V.
(b) An element v is said to belong to a given tuple t if v is an entry of ¢.

(c) A path cover of V means a set of paths of V such that each v € V belongs to
exactly one of these paths.

For example, {(1,4,3),(2,8),(5),(7,6)} is a path cover of [8]. We stress once
again the words “exactly one” in the definition of a path cover. Thus, the paths
constituting a path cover are disjoint (i.e., have no entries in common). For instance,
{(1,2),(2,3)} is not a path cover of [3].
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In Definition (a), we have introduced the arc set of a path of V (and, more
generally, of any nonempty tuple of elements of V). We now extend this to path
covers in the obvious way:

Definition 2.5. Let V be a finite set.
(a) If Cis a path cover of V, then the arc set of C is defined to be the subset

U Arcsv of Vx V.

veC
This arc set will be denoted by Arcs C.

(b) A subset F of V x V will be called linear if it is the arc set of some path
cover of V.

For example, the path cover {(1,4,3),(2,8),(5),(7,6)} of [8] has arc set

Arcs{(1,4,3),(2,8),(5),(7,6)}

= Arcs (1,4,3) U Arcs (2,8) U Arcs (5) U Arcs (7, 6)
={(1,4), (43)}U{(28)}UaU{(7,6)}
={(1,4), (43), (2.8), (7,6)}.

Thus, the latter set is linear (as a subset of [8] x [8]).

Note that the notion of “path of V" depends on V alone, not on any digraph
structure on V. Thus, if V is the vertex set of a digraph D = (V, A), then a path of
V is not the same as a D-path; in fact, the D-paths are precisely the paths v of V
that satisfy Arcsv C A.

We shall now see a few properties and characterizations of linear subsets of
V x V. Here is a first one, which will not be used in what follows but might help
in visualizing the concept:

if and only if the digraph (V, F) has no cycles and no vertices with outdegree

Proposition 2.6. Let V be a finite set. Let F be a subset of V x V. Then, F is linear
> 1 and no vertices with indegree > 1.

We omit the proof of this proposition, since we shall have no use for it.
The following is also easy to see:

Proposition 2.7. Let V be a finite set. Let F be a linear subset of V x V. Then,
any subset of F is linear as well.

Proof. It suffices to show that removing a single element e from a linear subset F of
V x V yields a linear subset. But this follows from the fact that if we remove an arc
f from a path, then the path breaks up into two smaller paths (the “part before f”
and the “part after f”). O
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This quickly leads to the following alternative characterization of linear subsets:

Proposition 2.8. Let V be a finite set. Let F be a subset of V' x V. Then:

(@) If the subset F is not linear, then there exists no V-listing v satisfying F C
Arcso.

(b) If F = Arcs C for some path cover C of V, then there are exactly |C|! many
V-listings v satisfying F C Arcsv. (Note that |C| is the number of paths in
C)

(c) The subset F is linear if and only if it is a subset of Arcs v for some V-listing
v.

Proof. (a) It clearly suffices to prove the contrapositive: i.e., that if F C Arcsv for
some V-listing v, then F is linear.

Let us prove this. Assume that F C Arcsv for some V-listing v. Consider this
F. Then, Arcsv is linear (since Arcsv = Arcs{v} for the path cover {v}), and
thus Proposition [2.7| shows that F is also linear (since F is a subset of Arcsv). This
completes the proof of part (a).

(b) Assume that F = Arcs C for some path cover C of V. Consider this C.

Then, each V-listing v satisfying F C Arcs v can be obtained by concatenating the
paths in C in some order (and conversely, each such concatenation is a V-listing v
satisfying F C Arcsv). There are clearly |C|! many such concatenations (since there
are |C|! many orders), and they all lead to different V-listings v (since the paths
in C are disjoint and nonempty). Hence, there are exactly |C|! many V-listings v
satisfying F C Arcsv. This proves Proposition 2.8 (b).

(c) = This follows from part (b) (since |C|! > 0).
<=: This is just the contrapositive of part (a). O

Next, let us address a technical issue. We defined the notion of a “linear subset
of V x V” using path covers of V. When we say that a certain set is “linear”, we
are thus tacitly assuming that it is clear what the relevant set V is. This may cause
an ambiguity: Sometimes, two different sets V; and V; can reasonably qualify as V,
and we may have a subset F of V; x Vj that is also a subset of V, x V5. In that case,
when we say that F is “linear”, do we mean that F is linear as a subset of V; x V;
or as a subset of V, x V, ? Fortunately, this does not matter (at least when V; is a
subset of V»), as the following proposition shows:

Proposition 2.9. Let V be a finite set. Let W be a subset of V. Let F be a subset
of W x W. Then, F is linear as a subset of W x W if and only if F is linear as a
subset of V x V.

Proof. =: Assume that F is linear as a subset of W x W. Thus, F is the arc set of
some path cover C of W. If we add a trivial path (v) for each v € V' \ W to this path
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cover C, then it becomes a path cover of V, but its arc set does not change (and
thus remains F). Hence, F is the arc set of the resulting path cover of V. In other
words, F is linear as a subset of V x V.

<—: Assume that F is linear as a subset of V x V. Thus, F is the arc set of some
path cover C of V. Consider this C. For each v € V \ W, there must be a path in
C that contains v, and this path must be the trivial path (v) (since otherwise, this
path would have at least one arc containing v, and this arc would then belong to
Arcs C = F; but this would contradict the fact that F C W x W). Hence, the path
cover C contains the trivial path (v) for each v € V' \ W. Removing all these trivial
paths will turn C into a path cover of W, while leaving its arc set unchanged (so it
remains F). Hence, F is the arc set of the resulting path cover of W. In other words,
F is linear as a subset of W x W. O

We will also use the following fact:

Proposition 2.10. Let V be a finite set. Let V1, V5, ..., Vi be several disjoint subsets
of Vsuchthat V=V,UV,U---UV,. Foreachi € [k], let F; be a subset of V; x V.
Let F=FUF,U---UF,. Then, the set F is linear (as a subset of V x V) if and
only if all the subsets F; for i € [k] are linear.

Proof. This is straightforward. O

2.3. The arrow set of a permutation

We will now see another way to obtain subsets of V x V:

Definition 2.11. Let V be a finite set. Let ¢ be a permutation of V. Then, A,
shall denote the subset

{(v,0(v)) | veV}= |J CArcsc

ceCycso

of Vx V.

Example 2.12. Let V = {1,2,3,4,5,6}, and let ¢ be the permutation of V that
sends 1,2,3,4,5,6 to 2,3,1,5,4, 6 (respectively). Then,

Cycso ={(1,2,3), (4,5), (6)}

and

Ar={(12), (23), 31), (45), (54), (6,6)}
= CArcs(l ,3) U

U CArcs (4 5) UCArcs (6) .
={12), 23), 31} ={45), 5o} ={(66))
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The following is a counterpart to Proposition 2.8 (b):

Proposition 2.13. Let V be a finite set. Let F be a subset of V x V. If F = ArcsC
for some path cover C of V, then there are exactly |C|! many permutations o €
Gy satisfying F C A,. (Note that |C| is the number of paths in C.)

Proof. Assume that F = ArcsC for some path cover C of V. Consider this C. We
shall refer to the paths in C as “C-paths”.

Let k = |C|. Let s1,s2,...,5¢ be the starting points (i.e., first entries) of the
C-paths, and let tq,15,...,t; be their respective ending points (i.e., last entries).
We note that a permutation ¢ € Sy satisfies F C A, if and only if it has the
property that ¢ (v) = w whenever v and w are two consecutive entries of a C-
path. Thus, the condition F C A, uniquely determines the value ¢ (v) for each
v € V\{f,tz,..., tx} (namely, o (v) has to be the next entry after v on the C-
path that contains v), and uniquely determines the value o~! (w) for each w €
V\ {s1,52,...,5¢} (namely, ¢! (w) has to be the entry just before v on the C-path
that contains v).

Hence, in order to construct a permutation ¢ € &y satisfying F C A, we only
need to specify the k values o (t1),0 (t2),...,0 () (since all other values ¢ (v) are
already decided by the requirement F C A,), and we must choose these k values
from the set {s1, s, ..., sk} (since all other elements of V have already been assigned
preimages under ¢ by the requirement F C A,). Thus, we must choose a bijection
from the k-element set {t1,13,...,t} to the k-element set {s1,s,...,5¢}. This can
be done in k! many ways, i.e., in |C|! many ways (since k = |C|). Thus, there are
exactly |C|! many permutations o € Sy satisfying F C A,. O

2.4. Counting hamps by inclusion-exclusion

Our next lemma will be about counting Hamiltonian paths — which we abbreviate
as “hamps”. Here is how they are defined:

Definition 2.14. Let D be a digraph. A hamp of D means a D-path that contains
each vertex of D. (The word “hamp” is short for “Hamiltonian path”.)

For a digraph D = (V, A), there is an obvious connection between the linear
subsets of A and the hamps of D: If v is a hamp of D, then Arcsv is a maximum-
size linear subset of A (and this maximum size is |V| — 1 if V is nonempty). More
interestingly, there is a far less obvious connection between the linear subsets of A
and the hamps of the complement D:

Lemma 2.15. Let D = (V, A) be a digraph with V # @. Then,

) (—1)IFl. (# of o € &y satisfying F C A,) = (# of hamps of D) .

FCA is linear

(We are using Convention 2.1 here.)
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Proof. We will use the Iverson bracket notation (as in Convention 2.2). We have

) Y. (—1)|F| = ) [ANArcsv = o]
v is a V-listing FCA; v is a V-listing
FCArcsv
= r© (F
FCANArcsv
=[ANArcs v=g]

(by Lemma

J

= (# of V-listings v satisfying A N Arcsv = @)
= (# of hamps of D)

(since the hamps of D are precisely the V-listings v such that A N Arcsv = @).
Thus,

(# of hamps of D) = ) ) (—1)/F
v is a V-listing FCA;
FCArcsv

=L r v

FCA wvisa V-listing;
FCArcsv

= Y Yy  (-pH @)

FCAislinear v isa V-listing;
FCArcsv
(here, we have restricted the outer sum to only the linear subsets F of A, because if
a subset F of A is not linear, then the inner sum Y (—1) Flis empty’).
v is a V-listing;
FCArcsv
Now, let F be a linear subset of A. Thus, F = Arcs C for some path cover C of V.

Consider this C. Then, Proposition yields that
(# of 0 € Gy satisfying F C A,) = |C|!. 5)
On the other hand, Proposition [2.8| (b) yields that
(# of V-listings v satisfying F C Arcsv) = |C|!.
Hence,
||

Z (—1)|F\ = (# of V-listings v satisfying F C Arcsv) - (—1)

.

v is a V-listing; ~
FCArcsv :|C,|! .
=(# of €Sy satisfying FCA.)
(by @)
= (# of 0 € Gy satisfying F C A, ) - (—1)“EI
= (—1)|F‘ - (# of 0 € Sy satisfying F C Ay). (6)

®by Proposition 2.8 (a)
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Forget that we fixed F. We thus have proved (6)) for each linear subset F of A.
Now, () becomes

(# of hamps of D) = }_ Y. (—1)F!
FCA is linear v is a V-listing;
FCArcsv

J/

:(—1)‘F‘ -(# of aeé:/ satisfying FCA.)
(by (6))
= Y. (—1)|F‘ - (#of 0 € Sy satisfying F C Ay).

FCA is linear

This proves Lemma O

2.5. Level decomposition and maps f satisfying foo = f

This entire subsection is devoted to building up some language that will only ever
be used in the proof of Lemma All proofs are omitted, as they are straightfor-
ward exercises in understanding the underlying definitions. (They can be found in
the detailed version [[GriSta23], too.)

We shall study what happens when a function f : V — P is introduced into a
digraph D = (V, A). The nonempty fibers of f (i.e., the sets f ! (j) forall j € f (V))
partition the vertex set V, and this leads to a decomposition of D into subdigraphs.
Let us introduce some notation for this, starting with the case of an arbitrary set V
(we will later specialize to digraphs):

Definition 2.16. Let V be any set. Let f : V — IP be any map.

(@) For each v € V, we will refer to the number f (v) as the level of v (with
respect to f).

(b) For each j € IP, the subset f~! (j) of V shall be called the j-th level set of f.

Example 2.17. Let V = {1,2,3}. Let f : V — P be givenby f (1) =1, f(2) = 4
and f (3) = 1. Then, the level sets of f are

o ={13}, 14 =1{2}, and
fr(j)=oforalljcP\{1,4}.

Remark 2.18. Let V be any set. Let f : V — IP be any map. Let j € IP. Then, the
j-th level set = (j) is empty if and only if j ¢ f (V). Hence, the nonempty level
sets of f correspond to the elements of f (V).
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Definition 2.19. Let D = (V, A) be a digraph. Let f : V — P be any map.

(a) For each j € IP, we define a subset Aj of A by

Aj::{(u,v)eA | woe f! (j)} )
={(wov)eA | f(u)=f(v) =/} (8)
=AN(f ) * ). )

This set Aj is also a subset of ! (j) x f~1(j), of course.

(b) Welet A f denote the subset

{(wv) e A | f(u)=f(0)}
of A.

(c) For each j € IP, we let D;j denote the digraph (f 1), Aj). This digraph D;
is the restriction of the digraph D to the subset f ! (j) (that is, the digraph
obtained from D by removing all vertices that don’t belong to f~! (j) and
all arcs that contain any of these vertices).

This digraph D; will be called the j-th level subdigraph of D with respect to
f- (We should properly call it D; ¢ instead of D;, but we will usually keep
f fixed when we study it.)

Example 2.20. Let D be as in Example[1.3] Let f : V — P be given by f (1) =1,
f(2) =4and f(3) = 1. Then,

Ar=1(33)}, Ay =1{(2,2)},
Aj=@oforallje P\ {1,4},

and
Ar=1{(33), (2,2)}.
The level subdigraphs of D are the two digraphs

Dy =({1,3}, {(33)}) and Dy= ({2}, {(22)})

(as well as the infinitely many empty digraphs D; for all j € IP\ {1,4}). Note that
the arc (3,3) of D is contained in Dy, and the arc (2, 2) is contained in Dy, but the
arc (1,2) is contained in none of the level subdigraphs (since its two endpoints 1
and 2 have different levels).
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Remark 2.21. Let D = (V, A) be a digraph. Let f : V — P be any map. Let
j € P. Then, the j-th level subdigraph D; and its arc set A; are empty if j & f (V).
(However, A; can be empty even if j does belong to f (V).)

In the following, the symbols “LI” and “| |” stand for unions of disjoint sets. Thus,
for example, “Aj Ll Ay LI Az U - - -7 will mean the union of some (pairwise) disjoint
sets A1, Ay, As, .. ..

Proposition 2.22. Let V and | be two finite sets. Let V; be a subset of V for each
j € J. Assume that the sets V; for different j € | are disjoint. Let C; be a path
cover of V; for each j € J. Then:

(@) The sets C; for different j € | are disjoint.

(b) Their union || C; is a path cover of | | V;, and its arc set is Arcs ( L] Cj> =
j€l j€l j€]
Ll Arcs (Cj).
j€]

Corollary 2.23. Let V and | be two finite sets. Let V; be a subset of V for each
j € J. Assume that the sets V; for different j € | are disjoint. For each j € ], let F;

be a linear subset of V] X V] Then, the union | F] is a linear subset of V x V.
j€l

Proposition 2.24. Let D = (V, A) be a digraph. Let f : V — P be any map.
Then, the sets A1, Ay, A3, ... are disjoint, and their union is

AjUAUAzU---= || Aj=Ap
jEf(v)

Let us now connect the level decomposition to linear sets:

Proposition 2.25. Let D = (V, A) be a digraph. Let f : V — P be any map. Let
F be any set. Then:

(@) The set F is a linear subset of Ay if and only if F can be written as F =

L] F]', where each F] is a linear subset of Aj.
jefv)

(b) In this case, the subsets F; are uniquely determined by F (namely, F; =
FNAjforeachje f(V)).
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Next, we return to studying permutations.

When a set V is a union of two disjoint subsets A and B, and we are given a
permutation 04 of A and a permutation op of B, then we can combine these two
permutations to obtain a permutation o4 @ o of V: Namely, this latter permutation
sends eacha € Ato oy (a), and sends each b € B to op (b). That is, this permutation
o4 @ op is “acting as 04" on the subset A and “acting as ¢p” on the subset B.

The same construction can be performed when V is a union of more than two
disjoint subsets (and we are given a permutation of each of these subsets). We will
encounter this situation when a map f : V — P subdivides the set V into its level
sets f~1(1), f71(2), f1(3), ..., and we are given a permutation 0j € Spj)
of each level set f~! (j) (to be more precise, we only need 0; to be given when
j € f(V), since the level set f~!(j) is empty otherwise). The permutation of V

obtained by combining these permutations ¢; will then be denoted by @ o;.
jef(v)

Here is its explicit definition:

Definition 2.26. Let V be any set. Let f : V — IP be any map.
For each j € f (V), let 0j € &4-1(;) be a permutation of the level set 71().

Then, € o0; shall denote the permutation of V' that sends each v € V to
jef(v)
Of(v) (v). This is the permutation that acts as ¢j on each level set f “1().

Proposition 2.27. Let V be any set. Let f : V — [P be any map. Let 0 € Sy be
any permutation. Then:

(@ We have f oo = f if and only if ¢ can be written in the form o= @ o,
jef(v)
where 0j € &) foreach j € f (V).

(b) In this case, the permutations ¢j for all j € f (V) are uniquely determined
by o (namely, o; is the restriction of ¢ to the subset f ~1(j) for each j €

f (V).

Now, we recall the set A, defined in Definition for any finite set V and any
permutation ¢ of V.

Proposition 2.28. Let V be a finite set. Let f : V — IP be any map. Let 0 € &y
be a permutation satisfying f o o = f. Write ¢ in the form ¢ = %V) 0, where
IS
0j € Gp1;) for each j € f (V). (This can be done, because of Proposition W
(a).) Then,
A= || Ao
jef(v)
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Next, we connect the above construction with the level subdigraphs of a digraph:

Proposition 2.29. Let D = (V, A) be a digraph. Let f : V — P be any map. Let
o € Gy be a permutation satisfying f o o = f. Then,

Ag’ﬂAgAf.

Our last result in this section is the following trivial yet complex-looking lemma,
which will be used in the proof after it:

Lemma 2.30. Let D = (V, A) be a digraph. Let f : V — P be any map. Let
0j € &¢1(;) be a permutation for each j € f (V). Let F; be a subset of A; for each

j € f (V). Then, we have the following logical equivalence:

( | ] F; C | | AU]) = (Ifng,ijoreachjEf(V)>.
jef(V) j€f(v)

2.6. An alternating sum involving permutations ¢ with foo = f

Now, we come to a crucial lemma, which generalizes Lemma to the case of a
digraph D = (V, A) “shattered” by amap f: V — P:

Lemma 2.31. Let D = (V, A) be a digraph. Let f : V — P be any map. For each
j € IP, we define a digraph D; as in Definition (c). Then,

ZG: . FCAZ s (_1)‘F| = H (# of hamps of ﬁ]) )
forf is fiear jef(v)

Proof. We shall use the notations from Definition Definition and Defini-
tion We recall that every j € P satisfies D; = (f ! (j), A;) (by the definition
of D).
]
Let 0 € Gy be a permutation satisfying f o ¢ = f. Then, Proposition [2.29] yields
A;NA C As. Hence, Ay NA = Ay N Ay (because A, NA =A,NA;NAC
~— ~——

=A;NAs CAy
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Ay N Af and conversely A, N Ar C Ay N A). Thus,

~—~—
CA

DINCLED DN C
FCA,NA FCAsNAf
is linear is linear

- Y (" (10)
FCA f is linear;
FCA,

(since a subset of A, M Ay is the same thing as a subset F of Ay that satisfies
F CAy).

Forget that we fixed . We thus have proved for every o € Gy satisfying
foo=f.

Summing up the equality over all permutations ¢ € Gy satisfying foo = f,
we obtain

r o X (nf
ceGy; FCANA
foo=f is linear

=y X

cECy; FgAf is linear;

foo=f FCA,
= X Y (-pf
FQAf is linear 0ceSy;
FCA,;
for=f
%/_/

:(—1)|F|-(# of reBy satisfying FCAy and foo=f)

= Y. (—1)UEI - (#of 0 € Sy satisfying F C Ay and foo=f).  (11)
FQAf is linear

Now, a linear subset F of A s the same as a set F of the form || E, where

jef(v)
each F; is a linear subset of A; (by Proposition (@)); furthermore, if F is such
a subset, then the latter subsets F; satisfying F = || F; are uniquely determined

jef(v)
by F (by Proposition [2.25/ (b)). Hence, we can substitute || F; for F in the sum
jef(v)
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on the right hand side of (I1). We thus obtain

(—1)|F‘ - (#of 0 € Sy satisfying F C Ay and foo = f)
FCA ris linear

U F
— (_1) jef(V)
(Ff)jef(V) is a family
of linear subsets Fngj
: (# of ¢ € Gy satisfying | | F;C Ayand foo = f) . (12)
jef(V)

Furthermore, a permutation ¢ € Sy satisfies f oo = f if and only if it can

be written in the form o = @ 0}, where 0j € &4.1(;) for each j € f (V) (by
jef(v)

Proposition (@)). Moreover, if ¢ is written in this way, then the permutations

o are uniquely determined by ¢ (by Proposition (b)), and we have A, =

LI Ag; (by Proposition 2.28). Hence, for each family (Ff)je sy of linear subsets
jef(v)

Fj - A]-, we have

(# of r € Gy satisfying | | F;C Ayand foo = f)
jef(v)

= (# of families (W)jef(V) € H S¢-1(;) satisfying | ] F C |_| Ag])
jef(v) jef(v) jef(v)

= | # of families (o;). € S ,1,: satisfying F; C A, foreachje f(V
i)iefv) £710) ymg j J

jef(v)
since the condition “ || F C |] Aaj”
jef(v) jef(v)
is equivalent to “F; C Ay, foreach j € f (V)"
(by Lemma [2.30)
= I (# of 0j € &4-1(; satisfying F; C Agj)
jef(v)
= H (# of o € S satisfying F; C AU> (13)
jef(v)

(here, we have renamed the index o as (7) .
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Thus, becomes

(DI @ofo e &y satisfying F C Ay and foo = f)
FCAy is linear

- ¥ (1))
(F) sy is @ family s g
of linear subsets FCA,; =( 1)jef(V) /

- II (-1)‘5"
jef(v)

#of o € Sy satisfying | | F;CAyand foo = f

N jef(v) )
:]E]I:([V) <# of UE(‘Sf,l(j) satisfying Fngg>

(by (13))

- Y T -vlE - T1 (# of 0 € &1, satisfying F; C A0>

(Fj)]'Ef(V) is a family jef(v) jcf(V)
of linear subsets F;CA; ~~ ~
_'e}—(lv) ((71) |Fj| . (# of U’EGf_1<].> satisfying Fngg))

]

= Z H ((—1)’5“ : (# of 0 € &1 satisfying F; © AU>>

(F]')jef(V) is a family jE€f(V)
of linear subsets FCA;

= ‘elf—(IV) FCAZI‘ (—1)|Ff'| : (# of o € &1 satisfying F; € Ag>
] 7CA; is linear
(by the product rule)
- ‘elf—([V) e Zl. (-)F- (# of 0 € &41;) satisfying F C Aa)
) €4, 1s linear

S/

= (# of ha;ps of ﬁ])
(by Lemma .15} applied to Dj:(ffl(j), Aj) instead of D=(V,A))
(here, we have renamed the summation index Fias F )
= H (# of hamps of ﬁ]) .
jEf(V)
In view of this, we can rewrite as
) Y. (-1l = [T (#of hamps of D;).

ceBy; EQAUHA jef(V)
foo=f islinear

This proves Lemma [2.31] ]
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2.7. (f,D)-friendly V-listings
The following restatement of Lemma will be useful for us:
Lemma 2.32. Let D = (V, A) be a digraph. Let f : V — P be any map. A

V-listing v = (v1,vy,...,v,) will be called (f, D)-friendly if it has the properties
that f (v1) < f (v) < --- < f (vn) and that

f(vp) < f (vp41) foreach p € [n — 1] satisfying (vp,vp1) € A, (14)

Then,

Y. ) (—1)|F| = (#of (f,D)-friendly V-listings) .
ceGy; FCANA
foo=f islinear

Proof. For each j € f(V), we define a digraph D; as in Definition (c). This
digraph D; is the restriction of the digraph D to the subset f~! (j). In particular,
its vertex set is f~! (j). In other words, its vertices are precisely those vertices of D
that have level j (with respect to f).

Clearly, a V-listing v = (v1,v,...,v,) satisfies f (v1) < f(vp) < -+ < f(vy) if
and only if it lists the vertices of D in the order of increasing level, i.e., if it first lists
the vertices of the smallest level, then the vertices of the second-smallest level, and
SO On.

In other words, a V-listing v = (v1,vy,...,0,) satisfies f (v1) < f(vp) < --- <
f (vy) if and only if it can be constructed by choosing an £~ (j)-listing v/) for each
j € (V) and concatenating all these f~! (j)-listings v{/) in the order of increasing
j. Moreover, if it can be constructed in this way, then its construction is unique (i.e.,
each o)) is determined uniquely by v). Finally, for a V-listing v that is written as
a concatenation of such f~1(j)-listings v/), the condition is equivalent to the
condition that each v\/) is a hamp of D; (indeed, this is easiest to see by rewriting
(14) in the contrapositive form “if p € [n —1] satisfies f (v,) = f (vp41), then
(vp,va) ¢ A”). Thus, a V-listing v = (v1,vp,...,0,) satisfies both f (v) <
f(v2) <+ < f(vy) and (14) at the same time if and only if it can be constructed
by choosing a hamp of D; for each j € f (V) and concatenating all these hamps in
the order of increasing j. In other words, a V-listing v is (f, D)-friendly if and only
if it can be constructed in this way. Since this construction is unique, we thus have

(# of (f, D) -friendly V-listings) = I—([ | (# of hamps of D) .
jef(v

Thus, Lemma follows from Lemma [2.31 O

2.8. A bit of Pdlya counting

The following lemma is well-known, e.g., from the theory of Pélya enumeration:
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Lemma 2.33. Let V be a finite set. Let 0 € Gy be a permutation of V. Then,

Z H Xf(v) = Ptypec-

f:V—=P;, veV
foo=f

Proof. Let 71,72, ..., 7k be the cycles of o, listed with no repetition. For each i € [k],
let V; be the set of entries of the cycle ;. Thus, V = V; UV, U--- U V;. For each
i € [k], the set V; is the set of entries of a cycle of ¢ (namely, of ;), and thus can be
written as {¢/ (v;) | j € N} for some v; € V;.

Hence, a map f : V — P satisfies f oo = f if and only if f is constant on each of
the k sets V1, V3, ..., Vk. Hence, in order to construct a map f : V — IP that satisfies
f oo = f, we only need to choose the values a1, 4y, ...,a; that it takes on these k
sets (i.e., for each i € [k], we need to choose the value g; that f takes on all elements
of V)).

Let us be more precise: For each k-tuple (ay,as,...,a;) € PX, there is a unique
map I'(a1,az,...,a5) : V — P that sends each element of V; to a3, each element of
V, to ap, and so on (since V = V; LUV, U - - - LU Vg). The latter map I (ay,az, ..., a)
isamap f: V — P that satisfies f oo = f (by the preceding paragraph, since it is
constant on each of the k sets V1, V3,..., V). Thus, we obtain a map

[P {f: VP | foor=f},
(a1,a3,...,a5) — T (ag,ay, ..., a;).

This map I’ is easily seen to be injective (since V1, V2, ..., Vi are nonempty) and sur-
jective (again by the previous paragraph). Hence, it is bijective. Thus, substituting
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I'(ay,ap,...,a;) for f in the sum ) IT Xf(0), We obtain

fiV=P;, veV
for=f
. Lo 1lve= 2 [l X(C (01,3, 0)
V=P, ve (a1,a,...,ar) EP Ve
foo=f ~~
=IT 1I
i=1 veV;
(since V=V1UV,U---LIV})
k
= [T Il *cemeno)
(ay,a0,...,.ap)€Pk i=1 veV; "
_xai
(since the map T'(ay,az,...,4%)
sends each element of V; to a;)
k k
- L 1 HOw- © I
o a; — ai
Pk i=1 veV; Pk i=1
(91/‘72/ /ak)e \_1 (ﬂl,ﬂz, ,ak)e
i
=X,
: v
=11 Y xg (by the product rule)
i=1 aclP
N —
Vil W
1 2 3
—Flvil

(by the definition of p|V,|)
1

k
=[1prw (15)
i=1

However, the permutation ¢ has cycles 71, ¥z, ..., 7k, and their respective sets of
entries are V1, V,, ..., Vi. Thus, the lengths of the cycles of o are |V1|, |Va]|, ..., |Vk|.
But the entries of the partition typec are precisely the lengths of the cycles of o
(by the definition of typec), and thus must be |V;],|Va],...,|Vk| in some order
(by the preceding sentence). Therefore, the partition type o can be obtained from
the k-tuple (|V4]|,|V2|,...,|Vk|) by sorting the entries in weakly decreasing order.
Hence,

k
poypes = [ [ Pvi/
i=1
Comparing this with (15), we obtain

Z H Xf(v) = Ptypeo-
fV=P;, veVv
for=f

This proves Lemma O
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2.9. A final alternating sum

We need one more alternating-sum identity:

Proposition 2.34. Let D = (V, A) be a digraph. Let ¢ € Gy be a permutation of
V. Then,

3 (_1)|p:{(—1)¢<‘7>, if o € &y (D,D);

FCA,NA 0, else,
is linear

where we set

plo)= )  (t(y)-1).
Y€Cycso;
7 is a D-cycle

Proof. Let us first prove the proposition in the case when ¢ has only one cycle. That
is, we shall first prove the following claim:

Claim 1: Assume that ¢ has a unique cycle <. Then,

~1)!™=1 " if oy is a D-cycle;
(—1)‘F‘ =<1, if 7y is a D-cycle;
FCA,NA
is linear 0/ else.

[Proof of Claim 1: We have assumed that ¢ has a unique cycle . Thus, A, =
CArcs y. Hence, each proper subset of A, is linealﬂ but A, itself is notﬂ Further-
more, we have |A,| = |CArcsy| = £ (7).

Thesum Y, (-1) IF] depends on whether v is a D-cycle, a D-cycle or neither:

FCANA
is linear

e If v is a D-cycle, then all arcs in A, belong to A, and therefore we have
A,NA = A,. Thus, in this case, we have

{linear subsets of Ay N A}
= {linear subsets of A,} = {proper subsets of A, }

(since each proper subset of A, is linear, but A, itself is not). Hence, in this

7since the removal of any cyclic arc from a cycle turns the cycle into a path, and the removal of

any further arcs will break this path into smaller paths
8since the digraph (V, A,) has the cycle -y
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case, we have

Z (_1)IF| _ Z (_1)|F\ _ Z (_1)|F\ _(_1)|A¢7|

FCA,NA FCA, FCA,
is linear is a proper subset —
=0
(by Lemma

since Ay #2)
= — (DA = (—pyI
= (-1)'n—1 (since [Ay| =£(7)).

o [f yisa 5—cycle, then no arcs in A, belong to A, and therefore we have
A, N A = @. Thus, in this case, we have

{linear subsets of A, N A} = {linear subsets of @} = {&}.

Hence, in this case, the sum Y, (—1) Il has only one addend, namely the
FCA,NA
is linear

addend corresponding to F = @. Thus, this sum equals 1 in this case.

e If v is neither a D-cycle nor a D-cycle, then we have A, N A # @ (since
A,NA = & would imply that A, C (V x V) \ A, whence CArcsy = A, C
(V x V) \ A; but this would mean that y is a D-cycle) and A, Z A (since
A, C A would mean that <y is a D-cycle). Hence, in this case, any F C A, N A
is a proper subset of A, (since A, Z A shows that A, N A is a proper subset
of Ay) and therefore linear (since each proper subset of A, is linear). Thus, in
this case, we have

Y. (-l = ) (-1 = [Ay N A = 2] (by Lemma [2.3))
FCALNA FCA,NA
1S lmear

=0 (since A, NA # ©).
Combining these three cases, we see that

(=1)=1 " if 4 is a D-cycle;

(—1)‘F‘ =11, if yisa 5-cycle;
FCA;NA
is liner;r O/ else.

This proves Claim 1.]

Let us now prove Proposition in the general case. Let 7y1,72,...,7 be the
cycles of o, listed with no repetition. Thus, these cycles 71,72, ..., vk are distinct,
and we have Cycso = {71, 72, ..., Yk}

For each i € [k], let V; be the set of entries of the cycle ;. Thus, V = V3 UV, U
UV




The Redei—Berge symmetric functions page 35

Furthermore, for each i € [k], we let D; be the digraph obtained from D by
removing all vertices that are not in V;, and we let A; be the set of all arcs of D;.
Thus, A; = AN (V; x V;) and D; = (V;, A)).

For each i € [k], let 0; be the permutation of V; obtained by restricting ¢ to V;
(this is well-defined, since V; is the set of entries of a cycle of ¢ and thus preserved
under o). This permutation ¢; has a unique cycle, namely -y;. Thus, for each i € [k],
Claim 1 (applied to D; = (V}, A;) and ¢; and +y; instead of D = (V, A) and ¢ and )
yields

(=1)! )71 if 4, is a Di-cycle;
Z (—1)|F‘ =<1, if 7; is a D;-cycle;
FEfonA; L0, else
is linear
((=1)*)=1 " if o, is a D-cycle;
=<1, if 7; is a D-cycle; (16)
L0, else

(since the statement “7; is a Dj-cycle” is equivalent to “v; is a D-cycle”, and the
statement “; is a D;-cycle” is equivalent to “7y; is a D-cycle”).
It is easy to see that
Ay NA =A;NA (17)

for each i € [K] ﬂ Hence, we can rewrite as follows: For each i € [k], we have

—1)X0)71 " if 4, is a D-cycle;
(_1)‘F| =41, if Vi is a 5—cyc1e; (18)
FgAUlﬂA

T 0, else.
is linear

The definition of ¢ () yields
o)=Y} (-D= )  (tmn-1

v€Cycs o; i€lk];
7 is a D-cycle i is a D-cycle

9Proof. Leti € [k]. Then, A,, C V; x V; (since 0; is a permutation of V;), so that Ay, N (V; X V;) = A,
Therefore,

AnN Al =AsNAN(Vix V)= Ay, N (Vi x V)NA = Ay, N A
~— —_————
:AQ(VI'XVI') =A‘7i

This proves (T7).
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(since 1, Y2, ..., Yk are distinct, and Cycs o = {71, 72,..., 7k })- Therefore,

, %{} (e(7i)-1)
1€(k|,
(_1)(P(‘7) — (_1)% is a D-cycle

= I (p™h (19)
ielk];
i is a D-cycle

However, it is easy to see that Ay = Ay U Ay, U --- LI Ay, (since 01,0,...,0% are
the restrictions of ¢ to the subsets Vi, V5, ..., Vi, which cover V without overlap).
Thus,

AU'mA:(Agll_lAgzl_l"'l_le'k)mA
= (A NA)U(AnNA)U---LU(AgNA).

Hence, a subset F of Ay N A is the same thing as a (necessarily disjoint) union
FiUFRU---UF of subsets F; C A, N A for all i € [k] @ Moreover, in this
case, the subsets F; for all i € [k] are uniquely determined by F (namely, we have
Fi = FN Ay, for each i € [k]). Finally, the former subset F is linear if and only if all
the latter subsets F; are lineaIE Hence, we can substitute F; LI F, LI - - - U Fy, for F in

10This sentence should be understood as follows:

1. A subset F of A, N A is the same thing as a union F{ UF, U - - - U F of subsets F; C Ay, N A
forall i € [k].

2. Any union of the latter form is a disjoint union (thus can be written as F; U F, LI - - - LI F).

1Proof. Let F be a subset of A, N A, and let us assume that F is written as a disjoint union
FiUFU---UF of subsets F; C Ay, N A foralli € [k]. We must prove that F is linear if and only
if all the subsets F; are linear.
For each i € [k], we have F; C A;, N A C Ay, € V; x V; (because 0; is a permutation of V;).
In other words, for each i € [k], the set F; is a subset of V; x V;. We have F = F{LUF, L --- U
F, = FUEKU---UF. Moreover, the sets V1, V,,..., Vi are disjoint subsets of V and satisfy
V=VuWU-- UV Hence, Proposition shows that the set F is linear if and only if all
the subsets F; for i € [k] are linear. This completes our proof.
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the sum ) (—1)|F|. We thus obtain

FCA,NA
is linear
Z (_1)\1:\ — Z (_1)|F1'—'F2|—’""—|Fk|
Fisgl?rfer;f (Fi)ie[k] is a family, e f
where each F; is a linear :(_1)‘F1‘+‘F2‘+“'+|Fk‘:]’[ (_1)|Fi|

subset of A,,iﬂA i=1

k
S s (S
(Fi)ieji is a family, i=1
where each F; is a linear
subset of AgNA

k
= H Z (—1) IFi (by the product rule)
i=1 FCA;NA
is linear
— ﬁ Z (—1) |F| here, we have renamed the
- 1 peoa summation index F; as F
iglinlear
v [(=1) 971 if 4, is a D-cycle;
= H 1, if 7; is a D-cycle; (by (18)).
= o, else

The right hand side of this equality is clearly 0 unless each of the cycles 1, v2,..., 7k
is a D-cycle or a D-cycle; otherwise, it equals

il

i_l)é(%)—l , if y;is a D-cycle; _ 1—[ (_1)4(%)_1 _ (_1)4;(,7)
i=1

, if 7; is a D-cycle ic[k];
7v; is a D-cycle

(by (19)). Hence, in either case, it equals

(—1)(’)(‘7) , if each of 1, 72,...,7x is a D-cycle or a D-cycle;
0, else

_ (=1)?9), if each cycle of ¢ is a D-cycle or a D-cycle;
0, else
(since 1, Y2, - - ., 7k are the cycles of o)
B {(—1)“‘”, if o € &y (D,D);

0, else

(by the definition of &y (D, D)). This proves Proposition [2.34] O
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2.10. A trivial lemma

We need one more trivial “data conversion” lemma:

Lemma 2.35. Let V be a finite set. Let w = (w1, wy, ..., w,) be a V-listing. Then,
the map

{maps f : V — P} — P",
[ (f(wr), fwa),..., f(wn))

is well-defined and is a bijection.

Proof. This is just saying that every map f : V — IP can be encoded by its list of
values (f (w1), f (w2),...,f (wy)), and conversely, that any list (i1, 1y,...,iy) € P"
is the list of values of a unique map f : V. — IP. Both of these claims are clear, since
w1y, Wy, ..., wy, are the elements of V (listed with no repetitions). ]

2.11. The proof of Theorem [1.3]]

We are now ready to prove Theorem [I.31}

Proof of Theorem [1.31} Let n = |V|. Thus, the digraph D = (V,A) has n ver-
tices. Moreover, each V-listing w has n entries (since |V| = n), thus satisfies
w = (wy,wy, ..., Wy).

We will use a definition that we made back in Lemma Iff:V—->Pisa
map, and if v = (v1,vy,...,v,) is a V-listing, then this V-listing v will be called
(f, D)-friendly if it has the properties that f (v1) < f (v2) < --- < f (v,) and that

f(vp) < f (vp41) foreach p € [n —1] satisfying (vp,vp41) € A.
The definition of Up yields

Up = Z LDes(w,D), n:

w is a V-listing

We shall now try to understand the addends in this sum better.

We fix a V-listing w. Then, w has n entries (since |V| = n), and thus satisfies
w = (w1,wy,...,Wy). Moreover, the list (wq,wy, ..., w,) = w is a V-listing, i.e.,
consists of all elements of V and contains each of these elements exactly once.
In other words, (w1, wy,...,wy) is a list of all elements of V, with no repetitions.

Hence, if we are given an element ¢, of Z [[x1, xp, X3, ...]] for each v € V, then
H C'U — Cw1Cw2 ctt Cwn. (20)
veV

Thus, if f : V — P is any map, then

TT %f0) = %) Xfwn) =~ Xp(wn) (21)

veV
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(by (20), applied to cp = x(y)).

However, the definition of Lpeg(w,p), » yields

LDes(w,D), n— Z Xy Xiy * ++ Xi,
i1 <ip <o+ <iy;
ip<ipy1 for each peDes(w,D)
= Z xilxiz c X, (22)
(il,iz,...,in)EIPn}
i1 <ip <+ <iy;

ip<ipy1 for each p€Des(w,D)

(here, we have added the “(iy,ip,...,i,) € P"” condition under the summation
sign, since this condition is tacitly implied when we sum over iy <ip < --- <iy).

We recall that Des (w, D) is defined as the set of all D-descents of w, but these D-
descents are defined as the elements i € [n — 1] satisfying (w;, w;;1) € A. Hence,
Des (w, D) is the set of all elements i € [n — 1] satisfying (w;, w;11) € A. Thus,
an element of Des (w, D) is the same thing as an element i € [n — 1] satisfying
(wj, w;i+1) € A. Renaming the variable i as p in this sentence, we obtain the follow-
ing: An element of Des (w, D) is the same thing as an element p € [n — 1] satisfying
(wp, wpi1) € A.

Lemma yields that the map

{maps f : V — P} — P",
fr= (f (W), f(w2),..., f (wn))

is well-defined and is a bijection. Hence, we can substitute (f (w1), f (w2),..., f (wn))
for (i1,1p,...,in) in the sum on the right hand side of (22). We thus obtain

(il,iz,...,in)E]Pn;
i1<ip <+ <iy;

ip<ipy1 for each p€Des(w,D)
= )» X () Xf(wn) " ()
f:V—=TP is a map; ~~
flw)<f(wa) << f(wn); =L ¥
f(wp) <f(wp+1) for each peDes(w,D) (by @)
= ) [T )
f:V—TPP is a map; veV

fwi)<f(wa) << f(wn);

f(wp) <f(wp+1) for each peDes(w,D)

= )3 [1x0)

f:V—PP is a map; veV
f(w1) <f(wp) << f(wn);
f(wp)<f(wp+1) for each pe[n—1]
satisfying (wp,pr) €A

(here, we have replaced the condition “p € Des (w, D)” under the summation sign
by the equivalent condition “p € [n—1] satisfying (wp, wp41) € A”, because
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an element of Des (w, D) is the same thing as an element p € [n — 1] satisfying
(wp, wpi1) € A). Thus, 1b becomes

LDes(w,D), n— Z Xiy Xiy *+* Xi,
(ir,i2rrin ) EP;
i1 <ipg <+ <iy;
ip<ip,1 for each p€Des(w,D)

= ) I x5 (23)

f:V—=P is a map; veV
fwr) <f(wp)<---<f(wn);
f(wp)<f(wp+1) for each pe[n—1]
satisfying (wp,wp+1)€A

The sum on the right hand side of ranges over all maps f : V — P that
satisfy the condition

“f(wy) < fwy) < -+ < fwy)”

A “f (wp) < f (wps1) for each p € [n—1] satisfying (wp, wy41) € A”.

However, this condition is equivalent to the condition “the V-listing w is (f, D)-
friendly” (because this is how the notion of “(f, D)-friendly” was defined). There-
fore, we can replace the former condition by the latter condition under the summa-
tion sign on the right hand side of (23). Thus, we can rewrite as follows:

LDes(w,D), n— 2 H xf(v)' (24)
f:V—=TP is a map; veV

the V-listing w is (f,D)-friendly

Now, forget that we fixed w. We thus have proved for each V-listing w.
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Now,
Up = Z LDes(w,D), n

w is a V-listing

= ) Y. [T x (by @9))

w is a V-listing f:V—=PP is a map; veV
the V-listing w is (f,D)-friendly

-

N

f:V—=P wisan (f,D)-friendly V-listing

= ) D [T

f:V—=P wisan (f,D)-friendly V-listing vEV

=(# of (f,D)-friendly V-listings)- [T x(y)
veV

= Z S# of (f,D)-friendly V-listings)/- I Xf (o)
f:V—=P . = () veV

0e6y; FCA NA
foo=f is linear

(by Lemma

=Y Y Y )T
fiV=P 0e6y; FCANA veV
foo=f is linear

=¥ Y (-pF Y ITyw
ceGy FCANA fV=P;, veVv
\is linearv , \f or=f

:{(—1)‘1’(‘7), ifo e &y (D,D); . v

(by Lemma
0, else

(by Proposition
_y {(—1)4’("), if o € &y (D,D);

Ptypec
0, else P

ceGy

_ Z (_1)90(0) Prypeo-
0’66\/(D,5)

This proves Theorem [1.31] H

3. Proof of Theorem [1.39

Theorem can be derived from Theorem by combining some addends that

have the same piypes factor. Depending on the respective (—1)4’(‘7) factors, these
addends either cancel each other out or combine to form a multiple of piypeo-

Proof of Theorem We have assumed that D is a tournament. Hence, for any two
distinct vertices u and v of D, we have the logical equivalences

((u,v) isan arc of D) <= ((v,u) is an arc of D)
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and
((u,v) isan arc of D) <= ((v,u) is an arc of D).

Therefore, the reversa of a nontrivial D-cycle is always a nontrivial D-cycle, and
vice versa.

We define a map ¥ : &y (D,D) — &y (D) as follows: If o € &y (D), then we
let ¥ (0) be the permutation obtained from ¢ by reversing each cycle of ¢ that is a
nontrivial D-cycle (i.e., replacing this cycle of ¢ by its reversal, i.e., replacing ¢ by
c~! on all entries of this cycle)'”l This map ¥ is well-defined (i.e., we really have
¥ (o) € &y (D) for each ¢ € Sy (D, D)), because as we just said, the reversal of a
nontrivial D-cycle is always a nontrivial D-cycle. Moreover, the map ¥ preserves
the cycle type of a permutation —i.e., we have

type (¥ (o)) = typec (25)
for each o € &y (D, D).
Now, Theorem yields
Up= Y, (—1)(’)(0) Pypec = ) (_1)(’)(0) Ptype(¥(v))
0e6y(D,D) :m)) 0e6y(D,D)
(by @3))
_ Z Z (- 1)40(0) Pryper ( here, dee have ;plit 1up tl}e sum >
we&7(D) ceey (D), according to the value of ¥ ()
Y(o)=1
= Z Z (_1)42(0) Ptypet- (26)
T€GyY (D) UEGV(D,E);
Y(o)=1

12Gee Definition for the meanings of “reversal” and “nontrivial”.
13Here is what this means in rigorous terms: We let ¥ (¢) be the permutation of V defined by
setting

c~1(z), ifzisan entry of a cycle of ¢ that is a nontrivial D-cycle;
o(z), otherwise

(Y (0)) (z) = {
foreachz € V.

The cycles of this permutation ¥ (¢) are precisely

e the reversals of those cycles of ¢ that are nontrivial D-cycles, and

¢ the remaining cycles of 0.
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Now, we claim that each T € &y (D) satisfies

p(t) )
Z (_1)(P(¢T ) _ )20, if all cy.cles of T have odd length; 27)
ce&y(DD); 0, otherwise.
Y(o)=t1

[Proof of (27): Let T € &y (D). Then, T has exactly ¥ (T) many nontrivial cycles
(by the definition of ¢ (7)), and all of these nontrivial cycles are D-cycles (by the
definition of &y (D)). The permutations o € Sy (D, D) that satisfy ¥ (¢) = T can
be obtained by choosing some of these nontrivial cycles and reversing them, which
turns them into D-cycles. This can be done in 2¥(T) many ways, since each of the
¥ (7) many nontrivial cycles can be either reversed or not. If all cycles of T have odd

length, then all 2¢(7) permutations ¢ obtained in this way will satisfy (—1)?) =1

(because ¢ (0) = v ¢(y) —1 ] will always be even); therefore, the sum
y€Cycs o; \\d/d“
(6]

7 is a D-cycle
Y (=1)?“) will be a sum of 2¥(*) many 1s and therefore simplify to 2¥(7).

UGGv(D,5> ;

Y¥(o)=T1
On the other hand, if not all cycles of T have odd length, then there is at least one
cycle J of T that has even length, and of course this cycle § will be nontrivial (since
a trivial cycle has odd length); thus, among the permutations ¢ € Sy (D, D) that
satisfy ¥ (0) = 7, there will be as many that have ¢ reversed as ones that have ¢ not
reversed, and the parities of ¢ (¢) for the former will be opposite from the parities
of ¢ (o) for the latter; thus, the sum Y (=1)?) will have equally many 1s
ce&y(D,D);
Y(o)=T1

and —1s among its addends, and therefore will simplify to 0. In either case, we

obtain (27).]
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Now, becomes

Up= ). Y (—1)#) Ptypet
€6V (D) o6y (D,D);
Y(o)=t1

-~

_{2¢(T), if all cycles of T have odd length;

0, otherwise
by @)
29(T) if all cycles of T have odd length;

= Z 0 h . Ptypet

1€6y(D) , otherwise
= )3 247 Ptypet = )3 24 Ptypec-

1€6y(D); v€Gy(D);
all cycles of T have odd length all cycles of ¢ have odd length
This proves Theorem [1.39] O

4. Proving the corollaries

Let us now quickly go through the proofs of the corollaries we stated after Theorem

and after Theorem

Proof of Corollary We let IN [p1, p2, p3, . . .| denote the set of all polynomials in
p1, P2, P3, - .. with coefficients in IN.
For each integer partition A, we have

Pa cIN [pli P2, P3,-- ] (28)
(by the definition of p,).
Theorem yields
Up = Z B (_1)4)(0) Ptypeo
UGGV(DID) EN[F’LPLPS/"-]
(by 28))
e Y (D)"'Nlp,paps..] SZppaps--.
ve&y(D,D)
This proves Corollary O

Proof of Corollary Let 2Z denote the set of all even integers.
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Let 0 € &y (D, D). The definition of ¢ (¢) in Theorem yields

plo)= ), (L(y)-1) €2Z,
v€Cycso; T
K €27
7 is a D-cycle (since £(7y) is odd
(because every D-cycle
has odd length))

so that
(1)) =1, (29)
Theorem now yields
up= Y., (=" piypec

ce6y(D,D)
(by )

= Z Ptypec

0’€6V(D'5) €N[p1,p2,03,--]

(by 28))

€ Z IN [pll pZ/ p3/---] g IN [pll P2/ p3/- . ] .
ve&y(D,D)

This proves Corollary O

Proof of Corollary [1.40} For each o € Gy, let 1 (¢) denote the number of nontrivial
cycles of ¢.

Let 0 € Sy (D) be a permutation whose all cycles have odd length. We shall
show that 2¥(9) pyyoe - € N [p1,2p3,2p5,2p7, . . ).

Indeed, let k1, k», . . ., ks be the lengths of all cycles of ¢, listed in decreasing order.
Then, the numbers ky,ky, ..., ks are odd (since all cycles of ¢ have odd length).
Moreover, the definition of type o yields typeoc = (ki,ky, ..., ks). Furthermore,

P (0) = (# of nontrivial cycles of o)
= (# of cycles of ¢ that have length > 1)
= (#of i € [s] such that k; > 1)
(since the lengths of all cycles of o are ky,k», ..., ks)

S

=) [k >1]

i=1

(here, we are using the Iverson bracket notation), so that

2 S
21/}(0’) — ; [ki>1] — H2k>1 (30)
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Now, recall that type o = (ky, ko, ..., ks). Hence, the definition of piype. yields

S
Ptypec = PkiPky """ Pks = Hpki' (31)
i=1

Multiplying the equalities and (3I), we obtain

s s s
2¢(0) Ptypes = (H Z[ki>1}> (H pk,-) = 1—[ (2[ki>1} Pki)
i=1 i=1 i=1 N\ /,
€{p1.2p3,2p5,2p7,--}
(since k; is odd
(because kq,ks,...,ks are odd))

= (a product of s elements of the set {p1,2p3,2ps,2p7,...})
€ N [p1,2p3,2ps,2p7, .. .] . (32)

Forget that we fixed ¢. We thus have proved for each permutation o €
Sy (D) whose all cycles have odd length. Now, Theorem yields

Up = Y 2V pypes € N[p1,2ps,2ps,2p7,.. ).
76y (D); —
all cycles of o have odd length €N[p1,2p3,2p5,2p7,.-.]
oy 63
This proves Corollary O

5. Proof of Theorem [1.41l

The proof of Theorem is a slightly more complicated variant of our above proof
of Theorem

Proof of Theorem (b) First, we attempt to gain a better understanding of risky
cycles.

We start by noticing that the reversal of a risky rotation-equivalence class is again
risky.

We have assumed that there exist no two distinct vertices u and v of D such that
both pairs (#,v) and (v, u) belong to A. In other words, if (#,v) is an arc of D with
u # v, then (v, u) is not an arc of D, and thus (v, u) must be an arc of D.

Hence, if v is any D-cycle of length > 2, then the reversal of v must be a D-cycle,
and thus cannot be a D-cycle. Therefore, in particular, if v is a risky rotation-
equivalence class of tuples of elements of V, then either v or the reversal of v is a
D-cycle (by the definition of “risky”), but not both at the same time.

Consequently, if v is a risky rotation-equivalence class of tuples of elements of V,
then v and the reversal of v cannot be identical, i.e., we must have

v # revo. (33)
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We define a subset &5, (D, D) of Sy (D, D) by
Sy (D,D) := {0 € &y (D,D) | eachrisky cycle of o is a D-cycle} .

We define amap I' : Sy (D, D) — &%, (D, D) as follows: If o € &y (D, D), then
we let T' (o) be the permutation obtained from ¢ by reversing each risky cycle of
o that is not a D-cycle (i.e., replacing this cycle of ¢ by its reversal, i.e., replacing
o by ¢! on all entries of this cycle). This map T is well-defined (i.e., we really
have I' (¢) € &, (D, D) for each o € &y (D, D)), because if a risky tuple is not a
D-cycle, then its reversal is a D-cycle (by the definition of “risky”). Moreover, the
map I preserves the cycle type of a permutation — i.e., we have

type (I'(0)) = typeo (34)
for each o € Sy (D, D).
Now, Theorem yields
Up = Z (_1)(’)(0) Ptypes = Z (_1)(P(0) Ptype(T(c))
0e&y(D,D) :m)) 0e6y(D,D)
(by @4)
- v e 1)¢(0) " here, we have split up the sum
_ _ yper according to the value of T (¢)
1€6%(D,D) ce6y(D,D);
I'(o)=T
- Z Z (_1)4)((7) Ptypet- (35)
1€&5,(D,D) | ce6y(D,D);
I'(o)=t1

Now, we claim that each T € &, (D, D) satisfies

Z (_1)90(0) _ (—1)4’(7) , ifno cy.cle of T is risky; (36)
06y (D,D); 0, otherwise.
r((T):T

[Proof of (36): Let T € &, (D, D). Let c1,cs, ..., ¢k be the risky cycles of 7. All
of these k risky cycles cy, ¢y, ..., cx are D-cycles (since T € &Y, (D,D)). The per-
mutations ¢ € &y (D, D) that satisfy I' (¢) = 7 can be obtained by choosing some
of these k risky cycles ¢y, ¢, ..., c, of T and reversing them, which turns them into
D-cycles (because if v is any D-cycle of length > 2, then the reversal of v must
be a D-cycle). This can be done in 25 many ways, since each of the k risky cycles
€1,€2,...,C can be either reversed or no The sum Y (—1)(’)(0) thus has

ce&y(D,D);
I'(o)=1

U4Fineprint: All of these k risky cycles are distinct from their reversals (by (33)). Thus, each of the
2k possible choices of risky cycles to reverse leads to a different permutation ¢ € Gy (D, D).

)
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2K many addends, and each of these addends corresponds to one way to decide
which of the k risky cycles cy,c,...,cx to reverse and which not to reverse. If

k = 0, then this sum therefore simplifies to (—1)4’(7). If, on the other hand, we have
k # 0, then this sum equals 0 E Combining the results from both of these cases,
we obtain

0, otherwise

Y (1)) = {(—1)(”“), if k = 0;
D);

_ (=1)%D, if no cycle of T is risky;
0, otherwise.

(since k is the number of risky cycles of 7). This proves (36).]

15Proof. Assume that k # 0. Thus, k > 1, so that the risky cycle c; exists. If ¢ € &y (D, D) is such
that I (0) = 7, then either the cycle ¢ or its reversal (but not both) is a cycle of ¢. Thus,

Y (—1)#)

ve&y(D,D);
I'(o)=T1
= L v+ Y p (37)
ve&y(D,D); ve&y(DD);
I'(0)=T; I'(0)=T;
cp is a cycle of o c1 is not a cycle of &

The two sums on the right hand side of this equality have the same number of addends, and
there is in fact a bijection between the addends of the former and those of the latter (given by
replacing the cycle c; by its reversal or vice versa). Moreover, this bijection toggles the parity of
the number ¢ (o) (that is, it changes this number from odd to even or vice versa), since ¢ ()
is defined to be the sum Y (£ () — 1) (which contains the odd addend /¢ (¢;) — 1 when
eC ;
v 'iYs a %C-i;cle
c1 is a cycle of ¢, but does not contain this addend when ¢; is not a cycle of ¢). Hence, this
bijection flips the sign (—1)"’(‘7). Therefore, the addends in the first sum on the right hand side
of cancel those in the second. Therefore, the two sums add up to 0. The equality thus
simplifiesto ¥ (=1)?() =0, ged.
ce&y(D,D);
T'(0)=t1
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Now, becomes

up= ) ) (-1)? Ptypet

(—1)(/’(T) , if no cycle of T is risky;
0, otherwise

(by (G6))

- v {(—1)4’(7) , if no cycle of 7 is risky;

. pt eT
0, otherwise P

T
- ) (-1 Ptypet
te&y,(D,D); =
no cycle of 7 is risky (since no cycle of 7 is risky,

and thus it is easy to see
that ¢(7) is even)

= B Ptyper = 3 Ptypet
te@y,(D,D); €&y (D,D);
no cycle of T is risky no cycle of T is risky

(since the permutations T € &Y, (D, D) that have no risky cycles are precisely the
permutations T € Sy (D, D) that have no risky cycleﬂ. Renaming the summation
index T as ¢ on the right hand side, we obtain

Up = )3 Ptypec-
ve&y(D,D);
no cycle of ¢ is risky

This proves Theorem (b).
(@) This follows trivially from part (b), since p) € N [p1, p2, p3, . ..] for each par-
tition A. O

6. Recovering Redei’'s and Berge's theorems

We shall now derive two well-known theorems from Theorem and Theorem

.39
We recall Convention and Definition The two theorems we shall derive
are the following:

16This follows trivially from the definition of &, (D, D).
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Theorem 6.1 (Rédei’s Theorem). Let D be a tournament. Then, the # of hamps
of D is odd. Here, we agree to consider the empty list () as a hamp of the empty
tournament with 0 vertices.

Theorem 6.2 (Berge’s Theorem). Let D be a digraph. Then,

(# of hamps of D) = (# of hamps of D) mod 2.

Theorem originates in Laszlo Rédei’s 1933 paper [Redei33] (see [Moonl3,
proof of Theorem 14] for an English translation of his proof). Theorem was
found by Claude Berge (see [Berge76| §10.1, Theorem 1], [Berge91, §10.1, Theorem
1], [Tomesc85, solution to problem 7.8], [Lovasz07, Exercise 5.19] or [GrinbelZ,
Theorem 1.3.6] for his proof, and [Lass02, Corollaire 5.1] for another). Berge used
Theorem [6.2| to give a new and simpler proof of Theorem [6.1] (see [Berge91| §10.2,
Theorem 6] or [Lovasz07, Exercise 5.20] or [Grinbel7, Theorem 1.6.1]).

We can now give new proofs for both theorems. This will rely on the symmetric
function Up and also on a few simple tools:

We define { : QSym — Z to be the evaluation homomorphism that sends each
quasisymmetric function f € QSym to its evaluation f (1,0,0,0,...) (obtained by
setting x1 to be 1 and setting all other variables x, x3, x4, ... to be 0). Note that ( is
a Z-algebra homomorphism We shall show two simple lemmas:

Lemma 6.3. Let n € IN. Let I be a subset of [n —1]|. Then, { (L} ,) = [[ = 2]
(where we are using the Iverson bracket notation).

Proof. The definition of L; , yields

Ll,n = Z Xig Xiy *** Xi, -
i1 <ip <+ <iy;
ip<ip41 for each p€l

When we apply ¢ to the sum on the right hand side (i.e., substitute 1 for x;
and substitute 0 for xy,x3,x4,...), any addend that contains at least one of the
variables x7, x3, x4, ... becomes 0, whereas any addend that only contains copies
of x; becomes 1. Hence, { (L] ,,) is the number of addends that only contain
copies of x;. But this number is 1 if I = @ (namely, in this case, the addend for
(i1,1p,...,in) = (1,1,...,1) fits the bill), and is 0 if I # & (because in this case, the
condition “i,, < i,y for each p € I” forces at least one of the n numbers iy, 1, ..., in
in each addend x;, x;, - - - x;, to be larger than 1, and therefore each addend contains
at least one of xp, x3,x4,...). Thus, altogether, this number is [I = &]. This proves

Lemmal6.3l O
17We don’t really need QSym here. We could just as well define  on the ring of bounded-degree
power series (that is, of all power series f € Z [[x1, X2, X3, ...]] for which there exists an N € IN

such that no monomial of degree > N appears in f). However, we cannot define { on the whole
ring Z [[x1, X2, x3, . ..]], since { would have tosend 1 +x1 +x2 +x3 + - to1+1+12+ 13 4.
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Lemma 6.4. Let A be any partition. Then,

C(pr) =1

Proof. Write the partition A in the form A = (A, Ay, ..., Ax), where the k entries
A1, Az, ..., A are positive. Then, the definition of p, yields py = pa,pr, -+ Pa,-
Hence,

C(pr) =¢ (p/\lp/\z ’ "p)\k) = g(p/\l) ¢ (p/\z) ' "@(P)\k)

(since ( is a Z-algebra homomorphism)
k
- Hg (p/\i) : (38)
i=1

However, for each positive integer n, we have p, = x{ + x5 + x5 +--- (by the
definition of p;,) and

C(pn) =pn(1,0,0,0,...) (by the definition of ()
:\114—9”—}—0”4;0”-!—--- (since pp, = x + x5 + x5 +--)
= (since n i:sopositive)
=1 (39)

Hence, becomes

k k
Zpy =11 <a(p) =1I1=1
i=1 T i=1
(by (39),
since A; is positive)
This proves Lemma O

Lemma 6.5. Let D be a digraph. Then,

¢ (Up) = (# of hamps of D).

Proof. Write D as D = (V,A), and set n := |V|. Then, D = (V, (V x V) \ A).
Hence, a hamp of D is the same as a V-listing w such that each i € [n — 1] satisfies
(w;, wi11) € (V x V) \ A. In other words, a hamp of D is the same as a V-listing w
such that no i € [n — 1] satisfies (w;, w; ;1) € A. In other words, a hamp of D is the
same as a V-listing w that satisfies Des (w, D) = @ (because Des (w, D) is defined
to be the set of all i € [n — 1] satisfying (w;, w; 1) € A). Therefore,

(# of hamps of D)
= (# of V-listings w that satisfy Des (w, D) = @). (40)
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The definition of Up yields

Up = 2 LDes(w,D), n:

w is a V-listing

4 (uD) = ( Z LDes(w,D), n)

w is a V-listing

= ) 4 (LDes(w,D), n) (since the map  is Z-linear)
w is a V-listing ~- -
=[Des(w,D)=2]
(by Lemma

= Z [Des (w, D) = &]

w is a V-listing

= (# of V-listings w that satisfy Des (w, D) = @)
= (# of hamps of D) (by @0)) .
This proves Lemma O

We can now state a formula for the # of hamps of D for any digraph D:

Theorem 6.6. Let D = (V, A) be a digraph. Then:

(a) Set
p(o):= Y. (L(y)-1) for each 0 € &y.
Y€Cycso;
7 is a D-cycle
Then,
(# of hamps of D) = ) _ (=1)#).
ve&y(D,D)

(b) We have (# of hamps of D) = |&y (D, D) | mod 2.
Proof. (a) Theorem yields

Up = Z (—1)4)(0) Ptypeo-
ve&y(D,D)
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Hence,

¢(Up)=¢ ( Z (_1)(P(U) ptypea)

ve&y(D,D)
= Z (—1)4)(0) 4 (Ptypea) (since ( is Z-linear)
7e6y(D,D) T
(by Lemma

applied to A=type )

= Y (=1)%@)

ve&y(D,D)
However, Lemma [6.5| yields
¢ (Up) = (# of hamps of D).
Comparing these two equalities, we find

(# of hamps of D) = ) _ (=1)9).

This proves Theorem [6.6] (a).
(b) Theorem [6.6] (a) yields

(# of hamps of D) = ) _ (=1)?@) = )Y 1=|6y(D,D)|mod2.
UE@V(D’E) =1mod?2 UEGV(D’ﬁ)

(since (—1)k51 mod 2
for any keZ)

This proves Theorem [6.6] (b). O
We are now ready to prove Rédei’s and Berge’s theorems:

Proof of Theorem We have &y (D, D) = &y (D, D) (since the digraphs D and D
play symmetric roles in the definition of Gy (D, D)). However, it is also easy to see

(using the definition of the complement of a digraph) that D = D.
Theorem [6.6] (b) yields

(# of hamps of D) = |Sy (D, D)| mod 2. (41)
However, Theorem 6.6 (b) (applied to D instead of D) yields

(# of hamps of ﬁ) = ‘GV (5, ﬁ) ‘ mod 2.
We can rewrite this as

(# of hamps of D) = |&y (D, D)|mod 2
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(since D= D). Hence,

(# of hamps of D) = |&y (D,D)| = |&y (D, D))| (since &y (D,D) = &y (D, D))
= (# of hamps of D) mod 2 (by (@1)).
This proves Theorem O

Proof of Theorem Write the tournament D as D = (V, A). Set n := |V]|.
For each 0 € Gy, let ¢ (0) denote the number of nontrivial cycles of o. Then,

Theorem yields

ce&y(D);
all cycles of & have odd length

¢(Up) =¢ )3 2¥ prypeo
ce6Gy(D);
all cycles of o have odd length

= ) 29 7 (prypeo) (since { is Z-linear)
ce6y(D); —
all cycles of o have odd length by L e;}na
applied to A=type o)

_ Y 29(7) (42)
ce&y(D);
all cycles of o have odd length
— p(idy) ¥()
=1 veSy(D); =0mod2
(since (idy)=0) all cycles of o have odd length; (since p(0)>1
o#idy (because o#idy shows

that o has at least
one nontrivial cycle))

here, we have split off the addend for ¢ = idy
from the sum (since idy € &y (D), and since
all cycles of idy have odd length)

=1+ Z 0 =1mod2.
€6y (D);
all cycles of o have odd length;
(T#idv

(. /

=0

In view of

¢ (Up) = (# of hamps of D) (by Lemma
= (# of hamps of D) mod 2 (by Theorem ,
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we can rewrite this as
(# of hamps of D) = 1mod 2.

In other words, the # of hamps of D is odd. This proves Theorem O

7. A modulo-4 improvement of Redei’s theorem
We can extend Redei’s theorem (Theorem to a somewhat stronger result:
Theorem 7.1. Let D be a tournament. Then,

(# of hamps of D) = 1+ 2 (# of nontrivial odd D-cycles) mod 4.
Here:

* We agree to consider the empty list () as a hamp of the empty tournament
with 0 vertices (even though it is not a path).

* We say that a D-cycle is odd if its length is odd.

e We say that a D-cycle is nontrivial if its length is > 1. (This was already
said in Definition (e).)

To prove this, we shall need a simple lemma:

Lemma 7.2. Let D = (V, A) be a digraph. For each 0 € Sy, let ¥ (0) denote the
number of nontrivial cycles of . Let &4 (D) denote the set of all permutations
0 € Gy (D) such that all cycles of ¢ have odd length. Then,

(# of permutations ¢ € &9 (D) satisfying ¢ (¢) = 1>

= (# of nontrivial odd D-cycles).

(We are here using the same notations as in Theorem [7.1})

Proof. If v = (a1,az,...,ar). is any D-cycle (or, more generally, any cycle of the
digraph (V, V x V)), then perm < shall denote the permutation of V that sends the
elements a1, ay,...,ax_1,a5 to ap,as, ..., a;,a; (respectively) while leaving all other
elements of V unchanged. (This permutation perm <y is what is usually called “the
cycle (ay,az,...,ax)” in group theory.)

If 7 is any nontrivial D-cycle, then the permutation perm 7 belongs to Sy (D)
(since its only nontrivial cycle is 7y, which is a D-cycle) and satisfies i (permy) =1
(by the definition of ¢ (perm y)). Moreover, if < is a nontrivial odd D-cycle, then
this permutation perm < furthermore has the property that all its cycles have odd
length (since its only nontrivial cycle 7y is odd, whereas its trivial cycles have length
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1, which is also odd), i.e., belongs to &93¢ (D) (since we know that it belongs to
Sy (D)). Thus, we obtain a map

from {nontrivial odd D-cycles}

to { permutations ¢ € G999 (D) satisfyin o)=1
p v ying ¢

which sends each nontrivial odd D-cycle 7y to the permutation perm <. This map is
furthermore injective (because any distinct nontrivial D-cycles <y and § will always
give rise to different permutations perm v and perm J) and surjectiv Thus, this
map is bijective. Hence, the bijection principle yields

(# of nontrivial odd D-cycles)
= (# of permutations ¢ € G994 (D) satisfying ¢ (0) = 1) .

This proves Lemma O
We can now prove Theorem

Proof of Theorem We use the same notations as in Section [fl Write the tourna-
ment Das D = (V,A).

For each ¢ € Gy, let i () denote the number of nontrivial cycles of o. Let
G944 (D) denote the set of all permutations ¢ € &y (D) such that all cycles of o
have odd length. Note that the identity permutation idy belongs to &9 (D), since
all its cycles are trivial.

18Proof. If o € Gy (D) is a permutation satisfying ¢ () = 1, then ¢ = perm « where 1 is the unique
nontrivial cycle of o. Moreover, this cycle v is a D-cycle (since o € &y (D)). If we furthermore
assume that ¢ € G999 (D), then this cycle 7 has odd length (since o € G999 (D) entails that all
cycles of ¢ have odd length), i.e., is odd.
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Then, from (42), we have
7 (Up) = Y (o) — Y 2¥(0)

ceGy(D); &4 (D)
all cycles of ¢ have odd length

since the permutations o € Sy (D) such that all cycles
of o have odd length are precisely the elements of &4 (D)

Y o¥(o) Y (o) Y ()
S~ S~

69 (D); M re@%d(D); =2 ce&94(D);  =0mod4

p(o)=0 Gince p(0)=0)  y(g)=1 (ince Y(@)=1)  y(r)>2 (since (0)=2)

whether ¢ (0) isOor 1 or > 2

Y 14+ )Y 24 ) o

( here, we have split our sum according to )

ce&dd(D); ce&dd(D); re&d(D);
$(0)=0 p(o)=1 ¥(0)>2
=0

= 2 1

UGG“’,dd(D);

¥(0)=0

———
= (# of permutations c€&994(D) satisfying l[)(O’):O) 1

+ Y, 2
UEG?,dd(D);

p(0)=1
—_———
:(# of permutations c€&994 (D) satisfying lp((r)zl) 2

= (# of permutations ¢ € &334 (D) satisfying ¢ (¢) = 0) 1

(.

-1
(since the only permutation r€&934(D)
satisfying ¢(0)=0 is the identity permutation)

+ <# of permutations ¢ € &334 (D) satisfying ¢ (¢) = 1) -2

[

=(# of nontrivial odd D-cycles)

(by Lemma
= 1-1+ (# of nontrivial odd D-cycles) - 2
= 1+ 2 (# of nontrivial odd D-cycles) mod 4.
Comparing this with
¢ (Up) = (# of hamps of D) (by Lemma [6.5])

we obtain

(# of hamps of 5)
= 1+ 2 (# of nontrivial odd D-cycles) mod 4. (43)
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However, recall that D is a tournament. Hence, the tournament axiom shows
that a pair (1, v) of two distinct elements of V is an arc of D if and only if the pair
(v,u) is not. In other words, a pair (u,v) of two distinct elements of V' is an arc of
D if and only if the pair (v, u) is an arc of D. Thus, if v = (v1,0,...,v) is a hamp
of D, then its reversal revv = (v, vx_1,...,7v1) is @ hamp of D. Hence, we obtain a
map

{hamps of D} — {hamps of 5} ,
U > rev .
This map is furthermore easily seen to be injective and surjective. Hence, it is
bijective. Thus, the bijection principle yields
(# of hamps of D) = (# of hamps of D)
= 1+ 2 (# of nontrivial odd D-cycles) mod 4

(by [@3)). This proves Theorem O

8. The antipode and the omega involution

Next, we will discuss how the Redei-Berge symmetric functions Up interplay with
two well-known involutions on the ring A: the omega involution w and the an-
tipode map S.

We shall not recall the standard definitions of these involutions w and S (see,
e.g., [GriRei20, §2.4]); however, we shall briefly state the few properties that will
be used in what follows. Both the omega involution w and the antipode S of A are
endomorphisms of the Z-algebra A; they satisfy the equalities

S (pn) = —pn (44)

and

w (pn) = (_1)n_1 Pn (45)
for every positive integer n (see [GriRei20, Proposition 2.4.1 (i)] and [GriRei20),
Proposition 2.4.3 (c)]). Moreover, if f € A is a homogeneous power series of degree

n, then
S(f)=(=1)"w(f) (46)
(this is [GriRei20, Proposition 2.4.3 (e)]). We now claim the following theorem:

Theorem 8.1. Let D = (V, A) be a digraph. Then,
w (Up) = Up. (47)
Furthermore, if n := |V|, then

S (Up) = (—1)" Up. (48)
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Proof. The definition of D yields that D = D. Hence, the definition of Gy (D,D)
yields that Sy (D, D) = &y (D, D).

For each 0 € Gy, we set

)= ) (-1 and go)y:= ),  (L(n-1).

v€Cycso; v€Cycso;
7 is a D-cycle 7 is a D-cycle

Now, it is easy to see that

w ((_1)(P(0) Ptypea) = (_1)6(0) Ptypec (49)

for each o € Sy (D, D).
[Proof of : Let ¢ € Sy (D,D). Let ky,k, ..., ks be the lengths of all cycles

of o, listed in decreasing order. Then, the definition of typec yields typec =
(k1,ks,. .., ks). Hence,

Ptypeoc = P(ki,ky,...ks) = PkiPky =" Pks = H Pe(y) (50)
v€Cycso

(since ky, ko, ..., ks are the lengths of all cycles of ¢). Hence,

w <(_1)q)(0) Ptypecf> =w ((‘UCP(U) [1 pf(’r))

v€Cycso
since w is a Z-algebra

— (_1)¢0)
= (=1) I[I w (P 5(7)) < homomorphism )
YECYCS O N —

=(=1)"" " pyqr
(by (@5))

=D T (0 py)

v€Cycso

:(_1)(P(U)< H (_1)5(7)1) H Pe(y)
yeCycs o 1eCycsa

T (- =Ptypec

:(71)7€Cycs<7 (by (50))

Lo (-1
— (_1)(1’((7) (_1)’76Cy€sa Ptypetf- (51)
However, each vy € Cycs o is either a D-cycle or a D-cycle (since o € &y (D, D)),

but cannot be both at the same time (since D and D have no arcs in common).
Thus,

J/

Y, tm-H= )} M-+ Y} (-1

y€Cycso Y€Cycso; v€Cycso;
7 is a D-cycle 7 is a D-cycle

=¢(0) =9(0)
(by the definition of ¢(c)) (by the definition of §(0))

=g (0)+o(0).
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Thus, rewrites as

w ((_1)4)(0) Ptypea) _ S—l)(P(U) (_1)<P(U)+¢(Uzptypea = (—1)7@ Prypeo-

-~

_(_1)@‘7)

This proves (49).]
Now, Theorem yields

Up= ), (—1)? Ptypec- (52)
ve&y(D,D)

Also, Theorem (applied to D, (V x V) \ A and ¢ instead of D, A and ¢) yields

UE = E (_1)¢(U) Ptypec
ve&y(D,D)

= Y (D" pypec (since &y (D, D) = &y (D, D))
ve&y(D,D) :w<(—1)"’(”)ptypw)
(by @9))
= Z w ((—1)(’)(0) PtypeU)

O'GGV(D,E)

=w Z ( —1)90(‘7) Ptype o (since w is Z-linear)
ve&y(D,D)

- >

=Up
(by G2))

= w (LID) .
This proves (7).

Now, let n := |V|. Then, the definition of Up easily yields that Up is homoge-
neous of degree n. Hence, (applied to f = Up) yields

S(Up) = (=1)"w (Up) = (-1)"Upy  (by @)
Thus, is proved. This completes the proof of Theorem O

Theorem can also be proved directly from the definition of Up, using the
formula for the antipode of a fundamental quasisymmetric function ([GriRei20),
(5.2.7)]). Indeed, three different proofs of Theorem (specifically, of ) are
found in [Chow96|] (where appears as [Chow96, Corollary 2]), one of which is
doing just this. A fourth proof can be found in [Wisema0Z7, (6)].

We can use Theorem [8.1] to give a new proof of Berge’s theorem (Theorem [6.2).
For this purpose, we recall the Z-algebra homomorphism ¢ introduced in Section
6l We need another simple property of this {:
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| Lemma8.2. Let f € Z[p1,p2,p3,...]. Then, { (w (f)) = ¢ (f) mod?2.

Proof. Let 7 : Z — Z/2 be the projection map that sends each integer to its con-
gruence class modulo 2. This 77 is a Z-algebra homomorphism.
For each positive integer 1, we have

Clw(pa) = (1" "pa)  (by @)
= (-1)"1¢ (pn) (since { is Z-linear)
——
=1mod2
= { (pn) mod 2

and thus
7 (¢ (w (pn))) = 7 (C (pn))

(since two integers a and b satisfy a = bmod 2 if and only if 77 (a) = 7 (b)). In other
words, for each positive integer 1, we have

(modow)(pn) = (og) (pn)-

In other words, the two maps 7mo { ow and 7o agree on each of the gener-
ators p1, p2, p3, ... of the Z-algebra Z [p1, p2, p3, - . .]. Since these two maps are Z-
algebra homomorphisms (because 77,  and w are Z-algebra homomorphisms), this
shows that these two maps agree on the entire Z-algebra Z [p1, p2, p3, - - .|. Hence,

(mofow)(f) = (mol)(f). In other words, 7 ({ (w (f))) = (¢ (f)). In other
words, { (w (f)) = ¢ (f)mod2 (since two integers a and b satisfy a = bmod 2 if

and only if { (a) = ¢ (b)). This proves Lemma O

Second proof of Theorem From (#7), we obtain w (Up) = Up.

Corollary yields Up € Z [p1, pa2, p3, - - -]- Hence, Lemma [8.2] (applied to f =
Up) yields that

{(w(Up)) = (Up)mod?2.

In view of

 (Up) = (# of hamps of D) (by Lemma

and

= by Lemma
= 5) = (#of h f —
¢ w_@ ¢ (Up) < ot hamps © D) < applied to D instead of D )
= (# of hamps of D) (since D= D) ,
we can rewrite this as

(# of hamps of D) = (# of hamps of D) mod 2.
This proves Theorem [6.2] again. O
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9. A multiparameter deformation

Let us now briefly discuss a multiparameter deformation of the Redei-Berge sym-
metric functions Up, which replaces the digraph D by an arbitrary matrix.

We fix a commutative ring k, which we shall now be using instead of Z as a base
ring for our power series.

We fix an n € IN, and a set V with n elements.

For any a € V x V, we fix an element t, € k. (Thus, the family (t(i j)) y of
EANIS
these elements can be viewed as a V x V-matrix.)
Foranyac V xV,wesets, :=1t,+1¢ck

The following definition is inspired by a comment from Mike Zabrocki:

Definition 9.1. We define the deformed Redei-Berge symmetric function U; to be the
formal power series

Us = Z Z H S(wpwpsr) | X Xip Xy

w=(w1,wy,... ) 1 <ir<-<iy | k€n—1];
is a V-listing =111

€ k[x1,x,x3,...]].

For example, if n =2 and V = {1,2}, then

Clt = Z Xi, Xiy + Z t(llz)xilxiz + Z Xi, Xi, —+ Z t(zll)xilxiz

i1 <ip i1=ip i1 <ip i1=ip
_ 2 2
= inxj + Zt(l,z)xi + Zx,'x]' + Zt(Z,l)xi

i<j i i<j i

= pi+ (5(1,2) +50,1) — 1> p2

=pi+ (t(1,2) +ton) + 1) p2

For a more complicated example, if n = 3 and V = {1,2,3}, then a longer
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computation shows that

Ur = pi + (5(1,2) +502,1) +5013) T561) T523) T532) — 3) P2p1
+ (5<1,2>S<2,3> T5023)531) T531)5012)
T513)562) T 562521 T5entas)
—S(1,2) —S(21) —8(1,3) ~5(31) — 523 —S32) T 2) P3
=pi+ (t(l,Z) tto) Ttas) Tt i) Tige) t 3) p2p1
+ (t<1,z>f<z,3> Tiegten THentaz)
T tastee) Tietey Tienias)
+ taz) o e + e T e + ez +2) P
Why are we calling U; a deformation of Up ?

Example 9.2. Let D = (V, A) be a digraph. Set k = Z, and let

ty = —L TfaEA; foreacha e V x V.
0, ifadgd A

Then, U; = Up, as can be seen by comparing the definitions.

All the above results leading up to Theorem can be extended to this defor-
mation, culminating in the following deformation of Theorem [I.31}

Theorem 9.3. We have

T I B (P B 0 )

ceGy \7isacycle of o \acCArcsy aeCArcsy

Alternatively, Theorem [9.3| can be deduced from Theorem via the “multi-
linearity trick”: View each t, as an indeterminate, and argue that both sides in
Theorem [9.3| are polynomials in degree < 1 in these indeterminates (over the base
ring k [[x1,x2,x3,...]]). Thus, in order to prove their equality, it suffices to prove
that they are equal when each t, is specialized to either 0 or —1. But this is precisely
the claim of Theorem (Thus, Theorem [9.3|is not essentially more general than
Theorem

Theorem [9.3/ shows that the U are p-integral symmetric functions (taking the ¢,

as “integers”). There do not seem to be any good opportunities for generalizing
any of Theorem and Theorem however.
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