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Abstract. Let D = (V, A) be a digraph with n vertices, where each arc
a € Ais a pair (u,v) of two vertices. We study the Redei—Berge symmetric
function Up, defined as the quasisymmetric function

ZLDes(w,D), n € QSym .

Here, the sum ranges over all lists w = (wj,w»,...,wy,) that contain
each vertex of D exactly once, and the corresponding addend is

LDes(w,D), n= Z Xiy Xiy *** X,
i1 <ip <+ <iy;
ip<ipy1 for each p satisfying (wp,wp+1)€A

(an instance of Gessel’s fundamental quasisymmetric functions).

While Up is a specialization of Chow’s path-cycle symmetric function,
which has been studied before, we prove some new formulas that ex-
press Up in terms of the power-sum symmetric functions. We show that
Up is always p-integral, and furthermore is p-positive whenever D has
no 2-cycles. When D is a tournament, Up can be written as a polynomial
in p1,2p3,2ps,2p7, ... with nonnegative integer coefficients. By special-
izing these results, we obtain the famous theorems of Redei and Berge
on the number of Hamiltonian paths in digraphs and tournaments, as
well as a modulo-4 refinement of Redei’s theorem.
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1. Definitions and the main theorems

We begin with introducing the notations, some of which come from [EC2sup22,
Problem 120]. We use standard notations as defined, e.g., in [Stanle01, Chapter 7]
and [GriRei20, Chapters 2 and 5].

1.1. Digraphs, V-listings and D-descents

Welet N :={0,1,2,...} and P := {1,2,3,...}. Weset [n] := {1,2,...,n} for each
n € Z. (This set [n] is empty if n < 0.)

The words “list” and “tuple” will be used interchangeably, and will always mean
finite ordered tuples.

We shall next introduce some basic notations regarding digraphs (i.e., directed

graphs):

Definition 1.1. A digraph means a pair (V, A), where V is a finite set and where A
is a subset of V x V. The elements of V are called the vertices of this digraph, and
the elements of A are called the arcs of this digraph. For any further notations,
we refer to standard literature (the definitions in [Grinbel?7, §1.1-§1.2] should
suffice) and common sense. (Our digraphs are allowed to have loops, but this
has no effect on what follows.)

Definition 1.2. Let D = (V, A) be a digraph. Then, the digraph (V, (V x V) \ A)
will be denoted by D and called the complement of the digraph D. Its arcs will
be called the non-arcs of D (since they are precisely the pairs (u,v) € V x V that
are not arcs of D).

Example 1.3. If D is the digraph
{123}, {(1,2), (2.2), (3,3)}),

then its complement D is the digraph

{123}, {1 1), 1,3), (21), (23), (31), (32)}).
Here are the two digraphs, drawn side by side:

<

303)
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Definition 1.4. Let V be a finite set. A V-listing will mean a list of elements of V
that contains each element of V exactly once.

For example, (2,1,3) is a {1,2,3}-listing.

Of course, if V is a finite set, then there are exactly |V|! many V-listings. They
are in a canonical bijection with the bijective maps from [|V]] to V, and in a non-
canonical bijection with the permutations of V.

w; shall denote the i-th entry of w. (Thus, w = (w1, wy, ..., wy), where k is the

Convention 1.5. If w is any list (i.e., tuple), and if i is a positive integer, then
length of w.)

Definition 1.6. Let D = (V, A) be a digraph. Let w = (wy,wy,...,w,) be a
V-listing. Then:

(@) A D-descent of w means an i € [n — 1] satisfying (w;, wi;1) € A.

(b) We let Des (w, D) denote the set of all D-descents of w.

Example 1.7. Let D be the digraph D from Example and let w be the V-
listing (3,1,2). Then, 2 is a D-descent of w (since (wy, w3) = (1,2) € A), but 1is
not a D-descent of w (since (w1, w) = (3,1) ¢ A). Hence, Des (w, D) = {2}.

Example 1.8. Let n € N, and let V = [n]. Let D be the digraph whose vertices
are the elements of V and whose arcs are all the pairs (i, ) € [n]2 satisfying i > j.
Let w be a V-listing. Then, the D-descents of w are exactly the descents of w in
the usual sense (i.e., the numbers i € [n — 1] satisfying w; > w;1).

We note that D-descents for general digraphs D have already implicitly ap-
peared in the work of Foata and Zeilberger [FoaZei96], which considers the number

maj,w:= Y. iforeach V-listing w. We would not be surprised if what fol-
i€Des(w,D)

lows can shed some new light on the results of [FoaZei%], but so far we have not

found any deeper connections.

1.2. Quasisymmetric functions

Next, we introduce some notations from the theory of quasisymmetric functions
(see, e.g., [Stanle01} §7.19] or [GriRei20, Chapter 5]):

I Definition 1.9.




The Redei—Berge symmetric functions page 5

(@) A composition means a finite list of positive integers. If & = (a1, a2, ..., &)
is a composition, then the number k is called the length of a, whereas the
number a1 + ap + - - - + ay is called the size of a. If n € IN, then a composition
of n shall mean a composition having size n.

(b) A partition (or integer partition) means a composition that is weakly decreas-
ing.

For example, (2,5, 3) is a composition of 10 that has length 3 and is not a partition
(since 2 < 5).

Definition 1.10. Let n € IN. For any subset [ of [n — 1|, we let comp (I, 1) be the
list

(il _iO/ iZ_il/ i3_i2/ sy Z'k_ik—l)/
where ig, i1, ..., i are the elements of {0} UIU {n} listed in strictly increasing
order. This list comp (I, n) is a composition of .

| Example 1.11. If n = 6 and I = {2,3,5}, then comp (I,n) = (2,1,2,1).

Note that comp (I, n) is denoted by co (I) in [Stanle0T} §7.19], but we prefer to
make the dependence on n explicit here. In the notation of [GriRei20, Definition
5.1.10], the composition comp (I,n) is the preimage of I under the bijection D :
Comp, — 2ln=1,

For any n € IN, the map

{subsets of [n — 1]} — {compositions of n},
I — comp (I,n)

is a bijection.

Definition 1.12. Consider the ring Z [[x1,X2,x3,...]] of formal power series
in countably many indeterminates xi,x2,x3,.... Two subrings of this ring
Z[[x1,x2,x3,...]] are:

e the ring A of symmetric functions (defined, e.g., in [Stanle01, §7.1] or in
[GriRei20, §2.1]);

¢ the ring QSym of quasisymmetric functions (defined, e.g., in [Stanle01, §7.19]
or in [GriRei20, §5.1]).

We will not actually use any properties of these rings A and QSym anywhere
except in Sections [§} [f and [7] (and even there, only A will be used); thus, a reader
unfamiliar with symmetric functions can read Z [[x1, X2, x3,...]] instead of A or
QSym everywhere else.
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Definition 1.13. Let a« be a composition. Then, L, will denote the fundamental
quasisymmetric function corresponding to «. This is a formal power series in
QSym, and is defined as follows: Let I be the unique subset of [n — 1] satisfying
a = comp (I,n). Then, we set

Ly = Y. Xi, Xi, - - - X, € QSym
i1 Sip<---<ip;
ip<ipyq for each p€l

(where the summation indices iy, 1, ..., i, range over IP).

See [Stanle01, §7.19] or [GriRei20, §5] for more about these fundamental qua-
sisymmetric functions L, (originally introduced by Ira Gessel We will actually
find it easier to index them not by the compositions « but rather by the correspond-
ing subsets I of [n — 1]. Thus, we define:

Definition 1.14. Let n € IN, and let I be a subset of [n — 1]. Then, we will use
the notation Ly, for Leomp(1,n)- Explicitly, we have

Ll,n = Z Xig Xip =+ X, € stm (1)
i <ip <+ <ip;
ip<ipy for each pel

(where the summation indices iy, 1y, ..., 1, range over IP).
Example 1.15. If n = 3 and [ = {2}, then

Lin=1Lpys= )3 XXXy = ), XipXipXi,
i1<ip<iz; i1<ip<i3
ip<ipy1 for each pe{2}

= X1X1X2 + X1X1X3 + - + X1X2X3 + X1 XoXg + -+ -+ XoXoX3 + - - .

1.3. The Redei—Berge symmetric function

We are now ready to define the main protagonist of this paper:

Definition 1.16. Let n € IN. Let D = (V, A) be a digraph with n vertices. We
define the Redei—Berge symmetric function Up to be the quasisymmetric function

Z LDes(w,D), n € stm

w is a V-listing

INote that the definition of L, given in [GriRei20| Definition 5.2.4] differs from ours. However, it
is equivalent to ours, since [GriRei20, Proposition 5.2.9] shows that the L, defined in [GriRei20,
Definition 5.2.4] satisfy the same formula that we used to define our L,.
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Example 1.17. Let D be the digraph D from Example Then,
Up = Z LDes(w,D), 3
w is a V-listing
= Lpes((1,2,3),0), 3 T Lpes((1,3,2),0), 3 + LDes((2,1,3),0), 3

+ Lpes((2,3,1),0), 3 T Lbes((3,1,2),0), 3 T Lbes((32,1),D), 3
=Ly, 3+ Le,3+Lg 3+ Le 3+ Ly, 3+Lss3

=4 Ly, 3 +  Lpy,s  + Ly, s
N~ N N——
= X XXX = Y XXX = Y xox,x
L XipXipXig
i <ip<iy i<ip<iy U2 L, 12T
=4. Z Xi XiyXiy + Z Xiy XiyXiy + Z Xiy XipXig-
i1<ip<i3 i1<ip<i3 i1 <ip <i3

From this expression, we can easily see that Up is actually a symmetric function,
and can be written (e.g.) as p? + 2p1p2 + p3, where py := x’l‘ + x’z‘ + x§ + .- is
the k-th power-sum symmetric function for each k > 1.

The name “Redei-Berge symmetric function” for the power series Up was chosen
because (as we will soon see) it is actually a symmetric function and is related to
two classical results of Redei and Berge on the number of Hamiltonian paths in
digraphs. In [EC2sup22, Problem 120], it is called Uy, where X is what we call A
(that is, the set of arcs of D); but we shall here put the entire digraph D into the
subscript.

The Redei-Berge symmetric function Up equals the quasisymmetric function
E5 (x,0) from Chow’s [Chow%]ﬂ It also is denoted by 115 in [WisemaO7]E| Several
properties of Up have been shown in [Chow96] and in [Wisema07], and some of
them will be reproved here for the sake of self-containedness and variety. However,
our main results — Theorems [1.31} [1.39|and [1.41|— appear to be new.

Question 1.18. Can these results be extended to the more general functions
Zp (x,y) from [Chow96]?

1.4. Arcs and cyclic arcs

The main results of this paper are explicit (albeit not, in general, subtraction-free)
expansions of Up in terms of the power-sum symmetric functions. To state these,
we need some more notations. We shall soon define cycles of digraphs and cycles
of permutations, and we will then connect the two notions. First, some auxiliary
notations:

%Indeed, this equality follows immediately from [Chow96, Proposition 7], since the quasisymmet-
ric function we call L;,, appears under the name of Q1 in [Chow96], and since our Des (w, 5)
is what is called S (w) in [Chow96].

3Indeed, comparing the definition of Ilp in [Wisema(7, Definition 2.2] with the definition of Ep
in [Chow96)| §2] shows that IIp = Zp (x,0). Thus, II5 = E5 (x,0) = Up (as we already know).
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Definition 1.19. Let V be a set. Let v = (v1,0y, ..., ;) € V¥ be a nonempty tuple
of elements of V.

(a) We define a subset Arcsv of V x V by

Arcsv:= {(v;,vi41) | i€ [k—1]}
= {(v1,02), (v2,03), .-, (Vk-1,04)} 2
CVxV.

This subset Arcs v is called the arc set of the tuple v. Its elements (v;, v; 1)
are called the arcs of v.

(b) We define a subset CArcsv of V x V by

CArcsv := {(v;,vi41) | 1€ [k]}
= {(v1,02), (v2,03), ..., (vk-1,0k), (v, 01)} 3)
CVxV,

where we set vy, := v1. This subset CArcsv is called the cyclic arc set of
the tuple v. Its elements (v;, v;;1) are called the cyclic arcs of v.

(c) The reversal of v is defined to be the tuple (vy, vx_1,...,v1) € V.

Example 1.20. Let V = N and v = (1,4,2,6) € V*. Then,

Arcsv = {(1,4), (4,2), (2,6)} and
CArcsv = {(1,4), (4,2), (2,6), (6,1)}.

Note that if we cyclically rotate a nonempty tuple v € V¥, then the set CArcs v
remains unchanged: i.e., for any (v1,v2,...,0¢) € vk we have

CArcs (v1,vy,...,v;) = CArcs (vp,03,...,0k, V1) .

1.5. Permutations and their cycles

Now, let us discuss permutations and their cycles. We start with some basic nota-
tions:

Definition 1.21. Let V be a finite set. Then, Sy shall denote the symmetric group
of V (that is, the group of all permutations of V).

Note that the order of this group is |Gy | = |V]!.
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Definition 1.22. Let V be a set.

(a) Two tuples v € V¥ and w € V' of elements of V are said to be rotation-
equivalent if w can be obtained from v by cyclic rotation, i.e., if £ = k and
w = (v;,0i41,.-.,0k,01,02,...,0;_1) for some i € [k].

(b) The relation “rotation-equivalent” is an equivalence relation on the set of
all nonempty tuples of elements of V. Its equivalence classes are called the
rotation-equivalence classes. In other words, the rotation-equivalence classes
are the orbits of the operation

(a1, a2, ..., ak) — (az,a3,..., 4, a1)
on the set of all nonempty tuples of elements of V.

(c) The rotation-equivalence class that contains a given nonempty tuple v € V*
will be denoted by v...

For instance, the tuple (1,2,3,4) is rotation-equivalent to (3,4,1,2), but not to
(4,3,2,1). Thus,
(1,2, 3/4)~ = (3,4, 1/2)~ = (4, 3,2, 1)N .

Also,
(1,3,6).=1{(1,3,6), (3,6,1), (6,1,3)}.

Definition 1.23. Let V be a set. Let o be a rotation-equivalence class (of
nonempty tuples of elements of V). Then:

(@) All tuples v € 7 have the same length (i.e., number of entries). This length
is denoted by ¢ (vy), and is called the length of . Thus, if v = v for some
tuple v € VK, then £ () = k.

(b) All tuples v € < have the same cyclic arc set CArcsv (since CArcsv re-
mains unchanged if we cyclically rotate v). This cyclic arc set is denoted
by CArcs 1y, and is called the cyclic arc set of . Thus, the cyclic arc set of a
rotation-equivalence class y = (v1,v,...,0¢) . is

CAresy = {(v1,v2), (v2,03), ..., (Vk—1,%) , (Vk,01)} -

(c) All tuples v € 7 have the same entries (up to order). These entries are
called the entries of . Thus, the entries of a rotation-equivalence class

v = (v1,v2,...,0%). are v1,0y,..., V.

(d) The reversals of all tuples v € < are the elements of a single rotation-
equivalence class rev<y. This latter class will be called the reversal of .
Thus, the reversal of a rotation-equivalence class y = (v1,vy,...,vx) is the
rotation-equivalence class (vg, vg_1,...,71)

~"*
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(e) We say that v is nontrivial if £ () > 1.

For instance, the rotation-equivalence class (3,1,4)_ has length 3, cyclic arc set
{(3,1), (1,4), (4,3)}, and entries 3,1, 4. Its reversal is (4,1, 3) _, and it is nontrivial
(since £((3,1,4).) =3 >1).

Definition 1.24. Let V be a finite set. Let 0 € Gy be any permutation.

(@) The cycles of o are the rotation-equivalence classes of the tuples of the form

where i is some element of V, and where k is the smallest positive integer
satisfying o* (i) = i.
For example, the permutation wy € &) that sends each i € [7] to 8 —i has

cycles (1,7)., (2,6), (3,5). and (4)_. (Note that we do allow a cycle to
have length 1.)

(b) The cycle type of o means the partition whose entries are the lengths of the
cycles of . We denote this cycle type by typec. It is a partition of the
number |V|.

(c) We let Cycs o denote the set of all cycles of .

Example 1.25. Let wy € &[y) be the permutation that sends each i € [7] to 8 — 1.
We have already seen that wy has cycles (1,7)_, (2,6)_, (3,5). and (4)_. Their
respective lengths are 2,2,2,1. Thus, the cycle type of wy is typewy = (2,2,2,1).
We have Cycso = {(1,7)., (2,6)., (3,5)., (4)_}. The first three of the four
cycles (1,7)., (2,6) .., (3,5) and (4) . are nontrivial.

1.6. D-paths and D-cycles

Next, we define paths and cycles in a digraph:
Definition 1.26. Let D = (V, A) be a digraph.

(@) A D-path (or path of D) shall mean a nonempty tuple v of distinct elements
of V such that Arcsv C A.

(b) A D-cycle (or cycle of D) shall mean a rotation-equivalence class y of
nonempty tuples of distinct elements of V such that CArcsy C A.
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We note that our notion of “cycle of D” differs slightly from the common one
used in graph theoryﬂ

Example 1.27. Let D be the digraph D from Example Then:

(@) The pair (1,2) as well as the three 1-tuples (1), (2) and (3) are D-paths.
The triple (1,2,2) is not a D-path (even though it satisfies the “Arcsv C A”
condition), since its entries 1,2,2 are not distinct. The triple (1,2,3) is not
a D-path, since (2,3) is not an arc of D.

The triple (2,3,1) is a D-path (and there are several others).

(b) The only D-cycles are the rotation-equivalence classes (2). and (3)_. The
D-cycles are (1), (1,3)_,(2,3)_ and (2,1,3) _.

1.7. The sets Gy (D) and &y (D, D)

Now, we can connect digraphs with permutations by comparing their cycles:

Definition 1.28. Let D = (V, A) be a digraph. Then, we define
Sy (D) := {0 € Sy | each nontrivial cycle of ¢ is a D-cycle}
and

Sy (D,D) := {0 € &y | each cycle of ¢ is a D-cycle or a D-cycle} .

Note that we could just as well replace “each cycle” by “each nontrivial cycle”
in the definition of &y (D, D), since a cycle of length 1 is always a D-cycle or a

D-cycle (depending on whether its only cyclic arc belongs to A or not). However,
we could not replace “nontrivial cycle” by “cycle” in the definition of Gy (D).

Example 1.29. Let D be the digraph D from Example Let V ={1,2,3} be its
set of vertices. Then:

(@) We have 6y (D) = {idy }, since the only D-cycles have length 1.
(b) We have
&y (D,D) = {idV/ CYCi 3 Yo,/ CYC1,3,2} ’

where cyc; ; ; denotes the permutation that cyclically permutes the ele-
ments i1, 1y, . .., iy while leaving all other elements of V' unchanged.

“Namely, cycles in graph theory have their first vertex repeated at the end, whereas our cycles
don’t. However, this difference is purely notational: A cycle (v1,vy,...,vk) in our sense corre-
sponds to the cycle (v1,v2,...,v,v1) in the graph-theorists’ terminology.
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1.8. Formulas for Up
1.8.1. The power-sum symmetric functions

We now introduce some of the best-known (and easiest to define) symmetric func-
tions:

Definition 1.30.
(a) For each positive integer n, we define the power-sum symmetric function
Pni=x{+x5+x5+--- €A
(b) If A = (A1, Ay, ..., Ag) is a partition with k positive entries, then we set

PA = PaPAy Pag € A

For instance, p(51) = p2p2p1 = (x2+x3+x5+-- )2 (x1+x2+x3+---).

1.8.2. The first main theorem: general digraphs

We now state our first main theorem (which will be proved in Section [2):

Theorem 1.31. Let D = (V, A) be a digraph. Set

o)== Y,  (L(y)-1) for each 0 € Gy.
v€Cycso;
7 is a D-cycle
Then,
Up = Z (_1)(/)(0) Ptypec-
UGGV(D,ﬁ)

Example 1.32. Let V = {1,2,3,4,5,6} and D = (V, V x V). Let 0 € &y be the
permutation whose cycles are (1,3)_, (2,4,5). and (6) . Then, every cycle of o
is a D-cycle, and the number ¢ (0) (as defined in Theorem [1.31) is

(£((1,3)) =)+ (£((24,5).) —1) + (£((6).) = 1)
—2-1D+B-1)+(1-1)=3
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Example 1.33. Let D be the digraph D from Example [1.3l Recall that
Gy (D, 5) = {idv, CyCy 3, CYCy 3, cyc1,3,2}. Thus, Theorem [1.31| yields

_ (_qyelidy) , _1)#(eye13)
Up = (Z1) Piypetiay) +(ZD)™"p type(eye3)

0 0
=(=1)"=1 =paq11)=r ==D'=1 =ppy=pp1

_1\¢ (CYC2,3 ) _1\¢ (CYC1,3,2 )
+ &,_/ Piype(cyers) T &,_/

Piype(cyey 5,)
0 ~ 0
=(=1)"=1" =pp1)=p2m =(-1)’=1 “PE)TPs

= pi+Papy+ pap1+p3 = pi +201p2 + s
This agrees with the result found in Example

Example 1.34. Let D be the digraph (V, A), where V = {1,2,3} and

A={13), 21, 31, 32)}.

Then, a straightforward computation using Theorem shows that Up = p3 —
p1p2 + p3. (This example is due to Ira Gessel.)

The following two corollaries can be easily obtained from Theorem [1.31] (see
Section [ for their proofs):

Corollary 1.35. Let D = (V, A) be a digraph. Then, Up is a p-integral symmet-
ric function (i.e., a symmetric function that can be written as a polynomial in
p1, P2, P3, - --). Thatis, we have Up € Z [p1, p2, P3,-- |-

Corollary 1.36. Let D = (V, A) be a digraph. Assume that every D-cycle has
odd length. Then,

uD - Z Ptypec S N[P1,P2,p3,...] .
ve&y(D,D)

1.8.3. The second main theorem: tournaments

After we will have proved Theorem we will use it to derive a simpler for-
mula, which however is specific to tournaments. First, we recall the definition of a
tournament:

Definition 1.37. A fournament means a digraph D = (V, A) that satisfies the
following two axioms:

* Looplessness: We have (u,u) ¢ A for any u € V.
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* Tournament axiom: For any two distinct vertices u and v of D, exactly one
of the two pairs (u,v) and (v, u) is an arc of D.

Example 1.38. Neither the digraph D from Example nor its complement D,
is a tournament. Here is a tournament:

We can now state our second main theorem (which we will prove in Section [3):

Theorem 1.39. Let D = (V, A) be a tournament. For each o € Sy, let ¢ (0)
denote the number of nontrivial cycles of . Then,

Up = Z 21/)((7) Ptypeo-

ceS v ( D ),'
all cycles of o have odd length

Once this is proved, the following corollary will be easy to derive (see Section 4
for the details):

Corollary 1.40. Let D = (V, A) be a tournament. Then,
Up € N [p1,2p3,2p5,2p7,...] =N p1, 2p; | i > 1isodd].

(Here, IN [p1,2p3,2ps5,2p7,...] means the set of all values of the form
f (p1,2p3,2p5,2p7,...), where f is a polynomial in countably many indetermi-
nates with coefficients in IN.)

1.8.4. The third main theorem: digraphs with no 2-cycles
A more general version of Theorem is the following:
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Theorem 1.41. Let D = (V, A) be a digraph. Assume that there exist no two
distinct vertices 1 and v of D such that both pairs (#,v) and (v, u) belong to A.

(@) Then, Up is a p-positive symmetric function (i.e., a symmetric function that
can be written as a polynomial in py, p2, p3, . . . with coefficients in IN). That
is, we have Up € IN [p1, p2, p3,- -]

(b) A rotation-equivalence class 7y of nonempty tuples of elements of V will be
called risky if its length is even and it has the property that either y or the
reversal of <y is a D-cycle. Then,

Up = Z Ptypec-
U’GGV(D,E);
no cycle of ¢ is risky

We will prove this in Section |5, Note that Theorem (a) generalizes [Chow96,
Theorem 7]

Remark 1.42. The converse of Theorem (a) does not hold. Indeed, consider
the digraph D = (V, A) with V = {1,2,3,4} and

A={12), 21), (23), (2,4), (3,4)}.

Then, D does not satisfy the assumption of Theorem (since the two distinct
vertices 1 and 2 satisfy both (1,2) € A and (2,1) € A), but the corresponding
symmetric function Up is p-positive (indeed, Up = p] + pap? + p3p1). It would
be interesting to know some more precise criteria for the p-positivity of Up.

The next sections are devoted to the proofs of the above results. Afterwards, we
will proceed with further properties of the Redei-Berge symmetric functions Up
(Section [8), applications to reproving Redei’s and Berge’s theorems (Section [6) and
a (not very substantial) generalization (Section 9).

Remark on alternative versions

You are reading the detailed version of this paper. For the standard version (which
is shorter by virtue of omitting some straightforward proofs and some details), see

5To see how, one needs to observe that

1. any acyclic digraph D satisfies the assumption of Theorem [T.41}

2. the wyEp from [Chow96] equals our Up in the case when D is acyclic.

The first of these two observations is obvious. The second follows from the equality
further below, combined with the fact that Ep = Ep (x,0) when D acyclic (since the y-variables
do not actually appear in Ep for lack of cycles), and the fact that Uy = Ep (x,0) (stated above
in the equivalent form Up = &5 (x,0)).
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[GriSta23].

2. Proof of Theorem

In the following, we will outline the proof of Theorem We hope that the proof
can still be simplified further.

2.1. Basic conventions

The following two conventions are popular in enumerative combinatorics, and we
too will use them on occasion:

Convention 2.1. The symbol # shall mean “number”. For instance,
(# of subsets of {1,2,3}) =8.

Convention 2.2. We shall use the Iverson bracket notation: For any logical
statement 4, we let [A] denote the truth value of A. This is the number

1, if Ais true;
0, if A is false.

Our proof of Theorem will rely on many lemmas. The first is a well-known
cancellation lemma (see, e.g., [Grinbe21, Proposition 7.8.10]):

I Lemma 2.3. Let B be a finite set. Then, Y (—1)|F| = [B = 2].
FCB

2.2. Path covers and linear sets

We begin with some more notations:
Definition 2.4. Let V be a finite set.

(@) A path of V means a nonempty tuple of distinct elements of V.
(b) An element v is said to belong to a given tuple t if v is an entry of ¢.

(c) A path cover of V means a set of paths of V such that each v € V belongs to
exactly one of these paths.

For example, {(1,4,3),(2,8),(5),(7,6)} is a path cover of [8]. We stress once
again the words “exactly one” in the definition of a path cover. Thus, the paths
constituting a path cover are disjoint (i.e., have no entries in common). For instance,
{(1,2),(2,3)} is not a path cover of [3].
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In Definition (a), we have introduced the arc set of a path of V (and, more
generally, of any nonempty tuple of elements of V). We now extend this to path
covers in the obvious way:

Definition 2.5. Let V be a finite set.
(a) If Cis a path cover of V, then the arc set of C is defined to be the subset

U Arcsv of Vx V.

veC
This arc set will be denoted by Arcs C.

(b) A subset F of V x V will be called linear if it is the arc set of some path
cover of V.

For example, the path cover {(1,4,3),(2,8),(5),(7,6)} of [8] has arc set

Arcs{(1,4,3),(2,8),(5),(7,6)}

= Arcs (1,4,3) U Arcs (2,8) U Arcs (5) U Arcs (7, 6)
={(1,4), (43)}U{(28)}UaU{(7,6)}
={(1,4), (43), (2.8), (7,6)}.

Thus, the latter set is linear (as a subset of [8] x [8]).

Note that the notion of “path of V" depends on V alone, not on any digraph
structure on V. Thus, if V is the vertex set of a digraph D = (V, A), then a path of
V is not the same as a D-path; in fact, the D-paths are precisely the paths v of V
that satisfy Arcsv C A.

We shall now see a few properties and characterizations of linear subsets of
V x V. Here is a first one, which will not be used in what follows but might help
in visualizing the concept:

if and only if the digraph (V, F) has no cycles and no vertices with outdegree

Proposition 2.6. Let V be a finite set. Let F be a subset of V x V. Then, F is linear
> 1 and no vertices with indegree > 1.

We omit the proof of this proposition, since we shall have no use for it.
The following is also easy to see:

Proposition 2.7. Let V be a finite set. Let F be a linear subset of V x V. Then,
any subset of F is linear as well.

Proof. It suffices to show that removing a single element e from a linear subset F of
V x V yields a linear subset. But this is easy:

Let F be a linear subset of V x V, and let e be an element of F. We must prove
that F \ {e} is again a linear subset.
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The set F is linear, i.e., is the arc set of some path cover of V (by the definition
of “linear”). In other words, we have F = Arcs C for some path cover C of V.
Consider this path cover C.

We have ¢ € F = Arcs C. Thus, e is an arc of some path p € C. Consider this p.

If we remove an arc f from a path, then the path breaks up into two smaller
paths (the “part before f” and the “part after f”) ﬂ Thus, if we remove the arc e
from the path p, then this path p breaks up into the “part before ¢” and the “part
after e”. Let us denote these two parts by p’ and p”. Let C’ be the path cover of V
obtained from C by breaking up the path p into its two parts p’ and p” (that is, let
C':=(C\{p})U{y,p"}). Then, Arcs (C’) = (ArcsC) \ {e} = F\ {e}. This shows

T/
that F \ {e} is the arc set of a path cover of V (namely, of C’). In other words, F \ {e}
is linear. As explained above, this completes our proof of Proposition O

This quickly leads to the following alternative characterization of linear subsets:
Proposition 2.8. Let V be a finite set. Let F be a subset of V' x V. Then:

(@) If the subset F is not linear, then there exists no V-listing v satisfying F C
Arcso.

(b) If F = Arcs C for some path cover C of V, then there are exactly |C|! many
V-listings v satisfying F C Arcsv. (Note that |C| is the number of paths in
C)

(c) The subset F is linear if and only if it is a subset of Arcs v for some V-listing
v.

Proof. (a) We shall prove the contrapositive: i.e., that if there exists a V-listing v
satisfying F C Arcsv, then F is linear.

Indeed, assume that there exists a V-listing v satisfying F C Arcs v. Consider this
v. Then, v is a path of V that contains all elements of V. Hence, the 1-element set
{v} is a path cover of V. Its arc set Arcs {v} is therefore linear (by the definition of
“linear”). In other words, the set Arcsv is linear (since Arcs {v} = Arcsv). Hence,
Proposition (applied to Arcsv instead of F) shows that any subset of Arcsv is
linear as well. Thus, F is linear (since F is a subset of Arcsv). This completes the
proof of Proposition [2.§] (a).

(b) Assume that F = Arcs C for some path cover C of V. Consider this C.
Then, each V-listing v satisfying F C Arcs v can be obtained by concatenating the

®To be specific: If the path is (vy,vy,...,vx), and if the arc f is (v;,v;11), then the resulting two
smaller paths are (v1,vy,...,v;) and (viy1,Viv2, ..., Vk).
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paths in C in some ordelﬂ (and conversely, each such concatenation is a V-listing v
satisfying F C Arcsv). There are clearly |C|! many orders in which the paths in C
can be concatenated, and they all lead to different concatenations (since the paths
in C are disjoint and nonemptyﬁb, i.e., to different V-listings v. Hence, there are

7Proof. This might appear intuitively clear, but let us give a proof nevertheless.

Let v be a V-listing satisfying F C Arcsv. We must prove that v can be obtained by concate-
nating the paths in C in some order.

Let p1, p2, ..., px be the paths in C (listed with no repetitions). Thus, we must prove that v is
a concatenation of pq, pa, ..., px in some order.

Note that the paths py, pa,. .., px are the distinct paths of the path cover C. Thus, they are
disjoint, i.e., have no entries in common. Moreover, every element of V belongs to one of the
paths p1, p2, ..., px (since C is a path cover of V).

Note that v is a V-listing. Hence, each element of V appears exactly once in v. In particular,
no entry appears more than once in v.

Fix i € [k]. Write the path p; as p; = (wy,wa,. .., wy).

Let j € [( —1]. Then, in particular, w; appears exactly once in v (since each element of V
appears exactly once in v). Moreover, we have

(wj wji1) € Arcs (p;) C AresC - (since p; € C)
= F C Arcsv.

Thus, the tuple v must have the form ( Wi Wit - ) (where each “...” stands for an arbitrary
number of entries). In other words, w1 must be the next entry after w; in the V-listing v (since
w; appears exactly once in v).

Forget that we fixed j. We thus have shown that for each j € [/ — 1], the element w;,; must
be the next entry after w; in the V-listing v. In other words, the entries wy,w»,...,w, must
appear in v in this order and as a contiguous block. In other words, the tuple (wy, wy, ..., wy)
is a factor of the tuple v (where a “factor” of a tuple (a1, 4y, ...,45) means a contiguous block
(u]-, Aji1,-- .,aHs) of this tuple). In other words, the path p; is a factor of the tuple v (since
pbi = (w1/w2/- . '/wf))'

Forget that we fixed i. We thus have shown that for each i € [k], the path p; is a factor of v. In
other words, all k paths p1, pa, ..., px are factors of v. These factors are nonempty (since paths
are nonempty by definition) and do not overlap (since the paths pj, py, ..., px have no entries
in common), and therefore appear in v in a well-defined order. In other words, there exists
a permutation ¢ of [k] such that the paths py(1), Py(2), -, Po(x) appear as factors of v in this
order (i.e., the factor p, ;) appears before p, (), which in turn appears before p,(3), and so on).
Consider this 0. Note that every element of V belongs to one of the paths p,(1), Po(2), - - - Po(k)
(since every element of V belongs to one of the paths py, p2, ..., pi)-

We claim that these k factors py(1), Py(2), - - -, Po(k) cOver the entire tuple v (that is, every entry
of v belongs to one of these factors). In fact, if this was not the case, then some entry of v
would lie outside all of these k factors py(1), Py(2), - - -, Po(x); but then this same entry would also
appear again inside one of these k factors (since every element of V belongs to one of the paths
Po(1)r Po(2)r-- - pg(k)), and therefore would appear in v twice (once outside the k factors, and once
again inside one of them), which would contradict the fact that no entry appears more than once
in v. Hence, the k factors p,(1), Po(2), - - -, Po(x) cover the entire tuple v. Since these k factors do
not overlap (because they are just a permutation of the k factors p1, pa, ..., px, which do not
overlap), and since they appear in v in this order, we thus conclude that v is the concatenation of
Po(1)s Po(2) - - -+ Po(k) in this order. Therefore, v is a concatenation of py, py, ..., px in some order.
This completes our proof.

8Here is this argument in more detail: If you concatenate the paths in C in some order, then the
order in which you concatenate them can be reconstructed from the resulting concatenation,




The Redei—Berge symmetric functions page 20

exactly |C|! many V-listings v satisfying F C Arcsv. This proves Proposition
(b).

(c) =: Assume that F is linear. Thus, F is the arc set of a path cover of V. In
other words, F = Arcs C for some path cover C of V. Consider this C. Proposition
(b) yields that there are exactly |C|! many V-listings v satisfying F C Arcsv.
Hence, there is at least one such V-listing v (since |C|! > 1). Thus, F is a subset of
Arcsv for some V-listing v (namely, the V-listing we just mentioned). This proves
the “==" direction of Proposition [2.8| (c).

<=: Assume that F is a subset of Arcsv for some V-listing v. In other words,
there exists a V-listing v satisfying F C Arcs v. However, if the set F was not linear,
then Proposition [2.8| (a) would yield that there exists no such V-listing; this would
contradict the preceding sentence. Hence, the set F must be linear. This proves the
“<+<=" direction of Proposition 2.8| (c). O

Next, let us address a technical issue. We defined the notion of a “linear subset
of V x V” using path covers of V. When we say that a certain set is “linear”, we
are thus tacitly assuming that it is clear what the relevant set V is. This may cause
an ambiguity: Sometimes, two different sets V; and V; can reasonably qualify as V,
and we may have a subset F of V; x Vj that is also a subset of V, x V5. In that case,
when we say that F is “linear”, do we mean that F is linear as a subset of V; x V;
or as a subset of V, x V, ? Fortunately, this does not matter (at least when V; is a
subset of »), as the following proposition shows:

Proposition 2.9. Let V be a finite set. Let W be a subset of V. Let F be a subset
of W x W. Then, F is linear as a subset of W x W if and only if F is linear as a
subset of V x V.

Proof. A path (v1,vy,...,v;) of V will be called trivial if k = 1, and nontrivial oth-
erwise. Clearly, if v is a trivial path, then Arcsv = @. On the other hand, if v is a
nontrivial path, then Arcsv # @ (since a path cannot be empty).

Now, we shall prove the “=" and “<=" directions of Proposition sepa-
rately:

—: Assume that F is linear as a subset of W x W. Thus, F is the arc set of
some path cover of W. Let C = {cj,¢2,...,cx} be this path cover; thus, F = Arcs C.
Now, let v1, vy, ..., v, be the elements of V \ W (each listed exactly once), and let us
define a set

D :={cy,c2,...,ck, (v1),(v2),...,(v0)} =CU{(v1),(v2),...,(ve) }.

Then, D is a path cover of V (in fact, D is just the result of extending C to a path

since it is precisely the order in which the first entries of the paths appear in the concatenation.
This relies on the fact that the paths are nonempty (so that these first entries exist) and disjoint
(so that each of these first entries appears only once in the concatenation). Thus, different orders
in which we can concatenate the paths lead to different resulting concatenations.
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cover of V by inserting a trivial path (v) for each v € V' \ W). Furthermore,

Arcs D = Arcs (CU{(v1), (v2),...,(ve)}) (since D =CU{(v1),(v2),...,(v7)})
= (ArcsC) U (Arcs ((v1))) U (Arcs ((v2))) U -+ - U (Ares ((vy)))

- 7
-~

(since each trivial path (v;) satisfies Arcs((v;))=2)

= ArcsC.

Hence, F = Arcs C = Arcs D. This shows that F is the arc set of some path cover of
V (since D is a path cover of V). In other words, F is linear as a subset of V' x V.
The “=" direction of Proposition [2.9)is thus proved.

<—: Assume that F is linear as a subset of V x V. Thus, F is the arc set of
some path cover of V. Let C = {cj,c¢,...,c,} be this path cover; thus, F = ArcsC.
Now, let v1,vy,...,v; be the elements of V' \ W (each listed exactly once). Thus,
V\ W= {01,7)2,...,Ug}.

Let i € [¢]. We shall prove that the trivial path (v;) belongs to C.

Indeed, from v; € V\ W, we obtain v; € V and v; ¢ W. The element v;
must clearly belong to some path in C (since C is a path cover of V). Let p =
(p1, P2, .., pr) be this path. Thus, v; = ps for some s € [r|. Consider this s.

Since the path p belongs to C, we have Arcsp C ArcsC =F C W x W.

However, if we had s < r, then we would have (ps, ps+1) € Arcsp C W x W,
which would entail p; € W, which contradicts ps = v; € W. Thus, we cannot have
s < r. Hence, s = r (since s € [r]).

Furthermore, if we had s > 1, then we would have (p;_1,ps) € Arcsp C W x W,
which would entail ps € W, which contradicts ps = v; € W. Thus, we cannot have
s > 1. Hence, s = 1 (since s € [r]). Therefore, p; = pj, so that p; = ps = v;.

Comparing s = 1 with s = r, we obtain r = 1, so that (p1,p2,...,pr) = (p1) =
(v;) (since p1 = v;). Thus, p = (p1,p2,---,pr) = (v;), so that (v;) = p € C. In other
words, the trivial path (v;) belongs to C.

Forget that we fixed i. We thus have shown that for each i € [/], the trivial path
(v;) belongs to C. In other words, all ¢ trivial paths (v1), (v2), ..., (vy) belong to C.
Letusset D:=C\ {(v1),(v2),...,(v¢)}. Then,

C = DU{(Ul),(Uz),...,(Z)g)}
(since (v1),(v2),...,(v;) belong to C), so that

ArcsC = Arcs (DU {(v1),(v2),...,(v¢)})
= (Arcs D) U (Arcs ((v1))) U (Arcs ((v2))) U - - - U (Arcs ((vy)))

- 7
-~

=
(since each trivial path (v;) satisfies Arcs((v;))=2)

= Arcs D.

In other words, F = Arcs D (since F = Arcs C).




The Redei—Berge symmetric functions page 22

Recall that C is a path cover of V. Hence, each v € V belongs to exactly one path
in C. Thus, it is easy to see that each path in D is a path of W ﬂ Therefore, D
is a set of paths of W. Furthermore, each v € W belongs to exactly one of these
pathﬂ Hence, D is a path cover of W. Since F = Arcs D, we thus conclude that
F is the arc set of some path cover of W. In other words, F is linear as a subset of
W x W. The “<=" direction of Proposition 2.9|is thus proved. O

We will also use the following fact:

Proposition 2.10. Let V be a finite set. Let V1, V5, ..., V} be several disjoint subsets
of Vsuchthat V. =V;UV,U---UV;. Foreachi € [k], let F; be a subset of V; x V;.
Let F = FUFU---UF. Then, the set F is linear (as a subset of V x V) if and
only if all the subsets F; for i € [k| are linear.

Proof. ==: Assume that F is linear. Then, for each i € [k], the set F; is a subset of F
(since F = FFUFR U---UF, 2 F) and therefore is also lineaﬁ (by Proposition .
Thus, the “=>" direction of Proposition [2.10]is proved.

<=: Assume that all the subsets F; for i € [k| are linear. We must prove that F is
linear.

Let i € [k]. Then, F; is a linear subset of V; x V;. In other words, F; is the arc set
of some path cover of V;. Let C; be this path cover; thus, F; = Arcs (C;).

9Proof. Assume the contrary. Thus, some path in D is not a path of W. In other words, some path
in D contains an element of V \ W (since each path in D is a path of V). Let p be this path, and
let v be this element. Thus, p € D and v € V \ W, and v belongs to p. Note that p € D C C (by
the definition of D).

However, v € V\ W = {v1,0y,...,vs}. Thus, v = v; for some i € [¢]. Consider this i. Thus,
v belongs to the trivial path (v;) (since v = ©v;). We have (v;) € C (since all ¢ trivial paths
(v1),(v2),...,(vy) belong to C) and (v;) ¢ D (since D was defined as C \ {(v1), (v2),..., (v¢)}).

Recall that v belongs to exactly one path in C (since C is a path cover of V). Since v belongs
to both paths (v;) and p (both of which are paths in C, since (v;) € C and p € C), this entails
that these two paths (v;) and p must be identical. Hence, (v;) = p € D. But this contradicts
(v;) ¢ D. This contradiction shows that our assumption was false, ged.

19Proof. Let v € W. We must prove that v belongs to exactly one of the paths in D.

First of all, v € W C V. Hence, v belongs to exactly one path in C (since C is a path cover of
V).

On the other hand, we have v ¢ {v1,vp,...,v,} (because otherwise, we would have v €
{v1,v2,...,v,} = V\ W, which would entail v ¢ W, but this would contradict v € W). In other
words, v is not one of the ¢ elements vy,vy,...,vs. In other words, v belongs to none of the
trivial paths (v1), (v2),..., (vy). In other words, v belongs to no paths in {(v1), (v2),...,(v¢)}.

Now we know that:

* the element v belongs to exactly one path in C, but

e the element v belongs to no paths in {(v1), (v2),..., (ve)}.

Combining these two facts, we see that v must belong to exactly one path in C\
{(v1),(v2),...,(v7)}. In other words, v belongs to exactly one path in D (since D = C\
{(v1),(v2),...,(v¢)}). This completes our proof.

Here, we are tacitly using Proposition which allows us to equivocate between “linear as a
subset of V x V” and “linear as a subset of V; x V;”.
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Forget that we fixed i. Thus, for each i € [k]|, we have constructed a path cover
C; of V; satisfying F; = Arcs (C;). It is easy to see that the union C; UCp U --- U
Cx of these path covers Cy,Cy,...,Cy is a path cover of ViUV, U --- U Vj (since
V1, Va, ..., Vi are disjoint sets). In other words, C; U C, U - - - U Cy is a path cover of
V (since V = V3 UV, U---U V). Moreover, the arc set of this path cover is

Arcs (CtUCU---UCy) = (Arcs (C1)) U (Ares (Cp)) U - - - U (Ares (Cy))
=FRURU---UF (since Arcs (C;) = F; for each i € [k])
= F.

Hence, F is the arc set of a path cover of V (namely, of the path cover C; UCy U

-+ UCy). In other words, F is linear. This proves the “<=" direction of Proposition
2.10 ]

2.3. The arrow set of a permutation

We will now see another way to obtain subsets of V x V:

Definition 2.11. Let V be a finite set. Let o be a permutation of V. Then, A,
shall denote the subset

{(v,c(v)) | veV}= |J CArcsc

ceCycso

of V x V.

Example 2.12. Let V = {1,2,3,4,5,6}, and let o be the permutation of V that
sends 1,2,3,4,5,6 to 2,3,1,5,4, 6 (respectively). Then,

Cyceso =1{(1,2,3), (4,5), (6)}

and

(3,1), (45), (54), (6,6)}

A, ={(1,2), (2
1, UCArecs (4,5) U CArcs (6) .

3),
= CArcs( 2,3)

/

~{12), 23), (31))

~~ ~

{(45), 54))  ={(66)}

The following is a counterpart to Proposition 2.8 (b):

Proposition 2.13. Let V be a finite set. Let F be a subset of V x V. If F = Arcs C
for some path cover C of V, then there are exactly |C|! many permutations ¢ €
Sy satisfying F C A,. (Note that |C| is the number of paths in C.)

Proposition is easily proved, but the proof is tricky to formalize due to
its reliance on some enumerative ideas that are intuitively clear yet notationally
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intricate. To prepare for this proof, we begin with some basic enumerative results.
First, a notation:

| Definition 2.14. An injection shall mean an injective map.

(Of course, this is analogous to the concept of a bijection, which means a bijective
map.)
Now, we can state our first enumerative result

Proposition 2.15. Let X, Y and Z be three finite sets such that Y C X. Let
f 1Y = Z be any injection. Then,

IX|—[Y|-1
(# of injections g : X — Zsuchthat ¢ |y =f)= ] (|1Z]—|Y|—k).
k=0

Proof. We proceed by induction on | X\ Y|:

Base case: If | X\ Y| = 0, then the claim of Proposition is easy to verify["|
This completes the base case.

Induction step: Let m € IN. Assume (as the induction hypothesis) that Proposition
holds for |X\ Y| = m. We must now prove that Proposition holds for
| X\ Y| =m+1as well.

12Recall Convention
13Proof. Assume that [X \ Y| = 0. Then, X \ Y = &, so that X C Y. Combining this with Y C X, we
obtain Y = X. Hence, for any injection ¢ : X — Z, we have ¢ |y = ¢ |x = g Thus,

# of injections ¢ : X — Zsuchthat ¢|y = f
-y :'g
= (# of injections g : Y — Z such that g = f)
=1
(since f itself is an injection g : Y — Z such that ¢ = f, and clearly there are no other such
injections). Comparing this with

1 X|[Y[-1

[T «(z[-N-k

k=0

-1
=11z - Y| —k) since |X|—| Y |[—1=|X|—|X|-1=-1
= (empty product) =1,

we obtain
IX|—[Y|-1
(# of injections ¢ : X — Zsuchthat g |y =f) = [[ (1Z|—|Y|—k).
k=0

Thus, Proposition is proved under the assumption that | X \ Y| = 0.
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So let X, Y and Z be three finite sets such that Y C X. Let f : Y — Z be any
injection. Assume that | X \ Y| = m + 1. We must then prove that

IX|—Y|-1
(# of injections g : X — Zsuchthat ¢ |y =f)= [ (|1Z]—|Y|—k).
k=0

It is well-known that if A and B are two finite sets, and if ¢ : A — B is an
injection, then |¢ (A)| = |A| (since an injection sends distinct elements to distinct
elements, and thus all the |A| distinct elements of A give rise to |A| distinct ele-
ments of ¢ (A)). We can apply thisto A=Yand B=Zand ¢ = f (since f : Y — Z
is an injection); thus we obtain |f (Y)| = |Y|.

From Y C X, we obtain |[X \ Y| = |X| —|Y],so that | X| —|Y| = |[X\Y|=m+1>
1 (since m > 0). Hence, | X| — |Y|—1 > 0.

We have | X\ Y| =m+1 > m > 0, so that the set X \ Y is nonempty. In other
words, the set X \ Y has at least one element p. Consider this p. (We can choose p
arbitrarily, but we then keep it fixed for the rest of this proof.)

Thus, p € X\ Y. In other words, p € X and p ¢ Y. Let Y/ be the set Y U {p}.
Thus,

Y =YU{p} CX (sinceY C X and p € X).

Furthermore, from Y = Y U {p}, we obtain
Y| =Y U{pH=Y]+1  (sincepgY).
Since Y’ C X, we have
(X\Y'[=[X]= [Y]| =X =(¥Y|+1) = |[X] - [¥] -1
— —_—

Y]+ —1X\Y|
(since YCX)

=[X\Y|-1=(m+1)—-1=m.
N——
=m+1

From Y’ = Y U {p}, we also obtain

Y'\{p} = YU{pH)\{p} =Y (sincep ¢ Y).

Also,
Y CYU{p}= Y.

If y € Y is an element that satisfies y # p, theny € Y (sincey € Y and y # p
lead toy € Y'\ {p} = Y), and therefore f (y) is well-defined (since f : Y — Z is a
map).

Forany z € Z\ f (Y), we define a map f, ;. : Y’ — Z by setting

Z, ify=p; ,
f z(y)={ . foreachy € Y'.
e fly), ify#p
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This is well-defined, because if y € Y’ is an element that satisfies y # p, then f (y)
is well-defined (as we saw in the previous paragraph).
Now we claim the following;:

Claim 1: Letz € Z \ f (Y). Then, the map f, ., : Y/ — Z is an injection.

Proof of Claim 1. Let u and v be two elements of Y’ satisfying f, .. (1) = fy—: (v).
We shall show that u = v.

Indeed, we are in one of the following four cases:

Case 1: We have u = p and v = p.

Case 2: We have u = p but not v = p.

Case 3: We have v = p but not u = p.

Case 4: We have neither u = p nor v = p.

Let us first consider Case 1. In this case, we have u = p and v = p. Hence,
u = p = v. Thus, u = v has been proved in Case 1.

Let us now consider Case 2. In this case, we have u = p but not v = p. Hence,
v # p (since we do not have v = p). Combining v € Y’ with v # p, we obtain

ve Y \{p}=Y.
The definition of f,. yields

fpoz (u) = {;’(u) iz ; Z; =z (since u = p),

so that
2= fpoz () = fpoz (0)

- {j"(v) , i Z :é Z; (by the definition of f,_,;)
=f (U) (Since v #£ P)
€ f(Y) (since v € Y).

However, from z € Z \ f (Y), we obtain z ¢ f (Y). This contradicts z € f (Y). Thus
we have obtained a contradiction in Case 2. Hence, Case 2 cannot occut.

A similar argument (with the roles of u and v swapped) shows that Case 3 cannot
occur.

Let us finally consider Case 4. In this case, we have neither # = p nor v = p. In
other words, we have u # p and v # p. Combining v € Y’ with v # p, we obtain
veY \{p} =Y. Similarly, u € Y.

The definition of f,. yields

z, if u=p;

f(u), ifu#p = f(u) (since u # p) .

fp—z(u) = {
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Hence,
fu) = fpoz(u) = fpsz(0)

z, ifo=p; L
= by the definit f
{f(v), o £ p (by the definition of f,_,)

= f(v) (since v # p).

However, the map f is an injection, i.e., is injective. Thus, if 4 and b are two
elements of Y satisfying f (a) = f (b), then a = b. Applying this to @ = u and
b = v, we obtain u = v (since f (1) = f (v)). Thus, we have proved u = v in Case 4.

Let us summarize: We have proved that Cases 2 and 3 cannot occur; thus, we
must actually be in one of the two Cases 1 and 4. But we have also proved that
u = v in each of the latter two Cases 1 and 4. Hence, u = v always holds.

Forget that we fixed u and v. We thus have shown that if u and v are two
elements of Y’ satisfying fpz (u) = fpsz (v), then u = v. In other words, the map
fpoz: Y’ — Z is injective, i.e., an injection. This proves Claim 1. l

Claim 2: Let ¢ : X — Z be any injection such that g |y = f. Then,
g(p) € Z\f(Y).

Proof of Claim 2. Clearly, g (p) € Z. We shall now show that g (p) & f (Y).

Indeed, assume the contrary. Thus, ¢ (p) € f(Y). In other words, g (p)
for some y € Y. Consider this y. From y € Y, we obtain (g |y) (v) = g (v).
g =& lv) () =f(y) =g (p) (since g (p) = f (v))-

7

However, the map ¢ is an injection, i.e., is injective. Hence, if a and b are two
elements of X satisfying ¢ (a) = g (b), then a = b. Applying this to a = y and
b = p, we obtain y = p (since g () = g (p)). Hence, p = y € Y. But this contradicts
p ¢ Y. This contradiction shows that our assumption was false.

Hence, ¢ (p) ¢ f(Y) is proved. Now, combining ¢ (p) € Z with g(p) ¢ f (Y),
we obtain g (p) € Z\ f (Y). This proves Claim 2. O

f )

Hence,

Claim 3: Let ¢ : X — Z be any injection. Let z € Z\ f(Y). Then,
the statement “g |y = f and g (p) = z” is equivalent to the statement

ug |Y’ — fp%zrl.

Proof of Claim 3. We must prove that these two statements are equivalent, i.e., that
each of them implies the other.

Let us first show that the statement “¢ |y = f and g (p) = z” implies the state-
ment “g |y = fp.".

Proof that “g |y = f and g(p) = z” implies “g |yr = fp—.”: Assume that the
statement “¢ |y = f and g (p) = z” holds. We must prove that “g |y» = fp.”
holds as well.
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Indeed, let y € Y'. We shall prove the equality g (v) = f,—: (v). This equality is
easily proved in the case wheny = p EL Thus, for the rest of this proof, we WLOG
assume that y # p. Combining y € Y’ with y # p, we obtainy € Y'\ {p} = Y.
Hence, (g |y) (v) = g(y). However, g |y = f (since we assumed “g |y = f and
g (p) =2z"). Thus, (¥ \@ (v) = f (y). Furthermore, the definition of f, . yields

=f

fy), fy#p
=(gly) () (since (g |y) (v) = f (v))
=8 ().

fpazw):{z' y=pr _ry (since y # p)

In other words, ¢ (y) = fy—z(y). Thus, we have proved the equality g(y) =

fr—z ()

Hence, (g |v) () = & () = fp-z ().
Forget that we fixed y. We thus have shown that (g |y/) (v) = fp—: (v) for each

y € Y. In other words, g |y» = fp—.. We conclude that the statement “g |y» =
fp—z" holds.

Thus, we have proved that the statement “¢ |y = f and ¢ (p) = z” implies the
statement “g |y» = fp.".

Let us now prove the reverse implication:

Proof that “g |y1 = fp.” implies “g |y = f and g(p) = z”: Assume that the
statement “g |y» = f,.” holds. We must prove that “g |y = f and g(p) = z”
holds as well.

Indeed, we have g |y = f,—; (since we assumed that “g |yr = f,,” holds).
Now, for each y € Y/, we have

g =(gl) ) (since y € Y')
o
= fer (3/)
)z ify=p;
_{f(y), ify #p @

(by the definition of fy;).

14Proof. Assume that y = p. We must prove that g (y) = fp—: (y).
Indeed, from y = p, we obtain g (y) = g (p) = z (since we assumed “¢ |y = f and g (p) = z").
On the other hand, the definition of fp_,z yields

fly), ity #p
Comparing this with g (y) = z, we obtain g (y) = fp—z (v). Qed.

Z, ify=yp; .
fp—>2(y)_{ y=r =2z (since y = p).
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Hence, each y € Y satisfies

(8 v)(v) =8 (v) (since y € Y)
N
B {;’(y) ifz 75 ;;, (by @ (since Y€ Y C Y/))
I (since y # p (because y € Y, but p ¢ Y)).

In other words, ¢ |y = f. Furthermore, we have p € {p} C YU {p} = Y. Hence,
(applied to y = p) yields

g(p) = {;,(P) iiZ;z' =z (since p = p).

Thus, we have shown that ¢ |y = f and ¢ (p) = z. In other words, “g¢ |y = f
and g (p) = z” holds. This completes the proof that the statement “g |y» = fy—.”
implies “g |y = fand g (p) = z”.

Altogether, we have now shown that the statement “g |y = f and g(p) = z”
implies the statement “g |y» = f,.”, and vice versa. In other words, these two
statements are equivalent. This proves Claim 3. O

Claim 4: Letz € Z \ f (Y). Then,

(# of injections ¢ : X — Z such that ¢ |y = f and g (p) = 2)
X[ —|Y|-1

= I (zl-lI-K.

k=1

Proof of Claim 4. Recall that Y C X and |X \ Y'| = m. Also, the map fp ;. : Y — Z
is an injection (by Claim 1). However, our induction hypothesis says that Proposi-
tionholds for | X \ Y| = m. Thus, we can apply Proposition to Y and f,;
instead of Y and f. As a result, we obtain

(# of injections g : X — Z such that g |y = fp—z)

e
= JI (zl-P[-k)
k=0
X (¥ 1)1
= H \(|Z|—(|Y|—|—1)—k) (since ‘Y" =1Y|+1)
—_— |z V- (k1)

1X]=1Y]-1-1

k=0
(since | X|—(]Y]+1)—1=|X|—|Y|-1-1)

X|-[Y|-1-1

= [I  (z[-]Y]-(k+1))
k=0

XI=[Y|-1

= II (zl-IyI-k

k=1
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(here, we have substituted k for k 41 in the product).
However, for any injection ¢ : X — Z, the statement “¢ |y = f and g (p) = z" is
equivalent to the statement “g¢ |y» = f,..” (by Claim 3). Hence, we have

(# of injections ¢ : X — Z such that ¢ |y = f and g (p) = 2)
= (# of injections g : X — Z such that g |y = fy—:)
| X|—|Y|-1

= I (zl-lI-K.

k=1
This proves Claim 4. O

We are now almost done. Since f (Y) is a subset of Z, we have |Z\ f (Y)| =

2l = f O] =1z[ =]
=y

However, if ¢ : X — Z is any injection such that ¢ |y = f, then g(p) € Z\ f (Y)
(by Claim 2). Hence, in order to count the injections g : X — Z such that ¢ |y = f,
we can split them up according to the value of ¢ (p) as follows:

(# of injections ¢ : X — Z such that ¢ |y = f)
= Z (# of injections ¢ : X — Z such that ¢ |y = f and ¢ (p) = z)

zeZ\f(Y) X [Y|-1
= kgl (1Z]=[Y1=k)
(by Claim 4)
| X|-[Y|-1 [ X|-[Y[-1
= ) [T (z[-I-k=1Z\fM)|- TT (zl-I¥I-k)
2€Z\f(Y) k=1 m k=
=|Z|=[Y|-0
| X|—[Y[-1
=(1Z=[=0)- [T (Z=I¥|-k).
k=1
Comparing this with
|X|—[Y]-1 1X|-]Y|-1
[T (zl--k=1z]-[-0)- T[] (Z-I¥I-k)
k=0 k=1

here, we have split off the factor for k = 0
from the product, since |X|—1[Y|—-1>0 /)’

we obtain
1X|-[Y]-1
(# of injections g : X — Zsuchthat g |y = f)= [ (|Z]—[Y|—k).
k=0

In other words, the claim of Proposition holds for our X, Y, Z and f.
This completes the induction step. Thus, we have proved Proposition by
induction. H
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From Proposition we can easily derive the following:

Corollary 2.16. Let X be a finite set, and let Y be a subset of X. Let f : ¥ — X
be any injection. Then,

(# of permutations ¢ € &x such that ¢ |y = f) = (|X] — |Y])!.

Proof. We have Y C X (since Y is a subset of X) and thus |Y| < |X|. Hence,
|X| — Y| € N.

We recall the following basic fact about finite sets (one of the Pigeonhole Princi-
ples): If U and V are two finite sets having the same size (i.e., satisfying |U| = | V),
then any injective map from U to V is bijective.

Applying this to U = X and V = X, we conclude that any injective map from X
to X is bijective (since X and X are two finite sets having the same size). In other
words, any injection from X to X is bijective (since an injection is the same as an
injective map). Hence, any injection from X to X is a bijection from X to X. The
converse of this claim is true as well (since any bijection is obviously an injection).
Combining the preceding two sentences, we conclude that the injections from X to
X are precisely the bijections from X to X. Therefore,

{injections from X to X}
= {bijections from X to X}

— {permutations of X} ( since a permutation of X is defined >

as a bijection from X to X
= {permutations ¢ € Sx} (by the definition of &x) .
Thus,
{permutations o € 6Gx} = {injections from X to X} .

In other words, the permutations ¢ € G are precisely the injections from X to X.
Hence,

(# of permutations o € & such that o |y = f)

= (# of injections ¢ from X to X such that o |y = f)

= (# of injections ¢ : X — X such that o |y = f)

= (# of injections g : X — X such that g |y = f)

(here, we have renamed the index o as g)

(X|—[Y|-1
= JI (X|=|Y]—k) (by Proposition applied to Z = X)
k=0
XY
= I i (here, we have substituted i for |X| — |Y| — k in the product)
i=1
—1.2..... (IX| - Y]

= (|X] = [Y])! (since |X|—|Y| €N).
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This proves Corollary O

Next, we introduce some notations for paths:
Definition 2.17. Let V be a finite set. Let p be a path of V. Then:

(@) We let pj,¢ denote the last entry of p. (This is well-defined, since p is a
path, thus a nonempty tuple, and therefore has a last entry.)

(b) Let v be any entry of p distinct from pj,;. Then, the tuple p contains v
exactly onc Furthermore, v is an entry of p, but is not the last entry of p
(since v is distinct from pj,g, which is the last entry of p). Hence, the tuple
p has at least one entry coming after v. We let next (p, v) denote the next
entry after v in the tuple p. (This is well-defined, since the tuple p contains
v exactly once and has at least one entry coming after v.)

Example 2.18. Assume that V = [10] and p = (3,4,1,6,7). Then, p,s = 7 and
next (p,3) = 4 and next (p,4) = 1 and next (p,1) = 6 and next (p,6) = 7.

Definition 2.19. Let V be a finite set. Let C be a path cover of V. Letw € V.

Recall that C is a path cover of V. In other words, C is a set of paths of V
such that each v € V belongs to exactly one of these paths (by the definition of
a path cover). In particular, each v € V belongs to exactly one of the paths in C.
Applying this to v = w, we conclude that w belongs to exactly one of the paths
in C. In other words, there is exactly one path p € C such that w belongs to p.
In other words, there is exactly one path p € C that contains w. We shall denote
the latter path p by path (C, w).

Example 2.20. Assume that V = [6] and C = {(1,6,4), (5), (2,3)}. Then,

path (C,1) = path (C,6) = path (C,4) = (1,6,4);
path (C,5) = (5);
path (C,2) = path(C,3) = (2,3).

The following lemma will help us reduce Proposition to Corollary

15Proof. Clearly, the tuple p contains v (since v is an entry of p). Furthermore, p is a path of V,
that is, a nonempty tuple of distinct elements of V (by the definition of a path of V). Hence, in
particular, the entries of p are distinct. In other words, p does not contain any entry more than
once. Hence, p contains each entry of p exactly once. Thus, in particular, p contains v exactly
once (since v is an entry of p).
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Lemma 2.21. Let V be a finite set. Let C be a path cover of V.

Let L = {ppst | p € C}. This is a subset of V.

Defineamap f: V\ L — V as follows: Letw € V\ L. Thus, w € V and w ¢ L.
Let g be the path path (C,w). Thus, g is the unique path p € C that contains w
(by the definition of path (C,w)). Hence, g € C is a path that contains w. We
have w # gy, (because otherwise, we would have

W = last € {plast | p e C} (Since 'BS C)
=1L,

which would contradict w ¢ L). Hence, w is an entry of g (since g contains w)
that is distinct from g, (since w # giast). Thus, next (g, w) is well-defined (by
Definition 2.17] (b)). We set f (w) := next (g, w).

Thus, we have defined amap f: V\L — V.

Now, we claim the following:

(@) This map f is an injection.

(b) Let 0 € Gy. Let F = ArcsC. Then, we have F C A, if and only if
v |V\L =f.

Proof. We begin by showing a general property of the map f:

Claim 1: For any w € V' \ L, we have f (w) = next (path (C,w), w) and
path (C, f (w)) = path (C,w).

Proof of Claim 1. Let w € V \ L. Thus, w € V and w ¢ L. Let g be the path
path (C,w). Thus, g is the unique path p € C that contains w (by the defini-
tion of path (C,w)). Hence, g € C is a path that contains w. The definition
of f yields f(w) = next(q,w). Since g = path(C,w), we can rewrite this as
f (w) = next (path (C,w), w).

However, next (g, w) is defined as the next entry after w in the tuple 4. Hence, in
particular, next (g, w) is an entry of 4. In other words, f (w) is an entry of g (since
f (w) = next (g, w)). In other words, the path g contains f (w).

However, path (C, f (w)) is defined as the unique path p € C that contains f (w).
Hence, if p € C is a path that contains f (w), then p = path (C, f (w)). Applying
this to p = g, we obtain g = path (C, f (w)) (since g € C is a path that contains
f (w)). Comparing this with g = path (C,w), we find path (C, f (w)) = path (C, w).

Thus, we have now shown that f (w) = next (path (C,w), w) and path (C, f (w)) =
path (C,w). This proves Claim 1. O

We shall now prove the two parts of Lemma

(@) Let u and v be two elements of V' \ L satisfying f (u) = f (v). We shall prove
that u = v.
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Claim 1 (applied to w = u) yields f (1) = next (path (C,u), u) and path (C, f (u)) =
path (C, u).

Claim 1 (applied to w = v) yields f (v) = next (path (C,v), v) and path (C, f (v)) =
path (C, v).

From path (C, f (1)) = path (C,u), we obtain

path (C, u) = path C’&l = path (C, f (v)) = path (C,v).
=f(v)

Let us set g := path (C, u). Thus, g = path (C,u) = path (C,v).

We have g = path (C, u). In other words, g is the unique path p € C that contains
u (since path (C, u) is defined to be the unique path p € C that contains u). Hence,
g € C is a path that contains u. The same argument (applied to v instead of u)
shows that g € C is a path that contains v (since g = path (C, v)).

In particular, g is a path of V. In other words, g is a nonempty tuple of distinct
elements of V' (by the definition of a path of V). Hence, in particular, the entries of
g are distinct.

Write the path g as ¢ = (91,92,-..,9x).- Then, u = g; for some i € [k] (since g
contains ). Similarly, v = q; for some j € [k] (since g contains v). Consider this i
and this ;.

But next (g, u) is the next entry after u in the tuple g (by the definition of next (g, u)).
In other words,

next (g, u) = (the next entry after u in the tuple q) .

Now,

f(u) =next | path(C,u), u | =next(q,u)
———

=q
= (the next entry after u in the tuple g)

(the next entry after g; in the tuple ¢) (since u = q;)

_ since ¢ = (41,92, - --,4qx) , so that the entry g;
— i1 < is followed by g; 1 in the tuple g ) '
The same argument (applied to v and j instead of u and i) shows that f (v) = g1
(since path (C,v) = g and v = g;). Note that the equalities f () = g;;1 and
f (v) = gj41 show (in particular) that g;,1 and g;,1 are well-defined, i.e., that the
elements i + 1 and j + 1 belong to [k].

Now, from f (1) = g;41, we obtain

gi+1 = f (u) = f (v) = gj+1.
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But we know that the entries of g are distinct. In other words, 41,93, ...,qx are
distinct (since q1,4z, .. .,qx are the entries of g (because g = (q1,92,.--,4x))). In
other words, if 2 and b are two elements of [k| satisfying g, = qp, then a = b.
Applying this toa = i+ 1 and b = j+ 1, we conclude that i +1 = j 4 1 (since
9i+1 = gj+1)- Therefore, i = j. Hence, q; = g; = v (since v = ¢;), so that u = g; = v.

Now, forget that we fixed u and v. We thus have shown that if # and v are two
elements of V' \ L satisfying f (1) = f (v), then u = v. In other words, the map f is
injective. In other words, f is an injection. This proves Lemma (@).

(b) We must prove the equivalence (F C A,) < (0 v = f) In order to do
so, it clearly suffices to prove the two implications (F C A,) = <0’ e = f )
and (F C A,) <= ((7 v = f) Let us do so:

Proof of the implication (F C A,) = ((7 v = f) Assume that F C A, holds.
We must show that ¢ |y, = f holds.

Indeed, let w € V' \ L. Thus, f (w) is well-defined.

Let g be the path path (C,w). Thus, g is the unique path p € C that contains w
(by the definition of path (C,w)). Hence, g € C is a path that contains w.

Write the path g as g = (91,492,...,9x). Then, w = g; for some i € [k] (since ¢
contains w). Consider this i.

The definition of f yields

() = next (g, w)
= (the next entry after w in the tuple g)

since next (g, w) is defined to be the
next entry after w in the tuple g

= (the next entry after g; in the tuple gq) (since w = g;)
o since 4 = (41,92, ---,qk) , so that the entry g;
- i is followed by g1 in the tuple g '

In particular, g1 is well-defined, so that i +1 € [k]. Hence, i € {0,1,...,k—1}.
Since i is positive, we thus conclude that i € [k — 1].

Now,
F = ArcsC = | J Arcso (by the definition of ArcsC)
veC
since Arcsq is one of the terms in the union |J Arcsv
D Arcsg veC
(because g € C)
= Arcs (1,92, - -, qk) (since g = (91,492, ---,49%))

={(91.92), (92.93), -+ (Gk=1,9%)} (by @), applied to v = g and v; = g;) .
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However, from w = g; and f (w) = g;,1, we obtain

(w, f (w)) = (4i,9i41)

€ {(q92), (92.93), -~/ (Gk—1,90)} (since i € [k —1])
CF (since F 2 {(q1,92), (92,93), ---, (qk—1.9%)})
CA,

={(v,0(v)) | veV} (by the definition of A, ).

In other words, (w, f (w)) = (v,0(v)) for some v € V. Consider this v. From
(w, f (w)) = (v,0 (v)), we obtain w = v and f (w) = o (v).

Now, w € V' \ L, so that <(7 |V\L> (w) =0 (\u;/ =0 (v) = f (w) (since f (w) =

=0
7 (v))-
Forget that we fixed w. We thus have shown that <(7 v\ L) (w) = f (w) for each
w € V\ L. In other words, ¢ [\, = f.
Altogether, we have now proved that ¢ [\, = f under the assumption that F C

A,. In other words, we have proved the implication (F C A,) = (0’ e = f >

Proof of the implication (F C A,) <= (0’ v = f) Assume that ¢ [y = f holds.
We must show that F C A, holds.
Indeed, let a € F. Then,

a€F=ArcsC= | Arcsv (by the definition of ArcsC)
veC
= |J Arcsg (here, we have renamed the index v as q) .
geC

In other words, a € Arcsq for some g € C. Consider this g.

Recall that C is a path cover of V. In other words, C is a set of paths of V such
that each v € V belongs to exactly one of these paths (by the definition of a path
cover). Hence, C is a set of paths of V. Thus, g is a path of V (since g € C).

Write the path g as g = (41,92, - .,4x)- Thus,

Arcsq

= AI‘CS (ql,qz, v ,qk)

={(q1,92), (92,93), ---, (Gk-1,9K) } (by @), applied to v = g and v; = g;) .
Hence,

acAresqg={(q1,92), (92,93), ---, (qk=1,9%) } -

In other words, a = (g;,g;+1) for some i € [k — 1]. Consider this i.
Clearly, g; is an entry of q. In other words, the path g contains g;.
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Recall that path (C,g;) is defined as the unique path p € C that contains g;.
Hence, if p € C is a path that contains g;, then p = path (C,g;). Applying this to
p = g, we conclude that g = path (C, g;) (since q € C is a path that contains g;).

We shall next show that g; ¢ L.

Indeed, assume the contrary. Thus, g; € L = {ppst | p € C} (by the definition
of L). In other words, g; = pjast for some p € C. Consider this p. Clearly, pj,q; is the
last entry of p (by the definition of pj,g), and thus belongs to p. In other words, g;
belongs to p (since q; = piast)- But g; also belongs to g (since g; is an entry of g).

Recall that C is a set of paths of V such that each v € V belongs to exactly one
of these paths. Hence, in particular, each v € V belongs to exactly one of the paths
in C. Applying this to v = g;, we conclude that g; belongs to exactly one of the
paths in C. However, both p and g are paths in C. Thus, if the paths p and g were
distinct, then g; would belong to (at least) two distinct paths in C (since g; belongs
to both p and g), which would contradict the fact that g; belongs to exactly one of
the paths in C. Hence, the paths p and g cannot be distinct. In other words, p = g.

Thus,

Plast = qlast = (the last entry of q) (by the definition of gj,g;)
= qk (since g = (q1,92,---,qk)) -

In other words, g; = g (since q; = Piast)-

However, g is a path of V. In other words, g is a nonempty tuple of distinct
elements of V (by the definition of a path of V). Hence, in particular, the entries
of g are distinct. In other words, g1,7>,...,qx are distinct (since g1, 492, ..., gk are
the entries of g (because g = (41,42,.--,9x)))- In other words, if b and c are two
elements of [k] satisfying g, = g, then b = c. Applying this to b =i and ¢ = k, we
conclude that i = k (since q; = gx). Hence, i = k ¢ [k — 1] (since k > k — 1). But this
contradicts i € [k —1].

This contradiction shows that our assumption was false. Hence, g; ¢ L is proved.

Combining q; € V with q; ¢ L, we obtain g; € V' \ L. Hence, f (g;) is well-defined.

Now, Claim 1 (applied to w = ¢;) yields f (g;) = next(path(C,q;), q;) and
path (C, f (g;)) = path (C, g;). Hence,

f(q;) =next| path(C,q;) ,q;| =next(q,q;)
_\/_/

(since q:;Zth(C,qi))
= (the next entry after g; in the tuple q)
since next(q,q;) is defined to be the
next entry after g; in the tuple ¢

- since 4 = (41,92, - - -,qk) , so that the entry g;
= i is followed by g, in the tuple g '
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However, we assumed that ¢ |y, = f holds. Thus, <0’ |V\L> (g:) = f (9i) = Gi+1-
Therefore,

g1 = (0 lne) (0) = o (a).

Now,

N
=0o(4i)
€{(v,0(v)) | veV} (since q; € V)
= A, (since A, is defined to be {(v,0 (v)) | v € V}).

Forget that we fixed a. We thus have shown that a € A, for each a € F. In other
words, F C A,.
Altogether, we have now proved that F C A, under the assumption that ¢ [ =

f. In other words, we have proved the implication (F C A,) <= (0 e = f )

We have now proved the two implications (F C A,) = ((7 e = f ) and

(FCAy) < <0’ e = f ) Combining them, we obtain the equivalence

(FCAr) < (oln =)
Thus, Lemma (b) is proved. O
We are now ready to prove Proposition 2.13}

Proof of Proposition Assume that F = Arcs C for some path cover C of V. Con-
sider this path cover C. Define the set L and the map f : V\ L — V as in Lemma
Clearly, L is a subset of V. Hence, |V \ L| = |V| — |L|. Also, V' \ L is a subset
of V.

It is now easy to show that |L| = |C|. Indeed:

Proof of |L| = |C|. Let p and q be two distinct paths in C. We shall show that pj. #
Dlast-

Indeed, assume the contrary. Thus, piast = Glast-

Note that pj,q is the last entry of p (by the definition of pj,¢t). Hence, in particular,
Plast belongs to p. Similarly, gi5 belongs to 4. In other words, pj,q¢ belongs to ¢
(since Plast = qlast)-

Now, we know that pj,5 belongs to both p and 4. Since p and g are two distinct
paths in C, we thus conclude that pj,¢ belongs to (at least) two distinct paths in C.

However, C is a path cover of V. In other words, C is a set of paths of V such
that each v € V belongs to exactly one of these paths (by the definition of a path
cover). In particular, each v € V belongs to exactly one of the paths in C. Applying
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this to v = pjat, We conclude that pj,5 belongs to exactly one of the paths in C. But
this contradicts the fact that pj,5 belongs to (at least) two distinct paths in C.

This contradiction shows that our assumption was false. Hence, pjast # qlast iS
proved.

Forget that we fixed p and gq. We thus have shown that if p and g are two distinct
paths in C, then pj,¢ # Grast- In other words, the elements pj,; for all p € C
are distinct. Hence, there are |C| many such elements in total. In other words,
{past | p € C}| =|C|. Since L = {prast | p € C} (by the definition of L), we can
rewrite this as |L| = |C|. Thus, |L| = |C| is proved. O

Now, Lemma (a) yields that the map f is an injection. On the other hand, if
o € Gy is a permutation, then the statement “F C A;” is equivalent to “o [\ =

t” (by Lemma (b)). Hence,

(# of permutations ¢ € Gy satisfying F C A,)
= (# of permutations o € Gy satisfying o |y\; = f >

= (# of permutations ¢ € &y such that ¢ |V\ L=Ff )

=||V|—-|V\L| |! (by Corollary appliedto X =Vand Y =V \ L)
——
=[V|-[L|

= [ [VI-(VI-|L]) ['= |L| t=C|.
—~—

=|L| =[C|

In other words, there are exactly |C|! many permutations ¢ € Sy satisfying
F C A,. This proves Proposition O

2.4. Counting hamps by inclusion-exclusion

Our next lemma will be about counting Hamiltonian paths — which we abbreviate
as “hamps”. Here is how they are defined:

Definition 2.22. Let D be a digraph. A hamp of D means a D-path that contains
each vertex of D. (The word “hamp” is short for “Hamiltonian path”.)

For a digraph D = (V, A), there is an obvious connection between the linear
subsets of A and the hamps of D: If v is a hamp of D, then Arcsv is a maximum-
size linear subset of A (and this maximum size is |V| — 1 if V is nonempty). More
interestingly, there is a far less obvious connection between the linear subsets of A
and the hamps of the complement D:
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Lemma 2.23. Let D = (V, A) be a digraph with V # &. Then,

) (—1)IFl. (# of o € &y satisfying F C A,) = (# of hamps of D) .

FCA is linear

(We are using Convention 2.1 here.)

Proof. The hamps of D are precisely the D-paths that contain each vertex of D. In
other words, the hamps of D are precisely the D-paths that are V-listings (because
a D-path contains each vertex of D if and only if it is a V-listing). In other words,
the hamps of D are precisely the V-listings that are D-paths. In other words, the
hamps of D are precisely the nonempty V-listings that are D-paths (since every V-
listing is nonempty@. In other words, the hamps of D are precisely the V-listings
v that satisfy Arcsv C A (since a nonempty V-listing v is a D-path if and only if it
satisfies Arcsv C A).

Applying the same reasoning to the digraph D = (V, (V x V) \ A) instead of
the digraph D = (V, A), we obtain the following: The hamps of D are precisely
the V-listings v that satisfy Arcsv C (V x V) \ A. In other words, the hamps of D
are precisely the V-listings v that satisfy A N Arcsv = @ (because if v is a V-listing,
then Arcsv is a subset of V x V, and thus the statement “Arcsv C (V x V) \ A” is
equivalent to “A N Arcsv = @”). Hence,

(# of hamps of D)
= (# of V-listings v that satisfy A N Arcsv = ©). (5)

We will use the Iverson bracket notation (as in Convention [2.2). We have

Y oy (nf

v is a V-listing FCA;
FCArcsv

J/

= £ (F
FCANArcsv
=[ANArcs v=02|
(by Lemma 2.3)
= Y. [AN Arcsv = o]

vis a V-listing
= Y. [ANArcsv = 2]+ ) [AN Arcsv = 2]

v is a V-listing; :’1 v is a V-listing; ~ d
ANArcs v=92 (since ANArcs v=02) we don’t have ANArcs v=90

=0
(since we don’t
have ANArcs v=0)

= )Y 1+ Y 0= ) 1

v is a V-listing; v is a V-listing; v is a V-listing;
ANArcsv=g we don’t have ANArcsv=9o ANArcsv=g
=0

= (# of V-listings v that satisfy A N Arcsv = ).

16This is because V # @.
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Comparing this with (5)), we obtain

(# of hamps of D)

= Y Y (v

vis a V-listing FCA;
FCArcsv

=Y X (=

FCA wvisa V-listing;

FCArcsv
_ |F| |F|
- ¥ r ¥ IS}
FCA is linear v is a V-listing; FCA is not linear v is a V-listing;
FCArcsv FCArcsv

J/

-~

=0
(because Proposition [2.8](a)
shows that this sum is empty)

- ¥ D e D DI

FCA is linear v isa V-listing; FCA is not linear
FCArcsv N

J/

=0

= Yy, (-pF. (6)

FCA is linear v isa V-listing;
FCArcsv

Now, let F be a linear subset of A. Thus, F = Arcs C for some path cover C of
V. Consider this C. Then, Proposition yields that there are exactly |C|! many
permutations ¢ € Sy satisfying F C A,. In other words, we have

(# of 0 € Sy satistying F C Ay) = |C|!. (7)

On the other hand, Proposition [2.§| (b) yields that there are exactly |C|! many V-
listings v satisfying F C Arcsv. In other words, we have

(# of V-listings v satisfying F C Arcsv) = |C|!.
Comparing this with (7)), we find
(# of V-listings v satisfying F C Arcsv)
= (# of r € Gy satisfying F C A, ). (8)
Hence,

) (—1)|F‘ = (# of V-listings v satisfying F C Arcsv) - (—1)|F|
v is a V-listing; N~ d
LCArcs v =(# of €Sy satisfying FCA.)
- (by @)
= (# of 0 € Gy satisfying F C A, ) - (—1)“DI

= (—1)|F‘ - (#of 0 € Sy satisfying F C Ay). )
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Forget that we fixed F. We thus have proved (9) for each linear subset F of A.
Now, (6) becomes

(# of hamps of D) = }_ Y. (—1)F!
FCA is linear v is a V-listing;
FCArcsv

J/

:(—1)‘F‘ -(# of aeé:/ satisfying FCA.)
(by O)
= Y. (—1)|F‘ - (#of 0 € Sy satisfying F C Ay).

FCA is linear

This proves Lemma O

2.5. Level decomposition and maps f satisfying foo = f

This entire subsection is devoted to building up some language that will only
ever be used in the proof of Lemma A reader familiar with combinatorial
tropes should be able to skip all proofs in this subsection, along with many of the
statements; nothing substantial is being done here, and all hindrances being sur-
mounted are notational. We would not be surprised if the entire argument could
be simplified or made slicker using some algebraic notions, but we have not been
able to find such notions.

We shall study what happens when a function f : V. — P is introduced into a
digraph D = (V, A). The nonempty fibers of f (i.e., the sets f ! (j) forallj € f (V))
partition the vertex set V, and this leads to a decomposition of D into subdigraphs.
Let us introduce some notation for this, starting with the case of an arbitrary set V
(we will later specialize to digraphs):

Definition 2.24. Let V be any set. Let f : V — P be any map.

(a) For each v € V, we will refer to the number f (v) as the level of v (with
respect to f).

(b) For each j € IP, the subset f~! (j) of V shall be called the j-th level set of f.

Example 2.25. Let V = {1,2,3}. Let f : V — P be givenby f (1) =1, f(2) = 4
and f (3) = 1. Then, the level sets of f are

=413y,  fF14=1{2}, and
fl(j)=oforalljcP\{1,4}.
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Remark 2.26. Let V be any set. Let f : V — IP be any map. Let j € IP. Then, the
j-th level set ! (j) is empty if and only if j ¢ f (V). Hence, the nonempty level
sets of f correspond to the elements of f (V).

Definition 2.27. Let D = (V, A) be a digraph. Let f : V — P be any map.

(@) For each j € P, we define a subset A; of A by

Aji= {(u,v) €A | uvef! (j)} (10)
={(wo)e A | f(u)=f(v)=j} (11)
=An (TR0 (12)

This set Aj is also a subset of 1 (j) x f~1(j), of course.

(b) We let A f denote the subset

{(wv)e A | f(u)=f(v)}
of A.

(c) For each j € IP, we let D; denote the digraph (f~! (j), A;). This digraph D;
is the restriction of the digraph D to the subset f~! (j) (that is, the digraph
obtained from D by removing all vertices that don’t belong to f~1 (j) and
all arcs that contain any of these vertices).

This digraph D; will be called the j-th level subdigraph of D with respect to
f. (We should properly call it D; ¢ instead of D;, but we will usually keep
f fixed when we study it.)

Example 2.28. Let D be as in Example[1.3] Let f : V — P be given by f (1) =1,
f(2) =4and f(3) = 1. Then,

A1 ={(3,3)}, Ay={(2,2)},
Aj=oforallje P\ {1,4},

and
Ar=1(3,3), 2.2)}.
The level subdigraphs of D are the two digraphs

D= ({13}, {(33)}) and Dy = ({2}, {(22)})

(as well as the infinitely many empty digraphs D; for all j € P\ {1,4}). Note that
the arc (3,3) of D is contained in Dy, and the arc (2, 2) is contained in Dy, but the
arc (1,2) is contained in none of the level subdigraphs (since its two endpoints 1
and 2 have different levels).
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Remark 2.29. Let D = (V, A) be a digraph. Let f : V — P be any map. Let
j € P. Then, the j-th level subdigraph D; and its arc set A; are empty if j & f (V).
(However, A; can be empty even if j does belong to f (V).)

In the following, the symbols “lUI” and “| |” stand for unions of disjoint sets. Thus,

for example, “A; LI Ay LI A3 LI - - -7 will mean the union of some (pairwise) disjoint
sets A1, Ay, As, . ...

Proposition 2.30. Let V and | be two finite sets. Let V; be a subset of V for each
j € J. Assume that the sets V; for different j € | are disjoint. Let C; be a path
cover of V; for each j € J. Then:

(@) The sets C; for different j € | are disjoint.

j€l j€l j€]
|| Arcs (C]').
j€l

(b) Their union | | C; is a path cover of | | V;, and its arc set is Arcs ( L] Cj> =

Proof. (a) It suffices to show that if A and B are two disjoint finite sets, then any
path cover of A is disjoint from any path cover of B. But this is clear, since the
elements of a path cover of A are paths of A, whereas the elements of a path cover
of B are paths of B, and clearly a path of A cannot be a path of B (since A and B
are disjoint).

(b) This is obvious from the definitions of path covers and arc sets. O

Corollary 2.31. Let V and | be two finite sets. Let V; be a subset of V for each
j € J. Assume that the sets V; for different j € | are disjoint. For each j € J, let F;

be a linear subset of V; x V;. Then, the union {J F; is a linear subset of V' x V.
j€l

Proof. Let W be the union .U] V;. This union W = ’U] Vj is a subset of V' (since V; is
j€ j€
a subset of V for each j € J).

The sets V; for different j € | are disjoint (by assumption). Thus, their union
U Vj is a disjoint union. In other words, U V; = | V;. In other words, W = || V;
j€l j€] j€l j€]
(since W = J V)).

j€]

For each j € ], the set F; is a linear subset of V; x V; (by assumption), and thus
is the arc set of some path cover C; of V; (by the definition of “linear”). In other
words, for each j € J, there exists a path cover C]- of V] such that

F; = Arcs (C)) . (13)

Consider these path covers C;.
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Proposition (a) shows that these path covers C; for different j € J are disjoint.
Hence, their union | C; is a disjoint union. In other words, U C; = || C;.

j€l JEI Jj€J
Proposition 2.30| (b) shows that their union | | C; is a path cover of | | V}, and its
j€l j€]
arc set is Arcs <|_| C]-> = | Ares (Cj).
jel j€l
In particular, || C; is a path cover of || V; = W. The arc set of this path cover is
j€l j€]

Arcs <|_| c]-) = Ares (G) = LI F = UF;

j€J €l T 2F j€Jl j€l
(by )
Hence, U F; is the arc set of some path cover of W (namely, of the path cover

j€l
LJ Cj). In other words, F is linear as a subset of W x W (by the definition of
j€]
“linear”). Therefore, F is linear as a subset of V x W (by Proposition 2.9). This
proves Corollary O

Proposition 2.32. Let D = (V, A) be a digraph. Let f : V — P be any map.
Then, the sets Aq, Ay, Az, ... are disjoint, and their union is

AjUAUAzU---= || Aj=Ap
jEf(v)

Proof. The sets

Aj={wo)e A | f(u)=f(v)=]j} (14)
for different j € IP are clearly disjoint, because a pair (#,v) € A cannot satisfy
f(u) = f(v) = j for two different values of j at the same time. In other words, the
sets Ay, Ay, A3, ... are disjoint. Hence, their union is

ATUAUAzU-- = | | A
jeP
= [{wo)e A | f(u)=f(v)=j} (by (14))
jeP

={(u,v) € A | f(u)=f(v) =jforsomejecP}
={(wv)e A | f(u)=f(0)}

= Ay (by the definition of Ay).
It remains to observe that Ay LU A, UAzL--- = || Aj (since A; is empty
j€f(v)

whenever j ¢ f (V)). O
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Let us now connect the level decomposition to linear sets:

Proposition 2.33. Let D = (V, A) be a digraph. Let f : V — P be any map. Let
F be any set. Then:

(@) The set F is a linear subset of Ay if and only if F can be written as F =

L] F]', where each F] is a linear subset of A]-.
jEfv)

(b) In this case, the subsets F; are uniquely determined by F (namely, F; =
FNA;foreachje f(V)).

Proof. (a) <=: Assume that F can be written as F = || F;, where each F; is a
ief(V
linear subset of A;. Consider these linear subsets F;. Y
Each F; is a linear subset of A; (by assumption) and therefore is a linear subset
of f71(j) x f1(j) as well (since A; C f1(j) x f71(j)). The level sets £~ (j)
for different j’s are disjoint. Thus, Corollary (applied to | = f (V) and V; =
f71(j)) shows that the union |J Fjis a linear subset of V x V. In other words, F

jef(v)
is a linear subset of V. x V (since F= || F,= U F). Furthermore,
j€f(v) jef(v)
F= | Fi < L 4=4
jef(v) ey jef(v)

(since Fj isa li;1ear subset of Aj
(by assumption))

(by Proposition . Hence, F is a subset of Ay. This shows that F is a linear
subset of Af (since F is linear). This proves the “<=" direction of Proposition m
(@).

—: Assume that F is a linear subset of A foIn particular, F is linear. Thus, F is
the arc set of a path cover C of V. Consider this C. Thus, F = Arcs C.

We say that a path of V is level if all entries of this path have the same level (with
respect to f). If p is a level path of V, then the level of p will mean the level of each
entry of p.

We claim that each path in C is level. Indeed, let v = (v1,vy,...,vk) be a path
in C. Then, the pairs (v1,v2), (v2,v3), ..., (vk_1, V) are arcs of v, thus belong to
Arcs v, therefore belong to Arcs C (since v is a path in C, and thus we have Arcsv C
Arcs C). In other words, each i € [k — 1] satisfies (v;,v;,11) € ArcsC. Hence, each
i € [k—1] satisfies (v;,v;11) € ArcsC = F C Ay and therefore f (v;) = f (viy1)
(by the definition of Af). In other words, f (v1) = f (v2) = -+ = f (v¢). In other
words, all entries v1,vy,...,v; of v have the same level. In other words, v is level.
Forget now that we fixed v. We thus have shown that each path v = (v1,v,..., %)
in C is level. In other words, each path in C is level.
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Hence, each path in C has a (unique) level. Set
C; := {all paths of level j in C} for each j € P.

Then, the sets Ci,(;,Cs,... are disjoint (since a path cannot have two different
levels simultaneously), and their union C; L C; L C3 U --- is C (since each path in
C has a level). In particular, C = C; UGy U C3 I_I

Let j € IP. Then, C; is a path cover of f1 E Hence, Arcs (C]-) is a linear
subset of =1 (j) x f~1(j) (by the definition of ”hnear ). Furthermore, C; C C (by
the definition of C;) and therefore Arcs (C) C ArcsC = F C Ay € A. Combining
this with Arcs (C ) C f~1(j) x f~1(j), we obtain

Arcs (G) € AN (F71(G) < £ ()
= Aj <since Aj is defined to be AN <f_1 (j) x f1 (])>> .

Thus, Arcs (C;) is a linear subset of A; (since Arcs (C;) is linear).

Forget that we fixed j. We thus have shown that Arcs (C;) is a linear subset of A;
for each j € IP.

In other words, the sets Arcs (C1), Arcs(Cp), Arcs(Cs), ... are subsets of the
sets A1, Ay, Az, ..., respectively. Since the latter sets A1, Ay, A3, ... are disjoint (by
Proposition[2.32), we thus conclude that their subsets Arcs (Cy), Arcs (C), Arcs (Cs),
are disjoint as well.

Moreover, each positive integer j ¢ f (V) satisfies Arcs (C;) = @ l

7Proof. let p € Cj be a path. Then, p is a path of level j in C (since p € C; =
{all paths of level ] in C}). Therefore, all entrles of p have level j. In other words, all entries
of p belong to f~! (j). Hence, p is a path of f~! (j) (not just a path of V).
Forget that we fixed p. Thus, we have shown that each path p € C; is a path of f “1(j). In
other words, C; is a set of paths of f “1().
Any element v € f~1(j) belongs to V, and therefore must belong to a unique path in C (since
C is a path cover of V). This latter path must have level j (since v has level j) and therefore
belong to C; (by the definition of C;). Hence, we conclude that any element v € f~! (j) belongs
to a unique path in C;. This shows that C; is a path cover of £71(j) (since C; is a set of paths of
fH).
18Proof. Let j be a positive integer such that j ¢ f (V). Then, f~! (j) = @. However, we have shown
above that Arcs (C]-) is a linear subset of A;. Hence,

Arcs (Cj) CAj= AN (f_l (j) x f1 (])) (by the definition of A;)
<L W G xf)=oxo=0

so that Arcs (Cj) =0.
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FromC=C UCGUCGU---= || C]': U Cj,weobtain
jeP jeP

ArcsC = Arcs | | G | = | Ares (C))

jEP jeP
since the
= | | Ares () sets Arcs (C;), Arcs (Cp), Arcs(C3), ...
jep are disjoint
= | ] Ares(C)) (15)

jef(v)

(since each j ¢ f (V) satisfies Arcs (Cj) = @).
Thus, ArcsC can be written as | | F]-, where each P]' is a linear subset of A]-
jef(v)
(since Arcs (Cj) is a linear subset of A; for each j € IP). In other words, F can
be written in this way (since F = ArcsC). This proves the “==" direction of

Proposition ().

(b) Assume that F is written as F = fL(I )Fj, where each Fiisa linear subset of
jef(v

Aj. We must show that F; = FN A; for each j € f (V).

Indeed, we have F= || F= |] F.

jef(v) i€f(V)
Now, let j € f (V). Then, F; is a subset of F (since F = ]lf_(l | F;) and also a subset
ief(v

of A; (by definition of F;). In other words, F; is a subset of both F and A;. Thus,
Fiisa subset of the intersection F N Aj as well. Let us now show that FN Ajisa
subset of E;.

Indeed, leta € FN A;. Then,a € FNA; CF = ‘ |f_(|V) F;, so that & € F; for some

1€

i € f(V). Consider this i. Then, « € F; C A; (by the definition of F;). However,
a e FN A]' - Aj. Thus, the element « belongs to both sets A; and Aj. Therefore,
the sets A; and A]' are not disjoint. However, Proposition shows that the sets
Aq, Ay, As, ... are disjoint. The only way to reconcile the previous two sentences is
when i =j.

Thus, we obtain i = j. Hence, a € F; (since « € F).

Forget that we fixed a. We thus have shown that a € F; for eacha« € FN A;. In
other words, F N Aj C F. Since F; is (in turn) a subset of F N Aj, we thus conclude
that F; = FN A;. This completes the proof of Proposition (b). O

Next, we return to studying permutations.

When a set V is a union of two disjoint subsets A and B, and we are given a
permutation 04 of A and a permutation op of B, then we can combine these two
permutations to obtain a permutation o4 @ o of V: Namely, this latter permutation
sends each a € A to oy (a), and sends each b € B to 0 (b). That is, this permutation
oA @ op is “acting as 04" on the subset A and “acting as og” on the subset B.
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The same construction can be performed when V is a union of more than two
disjoint subsets (and we are given a permutation of each of these subsets). We will
encounter this situation when a map f : V — P subdivides the set V into its level
sets f~1(1), f1(2), f71(3), ..., and we are given a permutation 0; € Ss1j)
of each level set f~! (j) (to be more precise, we only need 0; to be given when
j € f(V), since the level set f~!(j) is empty otherwise). The permutation of V

obtained by combining these permutations ¢; will then be denoted by @ o;.
jef(V)

Here is its explicit definition:

Definition 2.34. Let V be any set. Let f : V — IP be any map.
For each j € f (V), let 0j € &41(;) be a permutation of the level set F1().

Then, € o0; shall denote the permutation of V' that sends each v € V to
jef(v)
Uf(v) (v). This is the permutation that acts as ¢j on each level set f “1().

Proposition 2.35. Let V be any set. Let f : V — P be any map. Let ¢ € Sy be
any permutation. Then:

(@ We have f oo = f if and only if ¢ can be written in the form o= @ oj,
jef(V)
where 0; € &1(j) foreach j € f (V).

(b) In this case, the permutations ¢j for all j € f (V) are uniquely determined
by ¢ (namely, ; is the restriction of ¢ to the subset f~1(j) for each j €

f (V).

Proof. (a) =: Assume that f oo = f.
Letj € f (V). Letv € f~1(j). Then, f (v) = j. However, f (¢ (v)) = (foo) (v) =

f(v) =j,sothat o (v) € f~1(j).
Forget that we fixed v. We thus have shown that ¢ (v) € f~!(j) for each v €
f~1(j). Hence, the map

5 = 710),

v 0o (v)

is well-defined. Let us denote this map by ¢;. This map 0; is the restriction of ¢ to

the subset f~! (j) of V.
The map ¢ is a permutation, thus has an inverse o~ '.

obtain f oc!
<~

From foo = f, we

= fogoo ! = f. Hence, just as we have constructed a map
—for —id

o f ~1(j) = f71(j) by restricting the map ¢ to f ! (j), we can likewise construct
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a map ((7_1)]. : £71(j) — f1(j) by restricting the map c~! to f~! (j). These two
maps 0; and ((7_1)]. are mutually inverse (since they are restrictions of the mutually
inverse maps ¢ and ¢~ !). Hence, the map 0j is invertible, i.e., is a permutation of
71 (j). In other words, 0j € Spaj)-

Forget now that we fixed j. Thus, for each j € f(V), we have constructed a
permutation ¢j € S¢-1(;) by restricting the map ¢ to f ~1(j). These permutations

clearly satisfy c = @ o0j(since V= || f ~1(j)). This proves the “==" direc-

jEf(V) jefv)
tion of Proposition (@).
<=: Assume that ¢ can be written in the form 0 = @ 0}, where 0; € & 1))

jef(v)
foreach j € f (V).
Letv € V. Leti = f (v). Thus,i € f (V). Fromoc = ¢ 0j, we obtain
jef(v)

o(v) = Of (o) (v) (by the definition of @ aj)

jef(v)
=0 (v) (since f (v) =)
e f1(i) (since i € S4-1() Is a map from 1) to f71 (1)> .

In other words, f (¢ (v)) =i. Hence, (foo) (v) = f (0 (v)) =i = f (v).
Forget that we fixed v. We thus have shown that (fooc) (v) = f (v) for each
v € V. In other words, f oo = f. We thus have proved the “<=" direction of

Proposition ().
(b) This is obvious. O]

Now, we recall the set A, defined in Definition for any finite set V and any
permutation ¢ of V.

Proposition 2.36. Let V be a finite set. Let f : V — P be any map. Let 0 € Gy
be a permutation satisfying f oo = f. Write ¢ in the form ¢ = @ o0, where
jef(V)
0j € &f;) for each j € f (V). (This can be done, because of Proposition W
(a).) Then,
A= |] As.
jef(v)

Proof. Wehave ¢ = @ 0j. Thus, foreachj € f (V) and each v € f~! (j), we have
jef(v)

0 (v) = 05 (v) = 07 (0) (16)

(since f (v) = j (because v € f~1(j))).
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It is easy to see that the sets A, for different j € f (V) are disjoinﬂ Hence, the
union of these sets is a disjoint union. That is,

U Aq= LI A

jef(v) jefv)
The definition of A, yields
A, ={(v,0(v)) | veV}
= U {(v,0(v) |v€Vandf():jl
J€f(V) —{(v0(0)) | vef1(j)}

(since the elements veV satisfying f(v)=j
are precisely the elements of f~1(j))

(since each v € V satisfies f (v) = j for some j € f (V))

= U v, 0(0) | | vef ()
jef(v) —~

(tfyaj)
- U {eq0) lvef0)
jef(v) g

—Aq,
]
(since A,jj is defined as {(v,(rj(v)) | veffl(j)})

U A= [] As

jef(v) jef(v)
This proves Proposition [2.36 O

Next, we connect the above construction with the level subdigraphs of a digraph:

9Proof. Let i and j be two distinct elements of f (V). We must prove that Ay, and A, are disjoint.

Indeed, the sets f~! (i) and f~! (j) are disjoint (since i and j are distinct). In other words,

f’1 (i) ﬁf’ (j) = @. However, Ag - f*1 (j) x ffl (j) (since 0j is a permutation of f’l (j)) and
Ay C f71(i) x f71(i) (likewise). Hence,

A, N A,

~— ~—
SO () xfL)

= (F O G) x (Fr e 0)
=JIXJ ::Z -

N

(FrOx @) (D<)

Hence, Ay, N Aaj = . In other words, A, and Agj are disjoint. This completes our proof.
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Proposition 2.37. Let D = (V, A) be a digraph. Let f : V — P be any map. Let
o € Gy be a permutation satisfying f oo = f. Then,

AgmAgAf.

Proof. Let « € A;NA. Thus, « € A, and a« € A. In particular, « € A, =
{(v,0(v)) | ve€ V} (by the definition of A,). Hence, « = (v,0(v)) for some

v € V. Consider this v. We have f (0 (v)) = @ﬁl(v) = f(v). In other

words, f(v) = f(c(v)). Hence, (v,0(v)) € Ay (by the definition of Ay, since
(0,0 (v)) = &« € A). In other words, « € A¢ (since & = (v,0 (v))).

Forget that we fixed a. We thus have proved that a € Ay for each a € A, N A. In
other words, A, NAC A f- O

Our last result in this section is the following trivial yet complex-looking lemma,
which will be used in the proof after it:

Lemma 2.38. Let D = (V,A) be a digraph. Let f : V — P be any map. Let
0j € &¢1(;) be a permutation for each j € f (V). Let F; be a subset of A; for each

j € f (V). Then, we have the following logical equivalence:

( L] E< ] Aaj) = (B CAgforeachjef(V)).
jefV) jefv)

Proof. The sets f~!(j) for different j € f (V) are clearly disjoint. Hence, the sets
F7L() x f71(j) for different j € f (V) are disjoint as well?']
For each j € f (V), we have

F]' C A]- (by the definition of F])
= AN ( FL(G) x £ (j)) (by the definition of A))
S xf0)- (17)

20Proof. Let r and s be two distinct elements of f (V). We must prove that the sets f~1 (r) x f~1 (r)
and f~1(s) x f~1 (s) are disjoint.
Indeed, r and s are distinct. Hence, f = (r) N f~! (s) = & (since the sets f~! (j) for different
j € f (V) are disjoint). Now,

(Fr o< )n (e x 71 6) = (O @) < (F enfs)
=X J ::Z. -

In other words, the sets f = (r) x f~1 (r) and f~! (s) x f~1 (s) are disjoint. Qed.
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In other words, for each j € f (V), the set F; is a subset of £~ (j) x f~1 (j). Hence,
the sets F; for different j € f (V) are disjoin The disjoint union || F; thusis
jef(v)
well-defined.
For each j € f (V), the set Ay, is a subset of 1) x f71(j) (since 0} is a permu-

tation of =1 (j)). In other words, for each j € f (V), we have
Ag SFTHG) X FHG)- (18)

Hence, the sets A, for different j € f (V) are disjoinlﬂ The disjoint union
L] Agj thus is well-defined.
j€f(V)

Our goal is to prove the equivalence

] FES | As| <= (FngUjforeachjEf(V)).
jef(v) jef(v)

The “<=" direction of this equivalence is obvious. Thus, we only need to prove
the “=" direction.
Let us do this. We assume that || F,C |/ Aaj. We must prove that F; C Agj
jef(v) jef(v)
for each j € f (V).

2 Proof. Let r and s be two distinct elements of f (V). We must prove that the sets F, and F; are
disjoint.

Recall that the sets f~1(j) x f~1(j) for different j € f (V) are disjoint. Hence, the sets
F~1(r) x f~1(r) and f~1 (s) x f~!(s) are disjoint (since r and s are distinct elements of f (V)).
In other words, (f1(r) x f1(r)) N (f1(s) x f1(s)) = @.

We have

—1 -1 -1 -1 _
Eoon K c(foxfo)n(fexfe) =2
crl -1 cr1 ~1

cf (é;)’ () <f (13(;>, (s)

applied to j=r) applied to j=s)

Hence, F, N F; = &. In other words, the sets F. and F; are disjoint. Qed.
22Proof. Let r and s be two distinct elements of f (V). We must prove that the sets A, and A, are
disjoint.

Recall that the sets f~1(j) x f~1(j) for different j € f (V) are disjoint. Hence, the sets
F~1(r) x f~1(r) and f~1 (s) x f~1(s) are disjoint (since r and s are distinct elements of f (V)).
In other words, (f1(r) x f1(r)) N (f1(s) x f1(s)) = @.

We have

Ao N A (XTI (X)) =2

SF M xfHr) Sf T s)xf7H(s)
(by (18), (by (18),
applied to j=r) applied to j=s)

Hence, Ay, N Ay, = &. In other words, the sets A, and Ay, are disjoint. Qed.
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Leti € f (V). Letw € F;. Then,

«eFEC || FC |] A
jef(v) jef(v)

In other words, & € Ay, for some k € f (V). Consider this k. The set F; is a
subset of f1 (i) x f~1(i) (because for each j € f(V), the set F; is a subset of
1) x f71(j)). Thus, F; C f~1(i) x f~1(i),sothata € F; C f~1 (i) x f~1(i).

However, A, is a subset of f~1 (k) x f~1 (k) (because for each j € f (V), the set
Ay, is a subset of 1) x £71(j)). In other words, Ay, € f~1 (k) x f~1 (k). Hence,
a €Ay CFH(K) x F7L(K).

Thus, the two sets f 1 (i) x f~1 (i) and f~1 (k) x f~! (k) both contain the element
«. However, if we had i # k, then these two sets would be disjoint (since the sets
1) x f71(j) for different j € f (V) are disjoint), which would contradict the
previous sentence. Thus, we have i = k. Hence, we can rewrite « € A;, (which we
know to be true) as « € Ag,.

Forget that we fixed . We thus have shown that « € A, for each « € F;. In other
words, F; C A,

Forget that we fixed i. We thus have proved that F; C A, for each i € f (V). In
other words, F; C Ay, for each j € f (V). This proves the “=" direction of the
above equivalence. Thus, the proof of Lemma is complete. O

2.6. An alternating sum involving permutations ¢ with foo = f

Now, we come to a crucial lemma, which generalizes Lemma to the case of a
digraph D = (V, A) “shattered” by amap f:V — P:

Lemma 2.39. Let D = (V, A) be a digraph. Let f : V — P be any map. For each
j € IP, we define a digraph D; as in Definition (c). Then,

Z Z (—1)‘F| = H (# of hamps ofﬁj).
par

Proof. We shall use the notations from Definition Definition and Defini-
tion We recall that every j € IP satisfies D; = (f ' (j), A;) (by definition of
D).
]
Let ¢ € &y be a permutation satisfying f o o = f. Then, Proposition yields
A;sNA C Ar. Hence, AcNA = A;N Ay (because Ay NA =A,NA;NAC
~— ~——

=A;NAs QAf
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Ay N Ay and conversely Ay N A F S AN A). Hence,
~~

CA
Y (= ¥
FCA,NA FCANAf
is linear is linear

= Y (pF (19)

FCA f is linear;
FCA,

(since a subset of A, M Ay is the same thing as a subset F of Ay that satisfies
F C Ay).

Forget that we fixed . We thus have proved for every o € Gy satisfying
foo=f.

Summing up the equality over all permutations ¢ € Gy satisfying f oo = f,
we obtain

Y Y (-pF
ceGy; FCALNA
foo=f islinear

=Y L (=

ceby; FgAf is linear;

foo=f FCA,
- ¥ x
FCAy is linear ceby;
FCA,;
foo=f
(R —

:(,1)|F|,(# of reBy satisfying FCA, and foo=f)
= Y (). (#ofo e &y satisfying FC Ay and foo=f).  (20)

FQAf is linear

Now, we observe the following: If F; is a linear subset of A; for each j € f (V),
then the disjoint union || F;is well-definedﬁ and is a linear subset of A (by
jef(v)
the “<=" direction of Proposition 2.33| (a), app

ied to F = || F). Hence, the
jef(v)

map

from {families (Fj)]. cF(v) where each F; is a linear subset of Aj}

to {linear subsets of A f}

that sends each family (P])] vy o || F
jef(v)

2Proof. Let Fj be a linear subset of A; for each j € f (V). The sets A; for different j € f (V)
are disjoint (since Proposition yields that the sets Aq, Ay, A3, ... are disjoint). Hence, their
subsets F; must be disjoint as well (since F; is a subset of A; for each j € f (V)). Thus, the disjoint
union || F;is well-defined.

j€f(v)
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is well-defined. Moreover, this map is injective (since Proposition (b) shows
that the sets F; are uniquely determined by their union || F;) and surjective (by
jef(v)
the “=" direction of Proposition (@). Thus, it is bijective. Hence, we can
substitute || F; for F in the sum on the right hand side of . We thus obtain
jefv)

(—1)Fl. (# of ¢ € &y satisfying F C Ay and foo = f)

FgAf is linear

U
= Z (_]) jefv)
(Ff)jef(V) is a family
of linear subsets FCA;
#of o € Gy satisfying | | FiCAyand foo=f]. (21)
jefv)

Now, fix a family (Ff)je ) of linear subsets F; C Aj.
A permutation ¢ € Gy satisfies f oo = f if and only if it can be written in the
formo = @ o), where 0; € &4 for each j € f (V) (by Proposition 2.35 (a)).

jef(v)
Moreover, if o is written in this way, then we have A, = || A,; (by Proposition
jef(v)
2.36)).
Hence, if ((7]-)].e sy € T1 Spj is a family of permutations (i.e., if we are

jef(V)
given a permutation 0; € &,1(j foreach j € f (V)) satisfying || F < Ll Ay,
jefv) jef(v)
then ‘ @ o0;is a permutation 0 € Sy satisfying ‘ LI FCAsand foo=f m
ief(V) jef(v)

: ;=
jef(v) jef(v) jef(v)
Setoc= & ;. Then, we must prove that [ F C Ay and foo = f.
jef(v) j€f(v)

However, this is easy: The “<=" direction of Proposition 2.35 (a) yields f oo = f (since
o= @ o;jwithoj € &;(; for each j € f(V)). Thus, Proposition2.36yields A; = || Ay,
j€f(v) j€f(v)
Hence, || FC |J Aaj = Ay. Thus, both || FC A, and f oo = f are proved.

j€f(v) j€f(v) j€f(v)

24Proof. Let (0']')].6 sy € TI &4y be a family of permutations satisfying || FC || A
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Thus, the map

from families( ) € H Gf ) satisfying |_| F; C |_| A,
JEF(V jef(V) jef(v)

to { 0 € By satisfying |_| FFCAyand foo=f
jef(v)
that sends each family ((7] to EB (7]
jefv

is well-defined. This map is furthermore surjective (this follows easily from the
“==" direction of Proposition n (a)Eb and injective (since Proposition n 2.35| (b)

shows that the permutations ¢; are uniquely determined by o wheno = @ 0;).
jef(v)
Thus, this map is bijective.

BProof. Let ¢ € Gy be a permutation satisfying || F; C Ag and foo = f. We must prove

j€f(v)
that ¢ is an image of some family (o;) jefv) € [I &-1(j) under the map we just constructed.
j€f(v)
In other words, we must prove that there exists a family (7). jefvy € [I &4 satisfying
jf(v)
U F< U Ay suchthato = @ o;.
j€f(v) j€f(v) jef(v)
However, the “=" direction of Proposition [2.35] (a) yields that ¢ can be written in the form
o = @ 0j where 0j € G/ for each j € f (V). In other words, there exists a family
jef(v )
() [1 &4 such thatoc = @ oj. This family (o;) furthermore satisfies
jef(vy € icfvy ! ) i (v) jef(v)

|_(| | FECAs= |_(| . Ay, (by Proposition 2.36). Thus, we have proved that there exists a family
jefv j€f
(U-), e I 6 satisfying || F;C | Ay suchthato= @ o

PIEIO) = ety 1Y) jefv) ' ety jesv) !
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Hence, by the bijection principle, we have

(# of o € Gy satisfying | | FECAyand foo = f)
j€f(v)

= | # of families (‘Tf)jef(V) € [I Sfsatisfying || FC || Aa])
jef(v) jef(v) jef(v)

jef(v)
since the condition “ || F C |] Ag”
jef(v) jef(v)
is equivalent to “F; C Ay, foreach j € f (V)"

= | # of families (o). € S 1,; satisfying F; C A, foreachje f(V
iljefv) £71G) ymsg j J

(by Lemma [2.38)

= H (# of 0j € &4-1(; satisfying F; C Aaj> (by the product rule)

jef(v)
- 11 (# of 0 € & 1(;) satisfying F; C Ag) (22)

jef(v)

(here, we have renamed the index 0j as o).
Also,wehave | || F|= X ‘Fj] (by the sum rule), and thus
jef(v) jef(v)
U F r |K|
()l T = (1 = T (—1)ll (23)

j€f(v)
Multiplying the equalities and (22), we obtain

- (# of o € Gy satisfying |_| FiC Agand foo = f)
jef(v)

= ( I (1)5‘) - T1 (# of ¢ € &4-1(; satisfying F; C Ag>
j€f(v)

ef(v jefv)
=TT (D)l (#of o € &1 satistying F; C A, ) ). (24)
jefiv)

Forget that we fixed (Ff)je vy We thus have proved the equality for any
family (F;)

ief(v) of linear subsets Fj C Aj.
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Now, becomes

(—1)|F‘ - (#of c € Sy satisfying F C Ay and foo = f)

FCA 1 is linear

(Ff)jef(v) is a family
of linear subsets FCA;

U F
(—1)lief) .. (# of o € Gy satisfying |_| FiCAyand foo = f)
N jef(v)
F' . .
:]-elf_([\/) ((71)| ]| . (# of 0€6f,1(],) satisfying FngJ))
(by 24))
- Z H ((_1)!Fj| : (# of 0 € &1 satisfying F; C A(T))

(Ff)jef(v) is a family JEf(V)
of linear subsets FCA;

_ EI;[V) FCAZI. (—)ll. (# of r € &, 1 satisfying F; C A(,>
] 7CA; is linear
(by the product rule)
- 'GIJ;]\:/) e Zl_ (_1)|F| : (# of 0 € &4-1(; satisfying F C AU>
) €4, is linear

J/

= (# of hamps of ﬁ])
(by Lemma [2.23} applied to Dj=(f~1(j), A;) instead of D=(V,A)
(since f~1(j)#2 (because jef(V))))
(here, we have renamed the summation index F] as F )

= J] (#of hamps of D;). (25)
jef(v)

Now, becomes
Y Y (=)
ceCGy; FCALNA

foo=f islinear

= Y. (—1)|F|-(#of(7€(‘5v satisfying F C Ay and f oo = f)
FgAf is linear

= lf_([ | (# of hamps of Dj) (by @5)).
jef(v

This proves Lemma [2.39] O
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2.7. (f,D)-friendly V-listings
The following restatement of Lemma will be useful for us:

Lemma 2.40. Let D = (V, A) be a digraph. Let f : V — P be any map. A
V-listing v = (v1,vy,...,v,) will be called (f, D)-friendly if it has the properties
that f (v1) < f (vp) < --- < f (vn) and that

f(vp) < f (vp41) foreach p € [n — 1] satisfying (vp,vp1) € A, (26)

Then,

Y. ) (—1)|F| = (#of (f,D)-friendly V-listings) .
ceGy; FCANA
foo=f islinear

Proof. For each j € f(V), we define a digraph D; as in Definition (c). The

vertex set of this digraph D; is f ~1(j). In other words, its vertices are precisely
those vertices of D that have level j (with respect to f).

Clearly, a V-listing v = (v1,v,...,v,) satisfies f (v1) < f(vp) < -+ < f(vy) if
and only if it lists the vertices of D in the order of increasing level, i.e., if it first lists
the vertices of the smallest level, then the vertices of the second-smallest level, and
SO on.

If (a]-)].E F(V) is a family of (finite) lists (one list a; for each j € f (V)), then ]E%V) aj
shall denote the concatenation of these lists 4; in the order of increasing j (that is,
the list starting with the entries of a; for the smallest j € f (V), then continuing
with the entries of aj for the second-smallest j € f (V), and so on). For instance,
if (V) =1{2,3,5} and a = (4,v) and a3 = (x,y,z) and a5 = (p), then & a;=

jef(v)
(u,v,x,y,z,p). The lists aj are called the factors of the concatenation & a;.
jef(v)
Now, we shall prove five claims:
Claim 1: Let (U(j)> . be a family of lists, where each v(/) is an f~1 (j)-
jef(v) .
listing. Write the concatenation & o) in the form
jef(v)
® o) = v = (v1,02,...,0n).
jef(v)

Then, v is a V-listing and satisfies f (v1) < f (v2) < -+ < f (vn).

[Proof of Claim 1: For each j € f (V), the list v/) is an f~1 (j)-listing, thus a list of
elements of f~1 (j), therefore a list of elements of V (since f~! (j) C V). Hence, the
concatenation &) o) of these lists vU) is a list of elements of V as well. In other

jef(v)
words, v is a list of elements of V (since ® o) =v).

jef(v)
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Moreover, each element of V' is contained exactly once in v m Hence, v is a
V-listing (since v is a list of elements of V).

It remains to show that f (v1) < f (v2) < - < f (vn).

We fix p € [n — 1]. We shall show that f (v,) < f (vp41)-

Indeed, assume the contrary. Thus, f (vy) > f(vp41). Setaw = f(vp) and
B = f(vpt1). Thus, & = f (v,) > f (vp41) = B. Moreover, « = f (v,) € f (V) and
B = f (vp1) € f (V). Furthermore, from f (v,) = a, we see that v, is an element
of f~! (). From f (vp41) = B, we see that v,; is an element of f~! (B).

We recall that v is a V-listing. Thus, each entry of v appears only once in v.

Recall that for each j € f (V), the list (/) is an £~ (j)-listing. Hence, in particular,
0 is an f~1 ()-listing. Hence, each element of f~! () appears in v(*). Thus, in
particular, v, appears in 0¥ (since v, is an element of f 1 («)). The same argument
(applied to p +1 and g instead of p and «) shows that v, 1 appears in o(f),

However, § < a (since & > B). Thus, in the concatenation o) the factor

jef(v)

0(P) appears to the left of the factor v(*) (since this concatenation is concatenating
the lists v(/) in the order of increasing ). Hence, in particular, in this concatenation

® o), the entry Up+1 appears to the left of the entry v, (since v,,1 appears
jef(v)
in v(A), whereas vp appears in 0(®)). In other words, in the list v, the entry Up+1
appears to the left of the entry v, (since v = o). On the other hand, it is

i€f(vV

clear that the entry v, appears to the right] off( tl)le entry v, in the list v (since
v=(v1,02,...,04) and p+1 > p).

Thus, we have shown that in the list v, the entry v, appears both to the left
and to the right of the entry v,. Clearly, this is only possible if one of these entries

26Proof. Let p be an arbitrary element of V. We must then show that p is contained exactly once in

v.

Indeed, let i = f (p). Then, p is an element of f~! (i). Also, i = f (p) € f (V).

Moreover, the list v() is an £~ (i)-listing (because for each j € f (V), the list v(/) is an £~ (j)-
listing). Hence, this list v(!) contains each element of f~! (i) exactly once. In particular, this
shows that v() contains p exactly once (since p is an element of f~!(i)). In other words, p
appears exactly once in the list v(7).

Now, let j € f (V) be distinct from i. Then, j # i = f (p), so that f (p) # j. Therefore, p is not
an element of f~1(j). However, the list v0) is an f~! (j)-listing (by assumption), and thus is a
list of elements of £~ (j). Hence, this list vl/) does not contain p (since p is not an element of
£71(j)). In other words, p does not appear in this list v(/).

Forget that we fixed j. We thus have shown that if j € f (V) is distinct from i, then p does not
appear in the list o).

Altogether, we now know that p appears exactly once in the list v(!) but does not appear in the
list vU) for any j € f (V) that is distinct from i. In other words, p appears exactly once in the list
() and does not appear in any other list v/) with j # i. Consequently, p appears exactly once

in the concatenation @ o). In other words, p appears exactly once in v (sincev = @ vl/)).
j€f(v) j€f(v)
In other words, p is contained exactly once in v. Qed.
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appears more than once in the list v. We thus conclude that one of these entries
appears more than once in the list v. However, this contradicts the fact that each
entry of v appears only once in v.

This contradiction shows that our assumption was false. Hence, f (vp) < f (vp41)
is proved.

Forget that we fixed p. We thus have shown that f (v,) < f(vp41) for each
p € [n—1]. In other words, f (v1) < f(v2) < --- < f(vy). This completes the
proof of Claim 1.]

Claim 2: Let <U(j)> (V) be a family of lists, where each vU/) is an f~1 (j)-
je

listing. Then, this family v(f)>, ) can be uniquely reconstructed
j€
from the concatenation & o).

jef(v)

[Proof of Claim 2: Fix i € f (V). Then, v() is an f~1 (i)-listing (since each o1/ is

an f~1(j)-listing). This £~ (i)-listing v") is a factor of the concatenation & ov{/).
jef(v)
This factor v(!) consists entirely of elements of f~1 (i) (since it is an f~' (i)-listing),
whereas all the other factors v(/) of the concatenation X o) contain no elements
jef(v)
of 1 (i) whatsoeve Thus, we can reconstruct () from ® v) by removing
jef(v)

all entries that don’t belong to f~! (i) (since this removal preserves the factor ()
but makes all the other factors vl/) disappear).

Forget that we fixed i. Thus, we have shown that for each i € f (V'), we can recon-

struct () from @ o). In other words, we can reconstruct the family (U(i)) .
jef(v) ief(V)
from ® o©U). In other words, we can reconstruct the family (v(j)), from
jef(v) jef(v

o) (since (o) = (o) . This proves Claim 2.
je??v) ( ( >i€f(V) ( )jef(v)) p ]

27 Proof. We must prove that if j € f (V) is distinct from i, then v(/) contains no elements of =1 (i)
whatsoever.

So let j € f (V) be distinct from i. We must prove that (/) contains no elements of £~ (i)
whatsoever.

Assume the contrary. Thus, vU/) contains some element of £~ (i). Let p be this element. Then,
f(p) =i (since p is an element of f~1 (i)). However, /) is an f~! (j)-listing (by assumption),
and thus is a list of elements of = (j). Hence, each entry of v\) belongs to f~1 (j). Since p is
an entry of o) (because v/) contains p), we thus conclude that p belongs to f~!(j). In other
words, f (p) = j. Therefore, j = f (p) = i, which contradicts the fact that j is distinct from i.

This contradiction shows that our assumption was false. Hence, we have shown that v(/)
contains no elements of f~! (i) whatsoever.
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Claim 3: Let (0(7)) V) be a family of lists, where each vU/) is a hamp
j€
of D;. Then, the concatenation & 0U) is an (f, D)-friendly V-listing.

jefv)
[Proof of Claim 3: Let us write the concatenation @ o) in the form
jef(v)
® U(]) =0= (Ull 02, /UTZ)

jef(v)

For each j € f (V), the list v() is a hamp of D; and thus an f~ (j)- hstln Hence,
Claim 1 shows that v is a V-listing and satisfies f (v1) < f (v2) < --- < f (vn).

We shall now show that this V-listing v is (f, D)-friendly. Indeed, as we just
proved, it satisfies f (v1) < f(v2) < --- < f(vn). In order to prove that it is
(f, D)-friendly, it thus suffices to show that it satisfies

f(vp) < f (vps1) foreach p € [n — 1] satisfying (vp,vp41) € A.

So let us do this. Let p € [n — 1] be such that (vp,vp41) € A. We must prove that
f(op) < f (vpsa)-

Assume the contrary. Thus, f (v,) > f (UP_H) Combining this with f (v,) <
f (vp+1) (which follows from f (v1) < f (v2) < -+ < f(v4)), we obtain f (v,) =
f (vps1). Seti = f(vp). Then,i = f(v,) € f(V ) and i = f (vp) = f (vp41). We
have v, € f1 (i) (since f (v,) =i)and v,41 € f' (i) (since f (vp41) = i). In other
words, v, and v, 1 belong to 1 (i).

In the above proof of Claim 2, we noticed the following: The factor o) of the

concatenation ® ©v) consists entirely of elements of f~! (i), whereas all the
jef(v)

28Proof. Let j € f (V). Then, the list v1/) is a hamp of D;. In other words, this list o) is a Dj-path
that contains each vertex of D; (by the definition of a “hamp”).

We recall that the digraph D; was defined to be (Fr(), Aj). Hence, its complement ﬁ/ is
(FLG) . (F1G) x f71()) \ 4)) (by the definition of the complement of a digraph). Thus,
the vertices of ﬁ] are the elements of f~!(j), whereas the arcs of ﬁ] are the elements of
(F1G) x £ () \ 4

Now, recall that the list v0/) is a Dj-path. In other words, o) is a nonempty tuple of distinct
elements of f~!(j) such that Arcs (v(f)) C (1 () x f71(j)) \ Aj (by the definition of a “Dj-
path”, since D; = (f’l (), (fF1G)x f71() \ 4;)). Thus, in particular, v0) is a tuple of
distinct elements of f~1(j). Hence, v/) contains no entry more than once.

Furthermore, recall that the tuple v/) contains each vertex of D;. In other words, o) contains
each element of f ! (j) (since the vertices of D are the elements of £71(j)). Hence, v/) contains
each element of f~! (j) exactly once (since v(/) Contams no entry more than once).

Thus, we know that v() is a list of elements of f~1(j) that contains each element of f~!(j)
exactly once. In other words, (/) is an f~1 (j)-listing. Qed.
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other factors v\/) of this concatenation contain no elements of f~1 (i) whatsoever.

Hence, any entry of the concatenation @ o) that belongs to f~! (i) must appear
jef(v)
only in the v(?) factor of this concatenation.
However, Up and Up+1 are consecutive entries of the concatenation & o)

jef(v)
(since & o) = v = (v1,02,...,04)). Since these two entries v, and v, 1 be-
jef(v)
long to f~1 (i), we thus conclude that v, and v,,1 appear only in the o) factor

of this concatenation (since any entry of the concatenation @ o) that belongs
jef(v)

to f~1 (i) must appear only in the v{)) factor of this concatenation). Therefore,

vp and Up+1 are two consecutive entries of v(® (since vy and v, are consecutive

entries of the concatenation ® ©v)). In other words, the list v() has the form
ief(V

(. s Up, Upi - - ) (where eac}]1 ‘Jj ( . ?” stands for some number of entries). Therefore,

the pair (vp,v,11) is an arc of v(). In other words, (0p,vp41) € Arcs (v(i)>.

However, v() is a hamp of D; (since each o) is a hamp of ﬁj). In other words,
0() is a D;-path that contains each vertex of D; (by the definition of a “hamp”).

We recall that the digraph D; was defined to be (! (i), A;). Hence, its comple-
ment D; is (f~1 (i), (f71 (i) x f71(i)) \ A;) (by the definition of the complement
of a digraph). Since v?) is a D;-path, we thus have Arcs (v(i)) C () x 1)\
A; (by the definition of a “D;-path”).

Hence, (vp,vp11) € Arcs (v(i)> C (f1(i) x f71(i)) \ A;. Inother words, (vp,vp41) €

fHE) x f71 (i) and (vp,vp11) € A
Combining (vp, vpt1) € A with (vp,0,41) € f1 (i) X f~1 (i), we obtain

(0p,0p41) € AN ( F) x f (i)) = A

(since (applied to j = i) yields A; = AN (f~1(i) x f71(i))). But this con-
tradicts vp,vpﬂ) ¢ A;. This contradiction shows that our assumption was false.
Hence, we have shown that f (v,) < f (vp41).

Forget that we fixed p. We thus have proved that

f(vp) < f (vp41) for each p € [n — 1] satisfying (vp,vp41) € A.

Since we furthermore know that f (v1) < f (v2) < --- < f (vy), we thus conclude
that the V-listing v = (v1,v2,...,v,) is (f, D)-friendly (by the definition of “(f, D)-
friendly”). Hence, v is an (f, D)-friendly V-listing. In other words, & v{) is an
jef(v)
(f, D)-friendly V-listing (since v = @ o). This proves Claim 3.]
jef(v)
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Claim 4: Let v be an (f, D)-friendly V-listing. Then, v can be written in
the formv = @ o), where v/) is a hamp of D; for each j € f (V).
jef(v)

[Proof of Claim 4: Let ji,jo,...,j; be the elements of f(V), listed in increasing
order (so that j; < j» < --- < ). Thus, jy,j2,..., ], are all the levels (with respect
to f) that a vertex of D can have, listed in increasing order.

Write the V-listing v in the form v = (vq,vp,...,v,). As we assumed, this V-
listing v is (f, D)-friendly. In other words, it has the properties that f (v1) <
f(vp) <--- < f(vy) and that

f(vp) < f (vp41) foreach p € [n —1] satisfying (vp,0v,11) € A (27)

(by the definition of “(f, D)-friendly”).

In particular, we have f (v1) < f(v2) < --- < f (vy). In other words, the entries
of the V-listing v appear in v in the order of increasing level. In other words,
the V-listing v first lists the vertices of the smallest level, then the vertices of the
second-smallest level, and so on. Since v is a V-listing (i.e., contains each element of
V exactly once), we can restate this as follows: The V-listing v first lists each vertex
of the smallest level exactly once, then lists each vertex of the second-smallest level
exactly once, and so on. In other words, the V-listing v first lists each vertex of
level j; exactly once, then lists each vertex of level j, exactly once, and so on (since
J1,J2, - - -, Jq are all the levels that a vertex of D can have, listed in increasing order).
In other words, the V-listing v first lists each element of f~! (j;) exactly once, then
lists each element of f~! (j,) exactly once, and so on. In other words, the V-listing
v can be written as a concatenation of an f~! (j;)-listing, an f~! (j,)-listing, and so
on (in this order).

In other words, v can be written as a concatenation ® v, where v(/) is an

j€fv)
f~1(j)-listing for each j € f (V) (since jy, jo, . .., j; are the elements of f (V), listed
in increasing order).

Let us write v in this way. Thus, v') is an f~! (j)-listing for each j € f (V), and
wehavev = ® ol).

jef(v)
We shall now show that v(/) is a hamp of D; for each j € f (V).
Indeed, leti € f (V) be arbitrary. We recall that the digraph D; was defined to be

(f~1(i), A;). Hence, its complement D; is (f~1 (i), (f~1(i) x f71(i)) \ 4i) (by
the definition of the complement of a digraph). In particular, the vertices of D; are
the elements of £~ (i).

Note that v()) is an f~1 (i)-listing (since v(/) is an f~! (j)-listing for each j €
£ (V). Thus, v\ is a list of all elements of f~! (i). In particular, all entries of the
list v(!) belong to £~ (i). Note that the set f~! (i) is nonempty (since i € f (V)),
so that any f~! (i)-listing must also be nonempty. Hence, v(!) is nonempty (since
o) is an f~1 (i)-listing). Furthermore, v() is a tuple of distinct elements of f~1 (i)
(since v(7) is an £~ (i)-listing).
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Clearly, v() is a factor of the concatenation @ ©v). Thus, v() is a contiguous

jef(v)
block of the list @ o). In other words, v() is a contiguous block of the list
jef(v)
v (since v = & v(j)). In other words, 0v() = (v, Vg1, .- .,0¢) for some two
jef(v)

elements k and ¢ of [n] (since v = (v1,vy,...,v,)). Consider these k and ¢. From
o) = (v, V41, ..., 0p), we obtain

Arcs (v(i)> = Arcs ((vg, Uks1,---,707))

= {0 vt1) » (Vks1,Ok42) 5 -, (Ve—1,00)}
= {(vp,vp11) | pe{kk+1,...,0—-1}}. (28)

Now, let p € {k,k+1,...,¢ —1}. We shall show that (v, v,11) € (f 1 (i) x 1 (7)) \
A
Indeed, p € {k,k+1,...,4—1} C {1,2,...,n—1} (sincek > Tand ¢ -1 <
<n
n —1). In other words, p € [n —1] (since [n — 1] = {1,2,...,n —1}).
Also, from p € {k,k+1,...,¢ — 1}, we see that both p and p + 1 belong to the set
{k,k+1,...,0}. Hence, both v, and v, are entries of the list (v, vx;1,...,7¢). In

other words, both v, and v}, 1 are entries of the list o) (since v() = (Vk, Vg1, -+, 0p))-
Hence, both v}, and v, 1 belong to f ~1(i) (since all entries of the list () belong to

f71(i)). Therefore, (vp, vp11) € f1 (i) x f71(i).
Now, we shall show that (vp, UPH) ¢ A;. Indeed, assume the contrary. Thus,

(vp,vp+1) € Aj = AN (f_l (i) x f (i)) (by (12), applied to j = i)
CA

and therefore f (v,) < f (vp41) (by 7). However, f (v,) = i (since v, belongs
to f71(i)) and f (vy41) = i (since v, 1 belongs to f~1(i)), so that f (v,) =i =
f (vp+1). This contradicts f (v,) < f (vp41). This contradiction shows that our
assumption was false. Hence, (vp,vp41) € A, is proved.

Combining (vp, vp41) € f1 (i) x f1 (i) with (v, vp11) € Aj, we obtain (vp,v,41) €
(F100) x £ () \ A

Forget that we fixed p. We thus have proved that (v, v,11) € (f 1 (i) x f~1 (i) \
Ajforeach p € {k,k+1,...,¢ —1}. In other words,

{(vp0p1) | pe{bk+1,... -1} C (f” (i) x f1 (i)) \ A;.

In view of (28), we can rewrite this as

Arcs (U@) C ( F) x f1 (i)) \ A;.
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Now, we know that v(!) is a nonempty tuple of distinct elements of f~! (i) and
has the property that Arcs (v(i)> C (f71 (i) x f71(i)) \ A;. In other words, v() is a
D;-path (by the definition of a “D;-path”, since the digraph D; is (! (i), (f~! (i) x f~1(i)) \ A;)).
This D;-path v()) furthermore contains each element of f~! (i) (since itis an = (i)-
listing). In other words, this D;-path v(!) contains each vertex of D; (since the ver-
tices of D; are the elements of £~ (i)).

In other words, v(!) is a hamp of D; (by the definition of a hamp).

Forget that we fixed i. We thus have shown that v()) is a hamp of D; for each
i € f(V). Renaming the variable i as j in this sentence, we obtain the following:
0U) is a hamp of Dj for each j € f (V).

We have thus written v in the form v = ® o), where v(/) is a hamp of D;

jef(v
for each j € f (V). This shows that v can be] V{I(ri’gten in this form. Claim 4 is thus
proven.]

Claim 5: Let <v(j)> f V) be a family of lists, where each v/) is a hamp
je

of D;. Then, this family (v(j )> can be uniquely reconstructed from

_IEfV)
the concatenation & vU).
jef(v)

[Proof of Claim 5: For each j € f(V), the list (/) is a hamp of D; and thus an

=1 (j)-listin ;4 Hence, Claim 2 shows that the family <v(j )> (V) can be uniquely
j€

reconstructed from the concatenation ® o). This proves Claim 5.]
jef(v)
Now, if (o) S hamps of D;} is any family (i.e., if (o\) is
( >J’€f(V) 1, thamps of Dy is any family ( < >J‘€f(V)
any family of lists such that each v/) is a hamp of Dj), then the concatenation
® o9 is an (f, D)-friendly V-listing (by Claim 3). Hence, the map
jef(v)

[T {hamps of D;} — {(f, D)-friendly V-listings},
jef(v)
(7) ® (7)
o)) - v
( >] S efw)

is well-defined. This map is furthermore injective (since Claim 5 shows that a

family (U(j))' € I {hamps of H]} can be uniquely reconstructed from
ISFV) - jef(v)

2This can be shown just as in the proof of Claim 3.
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the concatenation @ o)) and surjective (since Claim 4 says that any (f, D)-

jefv)
friendly V-listing v can be written in the form v = @ oU) for some family
jef(v)
<U(j )> , € [I {hamps of D;}). Therefore, this map is bijective. The bijection
JEfV) jef(v)
principle thus yields

I{(f, D) -friendly V-listings}|

=| ] {hampsofD;}| = J] |{hamps of D;}|
jef(v) jef(v)

= (# of ha;ps of ﬁ])

= J] (#of hamps of D;).
jef(v)

However, Lemma yields

Z Z (—1)‘F| = H (# of hamps ofﬁj).
par

Comparing these two equalities, we obtain

Y Y (1)l = |{(f, D) -friendly V-listings}|
ceGy; FCALNA
foo=f islinear

= (#of (f,D)-friendly V-listings) .
This proves Lemma [2.40] O

2.8. A bit of Pdlya counting

The following lemma is well-known, e.g., from the theory of Pélya enumeration:

Lemma 2.41. Let V be a finite set. Let ¢ € Gy be a permutation of V. Then,

2 H Xf(v) = Ptypeo-

fV=P;, veVv
foo=f

Proof. Let ¥1,72,...,7k be the cycles of o, listed with no repetitio For each
i € [k], let V; be the set of entries of the cycle ;. We shall now collect some basic
properties of these cycles ; and the corresponding sets V:

30Keep in mind that a cycle is a rotation-equivalence class. Thus, “listed with no repetition” means
that no two of 7y1,v2, . .., ¥ are the same rotation-equivalence class. For example, if 7 is (1,2)
then 7, cannot be (2,1) .

~7
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Claim 1: Let v € V. Then, there exists a unique i € [k] such that v € V.

[Proof of Claim 1: We know that ¢ is a permutation of V. Hence, each element of
V belongs to exactly one cycle of ¢. In particular, v belongs to exactly one cycle of
o. In other words, there exists exactly one cycle of ¢ such that v is an entry of this
cycle. In other words, there exists a unique i € [k] such that v is an entry of -y; (since
Y1, 72, -- -, Yk are the cycles of o, listed with no repetition). In other words, there
exists a unique i € [k] such that v € V; (since the statement “v € V;” is equivalent
to the statement “v is an entry of v;” F’j[) This proves Claim 1.]

Claim 2: Let i € [k]. Then:
(@) We have o (V;) C V.

(b) There exists an element v; € V; such that
Vi={ol (@) | jEN}.

[Proof of Claim 2: It is well-known (from Definition (a)) that each cycle of o
has the form
<0’0 (w), ot (w), o (w), ..., o1} (w)) ,

where w is an element of V and where g is the smallest positive integer satisfying
09 (w) = w. Thus, in particular, ; has this form (since v; is a cycle of ¢). In other
words, there exists an element w of V such that

v = <(70 (w), o (w), (W), ..., ¢! (w)),

where g is the smallest positive integer satisfying ¢ (w) = w. Let us consider this
w and this g.

We have v; = (0% (w), o (w), 0*(w), ..., 071 (w)). Thus, the entries of the
cycle 7; are ¥ (w), o' (w), o (w), ..., o771 (w).

The set V; was defined as the set of entries of the cycle ;. Thus,

Vi = {UO(w), ot (w), *(w), ..., o171 (w)}

(since the entries of the cycle v; are ¢° (w), ¢! (w), 02 (w), ..., ¢17! (w)). Since g
is a positive integer, we have g —1 € IN and thus 0 € {0,1,...,4 — 1}. Hence,

o (w) € {ao (W), o' (w), 2 (w), ..., ¢! (w)} = V.
In other words, w € V; (since \af/(w) =id (w) = w).

=id
(a) Let ¢ € V;. We shall prove that o (g) € V;.

3lpecause V; is the set of entries of 7;
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Indeed, g € V; = {0° (w), o' (w), 0 (w), ..., 0971 (w)}. In other words, g =
0" (w) for some r € {0,1,...,9 — 1}. Consider this . Applying the map ¢ to both
sides of ¢ = ¢ (w), we obtain ¢ (¢) = o (¢" (w)) = (¢ o) (w) = o+ (w).

=g+l

We are in one of the following two cases: ’

Case 1: We have r #q — 1.

Case 2: We have r = g — 1.

Let us first consider Case 1. In this case, we have r # g — 1. Combining this with
re {0,1,...,q—1}, we obtain r € {0,1,...,q—1}\ {g—1} = {0,1,...,9—2}.
Hence, r+1€{1,2,...,4q—1} € {0,1,...,9 — 1}. Thus,

o1 (w) € {UO (w), o (w), o*(w), ..., o1 (w)} — V.

Now, ¢ (g) = ¢’ ! (w) € V;. Hence, o (g) € V; is proved in Case 1.

Let us next consider Case 2. In this case, we have r = g — 1. Hence, r +1 = g.
Now, o (¢) = ¢" ™! (w) = ¢ (w) (since r + 1 = g), so that ¢ (¢) = ¢ (w) = w € V..
Hence, 0 (g) € V; is proved in Case 2.

We have now proved ¢ (g) € V; in both Cases 1 and 2. Hence, 0 (g) € V; always
holds.

Forget that we fixed g. We thus have shown that 0 (g) € V; for each g € V;. In
other words, o (V;) C V;. This proves Claim 2 (a).

(b) We shall first show that ¢/ (w) € V; for each j € IN.

Indeed, we shall prove this by induction on j:

Base case: Our claim o7 (w) € V; holds for j = 0, since ¢° (w) € V..

Induction step: Let s € IN. Assume (as the induction hypothesis) that ¢/ (w) € V;
holds for j = s. We must prove that ¢/ (w) € V; holds for j = s + 1.

We have assumed that o7 (w) € V; holds for j = s. In other words, ¢* (w) € V..
Now,

Clw)=(cor’)(w)=c |’ (w) | o (Vi) TV
=gor® VEVI-

(by Claim 2 (a)). In other words, ¢/ (w) € V; holds for j = s + 1. This completes the
induction step. '
Thus, we have proved that o/ (w) € V; for each j € IN. In other words,

{af(w) | je]N} C V.
Combining this with
vV, = {(70 (w), o (w), o (w), ..., o1 (w)}

:{(Tj(w) | jE{O,l,...,q—l}}
c {o(w) | jeN} (since {0,1,...,—1} C N),
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we obtain V; = {¢/ (w) | j € N}. Since we know that w € V;, we can thus con-
clude that there exists an element v; € V; such that V; = {0/ (v;) | j € N} (namely,
v; = w). This proves Claim 2 (b).]

Claim 3: The entries of the partition type ¢ are the numbers |V1|, |V2], ..., | V|
in some order.

[Proof of Claim 3: For each i € [k], we have
(the length of the cycle ;) = |V} (29)

However, we defined type ¢ to be the partition whose entries are the lengths of
the cycles of ¢. Thus,

(the entries of typeo)
= (the lengths of the cycles of ¢)

(where we disregard the order of the entries)
= (the lengths of the cycles 1,72, ..., Yk)

since the cycles of o are ¥, 72,..., 7k
(listed without repetition)

= (the numbers |Vi|, |Va|,...,|Vk|) (by 29)) .
In other words, the entries of typec are the numbers |Vi|,|V3|,...,|Vk| in some
order. This proves Claim 3.]
Now, we introduce two crucial pieces of notation:
e For each v € V, we let ind v denote the unique i € [k] such that v € V;. (This

is well-defined, since Claim 1 shows that there indeed exists a unique i € [k]
such that v € V}.)

32Proof. Let i € [k]. Then, V; is the set of entries of 7; (by the definition of V;). Hence, the elements
of V; are the entries of 7;.
The cycle v; of ¢ is a rotation-equivalence class of tuples of distinct elements (since any cycle
of any permutation is such a class). Hence, its entries are distinct.
Now,

|Vi| = (the number of distinct elements of V;)
= (the number of distinct entries of ;)
(since the elements of V; are the entries of ;)
= (the number of entries of ;)
(since the entries of ; are distinct)
= (the length of the cycle 7;).

Therefore, (the length of the cycle ;) = |Vj|.
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e For any k-tuple (ay,4ay,...,a;) € Pk, we define a map
Qlm,a,...,0¢): V —>P
by setting

((gla1,a2,...,ar]) (v) = aing o foreachv € V).

We observe the following:
Claim 4: Let j € [k], and let v € V;. Then, indv = j.

[Proof of Claim 4: Recall that ind v is defined as the unique i € [k] such that v € V.
Hence, if some i € [k] satisfies v € V, then indv = i. Applying this to i = j, we
obtain ind v = j (since v € V). This proves Claim 4.]

Claim 5: For any k-tuple (aj,ay,...,ax) € Pk, we have glai,az, ..., a1 €
[f:V P | foo=f}.

[Proof of Claim 5: Let (ay,ay,...,a;) € P¥ be a k-tuple. Then, g [a1,4az,...,4;] is a
map from V to IP. We shall now show that (g [ay,az,...,ak]) o0 = g[ay,az, ..., a.

Indeed, let v € V be arbitrary. Recall that ind v is defined as the unique i € [k]
such that v € V;. Hence, indv € [k] and v € Vj,q,. Thus, Claim 2 (a) (applied to
i = indv) yields ¢ (Vindo) € Vindo- From v € Vinq,, we obtain 0 (v) € 0 (Vipgo) C
Vindo-

Therefore, Claim 4 (applied to ind v and ¢ (v) instead of j and v) yields ind (¢ (v)) =
ind v (since 0 (v) € Vindo)-

The definition of g [a1, a2, ..., ak] yields

(g [all az,... /ak]) (U) = Aindv and
(glar,az,...,a]) (0 (v)) = Gind(¢(0)) = Bindo (since ind (¢ (v)) = ind v).

Comparing these two equalities, we obtain

(glar, 2., a]) (0) = (g [ar,02,...,a4]) (0 (0)) = (g [ar, 3., a]) 0 0) (0)..

Forget that we fixed v. We thus have proved that
(¢glm,an,...,a¢)) (v) = ((glar,a2,...,a5]) o0) (v) for each v € V. In other words,
glay,ay, ..., ar) = (glar,az,...,a¢]) oo. In other words, (g [a1,az,...,ar]) o0 =

Qlm,ay, ..., a.
Thus, g [a1,a2,...,ar] isamap f : V — P satisfying f oo = f. In other words,
glay,az,...,a,) €{f: V=P | foo= f}. This proves Claim 5.]

Claim 5 allows us to define a map
TP {f: V=P | foo=f},
(a1,az,...,a5) — g a1, a2, ..., a5

Consider this map I'. Next, we claim:
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Claim 6: The map I’ is injective.

[Proof of Claim 6: Let (ay,ay,...,a;r) and (b1, by, ..., b)) be two elements of Pk
satisfying I' (ay,a,...,a;) = T (b1, by, ..., br). We shall show that (ay,ay,...,a;) =

(b1,ba, ..., by).
Indeed, let us fix i € [k]. Claim 2 (b) shows that there exists an element v; € V;

such that ’
Vi={c (o) | jeN}.

Consider this v;. Claim 4 (applied to j = i and v = v;) yields ind (v;) = i (since
v; € V). The definition of g [ay,4ay, ..., ak] yields

(g [al,az, .. .,ak]) (?J,‘) = aind(vi) = a; (since ind (TJI') = Z) .
The definition of I yields I (a1, ay,...,ar) = g [a1,42,...,ak]. Thus,

(I (a1, a2, ...,ar)) (vi) = (g lar, a2, ..., ax]) (vi) = a;. (30)

. J/

-~
:g[ulluzl" '/uk]

The same argument (applied to (by, by, ..., bx) instead of (ay,ay, ..., ax)) yields
(F (bl, bz,. . .,bk)) (UZ') = bi- (31)
However, yields

a; = ([ (ay,az,...,a)) (v;) = (T (by, by, ..., b)) (v1) = by (by @B1))-

7
-~

=I'(by,bo,...,bx)

Forget that we fixed i. We thus have proved that a; = b; for each i € [k]. In other
words, (a1,4ay,...,ar) = (b1, by, ..., by).

Forget that we fixed (a1, 4y, ...,a;) and (by, by, . .., by). We thus have shown that if
(ay,a,...,a5) and (b1, by, ..., by) are two elements of Pk satisfying I' (a1, a2, ..., a;) =
I'(b1,by,...,bg), then (ay,az,...,ar) = (b1, by, ..., br). In other words, the map T is
injective. This proves Claim 6.]

Claim 7: The map I is surjective.

[Proof of Claim 7: Leth € {f : V — P | foo = f}. We shall construct a k-tuple
(ay,a3,...,a;) € Pk such that h =T (ay,a,...,4a;).

Indeed, we have h € {f:V — P | foo = f}. In other words, h is a map f :
V — P satistying f oo = f. In other words, / is a map from V to IP and satisfies
h oo = h. Hence, ‘

hoo! =h (32)

foreachj € N

33 Proof of : We prove by induction on j:
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For each i € [k], there exists an element v; € V; such that

Vi={c (o) | je N} (33)
(by Claim 2 (b)). Consider such a v; for each i € [k]. For each i € [k], we set
a; .= h (Ul') .

Thus, we have defined k elements ay, 4y, ..., a, € P. Hence, (ay,4z,...,a;) € Pk.
Now, we shall show that h =T (ay,ay, ..., a;).
Indeed, let v € V be arbitrary. Recall that ind v is defined as the unique i € [k]
such that v € V;. Hence, indv € [k] and v € V,;,q,. Therefore,

0 € Vindo = {U] (Uindv) | JAS N}

(by , applied to i = indv). In other words, v = 07 (vjq,) for some j € N.
Consider this j. Now,

h v =h (‘Tj (Uindv)) - (h ° af) (Vindo) = h (Vindo) -
01 (01ng) .
(by (2))

Comparing this with

(r (611, as, .. -/ak))J (U) = (g [a1/a2/ oo /ak]) (U)

-~

:g[alrab---rak}
(by the definition of I')

= Gind v (by the definition of g [a1,ay, ..., ak])
= N (Vindv) (by the definition of ajn4y),

we obtain
h(0) = (T (1,2, a5)) (0)
Forget that we fixed v. We thus have proved that /i (v) = (T (a1,4p,...,4;)) (v)
for each v € V. In other words, h = I (ay,ay,...,a;). Hence, h € T (IP¥) (since
(ay,az,...,a;) € k).

=id
Induction step: Let i € IN. Assume (as the induction hypothesis) that holds for j = i. We
must prove that holds for j =i+ 1. .
We have assumed that holds for j = i. In other words, i o o' = h. Now,

Base case: We have ho ¢ = hoid = h. In other words, holds for j = 0.

ho ¢t =hoooo' =hoo' =h.
|
—vooi  =h

In other words, holds for j = i + 1. This completes the induction step. Thus, we have proved
by induction.
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Forget that we fixed h. We thus have proved that h € T (IPX) for each h €
{f:V—=P | foo=f} Inother words, {f:V =P | foo=f} CT(P). In
other words, the map I’ is surjective. This proves Claim 7.]

Claim 8: Let (a1, az,...,a;) € PX. Then,

k
Vi
[T *ctnmnn))e) = sz'zi .

veV

[Proof of Claim 8: For each v € V, we have

(r (a1/a2/- . -/ak)) (Z)) = (g [a1/a21' . '/ak]) (?))

. 4

=glay,a2,...,a]
(by the definition of I')

= Gind v (by the definition of g [ay,ay,...,a]).

Thus, for each v € V, we have

X(T(ay,az,....01)) (v) = Xaindo*
Multiplying these equalities for all v € V, we obtain
k

I *c@amane = T %one =TT T1 Zowgy

veV veV j=1 oveV;

ind v=j =Xa;

(since ind v=j)
here, we have split the product
according to the value of ind v

k
=11 II x; (34)

Now, fix j € [k]. Then, {v €V | indv=j} =V, ﬁ Hence, the product sign

[1 7 can be rewritten as “ ] ”. Thus, in particular,
veV; vEVj
ind v=j

“

V,
[ Xo; = [] Xa; :xlj’|. (35)
veV; veV;
ind v=j

34 Proof. If v € Vi, then v € V (since V; is a subset of V) and indv = j (by Claim 4). Thus, every
element of V; is an element v € V satisfying ind v = j. In other words, V; C {v € V | indv = j}.
Let v € V satisfy ind v = j. Recall that ind v is defined as the unique i € [k] such that v € V.
Hence, indv € [k] and v € Vjpq,- Thus, v € Vipg, = V; (since indv = j). In other words, v
belongs to V;.
Forget that we fixed v. We thus have shown that every v € V satisfying ind v = j must belong
to Vj. In other words, {v € V | indv = j} C V;. Combining this with V; C {v € V | indv = j},
we obtain {v € V | indv =j} =V,
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Now, forget that we fixed j. We thus have proved for each j € [k]. Now,

becomes
k

k v k V.
[T xc@mmne =11 I1 x= l—{xlz,-" = Hx'ai |
j= i=

veV j=1 veV;
ind v=j
——
\78
vl

oy G3)

(here, we have renamed the index j as i in the product). This proves Claim 8.]

Now, our proof is almost complete. The map I : P¥ — {f:V =P | foo = f}
is injective (by Claim 6) and surjective (by Claim 7); thus, it is bijective. In other
words, I is a bijection. Hence, we can substitute I' (a,4a,...,a;) for f in the sum

) 11 Xf(0)- We thus obtain

fV=P;, veV
foo=f
Y, Ilxwm= X [ *c@aa)©
f:V—)lP} veV (al,az,...,ak)e]l’k veV ,
fer=t g
=11 xa;'
(bylaaim 8)
ko
D) Vil (36)
(ay,az,...,ap) Pk i=1

On the other hand, Claim 3 shows that the entries of the partition typec are
the numbers |V4], |Va|,...,|Vk| in some order. In other words, there exists a per-

VT(l) VT(Z) VT(k) ’) Consider this
T. The map 7 : [k] — [k] is a bijection (since it is a permutation of [k]). From

V2 Jee ey

mutation T of [k] such that typec = (
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typeo = ( Vel [Ve@) | Ve ),we obtain
Pypec = P([Ve) | Ve o] Voo ])
= . he definition of
P Plvcal ™ Plv]  (BY the definition of p(y v o jv)
=I1rp
e Vol
- 11 here, we have substituted i for 7 (i) in the
N ik P product, since 7 : [k] — [k] is a bijection
D AL L L

ﬁ (by the defmltlon of Py, ‘)

(x . |vi|+,__>:ﬁ Y

P

aclP

= Y. H le\ (by the product rule).

(111 ,A2,. ak) Pk i=

Comparing this with (36), we obtain

Z H Xf(v) = Ptypeo-

fV=P;, veVv
foo=f

Thus, Lemma is proven. O

2.9. A final alternating sum

We need one more alternating-sum identity:

Proposition 2.42. Let D = (V, A) be a digraph. Let ¢ € &y be a permutation of
V. Then,

3 (_1)|p:{(—1)‘P<">, if o € &y (D,D);

FCA,NA 0, else,

is linear

where we set

plo):= )  (t(r)-1).

Y€Cycso;
7 is a D-cycle

Our proof of this proposition requires several auxiliary results. We begin by
proving some lemmas on the linearity of certain sets:
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Lemma 2.43. Let V be a finite set. Let p be a path of V. Then, Arcs p is a linear
subset of V x V.

Proof. Recall that a path of V means a nonempty tuple of distinct elements of V.
Hence, p is a nonempty tuple of distinct elements of V (since p is a path of V).

Let W be the set of all entries of p. Then, W is a subset of V (since p is a tuple of
elements of V). Moreover, the entries of p are precisely the elements of W (since W
is the set of all entries of p). Thus, all entries of p belong to W. Hence, p is a tuple
of elements of W. Thus, p is a nonempty tuple of distinct elements of W (since p is
a nonempty tuple of distinct elements of V). In other words, p is a path of W (by
the definition of a “path of W”).

Each v € W is an element of W. In other words, each v € W is an entry of p
(since the entries of p are precisely the elements of W). In other words, each v € W
belongs to the path p.

Now, we claim that the 1-element set {p} is a path cover of W. Indeed, {p} is
clearly a set of paths of W (since p is a path of W) and has the property that each
v € W belongs to exactly one of these paths (because each v € W belongs to the
path p). In other words, {p} is a path cover of W (by the definition of a “path
cover”). The arc set Arcs {p} of this path cover is

Arcs{p} = [J Arcsv (by the definition of Arcs{p})
velp}
= Arcs p.

Thus, Arcs p is the arc set of some path cover of W (namely, of the path cover {p}).

It is furthermore easy to see that Arcs p is a subset of W x W

Now, recall that a subset F of W x W is said to be linear if it is the arc set of some
path cover of W (by the definition of “linear”). Hence, the subset Arcsp of W x W
is linear (since it is the arc set of some path cover of W).

However, Proposition [2.9| (applied to F = Arcs p) shows that Arcs p is linear as a
subset of W x W if and only if Arcs p is linear as a subset of V x V. Thus, Arcsp
is linear as a subset of V x V (since Arcsp is linear as a subset of W x W). This
proves Lemma [2.43] O

35Proof. Write the path p as (v1,v2,...,7k). Then, the entries of p are v1,vy,...,v,. However, we
know that all entries of p belong to W. In other words, all of v1,vy,...,v; belong to W (since
the entries of p are vq,vy,...,vx). Hence, the pairs (v1,v2), (v2,v3), ..., (vx_1,7k) belong to
W x W.
However, p = (v1,v2,...,0). Thus,

Arcs p = Arcs (v1,0,...,0%)
={(v1,v2), (v2,v3), ..., (Vx_1,vk)} (by the definition of Arcs (v1,v2,...,v))
CWxW (since the pairs (v1,v2), (v2,v3), ..., (vk_1,v) belong to W x W).

In other words, Arcs p is a subset of W x W.
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Lemma 2.44. Let V be a finite set. Let c € Gy be a permutation of V. Let 7y be a
cycle of 0. Let a € CArcsy. Then, there exists a tuple w = (wq, wy, ..., wg) € 7
such that a = (wy, wy).

Proof. The cycle v is a cycle of ¢, and thus is a rotation-equivalence class of nonempty
tuples of distinct elements of V (since any cycle of ¢ is such a class). Hence, we can
write 7 in the form y = v, where v is a nonempty tuple of distinct elements of V.
Consider this v.

Write this tuple v as v = (v1,vy,...,0). Then, k > 1 (since v is nonempty), and
the entries vy, vy, ..., v of v are distinct (since v is a tuple of distinct elements of
V). Let us set vy, 1 := v1. We have

CArcs v = CArcs (v~) (since ¥ = v.~.)
= CArcsv (by the definition of CArcs (v-.), since v € v..)
= {(vi,vi1) | 1€ [k} (37)

(by the definition of CArcs v, since v = (v1,0y,...,0) and vg, 1 = v1). Thus,

CArcsy = {(v;,vi11) | i € [K]}
= {(v1,02), (02,v3), -+, (Vk, Vk41)} - (38)

We have
a € CArcsy = {(v;,vi41) | i€ [k]} (by 37)) .

In other words, there exists some i € [k] such that a = (v;,v;;1). Consider this i.
We now define a k-tuple w € V¥ by

w = (Vj11,0i42,-+, Uk, V1,02,...,0;) .

Thus, w can be obtained from v by a cyclic rotation (specifically, by cyclically ro-
tating v a total of i steps to the left). Hence, w is rotation-equivalent to v. Thus, w
belongs to the same rotation-equivalence class as v. In other words, w € v (since
v~ is the rotation-equivalence class to which v belongs). In other words, w € 7
(since ¥ = v~). In other words, (w1, wo, ..., wx) € v (since w = (wy, wo, ..., wy)).
Let us write the k-tuple w € V¥ as w = (wy,ws, ..., wy). Then, it is easy to see
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that v; = wy mand Vi1 = Wy m Now,

a=| v ,vip1 | = (wpw1)-
N~
=Wp =wy

We have thus found a tuple w = (wq,wy,...,wy) € 7 such that a = (wy, wy).
Hence, such a tuple exists. This proves Lemma [2.44] O

Lemma 2.45. Let V be a finite set. Let ¢ € Gy be a permutation of V. Let y be a
cycle of 0. Let C = CArcs . Then:

(@) The subset C of V x V is not linear.

(b) Every proper subset of C is linear.

36P;’oof. We have w = (v;11,9;12,...,V, v1,02,...,0;). Thus,

(the last entry of the k-tuple w)
= (the last entry of the k-tuple (vi11,vit2,--., %, V1,02,--.,9;))
=7 (since i € [k]).

Hence,
v; = (the last entry of the k-tuple w) = wy
(since w = (wy, wy, ..., wy)).
37Proof. We are in one of the following two cases:

Case 1: We have i # k.

Case 2: We have i = k.

Let us first consider Case 1. In this case, we have i # k. Combining i € [k] with i # k, we find
i€ [k]\ {k} = [k —1]. However, we have w = (v;11,0j42,...,Vk, V1,02,...,0;). Thus,

(the first entry of the k-tuple w)

= (the first entry of the k-tuple (vi11,vi42,...,0k, 01,02,...,0;))

=0i+ (sincei € [k—1]).
Hence, v; ;1 = (the first entry of the k-tuple w) = w; (since w = (wy, wy, ..., wy)). Thus, v;1 =
wy is proved in Case 1.

Let us now consider Case 2. In this case, we have i = k. Hence, v;11 = vx;1 = v1. However,
we have

w = (Ui+]l vi+2/ ceey Z)k, U], 02,44y vi)
= (Uk+1,0k+2,...,Z)k,vl,vz,...,vk) (since i Ik)
= (v1,02,...,0k).
Hence,
(the first entry of the k-tuple w) = v = v (since v;,1 = v7).

Thus, v; {1 = (the first entry of the k-tuple w) = w; (since w = (wy,wy, ..., wy)). Thus, viy1 =
w is proved in Case 2.
We have now proved v;;1 = w; in both Cases 1 and 2. Thus, v;;; = w; always holds.
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Proof of Lemma The cycle 7 is a cycle of ¢, and thus is a rotation-equivalence
class of nonempty tuples of distinct elements of V (since any cycle of ¢ is such a
class). Hence, we can write y in the form v = v, where v is a nonempty tuple of
distinct elements of V. Consider this v.

Write the tuple v as v = (v1,v2,...,vk). Then, k > 1 (since v is nonempty), and
the entries vy, vy, ..., v of v are distinct (since v is a tuple of distinct elements of
V). Let us set vy, 1 := v1. We have

C = CArcsy = CArcs (v~) (since ¥ = v.~.)
= CArcsv (by the definition of CArcs (v.), since v € v..)
= {(vi,oi1) | i €[k} (39)

(by the definition of CArcs v, since v = (v1,0y,...,0) and Vg1 = v1).

(a) Assume the contrary. Thus, C is linear. In other words, C is the arc set of
some path cover of V (by the definition of “linear”). Let P be this path cover. Thus,
C is the arc set of P. In other words, C = Arcs P.

We have C = Arcs P = |J Arcsg (by the definition of Arcs P).
qepP

Now, 1 € [k] (since k > 1) and therefore

(01,02) € {(vi,viga) | i€ [k} =C (by G9)

= |J Aresg.
qeP

In other words, there exists a path q € P such that (v1,v,) € Arcsg. Consider such
a path g, and denote it by w. Thus, w € P and (v1,v2) € Arcsw.
Let us write the path w as w = (w1, wy,...,wy). Thus, the definition of Arcsw
yields
Arcsw = {(wy,wy), (w2, w3), ..., (wp_1,wy)}.

Hence, (v1,v7) € Arcsw = {(wq,wy), (wp,w3), ..., (wy_1,wy)}. In other words,
there exists a p € [¢ — 1] such that (v1,v;) = (wp, wp41). Consider this p.

From (v1,v2) = (wp, Wp+1), We obtain v1 = wy, and v, = w, 1.

Note that wy,wy, ..., w, are the entries of w (because w = (w1, wo, ..., wy)).

We know that w is a path of V (since w € P, but P is a path cover of V), thus
a nonempty tuple of distinct elements of V (since a path of V is defined to be a
nonempty tuple of distinct elements of V). Hence, the entries of w are distinct. In
other words, wy, wy, ..., w, are distinct (since wq, w», ..., w, are the entries of w).

We now claim the following:

Claim 1: For each i € [k+ 1], we have p —1+i € [{] and v; = w),_1,;.
[Proof of Claim 1: We proceed by induction on i:

Base case: We have p—1+1=p € [{—1] C [{] and v; = wp = wp,_141 (since
p = p — 1+ 1). In other words, Claim 1 holds for i = 1.
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Induction step: Let j € [k|]. Assume (as the induction hypothesis) that Claim 1
holds for i = j. We must prove that Claim 1 holds for i = j 41 as well.

We have assumed that Claim 1 holds for i = j. In other words, wehave p —14j €
[{] and v; = w,_14;.

We have j € [k]. Thus,

(vj,v+1) € {(vi,vip1) | i€ [K]} = |J Arcsg.
qep

Hence, there exists a path g € P such that (vj,vj,1) € Arcsg. Consider this 4. From
(vj,vj41) € Arcsg, it follows that v; and v, are two entries of the path g (since
both entries of any pair in Arcsq are entries of 4). Hence, in particular, v; is an
entry of . Also, from v; = w, 1, it follows that v; is an entry of the path w (since
wy, Wy, ..., wy are the entries of w).

Now, v; is both an entry of 4 and an entry of w. In other words, v; belongs to the
paths g and w.

Recall that P is a path cover of V. Hence, each v € V belongs to exactly one of
the paths in P. In particular, v; belongs to exactly one of the paths in P.

However, we know that v; belongs to the paths g and w. If these paths g and
w were distinct, then this would mean that v; belongs to at least two of the paths
in P (since both g and w are paths in P); but this would contradict the fact that
v; belongs to exactly one of the paths in P. Hence, the paths g and w cannot be
distinct.

In other words, 4 = w. However,

(vj,vj41) € Ares q = Arcsw = { (w1, w2), (w2, w3), ..., (We—1,we)}.
—~

=w

In other words, there exists some z € [¢ —1] such that (vj,vj11) = (wz, W;11).
Consider this z.

From (v;,vj41) = (W, w,41), we obtain v; = w, and vj;1 = w,4;. Comparing
vj = w; with v; = w,_1;, we obtain w; = wy, 1 ;. This entails z = p — 1+ (since
w1, Wy, . .., wy are distinct). Hence, p —1+j=z¢€ [{ —1],sothatp -1+ < /-1
Adding 1 to both sides of this inequality, we obtain p +j < ¢. In other words,
p—1+(j+1) <l (sincep—1+(j+1) = p+j). Thus, p—1+(j+1) € [¢].
Moreover, we now know that vj1 = w;41 = w,_14(j41) (Since  _z_ +1=p-—

=p—1+j
1+j+1=p—14(+1)).

Altogether, we have shown that p — 1+ (j+1) € [{] and vj41 = w,_14(j1+1).- In
other words, Claim 1 holds for i = j + 1. This completes the induction step. Thus,
Claim 1 is proven.]

Now, k+1 € [k+1] (since k+1 > k > 1). Hence, we can apply Claim 1 to
i = k+1, and thus obtain p —1+ (k+1) € [{] and vxy1 = wy,_1 4 (k41)- In other
words, p +k € [{] and v = w, (since p — 1+ (k+1) = p +k).
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However, vy 1 = v1 = wy. Hence, wp = vgy1 = wpiy. This entails p = p+k
(since wy,wy,...,w, are distinct). Hence, k = 0, which contradicts k > 1 > 0.
This contradiction shows that our assumption was false. Thus, Lemma (a) is
proved.

(b) Let D be a proper subset of C. We must show that D is linear.

We have C\ D # & (since D is a proper subset of C). Hence, there exists some
a € C\ D. Consider this a.

We have a € C\ D. In other words, a € C and a ¢ D.

We have a € C = CArcsvy. Hence, Lemma shows that there exists a tu-
ple w = (wy,wy,...,wk) € 7 such that a = (wy, wy). Consider this tuple w =
(w1, wy, ..., wg). The entries of w are wy, wo, ..., wy (since w = (w1, wo, ..., Wy)).

The tuple w belongs to v (since w € 7), but y is a rotation-equivalence class
of nonempty tuples of distinct elements of V. Hence, w is a nonempty tuple of
distinct elements of V. Hence, w is a path of V' (by the definition of a “path of V”).

In particular, w is a tuple of distinct elements of V. In other words, the entries of
w are distinct. In other words, wq, wy, ..., w; are distinct (since the entries of w are
w1, W, ..., wy). The arc set of this path w is

Arcsw = {(wy,wy), (wo,w3), ..., (Wx_1, wg)} (40)

(by , applied to w = (wq, wo, ..., wy) instead of v = (vy,vy,...,0%)).

We have a = (wy, wy), thus (wy, w1) = a.

We know that <y is a rotation-equivalence class that contains w (since w € 7).
Hence, 1 is the rotation-equivalence class of w. In other words, v = w~.. Hence,

CArcsy = CArcs (w-)
= CArcsw (by the definition of CArcs (w~ ), since w € w..)

= {(wy, wp), (wy,ws), ..., (We_1,wg), (wr,w1)}

(by (), applied to w = (w1, wy, ..., wy) instead of v = (v1,vy,...,v)). Hence,

CArcsy = {(wy,w2), (w2, w3), ..., (Wk-1,wk), (wp, w1)}

= {(w1, w2), (w2, w3), ..., (Wr_1,wg)} U (wg, wr)
——

/

~
=Arcsw =a

(by (40))
= (Arcsw) U {a}.

The k pairs (w1, wz), (w2, w3), ..., (wx_1,wk), (wy, wy) are distinct (since their
first entries wq, wo, . .., wy are distinct). Hence, in particular, the last of these k pairs
is not among the remaining k — 1 pairs. In other words,

(wi, wr) & {(wy,w2), (wp,w3), ..., (Wg_1,wg)} = Arcsw

(by @0)). Thus,

a = (wy,w1) ¢ Arcsw.
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Now,

L \{a} = (Aresw) U{a}) \ {a} = (Arcsw) \ {a}
=CArcs vy
=(Arcsw)U{a}

= Arcsw (since a ¢ Arcsw).

However, D is a subset of C that does not contain a (since a ¢ D). In other
words, D is a subset of C\ {a}. In other words, D is a subset of Arcsw (since
C\ {a} = Arcsw).

However, w is a path of V. Hence, Lemma (applied to p = w) shows that
Arcsw is a linear subset of V x V. Thus, Proposition (applied to F = Arcsw)
shows that any subset of Arcsw is linear as well. Thus, D is linear (since D is a
subset of Arcsw). This completes the proof of Lemma (b). O

Lemma 2.46. Let V be a finite set. Let ¢ € Gy be a permutation of V. Let y be a
cycle of 0. Then, |CArcsy| = ¢ (y) > 1.

Proof. The cycle 7y is a cycle of ¢, and thus is a rotation-equivalence class of nonempty
tuples of distinct elements of V' (since any cycle of ¢ is such a class). Hence, we can
write 7 in the form v = v, where v is a nonempty tuple of distinct elements of V.
Consider this v.

Write the tuple v as v = (v1,0,...,7). Then, the entries v1,vy,...,vx of v are
distinct (since v is a tuple of distinct elements of V). We have ¢ (v) = k (since
v = (v1,02,...,0) is a k-tuple) and ¢ (v) > 1 (since v is nonempty).

From 7 = v., we obtain ¢ () = ¢ (v~) = ¢ (v) (by Definition (@)). Hence,
C(y)=4(v)=kand £(y) =L (v) > 1.

On the other hand, from 7y = v.., we obtain

CArcs v = CArcs (v~)
= CArcsv (by the definition of CArcs (v-.), since v € v..)

= {(v1,02), (v2,03), ..., (Vk—1,0k), (Vk,01)}

(by @), since v = (v1,02,...,0%)).
However, the k pairs (v1,v2), (v2,03), ..., (vx_1,v), (v, v1) are distinct (since
their first entries vy, v, ..., v, are distinct). Hence, the set
{(v1,v2), (v2,v3), ..., (vx_1,vk), (vx,v1)} of these k pairs has size k. In other
words,
[{(v1,02), (v2,03), .., (Ok—1,0k), (O, 01)} =K.

This rewrites as |CArcs y| = £ (y) (since we have ¢ () = k and
CArcsy = {(v1,v2), (v2,v3), ..., (vk_1,k), (vx,v1)}). Hence, |[CArcsy| = £ () >
1. Thus, Lemma is proved. O
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Lemma 2.47. Let D = (V, A) be a digraph. Let ¢ € Gy be a permutation of V.
Let 7y be a cycle of 0. Let C = CArcsy. Then:

(@) If v is a D-cycle, then ) (_1)\F\ _ (_1)2(7)—1'
FeCha
1S linear

(b) If v is a D-cycle, then Y (—1)‘F‘ =1.
FCCNA
is linear

(c) If 7y is neither a D-cycle nor a D-cycle, then Y (—1)“EI = 0.
FCCNA
is linear

Proof. We know that v is a cycle of o, thus a rotation-equivalence class of nonempty
tuples of distinct elements of V' (since any cycle of ¢ is such a rotation-equivalence
class).

Lemma yields |CArcsy| = ¢(y) > 1. From C = CArcsy, we obtain |C| =
|CArcsy| = £(y) > 1 > 0, so that the set C is nonempty. In other words, C # .
Also, C = CArcsy C V x V.

(@) Assume that 7 is a D-cycle. Thus, CArcsy C A (by the definition of a D-
cycle). In other words, C C A (since C = CArcs y). Therefore, CN A = C. Hence,

Y=y 0=y nfh (41)

FCCNA FCC F is a linear
is linear is linear subset of C

On the other hand, Lemma(applied to B = C)yields ) (—1)‘F‘ =[C=0g]=

FCC
0 (since C # @). Hence,

0= Y (D=9 ¥ (-

FCC FCC;
F#C

(here, we have split off the addend for F = C from the sum). Therefore,

Y (-1 == (=1 = () = (- “2)
FCC;
F£C

(since |C| = £(7)).
However, from Lemma we easily obtain

{F C C | F# C} = {linear subsets of C}




The Redei—Berge symmetric functions page 86

FCC; F is a linear

Hence, the summation sign “ ) ” can be rewrittenas “ ).  ”. Thus,
F#C subset of C

Y pf= Yy (-l

FCC; F is a linear
F£C subset of C

Comparing this with (41, we find
Y )= ()=t by @)

FCCNA EFCC;
is linear F#C

This proves Lemma (a).

(b) Assume that v is a D-cycle. Thus, CArcsy C (V x V) \ A (by the definition
of a D-cycle, since D = (V, (V x V) \ A)). In other words, C C (V x V) \ A (since
C = CArcsy). Therefore, CNA =& Hence,

Y (pfi=y (-pfh (43)
FCCNA FCo
is linear is linear

38Proof. We shall first prove that {F C C | F # C} C {linear subsets of C}.
Indeed, let G € {F CC | F# C}. Thus, G is a subset F C C satisfying F # C. In other
words, G is a subset of C such that G # C. In other words, G is a proper subset of C. Hence, G
is linear (since Lemma (b) shows that every proper subset of C is linear). Therefore, G is a
linear subset of C. Hence, G € {linear subsets of C}.
Forget that we fixed G. We thus have proved that each G € {F C C | F # C} satisfies G €
{linear subsets of C}. In other words, we have

{F CC | F# C} C {linear subsets of C}.

Let us now prove the reverse inclusion.

Indeed, let H € {linear subsets of C}. Thus, H is a linear subset of C. Hence, H is a subset
of C, so that H C C. The set H is linear, whereas the set C is not (by Lemma (@). Thus, H
cannot be identical with C. In other words, H # C. Combining H C C with H # C, we see that
H is a subset F of C satisfying F # C. In other words, H € {F C C | F # C}.

Forget that we fixed H. We thus have proved that each H € {linear subsets of C} satisfies
H e {F C C | F # C}. In other words, we have

{linear subsets of C} C{F C C | F #C}.
Combining this with

{F CC | F# C} C {linear subsets of C},
we obtain

{F CC | F# C} = {linear subsets of C}.

3 Proof. Letc € CNA. Thus,c € CNA C C C (VxV)\ A, so that c ¢ A. But this contradicts
ceCNACA.
Forget that we fixed c. We thus have obtained a contradiction for each ¢ € CN A. Hence, there
isnoc € CN A. In other words, CNA = &.




The Redei—Berge symmetric functions page 87

However, the set @ is linear (as a subset of V x V) @ Thus, the only linear subset

of ¥ is @ itself (since @ is a linear subset of @, and is clearly the only subset of
&). Therefore, the sum ). (—1) Il has only one addend, namely the addend for
FC
is liigar
F = @. Thus, this sum rewrites as follows:

Y (=)= (-1)°  (since |&| =0)

FCo
is linear
=1.
Hence, rewrites as
Y (—pf=1.
FCCNA
is linear

This proves Lemma (b).

(c) Assume that v is neither a D-cycle nor a D-cycle. Hence, C Z A Hence,
CNA # C. However, CN A is clearly a subset of C. Thus, CN A is a proper subset
of C (since CN A # C).

Furthermore, CN A # @

Now, from Lemma we easily obtain

{F CCN A} = {linear subsets of CN A}

40proof. We have @ C C and @ # C (since C # @). Hence, @ is a proper subset of C. However,
Lemma (b) shows that every proper subset of C is linear. Thus, @ is linear (since @ is a
proper subset of C).

41Proof. Assume the contrary. Thus, C C A. In other words, CArcsy C A (since C = CArcs 7).

Recall that v is a rotation-equivalence class of nonempty tuples of distinct elements of V.
Hence, from CArcsy C A, we conclude that v is a D-cycle (by the definition of a D-cycle). This
contradicts the fact that 7 is not a D-cycle. This contradiction shows that our assumption was
false, qed.

#Proof. Assume the contrary. Thus, CN A = @. However, we have X \ Y = X \ (X NY) for any two
sets X and Y. Applying thisto X =Cand Y = A, weobtain C\A=C\ (CNA)=C\@=_C.
=0
Therefore, C = \(;_/ \A C (VxV)\A. In other words, CArcsy C (V x V) \ A (since C =
CVxV
CArcs ).

Recall that -y is a rotation-equivalence class of nonempty tuples of distinct elements of V.
Hence, from CArcsy C (V x V) \ A, we conclude that 7 is a D-cycle (by the definition of a
D-cycle, since D = (V, (V x V) \ A)). This contradicts the fact that <y is not a D-cycle. This
contradiction shows that our assumption was false, ged.
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FCCNA F is a linear

Hence, the summation sign “ ). ” can be rewritten as “ Yy ”. Thus,
subset of CNA

Z (_1)|F|: Z (_1)|F\: Z (_1)|F|.

FCCNA F is a linear FCCNA
subset of CNA is linear
Therefore,
Y (0= ¥ (¥
FCCNA FCCNA
is linear
=[CNA=g| (by Lemma applied to B=CNA)
=0 (since CNA # ©).
This proves Lemma (c). O

Before we state the next lemma, let us again recall that the symbols “LI” and “| |”
stand for unions of disjoint sets.

Lemma 2.48. Let D = (V, A) be a digraph. Let ¢ € &y be a permutation of V.
Let v1, 72, ..., 7k be the cycles of o, listed with no repetitio For each i € [k],
let C; := CArcs (7).

Let F be any set. Then:

#3Proof. We shall first prove that {F C C N A} C {linear subsets of CN A}.

Indeed, let G € {F C CN A}. Thus, G is a subset of C N A. Hence, G is a proper subset of C
(since G is a subset of CN A, but C N A is a proper subset of C). Hence, G is linear (since Lemma
(b) shows that every proper subset of C is linear). Therefore, G is a linear subset of C N A.
Hence, G € {linear subsets of CN A}.

Forget that we fixed G. We thus have proved that each G € {F C CN A} satisfies G €
{linear subsets of C N A}. In other words, we have

{F CCn A} C {linear subsets of CN A}.

Let us now prove the reverse inclusion.

Indeed, let H € {linear subsets of CN A}. Thus, H is a linear subset of C N A. Hence, H is a
subset of CN A, so that H C CN A. In other words, H € {F C CN A}.

Forget that we fixed H. We thus have proved that each H € {linear subsets of C N A} satisfies
H € {F € Cn A}. In other words, we have

{linear subsets of CN A} C {F C CNA}.
Combining this with
{F C Cn A} C {linear subsets of CN A},

we obtain
{F C CN A} = {linear subsets of CN A}.
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(@) The set F is a linear subset of A, N A if and only if F can be written as

F = | F;, where each F; is a linear subset of C; N A.
jElk]

(b) In this case, the subsets F; are uniquely determined by F (namely, F; =
FNC; for each j € [k]).

Proof. Recall that 7y, 72,..., 7k are the cycles of o, listed with no repetition. Thus,
these cycles 71,72, ..., Yk are distinct, and we have Cycso = {v1,72,..., 7} (since
Cycs o is defined to be the set of all cycles of ).

We know that ¢ is a permutation of V. Hence, each element of V belongs to
exactly one cycle of ¢. In other words, each element of V belongs to exactly one
of the cycles 71, 72,..., 7k (since ¥1,72,..., Yk are the cycles of o, listed with no
repetition).

For each i € [k], let V; be the set of all entries of the cycle ;. Thus, V1, V,,..., Vg
are k subsets of V. These k subsets V3, V5, ..., Vj are furthermore disjoinﬁ In other
words, the sets V; for different j € [k] are disjoint.

For any given i € [k] and any given v € V, we have the following logical equiva-
lence:

(v € V;) <= (v is an entry of the cycle v;) (44)

(since Vj is the set of all entries of the cycle 7;).

#Keep in mind that a cycle is a rotation-equivalence class. Thus, “listed with no repetition” means
that no two of 7y1, 72, . .., Yk are the same rotation-equivalence class. For example, if 1 is (1,2) _,
then 7, cannot be (2,1) .

#Proof. Let i and j be two distinct elements of [k]. We shall show that V; NV, = @.

Indeed, assume the contrary. Thus, V; NV; # &. Hence, there exists some element v € V; N V;.
Consider this v.

We have v € V;NV; C V,. In other words, v is an entry of the cycle v; (since V; was defined as
the set of all entries of the cycle ;).

We have v € V;NV; C V;. In other words, v is an entry of the cycle v; (since V; was defined as
the set of all entries of the cycle ;).

The two cycles ; and +y; have the entry v in common (since v is an entry of the cycle v;, and
since v is an entry of the cycle ;).

However, the cycles 71,72,...,7, are distinct. Hence, the two cycles 7; and ; are distinct
(since i and j are distinct). However, two distinct cycles of ¢ cannot have any entries in common
(by the basic properties of the cycles of a permutation). Thus, 7; and 7; have no entries in
common (since vy; and 7; are two distinct cycles of ¢). This contradicts the fact that the two
cycles 7; and 7y; have the entry v in common. This contradiction shows that our assumption was
false. In other words, we have V; N Vi=0o.

Forget that we fixed i and j. We thus have proved that V; N V; = & whenever i and j are two
distinct elements of [k]. In other words, the subsets V3, V5, ..., Vj are disjoint.
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We have V =V,UWV,U--- UV, @Thus,

V=Viuhu---UVi= JVi= ||V
jel el

(since the sets V; for different j € [k] are disjoint).
For each i € [k], we have C; C V; x V; [F] Renaming the variable i as j in this
sentence, we obtain the following: For each j € [k], we have

Cj CVjx V. (45)

Hence, the sets C1,Cy, ..., Cy are disjointﬁ

46Pproof. Let v € V. Then, v belongs to exactly one of the cycles 1, 72,..., 7 (since each element of
V belongs to exactly one of the cycles v1,72,..., 7). In other words, there is exactly one i € [k]
such that v belongs to 7;. Consider this i. Now, v belongs to ;. In other words, v is an entry
of the cycle v;. Hence, v € V; (by ). Thus, v € V; C ViUV, U--- UV (since V; is one of the
terms in the union VUV, U --- U V).

Forget that we fixed v. We thus have shown thatv € ViUV, U--- U Vj for each v € V. In other
words, V C ViUV, U ---U Vg Combining this with Vj UV, U ---U Vi C V (which is obvious,
since V1, V5, ..., V} are subsets of V), we obtain V =V, UV, U---U V.

4Proof. leti € [k]. Then, C; = CArcs(7;) (by the definition of C;). Write the cycle 7; in
the form «; = (a1,a2,. . -r“p)~- Thus, the entries of the cycle vy; are ajy,az,...,a4,. Hence,
VvV, = {al,az,. ..,ap} (since V; was defined as the set of all entries of the cycle v;). Therefore,
a1,ay,...,a, are elements of V;. Hence, the pairs (aj,a2), (az,a3), ..., (ap-1,ap), (ap,a) are
elements of V; x V; (since all their entries belong to V;).
However, from ; = (al, a,... ,ap)w, we obtain

CArcs (y;) = CArcs ((a1,a2,...,ap) )

= CArcs (a1, az,...,ap)

( since Definition (b) yields )

that CArcs (w~) = CArcsw for each w € VP
= {(a,a2), (a2,a3), ..., (ap-1,4p), (ap,a1)}
by (), applied to a = (a1, ay,...,ap)
instead of v = (v1,vy,..., V%)
CVixV,

(since the pairs (a1,a2), (a2,43), ..., (ap—1,ap), (ap,a1) are elements of V; x V;). Therefore,
C; = CArcs () C Vi x 'V,

ged.
#Proof. Let i and j be two distinct elements of [k]. We shall show that C; N Cj = @.
Indeed, i and j are distinct, and thus we have V; N V] = O (since the k subsets V1, V;, ..., V}
are disjoint). However, C; C V; x V; (by ) and C; C V; x V; (similarly). Hence,

Ci N C C(VixV)n(VixVy)=(VinV)x(VinVj) =2 xa=0a.
~~ ~— —_——  ——
SVixVi cvixV; =g =g

Therefore, C; N C]- =O.
Forget that we fixed i and j. We thus have shown that C; N C; = @ whenever i and j are two
distinct elements of [k]. In other words, the sets Cy, Cy, ..., Cy are disjoint.
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The definition of A, yields

A, = |J CArcsc

ceCycso

= (CArcs (71)) U (CArcs (72)) U - - - U (CAres (7¢))
(since Cycso = {v1,72,---,Yk})

= J CArcs (7))
je T
]
(since C; was defined
to be CArcs(’yj))

= J G (46)

jE[K]

(a) We must prove that F is a linear subset of Ay N A if and only if F can be

written as F = || F;, where each F; is a linear subset of C; N A.
jE[k]

We shall prove the “<—" and “==" directions of this equivalence separately:

<: Assume that F can be written as F = || F;, where each F; is a linear subset

jE[K]
of C;N A. Consider these subsets F;.

Let j € [k]. Then, F; is a linear subset of C; N A (according to the preceding
paragraph). Thus, F; C C;NA C C; C V; x V; (by @). Therefore, F; is a linear
subset of V; x V; (since F; is linear).

Forget that we fixed j. We thus have shown that for each j € [k], the set F; is a
linear subset of V; x V;. Hence, Corollary (applied to | = [k]) shows that the
union | Fj is a linear subset of V X V. In other words, F is a linear subset of V x V

O
(since F = .|_| Fi=U E).
jElk] j€]
Finally,
F=F=U F c U (Gna)
jElk] jElk] ccna jElk]

(since Fj is a linear subset of C;NA
(by assumption))

= UG |nA=ANnA

jEK]
———

—A,
(by @)

Hence, F is a subset of A, N A. This shows that F is a linear subset of A, N A (since
F is linear). This proves the “<=" direction of Lemma ().
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—: Assume that F is a linear subset of A, N A. Thus,

FCA,NACA,= ]G (by (@6))
j€lK

=CUCGU---UC.
For each j € [k], let us set G; := F N C;. Thus,

GIUGU---UGr=(FNC)U(FNC)U---U(FNCy)
=FN(CGGUCU---UCy)
(since (XNY)U(XNY)U---U(XNYy) =XN(Y1UYU---UYy) for any sets
X, Y1,Ys,...,Y,). Hence,
G1UG2U-"UGk:Fﬂ(clLJCzU'--UCk):F

(since FC CiUCU---UCy).
Now, for each j € [k], the set G is a linear subset of C; N A @ Moreover, the sets
G1, Gy, ..., G are disjoint™| Thus, the disjoint union G UGy U --- UGy = || Gjis

jelk]

well-defined. This disjoint union is

| ] Gi=GiUGU---UG =G UGU---UG=F.

jE[K]
Thus, F = |] G;.

j€lkl
Altogether, we have now shown that F = || G;, and that each G; is a linear
jelk]
subset of C]- N A. Hence, F can be written as F = || F]-, where each Fj is a linear
jelk]
¥ Proof. Let j € [k]. Then, G; = F_ NC; € ANC; = C;jN A. In other words, G; is a subset of
~—

CA,NACA
C]- N A. Furthermore, Gj =FnN C]- C F, so that G]- is a subset of F. However, F is a linear subset
of V x V (since F is linear, and F C A, C V x V). Thus, Proposition shows that any subset of
F is linear as well. Therefore, G; is linear (since G; is a subset of F). Hence, G; is a linear subset
of C; N A (since G; is a subset of C; N A), ged.

*0Proof. Let i and j be two distinct elements of [k]. We shall show that G; N Gj = @.

Indeed, i and j are distinct, and thus we have C; N Cj = @ (since the k sets C1,Cy, ..., Cy are

disjoint). However, the definition of G; yields

G] =FnN C] - C]
The same argument (applied to i instead of j) yields G; C C;. Hence,

G N G] gCiﬁCj:Q
A

Therefore, G; N Gj = Q.
Forget that we fixed i and j. We thus have shown that G; N G; = & whenever i and j are two
distinct elements of [k]. In other words, the sets G1, Gy, ..., Gy are disjoint.
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subset of C; N A (namely, for F; = G;). This proves the “=" direction of Lemma
(a).

(b) Assume that F is written as F = || F;, where each F; is a linear subset of
j€lk]

C; N A. We must show that F; = F N C; for each j € [k].

Indeed, we have F = || F;= || F.

jElk] i€[k]
Now, let j € [k]. Then, F; is a subset of F (since F = || F;) and also a subset
ie[k]

of C;N A (since we required that each F; be a linear subset of C; N A). In other
words, Fiis a subset of both F and CiNA. Thus, Fiis a subset of the intersection

FN (CjN A) as well. In other words,

Fngﬂ(CjﬂA) gFﬂC]'.
——

cG;

Let us now show that FNC; C F;.
Indeed, let « € FNC;. Then,a € FNC; C F = .|_[|k] F;. Hence, & € F; for some
1€

i € [k]. Consider this i. Recall that F; is a subset of C; N A; thus, F; C C;N A C C;.
The same argument (applied to i instead of j) yields F; C C;. Hence, « € F; C C;.
However, « € FN C]- C C]-. Thus, the element a belongs to both sets C; and Cj.
Therefore, the sets C; and C; have at least one element in common. In other words,
the sets C; and C; are not disjoint. However, we know that the sets C;,Cy, ..., Cy
are disjoint. The only way to reconcile the previous two sentences is when i = j.

Thus, we obtain i = j. Hence, a € F; = F; (since i = ).

Forget that we fixed a. We thus have shown that a € F; for each « € FNC;.
In other words, F N Cj C F]'. Combining this with Fj C FnN C]-, we conclude that
F; = FN C;. This completes the proof of Lemma (b). O

We can now prove Proposition [2.42}

Proof of Proposition Let 71,72, --., 7k be the cycles of o, listed with no repeti-

tion (as in Lemma . Thus, these cycles 1,72, ..., vk are distinct, and we have

Cycso = {71,72,--., 7k} (since Cycs o is defined to be the set of all cycles of o).
For each i € [k], let C; := CArcs (7;). Then, the sets C,Cy, ..., Cy are disjoin
Now, we observe the following: If F; is a linear subset of C; N A for each j € [k],

then the disjoint union || Fjis Well—definedﬁ and is a linear subset of A, N A (by
jelk]

SlIndeed, this was shown during our above proof of Lemma
52Proof. Let F; be a linear subset of C; N A for each j € [k]. Then, in particular, we have F; C C;N A C
Cj for each j € [k]. In other words, F; is a subset of C; for each j € [k]. In other words, the sets
F,F,..., F are subsets of C1,Cy, ..., Cy, respectively.
However, the sets Cq,Cy,...,Cy are disjoint. Thus, their subsets Fj, B, ..., F; are disjoint as
well (since the sets Fy, F,, ..., Fy are subsets of Cq,Cy,...,Cy, respectively). In other words, the

sets F; for different j € [k] are disjoint. Thus, the disjoint union |] F; is well-defined.
jElk]
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the “<=" direction of Lemma 2.48 (a), applied to F = || F;). Hence, the map
jE[K]

from {families (P])] -y where each F; is a linear subset of C; N A}

to {linear subsets of A, N A}
that sends each family (F])] e tO '|_[,|(} F;
je

is well-defined. Moreover, this map is injective (since Lemma (b) shows that

the sets F; are uniquely determined by their union || F;) and surjective (by the
jE[K]
“==" direction of Lemma (@)). Thus, it is bijective. Hence, we can substitute

L F;for Fin thesum ) (—1)“:‘. We thus obtain

jelk] FCA,NA
is linear
Z (_1)\F |
FCA,NA
is linear
LU Fj
_ Z (—1)li<k (47)
(Ff)je[k] is a family
of linear subsets FjQC]ﬂA
However, if (F;). ., is a family of linear subsets F; C C; N A, then
ilielk y j ="
|| F| =) |F (by the sum rule)
jElk] jelk]
and thus
uF x |F|
(Dbl = (c1y T =TT (-l (48)

jElk]
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Hence, becomes

Y (-1

FCA,NA
is linear
U Fj
— (_1) jElk]
————

(Ff)je[k] is a family

F.
of linear subsets F;CC;,NA :,H (—1)‘ ]’
R E

(by (&8))

_ y IT(-1) |l
(B)je[k] is a family jEK]
of linear subsets Fng]ﬂA

=11 Y. (—1) |5 (by the product rule)
jeik FECinA
is linear/
= X
F;C(CArcs(7;))nA
is linear

(since Cj=CArcs (')/]-)
(by the definition of C;))

[ A
jelk] FC (CArcs(vj))ﬁA
is linear

I1 Y, (= (49)
jelk]  Fc (CArcs(yj))ﬁA
is linear

(here, we have renamed the summation index F]- as F).

On the other hand, recall that the cycles 1,72, ..., ¥k are distinct, and that we
have Cycso = {v1,72,...,7«}. Hence, 71,72, ...,7k are the elements of the set
Cycs 0, listed with no repetition. In other words, the map

[k] = Cycso,

j=
is a bijection. Hence, we can substitute ; for 7y in the product
IT Y (—1)|F|. We thus obtain
7€Cycso FC(CArcsy)NA
is linear
[1 Y =Tl DI CE VA
7€Cycsoc  FC(CArcsy)NA j€lk] FQ(CArcs(fyj))ﬂA
is linear

is linear
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Comparing this with [@9), we obtain

Y, (=
FCANA
is linear

- TI y (-l (50)
Y€Cycso FC(CArcsy)NA
is linear

Next, the following three claims follow easily from Lemma

Claim 1: Let v € Cycso. Assume that <y is a D-cycle. Then,

Y (—D)F = (=)L,
FC(CArcsy)NA
is linear

Claim 2: Let v € Cycso. Assume that <y is a D-cycle. Then,

Y, (=1
FC(CArcsy)NA
is linear

Claim 3: Let v € Cycso. Assume that 7 is neither a D-cycle nor a
D-cycle. Then,
Yy  (-pfi=o.

FC(CArcsy)NA
is linear

Proof of Claim 1. We have 7y € Cycsc. In other words, 7 is a cycle of ¢ (since Cycs o
is the set of all cycles of ¢). Hence, Lemma (@) (applied to C = CArcs ) yields
Y (=)l = (=1)* =1 This proves Claim 1. O
FC(CArcsy)NA
is linear
Proof of Claim 2. We have v € Cycso. In other words, 7 is a cycle of ¢ (since Cycs o
is the set of all cycles of ). Hence, Lemma (b) (applied to C = CArcs 7y) yields
Y, (—1)|F| = 1. This proves Claim 2. O
FC(CArcsy)NA
is linear
Proof of Claim 3. We have v € Cycso. In other words, 7 is a cycle of ¢ (since Cycs o
is the set of all cycles of ¢). Hence, Lemma (c) (applied to C = CArcs vy) yields
Y (—1)|F| = 0. This proves Claim 3. O

FC(CArcsy)NA
is linear

Now, we shall prove the following two claims:
Claim 4: 10 € &y (D, D), then ¥ (-1l = (=1)7).

FCA,NA
is linear
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Claim 5:1f o ¢ &y (D, D), then ¥ (-1)fl =o.
FCA,NA
is linear

Proof of Claim 4. Assume that o € &y (D, D). Then, each cycle of ¢ is a D-cycle or
a D-cycle (by the definition of Sy (D, D)). In other words, if v € Cycso is not a
D-cycle, then 7y is a 5—Cycl and thus satisfies

Yy (-DfFl=1 (51)
FC(CArcsy)NA
is linear

(by Claim 2).
Now, becomes

(-1
FCA,NA
is linear

o (I
7€Cycso FC(CArcsy)NA
is linear

- II N N DG

7€Cyeso;  FC(CArcsy)NA ~r€Cyesa; FC(CArcsy)NA
7 is a D-cycle is linear | 7 is not a D-cycle . is linear
NS -1
:(_1)/ (m-1
(by Claim 1) (by (1))

here, we have split our product in two: one
that contains all ¢’s that are D-cycles, and
one that contain all other ’s

_ H (_1)5(7)*1 ) H 1

v€Cycso; r€Cycs o;
7 is a D-cycle 7 is not a D-cycle

=1

_ H (_1)5(7)—1.

v€Cycso;
7 is a D-cycle

3 Proof. Let v € Cycs o be not a D-cycle. We must prove that - is a D-cycle.
We have ¢ € Cycso. In other words, v is a cycle of ¢ (since Cycs o is the set of all cycles of o).
Hence, vy is a D-cycle or a D-cycle (since each cycle of ¢ is a D-cycle or a D-cycle). Since 7y is not
a D-cycle, we thus conclude that y is a 5—cycle. Qed.
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Comparing this with

yedese; (V7Y since g(0) = L (¢(1)-1)
(~1)*) = (—1)7isabreycle 7ie 2 Dreyde

(by the definition of ¢ (¢))
_ H (_1)5(7)—1 )

v€Cycso;
v is a D-cycle

weobtain ¥ (—1)fl = (=1)?). Thus, Claim 4 is proven. O
FCA,NA
is linear
Proof of Claim 5. Assume that ¢ ¢ &y (D, D). Then, not each cycle of ¢ is a D-cycle
or a D-cycle (by the definition of Gy (D, D)). In other words, there exists some
cycle of ¢ that is neither a D-cycle nor a D-cycle. Let 6 be such a cycle. Then, § is
a cycle of ¢. In other words, § € Cycso (since Cycs o is the set of all cycles of ).
We know that 6 is neither a D-cycle nor a D-cycle (by its definition). Thus, Claim 3
(applied to v = J) yields

Yy  (-nfi=o (52)
FC(CArcsd)NA
is linear
However, § € Cycso. Thus, the sum Y, (—1)|F‘ is one of the factors of
FC(CArcsd)NA

is linear

the product T[] Y (—1)|F‘ (namely, the factor for v = J). Since the
7€Cycso  FC(CArcsy)NA
is linear

former sum is 0 (by (52)), we can rewrite this as follows: The number 0 is one of
the factors of the product [] Y (—1)‘F|. In other words, the latter

7€Cycsoc  FC(CArcsy)NA

is linear

product has a factor equal to 0. Therefore, this product must be 0 (because if a
product has a factor equal to 0, then this product must be 0). In other words,

1 Yy  (-pifi=o.
r€Cycso FC(CArcsy)NA
is linear

Now, becomes

Y )= TI Yy  (-nfi=o.
FCA,NA v€Cycso  FC(CArcsy)NA
is linear is linear

This proves Claim 5. O
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Combining Claim 4 with Claim 5, we obtain

(1)l (-9, ifoe6y (D,D);
FCA,NA 0, else.
is linear
This proves Proposition m O

2.10. A trivial lemma

We need one more trivial “data conversion” lemma:

Lemma 2.49. Let V be a finite set. Let w = (wy, wo, ..., w,) be a V-listing. Then,
the map

{maps f : V — P} — P",
fr= (f (W), f(w2),..., f (wn))

is well-defined and is a bijection.

Proof. Recall that (w1, wy,..., wy) is a V-listing, i.e., a list of elements of V that
contains each element of V exactly once (by the definition of a V-listing). Hence,
in particular, (wy,wo, ..., wy) is a list of elements of V. In other words, w; € V for
each i € [n].

Now, if f : V — [P is a map, then each i € [n] satisfies f (w;) € P (since w; € V by
the preceding sentence), and thus the n-tuple (f (w1), f (w2),..., f (w,)) belongs
to IP". Thus, the map

{maps f: V — P} — P",
fr (f(wn), fw2),..., f(wn))
is well-defined. Let us denote this map by K. It remains to prove that this map K
is a bijection.
Let us first show that K is injective. Indeed, let f and g be two maps from V to

IP that satisfy K (f) = K(g). We shall show that f = g.
The definition of K yields

K(f) = (f (1), f (w2),..., f (wn)) (53)
and K(g) = (g (w1),8 (w2), -,g(wn))- (54)

We assumed that K (f) = K (g). In view of (53) and (54), we can rewrite this as
(f (1), f (w2),..., f (wn)) = (¢ (w1), g (w2),..., & (wn))-

In other words,
f(w;) = g (w;) for each i € [n]. (55)
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Now, let v € V be arbitrary. Then, the list (w;, w», ..., wy,) contains v exactly once
(since this list (w1, wy, ..., w,) contains each element of V exactly once). In other
words, there is exactly one i € [n] such that w; = v. Consider this i. From (55), we
obtain f (w;) = g (w;). In view of w; = v, we can rewrite this as f (v) = g (v).

Forget that we fixed v. We thus have shown that f (v) = g (v) for eachv € V. In
other words, f = g.

Forget that we fixed f and g. We have thus shown that if f and g are two maps
from V to IP that satisfy K(f) = K(g), then f = g. In other words, the map K is
injective.

Now, let us prove that K is surjective. Indeed, let a € IP" be arbitrary. We shall
construct a map f : V — P such that K (f) = a.

According to Convention we can write the n-tuplea € P" asa = (ay,4ay, ..., a,).

Recall that (w1, wy, ..., wy) is a V-listing, i.e., a list of elements of V that contains
each element of V exactly once (by the definition of a V-listing).

Now, we define a map f : V — P as follows:

Let v € V. Then, the list (wy,wy, ..., w,) contains v exactly once (since this list
(w1, wy, ..., wy,) contains each element of V exactly once). In other words, there is
exactly one i € [n] such that w; = v. Consider this i. Define f (v) to be a;. This is
an element of P (since it is an entry of the n-tuple a € IP").

Thus, we have defined an element f (v) of IP for each v € V. In other words, we
have defined a map f : V — P. Its definition has the following consequence: If
v € V is arbitrary, and if i € [n] is an element satisfying w; = v, then

f(v) = a;. (56)

Now, we shall show that K (f) = a.

Indeed, the definition of K yields K (f) = (f (w1), f (w2),..., f (wx)). However,
each i € [n] satisfies w; = w; (obviously) and thus f (w;) = a; (by (56), applied to
v = w;). In other words, we have

(f (wr), f(wa),..., f(wy)) = (a1,a2,...,44).

In view of K(f) = (f (w1),f(w2),...,f(wy)) and a = (ay,az,...,a,), We can
rewrite this as K (f) = a. Thus, the map K takes a as a value (namely, at the input
)

Forget that we fixed a. We thus have shown that if 2 € IP" is arbitrary, then the
map K takes a as a value. In other words, the map K is surjective.

Now we know that the map K is both injective and surjective. In other words, K
is bijective. In other words, K is a bijection.

So we have shown that the map K is well-defined and is a bijection. In other
words, the map

{maps f : V — P} — P",
fr= (f (W), f(w2),..., f (wn))

is well-defined and is a bijection (since this map is what we called K). This com-
pletes the proof of Lemma O
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2.11. The proof of Theorem [1.3]]
We are now ready to prove Theorem [1.31}

Proof of Theorem [1.31} Let n = |V|. Thus, the digraph D = (V,A) has n ver-
tices. Moreover, each V-listing w has n entries (since |V| = n), thus satisfies
w = (wy,wy, ..., Wy).

We will use a definition that we made back in Lemma Iff:V—->Pisa
map, and if v = (v1,vy,...,0,) is a V-listing, then this V-listing v will be called
(f, D)-friendly if it has the properties that f (v1) < f (v2) < --- < f (v,) and that

f(vp) < f (vp41) foreach p € [n —1] satisfying (vp,vp41) € A.
The definition of Up yields

Up = Z LDes(w,D), n

w is a V-listing

We shall now try to understand the addends in this sum better.

We fix a V-listing w. Then, w has n entries (since |V| = n), and thus satisfies
w = (wy,wy,...,wy). Moreover, the list (w1, wy,..., w,) = w is a V-listing, i.e.,
consists of all elements of V and contains each of these elements exactly once.
In other words, (w1, wy,...,wy) is a list of all elements of V, with no repetitions.

Hence, if we are given an element ¢, of Z [[x1, X2, x3, .. .]] for each v € V, then
H C'U = Cw1Cw2 c Cwn. (57)
veV

Thus, if f : V — P is any map, then

T %) = ) Xfwn) * Xpan) (58)

(by (57), applied to cp = xf(y)).
However, the definition of Lpeg(qy,p), » yields

LDes(w,D), n— Z Xiy Xiy * -+ X,
i1 <ip<-+-<ip;
ip<ipy1 for each p€Des(w,D)

_ y Xin iy X (59)
(i1,i2,...,in) EPP™;

i1 <ip<-++<ip;
ip<ipy1 for each p€Des(w,D)

(here, we have added the “(iy,ip,...,iy) € P"” condition under the summation
sign, since this condition is tacitly implied when we sum over i; < iy < --- <ipy).
We recall that Des (w, D) is defined as the set of all D-descents of w, but these D-
descents are defined as the elements i € [n — 1] satisfying (w;, w;11) € A. Hence,
Des (w, D) is the set of all elements i € [n —1] satisfying (w;, w;11) € A. Thus,
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an element of Des (w, D) is the same thing as an element i € [n — 1] satisfying
(w;, wi11) € A. Renaming the variable 7 as p in this sentence, we obtain the follow-
ing: An element of Des (w, D) is the same thing as an element p € [n — 1] satisfying
(wp, wpi1) € A.
Lemma yields that the map
{maps f : V — P} — P",
fr= (f (W), f(w2),..., f (wn))
is well-defined and is a bijection. Hence, we can substitute (f (w1), f (w2),..., f (wn))
for (i1,iy,...,iy) in the sum on the right hand side of (59). We thus obtain

(i1,i2,-..,in ) EP";

i1<ip <+ <iy;
ip<ipy1 for each p€Des(w,D)
= > X (o) X fw) " Xf(wy)
f:V—=PP is a map; ~~
fwn) <f(w2) < <f(wn); = I %)
f(wp) <f(wp+1) for each peDes(w,D) (by )
= ) [T x)

f:V—TP is a map; veV

£ (1) <f(wa) << (wn);
f(wp)<f(wpy1) for each peDes(w,D)

= L I1
f:V—=PP is a map; veV
f(w1) <f(wa) <---<f (wn);
f(wp) <f(wp+1) for each pen—1]
satisfying (wp,pr ) €A

(here, we have replaced the condition “p € Des (w, D)” under the summation sign
by the equivalent condition “p € [n—1] satisfying (wp, wp11) € A”, because
an element of Des (w, D) is the same thing as an element p € [n — 1] satisfying
(wp, wpi1) € A). Thus, 1' becomes

LDes(w,D), n— Z Xig Xiy *+* Xi,
(i1,i2,...,in) EP";
i1 <ip <+ <y
ip<ipy1 for each p€Des(w,D)

= ) [T ) (60)

f:V—TPP is a map; veV
f(wr)<f(wy) < <f(wn);
f(wp)<f(wp+1) for each pen—1]
satisfying (wp,pr)EA
The sum on the right hand side of ranges over all maps f : V — I that
satisfy the condition

“flwy) < f(wy) < -+ < fwy)”

A “f (wp) < f (wp41) for each p € [n— 1] satisfying (wp, wp4q1) € A”.
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However, this condition is equivalent to the condition “the V-listing w is (f,D)-
friendly” (because this is how the notion of “(f, D)-friendly” was defined). There-
fore, we can replace the former condition by the latter condition under the summa-
tion sign on the right hand side of (60). Thus, we can rewrite as follows:

LDes(w,D), n— Z H xf(v)- (61)
f:V—=TP is a map; veV

the V-listing w is (f,D)-friendly

Now, forget that we fixed w. We thus have proved for each V-listing w.
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Now,

Up

= 2 LDes(w,D), n

w is a V-listing

= ) ) [ s (by (61))

w is a V-listing f:V—PP is a map; veV
the V-listing w is (f,D)-friendly
f:V—TP is a map w is a V-listing;

the V-listing w is (f,D)-friendly

= ) )3 [1xr0)

f:V—PP is a map w is a V-listing; veV
N——-~—"the V-listing w is (f,D)-friendly
B f:V=P — 5

w is an (f,D)-friendly V-listing

= ) D [ x0)

f: V=P w is an (f,D)-friendly V-listing v€V

J/

=(# of ( f,D)-friendger—listings)~ [T xf(0)
veV

(since all addends of this sum have the same value [] x f(v))

veV
= ), (#of (f,D)-friendly V-listings) - [ | xf(v)
FVoP ~~ =Y
= ¥ L (-nF
ceSy; FCANA
foo=f is linear
(by Lemma [2.40)
=Y X Y )l
f:V=P o0€6y; FCAMNA veV

foo=f islinear

(.

= ¥ )» )y
ceSy FCA,NA f:V-D;
is linear foo=f

=Y XX 0T
ce6Gy FCANA [ V=P veV
is linear foo=f

=) Y, (-)F Y. ITxw

ceBy FCA,NA fV=P;, veVv
Js linear , foo=f
plo) D) - =puy;
_ (_1) , ifoe6y (D’D)’ (byLemyrﬁ;
0, else

(by Proposition
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_y {(—1)49(‘7), if o € &y (D,D);

B ceey 0, else Ptypec
(-1)?), ifo e &y (D,D);
- Z ptype(r
TEGy; 0, else
ve6y(D,D) ~~ d
—_——— :(_1)40(0)
= X (since we have re&y, (D,ﬁ))
€6y (D,D)
(since GV(D,ﬁ)
is a subset of Sy)
(-1)?), ifo e &y (D,D);
+
anG:V; { 0, else Ptypec

N J/

we don’t have c€Gy, (D,D)

(since we don’t have r€&y, (D,E))

(since each o € Sy either satisfies 0 € Gy (D, D) or doesn't)

= ) (-1)? Ptypec + )3 OPtypeor
ce&y(D,D) veby; -
we don’t have c€Gy, (D,D)

-~

=0

3. Proof of Theorem [1.39

Theorem can be derived from Theorem by combining some addends that

have the same piypes factor. Depending on the respective (—1)4’(0) factors, these
addends either cancel each other out or combine to form a multiple of piypec-

Proof of Theorem We have assumed that D is a tournament. Hence, for any two
distinct vertices u and v of D, we have the logical equivalences

((u,v) isan arc of D) <= ((v,u) is an arc of D)

and
((u,v) isan arc of D) <= ((v,u) is an arc of D).

Therefore, the reversa]@ of a nontrivial D-cycle is always a nontrivial D-cycle, and
vice versa.

>4See Definition for the meanings of “reversal” and “nontrivial”.
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We define a map ¥ : &y (D,D) — &y (D) as follows: If o € &y (D), then we
let ¥ (0) be the permutation obtained from ¢ by reversing each cycle of ¢ that is a
nontrivial D-cycle (i.e., replacing this cycle of ¢ by its reversal, i.e., replacing o by
o~ ! on all entries of this cycle)®} This map V¥ is well-defined (i.e., we really have
¥ (o) € &y (D) for each 0 € Sy (D, D)), because as we just said, the reversal of a
nontrivial D-cycle is always a nontrivial D-cycle. Moreover, the map ¥ preserves
the cycle type of a permutation —i.e., we have

type (¥ (0)) = typec (62)
for each o € &y (D, D).
Now, Theorem yields
Up= Y (D" pypec = Y (D" pypeo)
0e6y(D,D) :m)) 0e&y(D,D)
(by (62)
_ Z Z (- 1)40(0) Prypes ( here, dee have ;plit 1up tl}e sum >
we&7(D) ceey (D), according to the value of ¥ (o)
Y(o)=T1
- Z Z (_1)42(0) Ptypet- (63)
T€GY (D) UEGV(Dﬁ);
Y(o)=T1

Now, we claim that each T € &y (D) satisfies

y (—1)?@) — 2¥(7),  if all cycles of T have odd length; 64)
7e&y(D,D); 0, otherwise.
Y(o)=T1

[Proof of (64): Let T € Sy (D). Then, T has exactly ¢ (7) many nontrivial cycles
(by the definition of ¢ (7)), and all of these nontrivial cycles are D-cycles (by the

Here is what this means in rigorous terms: We let ¥ (¢) be the permutation of V defined by
setting

o1 (z), ifzisan entry of a cycle of ¢ that is a nontrivial D-cycle;
<‘1f<a>><z>={ ) yofacy 4

o(z), otherwise

foreachz € V.
The cycles of this permutation ¥ (¢) are precisely

¢ the reversals of those cycles of ¢ that are nontrivial E—Cycles, and

¢ the remaining cycles of ¢.
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definition of &y (D)). The permutations ¢ € Sy (D, D) that satisfy ¥ (¢) = T can
be obtained by choosing some of these nontrivial cycles and reversing them, which
turns them into D-cycles. This can be done in 2¥(Y) many ways, since each of the
¥ (7) many nontrivial cycles can be either reversed or not. If all cycles of T have odd

length, then all 2¢(7) permutations ¢ obtained in this way will satisfy (—1)?) =1

(because ¢ (0) = v ¢(y) —1 ] will always be even); therefore, the sum
y€Cycs o; \\d/c-l/
O

v is a D-cycle
Y (=1)%“ will be a sum of 2¥(Y) many 1s and therefore simplify to 2%(7).
(766\/([),5) ;
Y(o)=T1
On the other hand, if not all cycles of T have odd length, then there is at least one
cycle J of T that has even length, and of course this cycle § will be nontrivial (since
a trivial cycle has odd length); thus, among the permutations ¢ € Sy (D, D) that
satisfy ¥ (0) = 7, there will be as many that have ¢ reversed as ones that have ¢ not
reversed, and the parities of ¢ (¢) for the former will be opposite from the parities
of ¢ (o) for the latter; thus, the sum Y (=1)?) will have equally many 1s
ce&y(D,D);
Y(o)=T1
and —1s among its addends, and therefore will simplify to 0. In either case, we
obtain (64).]
Now, becomes

Up = Z Z (—1)41(0) Ptypet
T€GY (D) UEGV(Dﬁ);
Y(o)=T1

-

_{24’(7), if all cycles of T have odd length;

N

0, otherwise
(by (69)
2¢(7), if all cycles of T have odd length;

= Z 0 h . Ptypet

€6y (D) , otherwise
= )3 240 Ptyper = ) 2¢() Ptypec-

€6y (D); ceGy(D);
all cycles of T have odd length all cycles of ¢ have odd length
This proves Theorem [1.39] O

4. Proving the corollaries

Let us now quickly go through the proofs of the corollaries we stated after Theorem
and after Theorem
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Proof of Corollary We let IN [p1, p2, p3, . . .| denote the set of all polynomials in
p1, P2, p3, - .. with coefficients in IN.
For each integer partition A, we have

pr € N[p1, p2,p3,- -] (65)
(by the definition of p,).
Theorem yields
Up = Z (_1)4)(0) Ptypec
o<y (D.D) €N[p1,p2,p3,--]
(by ©5))
€ Z (—1)¢(U)N[P1/ pZ/ P3/~~~] g Z[Plz pZ/ P3/~~~] .
(TEG\/(D,ﬁ)
This proves Corollary O

Proof of Corollary Let 2Z denote the set of all even integers.
Let 0 € Sy (D, D). The definition of ¢ (¢) in Theorem yields

¢ (o) = VECZijSU; U(y)=1) €27,

7 is a D-cycle €22

(since £(1) is odd
(because every D-cycle
has odd length))

so that
(—1)?@) = 1. (66)
Theorem now yields
UD = Z (—1)90(0) ptypeg'
LTGGV(D,E) -1
(by (66))
= Z B Ptypec
UEGV(D,D) GN[perZISI“']
(by (65))
S 2 IN [pll P2, pP3,- - ] g IN [Plr P2, p3,-- ] .
O'EG‘/(D,B)
This proves Corollary ]

Proof of Corollary For each 0 € Gy, let i (o) denote the number of nontrivial
cycles of o.
Let o € Sy (D) be a permutation whose all cycles have odd length. We shall

show that 2¢(7) Ptypes € N [p1,2p3,2p5,2p7, .. ..
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Indeed, let k1, k», . . ., ks be the lengths of all cycles of ¢, listed in decreasing order.
Then, the numbers ky,ky, ..., ks are odd (since all cycles of ¢ have odd length).
Moreover, the definition of type o yields typeoc = (ky,kz, ..., ks). Furthermore,

Y (o) = (# of nontrivial cycles of )
= (# of cycles of ¢ that have length > 1)
= (#of i € [s] such that k; > 1)
(since the lengths of all cycles of o are ky,k», ..., k)

S

=) [k >1]

i=1

(here, we are using the Iverson bracket notation), so that
S
() — 25 L =] _H2k>1 (67)
Now, recall that typec = (kq, k2, ..., ks). Hence, the definition of piype s yields

5
Ptypeoc = Py Pk, =" Pks = H Pk;- (68)
i=1

Multiplying the equalities (67) and (68), we obtain

29 pyper = (Hz[ki>1]> (Hpki> =11 (2[ki>”pki)
i=1 i=1

i=1 ——
€ {P112P3r2P5,2P7,...}
(since k; is odd
(because kq,kj,..., ks are odd))

= (a product of s elements of the set {p1,2p3,2ps,2p7,...})
€ N [p1,2p3,2ps,2p7, .. .] . (69)

Forget that we fixed ¢. We thus have proved for each permutation o €
Sy (D) whose all cycles have odd length. Now, Theorem yields

Up = Y 2/ pypes € Np1,2ps,2p5,2p7,..].
it €Nlp1,2p3,2ps5,2p7,...]
11 cycles of o have odd length 1.2P3,2p5,2p7,.
all cycles of ¢ have odd lengt (by @)
This proves Corollary O

5. Proof of Theorem [1.41]

The proof of Theorem is a slightly more complicated variant of our above proof
of Theorem
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Proof of Theorem (b) First, we attempt to gain a better understanding of risky
cycles.

We start by noticing that the reversal of a risky rotation-equivalence class is again
risky.

We have assumed that there exist no two distinct vertices u and v of D such that
both pairs (#,v) and (v, u) belong to A. In other words, if (#,v) is an arc of D with
u # v, then (v, u) is not an arc of D, and thus (v, u) must be an arc of D.

Hence, if v is any D-cycle of length > 2, then the reversal of v must be a D-cycle,
and thus cannot be a D-cycle. Therefore, in particular, if v is a risky rotation-
equivalence class of tuples of elements of V, then either v or the reversal of v is a
D-cycle (by the definition of “risky”), but not both at the same time.

Consequently, if v is a risky rotation-equivalence class of tuples of elements of V,
then v and the reversal of v cannot be identical, i.e., we must have

v # revv. (70)
We define a subset &5, (D, D) of Sy (D, D) by
Sy, (D,D) := {0 € &y (D,D) | eachrisky cycle of o is a D-cycle} .

We define amap I' : Sy (D, D) — &%, (D, D) as follows: If o € &y (D, D), then
we let T' (o) be the permutation obtained from ¢ by reversing each risky cycle of
o that is not a D-cycle (i.e., replacing this cycle of ¢ by its reversal, i.e., replacing
o by ¢! on all entries of this cycle). This map T is well-defined (i.e., we really
have I' (¢) € &, (D,D) for each ¢ € &y (D, D)), because if a risky tuple is not a
D-cycle, then its reversal is a D-cycle (by the definition of “risky”). Moreover, the
map I preserves the cycle type of a permutation — i.e., we have

type (I'(0)) = typeo (71)
for each 0 € &y (D, D).
Now, Theorem yields
Up=" Y, (D" pypec = L (D" pyperrco)
se6y(D,D) :m)) se6y(D,D)
(by (71))
B Z Z (— 1)4)(0) here, we have split up the sum
N _ _ Pryper according to the value of T (¢)
165, (D,D) 0e6y(D,D);

I'(o)=1

- Z o Z (_1)¢(U) Ptypet- (72)

)
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Now, we claim that each T € &7, (D, 5) satisfies

) (=1)#) = (-1)?, ifno Cy.de of T is risky; 73)
oe&y(D,D); 0, otherwise.
I'(o)=t

[Proof of : Let T € &y (D,D). Let c,cp, ..., ¢k be the risky cycles of 7. All
of these k risky cycles ¢y, ¢y, ..., ¢k are D-cycles (since T € &Y, (D,D)). The per-
mutations ¢ € &y (D, D) that satisfy I' (¢) = 7 can be obtained by choosing some
of these k risky cycles ¢y, ¢, ..., c, of T and reversing them, which turns them into
D-cycles (because if v is any D-cycle of length > 2, then the reversal of v must
be a D-cycle). This can be done in 25 many ways, since each of the k risky cycles
€1,€2,...,C, can be either reversed or no The sum Y (—1)")(0) thus has

ve&y(D,D);
I'(o)=1
2k many addends, and each of these addends corresponds to one way to decide
which of the k risky cycles cy,c,...,cx to reverse and which not to reverse. If

k = 0, then this sum therefore simplifies to (—1)4’(7). If, on the other hand, we have
k # 0, then this sum equals 0 m Combining the results from both of these cases,

S0Fineprint: All of these k risky cycles are distinct from their reversals (by ). Thus, each of the
2k possible choices of risky cycles to reverse leads to a different permutation ¢ € Gy (D,D).
57Pr00f. Assume that k # 0. Thus, k > 1, so that the risky cycle ¢; exists. If ¢ € &y (D, 5) is such

that T (0) = 7, then either the cycle ¢ or its reversal (but not both) is a cycle of ¢. Thus,

Y (=1)#)

ve&y(D,D)
I'(o)=T1
= L v+ Y p (74)
ve&y(D,D); ve&y(D,D);
I'(0)=T; I'(0)=T;
cp is a cycle of o c1 is not a cycle of &

The two sums on the right hand side of this equality have the same number of addends, and
there is in fact a bijection between the addends of the former and those of the latter (given by
replacing the cycle c; by its reversal or vice versa). Moreover, this bijection toggles the parity of
the number ¢ (0) (that is, it changes this number from odd to even or vice versa), since ¢ ()
is defined to be the sum Y (¢ () —1) (which contains the odd addend /¢ (¢;) — 1 when
eC ;
% 'iYs a l%,)c-i;de
c1 is a cycle of o, but does not contain this addend when ¢; is not a cycle of ¢). Hence, this
bijection flips the sign (—1)(”(‘7). Therefore, the addends in the first sum on the right hand side
of cancel those in the second. Therefore, the two sums add up to 0. The equality thus
simplifies to v (-=1)?9) =0, qed.
ce&y(D,D);
T'(0)=T1
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we obtain

Y (1)) = {(—1)(”“), if k = 0;

oey(DD); 0, otherwise
I'(o)=T

_ (=1)%9, if no cycle of T is risky;
0, otherwise.

(since k is the number of risky cycles of 7). This proves (73).]
Now, becomes

= T L0 e

, otherwise

(by (73))
_ Z {(—1)(P(T) , if no cycle of 7 is risky;

_{(—1)"’(T) , if no cycle of T is risky;
0

. Ptypet
res;,(D,D) 0, otherwise

_ (_1)¢(T) Prype
TEG“’/(D,ﬁ);

no cycle of T is risky (since no cycTe of T is risky,
and thus it is easy to see
that ¢(7) is even)

= L Pyper= ) Pyper
t€& (D,D); €6y (D,D);
no cycle of T is risky no cycle of T is risky

(since the permutations T € &Y, (D, D) that have no risky cycles are precisely the

permutations T € Gy (D, D) that have no risky cycles”). Renaming the summation
index T as ¢ on the right hand side, we obtain

Up = Z Ptypeo-
ve&y(D,D);
no cycle of ¢ is risky

This proves Theorem (b).
(@) This follows trivially from part (b), since p, € N [p1, p2, p3, .. .] for each par-

tition A. n

%8This follows trivially from the definition of &, (D, D).
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6. Recovering Redei's and Berge's theorems

We shall now derive two well-known theorems from Theorem and Theorem
1.39]

We recall Convention and Definition The two theorems we shall derive
are the following:

Theorem 6.1 (Rédei’s Theorem). Let D be a tournament. Then, the # of hamps
of D is odd. Here, we agree to consider the empty list () as a hamp of the empty
tournament with 0 vertices.

Theorem 6.2 (Berge’s Theorem). Let D be a digraph. Then,

(# of hamps of D) = (# of hamps of D) mod 2.

Theorem originates in Laszlo Rédei’s 1933 paper [Redei33] (see [Moon13,
proof of Theorem 14] for an English translation of his proof). Theorem was
found by Claude Berge (see [Berge76|, §10.1, Theorem 1], [Berge91), §10.1, Theorem
1], [Tomesc85| solution to problem 7.8], [Lovasz07, Exercise 5.19] or [GrinbelZ,
Theorem 1.3.6] for his proof, and [Lass02, Corollaire 5.1] for another). Berge used
Theorem to give a new and simpler proof of Theorem (see [Berge91, §10.2,
Theorem 6] or [Lovasz07, Exercise 5.20] or [Grinbel”, Theorem 1.6.1]).

We can now give new proofs for both theorems. This will rely on the symmetric
function Up and also on a few simple tools:

We define ¢ : QSym — Z to be the evaluation homomorphism that sends each
quasisymmetric function f € QSym to its evaluation f (1,0,0,0,...) (obtained by
setting x7 to be 1 and setting all other variables x, x3, x4, .. . to be 0). Note that { is
a Z-algebra homomorphismﬂ We shall show two simple lemmas:

Lemma 6.3. Let n € IN. Let I be a subset of [n —1]|. Then, { (L} ,) = [[ = 2]
(where we are using the Iverson bracket notation).

Proof. The definition of L; , yields

Lin= Y. Xiy Xiy +** Xi,-
i <ip<-++<ip;
ip<ipy for each pel

When we apply ¢ to the sum on the right hand side (i.e., substitute 1 for x;
and substitute 0 for xj, x3,x4,...), any addend that contains at least one of the
variables x7, x3, x4, ... becomes 0, whereas any addend that only contains copies

We don't really need QSym here. We could just as well define { on the ring of bounded-degree
power series (that is, of all power series f € Z [[x1, X2, X3, ...]] for which there exists an N € IN
such that no monomial of degree > N appears in f). However, we cannot define { on the whole
ring Z [[x1, X2, x3, . ..]], since { would have tosend 1 +x1 +x2 +x3 + - to1+1+12+ 13 4.
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of x; becomes 1. Hence, (L] ,,) is the number of addends that only contain
copies of x;. But this number is 1 if ] = @ (namely, in this case, the addend for
(i1,1p,...,in) = (1,1,...,1) fits the bill), and is 0 if I # & (because in this case, the
condition “i,, <ip4q for each p € 1” forces at least one of the n numbers iy, i, . .., iy,
in each addend x;, x;, - - - x;, to be larger than 1, and therefore each addend contains
at least one of xp, x3,x4,...). Thus, altogether, this number is [I = &]. This proves
Lemma [6.3] O

Lemma 6.4. Let A be any partition. Then,

¢(pr) =1

Proof. Write the partition A in the form A = (Aq, Ay, ..., Ax), where the k entries
A1, A2, ..., A are positive. Then, the definition of p, yields py = pa,pr, - Pa,-
Hence,

C(pr) = C(Papry - Pa) =0 (Pa) € (Pay) -+ G (pay)

(since { is a Z-algebra homomorphism)

k
:Hé(p/\i> . (75)

i=1

However, for each positive integer n, we have p, = x{ + x5 + x5 + --- (by the
definition of p,) and

¢ (pn) = pn(1,0,0,0,...) (by the definition of ()
= 1" +Q"+0”—t0”—|—--; (since py = x + x5 +x3+---)
=1 =
(since n isopositive)
=1 (76)

Hence, becomes

k k
— , =IT1=1.
¢ (pa) E 4 (ZA,) 111
(by (9,

since A; is positive)
This proves Lemma O
Lemma 6.5. Let D be a digraph. Then,

¢ (Up) = (# of hamps of D).
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Proof. Write D as D = (V,A), and set n := |V|. Then, D = (V, (V x V)\ A).
Hence, a hamp of D is the same as a V-listing w such that each i € [n — 1] satisfies
(w;, wi11) € (V x V) \ A. In other words, a hamp of D is the same as a V-listing w
such that no i € [n — 1] satisfies (w;, w; ;1) € A. In other words, a hamp of D is the
same as a V-listing w that satisfies Des (w, D) = @ (because Des (w, D) is defined
to be the set of all i € [n — 1] satisfying (w;, w; 1) € A). Therefore,

(# of hamps of D)
= (# of V-listings w that satisfy Des (w, D) = @). (77)
The definition of Up yields

Up = Z LDes(w,D), n

w is a V-listing

Hence,

4 (UD) = < Z LDes(w,D), n)

w is a V-listing

= Z 4 (LDes(w,D), n) (since the map  is Z-linear)
w is a V-listing ~ -
=[Des(w,D)=2
(by Lemma

= Z [Des (w, D) = 2]

w is a V-listing

= (# of V-listings w that satisfy Des (w, D) = &)

= (# of hamps of D) (by (77)) .
This proves Lemma O

We can now state a formula for the # of hamps of D for any digraph D:

Theorem 6.6. Let D = (V, A) be a digraph. Then:

(a) Set
p(o):= Y., (L(n-1) for each 0 € G&y.
v€Cycso;
7 is a D-cycle
Then,

(# of hamps of 5)

M
—
L
~—
)
s

(766v<

D,D
(b) We have (# of hamps of D) = |6y (D, D)| mod 2.
Proof. (a) Theorem yields

Up= ), (1)) Ptypec-
U€6v(D,ﬁ)




The Redei—Berge symmetric functions page 116

Hence,

¢(Up)=¢ ( Z (_1)(P(U) ptypea)

ve&y(D,D)
= Z (—1)4)(0) 4 (Ptypea) (since ( is Z-linear)
7e6y(D,D) T
(by Lemma

applied to A=type )

= Y (=1)%@)

ve&y(D,D)
However, Lemma [6.5| yields
¢ (Up) = (# of hamps of D).
Comparing these two equalities, we find

(# of hamps of D) = ) _ (=1)9).

This proves Theorem [6.6] (a).
(b) Theorem [6.6] (a) yields

(# of hamps of D) = ) _ (=1)?@) = )Y 1=|6y(D,D)|mod2.
UE@V(D’E) =1mod?2 UEGV(D’ﬁ)

(since (—1)k51 mod 2
for any keZ)

This proves Theorem [6.6] (b). O
We are now ready to prove Rédei’s and Berge’s theorems:

Proof of Theorem We have &y (D, D) = &y (D, D) (since the digraphs D and D
play symmetric roles in the definition of Gy (D, D)). However, it is also easy to see

(using the definition of the complement of a digraph) that D = D.
Theorem [6.6] (b) yields

(# of hamps of D) = |Sy (D, D)| mod 2. (78)
However, Theorem 6.6 (b) (applied to D instead of D) yields

(# of hamps of ﬁ) = ‘GV (5, ﬁ) ‘ mod 2.
We can rewrite this as

(# of hamps of D) = |&y (D, D)|mod 2
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(since D= D). Hence,

(# of hamps of D) = |&y (D,D)| = |&y (D, D))| (since &y (D,D) = &y (D, D))
= (# of hamps of D) mod 2 (by (7)) .
This proves Theorem O

Proof of Theorem Write the tournament D as D = (V, A). Set n := |V]|.
For each 0 € Gy, let ¢ (0) denote the number of nontrivial cycles of o. Then,

Theorem yields

ce&y(D);
all cycles of & have odd length

¢(Up) =¢ )3 2¥ prypeo
ce6Gy(D);
all cycles of o have odd length

= ) 29 7 (prypeo) (since { is Z-linear)
ce6y(D); —
all cycles of o have odd length by L e;}na
applied to A=type o)

_ Y 29(7) (79)
ce&y(D);
all cycles of o have odd length
— p(idy) ¥()
=1 veSy(D); =0mod2
(since (idy)=0) all cycles of o have odd length; (since p(0)>1
o#idy (because o#idy shows

that o has at least
one nontrivial cycle))

here, we have split off the addend for ¢ = idy
from the sum (since idy € &y (D), and since
all cycles of idy have odd length)

=1+ Z 0 =1mod2.
€6y (D);
all cycles of o have odd length;
(T#idv

(. /

=0

In view of

¢ (Up) = (# of hamps of D) (by Lemma
= (# of hamps of D) mod 2 (by Theorem ,
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we can rewrite this as
(# of hamps of D) = 1mod 2.

In other words, the # of hamps of D is odd. This proves Theorem O

7. A modulo-4 improvement of Redei’s theorem
We can extend Redei’s theorem (Theorem to a somewhat stronger result:
Theorem 7.1. Let D be a tournament. Then,

(# of hamps of D) = 1+ 2 (# of nontrivial odd D-cycles) mod 4.
Here:

* We agree to consider the empty list () as a hamp of the empty tournament
with 0 vertices (even though it is not a path).

* We say that a D-cycle is odd if its length is odd.

e We say that a D-cycle is nontrivial if its length is > 1. (This was already
said in Definition (e).)

To prove this, we shall need a simple lemma:

Lemma 7.2. Let D = (V, A) be a digraph. For each 0 € Sy, let ¥ (0) denote the
number of nontrivial cycles of . Let &4 (D) denote the set of all permutations
0 € Gy (D) such that all cycles of ¢ have odd length. Then,

(# of permutations ¢ € &9 (D) satisfying ¢ (¢) = 1>

= (# of nontrivial odd D-cycles).

(We are here using the same notations as in Theorem [7.1})

Proof. If v = (a1,az,...,ar). is any D-cycle (or, more generally, any cycle of the
digraph (V, V x V)), then perm < shall denote the permutation of V that sends the
elements a1, ay,...,ax_1,a5 to ap,as, ..., a;,a; (respectively) while leaving all other
elements of V unchanged. (This permutation perm <y is what is usually called “the
cycle (ay,az,...,ax)” in group theory.)

If 7 is any nontrivial D-cycle, then the permutation perm 7 belongs to Sy (D)
(since its only nontrivial cycle is 7y, which is a D-cycle) and satisfies i (permy) =1
(by the definition of ¢ (perm y)). Moreover, if < is a nontrivial odd D-cycle, then
this permutation perm < furthermore has the property that all its cycles have odd
length (since its only nontrivial cycle 7y is odd, whereas its trivial cycles have length
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1, which is also odd), i.e., belongs to &93¢ (D) (since we know that it belongs to
Sy (D)). Thus, we obtain a map

from {nontrivial odd D-cycles}

to { permutations ¢ € G999 (D) satisfyin o)=1
p v ying ¢

which sends each nontrivial odd D-cycle 7y to the permutation perm <. This map is
furthermore injective (because any distinct nontrivial D-cycles <y and § will always
give rise to different permutations perm v and perm J) and surjectiv Thus, this
map is bijective. Hence, the bijection principle yields

(# of nontrivial odd D-cycles)
= (# of permutations ¢ € G994 (D) satisfying ¢ (0) = 1) .

This proves Lemma O
We can now prove Theorem

Proof of Theorem We use the same notations as in Section [fl Write the tourna-
ment Das D = (V,A).

For each ¢ € Gy, let i () denote the number of nontrivial cycles of o. Let
G944 (D) denote the set of all permutations ¢ € &y (D) such that all cycles of o
have odd length. Note that the identity permutation idy belongs to &9 (D), since
all its cycles are trivial.

0Proof. If o € Gy (D) is a permutation satisfying ¢ (¢) = 1, then ¢ = perm  where 1 is the unique
nontrivial cycle of o. Moreover, this cycle v is a D-cycle (since o € &y (D)). If we furthermore
assume that ¢ € G999 (D), then this cycle 7 has odd length (since o € G999 (D) entails that all
cycles of ¢ have odd length), i.e., is odd.
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Then, from (79), we have
7 (Up) = Y (o) — Y 2¥(0)

ceGy(D); &4 (D)
all cycles of ¢ have odd length

since the permutations o € Sy (D) such that all cycles
of o have odd length are precisely the elements of &4 (D)

Y o¥(o) Y (o) Y ()
S~ S~

69 (D); M re@%d(D); =2 ce&94(D);  =0mod4

p(o)=0 Gince p(0)=0)  y(g)=1 (ince Y(@)=1)  y(r)>2 (since (0)=2)

whether ¢ (0) isOor 1 or > 2

Y 14+ )Y 24 ) o

( here, we have split our sum according to )

ce&dd(D); ce&dd(D); re&d(D);
$(0)=0 p(o)=1 ¥(0)>2
=0

= 2 1

UGG“’,dd(D);

¥(0)=0

———
= (# of permutations c€&994(D) satisfying l[)(O’):O) 1

+ Y, 2
UEG?,dd(D);

p(0)=1
—_———
:(# of permutations c€&994 (D) satisfying lp((r)zl) 2

= (# of permutations ¢ € &334 (D) satisfying ¢ (¢) = 0) 1

(.

-1
(since the only permutation r€&934(D)
satisfying ¢(0)=0 is the identity permutation)

+ <# of permutations ¢ € &334 (D) satisfying ¢ (¢) = 1) -2

[

=(# of nontrivial odd D-cycles)

(by Lemma
= 1-1+ (# of nontrivial odd D-cycles) - 2
= 1+ 2 (# of nontrivial odd D-cycles) mod 4.
Comparing this with
¢ (Up) = (# of hamps of D) (by Lemma [6.5])

we obtain

(# of hamps of 5)
= 1+ 2 (# of nontrivial odd D-cycles) mod 4. (80)
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However, recall that D is a tournament. Hence, the tournament axiom shows
that a pair (1, v) of two distinct elements of V is an arc of D if and only if the pair
(v,u) is not. In other words, a pair (u,v) of two distinct elements of V' is an arc of
D if and only if the pair (v, u) is an arc of D. Thus, if v = (v1,0,...,v) is a hamp
of D, then its reversal revv = (v, vx_1,...,7v1) is @ hamp of D. Hence, we obtain a
map

{hamps of D} — {hamps of 5} ,
U > rev .
This map is furthermore easily seen to be injective and surjective. Hence, it is
bijective. Thus, the bijection principle yields
(# of hamps of D) = (# of hamps of D)
= 1+ 2 (# of nontrivial odd D-cycles) mod 4

(by (80)). This proves Theorem O

8. The antipode and the omega involution

Next, we will discuss how the Redei-Berge symmetric functions Up interplay with
two well-known involutions on the ring A: the omega involution w and the an-
tipode map S.

We shall not recall the standard definitions of these involutions w and S (see,
e.g., [GriRei20, §2.4]); however, we shall briefly state the few properties that will
be used in what follows. Both the omega involution w and the antipode S of A are
endomorphisms of the Z-algebra A; they satisfy the equalities

S (pn) = —pn (81)

and

w (pn) = (_1)n_1 Pn (82)
for every positive integer n (see [GriRei20, Proposition 2.4.1 (i)] and [GriRei20),
Proposition 2.4.3 (c)]). Moreover, if f € A is a homogeneous power series of degree

n, then
S(f)=(=1)"w(f) (83)
(this is [GriRei20, Proposition 2.4.3 (e)]). We now claim the following theorem:

Theorem 8.1. Let D = (V, A) be a digraph. Then,
w (Up) = Up. (84)
Furthermore, if n := | V|, then

$ (Up) = (~1)" Up, (85)
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Proof. The definition of D yields that D = D. Hence, the definition of Gy (D,D)
yields that Sy (D, D) = &y (D, D).
For each 0 € Gy, we set

o)== ), (-1 and o)==} (LM-1.

v€Cycso; v€Cycso;
7 is a D-cycle 7 is a D-cycle

Now, it is easy to see that

w ((_1)(P(0) Ptypea) = (_1)6(0) Ptypec (86)

for each o € Sy (D, D).
[Proof of : Let ¢ € Sy (D,D). Let ky,k, ..., ks be the lengths of all cycles

of o, listed in decreasing order. Then, the definition of typec yields typec =
(k1,ks,. .., ks). Hence,

Ptypeoc = P(ki,ky,...ks) = PkiPky =" Pks = H Pe(y) (87)
v€Cycso

(since ky, ko, ..., ks are the lengths of all cycles of ¢). Hence,

w <(_1)q)(0) Ptypecf> =w ((‘UCP(U) [1 pf(’r))

v€Cycso
since w is a Z-algebra

— (_1)¢0)
= (=1) I[I w (P 5(7)) < homomorphism )
YECYCS O N —

=(=1)"" " pyqr
(by @2)

=D T (0 py)

v€Cycso

=<—1><”<">< [1 (—1)“”1) [T run
Y€Cycso Y€Cycso

£ - =piype

:(71)76Cycs<7 (by ',

Lo (-1
— (_1)(1’((7) (_1)’76Cy€sa Ptypetf- (88)
However, each vy € Cycs o is either a D-cycle or a D-cycle (since o € &y (D, D)),

but cannot be both at the same time (since D and D have no arcs in common).
Thus,

J/

Y, tm-H= )} M-+ Y} (-1

y€Cycso Y€Cycso; v€Cycso;
7 is a D-cycle 7 is a D-cycle

=¢(0) =9(0)
(by the definition of ¢(c)) (by the definition of §(0))

=g (0)+o(0).
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Thus, rewrites as

w ((_1)4)(0) Ptypea) _ S—l)(P(U) (_1)<P(U)+¢(Uzptypea = (—1)7@ Prypeo-

-~

_(_1)@‘7)

This proves (86).]
Now, Theorem yields

Up= ¥ (-1 prypec. ®9)
ve&y(D,D)

Also, Theorem (applied to D, (V x V) \ A and ¢ instead of D, A and ¢) yields

UE = E (_1)¢(U) Ptypec
ve&y(D,D)

= Y (D" pypec (since &y (D, D) = &y (D, D))
UGGV(D,D) :w<(—1)"’(”)ptypw)
(by (88))
= Z w ((—1)(’)(0) PtypeU)

O'GGV(D,E)

=w Z ( —1)90(‘7) Ptype o (since w is Z-linear)
ve&y(D,D)

- >

=Up
(by (%))

:w(LID).

This proves (84).
Now, let n := |V|. Then, the definition of Up easily yields that Up is homoge-

neous of degree n. Hence, (applied to f = Up) yields

S(Up) = (-1)"w(Up) = (-1)"Uy  (by §D).
Thus, is proved. This completes the proof of Theorem O

Theorem can also be proved directly from the definition of Up, using the
formula for the antipode of a fundamental quasisymmetric function ([GriRei20),
(5.2.7)]). Indeed, three different proofs of Theorem (specifically, of ) are
found in [Chow96|] (where appears as [Chow96, Corollary 2]), one of which is
doing just this. A fourth proof can be found in [Wisema0Z7, (6)].

We can use Theorem [8.1] to give a new proof of Berge’s theorem (Theorem [6.2).
For this purpose, we recall the Z-algebra homomorphism ¢ introduced in Section
6l We need another simple property of this {:
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| Lemma8.2. Let f € Z[p1,p2,p3,...]. Then, { (w (f)) = ¢ (f) mod?2.

Proof. Let 7 : Z — Z/2 be the projection map that sends each integer to its con-
gruence class modulo 2. This 77 is a Z-algebra homomorphism.
For each positive integer 1, we have

C(w(pa) =C (1" pa)  (by BD)
= (-1)"'¢ (pn) (since ( is Z-linear)
——
=1mod2
= { (pn) mod 2

and thus
7 (¢ (w (pn))) = 7 (C (pn))

(since two integers a and b satisfy a = bmod 2 if and only if 77 (a) = 7 (b)). In other
words, for each positive integer 1, we have

(modow)(pn) = (og) (pn)-

In other words, the two maps 7mo { ow and 7o agree on each of the gener-
ators p1, p2, p3, ... of the Z-algebra Z [p1, p2, p3, - . .]. Since these two maps are Z-
algebra homomorphisms (because 77,  and w are Z-algebra homomorphisms), this
shows that these two maps agree on the entire Z-algebra Z [p1, p2, p3, - - .|. Hence,

(mofow)(f) = (mol)(f). In other words, 7 ({ (w (f))) = (¢ (f)). In other
words, { (w (f)) = ¢ (f)mod2 (since two integers a and b satisfy a = bmod 2 if

and only if { (a) = ¢ (b)). This proves Lemma O

Second proof of Theorem From (84), we obtain w (Up) = Up.

Corollary yields Up € Z [p1, pa2, p3, - - -]- Hence, Lemma [8.2] (applied to f =
Up) yields that

{(w(Up)) = (Up)mod?2.

In view of

 (Up) = (# of hamps of D) (by Lemma

and

= by Lemma
= 5) = (#of h f —
¢ w_@ ¢ (Up) < ot hamps © D) < applied to D instead of D )
= (# of hamps of D) (since D= D) ,
we can rewrite this as

(# of hamps of D) = (# of hamps of D) mod 2.
This proves Theorem [6.2] again. O
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9. A multiparameter deformation

Let us now briefly discuss a multiparameter deformation of the Redei-Berge sym-
metric functions Up, which replaces the digraph D by an arbitrary matrix.

We fix a commutative ring k, which we shall now be using instead of Z as a base
ring for our power series.

We fix an n € IN, and a set V with n elements.

For any a € V x V, we fix an element t, € k. (Thus, the family (t(i j)) y of
EANIS
these elements can be viewed as a V x V-matrix.)
Foranyac V xV,wesets, :=1t,+1¢ck

The following definition is inspired by a comment from Mike Zabrocki:

Definition 9.1. We define the deformed Redei-Berge symmetric function U; to be the
formal power series

Us = Z Z H S(wpwpsr) | X Xip Xy

w=(w1,wy,... ) 1 <ir<-<iy | k€n—1];
is a V-listing =111

€ k[x1,x,x3,...]].

For example, if n =2 and V = {1,2}, then

Clt = Z Xi, Xiy + Z t(llz)xilxiz + Z Xi, Xi, —+ Z t(zll)xilxiz

i1 <ip i1=ip i1 <ip i1=ip
_ 2 2
= inxj + Zt(l,z)xi + Zx,'x]' + Zt(Z,l)xi

i<j i i<j i

= pi+ (5(1,2) +50,1) — 1> p2
=pi+ (t(1,2) +ton) + 1) p2

For a more complicated example, if n = 3 and V = {1,2,3}, then a longer
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computation shows that

Ur = pi + (5(1,2) +502,1) +5013) T561) T523) T532) — 3) P2p1
+ (5<1,2>S<2,3> T5023)531) T531)5012)
T513)562) T 562521 T5entas)
—S(1,2) —S(21) —8(1,3) ~5(31) — 523 —S32) T 2) P3
=pi+ (t(l,Z) tto) Ttas) Tt i) Tige) t 3) p2p1
+ (t<1,z>f<z,3> Tiegten THentaz)
T tastee) Tietey Tienias)
+ taz) o e + e T e + ez +2) P
Why are we calling U; a deformation of Up ?

Example 9.2. Let D = (V, A) be a digraph. Set k = Z, and let

ty = —L TfaEA; foreacha e V x V.
0, ifadgd A

Then, U; = Up, as can be seen by comparing the definitions.

All the above results leading up to Theorem can be extended to this defor-
mation, culminating in the following deformation of Theorem [I.31}

Theorem 9.3. We have

T I B (P B 0 )

ceGy \7isacycle of o \acCArcsy aeCArcsy

Alternatively, Theorem [9.3| can be deduced from Theorem via the “multi-
linearity trick”: View each t, as an indeterminate, and argue that both sides in
Theorem [9.3| are polynomials in degree < 1 in these indeterminates (over the base
ring k [[x1,x2,x3,...]]). Thus, in order to prove their equality, it suffices to prove
that they are equal when each t, is specialized to either 0 or —1. But this is precisely
the claim of Theorem (Thus, Theorem [9.3|is not essentially more general than
Theorem

Theorem [9.3/ shows that the U are p-integral symmetric functions (taking the ¢,

as “integers”). There do not seem to be any good opportunities for generalizing
any of Theorem and Theorem however.
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