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Abstract. Let R be a commutative ring and n > 1 and p > 0 two
integers. Let N = {0,1,2,...}. Let h_; be an element of R for all k € Z
and i € [n]. For any a € Z", we define

hoys1,1 hag42,1 o hagin1
h, I o h
2+1, 2 wp+2, 2 ap+n, 2
ty 1= det ) ) ) €R
hzx,ﬁ-l, n ha,,+2, n °°° h(xn+n, n

(where «; denotes the i-th entry of «). Then, we have the identity

havi, 1 hgt2,1 0 Bagve1),1 B (),

1
hl)cz-l—l, 2 ha2+2, 2 0 ha2+(n—1), 2 ha2+(n+p), 2
Z tDH_[; = det
BEIN™; . .
|Bl=p htxn-i-l, n htxn+2, noto hvc,,+(n—1), n hvm—&-(ﬂ-i—p), n

(where a + B denotes the entrywise sum of the tuples & and B). (The
matrix on the right hand side here is the one from the definition of
ty, except for its last column, where the “+4n”s have been replaced by
“+ (n+ p)”s.) Furthermore, if p < n, then

ha1+(§1, 1 htxl—l—éz, I hle—l—g’n, 1
hoyrz, 2 Mugie, 2 o0 hagie, 2
Z fusp = det ap .51 %) 'éz a2+¢ ’
ﬁe{oll}n’ . . .
“B‘:p hlxn-l-éﬁ, n h“n+§2/ no Tt h“n+§nr n

where { = (1,2,...,.n—pn—p+2,n—p+3,...,n+1). We prove
these two identities (in a slightly more general setting, where R is not as-
sumed commutative) and use them to derive some variants of the Pieri
rule found in the literature.

Keywords: determinantal identities, determinant, Pieri rules, sym-
metric functions, Schur functions, immaculate functions.
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Introduction

The Pieri rules in the theory of symmetric functions (see, e.g., [Macdon95, Chapter
I, (5.16) and (5.17)] or [Stanle01, Theorem 7.15.7 and discussion before Corollary
7.15.9]) give simple formulas for multiplying a Schur function by a complete ho-
mogeneous or elementary symmetric function. One of the simplest ways to state
them (sidestepping the combinatorial background and the geometric motivation)
is as follows: We define the ring A of symmetric functions as a polynomial ring in
countably many indeterminates hy, hy, h3, ... over some commutative ring (say, over
Z); we furthermore set i := 1 and h; := 0 for all negative i. If A = (A1, Ay, A3,...) is
an integer partitiorﬂ then the corresponding Schur function s, € A can be defined
by the formula

sy = det <(h/\i_i+j)i,j€[n]> ’ 1)

where 1 is a nonnegative integer satisfying A,,11 = A2 = A3 = -+ = 0 (note
that there are infinitely many possible values for n, but they all give the same
sy). If the partition A has the form (1,1,...,1,0,0,0,...) with k many 1’s, then
the corresponding Schur function s, is called e,. (Of course, these are not the
usual definitions of s) and e;,; see [Macdon95, Chapter I, (3.4) and (3.9)] for their
equivalence to more standard definitions.) Now, the first Pieri rule ([Macdon95,

YAn integer partition (or, for short, just partition) means a weakly decreasing sequence
(A1,A2, A3, . ..) of nonnegative integers such that all but finitely many i > 0 satisfy A; = 0.
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Chapter I, (5.16)]) states that for each p € IN and each partition A = (A1, A, A3,...),

we have
M

where the sum ranges over all partitions p = (p1, p2, 43,...) such that u/A is a
horizontal p—stri]ﬂ For example,

sl =su1) +532) +5311) T50221)

where we are using the standard convention of omitting zeroes from a partition
(i.e., we identify a partition A = (A1, A, A3, ...) with the n-tuple (A1, Ay, ..., Ay)

when A, 11 = Ay = Ayy3 = - - - = 0). The second Pieri rule ([Macdon95, Chapter I,
(5.17)]) states that for each p € IN and each partition A = (A1, Ay, A3,...), we have
SAEP = Zs}l/ (3)
K

where the sum ranges over all partitions p = (p1, p2, 43,...) such that u/A is a
vertical p—stri;ﬂ
There is a less-known variant of the first Pieri rule (2), which sometimes appears
as a stepping stone to its proof (e.g., in [Iamvak13, §2.4]). In order to state it,
we agree to define a “Schur function” s, by the equality (1) not just whenever A
is a partition, but also whenever A = (A1, Ay,...,A,) is any n-tuple of integers
(not necessarily nonnegative, not necessarily weakly decreasing). This does not
significantly extend the notion of a “Schur function”, since any such s, equals
either 0 or +s, for an (honest) partition y. (This follows easily from basic properties
of determinants.) Now, if A = (A1, Ay,...,A,) is any integer partition with A, =0,
and if p € IN is arbitrary, then
s\hp =Y s, (4)
K

where the sum now ranges over all n-tuples u = (p1, pt2, ..., in) € IN" such that

n
(u; > A for each i) and Z (1i —Ai) = p.
i=1

2The notion of a “horizontal p-strip” and the notation 3/ are best explained in terms of Young
diagrams. However, for our purposes, we can define them algebraically: We say that “u/A is a
horizontal p-strip” if and only if

M Z2AM 2> A>3 > A3 > - and ) (i —Aj) = p.

i>1

3The notion of a “vertical p-strip” and the notation u/A are best explained in terms of Young
diagrams. However, for our purposes, we can define them algebraically: We say that “u/A is a
vertical p-strip” if and only if

(yi —A; €40,1} foreachi >1) and Z (i —Ai) = p.

i>1
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In other words, if A = (A1, Ay, ..., A,) is any integer partition with A, = 0, and if
p € N is arbitrary, then

sahp = Y. SA+B ()

B=(B1,B2,---.Bn) EN";
Pr+Pot-+Pu=p

where A + B denotes the entrywise sum of the n-tuples A and p.

Note that each addend in the sum in (2) is also contained in the sum in (), but
(usually) not the other way around: An n-tuple u appearing on the right hand
side of (4) might fail to be a partition, and even if it is one, it may violate the
“horizontal p-strip” condition (by failing to satisfy A; > u;y; for some 7). Some
of these extraneous addends in are 0, while others cancel each other out. This
cancellation argument appears (in some slightly different contexts) in [Tamvak13,
Lemma 2] and [LakTho0O7, (2.1) vs. (2.2)].

The “alternative first Pieri rule” aka is itself not hard to prove. In this
note, we shall generalize it in multiple directions. The ultimate generalization — our
Theorem 2.1]— we call the first pre-Pieri rule; it is an identity for row-determinants of
matrices over noncommutative rings. We will give an elementary proof of Theorem
(using simple combinatorics and manipulation of sumsEb and derive several
corollaries, which include not only , but also a noncommutative “right-Pieri
rule” for immaculate functions due to Berg, Bergeron, Saliola, Serrano and Zabrocki
[BBSSZ13, Theorem 3.5] as well as a Pieri-like rule for Macdonald’s 9th-variation
Schur functions [Fun12, Proposition 3.9]E|

We will also show a second pre-Pieri rule: an analogue of the first pre-Pieri rule
with a parallel retinue of corollaries. One such corollary is an analogue of
for e, instead of hy; it says that if A = (Aq,A5,...,A,) is any partition, and if
p€{0,1,...,n} satisfies A,_p 11 =Ay_py2=---=A; =0, then

S\ép = Z SA+8: (6)

B=(B1,B2,-Bn)E{01}";
Brtpot-+Pu=p

This can be viewed as an alternative version of the second Pieri rule , and indeed
it is possible to obtain (3) from (6) by removing vanishing addends. (Unlike for the
tirst Pieri rule, cancellations are not required.)

Finally, we shall speculate on the existence of a “pre-LR rule”, which might
include both pre-Pieri rules as particular cases.

4Our proof could be viewed as a sequence of sign-reversing involutions, although we do not state
it in such a form.

5Tt should also be possible to derive the “uncancelled Pieri rule” [Grinbel9, Theorem 11.7] from our
first pre-Pieri rule, but this will likely require more effort than it is worth. (Note that [Grinbel9,
Theorem 11.7] is not about symmetric functions, but about symmetric polynomials in k variables;
on the other hand, unlike , there is no A, = 0 requirement in [Grinbel9, Theorem 11.7]. These
differences are fairly substantial, and it is not immediately obvious how to bridge them.)
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1. Notations

Let us first introduce the notations that will be used throughout this note.

Let R be a ring (unital and associative, but not necessarily commutative).
Let N:={0,1,2,...} and P := {1,2,3,...}.
For any n € IN, we let [n] denote the n-element set {1,2,...,n}.

If « is an n-tuple (for some n € IN), and if i € [n], then we let &; denote the
i-th entry of « (so that & = (aq,ap,...,ap)).

If « is an n-tuple of integers (for some n € IN), then we define |a| := a1 +ay +
R Ny

For any n € IN, we let S;; denote the n-th symmetric group (i.e., the group of
all permutations of the set [n]).

If n € N and o € Sy, then we let (—1)” denote the sign of the permutation ¢.

If n € IN, and if we are given an element 4;; € R for each pair (i, j) € [n] x [n],
then we let (ai/j)i,]. <[ denote the 7 x n-matrix whose (i,j)-th entry is a;; for
each (i,j) € [n] x [n]. That is, we let

a1 a2 - A1n

a1 d2p2 -+ A2p RXn
(ai’j)i/]'e["] T : : .. : < :

ap1 An2 - Aun

If A= (a,-,]-)i,]. s 15 any 7 x n-matrix over R (for some n € IN), then we define

an element rowdet A € R by

rowdet A := Z (—1)0511,0(1)512,0(2) © Ay ()

oeSy

This element is called the row-determinant of A. When the ring R is commu-
tative, this row-determinant rowdet A is just the usual determinant of A.

We regard the set Z" as a Z-module in the usual way: i.e., we have

a+B=(a1+pB1, a2+P2 .., an+Pn) and
06—182(061—131, 0(2—[32, ey [Xn—ﬁn)

forany « € Z" and p € Z". Thus, a« +  and a — 8 are defined for « € IN"
and B € IN" as well (since IN" is a subset of Z").

October 6, 2021
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2. The first pre-Pieri rule

2.1. The theorem

We can now state our “first pre-Pieri rule” in full generality:

Theorem 2.1 (first pre-Pieri rule). Let n € IP and p € IN. Let i ; be an element
of Rforallk € Z and i € [n].
For any o € Z", we define

ty := rowdet <<hoc,-+j, i) € R.

inﬂ])
Let 1 be the n-tuple

(1,2,...,n)+ (0,0,...,O,p) =(1,2,....n—=1,n+p) eZ".

n—1 zeroes

Let o« € Z". Then,

t =rowdet | | h,. 1, ; . 7
/36%71; a+p <( a;+1j, l)i,je[n]) (7)
|Bl=p

Example 2.2. For this example, set # = 2 and p = 2, and let « € Z? be arbitrary.
Fix arbitrary elements h; ; € R for all k € Z and i € [n]. Then, the n-tuple 7
defined in Theorem 2.1]is (1,2) + (0,2) = (1,4). Hence, (7) says that

h h
Y. tap = rowdet ((h“i-f-’?j' z) ) = rowdet( h"‘l“x 1 ha1+4, 1 ) .
BEN?; Lj€l?] a+1,2 Naytd, 2

|B]=2
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The left hand side of this equality can be rewritten as

L fatp
~—

ENZ;
=2 _ .
Bl rowdet((h(,xﬂg)iﬂr ’)i,je[z])
(by the definition of £, g)

— Z rowdet ((h(vc+[5)i+f' i)i,jE[Z})

BEN?;
|Bl=2
= Y rowdet (o p47,1);jepy))
BEN?;
|Bl=2
(since (v +B);, =a;+ B;foralli e [2])

h h
_ Z rowdet x1+p1+1, 1 x1+p1+2, 1
ﬁGNZ' thz-‘r,Bz-i-l, 2 ha2+ﬁz+2, 2

1B|=2

ho,+241,1 hag4242,1 hoy1141,1 Hagt142,1
= rowdet ( mtatl a2t + rowdet ati+l, a+

hayt0+1, 2 Hay+0+2, 2 hayi141, 2 Pay+142, 2
ha 1041, 1 ha1+0+2,1)

+ rowdet
hays241,2 hayt242,2

since there are exactly three 2-tuples B € IN?
satisfying |B| = 2, namely (2,0), (1,1) and (0,2)

hay43,1 Nayta 1 ho, 42,1 h 1
= rowdet s, nt + rowdet nt a3,
hayi1,2 hay42,2 hays2,2 hays3, 2

hﬂ(1+1, 1 hquJrZ, 1 )

+ rowdet (
hay43,2 hayva, 2

Therefore, (7) rewrites as

hoy43 1 hayva,1 hay42,1 hay43,1
rowdet s e + rowdet nt as,
hay41,2 hays2,2 hay42,2 hay3, 2

hay41,1 hag42,1 )

+ rowdet
(hoc2+3,2 hayta, 2

hay41,1 hagva,1
= rowdet atl mte .
hay+1,2 hayta, 2

This is easy to check directly by expanding all four row-determinants.
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2.2. The proof

We shall now prepare for the proof of Theorem 2.1| by introducing some notations.
First, we introduce a right action of the symmetric group S, on the set Z" of all
n-tuples of integers:

Definition 2.3. Let n € IN. Let y € Z" and ¢ € S,,. Then, we define 17 o ¢ to be
the n-tuple (iya(l),%(z),...,%(m> e Z".

Thus, the n-tuple 5 o o is obtained from 1 by permuting the entries using the
permutation .
The following two properties of this right action are near-obvious:

Proposition 2.4. Let n € IN. Let 7 € Z" and ¢ € S;,. Then,

ool =1n|.

are distinct. Let 0 € S, and 7m € S, be two distinct permutations. Then, 7 o 0 #

Proposition 2.5. Let n € IN. Let 7 € Z". Assume that the n numbers 1,72, ..., 7,
7ot

Finally, we will use the Iverson bracket notation:

Definition 2.6. If A is a logical statement, then [.A] means the truth value of A;
1, if Ais true;

this is the int
1515 The ieget {O, if A is false.

For example, [2+2 =4] = 1 and [2+2 = 5] = 0. The following easy property
of truth values can serve as a warm-up:
| Lemma2.7. Letu € Z and k € Z satisfy u # k. Then, [u > k] = [u > k+1].

Besides the above generalities, our proof of Theorem 2.1 will rely on some more
specific lemmas. The first is an easy exercise on the pigeonhole principle:

Lemma 2.8. Let n € P. Let v € Z" and 1 € Z" satisfy |v| = |¢| and
{171/772/"'1771/1—1}g{vllVZI"'IVTZ} and |{771/772/---/77n—1}| :n_l'
Then, there exists some permutation v € S, satisfying v = o 7.

Proof of Lemma The claim that we must prove can be restated as “the n-tuple v
is a permutation of #” (that is, “the n-tuple v can be obtained from 7 by permuting
the entries”). Thus, we can permute the entries of v without loss of generality

October 6, 2021
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(since neither the truth of this claim, nor the integer |v|, nor the set {vy,v,...,v,}
change when we permute the entries of v).

The n — 1 numbers 71,12, . . ., 1,—1 are distinct (since [{#1, 72, ..., fu—1} =n—1).
Furthermore, each of these n — 1 numbers appears as an entry in the n-tuple v (since
{m.n2,...,u—1} € {v1,v2,...,vs}). Since these n — 1 numbers are distinct, they
must therefore appear as distinct entries in v (that is, no two of the n — 1 numbers
N1,M2,--.,y—1 can appear in the same position of v). By permuting the entries of v,
we can therefore ensure that these n — 1 numbers #1, %3, ...,17,-1 are the first n — 1
entries of v in this very order; i.e., that we have

ni = v for eachi € [n —1]. (8)

Thus, let us WLOG assume that (8) holds (since we can permute the entries of v
without loss of generality). Now, summing up the equalities (8) over all i € [n — 1],
we obtainn; + 12+ -+ - + 1,1 =v1 +v2 + - - - +v,_1. However,

vl =yl =m+mt- i =0n i+ 1) i

(.

=v1+vo+- vy 1

=W +va+- o+ vp-1) H i
Comparing this with
vl=vn+wm+-+vn=W1+va+ - F+Vy_1)+Vn,

we obtain (v1 +va+ -+ V1) +1n = (11 +v2+ - - - + V1) + V. Cancelling v; +
vy + - +v,_1, we obtain 77, = v,. Thus, the equality (8) holds not only for each
i € [n—1], but also for i = n. Hence, this equality holds for all i € [n]. In other
words, we have 7 = v. Thus, the n-tuple v is a permutation of r. But this is
precisely what we needed to show. Thus, Lemma 2.8 is proven. O

Our second lemma is about an integer determinant:

Lemma 2.9. Let n € IP and p € IN. Let 57 be the n-tuple

(1,2,...,0)+ [0,0,...,0,p | =(1,2,...,n—1L,n+p) €Z".

n—1 zeroes
Let v € Z" be an n-tuple satisfying |v| = |y|. Then,

det (([v; 2 Dijep) = L (-1 ©)

U‘GSn;
v=mnoo

Note that the matrix ([v; > j]); ic|y in @) is a matrix with integer entries; thus,
its determinant is a well-defined integer.
Before we prove Lemma a remark is in order:

October 6, 2021
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Remark 2.10. Thesum Y (—1)” on the right hand side of (9) always has either

ocEeSy;
v=noo

no addends or only one addend. (Indeed, it is easy to see that the n-tuples 77 o o
for different ¢ € S, are distinct; thus, no more than one of these n-tuples can
equal v.) Thus, this sum can be rewritten as

(—=1)7, ifv =100 for some o € Sy;
0, otherwise.

Proof of Lemma The definition of 1 yields

=(1,2,..., 0,0,...,0,p | =(1,2,...,n—1, .
n=( n)+( ,P) ( n—1n+p)

n—1 zeroes
Thus,
(m,n2,-- ) =n=(12,...,.n—=1,n+p). (10)
In other words, we have
ni=1 for each i € [n — 1] (11)
and
n =n-+p. (12)

It follows easily that the n numbers 71, 72, .. ., 17, are distinct (since p € IN).
We are in one of the following two cases:
Case 1: We have [n — 1] € {v1,va,...,vn}.
Case 2: We have [n — 1] C {v,v2,...,Vn}.

Let us first consider Case 1. In this case, we have [n —1]  {vy,v2,...,v4}. In

other words, there exists some k € [n — 1] such that k ¢ {v1,vp,...,v,}. Consider
this k. For each i € [n], we have v; # k (since k ¢ {vq,v,...,v,}) and therefore

lvi > k| = [v; > k+1]
(by Lemma applied to u = v;). This shows that the k-th and the (k+ 1)-st
columns of the matrix ([v; > j]); ;c(,) are equal. Hence, this matrix ([v; > j]); ic |y

has two equal columns; therefore, the determinant of this matrix is 0. In other
words,

det (([Vi 2 f])i,je[n}) =0. (13)

On the other hand, k € [n —1] entails 1, = k (by (11)). Thus, the n-tuple 7
contains the entry k. However, the n-tuple v does not (since k ¢ {vy,v2,...,Vn}).

October 6, 2021
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Thus, the n-tuple v is not a permutation of the n-tuple 1. In other words, there
exists no ¢ € S, satisfying v = 17 o 0. Hence,

Y (—1)7 = (empty sum) = 0.
oeSy;
v=noo

Comparing this with (13), we obtain det (([vi > j])i,je[n]> = Y (-1)7. Thus,

oESy;
v=to0r

Lemma 2.9|is proved in Case 1.

Let us now consider Case 2. In this case, we have [n — 1] C {vy,1vp,..., Vs }.
However, shows that

i, ooy ={L2,...,.n=1}y =[n—1] C{v,vp,...,vn}.

Moreover, from {#1,72,...,1u—1} = {1,2,...,n — 1}, weobtain [{#1, 12, ..., 1,-1}| =
I{1,2,...,n—1}| = n — 1. Hence, Lemma [2.8| yields that there exists some permu-
tation 7t € S, satisfying v = 5 o r. Consider this 7.

Thus, 7 is a permutation ¢ € S, satisfying v = 5 o ¢. Furthermore, it is easy to
see that 77 is the only such permutation ¢ (because the n numbers 11,175, ..., 7, are

distinct)®l Hence, the sum Y} (—1)7 has only one addend, namely the addend

oESy,;
v=noo

Y, (1)7=(-D". (14)

oESy;
1/:7100'

We have v =nom = (qn(l),nn(z), . .,nn(n)) (by Definition . Thus, for each

i € [n], we have

for o = 7. Thus,

Vi = (Wn(l)'ﬁfr@)' - "’7”(”))1' = Tty 1

On the other hand, it is well-known (see, e.g., [Grinbe2l, Corollary 6.4.15] or
[Grinbel), Lemma 6.17 (a)]) that when the rows of a matrix are permuted, then the
determinant of this matrix gets multiplied by (—1)°, where 7 is the permutation
used to permute the rows. In other words: If (ai,j)i,]. el is a square matrix (with
integer entries), and if T € S, is a permutation, then

det ((aT(i)’j>i,je[n}) = (=1)" - det <(ai,j)i/j€[n}> )

Applying this to a;; = [17; > j] and T = 71, we obtain

det (([177-((1') > ]'Di,je[nJ = (=1)" - det (([’71‘ > j])i,je[n]) .

®Here is the argument in more detail: Recall that the 7 numbers 771,12, . . ., i are distinct. There-
fore, if o € S, is a permutation distinct from 77, then Proposition[2.5/shows that oo # nom = v,
so that v # 7 o 0. Hence, the only permutation o € S, satisfying v = oo is 7.

October 6, 2021
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In view of (15), we can rewrite this as

det (([vi = 1) jepn) = (1) - det (11 = 1) jepn)) - (16)

However, from the definition of 7, we can easily see that every i,j € [n] sat-
isfying i < j satisfy 5; < j and therefore [; > j] = 0. In other words, the ma-
trix ([1#; > j]); je[s is lower-triangular. Therefore, its determinant is the product

n
IT [ > i] of its diagonal entries. In other words,
i=1

n

det(([ﬂiZjDi,je[n]):l—{ @E—ll :ilil

1=

1.

(since it is easy
to see that 1;>1)

Thus, becomes

det (([vi > /]);jep) = (=1 -det ({1 > 1)) = (D" = L (=1)°

~ TESy;

(by (14)). Thus, Lemma 2.9)is proved in Case 2.

We have now proved Lemma [2.9/in both Cases 1 and 2. This completes the proof
of Lemma O

Our third lemma is another expression for the same determinant as in Lemma

2.9

Lemma 2.11. Let n € IN. For any permutation ¢ € S;, we let ¢ denote the n-tuple
(c(1),0(2),...,0(n)) € Z".
Let v € Z" be an n-tuple. Then,

det(([viZj])i,je[n]>: Y, (=17

0ESy;
v—o€N"

Proof of Lemma If A and B are two equivalent logical statements, then [A] =
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[B]. Thus, for each ¢ € S,;, we have
[v—0 € N"]
= [(v—7); € N for each i € [n]]
= [vj—0 (i) € N for each i € [n]]
( since each i € [n] satisfies (v—7), =v; —0; = v; — 0 (i) )
(because the definition of 7 yields o; = o (i))
= [v; > 0 (i) for eachi € [n]]
( since two integers a and b satisfy a —b € N )
if and only ifa > b
=1y >0(l) and v, >0 (2) and --- and v, > o (n)]

= 11 [vi > o (i)] (17)

(because for any 7 logical statements Aj, Ay, ..., A,, we have

n
[A; and A; and --- and A,] = TT [A]).
=1
Now, the definition of the detérminant of a matrix yields

det ({12 ) jeg) = X (-0 Tl = 0]
=1

ogES,
=[v—7eN"]
(by (7))
=Y (-1)7[v—7eN". (18)

eSS,

Recall that a truth value [A] is always either 1 or 0, depending on whether the
statement A is true or false. Hence, each addend of the sum on the right hand side
of (18) is either of the form (—1)” - 1 or of the form (—1)” - 0, depending on whether
the statement “v — & € IN"” is true or false. The addends of the form (—1)7 - 1 can
be simplified to (—1)7, whereas the addends of the form (—1)7 - 0 can be discarded
(since they are 0). Thus, the sum simplifies as follows:

Y (-1)v-7eNT= ) (-1)7.

ceS, 0ESy;
v—oeIN”

Combining this with (I8), we obtain
det (([vi = ije) = L (-1
TESy;
v—oeN"
This proves Lemma O

Our fourth and last lemma is a trivial property of the Z-module Z":
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| Lemma 2.12. Leta € Z" and B € Z". Then, |a + B| = |a| + |B].

We are now ready to prove Theorem

Proof of Theorem 2.1, For any permutation ¢ € S,, we let o denote the n-tuple
(c(1),0(2),...,0(n)) € Z". This n-tuple T satisfies

T =0c(1)+0(2)+-+0(n) =142+---+n

and therefore
ol+p=>0+2+--+n)+p=|y (19)

(since the definition of # yields
m=1+24+---+n—1)+n+p)=14+2+---4+n)+p).
n
Let us now set [] a; := ajap - - -a, for any ay,ay,...,a, € R. (This is, of course,
i=1
n
the usual meaning of the notation [ 4; when the ring R is commutative; however,
i=1

we are now extending it to the case of arbitrary R.)

Using this notation, we can rewrite the definition of a row-determinant as fol-

lows: If (a; ) € R™" is any n x n-matrix over R, then

i,j€n]
n
(%
rowdet (<aiff)i,je[n]> = Z (—1) H”i,a(i)' (20)
ogES, i=1
For each g € IN", we have
tatp = rowdet <(h(4x+5),-+j, i)ije[n]) (by the definition of £, )
n

- Z (_1)0Hh(vc+,3)i+a(i), i (21)

eSS, i=1

(by , applied to a;; = h(lx+,3),-+]', ;). However, for each p € IN", each ¢ € S, and
each i € [n], we have

(a+B); + o (i) =ai+Bi+0=a;+(B+7);.
N — S~~~ N——
=ai+p; =0; =(B+0);

(by the definition of 7)

This allows us to rewrite as follows:

n
torg = Y, (=D T+ 10, i for each B € N".
=1

ogES, i
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Summing these equalities over all B € IN” satisfying |8| = p, we obtain

n
Z tarp = Z Z (_1)0Hhai+(ﬁ+a)i,i

BEN"; BEN"; €Sy,
|Bl=p |Bl=p
n
=2 (D7 3 [Thargea, i 22)
ogEeS, BeN"; i=1
|Bl=p
n
Now, fix a permutation ¢ € S;,. We shall rewrite the sum ) Nyt (i), i
BEN", i=1 '
|Bl=p
in terms of B 4 7. Indeed, we have the following equality of summation signs:
y - y ( since the condition “|B| = p” is clearly )
N, R, equivalent to “ |B| + [o| = p+ || ”
Bl=p  |Bl+[o|=p+]o|
. ( since Lemma 2.12) yields |B| + |o| = |B+ 7, )
s, and since p + (7] = |7+ p = |7| (by @) /-
|B+a|=[n]
Hence,
n n
Z h“i+(l3+5)p i = Z Hhai+(/3+‘7)if i
BeN"; i=1 BeIN"; i=1
Bl=p |B+7|=[1]

However, Z" is a group (under addition). Hence, when B runs over Z", the sum
B+ also runs over Z". (Formally speaking, this is saying that the map

7" — 7"
B—B+70

is a bijection.) Thus, when B runs over IN”, the sum B + 7 runs over the set of all

v € Z" that satisfy v — ¢ € IN". Therefore, we can substitute v for p + 7 in the sum
n

Y Moy (p+7),, i- We thus obtain
BEN",  i=1 !
|B+a|=I1]
n n
Z Hhﬂii+(ﬁ+(7)ir i Z Hhﬂéi-f—vi, i
BeN";,  i=1 veZ", i=1
|B+al=1| v—oeN";

vI=In]
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Hence, our above computation becomes

n n
Y, [Thergro,i= X [Tharpeo,
BeIN"; i=1 BEIN"; i=1
|Bl=p |B+7|=]n]
n
- Z Hhai+vi, i+ (23)
veZ”, i=1
v—oeN";
[v|=[]

Forget that we fixed o. We thus have proved for each permutation o € S,,.
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Now, becomes
n
2 tp= 3, (17 Y JThuspro), i
BEN"; oeSy, BEN"; i=1
|Bl=p |Bl=p
n
= Z (_1)0 Z Hh’xi"‘viri (by )
oceSy veZ”, i=1
v—oeN";
[v|=n|
n
o
- 2 Z (_1) thX,’+V,',Z'
oES, veZ”, i=1
v—o€N";
MZ\W\/
= L )
veZ";  oE€Sy;
lv[=[n| v—oeN"
n
(%
= 2 Z (_1) Hh“i+Vi/i
veZ”, OESy; i=1
lv|=[y| v—oeN"
n
(o
- Z Z (_1) Hhﬂﬂrvili
veZ",; oESy; i=1
lv|=[n] \v—oe€N"
:det<([v,>]])”6 )
(byLemmam
= % det(([4 > Dyjer) th
veZ"; - ~
lv|=I] = ¥ (-1)7
oESy;
v=noo
(by Lemma 2.9)
n
(%
= Z 2 (-1) Hh“i+1’i/i
veZ”; 0ESy; i=1
lv[=[n| \V=T1°0
n
o
- Z Z (_1) Hhtxl‘-ﬂ/,‘, i (24)
veZ, o€eSy; i=1
lv[=[n| V=1°0
On the other hand,
0'
rowdet(<h,xi+,7]., i>i,,-qn]> Y (- Hha o (25)

oEeS,

(by , applied to a;; = hyy;, ). However, for each ¢ € S, the n-tuple 7o o
belongs to Z" and satisfies |7 o 0| = || (by Proposition 2.4). In other words, for

October 6, 2021



The pre-Pieri rules page 18

each 0 € S, the n-tuple noco is a v € Z" satisfying |v| = |y|. Hence, any sum
ranging over all o € S, can be split according to the value of # o ¢. In other words,
we have the following equality of summation signs:

=Y YL=)Y X

oES, veZ", o€eSy; veZ", o€eSy;
=gl M°O=V O Jul=[yp| VIO

Thus, becomes

n
rowdet ((hlxi‘HYj/ i)i,je[n]) = ) (_1)0Ehai+%<i)' i

oEeS,

~—~—
= ¥ z
veZ";, o€Sy;
vl=lyl V=S

n
g
- Z Z (1) H hﬂ‘i+77¢r(i),f

veZ", o0€eSy; i=1 N
lv=lq| V=17 =hjpuy, i

(since v=rjo0 entails v;=1],(;),
so that haci-'rvi, i:hlxl’-'r?ja(i), i)

- Z Z (_1)Uﬁh“i+vifi'

veZ"; 0€E€Sy;
vi=lyl Ve

Comparing this with (24), we obtain
t :rowdet<hA g )
5E;Nn; o (e, ‘>,-,]-e[n]
|Bl=p
This proves Theorem O

3. Corollaries

3.1. The hy, , =0 case

We shall now derive some corollaries from Theorem 2.1/ by imposing some condi-
tions on R or on the i ;. We begin with the most basic one, in which we force hy ,,
to be 0 for all negative k:

Corollary 3.1. Let n € P and p € Z. Let hy ; be an element of R for all k € Z
and i € [n]. Assume that

hi » =0 for all k < 0. (26)
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For any a € Z", we define

ty 1= rowdet ((hai+j, i)z‘,je[n]> € R.

Let & € Z" be such that «,, < —n. Then,

ﬁg\;n. tytp = rowdet <(hai+]-/ i>z’,je[n71]) Mgy tnip, 0
Bl=p

In order to derive this from Theorem we shall need the following formula for
the row-determinant of a matrix whose last row is 0 except for its rightmost entry:

Lemma 3.2. Let 1 be a positive integer. Let A = (aiff)ije[n} € R be an n X n-
matrix. Assume that
;=0 foreveryj e {1,2,...,n—1}. (27)

Then,
rowdet A = rowdet <(ai/f)ije[n—1]> -

Example 3.3. Forn =3 and A =

(@ IR TN
o

c
f |, the claim of Lemma [3.2{says that
g

a b c b
rowdet [ d e f | =rowdet ( a ) g
d e
0 0 g

(The two zeroes in the third row of A are necessary for Lemma [3.2| to be appli-
cable, as they guarantee that the condition is satisfied.)

Proof of Lemma This is a generalization of [Grinbel5, Theorem 6.43] to the case
of arbitrary R (not necessarily commutative). The proof given in [Grinbel5] still
works for this generalization, as long as we keep in mind that the products are
noncommutative. [

Proof of Corollary[3.1} If p < 0, then Corollary [3.1]is easily seen to hold/} Thus, for
the rest of this proof, we WLOG assume that we don’t have p < 0. Hence, we have
p > 0. Hence, p € IN (since p € Z).

"Proof. Assume that p < 0. Then, the sum ¥ tytp is empty and thus equals 0. However, we
BEN";
IBl=p
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Define an n-tuple # € Z" as in Theorem Thus,
(m, 12, ) =n=(1L2,...,n—=1,n+p).
In other words, we have
ni=j for each j € [n — 1] (28)

and
n = n+p. (29)

Now, Theorem [2.1] yields

t =rowdet | | h,. 1, ; . 30
5621\171; a+p <( a;+1j, l)i,je[n]) (30)
|Bl=p

However, it is easy to see that haﬁﬂjl n =0 foreveryj € {1,2,...,n—1} ﬂ

Hence, Lemma (applied to (hai+,7]., i)
yields

el and hai+17j,i instead of A and a;))

rowdet ((h,,(ﬁ,?]., i)i,je[n]) = rowdet ((haﬂrm, i>i,j€[n—1]> ey, 1
= rowdet ((hzxi-l—j, i)i,je[n—1]> : htxn+n+p, n

(by and (29)). Hence, can be rewritten as

ﬁg%n- toyp = rowdet ((h,xl.ﬂ-, i>i,j€[n—1]) Moy ntp, ne
Bl=p

Thus, Corollary [3.1)is proved. O

3.2. The commutative case

have a, +n+p < (—n)+n+p=p <0, and therefore (applied to k = &y, + n + p) yields

<-n
ha,+n+p, n = 0. Thus, the equality

Z tytp = rowdet ((ht%,'+j, i)i,je[n—1}> Nayyntp, n

BEN";

IBl=p
holds due to both of its sides being 0. Thus, we have shown that Corollary 3.1 holds under the
assumption that p < 0.

8Proof. Letj € {1,2,...,n — 1}. We must show that oty n = 0.
Wehavej € {1,2,...,n — 1} = [n — 1] and therefore 17; = j (by (28)). From j € {1,2,...,n — 1},

we also obtain j <n —1 < n,so that 7; = j < n and thus a, +#1; < a, +n <0 (since ay, < —n).
Therefore, (applied to k = &y, + 17;) yields hg,, 44;, n = 0, qed.
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Corollary 3.4. Assume that R is commutative. Let n € IP and p € Z. Let hy ; be
an element of R for all k € Z and i € [n]. Assume that

he n=0 for all k < 0.

For any a € Z", we define

ty := det ((h“i+f/ i)i,je[n]> € R.

Let « € Z" be such that o, < —n. Then,

Z tszr/S = det <<hﬂtj+j, i)i,je[n—1}> 'hzanrner, n
BeIN";
|Bl=p

Proof of Corollary 3.4, We have assumed that the ring R is commutative. Thus, ev-
ery square matrix over R has a well-defined determinant. Furthermore, the row-
determinant of any square matrix over R is the same as the determinant of this
matrix (since our above definition of the row-determinant clearly generalizes the
standard definition of a determinant). In other words, if A is any square matrix
over R, then

rowdet A = det A. (31)
Hence, we can apply Corollary replacing “rowdet” by “det” throughout the
statement. As a result, we obtain precisely the claim of Corollary O

3.3. A Schur-like reindexing

Here are some more consequences of the first pre-Pieri rule:

Corollary 3.5. Let n € P and p € Z. Let hy ; be an element of R for all k € Z
and i € [n]. Assume that

he n=0 for all k < 0.

Forany m € {0,1,...,n} and any A € Z™, we define
s, := rowdet <(hAi+j—i, i)i,je[m}> € R.
Fix an n-tuple y € Z" with pu, = 0. Let t = (y1, 42, ..., hu—1). Then,

sg-hp, =Y Sutp:
BeN™;
|Bl=p
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Proof of Corollary Define t, € R for each « € Z" as in Corollary
Define an n-tuple « € Z" by

o= (-1, up—2, ..., hp —n).

Thus,
o= pi—1i for each i € [n]. (32)
Applying this to i = n, we obtain &y = p, —n = —n < —n. Hence, Corollary
~—~
=0
yields
Z tatp = rowdet ((hoci+j, i)ije[n—l]) : hzxn—f—n—&-p, n (33)
BEN™; "
|Bl=p
However, using the definitions of sz and «, it is easy to see that

rowdet ((h“].ﬂ-, f)i,je[n—1]> = sy

Furthermore, again using the definition of x, we can easily check that
tatp = Su+p for each B € IN"

(indeed, both t,,5 and s, g are defined as row-determinants of certain matrices,
and a simple calculation of indices shows that these two matrices are identical).
Finally, we have

Xp+n+p=p (since &y, = —n).

Using these three equalities, we can rewrite as

Z Su+p = S Mp, n-
BEIN™;
|Bl=p

This proves Corollary O

Corollary 3.6. Assume that R is commutative. Let n € IP and p € Z. Let hy ; be
an element of R for all k € Z and i € [n]. Assume that

he n=0 for all k < 0.

Forany m € {0,1,...,n} and any A € Z™, we define

s) := det ((h/\ﬁ_]'_i, i)i,je[m]> € R.
Fix an n-tuple y € Z" with u, = 0. Let & = (y1, 42,. .., hn—1). Then,

BeN";
|Bl=p
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Proof of Corollary This can be derived from Corollary [3.5in the same way as we
derived Corollary [3.4] from Corollary O

We note that () is the particular case of Corollary 3.6/ for R = A, Iy ; = hy and
n=A

3.4. Recovering Fun'’s rule

Let us now explain how [Funl2, Proposition 3.9] follows from Corollary Here
is the claim of [Funl2, Proposition 3.9] with slightly modified notations:

Proposition 3.7. Assume that R is commutative. Let { € N, p € Z and g € Z.
Let g, j be an element of R for all k,j € Z. Assume that

g =0 forallk <0andj € Z. (35)

For any m € IN and any y € Z™ and B € Z™, we define

Sy, p 1= det ((8##}'4/ ,Bﬂrj*i)i,]'e[m]) € R.

Let 4 € Z'*! be an (£ + 1)-tuple satisfying 1y,; = 0. Let 7 be the /-tuple

(‘Ml, ]/12,...,}44) € ZZ.
Let p € Z' be an (-tuple, and let ' € Z''! be the (£+1)-tuple
(B, B2/, Be,q—P)-
Then,
8pa SEB= Y. Surs pio
SENFL;
0l=p

To be precise, Proposition [3.7| does not only differ from [Funl2, Proposition 3.9]
in the notations (what we call g and g, ; corresponds to B, and Iy, ; in [Funl2,
Proposition 3.9]; furthermore, the summation index J in our sum is called ¢ in
[Fun12| Proposition 3.9]), but is also slightly more general (our y can be any (¢ 4 1)-
tuple in Z‘*1 satisfying p,,1 = 0 rather than just a partition of length ¢; our gj. j
are not required to satisfy go, j; = 1; our p is not assumed to be positive). Note that
our definition of s, g in Proposition 3.7]is equivalent to the one in [Fun12], because
of [Fun12, (3.3)].

As promised, we can now easily derive Proposition (3.7| from Corollary

Proof of Proposition Set n:= ¢+ 1. Set
e, i v= Sk gl—u+k for every k € Z and i € [n].

Then, entails that /1 , = 0 for all k < 0. Furthermore, using y, = pigy1 =0
and B, = B, , = q — p, we obtain 11, , = Sp, (—p)—0+p = 8p, q-
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For any m € {0,1,...,n} and any A € Z™, we define s, € R as in Corollary
Thus, (with the summation index B renamed as ¢) yields

0eIN”;
5|=p

However, let us recall that hy, , = gy, 4 and n = £ + 1; furthermore, it is easy to
see that sy = sy, g and

Sutd = Suto, B+ for each § € N‘*1,

Thus, (36) rewrites as
8p,q 5u, B = Z Su+s, p'+o-
(5611\1”1;
|6]=p

This proves Proposition O

3.5. Recovering the immaculate Pieri rule

Next, we shall exhibit [BBSSZ13| Theorem 3.5] as a consequence of Corollary
To this aim, we will briefly introduce the relevant parts of the scene of [BBSSZ13)
Theorem 3.5]. We fix a commutative ring k, and we let NSym be the algebra of
noncommutative polynomials in countably many variables Hj, Hy, H3, ... over k.
We also set Hy := 1 and Hj := 0 for all k < 0. For every m € IN and every a € Z",
we set

Hy := Hy Hy, - - - Hy,, € NSym.

For every m € IN and every a € Z™, we set

Sy 1= Z (—1)0H(M+g(1)—1, 40 (2)=2, ) tto(m)—m) € NSym.

0cESy,

(This is not how &, is defined in [BBSSZ13]|], but it is an equivalent definition, be-
cause [BBSSZ13| Theorem 3.27] shows that the &, from [BBSS5Z13] is given by the
same formula.) Now, [BBSSZ13, Theorem 3.5] (the “right-Pieri rule for multiplica-
tion by Hs” in the terminology of [BBSSZ13]) states the following;:

Proposition 3.8. Let n € N and « € Z". Let s € Z. Then,

6“Hs - Z Gﬁ.
‘Bezn-&-l;
|Bl=[a|+s;
a;<p; for all ie[n];
0§ﬁn+1
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(The conditions under the summation sign here are essentially what is denoted
by “a Cs B” in [BBSSZ13].)

To be fully precise, Proposition is a bit more general than [BBSSZ13| Theorem
3.5], since & is assumed to be a composition (i.e., a tuple of positive integers) in
[BBSSZ13, Theorem 3.5], while we are only assuming that a« € Z".

Proof of Proposition Let R be the ring NSym. Set
he i == Hr € R foreachk € Zand i € Z.

Thus, hy 41 = Hs.
For any m € {0,1,...,n} and any A € Z™, we define sy € R as in Corollary
(This s, has nothing to do with the integer s.)
Let u € Z" ! be the (n + 1)-tuple (a1, &, ...,a,,0). Thus, y, 1 = 0and |u| = |a|.
Let 7t = (p1, 42, ., Yin) € Z". Thus, i = a.
For each k < 0, we have

hi w+1 = Hi (by the definition of hy ,,41)
=0 (since k < 0).

Thus, we have shown that hy 1 = 0 for all k < 0. Hence, Corollary [3.5] (applied
to n + 1 and s instead of n and p) yields

sl = L sup
‘BE]Nn+1;
|Bl=s

In view of hy ,11 = Hs and Ji = a, we can rewrite this as

Sa-He= ) suip (37)
ﬁE]N”Jrl;
|Bl=s

It is easy to see (by comparing the definitions of &) and s,) that

Sy =5, for any m € IN and any A € Z™. (38)
Hence, rewrites as
ﬁE]N”Jrl;
|Bl=s
Thus,
Sol= ¥ G- L6
,BEIN'”LI; ’YGZH+1;
|Bl=s |v[=[p|+s;

ui<7y; for all ie[n+1]
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(here, we have substituted y for y + B in the sum, noticing that the conditions
under the new summation sign are precisely the conditions that guarantee that -y
has the form p + B for some B € IN"*! satisfying |8| = s). Hence,

Su- H = )y S&y= ) 8
’)/EZ”Jrl; ’YGZ”+1;
[7|=1p|+s; |v|=la|+s;
;<7 for all i€[n+1] a;<7; for all i€ [n];
0<vn41

(here, we have rewritten the conditions under the summation sign in an equivalent

fashion, using the facts that y = (aq,a,...,4,,0) and |u| = |a|). Renaming the
summation index 7y as B, we obtain precisely the claim of Proposition O

4. The second pre-Pieri rule

The “second pre-Pieri rule” structurally resembles the first, but involves a sum over
(a subset of) {0,1}" instead of IN". This is, of course, analogous to the relationship
between the elementary symmetric functions and the complete homogeneous sym-
metric functions, or the relationship between sets and multisets, or various other
“combinatorial reciprocities”.

4.1. The theorem

Before we state the second pre-Pieri rule, we observe that {0,1}" C Z" for each
n € IN.

Theorem 4.1 (second pre-Pieri rule). Letn € Nand p € {0,1,...,n}. Let I ; be
an element of R for all k € Z and i € [n].
For any a € Z", we define

t, := rowdet ((ha,-+j, i) € R.

iﬁ[ﬂ])
Let ¢ be the n-tuple

/

(L,2,...,n)+0,0,...,01,1,...,1
nfp;eroes p alr’leS

=(1,2,....n—pn—p+2,n—p+3,...,n+1)cZ".
Let « € Z". Then,
Y ty.p = rowdet ((haﬁgj, i)ije[n])' (40)

pe{0,1}";
|Bl=p
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Example 4.2. For this example, set n =3 and p = 2, and let « € 73 be arbitrary.
Fix arbitrary elements h; ; € R for all k € Z and i € [n]. Then, the n-tuple ¢
defined in Theorem [4.1]is (1,2,3) + (0,1,1) = (1,3,4). Hence, says that

hay41,1 hag43,1 ha1+4,1)

Z toyp = rowdet ((h“i+€j, i>i,je[3]> = rowdet ( hay1,2 hayt3,2 hayya, 2

Be{01)3; haz41,2 Nas13,2 Magya, 2
|B|=2

The left hand side of this equality can be rewritten as

). fosrp

Be{01}’; "

=2 = .
|:B| rOWdet(<h(a+B)i+], l>i,j6[3]>
(by the definition of ¢, g)

= ) rowdet ((h(ac+ﬁ)i+ff i)i,jeB])

[36{0,1}3;
|B|=2

_ Z rowdet <(hoci+5i+jr i)i,j€[3]>
Be{0,1}%;
|Bl=2

(since (o« + B); =a; + B; foralli € [3])
h(x1+,31+1, 1 hoc1+,31+2, 1 ha1+ﬁ1+3, 1
= Y rowdet | hu,ipy11,2 Mayipri2,2 Mapiprts 2

3
ﬁ€|g|0,12}; Basipai1,3 Magipsi2,3 Magipsss, 3
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hapv141,1 Magv142,1 Bagt143,1
=rowdet [ Mayr141,2 Hapt142,2 Hayr143,2
hasr041,3 Magr042,3 Magt043, 3
hayv141,1 Magr142,1 Bag143,1
+rowdet | May10+1,2 Hap+0+2,2 Hayt0+3, 2
hasi141, 3 Magi142,3 Hagi143,3
hayv011,1 Majr042,1 Mag1043,1
+rowdet | Tuy1141,2 Payt142,2 Hapt143, 2
hasi141,3 Magi142,3 Hagi143,3

since there are exactly three 2-tuples B € {0, 1}3
satisfying |B| = 2, namely (1,1,0), (1,0,1) and (0,1,1)

hay42,1 hay43,1 Nag1a,1
=rowdet | Mu,42,2 May13,2 Hayta, 2
hazi1,3 hagy2,3 Mayi3, 3
hay42,1 Mag43,1 Nay44,1
+rowdet | Ma,+1,2 Mayy2,2 hayt3, 2
has+2,3 Magt3, 3 Hagra, 3
hay+1,1 Hagi2,1 hagt3,1
+ rowdet ha2+2,2 hzxz—|—3,2 ha2+4,2
hasi2,3 hagi3, 3 hagra 3

Therefore, (7) rewrites as

hayi2,1 Mag43,1 hagva1

rowdet | May42,2 Mayy3, 2 Mayya 2

hazi1,3 hagy2,3 Mayi3, 3
hay42,1 Nay43,1 hagya 1
+rowdet | May11,2 hayi2,2 Hays3, 2
haz2,3 Nast3,3 Magya, 3
hay41,1 hag42,1 Nay43,1
+rowdet | Hay12,2 Hayt3,2 Hayta, 2
hagi2,3 hagi3,3 hagia,3

hay11,1 hag13,1 hagta1
=rowdet [ Tayi1,2 Mayt3, 2 Hayta, 2
hast1,2 hagi3,2 hagta 2

This is easy to check directly by expanding all four row-determinants.
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4.2. The proof

Our proof of the second pre-Pieri rule will be similar to that of the first.
Again, we will use Definition [2.3|and Definition Again, several lemmas will
be used. The first is an analogue of Lemma

Lemma 4.3. Letn € N. Letg € Zand v € Z" and ¢ € Z" satisfy |v| = |¢| and

{vi,va, ..., vn} € {C1,82,...,Cn} U{q} and {vi,v2,...,vn}| = n.

Then, there exists some permutation 7t € S, satisfying v = ¢ o 7.

Proof of Lemma[4.3} Set ¢,y := q. Thus, {vy,vo,...,vy} € {&1,&2,...,Cn} U{q}

rewrites as
{Vl/VZI---/Vn} g {61162/-'-/(’;n+1} . (41)

The n numbers v1, 5, . .., vy, are distinct (since |{v1, vy, ...,y }| = n). Furthermore,
each of these n numbers appears in the (n+ 1)-tuple (¢1,¢2,...,Cnt1) (by @&I)).
Since these n numbers are distinct, they must therefore appear as n distinct entries
in this (n + 1)-tuple. Thus, they must be the entries {1,82,...,8p-1,Cp+1,Gptr2, -+, Cnt1
in some order, where p is some element of [n + 1]. Consider this p.

Now,

vl=1[¢l=¢1+8+ 4+ =(C1+8%+ - +Cut1) —Cnt1-
Comparing this with

vl=vit+v+-Frmn=0+0+ -+ 1+ p1+lprat -+ luna
since the n numbers 14,15, ...,v, are
the numbers &1, 82, ..., 8p-1,Cp+1,Cp+2/- - -, Gn+1 IN SOmMe order

=(G1+ G+ +Cut1) —Cp

we obtain (1 +8+ - +8ut1) —Cur1 = (G1+82+ - +8uy1) — Gp- In other
words, §p = {y41. Hence, the numbers &1,¢2,...,8p-1,8p+1,8p+2,- - -, Cut1 are pre-
cisely the numbers ¢1,¢o, ..., ¢, (up to order). Since the n numbers vy, 15, ..., v, are
the numbers @1,62,...,§p_1,§p+1,§p+z,. ..,Cn+1 In some order, we thus conclude
that the n numbers vy, 15, ...,v, are the numbers ¢1,¢,...,C, in some order. In
other words, the n-tuple v is obtained from ¢ by permuting the entries. This proves
Lemma (4.3 ]

We shall furthermore use the following notation:

Definition 4.4. Let u and v be two integers. We write “u > v” if and only if
u—ve{0,1}.

Thus, for example, 2 > 2 and 2 > 1, but we don’t have 2 > 0.
We need the following simple lemma:
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Lemma 4.5. Letn € N and p € {0,1,...,n}. Let ¢ be the n-tuple

(1,2,...,n)+(0,0,...,01,1,...,1
n—p;roes pages

=(1,2,....n—pn—p+2,n—p+3,...,.n+1)cZ".

Let o € S, be a permutation such that o # id (where id denotes the identity map
[n] — [n]). Then,

n

[TlE>c@)] =0

i=1

Proof of Lemma The definition of ¢ shows that
Ci=1i foreachi € {1,2,...,n —p} (42)

and
Gi=i+1 foreachic {n—p+1,n—p+2,...,n}. (43)

We assumed that o # id. Hence, there exists some i € [n] such that ¢ (i) # i. Let
a be the smallest such i, and let b be the largest such i. Then, o (a) > a ﬂand
o) <b [Oanda<b

Now, we are in one of the following two cases:

Case 1: We have a < n — p.

Case 2: We have a > n — p.

Let us first consider Case 1. In this case, we have « < n — p. Thus, a €
{1,2,...,n—p}. Hence, (applied to i = a) yields ¢, = a < o (a) (since
o (a) > a), so that &, — o (a) < 0. Hence, we do not have ¢, > o (a) (since &, > o (a)
would mean that ¢, — o (a) € {0,1}, which would contradict ¢, — o (a) < 0). In
other words, we have [, > 0 (a)] = 0.

Therefore, ﬁ [¢i > o (i)] = 0 (since [¢, > 0 (a)] is one of the factors of the prod-
i=1

n
uct [T [¢; & o (i)]). Thus, Lemma |4.5is proved in Case 1.
i=1

Let us next consider Case 2. In this case, we havea > n —p. Thus, b >a > n —p,
sothat b € {n—p+1,n—p+2,...,n}. Hence, (applied to i = b) yields
¢y = b+ 1. However, recall that o (b) < b. Thus, & —oc(b) > (b+1)—b =

=b+1 <b
1. Therefore, we do not have &, > o (b) (because ¢, > o (b) would mean that

9Proof. We have ¢ (a) # a (since a is an i € [n] such that ¢ (i) # i). Thus, o (¢ (a)) # o (a) (since ¢
is a permutation and therefore injective). Hence, o (a) is an i € [n] such that o (i) # i. Since a is
the smallest such 7, we thus conclude that o (a) > a. Hence, 0 (a) > a (since o (a) # a).

19The proof of this is similar to the proof we just gave for o (a) > a.

sgince a is the smallest i € [n] such that o (i) # i, while b is the largest such i
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¢y —o(b) € {0,1}, which would contradict ¢, — o (b) > 1). In other words, we
have [, > o (b)] = 0.

n
Therefore, [] [§; & o (i)] = 0 (since [{, &> o (b)] is one of the factors of the prod-
i=1

n
uct [] [& > o (i)]). Thus, Lemma {4.5/is proved in Case 2.
i=1

We have now proved Lemma in both Cases 1 and 2. Hence, the proof of
Lemma [4.5)is complete. O

The following lemma is an analogue of Lemma

Lemma 4.6. Let n € Nand p € {0,1,...,n}. Let ¢ be the n-tuple

(1,2,...,n) + (0,0,...,0,\1,1,...,14)
n—p;roes povnes

=(1,2,....n—pn—p+2,n—p+3,...,n+1) 22"

Let v € Z" be an n-tuple satisfying |v| = |¢|. Then,

det (([v; = f])ijepy) = 1 (-1 (44)

o€eSy,;
v=_gor

Note that the matrix ([v; > f]); ic|, in is a matrix with integer entries; thus,
its determinant is a well-defined integer.
Before we prove Lemma a remark is in order:

Remark 4.7. Thesum Y (—1)7 on the right hand side of (44) always has either
0ESy;
v=_;or

no addends or only one addend. (Indeed, it is easy to see that the n-tuples ¢ o o
for different o € S, are distinct; thus, no more than one of these n-tuples can
equal v.) Thus, this sum can be rewritten as

(_1)0, if v =¢_ o0 for some o € Sy;
0, otherwise.

Proof of Lemma The definition of ¢ yields

-~ -~

n—p zeroes p ones

E=(L2...,n)+ (0,0,...,@,},1,...,1)

=(1,2,....n—pn—p+2,n—p+3,...,n+1).
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Thus,

(‘:1162/---/61’1)
=¢=(1,2,....n—pn—p+2,n—p+3,...,n+1). (45)

In other words, we have
Ci=1i foreachi € {1,2,...,n—p} (46)

and
Ci=i+1 foreachice {n—p+1,n—-—p+2,...,n}. (47)

It follows easily that the n numbers ¢1,8», ..., ¢, are distinct. Therefore, we have
|{61/§2/' . /CHH =n.

We are in one of the following three cases:

Case 1: We have {vy,vy,..., vy} € [n+1].

Case 2: We have |{v1,12,...,Vvs}| # n.

Case 3: We have neither {v1,vo,...,v,} € [n+1] nor |{vy,vo,...,vn}| # n.

Let us first consider Case 1. In this case, we have {vy,v2,...,v,} € [n+1]. In
other words, there exists some k € [n] such that v; ¢ [n + 1]. Consider this k. Then,
[vk & j] = 0 for each j € [n] (since v, > j would entail vy € {j,j+1} C [n+1],
contradicting vi ¢ (1 + 1]). Hence, the matrix ([v; & j]); ic(, has a zero row (namely,
the k-th row); therefore, the determinant of this matrix is 0. In other words,

det (([vi &= f]);jepy ) =0 (48)

On the other hand, the n-tuple v contains the entry v (obviously), whereas the
n-tuple ¢ does not (since v, ¢ [n + 1], but all entries of ¢ belong to [n + 1]). Thus,
the n-tuple v is not a permutation of the n-tuple ¢. In other words, there exists no
o € Sy satisfying v = ¢ o 0. Hence,

Y. (—=1)7 = (empty sum) = 0.

0ESy;
v=_;or

Comparing this with (48), we obtain det <([1/1- > 1), j e[n]) = Y (-1)7. Thus,
- 0ESy;
v=_gor

Lemma [4.6)is proved in Case 1.

Let us next consider Case 2. In this case, we have [{vy,12,...,v,}| # n. Thus,
two of the numbers vy,v»,...,v, are equal. Hence, the corresponding two rows of
the matrix ([v; & j]); i) are equal. Thus, this matrix ([v; & j]) has two equal
rows, and therefore its determinant is 0. In other words,

i,j€n]

det <([Vi > j])i,je[n]) =0. (49)
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On the other hand, the n-tuple v contains two equal entries (since two of the num-
bers vy, 1, ...,v, are equal), whereas the n-tuple ¢ does not (since ¢1,¢2,...,¢, are
distinct). Thus, the n-tuple v is not a permutation of the n-tuple ¢. In other words,
there exists no ¢ € S, satisfying v = ¢ o 0. Hence,

Y (—1)7 = (empty sum) = 0.
TESy;
v=_gor

Comparing this with (49), we obtain det (([vi > 71); ]'G[n}) = Y (-1)7. Thus,
" TESy;
v=_gor

Lemma [4.6|is proved in Case 2.

Finally, let us consider Case 3. In this case, we have neither {vy,vp,...,v,} €
[n+1] nor |{v1,v2,...,vn}| # n. In other words, we have {vy,vy,...,v,} C [n+1]
and |{vy, v, ..., v} = n.

Note that

{vi,vo,...,vn} Cn+1]={&,8,...,.Ch}U{n—p+1}

(since shows that ¢1,¢>,...,¢, are precisely the numbers 1,2,...,n + 1 except
for n — p +1). Thus, Lemma (4.3| (applied to g = n — p 4 1) yields that there exists
some permutation 7 € S, satistying v = ¢ o 7t. Consider this 7.

Thus, 7 is a permutation ¢ € S, satisfying v = ¢ o 0. Furthermore, it is easy to
see that 77 is the only such permutation ¢ (because the n numbers ¢y, ¢, ..., ¢, are

distinct}'“l Hence, the sum Y (—1)7 has only one addend, namely the addend

TESy;
v=_or

Y, (—1)7=(-1)". (50)

oeSy;
v=_gor

for 0 = 7. Thus,

From v = ¢ o 71, we easily obtain

det (([Vi > f])i,je[n]) = (=1)" - det (([‘:z‘ > j])i,je[n]) : (51)

(Indeed, this can be proved just as we showed (16), except that # and the > sign
are replaced by ¢ and the > sign.)

12Here is the argument in more detail: Recall that the n numbers {1, ¢, ..., ¢, are distinct. There-
fore, if ¢ € S, is a permutation distinct from 77, then Proposition 2.5| (applied to # = ¢) shows
that oo # {om = v, so that v # ¢ o 0. Hence, the only permutation o € S, satisfying v =¢oo
is 7T.
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However, the definition of the determinant of a matrix yields

det (22 i) = & (-1 [Tz o)

oesy,

n

0 ) P e (IR0
(byLer;?na

here, we have split off the addend
for o = id from the sum (since id € S;)
n

1T @2 + X po=][i=1
i=1

-

{

i=1 ~ UESy;
(this follows easily @,_,
from and (7)) =0

Thus, becomes

det (([vi & /1);jep ) = (~1)" - det (&= )yjepn) = (D" = L (1)

~ ~ oESy;

~~

v=_gor

(by (50)). Thus, Lemma [4.6]is proved in Case 3.
We have now proved Lemma [4.6/in all three Cases 1, 2 and 3. This completes the
proof of Lemma O

Our next lemma is an analogue to Lemma

Lemma 4.8. Let n € IN. For any permutation ¢ € S;;, we let & denote the n-tuple
(c(1),0(2),...,0(n)) € Z".
Let v € Z" be an n-tuple. Then,

det (([Vi > j])i,je[n]) = Y (D%

0€Sy;
v—oe{0,1}"

Proof of Lemma This proof is similar to the above proof of Lemma 2.11} we leave
the necessary changes to the reader. O

We can now prove Theorem

Proof of Theorem The first step is to check that || = (1+2+---+n) + p. The
rest of the proof is a straightforward modification of the above proof of Theorem

(Lemmas [4.6] and [4.8| have to be applied instead of Lemmas 2.9 and 2.11). We

leave the details to the reader. O
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4.3. Corollaries

Several corollaries can be obtained from Theorem 4.1/ in the same way as we did
above with Theorem Here is an analogue of Corollary

Corollary 4.9. Let n € N and p € {0,1,...,n}. Let g = n— p. Let Iy ; be an
element of R for all k € Z and i € [n]. Assume that

hy i =0 forallk < Oandi > g. (52)

For any a € Z", we define

ty := rowdet <(hml,+]-/ 1-) € R.

1'/1'6[”]>
Let o« € Z". Assume that
a; < —q for each i > g. (53)
Then,
L o = rowdet ({1 ), ) - rovedet (<h%+f+q+f“f W)z-,je[p]) '

Be{0,1}";
|Bl=p

This can be derived from Theorem 4.1 using the following lemma (which gener-
alizes both our Lemma and [Grinbelb, Exercise 6.29], although it is stated in a
rather different way):

Lemma 4.10. Let n € N. Let A = (a;})
ke {0,1,...,n}. Assume that

. € R"™7" be an n X n-matrix. Let
ije(n]

a;j =0 foreveryi e {k+1,k+2,...,n} andje {1,2,...,k}.

rowdet A = rowdet <(aiff)i,je[k]> - rowdet ((flk+z’,k+j)i,je[n_k]> :

Example 4.11. For n = 4 and k = 2, Lemma is saying that

a1 a12 M3 414
a a a a a a a a
rowdet 21 %22 723 24 = rowdet LEPL2 ) rowdet 33 934 )
0 0 433 a3y a1 A2p as3 (44
0 0 ﬂ4/3 114,4
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Proof of Lemma This is a straightforward generalization of [Grinbel5, Exercise
6.29], and can be proved in the same way (as long as the requisite attention is
paid to the order of factors in products, since the ring R is not required to be
commutative D). We leave the details to the reader. O

We can now easily derive Corollary 4.9] from Theorem

Proof of Corollary[4.9, We have ¢ = n—p € {0,1,...,n} (since p € {0,1,...,n}).
From g =n —p, we obtainn —q = pand g+ p = n.
Define an n-tuple ¢ € Z" as in Theorem 4.1 Then, Theorem [#.1] yields

t =rowdet | | h,. 1~ ; . 54
ﬁe{ozll}n; a+p (( m—'—él’l)i,je[n]) (54)
|Bl=p

However, the definition of ¢ yields

¢=(2,....n—pn—p+2,n—p+3,...,n+1)

=(1,2,...,9,9+2,9+3,...,n+1) (sincen —p =q).
Hence,
Ce=k foreach k € {1,2,...,q} (55)
and
Cr=k+1 foreachke {qg+1,9+2,...,n}. (56)

Now, it is easy to see that
haie, i =0 foreveryic {g+1,9+2,...,n} andje {1,2,...,q}

(becauseifi € {g+1,9+2,...,n}andje {1,2,...,q}, then yields ¢; =j <gq,

whereas yields a; < —q, so that a; + §; < —q+q =0, and therefore
M~
<—q <q

13This means, in particular, that some products in [Grinbel5, solution to Exercise 6.29] need to be

reordered (and the finite product notation [] 4; needs to be understood as the product of the
iel

a; in the order of increasing 7). Furthermore, instead of using [Grinbel5, Theorem 6.82 (a)], we

need to use the fact that any n x n-matrix A = (ai'f)ije[n] with n > 0 satisfies

n
rowdet A = Y (—=1)"" rowdet (Awn,g) - Ang-
q=1

(This generalizes the p = n case of [Grinbel5, Theorem 6.82 (a)] to the case of noncommutative
R. The general case of [Grinbel5, Theorem 6.82 (a)] cannot be generalized to noncommutative
R, but fortunately we only need the p = n case in our proof.)
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(applied to k = a; + ;) yields hy, ¢, ; = 0). Therefore, Lemma (applied to
aij = Ny 4, i and A = (haﬁgj, i> .

i,j€[n]

rowdet ( (haiJrér]., ,-) e ["])

= rowdet <(h“i+€jr i>i,]'e[q]) - rowdet ((h“q+i+§q+j’ q+i>i,j€[7’l-£7])

. J/

and k = g) yields

J/

-~

. :(haﬁ]} .i)i,]'e[q] . :<h“q+i+q+f+l' q+i>i,j€[n7q]
(since 'yl[el](;ls gi=j (since (B6) yields &, j=q-+j+1
or j€|q

for je[n—q])

= rowdet ((h“i+j/ i)i,je[q]) -rowdet ((h“q+i+q+j+1’ ’7+i>i,je[n—q})

= rowdet ((hai+j, i)i,je[q]> - rowdet ((haq+i+q+]'+1, qﬂ)i,je[p])

(since n — g = p). Combining this with (54), we obtain

ﬁe{oz,l}”,- furp = rowdet <(h“i+5f' f>i,]-e[n]>
Bl=p
= rowdet ((hu,1), i) () - rowdlt (<h“q+f+q+f+1f ’7+i>i,j€[P]) |
This proves Corollary O
Next, let us state a counterpart to Corollary

Corollary 4.12. Let n € N and p € {0,1,...,n}. Let g = n — p. Let h ; be an
element of R for all k € Z and i € [n]. Assume that

he n=0 for all k < 0.
Forany m € {0,1,...,n} and any A € Z™, we define

s, := rowdet ((h)\i+j—i, ,‘) > € R.

ije[m]
Set
ep, g := rowdet ((hlﬂ'—ir ‘7+i)i,j€[i9]> € R

Fix an n-tuple y € Z". Assume that

i =0 foralli > g. (57)
Let 7@ = (p1,42,...,1y). Then,

SECpq= ), Su+p

Be{0,1}";
|Bl=p
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Proof of Corollary This follows from Corollary [4.9]in the same way as Corollary
B.5| follows from Corollary B.1] (i.e., by setting & = (p1 — 1, o —2, ..., pp —n) and
rewriting all determinants involved). O

Counterparts to Corollary 3.4/and Corollary [3.6|can be stated as well, but we omit
them to save space. (They are trivial consequences of Corollary 4.9)and Corollary
E12})

We note that (6) is the particular case of Corollary for R = A, hy ; = hy and
n=A

5. A pre-LR rule?

We have now proved two fairly general determinantal identities — Theorem
and Theorem — and seen some of their consequences. Anyone familiar with
symmetric functions will likely view these two identities as two “antipodal” state-
ments, in the sense in which the complete homogeneous symmetric functions are
“antipodal” to the elementary symmetric functions@ The latter “antipodality” can
be understood particularly well by viewing both families of symmetric functions
as corner cases of Schur functions (see, e.g., [Stanle01, Chapter 7] or [Macdon95,
§1.3]). It is thus natural to ask whether our determinantal identities can be viewed
as corner cases of something more general, too:

Question 5.1. Is there a common generalization of Theorem and Theorem

A1r

Such a generalization might resemble (perhaps even generalize) the “immacu-
late Littlewood—Richardson rule” of Berg, Bergeron, Saliola, Serrano and Zabrocki
([BBSSZ15, Theorem 7.3]). Indeed, as we have seen above (in our proof of Propo-
sition , the “right-Pieri rule” [BBS5Z13, Theorem 3.5] is a particular case of our
Theorem one can likewise derive a “second right-Pieri rule” (with E; = &35
taking the place of H;) from our Theorem Both of these “right-Pieri rules” are
particular cases of the “immaculate Littlewood-Richardson rule”. Thus, it is not
too outlandish to suspect that the latter rule can, too, be viewed as a particular case
of a (noncommutative) determinantal identity.

A step in the general direction of such a generalization appears to be the follow-
ing proposition:

14The analogy strikes the eye from many directions: The summation signs Y. and Y  in
BEN"; pe{0,1}";
Bl=p Bl=p
Theorem and Theorem are precisely the ones that appear in the definitions of the re-
spective symmetric functions; the determinant e, ; in Corollary is a rather straightforward
generalization of the Jacobi-Trudi determinant for the p-th elementary symmetric function; and
so on.
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Proposition 5.2. Let n € IN. Let /5, ; be an element of R for all k € Z and i € [n].
Let B be a finite set of n-tuples B € Z". Assume that this set B is invariant
under the right Sj-action on Z". (This S;-action was introduced in Definition

23)

For any a € Z", we define

ty := rowdet ((h“iJrj/ i) ) € R.

ijen]

Let & € Z". Then, there exists a family (A,), 7. of coefficients A, € Z such
that all but finitely many v € Z" satisfy A, = 0, and such that

Z turp = Z Ay rowdet ((haiJr% i>i,je[n}) . (58)

BeB YEZ"

Proof of Proposition |5.2| (sketched). Define the ring
N:=Z(Xy; | ke Zandie [n]).

This is the ring of noncommutative polynomials over Z in the variables X ; for all
ke Zand i€ [n].

A noncommutative monomial in N will be called multilinear if it has the form
Xy, 1Xpy, 2+ Xy, n for some p € Z". Let N™Ut denote the Z-linear span of all
multilinear monomials in N. The symmetric group S, acts Z-linearly on this Z-
submodule N™"! from the right according to the rule

(Xpy, 1Xp, 27+ Xpyn) - T=Xp_y, 1Xp (59)

Pz(1) T(2)” 270 Xp’r(n)/ n

(for all multilinear monomials X, 1X,, 2---Xp,, n and all T € Sy).

An element p € N™t will be called antisymmetric if each T € S, satisfies p - T =
(—1)" p. Let N*8" denote the set of all antisymmetric elements p € N™; this is a
Z-submodule of N™UIt,

For each « € Z", we define

T, := rowdet ((Xai+j, i) ) € N.

ijeln]

It is easy to see that T, € N™! for each a € Z". Hence, ¥, Tg € N™UIf, Set
BeB

TB = Z T:B' (60)
BEB

We shall now show that T € NSi8",

[Proof: We have Tp = ), Tg € N™Ut Tt thus remains to show that Tj is antisym-
BeB

metric, i.e., that each T € S, satisfies Tg - T = (—1)" Tp.
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Let T € S, be arbitrary. For each g € Z", we have

Tg = rowdet ((Xﬁﬂrj, i) (by the definition of Tj)

i,J'G["])

= Y (1) Xp,4001), 1Xpyt0(2), 2 Xputo(n), n (61)
g€EeS,
and thus
T,B T
= ( Y (1) Xp4001), 1 Xp4002), 27 Xpyto(n), ) T
oEeS,

=) (=17 <X51+a(1), 1X52+a(2),2'"X/s,,+o(n),n> ‘T

eSS, N ~ ~

:X,B.C(l)-&-cr(r(l)), 1X,B.L.(2) +o(1(2)), 2"'Xﬁ.[(n>+z7(’r(n)), n
(by B9))

= L U Ko sotw) 1 Xprgyso(e@), 2 Xy ot o

TCon
- ; (=17 X(p.1), +(0or)(1), 1X(B1)y+(0or) (@), 2 * X (1), +(00T) (1),

ocon

<since Briy = (B-7); and 0 (7 (i)) = (0 07) (i) for each i)

o1
- g L_l): X(Br),+0(1), 1X(r)40(2), 27 X (1), +0(n), n
TCon

—(—1)7(~1)"

(here, we have substituted ¢ for ¢ o T in the sum)

= (=1 L (=) X(pr), 4001, 1X(pr)y o), 27 X(pr), 40(n), n

oEeS,
NG

J/

=Tt

(by (61), applied to -7 instead of )
=(-1)"- Tg.~. (62)

Now, from (60), we obtain

Tg-T= (ZTﬁ) =) Tper =) (1) T =(-1)" ) Tpe

BeB BeB N~ BeB BeB
:(_1)T'T/S~T
(by (62))
here, we have substituted § for - T in the sum,
=(-1)"- ) Tg since the map B — B, B +— - T is a bijection
peB (because B is invariant under the S;-action)
=Tp
= (—1)" T.
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This completes our proof of Tz € N18".]

On the other hand, we claim the following:

Claim 1: Bach p € N®8" is a Z-linear combination of the row-determinants

rowdet <<X'Yj/ i)i,je[n]) with v € Z".

Before we prove this, let us note that all these row-determinants

rowdet <<X%., i>i,j€[n]> actually belong to NSi8" (since each v € Z" satisfies

— _ g P
rowdet <(X7],, i>i,je[n]> =) (-1 Yoy 1%y 277 Ky, n

O'GSn ~~ -
:(X% 1X9y, 27 Xy, n)"T

(by E9)
=) (D)7 (X, 1Xyp 27 Xy, n) - 0,
).

ogES,

(<

which easily yields that rowdet ((X% i) ) € N8Y); thus, Claim 1 shows that

i,j€n]
these row-determinants span the Z-module N*'¢". However, we will not need this.

[Proof of Claim 1: Let p € N®8". We shall show that p is a Z-linear combination
of the row-determinants rowdet ((X7 i) N ) .
AR

We know that p is antisymmetric (since p € N*8"). In other words, each ¢ € S,
satisfies

p-o=(-1)p. (63)
On the other hand, p € Nsign C N™ult Hence, we can write p as a Z-linear
combination of multilinear monomials (by the definition of N mult). In other words,

p= 2 HaXuy, 1Xa, 2+ Xa,, n (64)
aeZn

for some scalars y, € Z (almost all of them 0). These scalars y, must furthermore
satisfy
Hoo = (—1)7 - 1y foralla € Z" and all ¢ € S, (65)

(by comparing coefficients in (63)). Hence, we have y, = 0 for any n-tuple a €
Z" that has at least two equal entries (because for any such «, there exists some
transposition ¢ € S, such that a - ¢ = a, so that the equality simplifies to
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-~
=-1

iy = (—=1)7 -4y = —a, and therefore we have u, = 0). Therefore, simplifies to
N .
p= Z HaXay, 1Xay, 2+ Xay, n
aeZ";
all entries of « are distinct

- ezz:n 0625: tre Koy 190, 27 Koy, n
vezr;
Y1 <Y2< <Y T=(-1)%,
(by (€5

here, we have split the sum according to the n-tuple 7
obtained by sorting the n-tuple a in increasing order

[
- Z Z (1) V“YX%(l)/ 1X')/o'(2)r 2 X’Ya(n), n
yeZ"; o€eSy

T1<72<-<Tn

- Z Py Z (_1)UX%(1)/ 1X%(2)f 27 X%(")' n
yeZ"; oESy,

M<r<-<yn N ~~ 4

:rOWdet( (X”Yj' i) i,j€[”]>
_ Y 1, rowdet ( (X%'f i) i,je[n}) '

YEZY;
Y1<72<-<Tn

This equality shows that p is a Z-linear combination of the row-determinants

rowdet <<X7j, ,-> quﬂ}). This completes our proof of Claim 1.]

Now, recall that Tz € N58", Hence, Claim 1 shows that Tj is a Z-linear combina-
tion of the row-determinants rowdet ((X,le Z-) el ]) with ¢ € Z". In other words,
ijjeln

there exists a family (A ) ez Of coefficients A, € Z such that all but finitely many
v € Z" satisfy A, = 0, and such that

Tp = Ayrowdet | ( X, ; . 66
’ WEZZV, ! (< %'1>1~,,-e[n]> )
Consider this family (A,)
(58).

Indeed, consider the ring homomorphism f : N — R that sends each Xj ; to
hy,+k, i- (This clearly exists by the universal property of the free Z-algebra N.) For

vezn- We shall now show that this family also satisfies
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each B € Z", we have

f(Tg) =f (rowdet <(Xﬁi+]} i)i,je[n]>> (by the definition of Tg)

= rowdet (( f (Xg,4, i))i,je[n]) (since f is a ring homomorphism)

= rowdet <(h(06+,3)i+j’ i) i,]le[”})

because we have f (X, 1), i) = ha, g1, i = M(arp) +j, i
foralli € [n] and j € [n]

= taip (67)

(by the definition of t,,5). Now, applying the homomorphism f to both sides of
the equality (60), we obtain

f(T)=f ( ) T5> =) f (Tp) (since f is a ring homomorphism)
BEB ﬁeB‘—?/—’
—typ

(by (€7))
= Z t“+13'

BeB
Hence, applying the homomorphism f to both sides of (66), we obtain

Liep= 5 M (rowaet ((x,,1), ., )

BeB YEZ"

-~

—rowdet ( (f (X'Yj/ i) > i,je[n])

(since f is a ring homomorphism)

= ) A,rowdet f (X% 1-)
YEZ" N ,
:hlxi‘—F’)/j, i
(by the definition of f) ijen]
= A~ rowdet (h . ) .
VEZZ" ! < ! zuje[n])

In other words, holds.

Thus, we have found a family (A,) yezn Of coefficients A, € Z such that all
but finitely many ¢ € Z" satisfy A, = 0, and such that holds. The proof of
Proposition 5.2is thus complete. O
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