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1. The goals

This expository note is devoted to some apocryphal properties of fields of posi-
tive characteristic. We shall use the following notations:

Definition 1.1. In the following, rings are always assumed to be associative
and with 1. If R is a commutative ring, then an R-algebra means a ring A
endowed with an R-module structure such that the map A x A — A, (a,b) —
ab is R-bilinear. The characteristic of a field L is denoted by char L.



p-polynomials from subspaces December 9, 2016

The word “prime” always stands for “prime number”. Neither 0 nor 1
counts as a prime. The notation IN stands for the set {0,1,2,...}.

Definition 1.2. Let p € IN. Let L be a commutative ring. A polynomial
f € L[X] is said to be a p-polynomial if f is an L-linear combination of the
monomials XPO,Xpl,XPZ, .... For instance, the polynomial 3X — 7X% 4+ X% €
Z [X] is a 2-polynomial but not a 3-polynomial.

Our main goal in this note is to demonstrate the following four interrelated
facts:

Theorem 1.3. Let V be a finite additive subgroup of a field L. Let p = char L.
Then, ] (X +v) € L[X] is a p-polynomial.

veV

Theorem 1.4. Let V be a finite additive subgroup of a field L. Let t € L\ V.
Then,

- () (1

veV veV veV\0

Theorem 1.5. Let g be a prime power. Let L be a field extension of the finite
field IF;. Let V be a finite IF;-vector subspace of L. Then, [] (X +v) € L[X]
veV

is a g-polynomial.

Theorem 1.6. Let g be a prime power. Let L be a commutative IF,-algebra.

Let V be a finite IF;-vector subspace of L. Then, [] (X+v) € L[X] is a
veV

g-polynomial.

Note that these four theorems are essentially about fields of positive charac-
teristic. Indeed, it is easy to show that in Theorem [1.3| and in Theorem the
finite subgroup V must be 0 if char L = 0; thus, the two theorems become fairly
trivial if char L = 0, and only the case of positive characteristic is interesting.

Let us first comment on the origins of these results:

Theorem is a known fact (e.g., it immediately follows from [Conrad14,
Theorem A.1 2) and Corollary A.3], from [Macdon92, (7.7)] or from [Grinbel6,
Theorem 3.17]). Theorem is a particular case of Theorem (obtained by
setting g = p = char L when char L # 0), and is due to Oystein Ore ([Ore33| the
— direction of Theorem 8]).

Theorem is an auxiliary result from unfinished work [Grinbel6, Proposi-
tion 5.3] of mine and James Borger on Carlitz polynomials.

Theorem is also not new (it is precisely [Grinbel6, Theorem 3.17], and
appears implicitly in [Macdon92]). Clearly, it generalizes Theorem 1.5/ (since any
field extension of IF; is a commutative IF;-algebra).
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All of the above four theorems are accessible without much preknowledge
(basic theory of finite fields should be sufficient), and the purpose of this note is
to collect elementary and self-contained proofs.

Theorem [1.3| and Theorem [1.4) were posed as a problem in the PRIMES 2015
application contes Some of the proofs below were found by students taking
part in the contest.

2. Preparations

Before we start proving the above theorems, let us prove some auxiliary facts
that will be useful. Some of these facts are actually well-known results.

Lemma 2.1. Let V be a finite additive subgroup of a field L. Let p = char L.
Assume that V # 0.

(a) The number p is prime.

(b) The field L is a field extension of IF.

(c) The subset V is a finite-dimensional IF,-vector subspace of L.

Proof of Lemma (@) We have V # 0. Thus, there exists a nonzero vector v €
V. Consider such a v. Every element of the additive group V has finite order
(because V is finite). In particular, v has finite order (since v is an element of V).
In other words, there exists some positive integer N such that Nv = 0. Consider
this N.

We have v € V C L. We can divide the equality Nv = 0 by v (since v is a
nonzero element of the field L). We thus obtain N - 1; = 0 (where 1; denotes the
one of the field L). Thus, the field L cannot have characteristic 0. In other words,
char L is positive. In other words, p is positive (since p = char L). Hence, p is a
prime (since p = char L is the characteristic of a field, and thus is either prime
or 0). This completes the proof of Lemma [2.1 (a).

(b) We know that char L = p is prime (by Lemma [2.1| (a)). Hence, L is a field
extension of IF,. This proves Lemma [2.1| (b).

(c) Lemma (b) shows that L is a field extension of IF,. Hence, L is an
IF,-vector space.

Let A € Fpandov e V.

We have A € F, =Z /pZ. Hence, there exists some n € Z such that A =7
(where 71 denotes the residue class of n modulo p). Consider such an n. We have
A =7 and thus Av =n D€ nV C V (because V is an additive group).

ev
Now, forget that we fixed A and v. We thus have shown that Av € V for every

A € Fyand v € V. Thus, V is an [F,-vector subspace of L (since we already
know that V is an additive subgroup of L). Moreover, V is finite-dimensional
(since V is finite). This proves Lemma [2.1] (c). O

ISee problem M6 in https://math.mit.edu/research/highschool/primes/materials/2015/
entpro2015math.pdf| .



https://math.mit.edu/research/highschool/primes/materials/2015/entpro2015math.pdf
https://math.mit.edu/research/highschool/primes/materials/2015/entpro2015math.pdf
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Lemma 2.2. Let p be a prime. Let L be a commutative IF,-algebra. Any two
elements u and v of L satisfy

(u+0) =uP +oF. (1)

Proof of Lemma 2.2| For every i € {1,2,...,p» — 1}, the binomial coefficient P
y p ;

is divisible by p (since p is prime), and thus reduces to 0 in L (since L is an
[Fp-algebra). In other words, for every i € {1,2,...,p — 1}, we have

(’:) —0 in L. 2)

But L is commutative. Hence, the binomial formula yields

p S p—1 L
(u+o)f =Y, (P) uol ™ =uf 4+ ) (P) u'oP~t 4o
i=0 \! i1 N

=0in L
(by (2))
here, we have split off the addends for i = 0
and for i = p from the sum

=uf +oP.
This proves Lemma O

Lemma 2.3. Let p be a prime. Let L be a commutative IF,-algebra. Any two
elements 1 and v of L and any n € IN satisfy

(u+o)" =uf" +o" (3)

Proof of Lemma Lemma 2.3| follows by induction on 7, using () and the fact

n n— p PR .
that w? = (wp 1) for every w € L and every positive integer n. O

2Here is the argument in more detail:
Proof of (3): We shall prove (B) by induction on n:
Induction base: Any u € L and v € L satisfy

0 .
(u+0)P = (u+o) (smce P’ = 1)
0 0
= u + v =uf +of.
N~ "
:ul:upo :vlzvpo
(since 1:p0) (since l:po)

In other words, (3) holds for n = 0. This completes the induction base.
Induction step: Let N € IN be positive. Assume that (3) holds for n = N — 1. We must now
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Lemma 2.4. Let p be a prime. Any A € [F;, satisfies

AP = A (4)

Proof of Lemma Let A € IF,. We must prove (@). If A = 0, then () is obviously
true. Hence, we WLOG assume that A # 0. Thus, A € F;, \ {0}.

The multiplicative group (FF,) " = F, \ {0} of the field F, has p — 1 elements
(since |Fp\ {0}| = |F,| =1 = p —1). Hence, the order of any element of this
——

=p

group (IFp) * divides p — 1 (by Lagrange’s theorem). In particular, the order of

the element A of (F,)”" divides p — 1 (since A € F,\ {0} = (F,)”). Hence,

AP=1 = 1. Now, AP = A AP~! = A. This proves (4). Thus, Lemma [2.4|is proven.
=1

Lemma 2.5. Let p be a prime. Any A € F, and any n € IN satisty
APT = ). (5)
Proof of Lemma Lemma [2.5| follows by induction on 7, using (4) and the fact

n n—1\ P
that AP = </U” 1) for every A € IF, and every positive integer 7. O

Lemma 2.6. Let p be a prime. Let L be a commutative IFy-algebra. Let f €
L [X] be a p-polynomial. Then,

futo)=f(u)+f(v) 6)

show that (3) holds for n = N.

Let u € L and v € L. We have assumed that (3) holds for n = N — 1. Hence, (3) (applied to
n =N —1)yields (u+ v)"’m1 = uP" " 40" But every w € L satisfies wP = (prA)p.
Applying this to w = u 4 v, we find

p

(u 4 Z))][,N _ (u n U)prl _ (uprl I va—l ) p
N————’

N-1 1

=ubP +va*

N-1\P N-1\ P
() )
:uPN :'UPN

(by (@), applied to uP" " and oP" " instead of u and v)
N N
= up + 'Up .

Thus, we have shown that (3) holds for n = N. This completes the induction step. The proof
of (3) is thus finished. In other words, Lemma [2.3]is proven.
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| foreveryu € Land v € L.

Proof of Lemma 2.6, We know that f € L [X] is a p-polynomial. Thus, f has the

d n
form f = Y a,X? for some d € IN and some ag, a1, ...,a; € L. Consider this d
n=0
and these ag,ay,...,a4. Every u € L and v € L satisfy

n=0 I n=0
—uyP oP

(by @)

d d d
= Y (0" 40" = Y Y- a0 = £ (1) + £ (o).
n=0 n=0 n=0 _
=f(u) =f(v)

This proves Lemma O

fu+o) = i an (u—i-v)pn (sincef = i gnxp”>

Lemma 2.7. Let p be a prime. Let L be a commutative IFy-algebra. Let f €
L [X] be a p-polynomial. Then,

f(Au) = Af (u) )

for every u € L and A € IF,.

Proof of Lemma 2.7, We know that f € L[X] is a p-polynomial. Thus, f has the

d n
form f = Y a,X? for some d € IN and some ag, 4y, ...,a; € L. Consider this d
n=0
and these ag, ay,...,a4. Every u € L and A € [F, satisfy

——

d n d n
f(Au) = ;)an (Au)P (sincef =Y a,X” )

N n nZO

=AP" ypP

d n n d n d n

=Y an AP uP =) a P =AY auuf = Af (u).
n=0 =\ n=0 n=0
by (5 ——
(by E) - o
(since Y anX”n:f)
n=0
This proves Lemma O

Definition 2.8. Let L be a commutative ring. For every polynomial f € L [X],
we let R (f) be the set of all roots of f (inside L).
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Lemma 2.9. Let p be a prime. Let L be a commutative IFy-algebra. Let f &
L [X] be a p-polynomial. Then,

R (f) is a [Fp-vector subspace of L. (8)

Proof of Lemma2.9, If u € L and v € L are such that f () = 0 and f (v) = 0,
then
fluto)=fu)+f(v) (by (@)
N~ N’
=0.

In other words, if u and v are two roots of f, then u + v is a root of f. In other
words, the set R (f) of all roots of f is closed under addition. Furthermore,
(applied to A = 0 and u = 0) yields f (0) = 0f (0) = 0. Hence, 0 is a root of f.
In other words, 0 € R (f).

Moreover, (7) (applied to A = —1) shows that f (—u) = —f (u) forevery u € L.
Hence, every u € R (f) must satisfy f (—u) = — &l = 0 and therefore

(since ;gR(f))

—u € R (f). In other words, the set R (f) is closed under taking negatives.

Now, we know that the set R (f) contains 0 (since 0 € R (f)) and is closed un-
der addition and taking negatives. In other words, R (f) is an additive subgroup
of L.

Finally, if u € R (f) and A € FFp, then (7) yields f (Au) = A &l =0

(since ZGR(f))

and therefore Au € R (f). Therefore, the set R (f) is an IF,-vector subspace of
L (since we already know that R (f) is an additive subgroup of L). This proves
Lemma O

Lemma 2.10. Let p be a prime. Let L be a commutative IF,-algebra. Let
f € L[X] be a p-polynomial. Then,

the derivative f’ of f equals the coefficient of f before X'. )

Proof of Lemma We know that f € L[X] is a p-polynomial. Thus, f has the

d n
form f = Y a,X? for some d € IN and some ag, a1, ...,a; € L. Consider this d
n=0

d
and these agp, ay,...,a4. From f = ) a, X?", we obtain

n=0
f = i a anp”—l — PO xP'-1 + i a p" xp'-1 = a0
= n = _ n = dg-
(since p|p")
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But this is clearly the coefficient of f before X'. Thus, Lemma is proven. [

Lemma 2.11. Let L be a field. If f € L[X] is a polynomial which has more
than deg f roots in L, then f = 0.

Proof of Lemma[2.11} This is a general (and well-known) fact about univariate
polynomials over a field: If the number of roots of such a polynomial exceeds
its degree, then the polynomial is 0. O

3. Proofs of Theorem 1.3

We now come to the proofs of Theorem

3.1. First proof

The following proof of Theorem [I.3|was found by Meghal Gupta in the PRIMES
2015 application contest:

First proof of Theorem We WLOG assume that V' # 0 (since otherwise, Theo-
rem is evident). Lemma (a) yields that the number p is prime. Lemma
(b) shows that the field L is a field extension of IF,. Lemma [2.1] (c) says that
the subset V' is a finite-dimensional Fj-vector subspace of L.
Now, let W be the polynomial J] (X +v) € L[X]. We need to prove that W
veV

is a p-polynomial.
Let (e1,e2, ..., ¢ex) be a basis of the IF,-vector space V. Thus, dim V = k, so that
_ 4k
V| =p"
There exists a nonzero vector (ag, a1, ...,a;) € Lk+1 satisfying

k o
Za]-ef "—0 foreveryie {1,2,...,k}. (10)
i=0

(Proof: Let us regard as a system of k homogeneous linear equations in
the k + 1 unknowns ag, ay, ..., ax over the field L. This system has at least one
solution (namely, (0,0,...,0)), and is underdetermined (since it has more un-
knowns than it has equations). Hence, it has at least one nonzero solution (where
“nonzero” means that at least one of ag,a,...,a; is nonzero). This means that
there exists a nonzero vector (ag,ay,...,a;) € L*t1 satisfying , ged.)

So let us fix some nonzero vector (ag,ay,...,ax) € LK1 satisfying (now
that we know that such a vector exists). Define a polynomial W € L[X] by

.k »
W=1) a]-ka ' Then, rewrites as follows:

j=0

W (e;) =0 foreveryi € {1,2,...,k}.
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In other words,

e, €ER (W) foreveryi € {1,2,...,k} (11)

(since R <W> is the set of all roots of W).

The polynomial W is not identically O (since (ag, a1, . . ., ax) is a nonzero vector).
Notice that “identically 0” means “all coefficients are 0”; this is not the same
thing as saying that W (x) = 0 for all x € L. (Actually, W (x) = 0 might hold for
all x € L is small enough!)

Also, W is a p-polynomial (by its very definition). Hence, (applied to
f = W) shows that R (17\7) is a IF,-vector subspace of L. Since this subspace

R <W> contains each vector in the basis (e1,e,...,e¢) of V (by ), we can
thus conclude that R <W> contains V as a subset. In other words, every w € V

is an element of R (VN\/>, thus a root of W. In other words, every w € V satisfies

W (w) = 0.
On the other hand, W = T[] (X + v). Hence, every w € V satisfies W (w) =0
veV

So we conclude that every w € V satisfies both W (w) = 0 and W (w) = 0.
Hence, every w € V satisfies

(W — a0W> (w) = W (w) —ag W (w) = 0.
N——" N——"
=0 =0
In other words, every w € V is a root of W —agW. Hence, the polynomial
W — agW has at least p* roots (since |V| = p¥).

The polynomial W is a product of |V| = p* terms of the form X + v, and
therefore is a monic polynomial of degree p*. Hence, both polynomials W and
apW have degree < pk, and moreover, their coefficients before xv are equal
(namely, both are ap). Therefore, the difference W —aoW is a polynomial of de-
gree < pX (since the equal coefficients before XP" cancel out in the subtraction).

In other words, deg <I/~V - a0W> < pF. But we have just proven that this differ-

ence W — apW has at least pk roots; thus, it has more than deg (W — aOW> roots

(since deg (W — a0W> < pf). Hence, Lemma [2.11| (applied to f = W — ayW)

3Proof. Let w € V. Then, —w € V (since V is an additive subgroup of L). Hence, the product

[T (w+ v) contains the factor w + (—w) (this is its factor for v = —w), which is 0. Therefore,

veV

the whole product ] (w + v) must be 0. Now, evaluating both sides of the equality W =
veV

IT (X+v) at X = w, we obtain W (w) = T (w+v) =0. Qed.

veV veV
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shows that W — agW = 0, so that W = agW. Since W is not identically 0, this

N 1 ~ ~
shows that ag # 0. Hence, W = ayW becomes W = a_W' But W is a p-
0

1 ~

polynomial. Hence, W is a p-polynomial (since W = a—W). Hence, Theorem
0

is proven. L]

3.2. Second proof

The following proof of Theorem appears in [Macdon92, (7.7)]; it was also
found by Jessica Lai in the PRIMES 2015 application contest:

Second proof of Theorem We WLOG assume that V' # 0 (since otherwise, The-
orem [1.3]is evident). Lemma [2.1] (a) yields that the number p is prime. Lemma
(b) shows that the field L is a field extension of IF,. Lemma (c) says that
the subset V' is a finite-dimensional IF,-vector subspace of L.

Now, let W be the polynomial [] (X +v) € L[X]. We need to prove that W
veV

is a p-polynomial.

Let (e1,e2, ..., ¢ex) be a basis of the IF,-vector space V. Thus, dim V = k, so that
V| = pk. Also, eq,ey,...,¢, are ]Fp—linearly independent.

Forevery n € {0,1,...,k}, we let m, be the n x n-matrix

0 1 n—1

P p P
610 ell eln 1
14 p P
ez ez Ce 62 c Lnxn
s
0 1 n—1
eh el ... eh

and we let 9, be the (1 + 1) x (n + 1)-matrix

0 1 n—1 n
A TR L
0 1 n—1 n
& ¢ &
: .. : i e (L [X])(ﬂ+1)><("+1) .
eﬁo ezl . 657171 eﬁn
xr° xrt oo xptt o xp"

These two matrices are related to each other by the following properties:

e The matrix m, consists of the first n rows and the first n columns of 9,,.

e The matrix m,; (for n < k) is obtained from 9, by substituting e, for
X.

10
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Now, we shall prove the followingﬂ

Lemma 3.1. Let L, V, p, (e1,e2,...,€), my and M, be as above.

Let n € {0,1,...,k}. Let V, be the IF,-vector subspace of V spanned by
e1,€e,...,ey. (In particular, Vj is spanned by nothing, and thus equals 0. On
the other hand, V|, = V)

(a) We have

det (M,) =det(m,)- [ (X+0).
veVy,

(b) The polynomial det (9M,,) € L [X] is a p-polynomial of degree < p", and
its coefficient before X*" is det (m;,).

The determinants det (m,,) are known as the Moore determinants, and we will
compute them soon enough. First, let us prove the above lemma:

Proof of Lemma (b) In the matrix 91, the indeterminate X appears only in the
last row. If we expand det (9),,) with respect to the last row (Laplace expansion),
then we obtain

n .
det (M) = Y X"'a;, (12)
j=0

where a; is the appropriate cofactor of M, (namely, (—1)"" times the determi-
nant of the matrix obtained from 9, by removing the (n + 1)-th row and the
(j +1)-th column). All of these cofactors ag,ay,...,a, belong to L (since they
are determinants of matrices whose entries all lie in L; here we are using the
fact that the indeterminate X appears only in the last row of 91,). Thus,
shows that det (901,,) is a p-polynomial of degree < p”. It also shows that its co-
efficient before X?" is a, = (—1)""7" det (m,) (because the matrix obtained from
M, by removing the (n+ 1)-th row and the (n + 1)-th column is m,). Since
(—1)"*" = 1, this simplifies to det (m,). This concludes the proof of Lemma
(b).

(a) Let f denote the polynomial det (") € L[X]. Lemma 3.1| (b) shows that
f is a p-polynomial of degree < p", and its coefficient before X?" is det (m,,).
Thus, (8) shows that R (f) is an IF,-vector subspace of L.

Letie {1,2,...,n}. We have

0 1 n—1 n
p p p p
610 611 eln 1 eln
p p P p
€& 6 ) )
f =det(9M,) = det : : : :
0 1 n—1 n
eh eh e en
XpO Xpl XP"A Xpn

4Lemma is a classical result; its part (a) is essentially [Goss98| Proposition 1.3.5 2)].

11
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Substituting e; for X in this equality, we obtain

0 1 n—1

p p 4 p

elO ell eln 1 eln

p 14 P P

) € €

fle)=det| : ;| =0

0 1 n—1 n

P P 14 P

e e e e

ZO ;ll ;ln—l 1;77

e. e. e e.

~
This matrix has two equal rows
(the last row and the i-th row)

In other words, ¢; € R (f) (recall that R (f) denotes the set of all roots of f).

Now, let us forget that we fixed i. We thus have shown that ¢; € R (f) for
every i € {1,2,...,n}. Since R (f) is an [F)-vector subspace of L, this yields
that R (f) contains the IF,-vector subspace of V spanned by ey, e,...,e, as a
subset. In other words, R (f) 2 V; (since the IF,-vector subspace of V spanned
by e, e, ..., eq is Vy).

But the vectors ey, ey, . . ., e are linearly independent. Hence, so are the vectors
e1,e,...,ey. Thus, the IF,-vector subspace V,, spanned by these latter vectors has
dimension 7. In other words, dim (V;,) = n, so that |V;,| = p".

Let ¢ denote the polynomial f —det(m,)- [] (X+v) € L [X]. Then, degg <

veV,
p Pl
Now, let w € V,,. Then, w € R (f) (since R (f) 2 V,) and thus f (w) = 0.
On the other hand, —w € V), (since w € V, and since V,, is a vector space).

Hence, the product [] (w + v) contains the factor w + (—w) = 0, and therefore

veV,
vanishes. Hence, f (w) —det(my)- [ ] (w+v) = 0. In other words, w is a root
\:’0'/ veV,

=0
of the polynomial f —det (m,)- [] (X+v) =g.
veV,
Now, let us forget that we fixed w. We thus have proven that every w € V,

is a root of the polynomial g. Thus, this polynomial g has at least |V,| = p"
roots. Hence, this polynomial ¢ has more than deg ¢ roots (since degg < p").

5Proof. As we know, the polynomial f has degree < p", and its coefficient before X*" is det (m,,).
On the other hand, [] (X 4+ v) is a monic polynomial of degree p" (since it is the product
veVy
of |V,| = p" terms of the form X + v), and therefore det (m,) - [] (X + v) is a polynomial
veVy
of degree < p" whose coefficient before X" is det (m,,).
So both polynomials f and det (m;) - [T (X + v) have degree < p", and their coefficients
veVy
before XP" are det (m,). Thus, their difference f — det(m,)- [I (X + ) has degree < p"
veVy
(since their equal coefficients before X?" cancel out when they are subtracted). In other
words, g has degree < p” (since g = f —det(my) - [] (X + 7)), qed.

veVy

12
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Applying Lemma to ¢ instead of f, we thus conclude that ¢ = 0. Since
g = f—det(my)- [l (X+0v), this rewrites as f —det(m,)- [ (X+v) =0.

veVy veVy
In other words, f = det(m,) - [] (X +v). Since f = det (), this means that
veV,
Lemma [3.1] (a) is proven. O

Now we can compute the Moore determinantﬂ

Corollary 3.2. Letn € {0,1,...,k}. Let L, V, p, (e1, ez, ...,¢€;), my and O, be
as above. Let V,, be as in Lemma 3.1
(a) We have

n

det(my,) =] J] (ei+0). (13)

i=1lveV; 4

(b) We have det (m,) # 0.

Proof of Corollary (a) Corollary [3.2] (a) is proven by induction over n.

The induction base (i.e., the case n = 0) is easy: If n = 0, then the left hand side
of is 1 (because mg is a 0 x 0-matrix, and the determinant of a 0 x 0-matrix
is defined to be 1), whereas the right hand side is also 1 (because it is an empty
product, and empty products too are defined to be 1).

Induction step: Fix n € {0,1,...,k —1}. Assume that

n

det(my,) =] J] (ei+0). (14)
i=1veV;_4
We now must prove that
n+1
det(muy1) =[] J] (ei+0). (15)
i=1veV,_4

Lemma [3.1] (a) shows that
det ("M,) = det (my,) - H (X +0) (16)

veV,
Recall that the matrix m,; is obtained from 9, by substituting e, for X.
Hence, det (m,;1) is obtained from det (9,) by substituting e, 1 for X. Thus,
substituting e, 1 for X in the equality yields

det(myy1) = det(my) - [ (eny1+0)

" veEVy,

=1 II (ei+o)

i=1veV;_4

(by (19)

n n+1
= (H I (€i+0))'n(en+1+v):ﬁ [T (ei+0).

i=lveV;,_4 veVy i=1veV;,_4

6Corollary is [Goss98, Corollary 1.3.7].
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This proves (I5), and thus completes the induction step. Corollary B.2](a) is thus
proven.

(b) We need to prove that det (m,) # 0. According to (13), this boils down to
showing that e; + v # 0 for every i € {1,2,...,n} and every v € V;_;. So let us
fixani € {1,2,...,n} and an v € V;_1. We need to show that e; + v # 0.

Assume the contrary. Thus, ¢; +v = 0. But V;_; (by definition) is the IF )-vector
subspace of V spanned by ej,e;,...,e;_1. Since v € V;_1, we thus can write v
as an [F,-linear combination of ey, ey, ...,e;_1. In other words, v = aje; + azex +
-+ +a;_1e;_1 for some ay, as,...,a;_1 € Fp. Consider these ay,ay,...,a;_1. Then,
e; + v = 0 becomes e; + ajeq + azep + - - - +a;_1e;_1 = 0. But this contradicts the
fact that ey, e, . .., ¢, are IFy-linearly independent. This contradiction proves that
our assumption was wrong. Hence, ¢; + v # 0 is proven. This completes the
proof of Corollary 3.2 (b). O

Now, Lemma [3.1] (b) (applied to n = k) yields that the polynomial det (90) €
L [X] is a p-polynomial of degree < p, and its coefficient before X7 is det (my).
But Lemma [3.1] (a) (applied to n = k) yields

det (M) =det (my) - [] (X+0) =det(my)- [] (X+0)
veV; veV
(since Vi = V). Since det (my) # 0 (by Corollary (b), applied to n = k), this
yields

1
vl;[/(X—l—v):m-det(ﬂﬁk).

Hence, J] (X +v) is a p-polynomial (since det (M) is a p-polynomial, while
veV

det (my) is just an element of L). This proves Theorem (1.3 again. O

3.3. Third proof

We shall soon give a third proof of Theorem This proof is more complicated
than the preceding ones, but it is (from certain viewpoints) the most natural,
and also possibly the oldest. It appears in [Ore33, proof of Theorem 7] and also
(implicitly) in [Macdon92]. In the PRIMES 2015 application contest, it was also
found by Mehtaab Sawhney:.

Before we come to this proof, let us prove a few more elementary facts:

Lemma 3.3. Let p be a prime. Let L be a commutative IF,-algebra. Any finitely
many elements uy,uy, ..., u; of L satisfy

(m+up+ -+ u)’ =ul +ul + -+ ul. (17)

Proof of Lemma This follows from (1)) by induction over k. O

14
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Lemma 3.4. Let p be a prime. Let L be a commutative [F,-algebra. Let ¢ €
L [X] be a p-polynomial. Then, g? is a p-polynomial as well.

Proof of Lemma We know that ¢ € L[X] is a p-polynomial. Thus, ¢ has the

d n
form g = Y a,XP for some d € IN and some ag, a1, ...,a; € L. Consider this d
n=0
and these ag, aq,...,4a,.

We know that L is a commutative IF,-algebra. Thus, L [X] also is a commuta-
tive IF-algebra. Now, any finitely many elements uy, u, ..., u; of L [X] satisfy

(u+up+ -+ u)’ =ul +ub + - +ul. (18)

(Indeed, this follows from Lemma [3.3] applied to L [X] instead of L.)

d n
From g = ) a,XV = aOXPO + alXF’1 4+ 4 adXF’d, we obtain
n=0

P P P P
gP = <aO)(P0.+.a1)(P1_F... +_ad)(Pd> = (go)(P0> + (glj(Pl) + -4 (ad)(Pd>

(by (18), applied to k = d + 1 and u; = gi_lxpi’l)

PP PP L gP P

=a, X +a3 XV P 4+ +a X

1 _x? _ it
d+1

= agXp1 —i—ai’X”z + .. +aZXp .

=XP

This is clearly a p-polynomial. Thus, Lemma 3.4}is proven. O
Lemma 3.5. Let p be a prime. We have

[T X—=2)=X"-X (19)
A€,

in the polynomial ring IF, [X].

Proof of Lemma[3.5] This is a well-known identity, and can be proven, e.g., by
comparing the roots and the leading terms of both sides. For the sake of com-

pleteness, let us give its proof in more details:
Let G be the polynomial [] (X —A) — (X —X) € F, [X].
A€F

&Fp
Both polynomials [] (X —A) and XP — X in the ring [F, [X] are monic poly-
AEF,
nomials of degree p (in fact, [] (X —A) is a product of |IF,| = p linear poly-
A€F,

nomials, and thus has degree p; it is furthermore monic because those linear

polynomials all are monic). Hence, their difference [] (X —A) — (X? —X) isa
A€,

15
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polynomial of degree < p (because the coefficients of X? in these two polyno-
mials cancel out when we subtract them). In other words, G is a polynomial of

degree < p (since G = [] (X —A)— (X? — X)). Thus, degG < p.
AEF,

But every p € IF;, satisfies

G (p) = [T (=2 - W -
AEF) >
This product has a zero factor (by @ ;\a:plghed

(indeed, its factor for A=p is p—u=0),
and thus equals 0

(since G= ] (X—A)—(XF— X))

A€,
=0—(up—u)=0.

In other words, each u € IF, is a root of the polynomial G. Thus, the polynomial

G has at least |F,| = p roots. Consequently, the polynomial G has more than

deg G roots (since deg G < p). But if a polynomial Q over a field has more than

deg Q roots, then Q must be 0. Applying this to Q = G, we conclude that G = 0.

Hence, [T (X—A)— (X —X) =G =0,sothat [] (X—A) = XV — X. This
A€TF, AelF,

proves Lemma 3.5, O

Lemma 3.6. Let p be a prime. We have

[T xX+AY) =X —Xxyrt (20)
A€EF,

in the polynomial ring FF, [X, Y].

Proof of Lemma Consider the ring IF, [X, Y] as a subring of the ring IF,, (X, Y)
of rational functions in X and Y. We can substitute X/Y for X in (19); as a

result, we obtain [] (X/Y —A) = (X/Y)? — X/Y. Multiplying both sides of
A€,

this equality by Y?, we obtain

YPTT (X/Y=A)=YP ((X/Y)P = X/Y) =XV — XYP~L.
A€lF,

16
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Thus,

XP—XyPl=yP [T (X/Y=2A) =[] (Y (X/Y - 7))
A€, A€Fy

—XZAY
(since the product has |F,| = p terms)

— [T x=AY) = [] (X+AY)

AeF, XeF,

(here, we have substituted A for —A in the product, since the map IF, — Fp, A —
—A is a bijection). This proves Lemma O

Lemma 3.7. Let p be a prime. Let L be a commutative [Fy-algebra. Let f €
L [X] be a p-polynomial. Then,

futo)=f(u)+f(v) (21)
for every u € L[X] and v € L [X].

Proof of Lemma The proof of Lemma [3.7)is analogous to the proof of Lemma
(except that u and v now belong to L [X] instead of L). O

Lemma 3.8. Let p be a prime. Let L be a commutative IFy-algebra. Let f €
L [X] be a p-polynomial. Then,

f(Au) = Af (u) (22)
for every u € L[X] and A € [Fp.

Proof of Lemma The proof of Lemma [3.§)is analogous to the proof of Lemma
(except that u now belongs to L [X] instead of L). O

We are now ready to prove Theorem [I.3|again:

Third proof of Theorem We WLOG assume that V' # 0 (since otherwise, The-
orem [1.3|is evident). Lemma (a) yields that the number p is prime. Lemma
(b) shows that the field L is a field extension of IF,. Lemma [2.1] (c) says that
the subset V' is a finite-dimensional F-vector subspace of L.

Now, we shall prove Theorem [1.3| by induction over dim V.

The induction base (that is, the case when dimV = 0) is easy and left to the
reader.

Induction step: Let N € IN. Assume (as the induction hypothesis) that Theorem
is proven in the case when dim V' = N. We must then show that Theorem
holds in the case when dimV = N + 1.

So let us assume that dimV = N + 1. Thus, dimV = N + 1 > 0; hence, V has
a nonzero element e. Fix such an e. Then, the IF,-vector subspace IFye of V has
dimension 1. By a basic fact in linear algebra, there exists a complement to the

17
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subspace [Fpe of the vector space V - that is, there exists an IF,-vector subspace
W of V such that V.= W @ FFpe (internal direct sum). Fix such a W.
From V = W @ Fpe, we obtain dimV = dimW + dim (Fye) = dimW +
~———
=1
1. Thus, dmW +1 = dimV = N +1, so that dimW = N. Hence (by our
induction hypothesis) Theorem can be applied to W instead of V. As a

result, we conclude that [] (X+v) € L[X] is a p-polynomial. Let us denote
veW
this p-polynomial by g. Thus,

I[] X+v) =g (23)

veW

From Lemma we conclude that g7 is a p-polynomial as well.

Now, V.= W @ Fpe. Thus, every v € V can be uniquely written in the form
w + Ae for some (w,A) € W x [F,. Thus, we can substitute w + Ae for v in the
product ] (X + v). We hence obtain

veV

[[X+0)= J] &X+w+ie)=]] [[ X+2Are+w)
0eV (WA)EWXEF, N AcF,weW
\ , =X+Ae+w
=11 TII
AeFp weW
=11 [] (X+Ae+0)
A€, veW ,
—g(X+1e)
(this follows by substituting X+Ae
for X in 23))
(here, we have renamed the index w as v)
=1 s&X+re =T]|gX)+  g(e)
AeF, — AeF, | T —~
=g(X)+g(Ae) =8 =Ag(e)
(by 1), applied to f=g, (by (22), applied to f=g
u=X and v=A\e) and u=ce)
-1
=[] (g+28(e)) =8"—g(g(e))’
A€,

(this follows by substituting g and g (e) for X and Y in (20)) .

But this is clearly a p-polynomial (since both ¢” and g are p-polynomials, while

(g (e))P"!is just a constant in L). Thus, we have proven that [] (X + v) is a p-
veV
polynomial. In other words, Theorem[I.3/holds in the case when dim V = N 1.

This completes the induction step, and Theorem [1.3|is proven once again. O

18
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4. Proofs of Theorem

4.1. First proof

First proof of Theorem We WLOG assume that V' # 0 (since otherwise, Theo-
rem [1.4]is evident). Let p = char L. Lemma 2.1 (a) yields that the number p is
prime. Lemma (b) shows that the field L is a field extension of IF,. Lemma
(c) says that the subset V' is a finite-dimensional IF,-vector subspace of L.
Define a polynomial W € L[X] by W = [] (X+v). Then, Theorem

veV
yields that the polynomial W is a p-polynomial. Hence, its derivative equals its

coefficient before X! (by (9), applied to f = W). But this coefficient is [] o.

veV\0
Thus, we know that the derivative of W equals [] ©v. Hence, W' (t) = T[] w.
veV\0 veV\0
On the other hand, since W = [] (X + v), the Leibniz formula yields
veV
[T (X+0)
W' = X+w) T[] X+0) = (X +0) = ev.
w;V — vle—II/; w;V UI;[/; ZUGZV X+w
= vFEW vFEW
1
(o) (5 ks
(vEV weV X+w
Applying this to X = t, we obtain
W (1) = (H <t+v>) ~ ( %)
veV weV tw
so that
1 1 1
DR wi = (TT45) (I o)
wey ttw Il (t+0) —~~— pev £+ veV\0
veV =11 v
S——~—" 0eV\0
B 1
_vlgv t+v
Rename the index w as v and obtain the claim of Theorem [

4.2. Second proof

The following alternative proof of Theorem was found by Meghal Gupta,
Mehtaab Sawhney, Brandon Epstein and Girishvar Venkal during the PRIMES
application contest 2015:
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Second proof of Theorem Define a polynomial f € L [X] by

=Y J] X+w) - J] o (24)

veVweV\{v} veV\{0}

Clearly, deg f < |V| —1 (since each of the products [] (X + w) has at most
weV\{v}

|V| — 1 terms).
Now, let u € V. We shall prove that f (u) = 0.
Indeed, substituting u for X in the identity (24), we obtain

fay=Y J] w+w) - J] @ (25)

veV weV\{v} veV\{0}

Since u € V, we have —u € V (since V is an additive group). Thus,

Y. ] w+w)y= J] @+w+ ), [ (w+w)

0eV wev\{o} weV\{—u} v;v; weV\{o}

This product contains the factor u+(—u)
(because —ucV\{v} (since —u€V and —u+#v))
and thus is 0 (because this factor is 0)

here, we have split off the addend for v = —u
from the sum

= JI @w+w+ Y o= [J] @+wy= ] »
weV\{—u} Uiv; weV\{—u} veV\{0}
VF—U
N —
=0
(here, we have substituted v for u + w in the product, since the map V \ {—u} —
V\ {0}, w— u+w is a bijection/). Therefore, rewrites as

fuy= J] o— J[ v=0.

veV\{0} veV\{0}

In other words, u is a root of f.

Now, let us forget that we fixed u. We thus have proven that every u € V is
a root of f. Thus, f has at least |V| roots. Since |V| > deg f (because deg f <
|V| — 1), this shows that f has more than deg f roots. According to Lemma
this entails that f = 0. Because of (24), this yields

Y J] X+w)= J] o

vV weV\{v} veV\{0}

Substituting t for X in this equality, we obtain

Y I t+w)= I «

veV weV\{o} veV\{0}

7Check this!
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Dividing both sides by [] (t+ w), we obtain
weV

GZV ‘If—{{ }(t+w) ‘1/—\1{0}0 1
[ we v (US

= — - ). "
IT (t+w) IT (t+w) (Zg/ter) (UE‘I/—\[{O} )

weV weV
1
- (17 A 11 0]
<06V E+ U) (veV\{O} )
Comparing this with
r I1 (t+w) [1 (t+w)
veV weV\{v} _ 2 weV\{v} _ Z 1
I1 (t+w) veV I1 (t+w) vEVt+U’
weV weV
1
t+o
we obtain
1 1
L= (Tl ) | IO o)
A <v€V E+ U) (veV\{O} )
This proves Theorem [1.4| again. O

4.3. A generalization

The second proof of Theorem shown above can be easily adapted to the
following generalization:

Theorem 4.1. Let V be a finite additive subgroup of a field L. Let s € L [X] be
a polynomial of degree < |V| —1. Lett € L\ V. Then,

z%%(nig)(r10$<w

VeV veV veV\0

Proof of Theorem 1.4, The polynomial s (—X) has degree < |V| —1 (since the
polynomial s has degree < |V| —1).
Define a polynomial f € L [X] by

f=Ysw@ JI] (X+w)—( I v)-s(—X). (26)

veV weV\{v} veV\{0}
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Clearly, deg f < |V| —1 (since each of the products [] (X + w) has at most
weV\{v}
|V| — 1 terms, and since the polynomial s (—X) has degree < |V| —1).
Now, let u € V. We shall prove that f (u) = 0.
Indeed, substituting u for X in the identity (26), we obtain

veEV weV\{v} veV\{0}

fu)=Y s T[] (u+w>( I1 v)-sw). 27)

Since u € V, we have —u € V (since V is an additive group). Thus,

Yse) [1 (wtw)

veV weV\{v}
—s(-u) [T @+w)+ ¥ s(o) T (u+w)
weV\{—u} ZJ;V; weV\{v}
vE—U -

This product contains the factor u+(—u)
(because —ueV\{v} (since —ueV and —u+#v))
and thus is 0 (because this factor is 0)

here, we have split off the addend for v = —u
from the sum

=s(—u) J] @+w)+ ) s(v)0

weV\{—u} veV;
vE—1U
=0
=s(—u) J] @+w)=s(-u) [] v
weV\{—u} veV\{0}

(here, we have substituted v for 1 + w in the product, since the map V \ {—u} —
V\{0}, w—u+wisa bijectio. Therefore, rewrites as

fu)=s(—u) J] v( I v)-s(u)O.

veV\{0} veV\{0}

In other words, u is a root of f.

Now, let us forget that we fixed u. We thus have proven that every u € V is
a root of f. Thus, f has at least |V| roots. Since |V| > deg f (because deg f <
|V| — 1), this shows that f has more than deg f roots. According to Lemma
this entails that f = 0. Because of (26), this yields

Y os(v) J] (X+w)( I v)-s(X).

veV weV\{v} veV\{0}

8Check this!
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Substituting t for X in this equality, we obtain

Y. s(v) T (H—w)( I v)-s(t).

veV weV\{v} veV\{0}

Dividing both sides by [] (t + w), we obtain
weV

rs() II (t+w) (H v)-S(—t)

VeV weV\{o} veV\{0}
1 (t+w) B 1 (t+w)
weV weV

1
B (zgvt‘f’—w> | (061/—\1{0}0) .S(_t)

1
N (zg/t—l—U) ' (Uey\[{mv) s

Comparing this with

ZVS(U) R{}(Hw) R{}(Hw) (v)
veE we [ we 14 S(0
N TR y e i Mot
weV \ weV ,
B 1
t+o
we obtain
Z S(U) — <1—I 1 ) . 1—[ o) S(_t)
sev it \jevtto 0eV\{0}
This proves Theorem [4.1} O

Theorem [1.4]is the particular case of Theorem 4.1/ for s = 1.

5. Proofs of Theorem [1.5

Many of the facts shown in Section [2] have analogues in which IF, is replaced
by IF;. In preparation for the proof of Theorem we shall now prove some of
these analogues:
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Lemma 5.1. Let g > 1 be a prime power. Let L be a commutative IF -algebra.
Any two elements u and v of L satisfy

(u+0)1 =ul+ o, (28)

Proof of Lemma We know that g > 1 is a prime power. In other words, g = pV

for some prime p and some positive integer N. Consider these p and N. Now,
IF, is a [F,-algebra (since g = pN). Hence, L is a commutative F,-algebra. Let

u € Land v € L. Applying (3) to n = N, we obtain (u + v)pN — uP" +oP". Since
g = p", this rewrites as (u + v)7 = u7 + v4. This proves Lemma O

Lemma 5.2. Let g > 1 be a prime power. Let L be a commutative IF -algebra.
Any two elements u and v of L and any n € IN satisfy

(u+0)" =ul" 407" (29)

Proof of Lemma To obtain a proof of Lemma just replace every “p” by a

“"_r

q” in the proof of Lemma and replace the reference to (I) by a reference to
(28). O

Lemma 5.3. Let g4 > 1 be a prime power. Any A € IF, satisfies
A=A, (30)

Proof of Lemma To obtain a proof of Lemma just replace every “p” by a
“q” in the proof of Lemma O

Lemma 5.4. Let g4 > 1 be a prime power. Any A € [F; and any n € IN satisfy

AT = A (31)

Proof of Lemma To obtain a proof of Lemma just replace every “p” by a

“" 7

q” in the proof of Lemma 2.5, and replace the reference to () by a reference to
(30). u

Lemma 5.5. Let g > 1 be a prime power. Let L be a commutative IF,-algebra.
Let f € L [X] be a g-polynomial. Then,

flutv)=f(u)+f(v) (32)

forevery u € Land v € L.
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a“o_.7

Proof of Lemma To obtain a proof of Lemma just replace every “p” by a

“" 7

q” in the proof of Lemma and replace the reference to (3) by a reference to

9.

Lemma 5.6. Let g > 1 be a prime power. Let L be a commutative IF -algebra.
Let f € L [X] be a g-polynomial. Then,

f(Au) = Af (u) (33)

for every u € L and A € .

£“_.7

Proof of Lemma To obtain a proof of Lemma just replace every “p” by a

q” in the proof of Lemma and replace the reference to (5) by a reference to
(31). O

Lemma 5.7. Let g > 1 be a prime power. Let L be a commutative IF;-algebra.
Let f € L[X] be a g-polynomial. Then,

R (f) is a [F;-vector subspace of L. (34)

Proof of Lemma 5.7} To obtain a proof of Lemma [5.7] just replace every “p” by

a “q” in the proof of Lemma [2.9] and replace the references to (6) and (7) by
references to (32) and (33).

Lemma 5.8. Let g > 1 be a prime power. Let L be a commutative IF;-algebra.
Let f € L[X] be a g-polynomial. Then,

the derivative f’ of f equals the coefficient of f before X'. (35)

Proof of Lemma To obtain a proof of Lemma just replace every “p” by a

q” in the proof of Lemma and then replace the words “(since g | 4")” by
“(since char (F;) | g | 4" and thus g" = 0 in [F,)”. O

Proof of Theorem[1.5, We know that g > 1 is a prime power. In other words,
g = p" for some prime p and some positive integer N. Consider these p and N.
We have char (F,) = p (since g = p™).

In order to obtain a proof of Theorem it suffices to take any of our three
proofs of Theorem [I.3} and replace every appearance of “p” by “q” while si-

multaneously replacmg all references to . @), @ @ @) . ©, Lemma
and Lemma 2.7] by references to (28), [29), ., @1), B2), B , B4), (35),

Lemma and Lemma m ’| Thus, three different proofs of Theorem (1.5 can be
obtamed O

9Here we are regarding Lemma Lemma Lemma Lemma Lemma Lemma
(as well as the proofs of these lemmas) as parts of the proof. So the same replacements
must be made inside these lemmas and inside their proofs.
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6. Proofs of Theorem

First proof of Theorem[1.6] As we have seen above, each of our three proofs of
Theorem [1.3|can be turned into a proof of Theorem [1.5 by certain replacements.
In particular, applying these replacements to the third proof of Theorem we
obtain a proof of Theorem It is straightforward to observe that the latter
proof of Theorem doubles as a proof of Theorem (i.e., it works just as
well if L is a commutative IF;-algebra instead of being a field extension of Fy).
Thus, Theorem [1.6)is proven. O

Second proof of Theorem We can also derive Theorem (1.6 from Theorem [1.5/as
follows:

The F;-vector space V is finite, and thus finite-dimensional. Hence, it has a
basis (eq, €2, ..., en). Fix such a basis.

Let M be the [F;-algebra F; [X1, X», ..., X;] (the polynomial ring over IF; in n
indeterminates X1, Xy, ..., X;). Then, the universal property of the polynomial
ring M shows that there exists a unique F;-algebra homomorphism ® : M — L
satisfying

(@ (X;) =¢; foreveryi e {1,2,...,n}). (36)

Consider this ®.
Let N = IF; (Xy,X,...,Xy) be the fraction field of M. This N is clearly
a field extension of IF;. Let W be the IF;-vector subspace of M spanned by
X1,X2,...,Xy. Then, W € M C N. Also, the [Fj-vector space W is finite-
dimensional, and thus finite. Hence, Theorem [1.5| (applied to N and W instead
of L and V) yields that [] (X+v) € N[X] is a g-polynomial. In other words,
veW

[T (X+v) € M[X]is a g-polynomial (since [] (X + v) belongs to M [X] (be-
ew veW
Zause W C M)).

The F;-vector space W has basis (X1, X2, ..., Xn), whereas the IF,-vector space
V has basis (e1,e,...,e,). The map ® : M — L sends the former basis to the
latter basis (because of (36)). Hence, the map @ restricts to an FF-vector space
isomorphism W — V. In other words, the map W — V, v — ®(v) is well-
defined and is an IF;-vector space isomorphism. In particular, this map is a
bijection.

But the FF -algebra homomorphism & : M — L canonically induces an [F, [X]-
algebra homomorphism @ [X] : M [X] — L[X] [ This latter homomorphism
® [X] clearly sends g-polynomials to g-polynomials. In other words, if f € M [X]

19Explicitly, this homomorphism & [X] is given by

(@ [X]) (Z ﬂiXi> =) @)X

i>0 i>0

for every polynomial ¥ ;X! € M [X] (with a; € M).
i>0
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is a g-polynomial, then (® [X]) (f) € L[X] is a g-polynomial. Applying this

to f = JI (X+v), we conclude that (P [X]) ( IT (X—i—v)) € L[X] is a g-
veW veW
polynomial. Since

veW veW veV
( here, we have substituted v for ® (v) in the )

(@ [X]) (]—I (X+v)> =[] X+@(@)=]](X+0)

product, since the map W — V, v — & (v)
is a bijection

7

this rewrites as follows: [] (X+v) € L[X] is a g-polynomial. Thus, Theorem
veV

is proven again. O

We note in passing that Lemma 3.1/ and Corollary 3.2| (a) can also be general-
ized to the situation where L is just a commutative IF,-algebra (not necessarily
a field). Again, the generalizations can be derived from the original statements
using the same trick that we used in our second proof of Theorem
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