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Abstract. We extend the periodicity of birational rowmotion for rectan-
gular posets to the case when the base field is replaced by a noncommutative
ring (under appropriate conditions). This resolves a conjecture from 2014.
The proof uses a novel approach and is fully self-contained.

Consider labelings of a finite poset P by |P| + 2 elements of a ring K:
one label associated with each poset element and two constant labels for the
added top and bottom elements in P. Birational rowmotion is a partial map
on such labelings. It was originally defined by Einstein and Propp [EinProl3]
for K = R as a lifting (via detropicalization) of piecewise-linear rowmotion,
a map on the order polytope O(P) := {order-preserving f : P — [0, 1]}.
The latter, in turn, extends the well-studied rowmotion map on the set of
order ideals (or more properly, the set of order filters) of P, which correspond
to the vertices of O(P). Dynamical properties of these combinatorial maps
sometimes (but not always) extend to the birational level, while results proven
at the birational level always imply their combinatorial counterparts. Allowing
K to be noncommutative, we generalize the birational level even further, and
some properties are in fact lost at this step.

In 2014, the authors gave the first proof of periodicity for birational row-
motion on rectangular posets (when P is a product of two chains) for K a
field, and conjectured that it survives (in an appropriately twisted form) in
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the noncommutative case. In this paper, we prove this noncommutative peri-
odicity and a concomitant antipodal reciprocity formula. We end with some
conjectures about periodicity for other posets, and the question of whether
our results can be extended to (noncommutative) semirings.

It has been observed by Glick and Grinberg that, in the commutative case,
periodicity of birational rowmotion can be used to derive Zamolodchikov pe-
riodicity in the type AA case, and vice-versa. However, for noncommutative
K, Zamolodchikov periodicity fails even in small examples (no matter what
order the factors are multiplied), while noncommutative birational rowmotion
continues to exhibit periodicity. Thus, our result can be viewed as a lateral
generalization of Zamolodchikov periodicity to the noncommutative setting.

Keywords: rowmotion; posets; noncommutative rings; semirings; Zamolod-
chikov periodicity; root systems; promotion; trees; graded posets; Grassman-
nian; tropicalization.
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Introduction

The goal of this paper is to extend the periodicity of birational rowmotion for rectangular
posets to the case when the base field is replaced by a noncommutative ring (under
appropriate conditions). This resolves a conjecture from 2014. The proof uses a novel
approach (even in the commutative case) and is fully self-contained.

Let P be a finite poset, and let P be the same poset with two extra elements added:
one global minimum and one global maximum. For the time being, let K be a field. A
K-labeling of P means a map from P to K; we view it as a way of labeling each element
of P by an element of K. Birational rowmotion, as studied conventially, is a rational
map R on such labelings (i.e., a rational map R : KP --» K). It was introduced by
Einstein and Propp [EinProl3] for K = R, generalizing (via the tropical limit!') the well-
studied combinatorial rowmotion map on order ideals of P [BrSchr74, StWill, ProRob13,
ThoWil19].

Birational rowmotion can be defined as a composition of “toggles”: For each v € P, we
define the v-toggle as the rational map T, : K --» K that modifies a K-labeling f by
changing the label f (v) to?

-1

DBFAOR RIVECH Il I DAV ()

ueﬁ; UGIS;
u<v u>v

1See [Kirill00, Section 4.1] for what we mean by the “tropical limit” here, and [KirBer95] for one of
the earliest example of detropicalization (i.e., the generalization of a combinatorial map to a rational
one).

2The notations < and > mean “covered by” and “covers”, respectively (see Sections 1 and 3 for details).
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while leaving all the other labels of f unchanged. Now, birational rowmotion R is the
composition of all the v-toggles, where v runs over the poset P from top to bottom. (That
is, we pick a linear extension (v, v, ...,v,) of P, and set R=1T, oT,,0---0T, .)

Dynamical properties at the combinatorial level sometimes extend to higher levels, while
results proven at the birational level always imply their combinatorial counterparts. In
particular, while combinatorial rowmotion always has finite order (since it is an invertible
map on a finite set), there is no reason to expect periodicity at all at the higher levels.
Indeed, for many nice posets, birational rowmotion has infinite order, including for the
Boolean algebra of order 3 (or those in [Roby15, Fig. 6]), and there are only a few infinite
classes where it appears to have finite order (mostly posets associated with representation
theory, e.g., root or minuscule posets). In these cases the order of birational rowmotion
is generally the same as for combinatorial rowmotion, e.g., p + ¢ for P = [p] x [q].

In 2014, the authors gave the first proof of periodicity of birational rowmotion for
rectangular posets (i.e., when P is a product of two chains) and K a field [GriRob14].
The main idea of this proof was to embed the space of labelings into an appropriate
Grassmannian (where in each “sufficiently generic” K-labeling, the labels can be expressed
as ratios of certain minors of a matrix) and use particular Pliicker relations to derive the
result. There were several serious technical hurdles to overcome.

The definition of birational rowmotion relies entirely on addition, multiplication and
inverses in K. Thus, it is natural to extend it to the case when K is a ring (not necessarily
commutative), or even just a semiring. (At this level, birational rowmotion is no longer a
rational map, just a partial map.) However, there is no guarantee that the properties of
birational rowmotion survive at this level for every poset; and indeed, sometimes they do
not (see, e.g., Example 13.9). However, in 2014, the authors experimentally observed that
the periodicity for rectangular posets appears to hold even in this noncommutative setting,
as long as it is appropriately modified: After p+ ¢ iterations of birational rowmotion, the
labels are not returned to their original states, but rather to certain “twisted variants”
thereof (resembling, but not the same as, conjugates). See Example 3.19 to get the sense
of this.

Strikingly, this noncommutative generalization has resisted all approaches that have
previously succeeded in the commutative case. The determinantal computations involved
in the proof in [GriRob14] can be extended to the noncommutative setting using the
quasideterminants of Gelfand and Retakh, but it seems impossible to make a rigorous
proof out of it (lacking, e.g., any useful notation of Zariski topology in this setting,
it is not clear what it means for a K-labeling to be “generic”). The alternative proof
of commutative periodicity found by Musiker and Roby [MusRob17] (via a lattice-path
formula for iterates of birational rowmotion) could not be generalized as well. Thus the
noncommutative case remained an open problem.?

3This is not the first time that rational maps in algebraic combinatorics have been generalized to the
noncommutative case; some other instances are [[yuShk14, BerRet15, Rupell7, GonKon21]. Each
time, the generalizations have been much harder to prove, not least because very little of the commu-
tative groundwork is (currently?) available at the noncommutative level. For instance, it is insufficient
to work over the “free skew fields”, since an identity between rational expressions can be true in all
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At some point, Glick and Grinberg noticed that the Y-variables in the type- AA Zamolod-
chikov periodicity theorem of Volkov [Volk06] could be written as ratios of labels under
iterated birational rowmotion [Robyl5, § 4.4]; this allows the periodicity in one setting
to be derived from that in the other (with some work). However, for noncommutative
K, Zamolodchikov periodicity fails even in small examples such as r = 7’ = 2 (no matter
what order we multiply the factors), while noncommutative birational rowmotion contin-
ues to exhibit periodicity. This approach is therefore unavailable in the noncommutative
case as well.

In this paper, we prove the periodicity of birational rowmotion and a concomitant
antipodal reciprocity formula over an arbitrary noncommutative ring. The proof proceeds
from first principles, by studying certain values V7 and Aj and their products along
paths in the rectangle. At the core of the proof is a “conversion lemma” (Lemma 9.2),
which provides an identity between a certain sum of ¥V} products and a certain sum of
A} products for the same ¢; this equality does not actually depend on the concept of
rowmotion and might be of interest on its own. Another important step is the reduction
of the reciprocity claim to the labels on the “lower boundary” of the rectangle (i.e., to the
labels at the elements of the form (7,1) and (1, 7)). This reduction requires subtraction,
which is why we are only addressing the case of a ring, not of a semiring; the latter
remains open.

A few words are in order about the relation between our birational rowmotion and a
parallel construction. Combinatorial rowmotion seems first to have been defined not on
the set J (P) of order ideals of P, but rather on the set A (P) of antichains of P [BrSchr74].
The standard bijection between J(P) and A(P) (by taking maximal elements of I € J(P)
or saturating down from an antichain) makes it easy to go between the two maps and
to see that they have the same periodicity. However, some dynamic properties (e.g.,
homomesy) that depend on the sets themselves are not so easily translated. Just as
Einstein and Propp lifted combinatorial rowmotion on J (P) to a birational map and
we continued to the noncommutative context, Joseph and Roby did a parallel lifting
on the antichain side: from antichain rowmotion to piecewise-linear rowmotion on the
chain polytope, C(P), to birational antichain rowmotion, and finally to noncommutative
antichain rowmotion [JosRob20, JosRob21]. In particular they lifted “transfer maps”
(originally defined by Stanley to go between O(P) and C(P) [Stan86]) from the piecewise-
linear to the birational and noncommutative realms. These serve as equivariant bijections
at each level, thus showing that periodicity at each level is equivalent for the order-
ideal and antichain liftings. But they were unable to find a new proof of periodicity
for the piecewise-linear and higher levels, relying instead on the periodicity results for
birational order-ideal rowmotion to deduce it for birational antichain rowmotion. They
also lifted a useful invariant, the Stanley—Thomas word, which cyclically rotates with
antichain rowmotion at each level. At the combinatorial level, this gives an equivariant
bijection that proves periodicity [ProRob14, § 3.3.2]; however, it is no longer a bijection at

skew fields yet fail in some noncommutative rings (such as the identity x (ym)_l y = 1). For this
reason, while natural from an algebraic point of view, the noncommutative setting is only recently
and slowly getting explored.
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higher levels. Our paper completes the story in the case of a ring: Via the transfer maps
mentioned above, the periodicity of noncommutative birational order-ideal rowmotion
entails the periodicity of noncommutative birational antichain rowmotion.

The paper is structured in a fairly straightforward way: In the first sections (Sections
1 to 3), we introduce our noncommutative setup and define birational rowmotion in it.
These include technicalities about partial maps and the definition of noncommutative
toggles. In Section 4, we state our main results. In the sections that follow, we build an
arsenal of lemmas to prove these results; the proofs are completed in Section 11. (The
structure of the proof is outlined at the end of Section 4.) In Sections 12 and 13, we
discuss avenues for further work: a possible generalization to semirings and conjectured
periodicity claims for other posets. In the final Section 14, we apply our techniques to
arbitrary posets (not just rectangles), obtaining two identities.

A 12-page survey of the results of this paper (with the main steps of the proof outlined)
can be found in the extended abstract [GriRob23].

0.1. Remark on the level of detail

This paper comes in two versions: a regular one and a more detailed one. The regular ver-
sion is optimized for readability, leaving out the more straightforward parts and technical
arguments. The more detailed version has many of them expanded.

This is the more detailed version of the paper. The two versions share the same .tex
file, with the only difference that there are two lines in the preamble of the file which need
to be modified in order to switch between the short and the detailed version. Namely,
these lines are
\excludecomment{verlong}

\includecomment{vershort}

for the short version and

\includecomment{verlong}

\excludecomment{vershort}

for the detailed one. It is also available on the arXiv page of this paper.
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1. Linear extensions of posets

This section collects a few standard notions concerning posets and their linear extensions,
needed to define the main characters of our paper. Readers familiar with the subject may
wish to skip forward to Section 2 or Section 3. We start by defining general notations
identical with those in [GriRobl4], to which we refer the reader for commentary and
comparison to other references.

| Convention 1.1. We let N denote the set {0,1,2,...}.

Definition 1.2. Let P be a poset, and u,v € P.

(a) We will use the symbols <, <, > and > to denote the lesser-or-equal relation, the
lesser relation, the greater-or-equal relation and the greater relation, respectively,
of the poset P. (Thus, for example, “u < v” means “u is smaller than v with
respect to the partial order on P”.)

(b) The elements u and v of P are said to be incomparable if we have neither u < v
nor u = v.

(c) We write u < v if we have v < v and there is no w € P such that u < w < v.
One often says that “u is covered by v” to signify that u < v.

(d) We write u > v if we have u > v and there is no w € P such that u > w > v.
(Thus, u > v holds if and only if v < u.) One often says that “u covers v” to
signify that u > v.

(e) An element u of P is called mazimal if every w € P satisfying w > u satisfies
w = u. In other words, an element u of P is called mazimal if there is no w € P
such that w > w.

(f) An element u of P is called minimal if every w € P satisfying w < u satisfies
w = u. In other words, an element u of P is called minimal if there is no w € P
such that w < u.

These notations may become ambiguous when an element belongs to several different
posets simultaneously. In such cases, we will disambiguate them by adding the words
“in P” (where P is the poset which we want to use).?
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Convention 1.3. From now on, for the rest of the paper, we fix a finite poset P.
Most of our results will concern the case when P has a rather specific form (viz., a
rectangular poset, i.e., a Cartesian product of two finite chains), but we do not assume
this straightaway:.

Definition 1.4. A linear extension of P will mean a list (v, v, ..., v,,) of the elements
of P such that

e cach element of P occurs exactly once in this list, and

e any i,j € {1,2,...,m} satisfying v; < v; (in P) must satisfy i < j (in Z).

A linear extension of P is also known as a topological sorting of P.
We will use the following well-known fact:

I Theorem 1.5. There exists a linear extension of P.

Definition 1.6. The set of all linear extensions of P will be called £ (P). Thus,
L (P) # @ (by Theorem 1.5).

The reader can easily verify the following proposition:

Proposition 1.7. Let (vy,vq,...,v,) be a linear extension of P. Let i €
{1,2,...,m — 1} be such that the elements v; and v;; of P are incomparable. Then
(U1, V9, .+« Vi1, Vit1, Vi, Vit Vixs, - - -, Upy) (this is the tuple obtained from the tuple
(v1,v2,...,vy) by interchanging the adjacent entries v; and v;41) is a linear extension

of P as well.

We will also use the following folklore result:®

Proposition 1.8. Let ~ denote the equivalence relation on L (P) generated by
the following requirement: For any linear extension (vq,vs,...,v,) of P and any
i € {1,2,...,m — 1} such that the elements v; and v;,; of P are incomparable, we
set

(Ul,?]g, PN ,'Um) ~ (Ul,UQ, e Ui—1,Vi41, 05, Vit2, Vg3, ..« 7Um) .

Then any two elements of £ (P) are equivalent under the relation ~.

Proofs of Proposition 1.8 can be found in [GriRob14, Proposition 1.7], in [AyKlSc12,
Proposition 4.1 (for the 7’ = 77; case)|, in [Etienn84, Lemma 1] and in [Gyoja86, Lemma

4For instance, if R denotes the poset Z endowed with the reverse of its usual order, then we say (for
instance) that “0 > 3 in R” rather than just “0 > 3” (to avoid mistaking our statement for an absurd
claim about the usual order on Z).

5Particular cases of Proposition 1.8 have a tendency to appear in various parts of combinatorics; see
[DefKra21, Proposition 1.3] for a few such references.
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4.2]°. See also [Naatz00, Proposition 2.2] for a stronger claim (describing a shortest
way to transform a given linear extension into another by successively swapping adjacent
incomparable entries).

Another well-known fact says that any nonempty finite poset has a minimal element
and a maximal element. In other words:

Proposition 1.9. Assume that P # &. Then:

(a) The poset P has a minimal element.

(b) The poset P has a maximal element.

Proof sketch. (a) For any p € P, let n, denote the number of all ¢ € P satistying ¢ < p.
Argue that if a,b € P are two elements satisfying a < b, then n, < n; (since any q € P
satisfying ¢ < a must also satisfy ¢ < b, and furthermore the element a satisfies a < b but
not a < a). Use this to conclude that any element p € P with minimum n, must be a
minimal element of P.

(b) The proof is analogous to the proof of part (a); just replace some (not alll) “<”
signs by “>” signs. O

2. Inverses in rings

Convention 2.1. From now on, for the rest of this paper, we fix a ring K. This ring
is not required to be commutative, but must have a unity and be associative.

For example, K can be Z or Q or C or a polynomial ring or a matrix ring over any of these.
In almost all previous work on birational rowmotion (with the exception of [JosRob20)]
and [JosRob21]), only commutative rings (and, occasionally, semirings) were considered;
by removing the commutativity assumption, we are invalidating many of the methods
used in prior research. We suspect that the level of generality can be increased even
further, replacing our ring K by a semiring (i.e., a “ring without subtraction”); however,
this poses new difficulties which we will not surmount in the present work. (See Section
12 for more about this.)

Even as we do not assume our ring K to be a division ring, we will nevertheless take
multiplicative inverses of elements of K on many occasions. These inverses do not always
exist, but when they do exist, they are unique; thus, we introduce a notation for them:

SNote that the sources [AyKISc12], [Etienn84] and [Gyoja86] define linear extensions of P as bijections

B:{1,2,...,n} — P (where n = |P|) whose inverse map 37! is order-preserving. This is equivalent
to our definition (indeed, if 8 : {1,2,...,n} — P is a linear extension of P in their sense, then the
list (B(1), B(2), ..., B(n)) is a linear extension of P in our sense).
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Definition 2.2. Let a be an element of K.

(a) An inverse of a means an element b € K such that ab = ba = 1. This inverse is
unique when it exists, and will be denoted by @. (A more standard notation for
it is a~!, but we prefer the notation @ since it helps keep our formulas short.)

(b) We say that the element a of K is invertible if it has an inverse.

The following well-known properties of inverses will often be used without mention:

Proposition 2.3.

(a) If @ is an invertible element of K, then its inverse @ is invertible as well, and its
inverse is @ = a.

(b) If @ and b are two invertible elements of K, then their product ab is invertible as
well, and its inverse is ab = b - @.

(c) Ifay,as,...,an are several invertible elements of K, then their product ajas - - - a,,
is invertible as well, and its inverse is a1as -~ Ay = Gy - Q1+ -+ - Q7.

The converse of Proposition 2.3 (b) does not necessarily hold: A product ab of two
elements a and b of K can be invertible even when neither a nor b is”.
The next property of inverses is less well-known:®

Proposition 2.4. Let a and b be two elements of K such that a+ b is invertible. Then:
(a) Wehavea-a+b-b=b-a+b-a.

(b) If both a and b are invertible, then @+ b is invertible as well and its inverse is

a+b=a-a+0b-b.

Proof. (a) Comparing

with

a-a+b-a+b-a+b-a=(a+b)-a+b-a=a,
—_—
=1

"See https://math.stackexchange.com/questions/627562 for examples of such situations.
8Proposition 2.4 (a) will not be used in what follows, but its proof provides a good warm-up exercise
in manipulating inverses in a noncommutative ring.
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we obtain
a-a+b-ata-a+b-b=a-a+b-a+b-a+b-a.

Subtracting a-a + b-a from both sides of this equality, we obtaina-a+b-b=0b-a+b-a.
This proves Proposition 2.4 (a).

(b) Assume that both a and b are invertible. Set z := @ +b andy:=a-a+b-b
From z = @+ b, we obtain z-a = (6 + b) -a = _aa +ba =1+ ba. Comparing this with
=1

b-(a+b)=ba+ _bb =ba+1=1+ba,

=1

we obtain z-a = b- (a +b). Now, from y = a-a + b - b, we obtain

v-y= x-a -a+b-b=>b-(a+b)-a+b-b=>b-b=1.
bt —_—
=b-(a+b) =1

Furthermore, from z = @ + b, we obtain b-x = b - (6—1—1_)) = ba +
Comparing this with

(a+0b)-a= aa +ba=1+ba=ba+1,
=1

we obtain b - x = (a+b) - @. Now, from y = a-a+ b- b, we obtain

From z -y = 1 and y - 2 = 1, we conclude that y is an inverse of z. In other words,
a-a+0b-bisan inverse of a+b (sincex =a+bandy =a-a+b-b). Thus, a+bis

invertible and its inverse is @ + b = a - a + b - b. This proves Proposition 2.4 (b). O

3. Noncommutative birational rowmotion

In this section, we introduce the basic objects whose nature we will investigate: label-
ings of a finite poset P by elements of a ring, and a partial map between them called
“birational rowmotion”. These labelings generalize the field-valued labelings studied in
[GriRob14], which in turn generalize the piecewise-linear labelings of [EinProl3], which
in turn generalize the order ideals of P. Many of the definitions that follow will imitate
analogous definitions made (in somewhat lesser generality) in [GriRob14].

3.1. The extended poset p
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Definition 3.1. We define a poset P as follows: As a set, let P be the disjoint union
of the set P with the two-element set {0, 1}. The smaller-or-equal relation < on P will
be given by

(a<b)<=((aecPandbe Panda<bin P) ora=0o0rb=1).

Here and in the following, we regard the canonical injection of the set P into the disjoint
union P as an inclusion; thus, P becomes a subposet of P.

In the terminology of Stanley’s [Stanll, Section 3.2|, this poset P is the ordinal sum
{0} e P {1}.

Example 3.2. Let us represent posets by their Hasse diagrams. Then:

1
; ;
If P= \7 , then P= \7
/N /N
o B Q B

N,/

Remark 3.3. The following observations are easy to check and will be used tacitly:

(a) An element p € P satisfies 0 < p in P if and only if p is a minimal element of P.
(b) An element p € P satisfies 1 > p in P if and only if p is a maximal element of P.
(c) We have 0 <1 in P if and only if P = @.

(d) Two elements p,q € P satisfy p < ¢ in P if and only if they satisfy p < ¢ in P.
An analogous statement holds with the symbol “<” replaced by “>”.

Convention 3.4. Let u and v be two elements of P. Then u and v are also elements
of P (since we are regarding P as a subposet of P). Thus, strictly speaking, statements
like “u < v” or “u<v” are ambiguous because it is not clear whether they are referring
to the poset P or to the poset P. However, this ambiguity is harmless, because it
is easily seen that the truth of each of the statements “u < v”, “u < v”, “u > v”,
‘uz v, fu<v”, “u>0v” and “u and v are incomparable” is independent on whether
it refers to the poset P or to the poset P. We are going to therefore omit mentioning
the poset in these statements, unless there are other reasons for us to do so.
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3.2. K-labelings

Let us now define the type of object on which our maps will act:
Definition 3.5. A K-labeling of P will mean a map f : P> K. Thus, K? is the set

of all K-labelings of P. If f is a K-labeling of P and v is an element of P, then f (v)
will be called the label of f at v.
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Example 3.6. Assume that P is the poset {1,2} x {1,2} with order relation defined
by setting

(i, k) < (¢, k) if and only if (# <7 and k < k').
This poset will later be called the “2 x 2-rectangle” in Definition 4.2. It has Hasse
diagram

(2,2)
RN
(2,1) (1,2)
NS

We recall that a K-labeling of P is a map f : P — K. We can visualize such a
K-labeling by replacing, in the Hasse diagram of P each element v € P by the label
f (v). For example, the Z-labeling of P that sends 0, (1,1), (1,2), (2,1), (2,2), and 1
to 12, 5, 7, —2, 10, and 14, respectively can be visualized as follows:

For example, its label at (1,2) is 7.
(The rectangular box around the drawing (1) is meant to signal that it shows a
K-labeling, not a poset. We will follow this convention throughout this paper.)
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3.3. Partial maps

We will next define the notion of a partial map, to formalize the idea of an operation whose
result may be undefined, such as division on Q (since division by zero is undefined). We
will use L as a symbol for such undefined values:

Convention 3.7. We fix an object called L. In the following, we tacitly assume that
none of the sets we will consider contains this object L (unless otherwise specified).

The reader can think of L as a “division-by-zero error” (more precisely, a “division-
by-a-non-invertible-element error”, since 0 is often not the only non-invertible element of

K).

Definition 3.8. Let X and Y be two sets. A partial map from X to Y means a map
from X to Y U {L}.

If f is a partial map from X to Y, then f can be canonically extended to a map from
XU{L} toY U{L} by setting f (L) := L. We always consider f to be extended in
this way.

If f is a partial map from X to Y, then the set {x € X | f(x)# L} will be called
the domain of definition of f.

We view the element L as an “undefined output” — i.e., we think of a partial map f
from X to Y asa “map” from X to Y that is defined only on some elements of X (namely,
on those whose image under this map is not 1). Thus, for example, in Q, division is a
partial map because division by 0 is undefined:

Example 3.9. The map

Q—-Qu{l},
. {1/3:, if © #£0;
4, ifx=0

is a partial map from Q to Q.
Partial maps can be composed much like usual maps:
Definition 3.10.

(a) Let X, Y and Z be three sets. Let f be a partial map from Y to Z. Let g be a
partial map from X to Y.

Then f o g denotes the partial map from X to Z that sends

flg(x)), ifg(z)#L;
4, if g(x)=1.

each z € X to {
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(Following our convention that f (L) is understood to be L, we could simplify
the right hand side to just f (g (z)), but we nevertheless subdivided it into two
cases just to stress the different branches in our “control flow”.)

This partial map f o g is called the composition of f and g.

(b) This notion of composition lets us define a category whose objects are sets and
whose morphisms are partial maps. (The identity maps in this category are
the obvious ones: i.e., the maps id : X — X U {L} that send each x € X to
reX CXU{L})

(c) Thus, if X is any set, and if f is any partial map from X to X, then we can
define f¥:= fofo---o f for any k € N.
—_—

k times

Convention 3.11. Let X and Y be two sets. We will write “f : X --» Y” for “f is a
partial map from X to Y” (just as maps from X to Y are denoted “f : X — Y”).

A warning is worth making: While we are using the symbol --» for partial maps
here, the same symbol has been used for rational maps in [GriRobl4]. The two uses
serve similar purposes (they both model “maps defined only on those inputs for which the
relevant denominators are invertible” ), but they have some technical differences. Rational
maps are defined only when K is an infinite field”, but are well-behaved in many ways
that partial maps are not. (For example, a rational map is uniquely determined if its
values on a Zariski-dense subset of its domain are known, but no such claims can be made
for partial maps.) Thus, by working with partial maps instead of rational maps, we are
freeing ourselves from technical assumptions on K, but at the same time forcing ourselves
to be explicit about the domains on which our partial maps are defined.

3.4. Toggles

Recall that K denotes the set of K-labelings of a poset P (that is, the set of all maps
P — K). Next, we define (noncommutative) toggles: certain (fairly simple) partial maps
on this set.

I Definition 3.12. Let v € P. We define a partial map T, : KP ——» KP as follows: If

91t stands to reason that a notion of “rational map” should exist for a sufficiently wide class of infinite
skew-fields as well, but we have not encountered a satisfactory theory of such maps in the literature.
See https://mathoverflow.net/questions/362724/ for a discussion of how this theory might start.
It appears unlikely, however, that such “noncommutative rational maps” exist in the generality that
we are working in (viz., arbitrary rings).
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fe K is any K-labeling of P, then the K-labeling T, f € K is given by

f(u07 ifUJ7éU;

BN S rw | F0 - % T, fw—o ?

for all w € P.

Here, we agree that if any part of the expression | > f(u) | - f(v)- > f(u) is not

uEP; uEP;
u<v u>v

well-defined (i.e., if one of the values f (u) and f (v) appearing in it is undefined, or if
f (v) is not invertible, or if f (u) is not invertible for some u € P satisfying u > v, or if

the sum > f(u) is not invertible), then T, f is understood to be L.

ueP;
u>v

This partial map T, is called the v-toggle or the toggle at v.

Thus, the partial map T, is a “local” transformation: it only changes the label at the
element v (unless its result is ).

Remark 3.13. You are reading Definition 3.12 right: We set T,,f = L if any of f (v)

and > f(u) fails to be well-defined. Thus, in this case, none of the values (T, f) (w)
ueﬁ;
u>v
exists. It may appear more natural to leave only the value (7, f) (v) undefined, while
letting all other values (T, f) (w) equal the respective values f (w). Our choice to “panic

and crash”, however, will be more convenient for some of our proofs.

The v-toggle T, is called a “noncommutative order toggle” in [JosRob20, Definition 5.6].
When the ring K is commutative, this v-toggle T;, is an “involution” in the sense that each
K-labeling f € K? satisfying T, (T, f) # L satisfies T, (T, f) = f. For noncommutative
K, this is usually not the case; an “inverse” partial map'® can be obtained by flipping the
order of the factors on the right hand side of (2). (This “inverse” appears in [JosRob20]
under the name “noncommutative order elggot”.)

The following proposition is trivially obtained by rewriting (2); we are merely stating
it for easier reference in proofs:

Proposition 3.14. Let v € P. For every f € K satisfying T,,f # L1, we have the
following;:

10We are putting the word “inverse” in scare quotes since we are talking about partial maps, but the two
maps are as close to being mutually inverse as partial maps can be.
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(a) Every w € P such that w # v satisfies (T, f) (w) = f (w).
(b) We have

(T ) =D f@ |- Fl)- > fu).

ueﬁ; UEﬁ%
u<v uSv

Furthermore, the following “locality principle” (part of [JosRob20, Proposition 5.8)) is
easy to check:!!

Proposition 3.15. Let v € P and w € P. Then T, 0 T,, = T, o T,, unless we have
either v < w or w < v.

Proof of Proposition 3.15. In the case when K is commutative, this is essentially [GriRob14,
Proposition 2.10], except that we are now working with partial maps instead of rational
maps. The proof below is an adaptation of the proof given in [GriRob14] to the general
(noncommutative) case, but it is structured more carefully in order to pay the requisite
attention to cases when some values are 1.

Let us first forget that we fixed v and w. We now introduce a convenient notation.
Namely, if f € KP is a K-labeling, and if v € P, then we define the element X, (f) €
KU {L} as follows: We set

Xo(F) =D f) |- f)- > fu
ueﬁ; ueﬁ;
U<V u>v
if the right hand side of this equation is well-defined; otherwise, we set X, (f) := L.
The equality (2) from the definition of the v-toggle T;, can thus be rewritten as follows:

flw), ifw#v;

for all w € P. 3
X, (f), ifw=u e )

(Tof) (w) = {

This holds for any K-labeling f & K? and any v € P, provided that the expression

Yofw) |- f)- > f(u)is well-defined (i.e., provided that X, (f) # L).

ueﬁ; ueﬁ;
u<v u>v

11n the following, equalities between partial maps are understood in the strongest possible sense: Two
partial maps F' : X --» Y and G : X --» Y satisfy F' = G if and only if each x € X satisfies
F(x) = G (z). This entails, in particular, that F (x) = L holds if and only if G (z) = L. Thus,
F = @ is a stronger requirement than merely saying that “F (z) = G (x) whenever neither F' (x) nor
G(x)is L.
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Thus, the definition of the v-toggle T, can be restated as follows: For any K-labeling
f € K” and any element v € P, we let T, f be the K-labeling defined byA(B) it X, (f) # L;
otherwise, we set T),f := L. In particular, for any K-labeling f € K and any element

v € P, we have
T,f = L if and only if X, (f) = L. (4)

Now, let v € P and w € P be two elements that satisfy neither v < w nor w <v. We
must show that T, 0 T,, = T,, o T,,.

If v = w, then this is obvious. Thus, we WLOG assume that v # w.

We fix a K-labeling f € K. We will show that (T, o T,,) f = (T o T,) f-

First we prove the following observation:

Observation 1: If T,,f # L, then X, (T,, f) = X, (f)-

Proof of Observation 1. Assume that T, f # L.
We have v # w and thus

(Twf) (v) = f (v) (5)
(by Proposition 3.14 (a), applied to w and v instead of v and w).
For each u € P satisfying u > v, we have u # w (because if we had u = w, then we

would have w = v > v and thus v < w, which would contradict the fact that we don’t have
v < w) and therefore

(Twf) () = f (u)
(by Proposition 3.14 (a), applied to w and u instead of v and w). Hence,

S @@= . (6)

uep; ueP;
u>v u>v

For each u € P satisfying u < v, we have u # w (because if we had u = w, then we
would have w = u < v, which would contradict the fact that we don’t have w < v) and
therefore

(Twf) (u) = f (u)
(by Proposition 3.14 (a), applied to w and u instead of v and w). Hence,
D (Tuf)(w) =) f(u). (7)
ueﬁ; ueﬁ;

uU<v u<v

The definition of X, (f) yields

X, (=D fw|-f)- flu), (8)

ueﬁ; ueﬁ;
u<v u>v
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with the understanding that the right hand side is understood to be L if any of its
sub-expressions is not well-defined.
The definition of X, (T}, f) yields

X (Tuf) = | X () ) |- Tl @) - 3 T @)

S i | T W@ by (7). (6) and (5)).

ueﬁ; ueﬁ;
uU<v u>v

Comparing this with (8), we obtain X, (T,,f) = X, (f). This proves Observation 1. [

Now, we are in one of the following four cases:

Case 1: We have X, (f) # L and X, (f) # L

Case 2: We have X, (f) = L and X, (f) # L.

Case 3: We have X, (f) # L and X, (f) = L

Case 4: We have X, (f) = L and X, (f) = L.

Let us first consider Case 1. In this case, we have X, (f) # L and X, (f) # L. From
X, (f) # L, weobtain T,,f # L (by (4)). Similarly, T,,f # L. Thus, Observation 1 yields
X, (Tywf) = X, (f) # L. From this, we obtain T, (T,,f) # L (since (4) (applied to T, f
instead of f) shows that we have T, (T,,f) = L if and only if X, (T3, f) = L). Similarly,
T,(T.f) £ 1.

Now, let x € P. Then

fz),  ifx#w

Xy (f), fz=w (9)

(Twf) (x) = {

(by (3), applied to z and w instead of w and v). Furthermore, (3) (applied to T,,f and x
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instead of f and w) yields

(Twf) (), ifw#v;

(T, (Tu)) (x) = {U(wa% LT

J(Twf) (@), ifx#v; . _

= {XU (). P (since X, (T f) = X, (f))
( f(zx), ifz#w; oo

= {Xw( ), ifr=uw, ke (by (9))
X, (f), ife=v

(f(z), ifz+#vandz#w;

=< Xy (f), ifz#vand x=w;

X, (f), ifz=w

f(z), if x £ v and x # w;

= X, (f), ifx=uw; (10)
(X (f), ifz=v

(since the condition “z # v and x = w” is equivalent to “z = w” (because v # w)). The
same argument (but with the roles of v and w interchanged) shows that

~

f(z), ifz#wanduz#u;
(Tw (T ) () = § Xo (), it =w;
| Xuw (f), ifz=w
(f(x), if z # w and x # v;
= X, (f), ifx=uw;
(X (f), ifar=v
(f(z), ifz+#vandz#w;
=9 X, (f), ifx=uw;
(X (f), ifz=wv.

Comparing this with (10), we obtain (7, (T, f)) (x) = (T (T, f)) (x).

Forget that we fixed z. We thus have proved that (T, (T, f)) (z) = (Tw (va)) (x) for
cach € P. In other words, T}, (Twf) = Tw(Tof). Thus, (T, oT,) f = T, (Twf) =
Ty (T,f) = (T, o Ty) f. We have therefore proved (T, 0 T,) f = (T, o Ty) f in Case 1.

Let us now consider Case 2. In this case, we have X, (f) = J_ and X, (f) # L.
From X, (f) = L, we obtain 7,,f = L (by (4)) and therefore T, (T, T, (L) = L.
On the other hand, (4) (applied to w instead of v) shows that T, f J_ if and only if
Xy (f) = L. Hence, we have T,,f # L (since X, (f) # L). Therefore, Observation
1 yields X, (Tf) = X, (f) = L. However, (4) (applied to T, f instead of f) shows
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that T, (T, f) = L if and only if X, (T, f) = L. Hence, we have T, (T, f) = L (since
X, (Twf) = 1). Altogether, we now obtain

(T, oTw) f =T, (Twf) = L=Ty(Tof) = (TwoTy) f.

Hence, we have proved (T, 0 T,,) f = (T,, o T,) f in Case 2.

The proof of (T, o T,) f = (T, o T},) f in Case 3 is analogous to the proof we just showed
in Case 2; we only need to interchange v with w.

Finally, let us consider Case 4. In this case, we have X, (f) = L and X, (f) = L.
From X, (f) = L, we obtain T, f = L (by (4)). Similarly, T, f = L. Now,

(TooTw) f =T, | Tuf | =To(1)= L.

=1

Similarly, (T, oT,) f = L. Comparing these two equalities, we obtain (T, 0T,) f =
(T, oT,) f. Hence, we have proved (T, 0 T,) f = (T, oT,) f in Case 4.

We have now proved (T, 0T,) f = (TyoT,) f in all four Cases 1, 2, 3 and 4. Thus,
(T, oTy) f = (T, oT,) f always holds.

Forget that we fixed f. We thus have shown that (T, 0T,) f = (T\y o T,) f for each
fe KP. In other words, T, o T,, = T,, o T,. This proves Proposition 3.15. O]

As a particular case of Proposition 3.15, we have the following:

Corollary 3.16. Let v and w be two elements of P which are incomparable. Then
T,0T,=1T,0T,.

Proof. Since v and w are incomparable, we have neither v <w nor w<w. Thus, Proposition
3.15 yields T, o T,, = T}, o T;,. This proves Corollary 3.16. O

Corollary 3.17. Let (vq,vs,...,v,) be a linear extension of P. Then the partial map
Ty, 0T, 00T, :K--+ K" isindependent of the choice of the linear extension
(V1,09 .., Up).

Proof of Corollary 3.17. Forget that we fixed the linear extension (vy,vs, ..., ).

If v.= (v1,v2,...,0,) is a linear extension of P, then we denote the partial map
T, oT,,0---0T, by R,. We must prove that this partial map R, is independent of the
choice of the linear extension v. In other words, we must prove the following claim:

Claim 1: If v and w are any two linear extensions of P, then R, = Ry.
Our proof of Claim 1 will rely on Proposition 1.8.

Consider the equivalence relation ~ on £ (P) introduced in Proposition 1.8. According
to Proposition 1.8, any two elements of £ (P) are equivalent under the relation ~.
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We say that two linear extensions v and w of P are adjacent if and only if they can be
written in the forms

v = (1,09, ..., Up) and
W = (Ul, V2, ...,Ui-1,Vit1, Vs, UH_Q, Vi3, .- - ,Um) s
where i € {1,2,...,m — 1} is such that the elements v; and v;; of P are incomparable.

In other words, we say that two linear extensions v and w of P are adjacent if and only if
w can be obtained from v by swapping two consecutive entries, provided that these two
entries are incomparable. It is clear that the relation “adjacent” is symmetric: i.e., if two
linear extensions v and w are adjacent, then w and v are adjacent as well (because if we
swap two entries of v and then swap them again, then they end up back in their original
positions).

Now, we notice the following fact:

Claim 2: If v and w are two adjacent linear extensions of P, then R, = R..

Proof of Claim 2. Let v and w be two adjacent linear extensions of P. According to the
definition of “adjacent”, we can thus write v and w in the forms

v = (v1,V2, ..., V) and
W = (U17U27 CIC 7vi—l7vi+17 Uiavi+27 Ui—i—?n ce. 7Um) )
where ¢ € {1,2,...,m — 1} is such that the elements v; and v;;; of P are incomparable.

Write them in this form, and consider this 4.
Since v; and v;41 are incomparable, we have T, 0T,,,, = T, , oT,, (by Corollary 3.16).
The definition of R, yields

R,=T,0T,0---0T, (since v = (v1,v2,...,0m))
=T, 0Ty,0---0T, 0T, 0T, oL, 0T, 00T,
———
=Tv; 44 0Tv,
=Ty, 0Tyo0---0T, ,0 TUH—l oT,, 0 Tvi+2 © Tvi+3 o---0T,.

On the other hand, the definition of R, yields

Ry = Ty, 0Tyo0---0Ty 0 Tvi+1 0T, o Tvu-z © Tv¢+3 o---0T,,
(since W = (V1,2 . .., Vim1, Vit1, Uiy Vit2, Uit3y - - -, Umm)) -
Comparing these two equalities, we obtain R, = R,,. This proves Claim 2. O]

Now, recall that the equivalence relation ~ is generated by the elementary relations

(U17U27 e 7Um) ~ (Ul,U27 ey Vim1, Vi1, U, Uiy 2, Uiy 3, - - - ’Um) )
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where (vy, vg,...,v,) is a linear extension of P and where i € {1,2,...,m — 1} is chosen
such that the elements v; and v;, of P are incomparable. In other words, the equivalence
relation ~ is generated by the elementary relations

vV~ W, where v and w are adjacent linear extensions

(by the definition of “adjacent”). In other words, the equivalence relation ~ is the re-
flexive, transitive and symmetric closure of the relation “adjacent”. In other words, the
following holds:

Claim 3: Let v and w be two linear extensions of P. Then we have v ~ w if
and only if there exists a tuple (up, uy,...,ux) of linear extensions of P such
that up = v and u, = w and such that for each i € {1,2,...,k}, we have

(u;—; and u; are adjacent) or (u; and u;_; are adjacent) .

We are now ready to prove Claim 1:

Proof of Claim 1. Let v and w be any two linear extensions of P. Then v and w are two
elements of £ (P). Hence, v ~ w (since any two elements of £ (P) are equivalent under
the relation ~). Thus, Claim 3 shows that there exists a tuple (up, uy,...,ux) of linear
extensions of P such that ug = v and u; = w and such that for each i € {1,2,...,k}, we
have

(u;_1 and u; are adjacent) or (u; and u;_; are adjacent) . (11)

Consider this tuple (ug, uy, ..., u).

Let i € {1,2,...,k}. Then (u;_; and u; are adjacent) or (u; and u;_; are adjacent)
(by (11)). In either of these two cases, we conclude that u;_; and u; are adjacent (since
the relation “adjacent” is symmetric). Hence, Claim 2 (applied to u;_; and u; instead of
v and w) yields Ry, , = Ry,.

Forget that we fixed 7. We thus have proved the equality Ry, , = Ry, for each i €
{1,2,...,k}. Combining all these equalities, we obtain

Ry, = Ry, = Ry, = -+ = Ry,
Hence, Ry, = Ry, . In view of uy = v and u;, = w, we can rewrite this as Ry = Ry. This
proves Claim 1. O
Thus, the proof of Corollary 3.17 is complete (since Claim 1 is proved). ]

3.5. Birational rowmotion

Recall that P is a finite poset. Corollary 3.17 lets us make the following definition.
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Definition 3.18. Birational rowmotion (or, more precisely, the birational rowmotion of
P) is defined as the partial map T;, o T,,0---0T, :KY --» K where (vy,vq,...,v5)
is a linear extension of P. This partial map is well-defined, because

e Theorem 1.5 shows that a linear extension of P exists, and

e Corollary 3.17 shows that the partial map 7, o T}, o --- 0T, is independent of
the choice of the linear extension (vq,vg, ..., vpy).

This partial map will be denoted by R.

Birational rowmotion is called “birational NOR-motion” (and denoted NOR) in the
paper [JosRob20, Definition 5.9]'>. When K is commutative, it agrees with the standard
concept of birational rowmotion as studied in [EinPro13] and [GriRob14].

12T6 be more precise, [JosRob20, Definition 5.9] works in a slightly less general context, requiring K to
be a skew field and that f (0) =1 and f (1) = C for some C in the center of K.

25
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Example 3.19. Let us demonstrate the effect of birational toggles and birational
rowmotion. Namely, for this example, we let P be the poset P = {1,2} x {1,2}
introduced in Example 3.6.

In order to disencumber our formulas, we agree to write ¢ (¢, 5) for ¢ ((7,7)) when ¢
is a K-labeling of P and (i, 7) is an element of P.

As in Example 3.6, we visualize a K-labeling f of P by replacing, in the Hasse
diagram of P, each element v € P by the label f (v). Let f be a K-labeling sending 0,
(1,1), (1,2), (2, 1), (2,2), and 1 to a, w, y, x, z, and b, respectively (for some elements
a, b, x, y, z, w of K); this f is then visualized as follows:

b

|
/\
\/

I

(As before, we draw (2, 1) on the western corner and (1,2) on the eastern corner.)
Now, recall the definition of birational rowmotion R on our poset P. Since the list
((1,1),(1,2),(2,1),(2,2)) is a linear extension of P, we have R = T{11y0T(12)0T(21)©
Tl2,2).- Let us track how this transforms our labeling f:
We first apply T(22), obtaining the K-labeling

b
|

(x+y)zb

7 \
T(2,2)f = \ /
|

a

(where we colored the label at (2,2) red to signify that it is the label at the element
which got toggled). Indeed, the only label that changes under 7{5 5) is the one at (2, 2),
and this label becomes

(Texf) 2.2)=| > f|-f22)- > f(u
) 2

=19 +721)f(22)-F1)
=(y+a)-Z-b=(x+y)-Z-b.
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(We assume that z and b are indeed invertible; otherwise, 7{2 2y f would be L and would
remain L after any further toggles. Likewise, as we apply further toggles, we assume
that everything else we need to invert is invertible.)

Having applied T{z2), we next apply T{2 1), obtaining

b
|

(z+y)
/

zb
\
TonTieyf = | wr(r+y)zb y

/

w
|
a
Next, we apply 1{; ), obtaining
b
|
(x +y)zb
/ \
T(172)T(271)T(2,2)f = wf(x -+ y)?b U’T/(L + U)Eb
\ , /
|
a

Finally, we apply (1), resulting in

b

|
P (x4 y)zb —
TaonTaoTenTesf = | wT(z+y)zb wy(z + y)Zb
\ /

aw - wr(x + y)zb + wy(x + y)zb

a

The unwieldy expression W - wZ(x + y)zZb + wy(x + y)zZb in the label at (1,1) can be
simplified to zb (using standard laws such as p- ¢ = @p and distributivity), so this
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rewrites as
b
|
(x4 y)Zb
/ \
TonTunTenTeyf = | wi(z+y)zb wy(x + y)zb
azb
|
a
We thus have computed Rf (since Rf = T(11)T1,2)T(2,1)T(2,2)f)-
By repeating this procedure (or just substituting the labels of Rf obtained as vari-
ables), we can compute R*f, R3f etc., obtaining
b
|
(x4 y)zb
/ \
Rf = | wi(z+y)zb wy(z +y)zb | -
\ ~ /
azb
|
a
b
|
w(T+7Y)b
/ \
Rif= | a2ty -x@T+7yb a-rx+y-yT+yb |,
\ ~ /
abz-x+y-b
|
a
b
|
awb \
Rf=| abz T +y-T+y-y-(x+y)wh |,
. —
ab-T +7y - wb
|
a
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b
|

abzab

T
5

Rf =
- /
abwab

a

ab-T+y-z+y-y@T+7Y) (x+y)ab

symmetry between (1,2) and (2,1)).

+—0‘

y)b

)
I
~

(T

azh

Rf = | agb

/ N\ s

=l

z-x+y-b

a

a

b
|
awb
_— T~
R3f = | abz-TFy-yuwb abz - T +y - 2Wh
\ /
ab-T +y-wb
)
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Here, we have omitted the label at (2, 1) for both R3f and R*f, since it can be obtained
from the respective label at (1,2) by interchanging z with y (thanks to an obvious

The above might suggest that the labels get progressively more complicated as we
apply R over and over. For a general poset P, this is indeed the case. However, for our
poset P = {1,2} x {1,2}, a surprising periodicity-like pattern emerges. Indeed, our
above expressions for R?f, R3f, R*f can be simplified as follows:
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b
|

abzab
N
RYf = | abzab abyab
N
abwab

a

Thus, the labels of R*f are closely related to those of f: For each v € P, we have
(R*f) (v) =ab- f(v)-ab.

(This holds for v = 0 and v = 1 as well, as one can easily check.) Note that if ab = ba,
then this entails that (R*f) (v) is conjugate to v in K.

In Theorem 4.7, we will generalize this phenomenon to arbitrary “rectangular” posets
—i.e., posets of the form {1,2,...,p} x{1,2,..., ¢} with entrywise order. The “period”
in this situation will be p + q.

Our P = {1,2} x{1, 2} example also exhibits a reciprocity-like phenomenon. Indeed,
our above expressions for Rf, R*f, R®f reveal that

(Rf)(1,1)=azb=a- f(2,2) - b
(R*f)(1,2) =amb=a- f(2,1)-b;
(R*f) (2,1) =agb=1a- f(1,2)-b;
(R*f)(2,2) =awb=a- f(1,1)-b

These equalities relate the label of R~ f at an element (7,7) with the label of f at
the element (3 —i4, 3 — j) (which is, visually speaking, the “antipode” of the former
element (7, j) on the Hasse diagram of P). To be specific, they say that

(R ) (1,j) =a- f(3—1i, 3—7)-b

for any (7,7) € P. This too can be generalized to arbitrary rectangles (Theorem 4.8).

In the above calculation, we used the linear extension ((1,1),(1,2),(2,1),(2,2)) of
P to compute R as 11,1y 0 T(1,2) © T{2,1) © T(2,2). We could have just as well used the
linear extension ((1,1),(2,1),(1,2),(2,2)), obtaining the same result. But we could
not have used the list ((1,1),(1,2),(2,2),(2,1)) (for example), since it is not a linear
extension (and indeed, Ti,1) 0 Ti1,2) © Tia,2) © T(2,1) would not give rise to any similar
phenomenon).

This example shows that birational rowmotion behaves unexpectedly well for some
posets. There are also some more serious motivations to study it: Birational rowmotion for
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commutative K generalizes Schiitzenberger’s classical “promotion” map on semistandard
tableaux (see [GriRob1l4, Remark 11.6]), and is closely related to the Zamolodchikov
periodicity conjecture in type AA (see [Robyl5, §4.4]). The case of a noncommutative
ring K appears more baroque, but we expect it to find a combinatorial meaning sooner
or later.

Before we formalize and prove the above phenomena, we first consider some general
properties of R. We begin with an implicit description of birational rowmotion that does
not involve toggles (but is essentially a restatement of Definition 3.18):

Proposition 3.20. Let v € P. Let f € K?. Assume that Rf # L. Then

(Rf) (v) = Zf(u) -f(v)-Z(Rf) (u).

Proof. In the case when K is commutative, this is [GriRob14, Proposition 2.16]. The
proof given in [GriRob14] can be easily modified to apply to the general case as well.
Here are the details:

Let (v1,vg,...,v,) be a linear extension of P. (Such a linear extension exists, because
of Theorem 1.5.)

Let i € {1,2,...,m} be the index satisfying v; = v. Thus, T, = T,.

By the definition of birational rowmotion R, we have R =71, oT,,0---07T, .

Define two partial maps

A=1T, oT, ,o---0oT,

Vi+1 Vi+2 Um

and B:=T,0T,0---0T,_,
from Kﬁ to KI3 . Then
T, oT,

R=1T,01T,0---0T, =T, 0T,0---01, | o---0oT

m N g © T'Ui Jvitl Ui+‘2, Vm
—B =T, —A
=BoT,0A. (12)

Define the K-labeling g := T, (Af). Thus,

_B\fTi,Af:(BOTUOA)f:B Tv(Af> = By.

(by (12))

Hence, Bg = Rf # L = B(L), and thus g # L. Hence, T, (Af) =g # L =T,(Ll), so
that Af # L. Now:

=9

e Each of the maps T, with j # 7 leaves the label at v unchanged when acting on
a K-labeling (since j # i entails v; # v; = v). Hence, each of the maps B and A
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leaves the label at v unchanged (since B and A are compositions of maps T, with

Jj #14). Thus, (Bg) (v) = g (v) and (Af) (v) = f (v). Now,

@ W) =(Bg) ()= g W)
=Bg =Ty (Af)
= (T, (Af)) (v)

=Y An@ |- AHw -S> A W

ue]g; uEIB;
uU<v u>v

by Proposition 3.14 (b),
applied to Af instead of f

= | X An@ |- 7o) 3 AN (13)

(since (Af) (v) = [ (v)).

e Let u € P be such that u<v. Thenu < v = v; in Pp. Hence, u is none of the elements

Vit1, Vit2, - Uy (because (vi,vs,...,vy) is a linear extension of P). Thus, each
of the maps T, ., Ty, ,, - .., T}, leaves the label at u invariant when acting on a
K-labeling. Therefore, the map A also leaves the label at u invariant (since A is a

composition of these maps Ty, ,, T, 0 - - -, Ty,). Hence, (Af) (u) = f (u).
Forget that we fixed u. We have thus shown that

(Af) (w) = f(u) for every u € P such that u < v. (14)

e Let u € P be such that u > v. Then u > v = v; in Pp. Hence, u is none of the
elements vy, v, ..., v;_1 (because (vy, vy, ..., vy) is a linear extension of P). Thus,
each of the maps T, Ty,, ..., Ty, , leaves the label at w invariant when acting
on a K-labeling. Therefore, B also leaves the label at u invariant (since B is a
composition of these maps T,,, Ty,, ..., Ty,_,). Since T}, also leaves the label at u
invariant (because u # v (since u > v)), this yields that the composition Bo T, also
leaves the label at u invariant. Hence, (B oT,) (Af)) (u) = (Af) (u), so that

(Af) (u) = ((BoT,) (Af)) (u) = | (BoT,0A) f | (u) = (Rf) (u).
(by (12))

Forget that we fixed u. We thus have proven that
(Af) (u) = (Rf) (u) for every u € P such that u > v. (15)
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Now, substituting (14) and (15) into (13), we obtain

(R ()= | D> fu) |- f)- D (RBf) ()

ueﬁ; ueﬁ;
uU<v u>v

This proves Proposition 3.20. O

The following near-trivial fact completes the picture:

Proposition 3.21. Let f € K”. Assume that Rf # L. Then (Rf)(0) = f(0) and
(Rf) (1) = f (1)

Proof. Let (vy,vq,...,v,) be a linear extension of P. (Such a linear extension exists,
because of Theorem 1.5.)

By the definition of birational rowmotion R, we have R =71, oT,,0---01T, .

Each of the maps T, with j € {1,2,...,m} leaves the label at 0 unchanged when acting
on a K-labeling (since 0 # v; (because 0 ¢ P whereas v; € P)). Therefore, the map R
also leaves the label at 0 unchanged (since R is the composition T, 0T}, 0---0T,,  of these
maps T,,). Hence, (Rf) (0) = f(0). Similarly, (Rf) (1) = f(1). This proves Proposition
3.21. O]

A trivial corollary of Proposition 3.21 is:

Corollary 3.22. Let [ € K and ¢ € N. Assume that R'f # L. Then (R'f) (0) =
f(0) and (R°f) (1) = f(1).

(Recall that N denotes the set {0,1,2,...} in this paper.)

Proof of Corollary 3.22. Let i € {1,2,...,£}. Then R (R'f) = R'f # L = R (1),
so that R'f # L. In other words, R(R""'f) # L (since R(R"'f) = R'f). Hence, we
can apply Proposition 3.21 to R*"!f instead of f. As a result, we obtain

(R(R™11)) (0) = (R11) (0) and (R(RF)) (1) = (R1f) (1).

From R'f=R (Riflf), we now obtain (R'f) (0) = (R(R"'f)) (0) = (R f) (0). Hence,
(R-11) (0) = () (0). | |

Forget that we fixed i. We thus have proved the equality (R f)(0) = (R'f) (0) for
each i € {1,2,...,¢}. Combining all of these equalities, we obtain

(R°f) (0) = (R'f) (0) = (R*f) (0) = --- = (R"[) (0).
Hence, (P/f) (0) = (Rof) (0) = £ (0). A similar argument shows that (R’ff) (1) =f(1).
—
Thus, Corollary 3.22 is proven. O
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3.6. Well-definedness lemmas

We next show some simple lemmas which say that certain inverses exist under the assump-
tion that R‘f is well-defined for some values of £. These lemmas are easy and unexciting,
but are necessary in order to rigorously prove the more substantial results that will follow.
We recommend the reader skip the proofs, at least on a first reading.

I Lemma 3.23. Let f € K and k, ¢ € N satisfy k < £ and R‘f # L. Then, RFf # 1.

Proof. From k < ¢, we obtain R‘f = R*F (ka). Thus, if we had RFf = L, then we
would obtain

Rif =R R =R (L) = L,
~~
=1
which would contradict R‘f # 1. Hence, we must have R¥f # 1. This proves Lemma
3.23. n

I Lemma 3.24. Let f € K” satisfy Rf # 1. Let v € P. Then, f (v) is invertible.

Proof. Proposition 3.20 yields

(Rf) ()= [ DS |- F@)- Y (B ().

ueﬁ; uEIB;
uU<v u>v

Thus, in particular, f (v) is well-defined. In other words, f (v) is invertible. This proves
Lemma 3.24. N

Lemma 3.25. Assume that P # @. Let f € K? satisfy Rf # 1. Then, f(1) is
invertible.

Proof. We have P # @&. Thus, the poset P has a maximal element y (by Proposition 1.9
(b)). Consider this y. The element y of P is maximal. Thus, in P, we have 1>y (by
Remark 3.3 (b)). In other words, 1 is a u € P satisfying u > .

We have Rf # L. Therefore, Proposition 3.20 (applied to v = y) yields

(RO =2 F@) | -F0)- 3 R @W.

Hence, in particular, (Rf) (u) is well-defined for each u € P satisfying u > y. We can
apply this to u = 1 (since 1is a u € P satisfying u > y), and thus conclude that (Rf) (1)
is well-defined. In other words, (Rf) (1) is invertible. However, Proposition 3.21 yields
(Rf)(1) = f(1). Thus, f(1) is invertible (since (Rf) (1) is invertible). This proves
Lemma 3.25. U
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Lemma 3.26. Assume that P # @. Let f € K satisfy R?f # L. Then, f(0) and
f (1) are invertible.

Proof. We have P # &. Thus, the poset P has a minimal element x (by Proposition 1.9
(a)). Consider this x.

From R (Rf) = R?f # 1 = R(L), we obtain Rf # L; thus, Rf € KP. Hence, Lemma
3.25 yields that f (1) is invertible. Furthermore, Lemma 3.24 (applied to Rf and z instead
of f and v) yields that (Rf) (z) is invertible (since R (Rf) # ).

Recall again that Rf # L. Hence, Proposition 3.20 (applied to v = z) yields

(Rf) (@)= | > f) |- F() D (R (w). (16)
ueﬁ; ueﬁ;
U<T u>rT
The only u € P satisfying u < x is the element 0 of p (since z is a minimal element of
P). Thus, > f(u)= f(0). Hence, (16) rewrites as

u€eP;
U<T

(Rf) (@) = f(0)- f(x)- > (Rf) (u). (17)

uep;

This equality shows that f(z) and >  (Rf) (u) are well-defined. Thus, the elements

ueP;
f(xz) and > (Rf)(u) are invertible. Multiplying both sides of the equality (17) by
ueﬁ;
u>xr

S>> (Rf)(u) | - f (x) on the right, we obtain

uep;

(Rf) (z) - Z(Rf) (u) -f<w>=f(0>-f(x>-Z<Rf> (u) - Z(Rf) (W) | - f (x)

The left hand side of this equality is invertible (since it is the product of the three invertible

elements (Rf) (x), Y. (Rf)(u) and f (z)). Thus, its right hand side is invertible as well.

ueﬁ;
u>x

In other words, f (0) is invertible. This completes the proof of Lemma 3.26. O
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Lemma 3.27. Let v € P. Assume that v is not a minimal element of P. Then, there
exists at least one element w € P satisfying v > w.

Proof. The element v of P is not minimal. Thus, there exists some u € P satisfying
u < v. In other words, the set P, := {u € P | u <wv} is nonempty. Consider this set
P_, as a subposet of P (with its partial order inherited from P). Then, P, is a finite
poset and thus has a maximal element (by Proposition 1.9 (b), applied to P, instead of
P). Let m be this maximal element. Then, m € P, = {u € P | u < v}; in other words,
m € P and m < v. There exists no element of P_, that is larger than m (since m is a
maximal element of P_,).

If there was some w € P satisfying m < w < v, then this w would belong to P, (since
w < v) but would be larger than m in the poset P, (since m < w); this would contradict
the fact that there exists no element of P., that is larger than m. Hence, there is no
w € P satisfying m < w < v. In other words, we have m <v in P (since m < v). In other
words, we have v > m in P. Hence, there exists at least one element w € P satisfying
v > w (namely, w = m). This proves Lemma 3.27. O

Lemma 3.28. Let f € K satisfy Rf # L. Let v € P. Assume that v is not a minimal
element of P. Then, (Rf) (v) is invertible.

Proof. Lemma 3.27 shows that there exists at least one element w € P satisfying v > w.
Consider this w. Proposition 3.20 (applied to w instead of v) yields

(Rf) (w) = [ > fw) |- f(w)- D (Rf)(w).
u€eP; ueP;
In particular, (Rf) (u) is well-defined for each u € P satisfying u > w. Applying this to
u = v, we conclude that (Rf) (v) is well-defined (since v € P C P and v > w). In other
words, (Rf) (v) is invertible. O

Lemma 3.29. Assume that P # @. Let f € K satisfy Rf # 1. Let v € P. Assume
that f (0) is invertible. Then, (Rf) (v) is invertible.

Proof. We are in one of the following four cases:

Case 1: We have v = 0.

Case 2: We have v = 1.

Case 3: The element v is a minimal element of P.

Case 4: The element v is neither 0 nor 1 nor a minimal element of P.

Let us first consider Case 1. In this case, we have v = 0. Hence, (Rf) (v) = (Rf) (0) =
f(0) (by Proposition 3.21). Hence, (Rf) (v) is invertible (since f (0) is invertible). This
proves Lemma 3.29 in Case 1.
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Let us now consider Case 2. In this case, we have v = 1. Hence, (Rf) (v) = (Rf) (1) =
f (1) (by Proposition 3.21). However, f (1) is invertible (by Lemma 3.25). In other words,
(Rf) (v) is invertible (since (Rf) (v) = f(1)). This proves Lemma 3.29 in Case 2.

Next, let us consider Case 3. In this case, the element v is a minimal element of P.

Hence, the only u € P satisfying u < v is the element 0. Therefore, > f(uw) = f(0).

u€eP;
uU<v

Now, Proposition 3.20 yields

(Rf) (v) = Zf(u) -f(v)-Z(Rf) <u>:f<0>-f<v>-Z<Rf> (u).

=£(0)

The right hand side of this equality is a product of three invertible elements (since f (0) is

invertible, and since f (v) and Y. (Rf) (u) are invertible!®), and thus itself is invertible.

ueP;
uU>v

Thus, the left hand side is invertible as well. In other words, (Rf) (v) is invertible. This
proves Lemma 3.29 in Case 3.

Finally, let us consider Case 4. In this case, the element v is neither 0 nor 1 nor a
minimal element of P. However, v € P (since v is neither 0 nor 1). Thus, Lemma 3.28
yields that (Rf) (v) is invertible. This proves Lemma 3.29 in Case 4.

We have now proved Lemma 3.29 in all four Cases 1, 2, 3 and 4. O

4. The rectangle: statements of the results

4.1. The p X g-rectangle

As promised, we now state the phenomena observed in Example 3.19 in greater generality
(and afterwards prove them). First we define the posets on which these phenomena
manifest:

Definition 4.1. For p € Z, we let [p| denote the totally ordered set {1,2,...,p} (with
its usual total order: 1 < 2 < --- < p). This set is empty if p < 0.

We recall that the Cartesian product P x () of two posets P and (@ is defined to be the
set P X @, equipped with the entrywise partial order (i.e., the partial order in which two
pairs (p1,q1) € P x Q and (pa, q2) € P x Q satisfy (p1,q1) < (p2, q2) if and only if p; < po
and ¢; < ¢a).

Bhecause an inverse is always invertible
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Definition 4.2. Let p and ¢ be two positive integers. The p x q-rectangle will mean
the Cartesian product [p] x [¢] of the two posets [p] and [¢]. Explicitly, this is the
set [p] X [q] = {1,2,...,p} x{1,2,...,q}, equipped with the partial order defined as
follows: For two elements (7, j) and (7', 5') of [p] x [q], we set (i,7) < (¢, 7) if and only
if (i <4 and j < j').

Henceforth, if we speak of [p] X [¢], we implicitly assume that p and ¢ are two positive
integers.

The p x g-rectangle has been denoted by Rect (p, ¢) in [GriRob14].

Example 4.3. Here is the Hasse diagram of the 2 x 3-rectangle [2] x [3]:

(2,3) (18)
VRN
(2,2) (1,3)
N
(2,1) (1,2)
NS
(1,1)

Convention 4.4. In the following, the Hasse diagram of a p x g-rectangle will always be
drawn as in (18). That is, the elements (4, j) of [p] x [g] will be aligned in a rectangular
grid, with the x-axis going southeast to northwest and the y-axis going southwest to
northeast. Thus, for instance, the northwestern neighbor of an element (i, j) is always
(14 1,79). R

Two elements s and t of P will be called adjacent if they satisfy s >t or t > s.

The poset [p] x [¢] has a unique minimal element, (1, 1), and a unique maximal element,
(p,q). Tts covering relation can be characterized by the following easy remark (which will
be used without explicit mention):

Remark 4.5. Let (i, 7) and (¢, j') be two elements of [p] x [q]. Then, (i,7) < (¢, j') if
and only if (¢, ') is either (i +1,7) or (i,7 + 1).

Convention 4.6. Let P = [p] x [q]. If f is a function defined on P or on P, and if
(i,7) is any element of P, then we will write f (i, ) for f ((7,J)).

4.2. Periodicity

The following theorem (conjectured by the first author in 2014) generalizes the periodicity-
like phenomenon seen in Example 3.19:
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Theorem 4.7 (Periodicity theorem for the p X g-rectangle). Let P = [p] x [g], and
let f € K” be a K-labeling such that RPTIf £ 1. Set a = f(0) and b = f (1). Then,
a and b are invertible, and for any z € P we have

(RPYIF) () = ab- f (z) - ab. (19)

If the ring K is commutative', then (19) simplifies to (RP*f) (x) = f (z) (since com-
mutativity of K yields ab- f (x)-ab = c:z f(x)- ?lz = f(x)). Thus, if K is commutative,
then the claim of Theorem 4.7 can be rewritten as RPFT2f = f  generalizing the main part
of [GriRob14, Theorem 11.5] (which itself generalizes similar properties of rowmotion op-
erators on other levels). Unlike in [GriRob14, Theorem 11.5], we cannot honestly claim
that RP*Y = id even when K is commutative, since the partial map RP™? takes the value
1 on some K-labelings f (while id does not).

The parallel result for birational antichain rowmotion [JosRob20, Conjecture 5.10] fol-
lows from Theorem 4.7.

4.3. Reciprocity

Theorem 4.7 shows that the “periodicity phenomenon” we have observed on [2] x [2]
in Example 3.19 was not a coincidence. The “reciprocity phenomenon” is similarly the
p = q = 2 case of a general fact:

Theorem 4.8A(Reciprocity theorem for p X g-rectangle). Let P = [p] x [¢]. Fix ¢ € N,

and let f € K be a K-labeling such that Rf # L. Set a = f(0) and b = f (1). Let
(1,7) € P satisfy £ —i — 7+ 1 > 0. Then,

(R°f) (i,5) =a- (R f) (p+1—14, g+ 1—7)-b. (20)

Theorem 4.8 directly generalizes the analogous theorem [GriRob14, Theorem 11.7] in
the commutative setting!®.

“or, more generally, if the elements a and b commute with each other and with f (x)

15Tn fact, let us assume that K is a (commutative) field. Keep using the notation of Theorem 4.8. Then,
Theorem 4.8 (applied to £ =i+ j — 1) yields

(RI71) (i) = a- (REFD=51F) (p 41—, g +1—4) b

=a-f(p+1—i,g+1—j)-Db (since RUHI—1)=i=g+1 ¢ — f)
—_—
—RO=id
ab
fp+1—1i, ¢g+1—j)
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4.4. The structure of the proofs

Theorems 4.8 and 4.7 are the main results of this paper, and most of it will be devoted
to their proofs. We first summarize the large-scale structure of these proofs:

1. In Section 5, we show that twisted periodicity (Theorem 4.7) follows from reciprocity
(Theorem 4.8). Thus, proving the latter will suffice.

2. In Section 6, we introduce some notations. Some of these notations (a, b and x,)
are mere abbreviations for the labels of R‘f, while others (AY, VY, AP VP Au~v
and V") stand for certain derived quantities and will play a more active role. We
also define “paths” on the poset P, and introduce a few of their basic features.

3. In Section 7, we prove a few simple results. The most important of these results are
Proposition 7.3 (which reveals how birational rowmotion transforms Aj_, into V7)
and Theorem 7.6 (which allows us to recover the original labels z, from either A}
or V7).

4. In Section 8, we prove Theorem 4.8 in the case when (i,7) = (1,1). This proof
warrants its own section both because it is conceptually easier than the general case,
and because it requires some “well-definedness” technicalities that are (surprisingly)
not needed in any other cases.

5. In Section 9, we saddle the main workhorse of our proof: a lemma (Lemma 9.2)
that connects certain A}~ quantities with certain V3" quantities with the same /.
We prove this using a variant of paths, which we call “path-jump-paths” and which
allow us to interpolate between A;~" and V7.

6. In Section 10, we combine the previous results with this lemma to prove Theorem
4.8 in the case when j = 1.

7. In Section 11, we finally complete the proof of Theorem 4.8 in the general case. This
requires almost no new ideas, just an induction that extends Theorem 4.8 from four
“adjacent” elements of P (labeled u,m, s,t in diagram (??)) to the fifth element v.

5. Twisted periodicity follows from reciprocity

Our first step towards the proofs of twisted periodicity (Theorem 4.7) and reciprocity
(Theorem 4.8) is to show that the latter implies the former.!®

Solving this equation for f(p+1—1i, ¢+ 1—j), we find

) . ab f(0)-f(1) .
fp+1—id, g+1—j)=—— — = — since a = f(0) and b= f (1)),
( CEENG) @6 v W)
which is precisely the claim of [GriRob14, Theorem 11.7] (with & renamed as j).
16T his reduction is not new; it appears already in [MusRob17, proof of Corollary 2.12] in the commutative
case.
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Proof of Theorem 4.7 using Theorem 4.8. Assume that Theorem 4.8 has been proved.
Now, let p, ¢, P, f, a and b be as in Theorem 4.7. From p > 1 and ¢ > 1, we ob-
tain p+q > 1+ 1 =2, so that 2 < p+ ¢. Hence, from RPTf # 1, we obtain R?2f # L
(by Lemma 3.23). Therefore, Lemma 3.26 yields that f (0) and f (1) are invertible. In
other words, a and b are invertible (since a = f (0) and b = f (1)).

Let # € P. It thus remains to prove the equality (19). Let us first verify that this
equality holds for z = 0. Indeed,

ag-@-ab:ag-@b:awza: (RP*f) (0)

0 =1 =1

(because Corollary 3.22 (applied to ¢ = p + q) yields (RP™9f) (0) = f(0) = a). In other
words, (RP*9f) (0) = ab- f (0) - @b. In other words, the equality (19) holds for = = 0.

Similarly, this equality also holds for = 1. Thus, for the rest of this proof, we WLOG
assume that z is neither 0 nor 1. Hence, x € P = [p] X [¢]. In other words, = (i, j) for
some i € [p] and j € [g]. Consider these i and j.

From RPYIf # |, we obtain R'f # 1 (by Lemma 3.23, since 1 <2 < p+ ¢). In other
words, Rf # L. Thus, Lemma 3.24 (applied to v = (7, j)) yields that f (i, ) is invertible.
Hence, f (i,7) is well-defined.

The element f (i,j) of K is invertible (since it has inverse f(i,7)), and so are the
elements a and b (as we have proved above). Thus, Proposition 2.3 (c) yields

=f(i.9)

Set /:=p+1—iandj :=q+1—j. Thus,

p+1— ¢ =p+1—(p+1—i)=1 and
=p+1—i
¢+1— j =q+l-(¢+1-j)=j

=q+1-j

and
p+q—i—j+1l=p+l—itqg+1—j—-1=i+j -1
— T

/ /

=1 =3

~—
<P <q

Moreover, i = p+ 1 —1 € [p] (since ¢ € [p]) and j° € [g] (similarly). Hence, (¢,j') €
[p] x [q] = P.

We have i' < p (since i' € [p]) and similarly j* < ¢. Adding these two inequalities
together, we find i/ + j' < p+q. Hence, i’ +j' —1 < +j' < p+q and thus R"H'~1f £ |
(by Lemma 3.23, since RPTf # 1). Also, (i’ +7' —1)—i -7 +1=02>0.

Therefore, i’ +j'—1 =p+q—_1 — j +1>=p+q—p—q+1=1,sothati+7—1€N.
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Thus, Theorem 4.8 (applied to i’ + j' — 1, ¢ and j" instead of ¢, i and 7) yields

(Ri’ﬂulf) @, §) =a- \R(i’Jrj’fl)fi’fj’Jrl/ f p1—4, g+1—4|-b
1o T T
(since (i'+§/—1)—i' —j'+1=0) - -
=a- (Rf) (i,7)-b
——
(since_RO:id )
=a- f(i,j)-b (22)

However, we also have p+q¢—i—j+1=4¢+35 —12>1 > 0. Thus, Theorem 4.8
(applied to £ = p + q) yields

(RPFUf) (4,5) = a- (Rerai=HLf) (p+ 1 =4, ¢+ 1—3)-b
a- (R (@) - b
( sincep+q—i—j+1=4+45—1 )

andp+1—i=7andgqg+1—j=j

=a-a- f(i,j) bb (by (22))
_
(by (21))

=ab- f(i,7) - ab.

Since x = (1, j), we can rewrite this as
(RPHUf) (z) = ab- f (z) - ab.

This proves the equality (19). Theorem 4.7 is thus proved, assuming that Theorem 4.8
holds. O

6. Proof of reciprocity: notations

It now suffices to prove Theorem 4.8, which will be the ultimate goal of the next few
sections. First we introduce some notations that will be used throughout these sections.
Fix two positive integers p and q. Assume that P = [p]x [q]. Let f € K” be a K-labeling
of P. Set
a:= f(0) and b:=f(1).

For any = = (7,j) € P, we define an element ™~ € P by

= (p+1—i, g+ 1—j).
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We call this element =™~ the antipode of x. Thus, the desired equality (20) can be rewritten
as

(Rgf) (2) = a- (REIH1f) () - b (23)

for x = (i, 7).
For any x € P and ¢ € N, we write

zo = (R'f) (2), (24)

which is well-defined whenever R‘f # 1. This compact notation will make upcoming
formulas more readable. R
In particular, for each x € P, we have

zo = (R'f) (z) = f (z).
=f

Moreover, for each ¢ € N satisfying R‘f # L, we have

0c = (R'f) (0) = £(0) (by Corollary 3.22)
=a (25)

and

L, =(R'f) Q)= f(1) (by Corollary 3.22)
=b. (26)

We can further rewrite the equality (23) as xp = a - 277, ;.| - b (since z, = (R'f) (2)
and 27", .., = (R“™"7*!f) (2~)). Hence, our desired Theorem 4.8 takes the following
form:

Theorem 4.8, restated. If t = (i,j) € Pand ¢ € Nsatisfy / —i—j+1>0
and R°f # 1, then
Te=a- TP, g b. (27)

Proposition 3.20 yields that for each v € P, we have!”

(Rf) (v) = (Zf(U)> J )Y (RS (w). (28)

uU<v u>v

Here, the summation index u under both sums is understood to range over ﬁ; from now
on, this will always be understood if not otherwise specified.

17assuming that Rf # L
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For each v € P and ¢ € N satisfying R‘*'f # 1, we have

(R”lf) (v) = (R (sz)) (v) (since R f=R (Ref))

= | S (B ) | B (RED) @)

ueﬁ; ueﬁ;
u<v u>v

by Proposition 3.20, applied to R’f instead of f
(since R (R'f) = R f # 1)

= | S (B () | (R () - Y (R (w)

ueﬁ; ueﬁ;
uU<v u>v

(since R (Rgf) = R“lf)

_ (Z (RF) <u>) WY E) W

u<v u>v

(here, we have rewritten the summation signs > and > as ). and ), since we

uEﬁ; ueﬁ; u<v u>v
uU<v u>v

understand the summation index u to range over P by default).
Using (24), we can rewrite this as follows:

Vpy1 = <Z W) -W-Zm (29)

U<v

for each v € P and ¢ € N satisfying R f # L.
Next, we formally define the paths that will play a key role in the proof. A path means

a sequence (vg, vy, ...,v;) of elements of P satisfying vy > vy > -+ > vp. We denote this
path by (vg > vy > -+ > vg), and we will call it a path from vy to vy (or, for short, a path
vo — vx). The wvertices of this path are defined to be the elements vy, vq,...,vs. We say

that this path starts at vy and ends at vy.
For each v € P and ¢ € N, we set'®

Aj ::vg-ZW and Vy ::Zu_g-v_g.

u<v u>v

18We recall that the summation signs “>°” and “>.” mean “ Y ” and “ 3" 7, respectively.

u<v u>v uef"\; uef"\;
u<v u>v
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19 Furthermore, when v € {0, 1}, we set
A} =1 and 7 =1 (30)

for all £ € N.
For any path p = (vg > vy > -+ > v;) and any ¢ € N, we set

AP = AVOAY . A and
VP = YOy

(assuming that the factors on the right hand sides are well-defined).
If v and v are elements of P, and if ¢ € N, then we set

AP0 = Z A and (31)

p is a path from u to v

YU = > 44 (32)

p is a path from u to v

(assuming that all addends on the right hand sides are well-defined).

Example 6.1. Let P = [2] x [2] and [ € K” be as in Example 3.19. Then,

(L,1)"=(2,2), (1,2)" =(2,1), (2,1)7 =(1,2), (2,2)" =(1,1),
(L1)y=/f(1,1) =w, (1,1);, = (Rf)(1,1) = azb,

(1,1),= (R*f) (1,1) =abz -z +y-b

(1,2), = (R*f) (1,2) =a-z Ty -y(T+7)b

namely, the path

There are only two paths from (2,2) to (1,1):

1,1)). Each of these two paths
o (2
h

((2,2) > (1,2) > (1,1)) and the path ((2,2) > (2,1) > (1,
has three vertices. There are no paths from (1,1) t
(1,1) > (2,2). The only path from 0 to 0 is the trivial pat

2), since we don’t have

,2)
(0).

These elements AY and V¥ are not always well-defined. For AY to be well-defined, we need to have
R'f # 1, and we need the element Y u, to be invertible. For V¥ to be well-defined, we need to have

u<v
R'f # 1, and we need the elements 2y (for u > v) and Y %z and v to be invertible.

u>v
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We have

AMY = (1,1), - > ug=(1,1),-0=w-a,

u<(1,1)
APD =(2,2)0- D u=(22),- 1,2+ 2 1)y =2-yF7,
u<(2,2)
Ang) = (171)1 : Uy = (171)1 'O_lzazb.a’
u<(1,1)
VY= > @ (LD = (L), + 2 D), (L), =7 +7-.
u>(1,1)
1,1 —
v = > @ D), = (1), + 2 1), - (L1,
u>(1,1)
—wj(r+y)Zb+wT(z+y)Zb-asb=w-a (after simplifications) .

Furthermore, for any ¢ € N, we have

Aé(2,2)>(1,2)>(1,1)) _ A§2,2)Aé1,2)Agl,l);
((2,2)>(1,2)>(1,1)) ((2,2)>(2,1)>(1,1))

A22,2)—>(1,1)

_ A§2,2)A§1,2)A21,1) +A§2,2)A22,1)A§1,1)

(and similarly for ¥V instead of A).
The letter ¢ will always stand for a nonnegative integer (but will not be fixed).

Remark 6.2. The elements A} and V) (for v € P and ¢ € N) are not entirely new.
They are closely connected with the down-transfer operator V and the up-transfer oper-
ator A studied in [JosRob20, Definition 5.11]; to be specific, we have A} = (VRZf) (v)
and V§ = (AOR'f) (v) using the notations of [JosRob20, Definition 5.11]. These oper-
ators V and A have a long history, going back to Stanley’s “transfer map” ¢ between
the order polytope and the chain polytope of a poset (see [Stan86, Definition 3.1]).
The down-transfer operator V does indeed restrict to ¢ when K is an appropriate trop-
ical semiring. For this reason, we have been informally referring to A7 and V7 as the
down-slack and the up-slack of v at time ¢ (harkening back to the notion of slack from
linear optimization). Arguably, the behavior of these operators when K is the tropical
semiring is not very indicative of the general case.

When K is commutative, our A{ have also implicitly appeared in [MusRob17]: If
v = (i,j) € P, then Ay = A;;, where A;; is defined as in [MusRob17, (1)].

GRINBERG AND ROBY ON NONCOMMUTATIVE BIRATIONAL ROWMOTION, 46



7. Proof of reciprocity: simple lemmas

Throughout this section, we use the notations introduced in Section 6.
Let us prove some relations between the elements we have introduced. We begin with
a well-definedness result:

Lemma 7.1. Let ¢ € /N be such that ¢ > 1 and R'f # L. Assume furthermore that a
is invertible. Let v € P. Then:

(a) The element v, is well-defined and invertible.
(b) The element v, is well-defined and invertible.
(c) The element A} , is well-defined and invertible.

(d) The element V7 is well-defined and invertible.

Proof. We know that a is invertible. In other words, f (0) is invertible (since a = f (0)).
Also, £ —1 € N (since £ > 1) and R f # L (since R (R'f) = R'f # L = R(1)).
Hence, Corollary 3.22 (applied to ¢ — 1 instead of ¢) yields (R*'f) (0) = f(0) and
(R7'f) (1) = f(1). Thus, (R*'f)(0) = f(0) = a, so that (R~ f) (0) is invertible
(since a is invertible).

(a) Clearly, v, = (Rf) (v) is well-defined (since R‘f # L1). We have R (R‘'f)
R'f # 1. Hence, Lemma 3.29 (applied to R~! f instead of f) yields that (R (Réflf)) (v
is invertible (since (R‘"'f) (0) is invertible). In other words, v, is invertible (since v,

(R'f) (v)=(R(R*'f)) (v)). This proves Lemma 7.1 (a).

——

~—

=R(R‘-1f)

(b) Clearly, v,_1 = (R“*f) (v) is well-defined (since R*'f # L). It remains to prove
that v,_; is invertible. If v is 0 or 1, then this follows easily from part (a)?’. Thus, for
the rest of this proof, we WLOG assume that v is neither 0 nor 1. Hence, v € P.

We have R (R*™'f) = R‘f # L. Hence, Lemma 3.24 (applied to R~ f instead of
f) vields that (R“'f) (v) is invertible. In other words, ve_; is invertible (since v, =
(R"'f) (v)). This proves Lemma 7.1 (b).

(c) If v € {0,1}, then this follows from (30). Thus, we WLOG assume that v ¢ {0, 1}.
Hence, v € P.

Thus, applying (29) to ¢ — 1 instead of ¢, we obtain

vy = (Z Wl) ~m-§ (33)

u<v u>v

20 Proof. Assume that v is 0 or 1. We WLOG assume that v = 0 (since the case v = 1 is analogous).
We must show that vy is invertible. However, (25) yields 0, = a. Similarly, 0;—; = a. Comparing
these two equalities, we obtain 0y = 0y—1. In other words, vy = vy—1 (since v = 0). But Lemma 7.1
(a) shows that vy is invertible. Thus, ve_1 is invertible (since vy = vo—1). Qed.
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(since R‘f # 1). This equality shows that 7,—7 and Y u; are well-defined. In other

u>v
words, the elements v,y and ) uy are invertible. Also, v, is invertible (by Lemma 7.1

u>v
(a)).
Multiplying the equality (33) by (Z u_g) - vp_1 on the right, we obtain

u>v

Ve - (Zm) Vg = <Z uH) mﬁ (Zm) Vet

u>v U<v u>v u>v
~~ g
=1
= <§ W—l) "Up—1 Vg1 = E Up—1-
N———
U<v =1 uU<v

The left hand side of this equality is a product of three invertible elements (since v, and

> g and vy_; are invertible), and thus must itself be invertible. Hence, the right hand
u>v

side is invertible. In other words, >  u,_; is invertible. Thus, the element » wy_q is
u<v uU<v
well-defined. This element is furthermore invertible (since an inverse is always invertible).

Now, the definition of A} ;| yields A} ; = v,_1 - > up_q. This shows that A) ; is well-

uU<v
defined (since v, and ) uy,_; are well-defined) and invertible (since vy_; and > w,_q
uU<v U<V

are invertible). This proves Lemma 7.1 (c).

(d) If v € {0, 1}, then this follows from (30). Thus, we WLOG assume that v ¢ {0, 1}.
Hence, v € P.

Lemma 7.1 (a) shows that v, is invertible. Hence, 7 is well-defined, and invertible as
well (since an inverse is always invertible). Also, in the proof of Lemma 7.1 (c), we have
shown that > wy is well-defined. Thus, ) @y is invertible (since an inverse is always

u>v u>v
invertible). Now, the definition of V} yields Vj = > ;- 7;. Hence, V7 is well-defined
u>v
(since > u; and v, are well-defined) and invertible (since ) uy and oy are invertible).
u>v u>v
This proves Lemma 7.1 (d). O

Next we show some simple recursions for 457" and V§7"

Proposition 7.2. Let s and ¢t be two distinct elements of 13, and fix £ € N. Then
A=Ay A (34)
uéﬁ;
s>u
=) A4, (35)
ueﬁ;
u>t
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and
vitt=viy v (36)
ueP;
s>u
=) ViVl (37)
ueP;
u>t
Here, we assume that all the terms in the respective equalities are well-defined.

Proof. Any path (vg > vy > --- > vg) from s to ¢ has at least two vertices (since s # t),
and thus has a well-defined second vertex v;. This second vertex v; satisfies s > v; (since
s = vy > v1). In other words, this second vertex v is an element u € P satisfying s > u.

Fix an element v € P satisfying s > u. If (vg>wv; >--- > vy) is a path from s to ¢
satisfying v; = u, then (vq > vy > -+ > vy) is a path from u to ¢ (since v; = v and vy, = t).
Hence, we have found a map

from {paths (vo > vy >--- > v) from s to ¢ satisfying v, = u}
to {paths from u to t}
that sends each path (vg>wv; > >v) to (v >wvy >+ >wv;). This map is injec-

tive?! and surjective??; hence, it is a bijection. We can use this bijection to substitute
(v1 > vy > - -+ >1y) for p in the sum > A5 AY. We thus obtain

p is a path from u to ¢
s AP
§ : AZAE

p is a path from u to ¢t

_ A8 A(v1>v2>~~>vk)
o § : 4 14
; —————
(vo>v1 > >vg) zl;slizlfath from s to t; :AZO :A? AEQ“'AZ]C
(since s=vo) (by the definition of A§v1>v2>m>%))
— E AZOAZI AZ2 . AZIc
- g
>u1>-> i th fi to t; e
(’Uo U1 Uk) ;Sli&)a rom s to :AZO AzlmAzk
o (v0>v1>~->vk)
,AZ
(by the definition of A{"0”*1>"">"k))
_ Z A(vo>v1>~->vk) (38)
= y .
(vo»v1>--->v) is a path from s to ¢;
v1=u

Now, forget that we fixed u. We thus have proved (38) for each u € p satisfying s > w.

2hecause a path (vg > v > - -+ > vg) from s to ¢ can be reconstructed from its image (vy > vg > - -+ > vg)
under this map (since its first vertex v is forced to be s)

22Indeed, if p = (v; > v9 > -+ > vy) is a path from u to ¢, then (s > vy > vg > --- > v) is a path from s
to t satisfying v1 = u (since s > u = v1), and it is clear that our map sends the latter path to p.
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The definition of A7 yields

A D DR

p is a path from s to ¢

= Z A2U0>v1>m>vk)

(vo»v1>-->v) is a path from s to ¢

N J/

TV
= ZA
ueP; (vo>»v1>-->vy) is a path from s to t;
s>u v1=u

(because any path (vo>wv13>-->vy) from s to t has a well-defined
second vertex v1, and this second vertex vy satisfies s>v1)

(here we have renamed the index p as (vg > vy > -+ > vy))

— Z Z A§U0>U1>m>vk)

uweP; (vo>v1>-->vy) is a path from s to t;

s>u vi=u
N - 7
= 3 A AT
p is a path from u to t
(by (38))

— S AP _ As P
=2 . A=) >, A
uweP; P isa path from u to ¢ uweP; P isapath from u tot

s>u s>u N~ d

:Az‘—n
(by the definition of A¥—*)

=AY A
ueﬁ;
S>U
This proves (34). The same argument (but with each A symbol replaced by an V' symbol)
proves (36).

Let us now prove (35). This proof will be very similar to the above proof of (34), but
we will now classify paths from s to t according to their second-to-last vertex instead of
their second vertex. Here are the details:

Any path (vg > vy > -+ > v) from s to ¢ has at least two vertices (since s # t), and
thus has a well-defined second-to-last vertex v;_;. This second-to-last vertex vj,_; satisfies
Ug—1 >1 (since vg_1 > v = t). In other words, this second-to-last vertex vy_; is an element
ueP satisfying u > t. R

Now, fix an element u € P satisfying u > ¢. If (vg > vy > --- > vy) is a path from s to
t satisfying vx_; = u, then (vg > vy > -+ > vp_1) is a path from s to u (since vy = s and
vg—1 = u). Hence, we have found a map

from {paths (v > wv; >--- > v;) from s to ¢ satisfying vy = u}
to {paths from s to u}

that sends each path (vg > vy >+ > ;) to (vg> vy >+ >v,_1). This map is injec-
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tive?3 and surjective?*; hence, it is a bijection. We can use this bijection to substitute
(vo > vy >+ -+ > ;1) for p in the sum > AP Al We thus obtain

p is a path from s to u
P gt
E AJ A,

p is a path from s to u

VOS>V > >V
_ Z Aé 0>v1 k—1) Az
: N / A
vo>v1>--->v) is a path from s to ¢; e
(vo>v1 A =AY AV AR =4,k
Sy el since t=v
(by the definition of Agv0>vl> >vk71)) ( g
— AUOAvl . Avk—lAvk
E : A 4 4
vo>v1 >+ >k ) is a path from s to ¢; R
( 0 ! kz;k,lzu :AEOAzlAZk
ENCIESTESR YY)
7AE
(by the definition of Ag“0>“1>m>vk))
- Z A(vo>v1>~-->vk) (39)
= y .
(vo>v1>-->vg) is a path from s to t;
Vg_1=U

Now, forget that we fixed u. We thus have proved (39) for each u € P satisfying u > t.
The definition of A" yields

A= Y, A

p is a path from s to ¢

— Z A§U0>’U1>--->vk)

(vo»v1>-->v) is a path from s to ¢
N -~ 7

ueP; (vo>vi>->vy) is a path from s to t;

u>t Vk—1=U
(because any path (vo>wv1>-->vy) from s to t has a well-defined
second-to-last vertex vi_1, and this vertex vy _1 satisfies vg_1>t)

(here we have renamed the index p as (vg > vy > -+ > vy))

= Z Z Aév0>vl>m>vk)

weP; (vo>v1>-->vy) is a path from s to ¢;

u>t Vk—1=U
A >
Vo
= > AP AY
p is a path from s to u
(by (39))
= 3 AP AL =S ApAl
ucP; P isa path from s to u ueP;
u>t N ~~ d u>t
:AS—)U

14
(by the definition of A7)

23because a path (vp>vy>--->v,) from s to t can be reconstructed from its image
(vp > vy > -+ > vp—1) under this map (since its last vertex vy, is forced to be t)

2Indeed, if p = (vg > vy > - -+ > vy) is a path from s to u, then (vg > vy > --- > vy >t) is a path from s
to t satisfying vy = u (since vy = u > t), and it is clear that our map sends the latter path to p.
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This establishes (35). The same argument (but with each A symbol replaced by an V
symbol) yields (37). Thus, Proposition 7.2 is proven. O

The next proposition uses the products ¥ and Aj_; to rewrite the equality (29) (which
is essentially the definition of birational rowmotion) in a slick way:

Proposition 7.3 (Transition equation in A-V-form). Let v € P and ¢ > 1 be such
that R‘f # L. Assume that a is invertible. Then,

VY= A .

Proof. If vis 0 or 1, then the equality Vj = Aj_, holds because both of its sides are 1 (by
(30)). Thus, we WLOG assume that v is neither 0 nor 1. Hence, v € P. Thus, P # @.
Lemma 7.1 (a) yields that v, is well-defined and invertible. Lemma 7.1 (c) yields that
A} is well-defined. Lemma 7.1 (d) yields that V7§ is well-defined.
We have £ — 1 € N (since £ > 1) and R‘f # L. Hence, (29) (applied to £ — 1 instead of

0) yields
vy = (Z U51> g1 - Zu_e (40)

uU<v u>v

As in the proof of Lemma 7.1 (c), we can see that »_ u,_; is invertible. Taking reciprocals
uU<v

on both sides of (40), we obtain

T = (ZuH) Tl ) W= (Zw) V1t ) U

uU<v u>v u>v U<v

(by Proposition 2.3 (c)). Multiplying this equality by > u; on the left, we obtain

u>v

u>v u>v u>v u<v u<v
N TV
=1

J/

But the left hand side of this equality is ¥V} (by the definition of V}), whereas the right
hand side is Aj_,. Hence, this equality simplifies to Vj = Aj_,. This proves Proposition
7.3. O

As a consequence of Proposition 7.3, we have:

Corollary 7.4. Let p be a path. Let ¢ > 1 be such that Rf # 1. Assume that a is
invertible. Then,
Vi=Al.
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Proof. Write the path p as p = (vg > v > - -+ > vy). The definition of ¥} thus yields

P _ 0 U1 Uk
V@ - V@ Vf T VE

~~~ ~~ ~~

=4,% =40 =A%,

(by Proposition 7.3)  (by Proposition 7.3) (by Proposition 7.3)

= AZO—1AZI—1 e 'Azir
However, the definition of A} | yields
AY = AP A A (since p = (vg > vy > -+ > vy)).
Comparing these two equalities, we obtain V) = A} ,. This proves Corollary 7.4. n

Corollary 7.5. Let u,v € P. Let ¢ € N be such that ¢ > 1 and R'f # 1. Assume
that a is invertible. Then,
Vi — A, (41)

Proof. The definition of V™" yields

Vit Y TR DR

p is a path from u to v AP p is a path from u to v
=1

(by Corollary 7.4)
On the other hand, the definition of A}~ yields
= Z A?—l‘
p is a path from u to v
Comparing these two equalities, we obtain V7" = Aj~}". This proves Corollary 7.5. [

The next theorem gives ways to recover the labels u, = (RZ f) (u) from some of the
sums defined in (31) and (32).%°

Theorem 7.6 (path formulas for rectangle). Let ¢ € N. Assume that a is invertible.
Then:

(a) If R‘f # L and £ > 1, then each u € P satisfies

ue=Viov-b

(and the inverse V7 is well-defined).

25The condition £ > 1 in Theorem 7.6 (a) and (c) is meant to ensure that V=% and V7" are
invertible. It can be replaced by directly requiring the latter.
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(b) If R“F1f £ 1, then each u € P satisfies

Uy = Azﬁo - a.
(c) If R°f # 1 and ¢ > 1, then each u € P satisfies

ue = VP07

(and the inverse V797" is well-defined).
(d) If R**1f # 1, then each u € P satisfies

—(1,1
up = A, @D g

Proof of Theorem 7.6. (a) Assume that R°f # 1 and ¢ > 1. Then, Lemma 7.1 (d) yields
that the element V7 is well-defined and invertible for each v € P. Hence, the element
V¥ is well-defined for each path p. Therefore, the element ¥} is well-defined for each
ue P.

Next, we will prove the equality

vV, 7" = bug for each u € P. (42)

(The @y on the right hand side here is well-defined, since Lemma 7.1 (a) (applied to v = u)
shows that u, is well-defined and invertible.)

Proof of (42). We utilize downwards induction on w. This is a version of strong induction
in which we fix an element v € P and assume (as the induction hypothesis) that (42)
holds for all u € P satisfying v > v. We will then prove that (42) also holds for u = wv.
Since the poset P is finite, this will entail that (42) holds for all u € P.

So let us prove (42) by downwards induction on w:

Let v € P. Assume (as the induction hypothesis) that (42) holds for all u € P satisfying
u > v. In other words, we have ¥V} 7" = buy for each u € P satisfying v > v. Thus, in
particular, we have

vV, 7" = buyg for each u € P satisfying u > v. (43)
Note also that the only path from 1 to 1 is the trivial path (1). Hence,
Vitt=v{ =V =1=1b, (44)

(since 1, = b).
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However, 1 # v (since 1 ¢ P and v € P). Thus, (37) (applied to s = 1 and ¢t = v)
yields

1—v 1—u v
VK - § Vﬁ VZ
ueﬁ; =buy
v (indeed, this follows from (43) when u€P,

and follows from (44) when u=1;
and there are no other possibilities, since u>v rules out u=0)

u>v
(since our sums
range over P by

default)
=D bwVy=>b(> um VY =0 W g v = by
~—
u>v u>v _ u>v u>v
= X>: UygVy ~~ 4
u>v :1

(by the definition of V)

In other words, (42) holds for u = v. This completes the induction step. Thus, we have
proved (42) by induction. O

Note that 1, is invertible (by Lemma 7.1 (a), applied to v = 1). In other words, b is
invertible (since 1, = b).

Now, let uw € P. Then, b is invertible (as we just saw), and 7y is invertible (since any
inverse is invertible). Thus, buy is invertible (since a product of two invertible elements is

invertible). In other words, ¥V} 7" is invertible (since (42) says that ¥V} = buy). Hence,

Vi7" is well-defined. Furthermore, we have u, = V7" - b, since

Vb= Bm b (by (42)

=ugb
(by Proposition 2.3 (b))

=y bb = uy.
‘. 1, ¢

This proves Theorem 7.6 (a).

(b) This proof is rather similar to that of part (a), but uses upwards induction instead
of downwards induction (and applies (34) instead of (37)).

Here are the details:

Assume that R f £ . Then, Lemma 7.1 (c) (applied to £ + 1 instead of £) yields
that the element A} is well-defined and invertible for each v € P. Hence, the element
AP is well-defined for each path p. Therefore, the element A0 is well-defined for each
u € P.

Next, we will prove the equality

A0 — ya for each u € P. 45
¢

(The @ on the right hand side here is well-defined, since we assumed that a is invertible.)
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Proof of (45). We prove the equality (45) by upwards induction on u. This is a version
of strong induction in which we fix an element v € P and assume (as the induction
hypothesis) that (45) holds for all u € P satisfying v < v. We will then prove that (45)
also holds for w = v. Since the poset P is finite, this will entail that (45) holds for all
u € P.

So let us prove (45) by upwards induction on u:

Let v € P. Assume (as the induction hypothesis) that (45) holds for all u € P satisfying
u < v. In other words, we have A" = usa for each u € P satisfying u < v. Thus, in
particular, we have

Ay = wa for each u € P satisfying u < v. (46)
Note also that the only path from 0 to 0 is the trivial path (0). Hence,
AP0 = A = A0 =1 =0, (47)
(since 0p = a).

However, v # 0 (since v € P and 0 ¢ P). Thus, (34) (applied to s = v and ¢t = 0)
yields

Azﬁo — AZ E A?HO
— N
u€eP; =uga
Lz, (indeed, this follows from (46) when u€P,
_ _ and follows from (47) when u=0;
- Z}A) _ugv and there are no other possibilities, since v>wu rules out u=1)
uer;
u<v

(since our sums
range over P by

default)
= Az E Uga = Uy - E Uy - E ’LLga = Uga.
—_— u<v U<V u<v
=g 30w
U<v =1

(by the definition of A})

In other words, (45) holds for v = v. This completes the induction step, and (45) is
proven. ]

Now, for each u € P, we have u, = A}~° - a, since

A7 a=wa-a (by (45))
-1
= Uy.
This proves Theorem 7.6 (b).

(c) Assume that R'f # 1 and ¢ > 1. Let t € P. Every element of P distinct from 1 is
< (p, q). Therefore, the only element u € P satisfying 1 > u is the maximal element (p, q)
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of P. Hence, Y Viy7t = Vgp D7 Now, (36) (applied to s = 1) yields

u€eP;
1>u

é—n‘ _ V@ Z Vu—)t

= ueP;
(by (30)) 1>u

:Vgp,q)%t

Forget that we fixed t. We thus have proved that ¥V}~ = V@” D7 for each t € P.
Renaming the index ¢ as u in this statement, we obtain the following:

v =y for each u € P. (48)
Now, let u € P. Then, Theorem 7.6 (a) yields

— Yl p =y POy (by (48)).
This proves Theorem 7.6 (c).

(d) Assume that R“*1f # 1. Let s € P. Every element of P distinct from 0 is > (1,1).
Thus, the only element u € P satisfying w > 0 is the minimal element (1, 1) of P. Hence,
Z AS_WAO s—>(1 1) A(g _ As—>(1,1).

~— ¢

ueP; =1
u>0 (by (30))

Now, (35) (applied to ¢ = 0) yields
Az—)() Z AZ—)uAK 8—> ]. 1 .

uEP
u>0

Forget that we fixed s. We thus have proved that A;70 = AZ_)(M) for each s € P.
Renaming the index s as u in this statement, we obtain the following:

A0 = Az_’(l’l) for each u € P. (49)
Now, let v € P. Then, Theorem 7.6 (b) yields
= A0 g =AY g (by (49)).
This proves Theorem 7.6 (d). O

Remark 7.7. Corollary 7.5, Proposition 7.2 and parts (a) and (b) of Theorem 7.6
hold more generally if P is replaced by any finite poset (not necessarily a rectangle).
The proofs we gave above work in that generality. Parts (c) and (d) of Theorem 7.6
can be similarly generalized as long as the poset P has a global maximum (for part (c))
and a global minimum (for part (d)); all we need to do is to replace (p, q) by the global
maximum and (1, 1) by the global minimum. We will have no need for this generality,
though.
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8. Proof of reciprocity: the case (z,7) = (1,1)

Now, we are mostly ready to prove that Theorem 4.8 holds in the case when (7, j) = (1, 1).
For reasons both technical and pedagogical, it is useful for us to dispose of this case now
in order to have less work to do later. First, we prove Theorem 4.8 for (i, j) = (1,1) under
the extra assumption that a is invertible:

Lemma 8.1. Assume that P is the p x g-rectangle [p] x [g]. Let £ € N be such that
¢ > 1. Let f € KP be a K-labeling such that R‘f # L. Let a = f(0) and b = f (1).

Assume that a is invertible. Then,

(R'f) (L) =a- (R=1f) (p,q) - b.

Proof. We use the notations from Section 6. Thus, (Ref) (1,1) =(1,1), and

(B7F) (.0) = (P )y = AP

(by Theorem 7.6 (d), applied to £ —1 and (p, q) instead of £ and u). Solving this equation

Agf‘{)_)(l’l)

for , we obtain

AP = (Rf) (n,g) @ (50)

(since a is invertible). Note also that R (R*™'f) = R‘f # L, and thus (R f) (p,q) is
invertible (by Lemma 3.24, applied to R~'f and (p, q) instead of f and v).
Now,

(Rf)(L,1) =(1,1), = y =D (by Theorem 7.6 (c), applied to u = (1,1))
— Alpa= Dy (since (41) yields VP90 — Agf{)ﬁ(l’lv
= (R'f)(p.g)-a -b (by (50))

—a-(R1f) (pa)
(since (Reflf)(p,q) and @
are invertible)
=a- (R"'f) (p,q) - b.
This proves Lemma 8.1. O]

Unfortunately, our proof of Lemma 8.1 made use of the requirement that a be invertible,
since V%D DD and Aéﬁ?ﬁ(l’l) would not be well-defined otherwise. In order to remove
this requirement, we make use of a trick, in which we “temporarily” set the label f (0) to
1 and then argue that this has a predictable effect on (Rf) (1,1). This trick relies on the

following;:
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Lemma 8.2. Let P be an arbitrary finite poset (not necessarily [p] x[¢]). Let f,g € K?
be two K-labelings such that Rf # 1. Assume that

g(z) = f(2) for each z € P\ {0} . (51)
Assume furthermore that g (0) = 1. Set a = f (0). Then:
(a) We have Rg # L.

(b) If v € P is not a minimal element of P, then (Rf) (v) = (Rg) (v).

(c) If v € P is a minimal element of P, then (Rf) (v) = a - (Rg) (v).

Proof of Lemma 8.2. Pick a linear extension (v, v, ..., v,) of P. (We know from Theo-
rem 1.5 that such a linear extension exists.)
For each i € {0,1,...,m}, define a partial map

R; =T, o---oTvm:Kﬁ——+Kﬁ.

Vit1

oT,

Vi+2

Thus, in particular,

R,=T,,,0T,,.,0- 0T, = (empty composition) = id
and
Ry =Ty, ,oTy,0 0T, =T,0T,0---0T, =R

(by the definition of R).
For each i € {0,1,...,m}, we set

fO =R, if and g9 = R,_.g.

Each of f® and ¢ is either a K-labeling in K” or 1; we will soon see that it is a
K-labeling.

The tuple (vy,va,...,v,) is a linear extension of P. Thus, for each x € P, there exists
a unique 7 € {1,2,...,m} that satisfies x = v;. Let us denote this ¢ by p (z). Thus, the
map

p:P—{1,2,....,m},
x> p(2)

is a bijection.
Let M denote the set of all minimal elements of P.
We now shall prove the following:
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Claim 1: Let i € {0,1,...,m}. Then, f® # L and ¢ # L. Moreover,
g¥ (1) = f@ (1) and f@ (0) = a - g (0). Furthermore, each v € P satisfies

7 () = {g@ (v), ifvgMorp(e) <m—i

a-g® (v), otherwise.

Proof of Claim 1. We proceed by induction on ¢:
Base case: The definition of f(© yields f(©) = R,,_o f = f # L. The definition of ¢
i
yields ¢ = R,,_o g=g # L.
——
—Rp=id

From ¢ = g, we obtain ¢ (1) = ¢ (1) = f (1) (by (51), applied to = 1). In other
words, ¢ (1) = f© (1) (since f© = f).

From ¢ = g, we obtain ¢® (0) = g(0) = 1, so that a- g (0) =a-1 =a = f(0) =
f©(0) (since f = f©). In other words, f© (0) = a- ¢ (0).

Now, let v € P. Then, (51) (applied to z = v) yields g (v) = f (v) (since v € P C P\
{0}). In view of ¢ = g and f© = f, we can rewrite this as ¢ (v) = f© (v). However,
we have p (v) € {1,2,...,m} (by the definition of p (v)) and therefore p (v) < m =m —0.
Thus,

9O (v), if vg& M or p(v) <m—0;
a-g® (v), otherwise
— 4O () (since v ¢ M or p(v) < m — 0 (because p (v) < m —0))
= 9 (v).
Hence,

f(O)() 9(0)(0), ifvgé]\/[orp(v)gm_();
V) =
a- 9(0) (v), otherwise.

Forget that we fixed v. We thus have shown that each v € P satisfies

£ (v) = g9 (v), ifveg Morp(v)<m-—0;
a-g?” (v), otherwise.

Since we also know that f(© # 1 and ¢ # 1 and ¢ (1) = f©@ (1) and f© (0) =
a - ¢© (0), we have thus finished proving that Claim 1 holds for i = 0.

Induction step: Let 7 € {0,1,...,m — 1}. Assume (as the induction hypothesis) that
Claim 1 holds for ¢ = j. We must prove that Claim 1 holds for ¢ = j + 1. In other
words, we must prove that fUT) £ 1 and gu*Y #£ L and ¢U+Y (1) = fU+Y (1) and
fUTD(0) = a- gV (0) and that each v € P satisfies

FUD () = {9(”” (v), ifvgMorp(w)<m—(j+1);

. 52
a-gutY (v), otherwise. (52)
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Our induction hypothesis tells us that Claim 1 holds for ¢ = j. In other words, we have
fO) #£ 1 and ¢ # L and ¢V (1) = fU) (1) and f9) (0) = a - ¢ (0), and each v € P
satisfies
g (v), ifvé Morp(v)<m-—j;

@ (v) = . 53
J7 ) a-gY (v), otherwise. (53)
Let y := v,,—;. Thus, y is an element of P. The definition of p (y) yields that p(y) is
the unique ¢ € {1,2,...,m} that satisfies y = v;. Thus, p(y) =m — j (since y = v,,_;).
It is easy to see that
By = Ty 0 R (54)
2

It is easy to see that fU*1) % 1 27 Furthermore, we have

f(j+1) — Tyf(j)

26 Proof. The definition of Ry, yields Ry,,—; =T, oT, o---0T,, . The definition of R,, (1)

. m—j+1 VUm—j+2
yields
Rm—(j-ﬁ-l) = Tvm—(j+1)+1 oTUm—(j+1)+2 -0 Tvm = Tvm,fj © Tvmfgurl ©---0 Tvm
=T, =Top 41
= Ty, 0Ty, _jur ©Tvy_jyn 0 0Ty, =Ty 0 Ry
=T, =Rp_;
(since v —;=Yy)
This proves (54).
7 Proof. The definition of R,,_(;11) yields
Ry (j+1) = T”m—<j+1)+1 OTUWL*(J'+1)+2 o0y, =Ty, ; 0Ty, ;0 oTy,,-
=Tv,,_; =T jt1

However, the definition of R yields

R=T,0Ty,0---0T, = (Tv1 0Ty, 0 OTUmfjfl) o (Tvmﬂ. 0Ty j4r O oTvm)

=Rm—(j+1)
= (Tv1 o TU2 ©---0 T'anfj—l) ° Rm*(j‘“)'
Thus, if we had R,,_(j11)f = L, then we would have
R f: ((Tvl O]‘:U2 O"'OT’Um—j71) ORmi(JJ’»l))‘f

~—
=(Toy 0Toy00Tv,, ;1 )oRm_(j+1)

= (Tvl © Tvz ©---0 T'Unzfjfl) Rm*(jJFl)f
———
=1

= (Ty, o1y, 0---0T, 1)y=1,
1 2

Um—j—1

which would contradict Rf # L. Hence, we cannot have R,,_(j;1)f = L. Thus, R,,_41)f # L.
However, the definition of fU+Y yields fU+Y) = R,, ;41 f # L.
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28 Similarly,
gity =1 ¢0).

-y

Next, we observe that for each u € p satisfying u > y, we have

gV (u) = f9 (u) (55)

29 Furthermore, we have A .
9V (v) = fV(y) (56)

30

However, recall that fU+Y =T, ) so that T, f@) = fU1) = 1. Thus, the expression

DT | fO ) > ] f9 (w) (57)
ueﬁ; ueﬁ;

is well-defined (because if this expression was not well-defined, then the definition of the
y-toggle T, (Definition 3.12) would dictate that T}, f (/) = 1; but this would contradict

28 Proof. The definition of fU) yields fU) = R,,_;f. Hence, Ry,,_;f = f). The definition of fU+1
yields _ _
FOY = By f = (Ty0 Bny) f = Ty (B f) = T, ).
—_—— ————

=TyoRm_j =f@
(by (54))

2 Proof of (55): Let u € P be such that u > y. Then, u > y, so that v > y. In other words, y < wu.
Thus, there exists an element of P that is smaller than u (namely, y). Hence, u cannot be a minimal
element of P. In other words, u ¢ M (since M is the set of all minimal elements of P).

We must prove that gU) (u) = fU) (u). If u = 1, then this follows directly from g\) (1) = fU) (1).
Thus, we WLOG assume that u # 1. Moreover, u # 0 (because if we had u = 0, then we would have
0 = u > y, which would contradict the fact that 0 is not larger than any element of }3) Combining

u € P with u # 0 and u # 1, we obtain u € P\ {0,1} = P. Hence, p (u) is well-defined.
We have u ¢ M or p(u) < m —j (since u ¢ M). Now, (53) (applied to v = u) yields

FO () = g9 (u), if u ¢ M or p(u) <m—j;
a-gY (u), otherwise
=g (u) (since u ¢ M or p(u) <m—7j).
In other words, g\/) (u) = fU) (u). This proves (55).

30 Proof of (56): We have p (y) = m —j < m— j. Therefore, y ¢ M or p(y) < m—j. Now, (53) (applied
to v = y) yields

) (y) = 99 (v), ifye¢ M orp(y) <m—j;
a-g9 (y), otherwise

=g (y) (since y ¢ M or p(y) <m —j).

In other words, gV (y) = f) (y). This proves (56).
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T,fY9 % 1). As a consequence, the expressions f() f0) (y) and Z FO) () are also well-

uEP
u>y

defined (since they are parts of the well-defined expression (57)). In view of (55) and

(56), we can rewrite this as follows: The expressions ¢\ (y) and > ¢U) (u) are well-
<
defined. Thus, the expression

> g9 () [ 99 (y)- > g9 (u) (58)
ueﬁ; ueﬁ;
u<y u>y

is well-defined as well (since the expression > ¢\ (u) is clearly well-defined®'). Conse-

u€P;
u<y

quently, the definition of the y-toggle T, (Definition 3.12) yields T,¢") # L. In other
words, gtV £ 1| (since UtV =T, g\0).
Next, it is easy to see that gu+1) (1) = fU+) (1) 32 and fU+) (0) = a-gu*V (0) 3.
We now prove that each v € P satisfies (52).

Proof of (52). Let v € P. We must prove (52). We are in one of the following two cases:
Case 1: We have v # y.
Case 2: We have v = y.
Let us first consider Case 1. In this case, we have v # y. Hence, the statement
“p(v) < m —j” is equivalent to “p (v) <m—(j+1)7 34

3hecause ) #£ L

32 Proof. Recall that g\) (1) = fU) (1). However, 1 # y (since 1 ¢ P but y € P). Thus, Pr0p081t1on 3.14
(a) (applied to y, g and 1 instead of v, f and w) yields (T,¢") (1) = g (1) (smce T,g") # 1). 1
view of gU*) = T,g0) | we can rewrite this as g¥*1 (1) = gU) (1). Also, Proposition 3.14 (a) (apphed
to y, f9) and 1 instead of v, f and w) yields (T, f)) (1) = fU) (1) (since T, fW) = U+ £ 1)
In view of fUTY = T, £ we can rewrite this as fUF1 (1) = fU) (1). Hence, f() (1) = fU+1 (1).
Combining what we have shown so far, we obtain

gUt) (1) = ¢@ (1) = O (1) = FUHD (1).

33 Proof. Recall that ) (0) = a-g¥) (0). However, 0 # y (since 0 ¢ P but y € P). Thus, Propos1t10n 3.14
(a) (applied to y, g¥) and 0 instead of v, f and w) yields (T,g"?)) (0) = g1 (0) (smce T,g") # 1). 1

view of gU*Y) = T,9U) we can rewrite this as g@+1) (O) = g (0). Also, Proposition 3.14 (a) (apphed
to y, ) and 0 instead of v, f and w) yields (T, f0)) (O) (@) (0) (since T, fU) = fUtD) £ 1), In
) (

view of fUFD) =T, f) we can rewrite this as fU+1 (0) = 0). Hence,
FItD0) = f9D(0)=a- g (0) =a-gY¥t(0).
——

(J+1)(0)
(since 9(”“(0) 99(0))

34 Proof. Recall that p (v) is the unique i € {1,2,...,m} that satisfies v = v; (by the definition of p (v)).
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However, Proposition 3.14 (a) (applied to y, gV and v instead of v, f and w) yields
(T,99) (v) = gV (v) (since v # y and T,g) # L1). In view of gu*V) = T, g we can
rewrite this as gv*Y (v) = g9 (v). In other words, gV (v) = gV (v). Also, Proposition
3.14 (a) (applied to y, fU) and v instead of v, f and w) yields (T, f¥)) (v) = ) (v) (since
v # yand T,f9 # 1). In view of fU+D = T, fU) we can rewrite this as fU+Y (v) =
f9 (v). Hence,

. . U) ‘f A{ < i

gvi\v), Y or p(v) <m—j;
fUY @) = 9 (v) = (<'>) F A orp ) (by (53))

a-g¥ (v), otherwise
(G+1) : o
g (v), ifvéd Morp(v)<m-—j; . 0 o)
- ] since v
{@ : g(JH) (v), otherwise ( gv (v) =g ( ))

N EARIO)F ifvg Morpw)<m—(j+1);
a-gUtY (v), otherwise

(since the statement “p(v) < m — j”7 is equivalent to “p (v) < m — (j+1)”). In other
words, (52) holds. Thus, (52) is proved in Case 1.

Let us now consider Case 2. In this case, we have v = y. Hence, p (v) = p(y) =m—j >
m—j—1=m-— (j + 1). Thus, we do not have p (v) < m—(j + 1). Hence, the statement
“wg Morpv)<m—(j+1) is equivalent to “v ¢ M”.

Recall that T, f() 7é 1 and T,g") # L. Thus, Proposition 3.14 (b) (applied to f() and
y instead of f and v) yields

(T £0) Z O - fO) (y) - Z fO) (u).
ueP ueﬁ;

In view of fU+Y =T, f9) we can rewrite this as

FUHD ( Z FO ) |- 9 () - Z O (u). (59)

uEP ueP;
u<y u>y

Hence, v = w,(,). Therefore, v,.) = v # y = vm_j, so that p(v) # m — j (because if we had
p(v) = m — j, then we would have v,,) = vp,—;, which would contradict v,(,) # vm—;). In other
words, we don’t have p (v) =m — j.

Now, we have the following chain of equivalences:

(p(v) <m—j) <= (p(v) <m—jor p(v) =m—j)
= (p(v) <m—j) (since we don’t have p (v) =m — j)
— (p(v) < (m—j)—1) (since p (v) and m — j are integers)
= (@) <m-(+1)  (since (m—j)—1=m—(j+1)).

In other words, the statement “p (v) < m — j” is equivalent to “p (v) <m — (j +1)”.
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Also, recall that Tyg(j) # 1. Hence, Proposition 3.14 (b) (applied to ¢") and y instead
of f and v) yields

(Tyg?) ()= | D g9 (w) | - y Zg
= —f(])( y uek —fm( )

(by (56)) (by (55))

_ Z gD () | - fO (y) - Z O (u).

ueﬁ; u€eP;
U<y u>y

In view of g+ = Tyg(j), we can rewrite this as

P @)= [ 302 @) | TTG) Y T (60)

uEP uGP
u<y u>y

Now, we are in one of the following two subcases:

Subcase 2.1: We have v € M.

Subcase 2.2: We have v ¢ M.

Let us first consider Subcase 2.1. In this subcase, we have v € M. In other words,
y € M (since v = y). In other words, y is a minimal element of P (since M is the set of
aAll minimal elements of P). Hence, the only u € P that satisfies u < y is the element 0 of
P. Thus,

Y=g ) amd 3 @) =59 0),
ueﬁ; UEﬁ%
u<y u<y

Now, from v = y, we obtain

FURY(v) = UM (y)

— Z 9 w) | 7O () - Z £O) (u) (by (59))

ueﬁ; ueﬁ;

u<y u>y
:f(‘;(o)
—ag(j>(0)
—a-g90)-fO ()Y FO (u). (61)
ueP
u>y
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On the other hand, we don’t have v ¢ M (since v € M). Now, recall that the statement
“vé& M or p(v) <m—(j+1)” is equivalent to “v ¢ M”. Hence, we don’t have “v ¢ M
or p(v) <m—(j+1)” (since we don’t have v ¢ M). Therefore,

gt (v), v g Morp(v) <m—(j+1);
a- gt (v), otherwise

=a-gUt™ () =a-gUth (y) (since v = y)

— . Z gD () | -FO) (y) - Z £ (u) (by (60))

ueﬁ; ueﬁ;

u<y u>y
g0 (0)
=a-gY(0)- O (y) - Z 9 (u).
ueﬁ;
u>y

Comparing this with (61), we obtain

FUHD (v) = {g(jﬂ) (v), ifvg Morp(v)<m-—(j+1);

a-gUtt) (v), otherwise.

In other words, (52) holds. Thus, we have proved (52) in Subcase 2.1,

Now, let us consider Subcase 2.2. In this subcase, we have v ¢ M. In other words, v is
not a minimal element of P (since M is the set of all minimal elements of P). Thus, we
don’t have 0 < v in P. In other words, we don’t have 0 < y in P (since v = y).

For each u € P satisfying u < y, we have

g9 () = fV (u) (62)

35 Now, from v = y, we obtain

FU () = fU ()

_ Z £9) () f(T(y)Z £O) (u) (by (59)).

ueﬁ; ueﬁ;
U<y u>y

35 Proof of (62): Let u € P be such that u < y. Then, u <y, so that u < y. Thus, u # 1 (because if we
had v = 1, then we would have 1 = u < y, which would contradict the fact that 1 is not smaller than
any element of P). Moreover, u # 0 (because if we had u = 0, then we would have 0 = u < y, which
would contradict the fact that we don’t have 0 < y in 13) Combining u € P with u # 0 and u # 1,
we obtain u € P\ {0,1} = P. Hence, p (u) is well-defined.

The definition of p (u) shows that p (u) is the unique ¢ € {1,2,...,m} that satisfies u = v;. Hence,
U= Up(y)-

Recpa(ll) that (v1,v2,...,0m,) is a linear extension of P. Thus, any k& € {1,2,...,m} and ¢ €
{1,2,...,m} satisfying vy < v, must satisfy k& < £ (by the definition of a linear extension). We can
apply this to k = p(u) and £ = m — j (since v,,) = u < y = vy,,—;), and thus obtain p (u) < m — j.
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Comparing this with

gut (v),  ifvd Morp(v) <m—(j+1);
a-gUtY (v), otherwise

= gUtD (v) (since v ¢ M or p(v) <m—(j+1) (because v ¢ M))

_ g(j+1) (

Y) (since v = y)

= E g9 (u) | - O (y) - E f9) (u) (by (60))
= N—— —

UEP; _ 1) (4) u€>P;

Y by (62)) Y

_ Z FD W) |- FO (y) - Z 9 (u),

ueﬁ; UEﬁ%
U<y u>y
we obtain
FOD () = gt (v),  ifvgMorp(v) <m—(j+1);
a-gUtY (v), otherwise.

Thus, we have proved (52) in Subcase 2.2.

We have now proved (52) in both Subcases 2.1 and 2.2. Since these two Subcases cover
all of Case 2, we thus have proved (52) in Case 2.

We have now proved (52) in both Cases 1 and 2. Therefore, (52) always holds. This
completes the proof of (52). O

Altogether, we have now proved that fU+Y) £ 1 and gU*!) # 1 and ¢gu*V (1) =
fUTD (1) and fUY(0) = a - gU+Y (0) and that each v € P satisfies (52). In other
words, Claim 1 holds for ¢ = j + 1. This completes the induction step. Thus, Claim 1 is
proven. ]

In order to finish our proof of Lemma 8.2, we now apply Claim 1 to i = m:
Claim 1 (applied to i = m) shows that (™ # 1 and g™ # 1 and g™ (1) = f™ (1)
and f(™ (0) = a - g™ (0), and that each v € P satisfies

) (v) = g™ (v), if v ¢ M or p(v) <m—m; (63)
a-g™ (v), otherwise.

Hence, p (u) < m —j. Therefore, u ¢ M or p(u) < m—j. Now, (53) (applied to u instead of v) yields

FO) (u) = 99 (u), ifud¢ M or p(u) <m — j;
a- g(j) (u), otherwise

= ¢ (u) (since u ¢ M or p(u) <m—j).

In other words, ¥ (u) = fU) (u). This proves (62).
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The definition of ¢ yields ¢™ = R,,_,, g = Rg. The definition of f™ yields f(™ =
~——
—Ro=R
Rym f - Rf
——
—Ro=R
Now, the three parts of Lemma 8.2 easily follow:
(a) From g™ = Rg, we obtain Rg = g™ # L. This proves Lemma 8.2 (a).

(b) Let v € P be not a minimal element of P. Thus, v ¢ M (since M is the set of all
minimal elements of P). Moreover, from f™ = Rf, we obtain Rf = f™ and thus

 o(m g™ (v), ifvé Morp(v) <m—m;
(Rf) (@) = 1 (0) = {a -9 (v), otherwise (by (63))
= g\(’,’i(v) (since v ¢ M or p(v) < m—m (because v ¢ M))
=Ry
= (Ryg) (v).

This proves Lemma 8.2 (b).

(c) Let v € P be a minimal element of P. Thus, v € M (since M is the set of all
minimal elements of P). Hence, we don’t have v ¢ M.

Moreover, p(v) € {1,2,...,m} (by the definition of p(v)) and therefore p(v) > 1 >
0 = m — m. Thus, we don’t have p (v) < m —m.

From f(™ = Rf, we obtain Rf = ™, and thus

g™ (v), if veg Morp(v)<m—m;

a-g™ (v), otherwise

(Rf) (v) = f™ (v) = { (by (63))

since we don’t have “v ¢ M or p(v) < m—m”

=a- g™ (v) (because we don’t have v ¢ M,
—Tg and we don’t have p (v) < m —m)
=a-(Rg) (v).
This proves Lemma 8.2 (c). O

Let us now get rid of the “a is invertible” requirement in Lemma 8.1:

Lemma 8.3. Assume that P is the p x g-rectangle [p] x [g]. Let £ € N be such that
¢ > 1. Let f € K” be a K-labeling such that R‘f # L. Let a = f(0) and b = f(1).
Then,

(Rf) (1,1) =a- (RE1f) (p,g) - b.

Proof. If ¢ > 2, then we can easily see that a is invertible®®. Hence, if ¢ > 2, then
Lemma 8.3 follows immediately from Lemma 8.1. Thus, for the rest of this proof, we

36 Proof. Assume that ¢ > 2. Thus, 2 < £. Hence, from R‘f # |, we obtain R?f # | (by Lemma 3.23).
Hence, Lemma 3.26 yields that f(0) and f (1) are invertible. In other words, a and b are invertible
(since a = f (0) and b= f (1)). This proves that a is invertible.
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WLOG assume that we don’t have ¢ > 2. Hence, { = 1 (since ¢{ > 1). Therefore,
R7'=R'"!' = R%=1id, so that R"'f =id f = f and therefore (R*f) (p,q) = f (p,q).
Also, R = R (singe ¢=1). Hence, R = R’ so that Rf = R‘f # L.

Now, let g € K¥ be the K-labeling that is obtained from f by replacing the label f (0)
by 1. Thus, we have

g(z) = f () for each z € P\ {0}, (64)

and we have g (0) = 1. Then, Lemma 8.2 (a) yields Rg # L. In other words, R'g # L.
Note that (p,q) € P C P\ {0}. Hence, (64) (applied to x = (p,q)) yields g (p,q) =

f(p,9).

We have 1 € P\ {0}. Thus, applying (64) to x = 1, we obtain ¢g(1) = f(1) = b, so
that b = ¢ (1). Also, 1 = ¢(0), and clearly 1 is invertible. Hence, Lemma 8.1 (applied to
1, g and 1 instead of ¢, f and a) yields

(R'g) (1,1) =1-(R'"1g) (p.q) - b= (R"g) (p,q) - b.

In view of R' = R and R'™! ¢ =idg = g, we can rewrite this as

=R0=id

(Rg) (1,1) =g (p.q) - b.

However, (1,1) is a minimal element of P. Thus, Lemma 8.2 (c) (applied to v = (1, 1))
yields

(Rf)(L,1)=a-(Rg)(1,1) =a-g(p,q)-b=a- f(p,q)-b (since g (p,q) = f (p,q)) .

=g(p,q)-b

In view of R = R and (Re_lf) (p,q) = f (p,q), we can rewrite this as

(R'f) (1,1) = a- (R1f) (p.q) - b.
Thus, Lemma 8.3 is proven. O

This settles the easiest case of Theorem 4.8 — namely, the case (i,7) = (1,1). To get a
grip on the general case, we need more lemmas.

9. The conversion lemma

We continue using the notations from Section 6.

Lemma 9.1 (Four neighbors lemma). Let u,v,w,d be four adjacent elements of P
that are arranged as follows on the Hasse diagram of P:
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(i.e., we have d = (i,5), v = (i+1,7), w = (4,5 + 1) and v = (i + 1,5 + 1) for some
i € [p—1] and some j € [q — 1]).
Assume that a is invertible. Let £ > 1 be such that R“*!f # 1. Then:

(a) We have
TV -dy =g - AY - wy.

(b) We have
Wy -V dy =1 - AY - vy

Proof. (a) We have R (R‘f) = R™' f # 1L = R(L) and thus R‘f # 1. Hence, Lemma
7.1 (a) yields that v, is invertible. Similarly, w, and u, and d, are invertible. Also,
Lemma 7.1 (d) (applied to d instead of v) yields that the element V¢ is well-defined and
invertible. Moreover, Lemma 7.1 (c) (applied to u and ¢ + 1 instead of v and ¢) yields
that the element A} is well-defined and invertible.

The elements s € P that satisfy s > d are v and w. Hence, Y 5; = Uy + wy (where, of
s>d

course, the sum ranges over s € ﬁ) Now, the definition of V¢ yields

Vi=> Si-d =0+ w;d (65)

s>d

(since Y S = vy + wy).
s>d .
The elements s € P that satisfy s < u are v and w. Hence, > s, = v + wy. Now, the
s<u

definition of A} yields

A?:Ug-ZSZZUg'Ug+wg (66)
s<u
(since > sy = vy 4+ wy). Since this is well-defined, the element v, + w, of K must be
s<u
invertible. Also, we already know that v, and w, are invertible. Hence, Proposition 2.4

(b) (applied to v, and w, instead of a and b) yields that 7; + wy is invertible as well and
its inverse 1s

Vg + Wy = Vg - Vg + Wy - wy.

Now,

— d = - — T _
v VY di=v- Ue+wg - dp-deg =070 00 F we - wp = vp + Wy - wy.

~~ —
—TFwgdg =vg-vg+wg-wy =1 =1
(by (65))

Comparing this with

Uy + AEL cWp = Uyg * Ug - Vg + Wy + Wy = Vg + Wy - Wy,
v \,—/

—upv T =1

(by (66))
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we obtain U7 - V¢ - dy = s - AY - wy. Thus, Lemma 9.1 (a) is proved.

(b) This can be proved by the same argument that we used to prove part (a) (with
the roles of v and w interchanged). O

We recall our conventions for drawing the p x g-rectangle P = [p] x [¢]. In light of these
conventions, we shall refer to the set {(k,q) | k € [p]} as the northeastern edge of P, and
to the set {(¢,1) | ¢ € [p]} as the southwestern edge of P.

The next lemma is crucial, as it allows us to “convert” between A’s and V’s without
changing the subscript.

Lemma 9.2 (Conversion lemma). Let u and «’ be two elements of the northeastern
edge of P satisfying u > u' (that is, let v = (k,q) and v’ = (k —1,q) for some k €
{2,3,...,p}). Let d and d’ be two elements of the southwestern edge of P satisfying
d>d (that is, let d = (i,1) and &' = (i — 1,1) for some i € {2,3,...,p}).

Assume that a is invertible. Let £ > 1 be such that R*'f # 1. Then we have:

u—d _ yu'—=d
Az — VK .

Here is an illustration for this lemmas

(the red path indexes one addend in the sum Ay 74 = > AP, while the blue

p is a path from u to d

. / !
path contributes to the sum V¥ 74 = > V7).
p is a path from v’ to d’

In the case when K is commutative, Lemma 9.2 was independently discovered by John-
son and Liu [JohLiu22|. More precisely, [JohLiu22, Lemma 4.1] extends it from sums over
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paths (such as A%~? and V}/%d/) to sums over k-tuples of non-intersecting paths. It is
unclear whether this extension can still be made when K is not commutative (what order
should the A}’s along different paths be multiplied in?), but the use of determinants likely
precludes any noncommutative generalization of the proof in [JohLiu22].

Proof of Lemma 9.2. Let £ € N. We “interpolate” between the paths from u to d and the
paths from u’ to d’ using what we call “path-jump-paths”. To define these formally, we
introduce some more basic notations.

The first coordinate of any = € P will be denoted by fitstx. Thus, fitst(i,j) = ¢ for
any (i,7) € P.

Furthermore, for any z = (i,j) € P, we define the rank of x to be the positive integer
1+ 7 — 1. This rank will be denoted by tant x.

We define a new binary relation » on the set P as follows: If x and y are two elements
of P, then the relation x » y means “cantx = vanty + 1 and ficstx > fiesty”. In other
words, the relation  » y means that

if v =(i,7), theny = (i — k,j+ k — 1) for some k > 0.

Visually speaking, it means that y is one step southeast and a (nonnegative) amount of
steps east of z (on the Hasse diagram).

We define a path-jump-path to be a tuple p = (vg, v1,...,v;) of elements of P along
with a chosen number ¢ € {0,1,...,k — 1} such that the chain of relations

Vg >U1 2> >0 P Vig1 > Vjgg >0 >V
holds. We denote this path-jump-path simply by
p:<U0>U1>"'>’Ui>U1+1>1}i+2>"'>?]k), (67)

and we say that this path-jump-path p has jump at i. The elements vy, vy,..., v, are
called the vertices of this path-jump-path. The pairs (v;, v;j4+1) of consecutive vertices are
called the steps of this path-jump-path. Such a step (vj,v;41) is said to be a >-step if
j # 1, and it is said to be a »-step if j = i.
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Here is an example of a path-jump-path, where the red edge is the »-step:

(Note that two vertices x and y can satisfy = » y and x > y simultaneously. Thus,
it can happen that several path-jump-paths with jumps at different 7’s contain the same
vertices. We nevertheless do not consider these path-jump-paths to be identical, because
we understand a path-jump-path like (67) to “remember” not only its vertices vy, vy, . . ., v
but also the value of i.)

A path-jump-path from u to d’ will mean a path-jump-path
(Vo > vy > -+ >0; B Vg > Vo > -+ - > ) such that vg = v and v, = d.

We note that if two elements = and y of P satisfy x > y or z » y, then

tanty = vantx — 1. (68)

As a consequence of this fact, successive entries v;_; and v; in a path-jump-path
(vo > 1 > -+ > v B V1 > Vigg > -+ > ) always satisfy vant (v;) = vant (v;_;) — 1 for
each j € [k]. In other words, the ranks of the vertices of a path-jump-path decrease by 1
at each step.

Hence, the difference in ranks between the first and final entries of a path-jump-path
(Vg > vy >+ >0; B V41 > Vg > -+ > ) is one less than its number of entries:

vant (vy) — vant (vy,) = k. (69)
[Proof of (69): Let (vg>vq > -+ >v; B 041 > V4o > -+ > 1) be a path-jump-path.

Then, each j € [k] satisfies v;_1 >v; or v;_; » v; (by the definition of a “path-jump-path”).
Hence, each j € [k] satisfies vant (v;) = vant (v;_;) — 1 (by (68), applied to = v;_; and
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y = v;j). In other words, each j € [k] satisfies 1 = vant (v;_;) — vant (v;). Summing this
equality over all j € [k], we obtain

> 1= (vant(v;_;) — vant (v;))

J€[K] J€[K]
= (vant (vy) — vant (vy)) + (vant (vy) — vant (v9)) + - - - + (vant (vy_;) — vant (vy))
= vant (vy) — vant (vg) (by the telescope principle) .

Hence, vant (vy) — vant (vx) = >, 1 =|[k]| - 1 = |[k]| = k. This proves (69).]
JE[K]

Let r := vant u—rvant (d'). Thus, any path-jump-path from u to d’ must contain exactly
r 4+ 1 vertices®”. In other words, any path-jump-path from v to d must have the form
(v0>vl>--->vi PUZ‘+1>UZ'+2>"'>UT).

We have R (R'f) = R"'f # 1L = R(L) and thus R‘f # L. Hence, Lemma 7.1 (a)
yields that v, is well-defined and invertible for each v € P. Also, Lemma 7.1 (d) yields
that V7§ is well-defined and invertible for each v € P. Moreover, Lemma 7.1 (c) (applied
to £+ 1 instead of ¢) yields that A} is well-defined and invertible for each v € P.

In this proof, we will not consider any K-labelings other thanARe f. Thus, the only
labels we will be using are the labels v, = (R‘f) (v) for v € P. Thus, we agree to
use the following shorthand notation: If v € ]3, then the elements vy, Vj and Aj of K
will be denoted simply by v, V¥ and A", respectively. In other words, we shall omit
subscripts when these subscripts are £. For instance, the product A}fueu_g will thus
be abbreviated as A%uw’.

For any path-jump-path

p:(1}0>1}1>"'>viVU,‘+1>U¢+2>"'>UT)
that contains r + 1 vertices, we set
Ep = AV AV ... Avi—1vimvvi+2vvi+3 LV e K

(Here, as we have already announced, we are omitting a subscript under each symbol. All

the omitted subscripts are ¢ — for example, “v;” means (v;),, and “v;1;” means (viy1),,

and “A"” means A;°, and so on. We will do the same with all expressions that follow.)
Now we claim the following (again omitting subscripts that are ¢):

37 Proof. Let p be a path-jump-path from u to d’. We must prove that p contains exactly r 4 1 vertices.
Write p in the form p = (vg > vy >+« > v; B V41 > V0 > - -+ > V). Since p is a path-jump-path
from u to d’, we thus have vg = v and v, = d’. However, (69) yields tant (vg) — vant (vy) = k. Hence,

k = vant ( Vg ) — vant ( Vg ) =vantu —vant (d') = r.
~— ~—
=u =d’

However, p = (vg > vy > -+ > v; B Vj41 > Vjpo > - -+ > ) shows that p contains exactly k + 1
vertices. In other words, p contains exactly r 4+ 1 vertices (since k = r), ged.
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Claim 1: We have

Au—>d _ Z Ep-

p is a path-jump-path
from u to d’
with jump at r—1

pud = > E,.

p is a path-jump-path
from u to d’
with jump at 0

Claim 2: We have

Claim 3: For each j € {0,1,...,r — 2}, we have

> E, = > E,.

p is a path-jump-path p is a path-jump-path
from w to d’ from u to d’
with jump at j with jump at j+1

Before we prove these three claims, let us explain how Lemma 9.2 will follow from them:
V;t’—)d’ _ Vu’—>d’

= > E, (by Claim 2)
p is a path-jump-path

from u to d’
with jump at 0

= Z E, (by Claim 3, applied to j = 0)
p is a path-jump-path

from u to d’
with jump at 1

= Z E, (by Claim 3, applied to j = 1)
p is a path-jump-path

from u to d’
with jump at 2

= E E, (by Claim 3, applied to j =r — 2)
p is a path-jump-path
from u to d’
with jump at r—1

= A (by Claim 1)

_ Au—d
= A,

Hence, Lemma 9.2 will follow once Claims 1, 2 and 3 have been proved. Let us now prove
these three claims:

Proof of Claim 1. We know that d lies on the southwestern edge of P. Hence, the only
s € P satisfying s < d is d’' (since d > d'). Therefore, > s, = d,. However, the definition

seb;
s<d
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of AY shows that A¢ = d,- Y. s, = dyd,, (since Y s, = d}). Since we omit subscripts
SGIS; 3613;
s<d s<d

(when these subscripts are £), we can rewrite this as

At = dd'. (70)

We know that any path-jump-path from u to d’ must have the form
(Vg > vy >+ > v B Vg > Uigo > -+ - > 0,). If such a path-jump-path has jump at r — 1,
then it must have the form (vy > vy > -+ > v,_1 B v,); that is, its last step (v,_1,v,) is
an »-step. However, since it ends at d’, we must have v, = d’ and thus v,_; » v, = d'.
This entails v,_; = d (since the only g € P satisfying g » d is d  3¥), and therefore
(vp_1,v,) = (d,d") (since v, = d’). In other words, the last step of this path-jump-path is
(d,d).

We have thus shown that if a path-jump-path from u to d’ has jump at » — 1, then its
last step is (d,d’). Hence, any path-jump-path from u to d’ with jump at r — 1 must have
the form

(U0>U1>"'>U7«_1 Pd,),

where (vg > vy > -+- > v,_1) is a path from u to d. Conversely, any tuple of the latter

form is a path-jump-path from u to d’ with jump at r — 1 (since d » d’). Therefore, we

can substitute (vg > vy > -+ > v,y » d') for p in the sum > E,. We thus
p is a path-jump-path

from u to d’
with jump at r—1

38 Proof. Recall that d’ lies on the southwestern edge of P. In other words, d’ = (i,1) for some i € [p)].
Consider this ¢. Therefore, d = (i + 1,1) (since d also lies on the southwestern edge of P and satisfies
d>d).

From d’ = (i,1), we obtain fivst(d') =i and vant (d') =i+ 1—-1=1.
Now, let g € P be such that g » d’. By the definition of the relation », we thus have tantg =
vant (d') + 1 and firstg > fivst (d'). Hence, fitstg > fivst (d') =i and vantg = vant (d') +1 =i + 1.
——

=i
Write ¢ in the form g = (i/,5’) for some i’ € [p] and some j' € [q]. Thus, fitstg = ¢’ and
tantg =i’ +j' — 1. Hence, i/ = fitstg >iand i+ 1 =vankg=_ i +j' —1 > i+ j' — 1. Subtracting
>i
i from both sides of the latter inequality, we obtain 1 > j* — 1. Thus, j/ <1+ 1 =2, so that 7/ =1
(since j' € [q]). Now, fromi+1 =14+ j —1 =14 +1—1 =4, we obtain i/ = i + 1. Hence,
<~
=1
g=(,7)=(i+1,1) (since ¢/ =i+1 and j' = 1). Comparing this with d = (i + 1,1), we find g = d.
Forget that we fixed g. We thus have shown that if ¢ € P satisfies g » d’, then ¢ = d. In other
words, the only g € P satisfying g » d’ is d (since it is easy to see that d does indeed satisfy d » d’).
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obtain

Z Ep = Z F(vo>v1>~-->vr_1>d’)4

p is a path-jump-path (vo>v1>>vp_1) ~ _
from u to d’ is a path from u to d =AYAVL A2y, df
with jump at r—1 (by the definition of E(UO>U1>“_>U 1>d’))
N
_ vo AV1 Up—2 1
= 5 AYOAYE . A Up_q d
~—~
) (1}0>'L)1>"'>’UT,1) —d
is a path from u to d (since (vo>v1>>Vp_1)

is a path from u to d)

= Z AV AV L. Avr-2 @

(vo>v1>->vp_1) —Ad
is a path from u to d (by (70))
= g AVo AV L. AVr-2 Ad
~~
(1)()>’U1>~~~>1)r71) =AVr—1
is a path from u to d (because d=v,_1

(again since (vg>v1 >+ >vr_1)
is a path from u to d))

- E VO AVL .. AUr—2 AUr-1
= A A A r A r
TV
(vo>v1>>Upr_1) —AY0 AV1... AVr—1
is a path from u to d —A(vo>v1> >0 1)

(by the definition of A(“0>“1>'”>”T—1))

- Z Avo>vi>>vr_1)

(1}0>v1 >--'>U,,',1)
is a path from u to d

- >

p is a path from u to d :AE

here we have renamed the
summation index (vg > vy >--->wv,_1) as p

— p
- 2 A
p is a path from u to d

= Ay~ (by the definition of Ay~?)
— Au%d'

This proves Claim 1. O]

Proof of Claim 2. This is mostly analogous to the above proof of Claim 1, but we never-
theless present the full argument for the sake of completeness. R
We know that ' lies on the northeastern edge of P. Hence, the only s € P satisfying
s> is u (since u > u'). Therefore, Y §; = u;. Therefore,
seP;
s>u’
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" / / ~ — 7 - . p—
However, the definition of V' shows that Vi = > 57w, = wuj (since Y 57 = wy).
5613; 8613;
s>u’ s>u’
Since we omit subscripts (when these subscripts are £), we can rewrite this as

V" =uu. (71)

We know that any path-jump-path from u to d’ must have the form
(Vo> vy >+ >0; B V1 > Uge > -+ > 0,). If such a path-jump-path has jump at 0, then
it must have the form (vg B vy > vy > - -+ > v,.); that is, its first step (vg,v1) is an »-step.
However, since it starts at u, we must have vg = v and thus u = vy » v;. This entails
vy = u’ (since the only g € P satisfying u » g is v/ %), and therefore (vg,v1) = (u,u)
(since vg = u). In other words, the first step of this path-jump-path is (u,u’).

We have thus shown that if a path-jump-path from u to d’ has jump at 0, then its first
step is (u,u’). Hence, any path-jump-path from u to d’" with jump at 0 must have the
form

(up vy >vy> - >0,),

where (v; > vg > -+ >w,) is a path from ' to d’. Conversely, any tuple of the latter
form is a path-jump-path from u to d’ with jump at 0 (since u » u’). Therefore, we can

39 Proof. Recall that u lies on the northeastern edge of P. In other words, u = (i,q) for some i € [p)].
Consider this i. Therefore, v’ = (i — 1, ¢q) (since v’ also lies on the northeastern edge of P and satisfies
u>u').

From u = (i, q), we obtain fitstu =4 and vantu =i+ ¢ — 1.

Now, let g € P be such that u » g. By the definition of the relation », we thus have tantu =
rant g 4+ 1 and fivstu > fitstg. Hence, fitstg < fivstu = 7.

Write g in the form g = (¢/,5') for some i’ € [p] and some j' € [g]. Thus, fitstg = 7' and
tantg = ' + 5/ — 1. Hence, i’ = firtstg < ¢ and

i+qg—1=rantu= vantg +1 =4+ —1+1= 4 +j <i+j.
——— ~~~

=i+’ —1 <i

Subtracting 7 from both sides of the latter inequality, we obtain ¢ — 1 < j’. Thus, ' > g — 1, so that
j' = q (since j’ € [g]). Now, subtracting g from both sides of the equality i +¢—1 = ¢ +\j/’/ =14 +gq,
=q
we obtain ¢ — 1 = ¢’. In other words, ¢ = ¢ — 1. Hence, g = (¢,5) = (i — 1,¢) (since i’ =i — 1 and
j' = q). Comparing this with ' = (i — 1,¢), we find g = .
Forget that we fixed g. We thus have shown that if g € P satisfies u » g, then ¢ = «’. In other
words, the only g € P satisfying u » ¢ is «’ (since it is easy to see that v’ does indeed satisfy u » u').
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substitute (u » v; > vy > --- > v,) for p in the sum > E,. We thus obtain
p is a path-jump-path

from u to d’
with jump at 0

Z Ep - Z E(u>v1>v2>~~>vr)4

p is a path-jump-path (vi>v2>-->vp) i 'U;r'ug“_ v
from u to d’ is a path from v’ to d’ (0 tpe 4 ﬁ_y’z{lv fVE ver
with jump at 0 (by the definition o (u>v1>v2>~~>w))
e E u /U_l VU2V7J3 [N VU"‘
~—
(v1>ve>->vy) -
is a path from u’ to d’ (because v =u’

(since (v1>v2>-->vr)
is a path from v’ to d’))

-3 TR
~
(v1>v2>--->vr) :Vu/
is a path from v’ to d’ (by (71))
! L
—= g Vu VUQVUJ . V/U,r
(v1>v2>-->vy) =V
is a path from v’ to d’ (because u'=v;

(since (v1>v2>-->v,)
is a path from v’ to d’))

— V1L V2 /U3 | . L/ Ur
= ) | i R
TV
(v1>ve>-->vy) —yviyve..yor
is a path from u’ to d’ =y (vi>va>-->vr)

(by the definition of ¥ (v1>v2>->vr))

— Z V(v1>v2>-~~>vr)

(’01>1}2>“'>U7«)
is a path from u’ to d’

D SRS

(v1>ve>-->vy) =v?
is a path from v’ to d’
here we have renamed the
summation index (v; >wvy > --->v,) as p

— Z VP

p is a path from v’ to d’
= yu—d (by the definition of vz’*d’)
_ Vu’—)d"
This proves Claim 2. O]

Proving Claim 3 is a bit trickier. As an auxiliary result, we first show the following:

Claim 4: Let s and t be two elements of P. Then,

Z stV = Z Azt (72)

reP; reP;
spr>t s>zt
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Proof of Claim 4. We first observe that Claim 4 trivially holds if vants — vanét # 2 49,
Thus, for the rest of this proof, we WLOG assume that vants — vantét = 2. In terms of
the way that we draw our poset P, this means that the point s lies two rows above the
point t.

The definition of ¥ yields V4, = " 77 - f,. Omitting the subscripts, we can rewrite this

x>t

Vi=> 71 (73)

>t

as

The definition of Af yields A; = s;- Y 2. Omitting the subscripts, we can rewrite this
r<s
as

A*=5-) . (74)
r<s
Write s € P in the form s = (7, 5). Write ¢t € P in the form ¢ = (¢, j'). From s = (3, j),
we obtain tants =i + j — 1. Likewise, vantt = ¢ + 5/ — 1. Hence,

vants —vantt=(i+j—1)— (@' +5 - 1) =i+j—i -7,

sothat i+ 75— 4 — j' =vants — vantt = 2. Thus, j'=i+j— 7 — 2.
We are in one of the following three cases:
Case 1: We have i’ < i — 1.
Case 2: We have i’ =1 — 1.
Case 3: We have i’ > i — 1.
Representative examples for these three cases are illustrated in the following pictures:

Case 1 Case 2 Case 3

S

SN L NN
INTIN

40 Proof. Assume that tants — vantt # 2.

We claim that there exists no x € P such that s » x > t. Indeed, assume the contrary. Thus,
such an z does exist. Consider this . Then, (68) (applied to s and z instead of x and y) yields
vtantz = vant s — 1 (since s » x). Also, (68) (applied to ¢ instead of y) yields vantt = vantz — 1 (since
x > t). Thus,

tantt = vantz —1=tants—1—1=rcants — 2,
——
=vants—1
so that vtant s — vantt = 2; but this contradicts tant s — vant ¢ # 2. This contradiction shows that our
assumption was false. Hence, we have shown that there exists no x € P such that s » = > t. Thus,
the sum > szV?! is empty. Similarly, we can see that the sum Y. A®xf is empty. Thus, these

TEP; TEP;
spxr>t s>t B
two sums are both empty and therefore both equal 0. Hence, Y. szV'= Y  A’zt. We have thus
rEP; TEP;
spx>t s>zt

proved Claim 4 in the case when vant s — vant¢ # 2.

GRINBERG AND ROBY ON NONCOMMUTATIVE BIRATIONAL ROWMOTION, 80



(the bullets signify the positions of potential neighbors of s and ¢; some of these positions
may fall outside of P, but this does not disturb our argument). In terms of the way we
draw our poset P, the three cases can be reformulated as “the point s lies further west
than ¢” (Case 1), “the point s lies due north of t” (Case 2) and “the point s lies further
east than t” (Case 3). Note that two elements x,y € P satisfy x » y if and only if y lies
one step south and some arbitrary distance east of x in our pictures.

Let us first consider Case 1. In this case, we have i’ < i — 1. Thus, i’ + 1 < i. Hence,
each element x of P that satisfies x > t must satisfy s » 2 automatically*'. Therefore,
the summation sign »_ can be simplified to ) . In turn, the latter summation sign

zEP; TEP;

s>t >t
>~ can be rewritten as > (because any x € P that satisfies z > ¢ must automatically
zeP; zeP;
x>t x>t

belong to P 42). Hence, we obtain the following equality of summation signs:

>-T-r-y

TEP; TEP; zeP: >t
s>t >t ot

(since our sums are understood to range over P by default). Thus,

ZSTVt:ZSTVtZS Zf \Vj_, =5 Zf ZE-Z
x>t

TEP; >t >t
spxr>t >t

= st. (75)

Furthermore, i’ < i—1, so that i—1 > ¢’. Hence, each element = of P that satisfies s>z

must satisfy z » ¢ automatically?®. Therefore, the summation sign >_ can be simplified

zEeP;
s>t

4 Proof. Let © € P be such that 2 > t. We must show that s » z.
From x > t, we obtain vant¢ = vantz — 1 (by (68), applied to y = t) and thus vantx — vantt = 1.
Now,
vant s — vantx = (vants — vantt) — (vantz —vantt) =2 —1=1.

—2 =1
Thus, vant s = vantx + 1.
Furthermore, z is either (¢’ + 1, j") or (¢/,5' + 1) (since z >t = (i',5’)). Hence, fivstz <i'+1<i=
fitsts (since s = (i,7)), so that fitsts > firstx. Combining this with vants = vantz + 1, we obtain
s » x (by the definition of the relation »).
42 Proof. From t = (i', '), we obtain fitstt =i/ <i—1 < i < p = fitst(p,q). Hence, fitstt # first (p, q),
so that t # (p,¢q). This shows that ¢ is not a maximal element of P (since the only maximal element
of P is (p,q)). In other words, we don’t have ¢t < 1 in P. In other words, we don’t have 1 > ¢ in P.
Hence, any z € P that satisfies z > t must automatically belong to P (since we have neither 1 > ¢ nor
03> 1).
43 Proof. Let © € P be such that s > z. We must show that z » t.
From s > x, we obtain tantxz = vants — 1 (by (68), applied to s and x instead of x and y). Hence,
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to > . In turn, the latter summation sign >  can be rewritten as »_ (because any

z€eP; zeP; zeD:
s> s> s>T

z € P that satisfies s > z must automatically belong to P %). Hence, we obtain the

following equality of summation signs:

zep; zep; z€P; z€P; T<s

s>xht 5>x s> T<s

(since our sums are understood to range over P by default). Thus,

ZA%:ZA%: \A/‘: Za: fzs-Zx Zx t = st.

sx->€z]i;t z<s 25.9;:7 x<s r<s x<s
(by (74)) =1
Comparing this with (75), we obtain > szV'= Y A®zt. Thus, Claim 4 is proved in
zEP; TEP;
s>t s>t
Case 1.
Let us now consider Case 2. In this case, we have i/ = i—1. Hence, j' = i+j—_i —2=
=i—1

i+j—(i—1)—2=7—1. Thus,t = (',j') =(i—1,j —1) (sincei =i—1and j' = j—1).
Let v:= (i,j — 1) and w := (i — 1, 7). In our coordinate system, the four points
s=(1,7), t=0G—-1,7—-1), v= (1,7 —1), w=(i—1,j)
are arranged in a 1 x l-square, which looks as follows:
S 76
AN (76)
v w
A4
t
Hence, v and w belong to P (since s and ¢ belong to P), and furthermore, Lemma 9.1
(b) (applied to s and t instead of u and d) yields

Wy -V ty =5, A5 - vy

vant s — vantx = 1, so that

tant z — vantt = (vant s — vantt) — (vants —rantz) =2 -1 =1.

-2 =1
Thus, vant x = vantt + 1.

Furthermore, x is either (i — 1, j) or (¢, — 1) (since (4, j) = s>z). Hence, fitstx > i—1 > i/ = fistt
(since t = (¢, j')). Combining this with vantx = vantt + 1, we obtain x » ¢ (by the definition of the
relation »).

4 Proof. From s = (i, j), we obtain fitsts =i > i —1 >4 > 1 = first(1,1). Hence, firsts # fivst (1, 1),
so that s # (1,1). This shows that s is not a minimal element of P (since the only minimal element
of P is (1,1)). In other words, we don’t have s > 0 in P. Hence, any « € P that satisfies s > z must
automatically belong to P (since we have neither s > 0 nor s > 1).
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Since we are omitting subscripts, we can rewrite this as follows:
w-Vt=35-A°-v.

The picture (76) shows that we have s » w but not s » v. Hence, there is only one
element x € P that satisfies s » x > ¢; namely, this element x is w. Hence,

5 stVi=suVi=s-w-V'- 1 =s-w-Vt-t-t=s5-5-A° - v-1
TEP; =t =s5-Asv =1
spr>t

=A% vt (77)

On the other hand, the picture (76) shows that we have v » ¢t but not w » ¢t. Hence, there
is only one element z € P that satisfies s > = B ¢; namely, this element = is v. Hence,

Z Asxt = ASvt = A° v - 1.
zEeP;
s>t

Comparing this with (77), we obtain > szV'= Y  A®zt. Thus, Claim 4 is proved in
TEeP; TEP;
spx>t s>zt

Case 2.

Let us finally consider Case 3. In this case, we have ' > ¢ — 1. Thus, ¢’ > i (since ¢’
and ¢ are integers), so that i < ¢'. Note that i = fitsts (since s = (7,7)) and i’ = fivstt
(since t = (i, 5")).

There exists no x € P satisfying s » 2>t 4. Hence, the sum > szV! is empty.

zeP;
s>t
Thus, > szV'=0.
zEP;
s>t —
Furthermore, there exists no x € P satisfying s>z » ¢ 4. Hence, the sum Y A’xt
P
_ slj>€x>t
is empty. Thus, > Azt =0.
zEP;
s>xpt B
Comparing this with Y sTV' =0, we obtain Y szV'= > A®zt. Thus, Claim 4
TEP; TEP; TEP;
s>t s>t s>zt
is proved in Case 3.
We have now proved Claim 4 in all three cases. O]

We can now step to the proof of Claim 3:

45 Proof. Assume the contrary. Thus, there exists an x € P satisfying s » 2 > t. Consider this z.

We have x >t = (¢/,j'); thus, x is either (i/ + 1,5") or (¢, 5’ + 1). Hence, fitstz > i’ > i = firsts.
However, from s B x, we obtain fitsts > fitstz (by the definition of the relation »). This contradicts
fistx > fivsts. This contradiction shows that our assumption was false, qed.

46 Proof. Assume the contrary. Thus, there exists an x € P satisfying s > z » t. Consider this x.

We have s > z, so that x < s = (4,J); thus, z is either (i — 1,5) or (¢,j — 1). Hence, fivstz < i <
i’ = fitstt. However, from z » t, we obtain fitstz > first¢ (by the definition of the relation »). This
contradicts fitstx < fiestt. This contradiction shows that our assumption was false, qed.
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Proof of Claim 3. Let j € {0,1,...,r —2}.

We know that any path-jump-path from u to d’ must have the form
(Vo > vy > -+ >0; B Vg1 > Vg0 > -+ > 0,). If such a path-jump-path has jump at j, then
it must have the form (vg > vy > -+ > v; B vj41 > V42 > -+ - >0,). Thus,

>, B

p is a path-jump-path
from u to d’
with jump at j

= E E(U0>7J1>~-'>’UjPUj+1>Uj+2>"'>U7n)
A\ 7
VOS>V > DVUPVj 41 DVj42> >V . i . .
(oo is a pith—jJélp-éztzh & =AYAL A% =Ly V2 Y ISy
from u to d’ (by the definition of FE )
with jump at j <U0>vl>-~>Ujbvj+1>vj+2>--->vr)

— § AvoAUl . Avj_lvjmvvj+zvvj+3 . VUT
(U0>”U1>~">'Uj>7.1j+1>’vj+2>"'>’vr)
is a path-jump-path

from u to d’
with jump at j

= Z Z Z AV AV ... A'U]'—I/Ujmvvj+2vvj+3 L

(vo>v1>-->v;5) (vjp2>vj43> - >vp) vj+1€P;
is a path starting at v is a path ending at d’ VjP»Vj+1>Vj+2

here, we have broken up our
path—jump—path (UQ >0 > > (% > Vj+1 > Vjt2 > > UT)
into two paths (v > vy > -+ >v;) and (vjig > V43 > -+ - > v,)
and an intermediate vertex v;i; satisfying v; » vj41 > vj42

> SR A A

(U0>U1>--->’0j) (vj+2>vj+3>--->vr) TEP;
is a path starting at v is a path ending at d’ Sj’m>”j+2

J/

~
= > AYAYL-AY-ly Vit yer

TEP;
ViPT>Vj 42
—AVAVLAYISL S gV iy
zEP;
ViPT>Vj42

(here we have renamed v;;; as « in the inner sum)

Z Z A'UOA'Ul .. A'Uj—l Z Ujfvvj+2 ij+3vl)]'+4 . V'UT
(’U0>U1>-'~>’U]') (’U]'+2>Uj+3>~~~>vr) zeP;
is a path starting at v is a path ending at d’ Ui T>Uj 42
—
= X AYag
zEP;
Vj>TPV 42
(by Claim 4,
applied to s=v;
and t=vj42)

J/

= ) ) ARAR AT ST AT ey
(v0>vl>--~>vj) (”L)j+2>1)j+3>"'>1)r) zEP;
is a path starting at v is a path ending at d’ Ui >TP V42

We know that any path-jump-path from u to d’ must have the form
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(Vg > vy >+ > v B Vg > Uigo > -+ - > 0,). If such a path-jump-path has jump at j + 1,
then it must have the form (vg > vy > -+ > vj11 B Vj19 > vj43 > -+ >0,). Thus,

2. B

p is a path-jump-path
from u to d’
with jump at j+1

= E E(v0>v1 >-~~>vj+1bvj+2>vj+3>~~->vr)
- -
(vo>V1 > >V L1 PVj 12>V 3> >Uy) . ¥ . .
is a f)ath-jlimp-p;th =AY0AYL A% v; TV TSV Iy
from u to d’ (by the definition of E
with jump at j+1 (vozviz>vj 1025055 )

_ V0 AV1 Vv V43V 44 v
= E AV A ...A]Uj+lvj+2V]+VJ+...V7"
(vo>v1>~-->vj+1bvj+2>vj+3>-~~>vr)
is a path-jump-path
from u to d’
with jump at j+1

_ v AV1 v V43 V44 v
= Z Z Z A A ...AJUj+1Uj+2VJ+VJ+...VT
(’Uo>v1>~~>’l)j) (vj+2>vj+3>~~~>vr) ’Uj+1€P§
is a path starting at v is a path ending at d’ Vi >Vj+1PVj+2

here, we have broken up our
path—jump—path (’UO >0 > > Ui P Ujpo > Vjq3 >0 > Uq«>
into two paths (vy > vy > - >v;) and (vjio > V43> -+ > v,)
and an intermediate vertex v,y satisfying v; > v » vj40

— > > D ARAT . AV RV Y Y

(vo>v1>-->vj) (Vj42>vj43>->vr) xEP;
a path starting at v is a path ending at d’ i’j>3’>”j+2

-
17}

TV
- ) AVOAVL . AV AV gT gV IS Y A

zEeP;
V;>TPUj 42
—AV0AV1... AV -1 > AYIgvj Vi3 it yvr
z€eP;
Vj>TPV 42

(here we have renamed v;;; as « in the inner sum)

= E E AV AV .. AV E AYi xmvvj+3vvj+4 SN A
(vo>v1>--~>vj) (vj+2>vj+3>~~~>vr) TEP;
is a path starting at v  is a path ending at d’ Uj >TPVj42

Comparing our last two equalities, we obtain

> E, = > Ep.

p is a path-jump-path p is a path-jump-path
from u to d’ from u to d’
with jump at j with jump at j+1
Thus, Claim 3 is proven. O

We have now proved all three Claims 1, 2 and 3. As we explained, this completes the
proof of Lemma 9.2. O
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Remark 9.3. Parts of the above proof of Lemma 9.2 can be rewritten in a more
abstract (although probably not shorter) manner, avoiding the notion of a “path-jump-
path” and the nested sums that appeared in our proof of Claim 3.

To rewrite the proof, we need the notion of P x P-matrices. A P x P-matriz is
a matrix whose rows and columns are indexed not by integers but by elements of P.
(That is, it is a family of elements of K indexed by pairs (i,7) € P x P.) If C is any
P x P-matrix, and if ¢ and j are two elements of P, then the (i,j)-th entry of C' is
denoted by C; ;. Addition and multiplication are defined for P x P-matrices in the
same way as they are for usual matrices. That is, for any P x P-matrices C' and D and
any (i,7) € P x P, we have

(C + D)i,j = Ci,j + Di,j and (CD)z,] = Z CZ‘7/€D1€7J‘.

keP

For any statement A, we let [A] be the Iverson bracket (i.e., truth value) of A. That
is, [A] = 1 if A is true, and [A] = 0 if A is false.
Now, let £ € N. Define three P x P-matrices A, V and U by

A, =A%z >y,
V., =VV[e>y],
U,, = a7z » y] for all x,y € P.

Here, the relation x » y is defined as in the above proof of Lemma 9.2, and we are
again omitting the “¢” subscripts, so (for instance) “xy” actually means x,;.
Now, Claim 4 in our above proof of Lemma 9.2 can be rewritten in a nice and compact

form as the equality
AU =UV.

From this, we easily obtain
A*U = UV* for any k € N. (78)

This equality essentially replaces Claim 3 in the above proof.

Setting k = vantu — vantd in (78), and comparing the (u,d')-entries of both sides,
we quickly obtain A*?? = ¥*'~¢ (since x » d’ holds only for z = d, and since u » z
holds only for # = u'). This proves Lemma 9.2 again.

10. Proof of reciprocity: the case 53 = 1

Using the conversion lemma, we can now easily prove Theorem 4.8 in the case when j = 1:

Lemma 10.1. Assume that P is the p x g-rectangle [p] x [¢]. Let i € [p]. Let £ € N
satisfy ¢ > i. Let f € K be a K-labeling such that R‘f # L. Let a = f(0) and
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b= f(1). Then, using the notations from Section 6, we have

(i,l)eza-<p—|—1—i, q)éfi'b'

Proof. We have ¢ > i > 1 (since i € [p]). Also, from i € [p] and 1 € [g], we obtain
(1,1) € [p] x [¢] = P. Furthermore, from ¢ € [p|, we obtain p+ 1 —1i € [p]. Combined with
q € [q], this leads to (p+1—1, ¢) € [p] x [q] = P.

If £ = 1, then the claim of Lemma 10.1 easily follows from Lemma 8.3*7. Thus, for the
rest of this proof, we WLOG assume that ¢ # 1. Hence, ¢ > 2 (since £ > 1). Thus, 2 < /.
Hence, from R‘f # 1, we obtain R?f # 1 (by Lemma 3.23). Hence, Lemma 3.26 yields
that f (0) and f (1) are invertible. In other words, a and b are invertible (since a = f (0)
and b= f(1)).

Wehave\é/—z—l—l >i—i+1=1. Furthermore,K—\};—i—l </ —-1+1=/and
thus R f #£ 1 (by Lemma 3.23, since R‘f # 1). Thus, Lemma 7.1 (b) (applied to
(p—i+1, q) and £ —i+1 instead of v and /) yields that the element (p —i+1, ¢), . is
well-defined and invertible.

Furthermore, Theorem 7.6 (d) (applied to ¢ — i and (p —i+ 1, ¢q) instead of ¢ and
u) yields (p—i+1, q),_, = Ag:”l’ D=L (since RE="1f £ 1). Solving this for

A?:Hl’ =Y we obtain

A?i?“’ g—(11) _ (p —i+1, Q)Z—i -a. (80)

The right hand side of this equality is a product of two invertible elements (since both
(p—i+1, q),_, and @ are invertible), and thus is invertible. Hence, the left hand side is

47 Proof. Assume that £ = 1. Then, 1 = £ > i, so that i < 1 and therefore i = 1 (since i € [p]). However,
Lemma 8.3 yields

(Rf)(1,1) = a- (RLf)(p.q) - . (79)
Since we are using the notations from Section 6, we have
(i,1), = (R'f) (i,1) = (R'f) (1,1) (since i = 1)
and
(p+1—i @)y =(R7f)(p+1—i, q)=(R'f) | p+r1-1 ¢ (since i = 1)
——

= (R571f> (pa q) .

Thus, we can rewrite (79) as

(i,)y=a-(p+1—1i, q),_;b

Hence, Lemma 10.1 is proved under the assumption that £ = 1.
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invertible as well. Taking reciprocals on both sides of (80), we now obtain

Aép i+1, ¢)—(1,1) —(p—i+1 q>€"a
=a-(p—i+1, q),, (81)

Now, using Lemma 9.2 and Proposition 7.3, we can easily see the following: For each
ke{0,1,...,i— 2}, we have
Y 92k Dy e -, ), (82)
[Proof of (82): Let k € {0,1,...,i—2}. Then, k <i—2< _i —1<{—1, so that
<t
¢ —1>Fk and thus ¢ — k > 1.

From k < i — 1, we also obtain 1 < i — k, so that 1 <i—k — 1 (since 1 and i — k are
integers). Also, i € [p|, so that ¢ < p and thus i — k < p — k. Furthermore, k& > 0, so that
p—Fk<p.

Now, we have i —k — 1€ [p] (since 1l <i—k—landi—k—-1<i—k<p—£k<p),
sothat (1 —k—1, 1) € [p] x [¢] = P.

Furthermore, we have i —k € [p] (since 1 <i—k—1<i—kandi—k<p—k <p),
so that (1 —k, 1) € [p] x [¢q] = P.

Furthermore, we have p—k—1 € [p| (since 1 < ¢ —k—1<p—k—landp—k—1<

Furthermore, we have p — k € [p| (since 1 <i—k—-1<i—k<p—Fkandp—Fk <p),
so that (p —k, q) € [p] x [¢] = P.
Also, £ — k < (¢ and therefore R*-*f # | (by Lemma 3.23, since R‘f # 1). Hence,

>0

(41) (applied to (p — k, q), (i — k, 1) and ¢ — k instead of u, v and ¢) yields

pk 02 lk ) g0k 0tk D),

However, (p —k, ¢) and (p —k — 1, q) are two elements of the northeastern edge of P
satisfying (p — k, ¢) > (p—k —1, q), whereas (i — k, 1) and (i — k — 1, 1) are two ele-
ments of the southwestern edge of P satisfying (i — k, 1)>(i — k — 1, 1). We furthermore
have £ —k —1 > 1 (since £ — k > 1) and R“F1H1f = REFf £ | Thus, Lemma 9.2
(applied to (p—k, q), (p—k—1, q), (i—k, 1), (i—k—1, 1) and £ — k — 1 instead of
u, v, d, d and {) yields

Aé;tifklilq)%(ifk, 1) _ Vép_;]izly q)—(i—k—1, 1)'

Combining what we have shown, we now obtain

Vé{;k’ q)—(i—k, 1) _ Aéliiklilq)*}(iih 1) _ Vé;i;k_fll, q)—(i—k—1, 1) _ Vé[if(’glfg)l), q)—(i—(k+1), 1)

(since l —k—1=/(—(k+1)andp—k—1=p—(k+ 1) andi—k—1=1—(k+1)).
This proves (82).]
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Now,

Vgp, Q)= (i, 1) _ Vé;:)ﬂ, q)—(i—0, 1) (sincep=p—0andi=4—0and {=/{—0)

_ Véli_ll’ 7)—(i-1, 1) (by (82), applied to k = 0)
_ Véli—;v 0)—(i-2, 1) (by (82), applied to k = 1)
=V ey (by (82), applied to k = i —2)

| sincep—(i—1)=p—i+1
= v ey and i — (i = 1) = 1

and { — (i —1)=(—i+1

_ Agp—"i—i-L 9)—(1, 1) (83)

(by (41), applied to ¢ —i+ 1, (p —i+ 1, ¢) and (1, 1) instead of ¢, v and v).
However, Theorem 7.6 (c) (applied to u = (i, 1)) yields

(i,1), = VP DG D = gD-iFL =D, (by (83))
=a-(p—i+1, g, b (by (81))
=a-(p+1—1i, q), ;b (sincep—i+1=p+1—1).
This proves Lemma 10.1. u

In analogy to Lemma 10.1, we have the following:

Lemma 10.2. Assume that P is the p x ¢-rectangle [p] X [¢]. Let j € [¢]. Let £ € N

satisfy £ > j. Let f € K? be a K-labeling such that R‘f # L. Let a = f(0) and
b= f(1). Then, using the notations from Section 6, we have

(Lj)ﬂ =a- (pa C]‘l‘ 1 _j)f—j - b.

Proof. The two coordinates u and v of an element (u,v) € P play symmetric roles. Lemma
10.2 is just Lemma 10.1 with the roles of these two coordinates interchanged. Thus, the
proof of Lemma 10.2 is analogous to the proof of Lemma 10.1. O

11. Proof of reciprocity: the general case

Somewhat surprisingly, the general case of Theorem 4.8 follows by a fairly straightforward
induction argument from Lemma 10.1:

Proof of Theorem 4.8. We again use the notations from Section 6.
For any (i,7) € P, we define tilt (7, j) to be the positive integer i + 2.
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Our goal is to prove Theorem 4.8. In other words, our goal is to prove (27) for each
= (i,j) € P and ¢ € N satisfying / —i —j+1 > 0 and R'f # L. We will now prove
this by strong induction on tiltzx.

Induction step: Fix N € N. Assume (as the induction hypothesis) that

(27) holds for each = = (i,5) € P satisfying tiltz < N and each ¢ € N
satisfying £ —i —j4+1>0and R'f # L.

We now fix an element v = (i,7) € P satisfying tiltv = N and an ¢ € N satisfying
(—i—3j+1>0and R'f # L. Our goal is to prove that (27) holds for z = v. In other
words, our goal is to prove that vy =a-vy’,; ;b

We have N = ti[t\zi_/ = tilt(4,j) = i + 25 (by the definition of tilt(i,7)). We are in

—(i,j
one of the following siic ():ases:

Case 1: We have 1 = 1.

Case 2: We have j = 1.

Case 3: We have j =2 and 1 <1 < p.

Case 4: We have j =2 and i =p > 1.

Case 5: We have 7 > 2 and 1 <i < p.

Case 6: We have j > 2 and 1 =p > 1.

Let us first consider Case 1. In this case, we have i = 1. Thus, v = (4, j) = (1, j) (since
i = 1). The definition of v™ thus yields v~ = (p+1—-1, ¢+1—3) = (p, ¢+ 1—J).
Also, 0 — 1+ —j+1=¢—-1—j+1=F—j,sothat { —j=¢—14i— 35+ 12>0. In other

=1
words, ¢ > j. Hence, Lemma 10.2 yields

(Lj)[ =a- (pa q+ 1 _j)[_j -b.
In view of v = (1,7) and v~ = (p, ¢q+1—j)and £ —i —j+ 1 = ¢ — j, we can rewrite
thisas v, =a - CARINIER b. Thus, v, = a - CHARINIRE b is proved in Case 1.
Similarly (but using Lemma 10.1 instead of Lemma 10.2), we can obtain the same result
(Viz., ve=a-vy; ;,, -b) in Case 2.

Next, let us analyze the four remaining cases: Cases 3, 4, 5 and 6. The most complex
of these four cases is Case 5, so it is this case that we start with.

Thus, let us consider Case 5. In this case, we have j > 2 and 1 < 7 < p. Recall that
v = (i,7). Define the four further pairs

m = (i,j — 1), u=0G+1,7-1),
si=(i,j —2), ti=(i—1,5—1).

The conditions j > 2 and 1 < ¢ < p entail that all these four pairs m, u, s and ¢ belong
to [p] x [q] = P. Here is how the five elements v, m, u, s,t of P are aligned on the Hasse
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diagram of P:

u v (84)
~N S
m

RN
S t

In particular, the two elements of P that cover m are u and v, whereas the two elements
of P that are covered by m are s and t. Clearly, we can replace P by P in this sentence
(since 1 only covers those elements of P that are not covered by any element of P, and
since 0 is covered only by those elements of P that do not cover any element of P). Thus,
we obtain the following: The two elements of P that cover m are u and v, whereas the
two elements of P that are covered by m are s and t.

Moreover, the map P — P, x + 2z~ (which can be visualized as “reflecting” each point
in P around the center of the rectangle [p] X [¢]) “reverses” covering relations: That is, if
two elements z and y of P satisfy x >y, then £~ <y~. Hence, the two elements of P that
are covered by m™ are u™~ and v~ (since the two elements of P that cover m are u and
v), whereas the two elements of P that cover m™ are s~ and t™ (since the two elements
of P that are covered by m are s and t). Clearly, we can replace P by P in this sentence
(since 1 only covers those elements of P that are not covered by any element of P, and
since 0 is covered only by those elements of P that do not cover any element of P). Thus,
we obtain the following: The two elements of P that are covered by m”~ are u™~ and v"~,
whereas the two elements of P that cover m™ are s~ and ¢~.

All in all, applying the map P — P, x + z” to the diagram (84) yields

t~ s~
~N
m~
v u
From/¢—1—7+1>0, weobtainl¢ > _ ¢+ + j —1>1+2—1=2 sothat (> 2
1 Y
> >2
Therefore,  —1 > 1 > 0 and thus / — 1 € N. Also, ¢ > 2 entails 2 < /.

Hence, from R‘f # 1, we obtain R%f # L (by Lemma 3.23). Therefore, Lemma 3.26
yields that f (0) and f (1) are invertible. In other words, a and b are invertible (since a =
f(0) and b= f(1)). Also, we have R f # L (since R (R*'f) = R'f # L = R(L)).

Set k:=14+j—2. Then, k=_1 + j —2>1+1—-2=0,sothat k € N.

>1 -
Now, it is easy to see that the four elements m, u, s and t of P satisfy

titm < N, tiltu < N, tilts < N, titt < N
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48 Hence, using the induction hypothesis, it is easy to see that the five equalities

me=a-my - b, (85)
Sp—1=a-8y b, (86)
to1=a-t; b, (87)

me_1 =a-my ,_;-b, (88)
uw=a-uy . ,-b (89)

hold*°.
48 Proof. Recall that tilt (i’, ;) = i’ + 2’ for each (i’,5') € P (by the definition of tilt (i’,5")). Thus:

e Fromm = (i,j — 1), weobtain titm=i+2(j—1)=i+2j—2<i+2j=N.
o Fromu=(i+1,j—1), weobtain tiltu =i+14+2(—-1)=i+2j—-1<i+2j=N.
e From s = (i,j —2), we obtain tilts =i+ 2(j —2)=i+2j —4 <i+2j = N.
o Fromt=(i—1,7—1), weobtain tiltt =i —14+2(j—1)=i+2j -3 <i+2j=N.
49 Proof. The induction hypothesis tells us that we can apply (27) to m and (i,j — 1) instead of x and
(,7) (sincem:(i,j—l)EPandti[tm<Nand€€Nand€—i—(L—/_ll+1>€—i—j+l>0

<

and R’f # 1). Thus, we obtain

Mg =a -y, qy4q° b=a-my ,-b

(since { —i—(j—1)+1=4—(i+j—2) =¢—k). This proves (85).
——
=k
The induction hypothesis tells us that we can apply (27) to s and (i,j — 2) and ¢ — 1 instead of =
and (é,7) and ¢ (since s = (4,j —2) € Pand tits < Nand {—1eNand/—1—-i—(j —2)+ 1=
l—i—§+2>0—i—j+1>0and R"1f # 1). Thus, we obtain

S0-1= Q" S 1y_i_(j—2)+1 " b=a-sy ;b

(since (¢ —1)—i—(j—2)+1=£—(i+j—2) ={—k). This proves (86).
—_————
=k
The induction hypothesis tells us that we can apply (27) tot and (¢ — 1,j — 1) and £—1 instead of =
and (¢,7) and £ (sincet = (i — 1,7 — 1) € Pand tiltt < Nand /—1 € Nand {—1—-(i — 1)—(j — 1)+1 =
l—i—§+2>0—i—j+1>0and R‘"'f +# 1). Thus, we obtain

fe1 = a1 1) 1) b= a Ty b

(since ({ —1)—(i—1)—(—-1)4+1=4—(i+j—2) =¢—k). This proves (87).
~—_——
=k
The induction hypothesis tells us that we can apply (27) to m and (¢, — 1) and ¢ — 1 instead of x
and (¢,7) and £ (sincem = (i,j—1) e Pand titm < Nand{—1€Nand/—-1—-i—(j—1)+1=
{—i—j+1>0and R='f # 1). Thus, we obtain

M1 = Q- Mgy b=a-my , _,-b

i—(j—1)+1"
(since ({ —1)—i—(j—1)+1=4—(i+j—2)—1=¢—k—1). This proves (88).
—_——

=k
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We have £/ —1 € N and R~ f = R‘f # 1. Hence, the equality (29) (applied to m
and ¢ — 1 instead of v and /) yields

my—141 = (E $e—1> cMmMy—q - E To—1+1

r<m r>m

(here we have renamed the summation indices u from (29) as x, since the letter u is
already being used for something else in our current setting). Since / — 1+ 1 = ¢, this

can be simplified to
me = (Z $£—1> “Myg_1 - ZI_e (90)

r<m r>m

However, recall that the two elements of P that are covered by m are s and ¢. In other

words, the two elements x € P satisfying x <m are s and t. Hence, > xp_1 = $p_1+1s1.
r<<m

Also, recall that the two elements of P that cover m are u and v. In other words, the
two elements x € P satisfying = > m are u and v. Hence, >  T; = u; + Ty.

r>m
Now we know that > xp_1 = sp—1 +t,—1 and ) Ty = Uy + ;. Using these formulas,
rm r>m
we can rewrite (90) as
my = (S¢—1 +te1) - M1 - Ug + Vg (91)

On the other hand, from k =i+ j—2, weobtain { —k—1=0—(i+j—2)—1=
(—i—j3+1>0. Thus,/—k—1€N. Also, { —_k </, sothat R““*f # 1 (by Lemma
>0
3.23, since R‘f # 1). Hence, R*~11f = R*=*f &£ 1. Hence, the equality (29) (applied
to m™ and ¢ — k — 1 instead of v and /) yields

My 141 = (Z xé—k—l) My Z To_kh—1+1-

r<m”™ r>m-

Since / — k — 141 = /(¢ — k, this can be simplified to

The induction hypothesis tells us that we can apply (27) to w and (¢ + 1, — 1) instead of 2 and (4, j)
(sinceu=(i+1,j—1)ePandtitu < NandfeNand /- (i+1)-(j—1)+1=¢—i—54+1>0
and R’f # 1). Thus, we obtain

Ue = QUG gy ()41 b=a-up_,_,-b
(since { —(i+1)—(j—1)+1=4—(i+j—2)—1=¢—k—1). This proves (89).

———
=k
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However, recall that the two elements of P that are covered by m~ are u™~ and v™.
In other words, the two elements x € P satisfying x < m™ are u™~ and v~. Hence,

Y Tpp1 = UT g TV

r<m”™
Also, recall that the two elements of P that cover m™ are s~ and ¢~. In other words,
the two elements x € P satisfying x >m™ are s~ and ¢t~. Hence, > T, = I

r>m"~
We now know that Y xy 1 =u) , +v;7 4 and >, Ty =5, . +1t; .. Inlight
rm”™ r>m~
of these two equalities, we can rewrite (92) as
myy = (gl gy 0 y) Ty S T (93)

This entails that the inverses s;”, +¢,”, and m;”,_; are well-defined (since they appear
on the right hand side of this equality). In other words, the elements s;”, + ¢;, and
my’,,_, of K are invertible. Hence, their product (s;_, + ¢ ;) - my,_, is invertible as
well.

Also, £/ —k > 1 (since { —k —1 > 0) and R*f # L. Hence, Lemma 7.1 (a) (applied
to ¢ — k and m™ instead of £ and v) shows that mj”, is well-defined and invertible. Now,
multiplying both sides of (93) with (s;_, +#_,) - my",_,, on the right, we obtain

my_y, - (% + E) Sy

= (U oy + V0 k1) STy "S- k:+tﬁ k ( A 7 k TMy_p_q

' <

= (W—k—l + Uz—k—l) M= mé—k—l/ = Up_ g1 T Vg1
NV

=1

Hence,
UG oy Ve = M (ST 8)
This shows that u)” ,_; +v;”,_; is a product of three invertible elements (since m;”, and
sy .+t and mj_,_, are invertible). Thus, u}’,_; + vy ,_, itself is invertible.
Taking reciprocals on both sides of (93), we obtain

~

My = (U ey + 07 1) Ty Sek + s

= (SZ—k + E) S T S T (94)

(by Proposition 2.3 (c)).
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Comparing (91) with (85), we obtain

a-my b= s + ter |- M U+
~— ~~ ——
=asy b =aty b =amy , b
(by (86))  (by (87)) (by (88))
=(a s, -b+a-T7, b)- a-my ;. _,-b “Ug + Uy
~ ~ - N’
=a-(8eik+E)-b =bmy’ . _,-a

(by Proposition 2.3 (c),
since a and mj” , ; and b are invertible)

=a- (57, +17) "o b Myl @ U+
]
=a- (s, T 10y) My @ U+ O

Multiplying both sides of this equality by @ on the left and by b on the right (this is
allowed, since a and b are invertible), we obtain

a-a-my, -b-b=a-a- (s ty ) -my - a-ugt+u-b
0~k a9 (57 +020) - M s G utveb

=b-(Tg+7¢)-a
(by Proposition 2.3 (c))

Hence,

= (SZN—k + E) S THI E TA (by (94)) .

sy, + t;_k) -my_,_, factors on the left of this equality (this is allowed,

Cancelling the

b (U +7p) - a=upl g + 0y
Taking reciprocals on both sides, we find
be (W +v0) a=ui_py+ vy

In other words,
b-ug-a+b-v-a=upl g+, (95)

(since b+ (ug +Tg)-a=b-U-a+b-v;-a).
However, (89) yields

T=a-uy ,  -b=b-uy,  -a (by Proposition 2.3 (c)).
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Thus,
b-U-a=2b-b-u) ‘a-a=u, .
4 N A 2 I —k—1
-1 =1

Subtracting this equality from (95), we obtain
b.w.a — U;—k:—l‘ (96)

The left hand side of this equality is a product of three invertible elements (since b, Ty
and a are invertible), and thus itself invertible. Hence, the right hand side is invertible as
well. In other words, v;”,_, is invertible.

Taking reciprocals on both sides of (96), we now obtain b-v; - a = v;”, . Hence,

Ve =b-Tgra=a-v-b (by Proposition 2.3 (c)).

Thus,
a- v, b=a-a-v-b-b =y
k1 Q4 e 09 ¢
=1 =1

In other words,
Wza'm'b:a'vf—i—jﬂ'b (since ¢l —k—1=/0(—i—j+1).

Thus, vy =a-vy"; ;. -bis proved in Case 5.

The arguments required to prove vy = a-v;”; ;. b in the Cases 3, 4 and 6 are similar
to the one we have used in Case 5, but simpler in some ways. The specific differences are
as follows:

e In Case 3, we have s ¢ P. The “neighborhood” of m thus looks as follows:

u v
~N S
m

Ny

(instead of looking as in (84)). This necessitates some changes to the proof; in
particular, all addends that involve s or s~ in any way need to be removed, along
with the equality (86).

e In Case 6, we have u ¢ P. The “neighborhood” of m thus looks as follows:

v

e

m
VRN
S t

(instead of looking as in (84)). This necessitates some changes to the proof; in
particular, all addends that involve u or v~ in any way need to be removed, along
with the equality (89). (Subtraction is no longer required in this case.)
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e In Case 4, we have s ¢ P and u ¢ P. The “neighborhood” of m thus looks as
follows:
e

Ny

m

(instead of looking as in (84)). This necessitates some changes to the proof; in
particular, all addends that involve u or u™ or s or s~ in any way need to be
removed, along with the equalities (86) and (89).

Thus, we have proved the equality v, = a- vy, ;,,-bin all six Cases 1, 2, 3, 4, 5 and 6.
Hence, this equality always holds. In other words, (27) holds for z = v. This completes
the induction step. Thus, (27) is proved by induction. In other words, Theorem 4.8 is
proven. O

As we have already seen (in Section 5), this entails that Theorem 4.7 is proven as well.

12. The case of a semiring

An attentive reader may have noticed that nowhere in the definitions of v-toggles and
birational rowmotion do any subtraction sign appear. This means that all these definitions
can be extended to the case when K is not a ring but a semiring.

A semiring is a set K equipped with a structure of an abelian semigroup (K, +) and the
structure of a (not necessarily abelian) monoid (K, -, 1) such that the distributive laws
(a+0b)c = ac + bc and a(b+c¢) = ab + ac are satisfied (where we use the shorthand
notation zy for x - y). Some standard concepts defined for rings can be straightforwardly
generalized to semirings; in particular, any nonempty finite family (a;),., of elements of a

semiring K has a well-defined sum ) a;. Definition 2.2, too, applies verbatim to the case
i€l

when K is a semiring instead of a ring. Thus, the definition of a v-toggle (Definition 3.12)

and the definition of birational rowmotion (Definition 3.18) can be applied to a semiring

K as well. We thus can wonder:

Question 12.1. Do twisted periodicity (Theorem 4.7) and reciprocity (Theorem 4.8)
still hold if K is not a ring but merely a semiring?

If we assume that K is commutative, then the answer to this question is positive, for
fairly simple general reasons (see [GriRob16, Remark 10]). However, no such general
reasoning helps for noncommutative K. Indeed, there are subtraction-free identities in-
volving inverses that hold for all rings but fail for some semirings. One example is the
identity a-a+0b-b="b-a+b-a from Proposition 2.4 (a): David Speyer has constructed
an example of a semiring K and two elements a and b of K such that a + b is invertible
(actually, @ +b = 1 in his example), but this identity does not hold. See [Speyer21] for
details.
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Of course, this does not mean that the answer to Question 12.1 is negative; we are, in
fact, inclined to suspect that the question has a positive answer. Our proofs of Lemma
10.1 and Lemma 10.2 apply in the semiring setting (i.e., when K is a semiring rather than
a ring) without any need for changes; thus, Theorem 4.8 holds over any semiring K at
least in the case when one of ¢ and j is 1. Unfortunately, subtraction is used in the proof
of Theorem 4.8, and we have so far been unable to excise it from the argument. (With a
bit of thought, we can convince ourselves that subtraction is actually unnecessary if p = 2
or ¢ = 2, so the first interesting case is obtained for P = [3] x [3].)

13. Other posets: conjectures and results

We now proceed to discuss the behavior of R on some other families of posets P. We no
longer use the notations introduced in Section 6.

13.1. The A and V triangles

When p = ¢, the p x g-rectangle [p] X [g] becomes a square. By cutting this square in half
along its horizontal axis, we obtain two triangles:

Definition 13.1. Let p be a positive integer. Define two subsets A (p) and V (p) of
the p x p-rectangle [p] x [p] by

A(p)={(,k)€pl x[p] | i+k>p+1};
Vp)={Gk) elplx[p] | i+k<p+1}.

Each of these two subsets A (p) and V (p) inherits a poset structure from [p] x [p]. In
the following, we will consider A (p) and V (p) as posets using these structures.

The Hasse diagrams of these posets A (p) and V (p) look like triangles; if we draw
[p] x [p] as agreed in Convention 4.4, then A (p) is the “upper half” of the square [p] x [p],
whereas V (p) is the “lower half” of this square.
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Example 13.2. Here is the Hasse diagram of the poset A (4):

(4,4)
VRN
(4,3) (3,4)
VRNV
(4,2) (3,3) (2,4)

Here, on the other hand, is the Hasse diagram of the poset V (4):

(3,1) (2,2) (1,3)
N 0N S
(2,1) (1,2)
NS

Note that A (p) = @ when p = 1.
Computations with SageMath [ST09] for p = 3 have made us suspect a periodicity-like
phenomenon similar to Theorem 4.7:

Conjecture 13.3 (periodicity conjecture for AA—triangle). Let p > 2 be an integer.
Assume that P is the poset A (p). Let f € K be a K-labeling such that RPf # L.
Let a = f(0) and b = f(1). Let x € P. We define an element 2’ € P as follows:

e If x =0or xz =1, then we set 2’ := x.

e Otherwise, we write x in the form x = (7, 5), and we set 2’ := (j,1).

Then, a and b are invertible, and we have

(RPf) () = ab- f («') -ab.

Conjecture 13.4 (periodicity conjecture for V-triangle). The same holds if P = V (p)
instead of P = A (p).

If true, these two conjectures would generalize [GriRob15, Theorem 65|, where K is
commutative.

13.2. The “right half’ triangle

We can also cut the square [p] x [p] along its vertical axis:
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Definition 13.5. Let p be a positive integer. Define a subset Tria (p) of the p x p-
rectangle [p] x [p] by

Tria (p) :={(i,k) € [p] x [p] | i <k}.

This subset Tria (p) inherits a poset structure from [p] x [p].

The Hasse diagram of this poset Tria (p) has the shape of a triangle; if we draw [p] x [p]
as agreed in Convention 4.4, then Tria (p) is the “right half” of the square [p] x [p].

Example 13.6. Here is the Hasse diagram of the poset Tria (4):

(4,4)
AN
(3,4)
VRN
(3,3) (2,4)
NN
(2,3) (1,4)
SN S
(2,2) (1,3)
NS
(1,2)
/
)

The inequality ¢ < k in Definition 13.5 could just as well be replaced by the reverse
inequality ¢ > k; the resulting poset would be isomorphic to Tria (p). But we have to
agree on something.

Now, we again suspect a periodicity-like phenomenon:

Conjecture 13.7 (periodicity conjecture for “right half” triangle). Let p be a positive
integer. Assume that P is the poset Tria (p). Let f € K¥ be a K-labeling such that

R*f # 1. Let a= f(0) and b = f (1). Let x € P. Then, a and b are invertible, and
we have

(R*f) (z) =ab- f(x) - ab.

If true, this conjecture would generalize [GriRob15, Theorem 58], where K is commu-
tative.

In a sense, we can “almost” prove Conjecture 13.7: Namely, the proof of its commutative
case ([GriRob15, Theorem 58]) given in [GriRob15] can be adapted to the case of a general
ring K, as long as the number 2 is invertible in K. The latter condition has all the
earmarks of a technical assumption that should not matter for the validity of the result;
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unfortunately, however, we are not aware of a rigorous argument that would allow us to
dispose of such an assumption in the noncommutative case.

13.3. Trapezoids

Nathan Williams’s conjecture [GriRobl15, Conjecture 75|, too, seems to extend to the
noncommutative setting:

Conjecture 13.8 (periodicity conjecture for the trapezoid). Let p be an integer > 1.
Let s € N. Assume that P is the subposet

{(i,k)elp]x[p] | i+k>p+1landi<kandk>s}

of [p] x[p]. Let f € K” be a K-labeling such that RPf # L. Let a = f (0) and b = f(1).

~

Let x € P. Then, a and b are invertible, and we have

(RPf) (z) = ab- f (z) - ab.

Again, this has been verified using SageMath for certain values of p and s and some
randomly chosen K-labelings with K = Q3*3. Even for commutative K, a proof is yet to

be found, although significant advances have been recently made (see [Johnso23, Chapter
4]%Y).

13.4. lll-behaved posets

The above results and conjectures may suggest that every finite poset P for which bira-
tional rowmotion R has finite order when K is commutative must also satisfy a similar (if
slightly more complicated) property when K is noncommutative. In particular, one might
expect that if some positive integer m satisfies R™ = id (as rational maps) for all fields
K, then R™f = f should also hold for all noncommutative rings K and all K-labelings
f € K that satisfy f(0) = f (1) = 1 (the latter condition ensures, e.g., that the ab and
ab factors in Theorem 4.7 can be removed). However, this expectation is foiled by the
following example:

Example 13.9. Let P be the four-element poset {p,qi,q2,q3} with order relation
defined by setting p < ¢; for each ¢ € {1,2,3}. This poset has Hasse diagram

q1 q2 qs

It is known (see [GriRob16, Example 18] or [GriRob16, Corollary 76]) that the birational
rowmotion R of this poset P satisfies R® = id (as rational maps) if K is a field. In

50See also [DWYWZ20] for a proof on the level of order ideals.
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other words, if K is a field, and if f € K? is a K-labeling such that R6f # 1, then
RSf = f. But nothing like this holds when K is a noncommutative ring. For instance,
if we let K be the matrix ring Q?*2, and if we define a K-labeling f € K” by

f(0)=1, (the identity matrix in K),
(1) fp) = I, ) = I,

F(1) = I,
rw=(g %) rw=(g 1)

then R™f is distinct from f (and also distinct from L) for all positive integers m.

Proof sketch. Let K be the matrix ring Q***. For any row vector (y, 2) € Q, we define a
K-labeling f,.) € K by setting

Jw) (0) = fu) (1) = fl) () = Iz;
foa@= (o 5 )i desi=(o ¥)s St = (4 5 )

Using direct computation (by hand or using SageMath [ST09]), we can see the following:

Claim 1: For any y, z € Q, we have R®f(, .y = f(, ), where

, oy +4z
Yy =

and 2 = Ay +52

9 9

We define a Q-linear map @ : Q* — Q? that sends each row vector (y,z2) € Q? to
(', 2'), where ¢ and 2 are as in Claim 1. Then, Claim 1 says that R°f, = fp(,) for each
v € Q% Thus, for each v € Q* and each i € N, we have RV f, = fpi,).

1
However, the endomorphism ® of Q? is diagonalizable with eigenvalues 1 and ~. Hence,

if a vector (y, z) € Q? satisfies y # z, then its iterative images ®° (y, 2), ®! (y, 2), ®* (v, 2),

. are (pairwise) distinct. Therefore, if y,2 € Q? satisfy y # z, then the K-labelings
RO fy = foi(y,» are (pairwise) distinct and thus, in particular, distinct from f, ).
Therefore, in this case, R™ f(, .) is distinct from fi, .y for any positive integer m (because
if we had R™f(,.) = f(.») for some m, then we would also have R"f, ., = f(,..)). In
particular, by taking y = 0 and z = 1, we obtain the specific labeling constructed in
Example 13.9. O

Example 13.10. Let P be the four-element poset {pi,p2,q1,¢q2} with order relation
defined by setting p; < g; for each 4, j. It follows from [GriRob16, Proposition 74 (b)
and Proposition 61] that the birational rowmotion R of this poset P satisfies RS = id
(as rational maps) if K is a field. On the other hand, if K is the matrix ring Q**?, then
we can easily find a K-labeling f of P such that R™f # f for all 1 < m < 10 000 (and
probably for all positive m, but we have not verified this formally), despite f (0) and
f (1) both being the identity matrix I5.
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14. A note on general posets

We finish with some curiosities. While Theorem 4.8 is specific to rectangles, its (7, 5) =
(1,1) case can be generalized to arbitrary finite posets P in the following form:

Proposition 14.1. Let P be any finite poset. Let f € K be a labeling of P such
that Rf # L. Let a = f(0) and b= f (1). Then,

b-> (Rf)(u)-a=Y_ f(u), (97)

ueﬁ; ueﬁ;
u>0 u<l

assuming that the inverses (Rf) (u) on the left-hand side are well-defined.

Proof. Even though we are not requiring P to be a rectangle, we shall use some of the
notations introduced in Section 6. Specifically, we shall use the notation x, defined in
(24), the notion of a “path”, and the notations Aj, Vi, A7, V), Ay~ and V7 defined

afterwards. Every u € P satisfies
u= (R'f) (u) (by (24))
(sinceiRozid )
= f(u) (98)
and

uy = <\R/f> () (by (24))

=R
= (Rf) (u). (99)

We assume that the inverses (Rf)(u) on the left-hand side of (97) are well-defined
(since the claim of Proposition 14.1 requires this). In other words, we assume that

(Rf) (u) is invertible for every u € P satisfying u > 0. (100)
It is easy to see that Proposition 14.1 holds when P = @ 5!, Thus, we WLOG

51 Proof. Assume that P = @. Thus, P = {0,1} with 0 < 1. Hence, the only u € P satisfying u > 0
is 1. Therefore, > (Rf)(u) = (Rf) (1) = b (since Proposition 3.21 yields (Rf) (1) = f (1) = b).
ueﬁ;

u>0
Moreover, the only u € P satisfying u < 1 is 0 (since P = {0,1} with 0 < 1). Thus, . f(u) =
i
f(0) = a. Now,
b- Z (Rf)(u)ra=b-b-a=a= Z f(u).
u€P; =1 uepP;
u>0 u<<l

=b
Hence, Proposition 14.1 is proved (under the assumption that P = &).
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assume that P # &. Hence, Lemma 3.25 yields that f (1) is invertible. In other words, b
is invertible (since b = f (1)).

Furthermore, we can easily see that a is invertible®?.

In Remark 7.7, we have observed that Corollary 7.5, Proposition 7.2 and parts (a) and
(b) of Theorem 7.6 hold for our poset P (even though P is not necessarily a rectangle).
In particular, Corollary 7.5 (applied to £ =1, u = 1 and v = 0) yields that

Vit = A7 (102)

(since 1 > 1 and R'f = Rf # 1).

52 Proof. Proposition 1.9 (a) yields that the poset P has a minimal element. Consider such an element,
and denote it by p. Then, p is a minimal element of P, and therefore satisfies 0 < p in P (by Remark

3.3 (a)). Hence, p > 0 in P. Therefore, (100) (applied to u = p) yields that (Rf) (p) is invertible.
However, Proposition 3.20 (applied to v = p) yields

RA@) = | D f@)|-F@)- Y R (W (101)
u€P; u€P;

Thus, the two elements f(p) and > (Rf)(u) of K are invertible (since their inverses appear in
Pt
(101)).
However, p is a minimal element of P. Thus, no u € P satisfies u < p. Therefore, the only u € P
that satisfies u < p is 0. Therefore, > f(u) = f(0) = a. Thus, we can rewrite the equality (101) as

u€eP;
u<p

(RYY(p)=a-f(p)- Y (Bf) (u).

Multiplying both sides of this equality by | > (Rf) (u) | - f (p) on the right, we obtain
u€}3;
u>p

RO@) | Y. BA@W |- f®)=a-F)- > RAH@-| > (RF W) |-f(p)

uéﬁ'; uéﬁ; uéﬁ;
u>p u>p u>p
=1
=a-f(p)-f(p)=a
N—————’

The left hand side of this equality is a product of three invertible elements of K (since the elements

(Rf)(p), > (Rf)(u) and f (p) are invertible), and thus itself must be invertible. Hence, the right

ue};;
u>p

hand side is invertible as well. In other words, a is invertible.
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Now, 1 > 1 and R'f = Rf # L. Hence, Theorem 7.6 (a) (applied to ¢ = 1) shows
that each u € P satisfies

Hence, for each u € P satisfying u > 0, we have
b (Rf) (u) =V (104)
53 Thus,

b-> (RN (w)-a=Y b-(Rf)(u)-a

ueﬁ; uEﬁ; :V}Hu
u>0 u>0
(by (104))

uep;
u>0

However, V{ =1 (by definition of V). Now, (37) (applied to £ =1 and s = 1 and ¢ = 0)

yields
Vitt= > vt vy =) v (106)
ueﬁ; =1 ueﬁ;
u>0 u>0

53 Proof of (104): Let u € P satisfy u > 0. We must prove (104). We note that (Rf) (u) is invertible (by
(100)), so that (Rf) (u) is well-defined.
We are in one of the following two cases:
Case 1: We have u = 1.
Case 2: We have u # 1.
Let us first consider Case 1. In this case, we have w = 1. Thus, (Rf) (u) = (Rf) (1) = f(1) (by

Proposition 3.21). Hence, (Rf) (u) = f (1) =b. Thus, b- (Rf)(u) =b-b=1.
However, the only path from 1 to 1 is the trivial path (1). Thus, V17! = Vgl) =V1=1 (by the

definition of V1). Comparing this with b-(Rf) (u) = 1, we obtain b- (Rf) (u) = V1i~!. In other words,
b-(Rf) (u) = Vi7" (since 1 = u). Thus, (104) is proved in Case 1.

Let us now consider Case 2. In this case, we have u # 1. Also, we have v > 0 (since u > 0), so
that u # 0. Combining u € P with u # 0 and u # 1, we obtain u € P\ {0,1} = P. Hence, (103)
yields ug = Vi7% - b. In view of (99), we can rewrite this as (Rf) (u) = V7% b. Since (Rf) (u) is
invertible, we can take inverses on both sides of this equality. We thus obtain

(Rf) (w) =Vi7% - b=0b- Vi~ (Since Vi~ and b are invertible)
——
:V%—Vu
=b-Vi7"
Thus, B
b-(Rf)(u)=p-b- Vi7" =V "
=1

Thus, (104) is proved in Case 2.
We have now proved (104) in both Cases 1 and 2. Hence, (104) always holds.
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Thus, (105) becomes

b~Z(Rf)(u)~a:ZV}ﬁ“~a: Vi?® .a

= = S~—~—
u€eP; ueP; —Al—0
u>0 u>0 (by (102))
:V%HO
(by (106))
= A7 a. (107)

However, R°™'f = R'f = Rf # L. Hence, Theorem 7.6 (b) (applied to £ = 0) shows
that each u € P satisfies
ug = Ay~ - a. (108)

Hence, for each u € P satisfying u < 1, we have
flu)=A37""a (109)

4 Thus,

> L@ =) A'-a (110)

ueﬁ; :Ag—m,a ueﬁ;
u<l (by (109)) u<l

However, (34) (applied to £ =0 and s = 1 and ¢ = 0) yields
A(I)HO _ A(l) Z Agﬁo _ Z Ag%O _ Z Agao

=1 ueﬁ; ueﬁ; ueﬁ;
(by the definition of A}) 1>u 1>u u<l

(since the condition “1 > u” under the summation sign is equivalent to “u < 1”). Thus,

A7 a=3 A a=Y fu)

ueﬁ; ueﬁ;
u<l u<l

54 Proof of (109): Let u € P satisfy u < 1. We must prove (109).
We are in one of the following two cases:
Case 1: We have u = 0.
Case 2: We have u # 0.
Let us first consider Case 1. In this case, we have u = 0. Thus, f (u) = f (0) = a.
However, the only path from 0 to 0 is the trivial path (0). Thus, AJ7° = A(()O) = A9 =1 (by the

definition of A9). From u = 0, we obtain A" -a = AJ~".a = a. Comparing this with f (u) = a, we
——
=1

obtain f (u) = AY~? - a. Thus, (109) is proved in Case 1.

Let us now consider Case 2. In this case, we have u # 0. Also, we have u < 1 (since u < 1), so that
u # 1. Combining u € P with u # 0 and u # 1, we obtain v € P\ {0,1} = P. Hence, (108) yields
up = AY~Y - a. In view of (98), we can rewrite this as f (u) = A% a. Thus, (109) is proved in Case
2.

We have now proved (109) in both Cases 1 and 2. Hence, (109) always holds.
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(by (110)). Therefore, (107) can be rewritten as

b-Y (Rf)(w)-a=2 f(u).

ueﬁ; ueﬁ;
u>0 u<l

Proposition 14.1 is thus proven. ]

Proposition 14.2. Let P be any finite poset. Let f € K be a labeling of P such
that Rf # L and f(0) = f (1) = 1. Then,

Y. (BH@- (RN =D flu)-fv),

umeﬁ; umeﬁ;
u<v u<v

assuming that the inverses (Rf) (v) on the left-hand side are well-defined.

Proposition 14.2 is essentially saying that the sum " f (u)-f (v) is an invariant under

u,vE P;
U<V

birational rowmotion R when f(0) = f (1) = 1. This is a noncommutative analogue of
the conservation of the “superpotential” Fg (X) of an R-system ([GalPyl19, Proposition
5.2]). We do not know whether such invariants exist in the general case.

Proof of Proposition 14.2. We have f(0) = f(1) = 1. Thus, 1 = f(0) and 1 = f(1).
Hence, Proposition 14.1 (applied to a = 1 and b = 1) yields

1~Z<Rf><u>-1:2f<u>.

This obviously simplifies to

Y RNW= f(u). (111)

ueﬁ; ueﬁ;
u>0 u<l

Proposition 3.21 yields (Rf) (0) = f(0) = 1. Also, from f (1) = 1, we obtain f (1) =
1=1
Now, let v € P. Then, Proposition 3.20 yields

(Rf) ()= [ DS |- F@)- Y B ().

uEﬁ; ueﬁ;
u<v u>v
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Multiplying both sides of this equality by >_ (Rf) (u) on the right, we obtain

ueﬁ;
u>v

EHICCBIOE DI RIOR SICHIOE NCHI0

=1

KH

—~
<

~—

=1 > f(u

=Y flw)-fo). (112)

uep;
U<V

Forget that we fixed v. We thus have proved (112) for each v € P.
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Now,

> (Bf) (u) - (Bf) (v)

u,veﬁ;
u<v
T since the condition “u < v”
- ZA (Rf) (u) - (Rf) (v) ( is equivalent to “v > u” )
RS
—_— here, we have renamed the
- Z (Rf) (v) - (Rf) (u) ( summation indices u and v as v and u
el
=X X
veEP ueP;
u>v
=Y D (R () (Rf)(w)
fueﬁ ueﬁ;
u>v

- Z Z (Rf) (v) - (Rf) (u) (since P=PU {0, 1})

vePU{0,1}  yeP;

u>v
=D (RHO) - (R W+ (R - (R +> Y (Rf) (v) - (RS) (u)
ugP; ueP; veP  ep;
u>0 Lol | u>v |
=(Rf)(0)- 22 (Rf)(u) =(empty sum) =(Rf)(v): X (Rf)(u)
ucP; (since there exists no u€P u€P;
u>0 satisfying u>1) u>v

here, we have split off the addends
for v = 0 and for v = 1 from the sum

= (Rf)(0)- Y (Rf) (u) + (empty sum) + Y (Rf) (v) - > (Rf) (u)

uEP -0 veEP ueﬁ;
u>0 u>v
= (Rf) (0) - u) + (Rf) U
(Rf)(0)- > (Rf) (w)+ Y (Rf) (v)- > (Rf) (u)
=1 uGP veP uEP;
u>0 u>v
NS ~~ >
-5 i = 5 FwFw)
uek; u€P;
u<l u<v
(by (111)) (by (112))
=Y fwd > fwfv
ueﬁ; veP ueﬁ;
u<l u<v
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Comparing this with

Y. fw-f)

u,veﬁ;
uU<v
N——~
= =
veP  yeP;
u<v

=> D> f-flv

veﬁ uEIS;
U<v

- Y S W) (since P = PU{0,1})

UGPU{OJ} U/Eﬁ;

_ Zf(u).f(o) +Zf(u)~ﬁ+z Zf(u)'f(v)

~
=(empty sum)

(since there exists no u€P
satisfying u<0)

here, we have split off the addends
for v = 0 and for v = 1 from the sum

:(emptysum)—i—Zf(U)‘i‘Z Zf(U)m

=0 ueﬁ; veP ueﬁ;
u<l U<v
=) fw+> D> fw)- fv),
u€13; veP ueﬁ;
u<l U<V
we obtain
SR W) (R ()= D fu)-f(v).
u,vEIS; u,veﬁ;
U<V U<V
This proves Proposition 14.2. O
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