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The goal of this note is to give a new proof (and restatement) of Malvenuto’s
and Reutenauer’s antipode formula for quasisymmetric functions [MalReu98,
Theorem 3.1], and to generalize it in a way which also encompasses Jochemko’s
enumerative results in [Joch13, Theorem 2.8]. Along the way, we will give a self-
contained introduction into quasisymmetric functions and reprove some of their
basic properties.

[... add some material about the chain lemma as used in my original proof of
Zabrocki’s conjecture. ]

This note is work in progress and the proofs are mostly just sketched. Never-
theless please let me know of any errors you find! (Just don’t act surprised.)
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1. Quasisymmetric functions

The ring QSym of quasisymmetric functions (along with its further structure,
such as it being a Hopf algebra, having an internal coproduct, dendriform oper-
ations etc.) has been the object of decades of research, probably beginning with
Gessel [Gessel84] [... check what he actually does in that paper] and continued,
among other places, in the 7-part NCSF study [... add references]. Introduc-
tions into the theory of this ring can be found in [Malve93|], [GriReil5, Chapter
5], [Hazewi08, §11], [Stan99, §7.19], [Hivert99], [Gessel84] and [MalReu98, §1]
[... update references to ever-expanding Reiner notes]; applications appear in
[ABS03]. We recall the definitions and the facts that we need. [... check self-
containedness.] First, we make some conventions which we will use throughout
the text:

Definition 1.1. In the following, we use the notations N = {0,1,2,...} and
N, ={1,2,3,...}.

Definition 1.2. If a2 and b are two integers such that a > b + 1, then
{a,a+1,...,b} means the empty set. (In particular, {1,2,..., —1} means @.)
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Definition 1.3. If A is any statement, then [A] will mean the integer
1, if A is true;
0, if A is false °

Definition 1.4. Let k be any commutative ring. We consider k to be fixed for
the following (unless otherwise stated). (The reader can assume that k = Z
without losing anything; we will briefly use k = Q in a proof.)

Let x1, x2, x3, ... be a countable family of pairwise distinct symbols; we will
use these symbols as (commuting) indeterminates.

In the following, a monomial means a monomial in these commuting inde-
terminates x1, xo, x3, ... (without coefficient). (We view monomials as formal
expressionﬂ thus, e.g., we distinguish between the monomials 1 and x; even
if k = 0.) For instance, x7x5xo, xzxi, x7 and 1 are monomials. We regard,
e.g., the monomials x?xz and x, as identical. The total degree of a monomial
is defined as the sum of the exponents of all indeterminates in the monomial.
For example, the total degree of the monomial x;x3x%; is 1 + 4 + 2 = 7, while
the total degree of the monomial 1 is (empty sum) = 0.

Two monomials m and n are said to be pack-equivalent if there exists an
¢ €N, alist (aj,a,...,a,) € NY of positive integers, and two strictly increas-
ing sequences (i; < iy < --- <iy)and (j; < jo < --- < jy) of positive integers

such that m = xalxa2 cx” and n = xMx% ... x%. For instance, the mono-

iy i je*

mials x1x3, x1x3, x4x%9 are pairwise pack equlvalent (all having ¢ = 2 and
(a1,a2) = (1,2)), while the monomials x;x3 and x3x? are not pack-equivalent.
We will collect some (mostly trivial) properties of pack-equivalent monomials
in Proposition as for now, let us remark that pack-equivalent monomials
can be intuitively regarded as monomials which can be obtained from each
other by “pulling apart” or “pushing together” the variables (without moving
them past each other or merging them).

A power series f € k|[[x1,x2,x3,...]] is said to be bounded-degree if there
exists an n € IN such that every monomial having total degree > n has co-
efficient 0 in f. For instance, the power series ) x; = x; +xp +x3 4 --- is

1
bounded-degree. (Here and in the following, summation indices are sup-
posed to be positive integers if not otherwise specified.) Also, the power
series x1 + X + x3 4 - - - + x1X2 + X2x3 + x3x4 + - - - is bounded-degree, while

=1+x4+x3+x3+ - isnot.

the power series T~
— X2
Let k [[x1, X2, X3, .. .]],qq denote the set of bounded-degree power series in

k [[xl,xz,xg, ..]]- This set is a k-subalgebra of k [[x1, xp, x3,...]] (by Proposi-
tion [1.7] (a) below).

A power series f € k[[x1,x2,x3,...]] is said to be quasisymmetric if for any
two pack-equivalent monomials m and n, the coefficient of m in f equals the
coefficient of n in f. For instance, the power series

Yo xix? = X005 + X105 + 0% + - 0xg + xxg -+ Xaxg -
i<j
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is quasisymmetric, while the power series

Y oxixf g = 2005 + 01X+ X - oxg +aoxd -+t

1<jJ
is not (its coefficients before xlx% and before x1x§ are not equal, despite xlxg
and x;x3 being pack-equivalent). The set of all quasisymmetric power series
in k [[x1, X2, x3,...]] is a k-subalgebra of k [[x1, x2, x3, . ..]] (by Proposition
(b) further below).

We denote by QSym, the set of all quasisymmetric power series in
k [[x1,x2,%3,...]]pqq- This is a k-subalgebra of k [[x1, x2, x3, .. .]],qq4 (by Propo-
sition [1.7] (c) further below). This k-subalgebra QSym,_is called the k-algebra
of quasisymmetric functions over k (even though its elements are not “functions”
in any literal sense).

If k = Z, then the ring QSym, = QSym,, is simply denoted by QSym. The
ring QSym is called the ring of quasisymmetric functions.

We endow the ring k with the discrete topology. To define a topology on
the k-algebra k [[x1,x2, x3,...]], we (temporarily) regard every power series
in k [[x1, x2, x3,...]] as the family of its coefficients. Thus, k[[x1,x2, x3,...]]
becomes a product of infinitely many copies of k (one for each monomial).
This allows us to define a product topology on k [[x1, x2, x3, . ..]]. This product
topology is the topology that we will be using whenever we make statements
about convergence in k [[x1, X, x3,...]] or write down infinite sums of power
series. A sequence (a;,), o Of power series converges to a power series a with
respect to this topology if and only if for every monomial m, all sufficiently
high n € IN satisfy

(the coefficient of m in a,,) = (the coefficient of m in a) .

Note that this is not the topology obtained by taking the completion of
k [x1,x7,x3,...] with respect to the standard grading (in which all x; have
degree 1). In fact, the latter completion is not even k [[x1, x2, x3, .. .]] as a set.

Many authors work only in the situation when k = Z; this usually does not
render their results any less general, because QSym, = QSym, ®k for every
commutative ring k (by Proposition further below).

Before we proceed any further, let us state some basic facts. The first is a
collection of properties of pack-equivalent monomials.

Definition 1.5. (a) A monomial is said to be packed if it has the form
x{lag? .- fo for some ¢ € N and some (ay,ay, .. .,a;) € NY.
(b) If m is a monomial, then Supp m will be the finite subset

{i e N4 | the variable x; appears with a positive exponent in m}

!More precisely, a monomial is an element of the free abelian monoid on the set {x, xp, x3, ...}
(where x1, x2, x3, ... are countably many distinct indeterminates).




Quasisymmetric functions and I'-partitions October 18, 2015

I of N+.

Proposition 1.6. (a) Let m be a monomial. Then, the monomial m is packed if
and only if there exists an ¢ € IN such that Suppm = {1,2,...,/}.

(b) Let m be a monomial. Then, there exists a unique packed monomial n
which is pack-equivalent to m. This monomial n is called the packing of m and
denoted by pack m.

(c) For any ¢ € N, any list (a1, ay,...,a,) € NY of positive integers, and any
strictly increasing sequence (i1 < ip < --- < iy) of positive integers, we have
pack <x?11 X2 x?j) = x{lxg? - xyt

(d) Let m and n be two monomials. Then, m and n are pack-equivalent if
and only if packm = packn.

(e) Being pack-equivalent is an equivalence relation.

Properties like Proposition (1.6 are normally used without explicit mention in
literature; the idea of formalizing them using the notion of pack-equivalence
originates in work of Hivert, Novelli and Thibon [NovThi05].

Proof of Proposition [1.6| (sketched). (a) Let us first show the following logical im-
plication:

(the monomial m is packed)
—> (there exists an ¢ € N such that Suppm = {1,2,...,/}). (1)

Proof of (I): Assume that the monomial m is packed. Recall that the monomial
m is packed if and only if m has the form x]'x3? - - - x}’ for some ¢ € N and some
(ay,ap,...,ap) € Nﬂ (due to the definition of “packed”). Thus, m has the form
x?lxgz e xZ" for some ¢ € N and some (a4, 4, ...,a;) € Nﬂ (since the monomial
m is packed). Denote this ¢ and this (ay,ap,...,4;) by m and (b, by, ..., by).
Thus, m is an element of IN, and (by, by, ..., by) is an element of IN”! such that

m= xlilxgz e x,l;;”.
For every i € {1,2,...,m}, the variable x; appears in the monomial m with

exponent b; (because m = x?lxgz e xfn’”). This exponent b; is positive (since

b; € N4 (since (by, by, ..., by) € N)). Therefore XXX
Now, the definition of Supp m yields

Suppm

XXX
(] O

We owe the reader a proof of the following fact:
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Proposition 1.7. (a) The set k{[xy, xp,x3,...]],q4q iS a k-subalgebra of
k[[x1,x2,x3,...]].

(b) The set of all quasisymmetric power series in k [[x1,x, x3,...]] is a k-
subalgebra of k [[x1, xp, x3, .. .]].

(c) The subset QSym, of kl[x1,x2,x3,...]J,qq is a k-subalgebra of

k [[x1, xz, X3, . .Hbdd.

Proof of Proposition [1.7) (sketched). (a) [...]

(b) Let QSYM, denote the set of all quasisymmetric power series in k [[x1, x2, X3, . . .]].
In order to prove Proposition (b), we need to show that QSYMy is a k-
subalgebra of k [[x1, X2, x3,...]]. In order to do that, it is enough to check that
fg € QSYMy for every f € QSYMy and g € QSYM, (because it is clear that
QSYMy, is a k-submodule of k [[x1, X2, x3, .. .]], and contains the power series 1).

So let f € QSYMy and g € QSYM be arbitrary. Then, f and g are quasisym-
metric power series.

Now, let m and n be two pack-equivalent monomials. We are going to show
that the coefficient of m in fg equals the coefficient of nin fg.

For every power series 1 € k [[x1, x2, X3, .. .]],4q and every monomial p, let [p] h
denote the coefficient of p in h. By the definition of the product of two power
series, we have

(m] (fg) = )3 ([u] f) (o] 8)

u and b are monomials;
ub=m

[...]

(c) Tt is clear that QSym,_is a k-submodule of k [[x1, x, x3, .. .]],q4, and con-
tains the power series 1. Hence, in order to prove Proposition (c), we only
need to check that fg € QSym,_for every f € QSym, and g € QSym,.

So let f € QSym, and ¢ € QSym, be arbitrary. Then, f and ¢ belong to
k [[Xl,X2,X3,...Hbdd, [...] D

We will later give an alternative proof of this theorem, as a consequence of our
results on I'-partitions later on. [... when?] [... also part (b)]

A natural question is how QSym, looks like, e.g., whether it has a basis as
a k-module. It is clear that every symmetric power series in k [[x1, X2, x3,.. ]
is quasisymmetric, so the k-algebra of symmetric functions is a k-subalgebra of
QSym,.. However, QSym,_is bigger (when k # 0), containing non-symmetric
power series such as ) x;x?.

i<j

A k-basis of QSym, can be easily found:

Definition 1.8. In the following, a composition will mean a tuple of positive
integers. For example, (3,1) and (1,2, 1) are compositions, and so is the empty

tuple ().
Let Comp denote the set of all compositions.
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If « is a composition, then the sum of the elements of « is called the size of
n. We write « |= 1 to say that « is a composition of size n. Also, if a is any
tuple of integers (e.g., a composition), then the length of « (that is, the number
of entries of ) is called ¢ («).

Let a be a composition. Write « in the form (a1, ap, ..., ay) € ]Nﬂ. Then, we
denote by M, the power series

Y, waeoxy ek xex,]
i1<i2<"'<lj

This power series M, is called the a-th monomial quasisymmetric function.

For instance, M() = 1 (here, the sum is over all choices of iy <ip <.+ <1y
with ¢ = 0; but there is only one such choice, namely the “empty choice”),
while

M) = 1% =X +x+ x5+

1
_ 3 _ 3 3 3 3 3 3 .
Mgz = inx]. = X1X5 + X1X3 + X1X + -+ X0X3 + XX + -+ XX,
i<j
Mpgy = Y xixf = X5 + X33 + X3 + - + 303 + 050G + -+ 3+
i<j

| Proposition 1.9. Let a be a composition. Then, M, € QSym,.
Proof of Proposition [1.9| (sketched). [...] O

| Proposition 1.10. The family (M,) is a basis of the k-module QSym,_.

acComp

Proof of Proposition [I.10] (sketched). The family (Ma),ecomp is linearly indepen-

dent, since its elements are nonzero and have no monomials in common (pair-

wise). Thus it remains to prove that this family spans the k-module QSym,.
Let f € QSym,. For every (B1,B2,B3,...) € NN+, let coeffy, g, g, ... f denote

the coefficient of the monomial xllxg2 xgs --+in f. Then,

f - Z (Coeffﬂél,txz,...,ng,O,O,O,... f) : M(“lr“Z/m,ﬂ%)

(aq,42,...,09) €Comp

is quasisymmetric, but its coefficient before each packed monomial is 0. But a
quasisymmetric power series whose coefficient before each packed monomial
is 0 must be identically O (since the definition of “quasisymmetric” shows that
every of its coefficients equals its coefficient before some packed monomial).
Hence, f — y (coeffy, wy,...a0,000,... f) “ M4y ,...,) 18 identically 0, so

(aq,42,...,0p) EComp

f = Z (Coeffal,ﬂéz,...,tX(,O,O,O,... f) : M(“LO‘Z/---/“[)

(aq,42,...,09) €Comp

that
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lies in the k-span of (M) This proves Proposition m O

acComp*

As a consequence of the above proposition, we can see that the dependence of
QSym,_on the ground ring k is fairly simple:

| Proposition 1.11. We have QSym, = k ® QSym,, as k-algebras.

Proof of Proposition (sketched). [...] O

A result similar to Proposition also holds for power series without the
bounded-degree requirement:

Proposition 1.12. (a) For any family (A,) weComp? the (infinite) sum
Y,  AsM, converges coefficientwise (i.e., for each monomial m, the sum
xcCom
of thepcoefficients of m in Ay,M, over all « € Comp converges with respect
to the discrete topology). It is a well-defined quasisymmetric power series in
k [[x1,x2,x3,...]].
(b) If f is a quasisymmetric power series in k[[x1, x2,x3,...]], then there
exists a unique family (Ag) suchthat f = Y, AyM,.

aComp acComp

Proof of Proposition (sketched). Let QSYM) denote the set of all quasisymmet-
ric power series in k [[x1, X2, x3, .. .]]. [...] O

To find a more interesting basis of QSym, than (M), eComps We Need to intro-

duce the notion of descents and of descent sets. First, let us relate compositions
to subsets of {1,2,...,n —1}:

Definition 1.13. Let n € IN. In the following, a composition of n means a
composition of size n.

(@ If « is a composition of n, then we define a subset D (x) of
{1,2,...,n—1} by

D (a) = {a, a1 +ap, a1 +a +a3,..., 010 +ar+---+ay_1}
={v+ar+---+a; | i€{L,2,...,0—-1}},

where « is written in the form (aq,a,...,4¢) € NL. (Keep in mind that
we are using Definition [1.2]if n = 0.) This subset D («) is well-defined (by
Proposition (a) below). For instance,

D(0)
D((4))
D((23))

)
)

C{1,2,...,0-1} =2

o C{1,2...,4-1};

{2y c{1,2,...,5-1};
{1,5,7,10} C {1,2,...,11 — 1};
={1,5,7,10} € {1,2,...,12 - 1}.

D((1,4,2,3,1
D((1,4,2,3,2
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Thus, we have defined a subset D («) of {1,2,...,n —1} for every com-
position & of n. In other words, we have defined a map D from the set of
compositions of 7 to the set of subsets of {1,2,...,n —1}.

(b) Conversely, given a subset S of {1,2,...,n — 1}, define a comp,, S of n
as follows:

e If n = 0, then set comp, S = ().

e Otherwise, write the set S in the form {si,sy,...,s:} with s < 55 <

- < sg. Furthermore, set sy = 0 and sy = n. Thus, a (k+2)-

tuple (sg,s1,52,...,5k+1) of nonnegative integers is defined. Then, define
comp, S as the composition

(S1 — 50,52 — 51,53 — 82, -, Sk — Sk—1,Sk+1 — Sk)
of n.

This composition comp, S of n is well-defined (by Proposition (b) be-
low). (Note that this composition comp, S depends on both S and n.) For
instance,

comp, {1,2} = (1,1,1);
comp, {1,2} = (1,1,2);
comp, {3,5,6} = (3,2,1,3);

©)-

Thus, we have defined a composition comp, S of n for every subset S of
{1,2,...,n —1}. In other words, we have defined a map comp, from the set
of subsets of {1,2,...,n — 1} to the subset of compositions of 7.

(c) We now have defined a map D from the set of compositions of n to the
set of subsets of {1,2,...,n — 1}, and a map comp,, in the opposite direction.
These two maps are mutually inverse (by Proposition (c) below), and
thus the compositions of n are in 1-to-1 correspondence with the subsets of
{1,2,...,n —1}. Hence, the number of compositions of n equals 2" lifn > 1
(and 1 if n = 0).

compy @ =

Proposition 1.14. Let n € IN.

(@ If a is a composition of n, then the subset of D («) of {1,2,...,n—1}
defined in Definition [1.13] (a) is well-defined.

(b) If S is a subset of {1,2,...,n — 1}, then the composition comp, S of n
defined in Definition (b) is well-defined.

(c) The maps D and comp,, defined in Definition are mutually inverse.

Proof of Proposition (sketched). [...] O
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Definition 1.15. Let « be a composition. Let n be the size of « (so that « is a
composition of n). The a-th fundamental quasisymmetric function is defined as
the power series

Z Xiy Xiy - X, € K[[x,x0,x3,.. )]
i1 <ip <+ <i;
ij<ij;q for every jeD(a)

It is denoted by L.
For instance, D ((1,3,2)) = {1,4}, so that

L(1,3,2) = Z Xiy Xip Xig Xiy Xis Xig

ij<ijy1 for every j€eD((1,3,2))

= Z Xiy Xip Xig Xiy Xis Xig = Z Xiy Xiy Xig Xiy Xig Xig -
i1 <ip iz <iy <i5<ig; i1 <ip<iz <iy<is<ig

i1<ip and iy <is

| Proposition 1.16. Let a be a composition. We have L, € QSym,_.

Proof of Proposition (sketched). |...] O

To understand the relation between the family (La) ,ccomp and the basis (Ma)yccomp
(and, in particular, to see that the former family also is a basis), we need to in-
troduce a partial order on the set of compositions of a given integer:

Definition 1.17. Let n € IN. Let « and 8 be two compositions of n. We say
that o refines B if D (B) C D («). For example, the composition (2,1, 3,4,2) of
12 refines (3, 3,6), since D ((3,3,6)) = {3,6} € {2,3,6,10} = D ((2,1,3,4,2)).

The relation “refines” is a partial order on the set of all compositions of
n (since D is a bijection, and since inclusion is a partial order on the set of
subsets of {1,2,...,n —1}). It is called the refinement order. It turns the set of
all compositions of n into a poset, which is order-isomorphic to the lattice of
subsets of {1,2,...,n — 1} under reverse inclusion.

The idea behind the refinement order is that a composition & refines another
composition B of the same size if and only one can obtain &« from B by breaking
apart entries (e.g., breaking apart the first 3 in the composition (1, 3,2,1,3) into
1 and 2 results in (1,1,2,2,1,3)). More formally, one can easily show that a
composition « of size n refines a composition f = (B1,B2,...,Bx) of size n if
there exists a composition (B;i1,Bi2, ..., Pim,) of B;i for every i € {1,2,...,k}
such that

N = (181,1/ 131,2/ oo /ﬁl,mlr 52,1/ 52,2/ ceey ,Bz,mzl ceey ﬁk,l/ ﬁk,ZI ceey ,Bk,mk> .
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Proposition 1.18. Let n € IN. Let a be a composition of n. Then,

Le= ), Mg
BE=n;

B refines «

Proposition appears in [GriReil5, Proposition 5.17]E|
Before we prove Proposition we rewrite the definition of M, in terms
similar to how we defined L,:

Proposition 1.19. Let n € IN. Let a be a composition of n. Then,

My = ) Xiy Xy Xy
i1 <ip<---<iy;
ij<ij; for every jeD(a);
ij=ij 4 for every je{1,2,..,n—1}\D(a)

Proof of Proposition (sketched). [...] O
Proof of Proposition (sketched). [... add this proof?] O

I Corollary 1.20. The family (L) is a basis of the k-module QSym,_.

xcComp

Proof of Corollary (sketched). [... add this proof?] O

2. I'-partitions

Much of the use of the ring QSym, stems from the fact that to every “P-
partition” (a notion which we will define in Section [5) one can assign a certain
generating function in QSym, . This was discovered by Stanley and Gessel [...
refs], and generalizes both the definition of L, for &« a composition and the def-
inition of a Schur function. See [GriReil5, proof of Corollary 5.29] and [Stan99,
mainly §7.19] for applications of this notion.

In [MalReu98], Malvenuto and Reutenauer have generalized the notion of a
P-partition to the notion of a I'-partition, for I' a finite directed graph whose
arcs are partitioned into “strict” and “weak” arcs. (Malvenuto and Reutenauer
denote the graph by G instead of I'; we will not follow their notation for reasons
that should become clear in Section [... add ref to section with group action].

2To be more precise, L, is defined as Y. Mg in [GriReil5, Definition 5.15], and then
n;
B rlZfi':nes 1%
[GriReil5| Proposition 5.17] states that L, = Y Xi, Xi, + +  X;, (thus showing
i1<ip<-+<iy;
ij<ij+1l f01% every jeD(a)

that the L, defined in [GriReilb, Definition 5.15] is identical to the L, that we defined above).

10
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We will also allow the set of weak arcs and the set of strict arcs to be non-
disjoint, and make a few other non-substantial generalizations just to simplify
the statements of our results.)

We begin by introducing the notion of graphs we will be using;:

Definition 2.1. In the following, a directed graph means a pair (V, A), where
Visasetand Aisasubsetof V x V. If D = (V, A) is a directed graph, then
the elements of V are called the vertices of D, and the elements of A are called
the arcs of D. A cycle of a directed graph D = (V, A) is defined to mean a
sequence (v1,vy,...,0) of elements of V such that k > 1 and vy = v; and
such that, for every i € {1,2,...,k —1}, the pair (v;,v;41) is an arc of D. A
directed graph D is said to be acyclic if there are no cycles of D. A directed
graph D = (V, A) is said to be finite if the set V is finite.

Note that directed graphs (in this sense) can have no double arcs, and their
arcs carry no other information than what vertices they connect.

Next, we introduce the concept of a weak-strict digraph, mostly following
[MalReu98] (except that we allow the set of weak arcs and the set of strict arcs
to have common elements):

Definition 2.2. A weak-strict digraph means a triple I' = (V, Ay, A;s), where
V, Aw and A; are three sets such that (V, A, U As) is a finite directed graph.
(We don’t require A, and As to be disjoint.) Given a weak-strict diagraph
I' = (V, Ay, As), the elements of Ay, are called the weak arcs of our weak-strict
digraph I', and the elements of As are called the strict arcs of I'. The elements
of V are called the vertices of I', and the set V is called the vertex set of T'.

To any weak-strict digraph I' = (V, Ay, As), we can assign the finite directed
graph (V, Ay, U As). This finite directed graph will be simply referred to as the
“directed graph I'” (although, of course, it does not carry all the information
that the weak-strict digraph I' carries). Every notion defined for a finite di-
rected graph can thus be applied to a weak-strict digraph I' = (V, Ay, As) sim-
ply by applying it to this directed graph (V, Ay, U As). This way, for example,
the notion of an acyclic weak-strict digraph is well-defined. So a weak-strict
digraph (V, Aw, As) is acyclic if and only if the directed graph (V, A, U As) is
acyclic.

The reason why we have required finiteness in this definition is simply to
avoid assuming it in all our statements below.
We next define some transformations on weak-strict digraphs:

Definition 2.3. (a) If p is a pair of two objects, then we define a new pair p by
p = (b,a), where p is written in the form (a,b). This pair p will be called the
reverse of the pair p. Thus, in particular, p is defined whenever p is an arc of a
directed graph.

11
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(b) If B is a set of arcs of a directed graph D, then B will denote the set of
the reverses of all arcs from B. In other words,

B ={(v,u) | (u,v) € B}.

Next, we define the notion of “I'-partitions” for a weak-strict digraph I":

Definition 2.4. LetI' = (V, Ay, As) be a weak-strict digraph. Let X be a poset.
We use the notations < and < for the smaller relation and the smaller-or-equal
relation, respectively, of the poset X. A T'-partition to X will mean a function
f 'V = X such that:

(a) every weak arc (u,v) of I satisfies f (u) < f (v);

(b) every strict arc (u,v) of T satisfies f (u) < f (v).

In the following, we regard N4 as a poset using the standard smaller
relation on IN; (so this poset is actually a totally ordered set). When we
don’t explicitly mention X and just speak of "I'-partitions”, we always mean
I'-partitions to this poset IN ;.

The notion of a I'-partition generalizes Stanley’s notions of a P-partition and
of a (P, w)-partition (we will see how in Section[5). While the added generality it
provides is not of much use in applications (this paper could have been written
about (P,w)-partitions just as well!), it is helpful in simplifying the proofs (the
main advantage being that a weak-strict digraph is easier to “tweak”, or modity;,
than a poset) and a little tad easier to apply in many cases (e.g., to writing the
fundamental quasisymmetric functions — see Section |5 below). In [MalReu98],
Malvenuto and Reutenauer put this notion to use in studying plethysms of qua-
sisymmetric functions.

Let us connect I'-partitions to QSym, by defining a certain generating func-
tion, an idea which goes back to Malvenuto and Reutenauelﬂ:

Definition 2.5. Let I' = (V, Ay, As) be a weak-strict digraph.
Define a formal power series Fr € k [[x1, X2, X3, ...]] by

F= Y  Tlx

f is a I'-partition peV

This is well-defined [... explain].

Before Malvenuto and Reutenauer, various special cases of Fr have been stud-
ied, some of which are almost as general as Fr. The most important one is the

3 A remark about our notation: What we call Fr in the following definition has been denoted by
I' (G) in the paper [MalReu98] by Malvenuto and Reutenauer, where their G stands for the
weak-strict digraph that we call I, and their I' is a symbol signifying this generating function.
We found it difficult to adher to standard notation in this subject, since we will later want to
use the letter G for a group.

12
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P-partition enumerator Fp,, which we will introduce in Section It first ap-
peared in Gessel’s [Gessel84], and in some special cases has been anticipated in
the work of Thomas [Thomas77].

A warning is in order here. My notation imitates [GriReil5]; it (sadly) conflicts
with other notation in literature. In particular, what we denote by Fr is not
a generalization of what Stanley calls Fp,, in [Stanll] §3.15] (but rather is a
generalization of what he calls Kp ,, in [Stan99, §7.19]).

Example 2.6. Before we study Fr in general, let us illustrate its definition on a
particular case.

For this example, let I' be the weak-strict digraph with vertex set
{1,2,3,4,5}, weak arcs (1,3) and (2,5), and strict arcs (1,2), (3,4) and
(4,5). Then, the I'-partitions are the maps f : {1,2,3,4,5} — IN, satisfy-
ing (1) < f(3),(2) < f(5), f(1) < f(2), f(3) < f(4) and f(4) < f(5).

Hence,

F= ) Il xp= )3 XF(1)XF(2)XF(3) X F(4) X (5)
f is a I'-partition pe{1,2,3,4,5} f{1,2345}—-N4;
F)=F(3) F(2)=f5)
F)<F(2); F(3)<f (4
OE

= Z Xig Xip Xiz Xiy Xis -

i1 <i3; ip<is; i1<<ip; i3<<iy; i4<<is

Our first observation is:

Proposition 2.7. Let I' = (V, Ay, As) be a weak-strict digraph. Then, Fr €
QSym,_.

Proposition [2.7| can be proven by a standard argument, similar to [LMvW13,
proof of Proposition 3.3.19]. It can actually generalized to so-called scheduling
problems and extended to quasisymmetric functions in non-commuting vari-
ables — see [BreKli14, §4] for the definitions of these notions —, and still be proven
by the same argument. We are going to give a slight variation of this argument,
which has the advantage of proving the following explicit formula:

Proposition 2.8. Let I' = (V, Ay, As) be a weak-strict digraph.
Let us say that a I'-partition f is packed if there exists some ¢ € IN such that
f(V)=A{12,...,¢}.
(@ If f is any I'-partition, then f is packed if and only if f(V) =
{1,2,...,|V]}.
(b) If f is any packed I'-partition, and if we write ¢ for |f (V)|, then
(IFd@ml | aen) o am))

7 Jee oy

13
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is a composition of |V|. This composition will be called ev f.

(c) We have
Fr = ) Mey ¢
f is a packed TI'-partition
Proof of Proposition 2.8 (sketched). [...] O
Proof of Proposition [2.7) (sketched). [...] O

The quasisymmetric function Fr already generalizes a number of quasisym-
metric functions appearing in literature; but it is so far not more general than
what has been classically constructed for P-partitions by Gessel (see Section
below). But Malvenuto and Reutenauer have extended it further:

Definition 2.9. For any set Y, we denote by 1 the map Y — IN, that sends
everything to 1 € IN,. (The domain Y of this map is going to be clear from
the context.)

Definition 2.10. Let I' = (V, Ay, As) be a weak-strict digraph. Let w : V —
IN; be any map.
Define a formal power series Fr ) € k[[x1,x2,x3,...]] by

_ w(p)
F Tw) = X .
() fisa T-Zpartition Q/ fp)

This is well-defined [... explain].

Note that the definition of Fr,) would no longer make sense if we would
allow w to be a map V — IN rather than a map V — IN4 (not every sum
converges!).

Example 2.11. The weak-strict digraph T' considered in Example satis-

fies Fry) = > x?lj(l)xz(z)xz(s)xz(4)xz(5) for any map

11<13; ip<is; 11 <ip; i3<iy; 14<i5
w:{1,2,3,4,5} — N,.
In analogy to Proposition 2.7, we have:

Proposition 2.12. Let I' = (V, Ay, As) be a weak-strict digraph. Letw : V —
N+ be any map. Then, Fr ) € QSym,.

We have an analogue of Proposition [2.8| (b) and (c):

14
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Proposition 2.13. Let I' = (V, Ay, As) be a weak-strict digraph. Letw : V —
IN, be any map.
(b) If f is any packed I'-partition, and if we write ¢ for |f (V)|, then

pef~1({1}) pef~1({2}) pefX(

( Y, w(p), Y wp,... L w(P))
{0

is a composition of ), w (p). This composition will be called ev, f.

pev
(c) We have
F(F,w) = Z Mevwf'

f is a packed T'-partition

(This proposition has no part (a) since there is nothing to generalize about

Proposition [2.8] (a).)
Proof of Proposition (sketched). (b) [...]

(c) For any finite subset S of Z, there exists a unique strictly increasing bijec-
tionr : {1,2,...,|S|} — S. This strictly increasing bijection will be denoted by
rs. Clearly, its inverse rs_l is also strictly increasing (in the sense that whenever
s and f are elements of S satisfying s < t, then rg* (s) < rg! (1))

Let us define the notion of a packing of a I'-partition.

In fact, let f be a I'-partition. Then, f (V) is a finite subset of Z, and so the
map 7y is a strictly increasing bijection {1,2,...,[f (V)|} — f (V). As we
know, r]?(lv) also is a strictly increasing bijection. Now, r]?(lv) o f is well-defined

(since the range of f is f (V), which coincides with the domain of 7} ) and

fv
;(1\/) is strictly increasing).
Moreover, (r;(lv) 0 f) (V) = 178 (F(V)) = {12, |f (V)]} (since rsy) is
bijection {1,2,...,[f (V)|} — f(V)). Hence, r]?(lv) o f is a packed I'-partition
(due to Proposition [2.8| (a)). We call r;(lv) o f the packing of the I'-partition f.

Now, forget that we fixed f. Thus, for every I'-partition f, we have defined the
packing of the I'-partition f. This packing is a packed I'-partition.
Now,

Frop= Y Ih= ¥ B [T+

f is a T'-partition peV gisapacked f isa I-partition; peV
I'-partition the packing of f is g

= ) > I1 x;{)((f)) (2)
fis a packed g isa I'-partition; peV
I'-partition the packing of g is f

is also a I'-partition (since f is a I'-partition and r

(here, we renamed the indices g and f in the two sums as f and g).

15
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Now, let us fix a packed I'-partition f. We are going to show that

L [T (5] = Meve s 3)

g is a I'-partition; peV
the packing of g is f

First of all, let £ = |f (V)|. Thus,

vef—( Y owp), Y w@... Y wp]. @

pef~' {1} pef~'({2}) pef~t({e})

Let us write a for Y~ w(p) whenever k € {1,2,...,¢}. Then, (ﬁ rewrites

pef1({k})
as
evy f = (a1, a2,...,0).
Hence,
X 4 e e
Mev, f = Mg, 05,..0,) = . Z . xille‘zz e xi; (by the definition of M(M,az,.-.,az))
1 <ip<---<ly

= ) [T =~ (5)

i1<ip<---<ipke{l,2,...,0}

But if iy, ip, ..., iy are some positive integers satisfying iy < ip < --- < ip,
then iy = ry; i, iy (k) for every k € {1,2,..., £} (by the definition of ry; ;) 1)
Thus, (5) becomes

Mev,f= ), I1 x;* = ) [T =«

. , o ; i 1'2,...,i}(k)
i <ip<--<igke€{1,2,...,0} ~—~—~ i1 <ip<--<igk€{1,2,.,6} V12
— %
=Xk
] ) {11,12,‘“,15}
(smce Zk:r{illizwqig} (k))

= 2 H xflk(k) (6)
1‘g|]Nz;ke{1,2,...,e}
Il=

(here, we substituted I for {iy, iy, ..., iy}, because the map

{(il,iz,---,ie)ENﬁ | i1<i2<"'<i£}—>{1§N+ | 1] =1},
(il,iz,...,ig)i—){il,iz,...,ig}

is a bijection).
On the other hand, recall that f is a packed I'-partition, so that Proposition
@) yields f (V) = {1,2,...,|f(V)|} ={1,2,...,¢} (since |f (V)| =¥). Ifgisa
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I-partition such that the packing of g is f, then |g (V)| = ¢ [} Hence,

w(p) w(p)

X = X . 7

oy IIxe =2 X Tlxg 7)
g is a I'-partition; peV ICINy; gisal-partition; peV

the packing of ¢ is f |I|=¢ the packing of g is f;

g(V)=I

Now, fix a subset I of IN; satisfying |I| = ¢. We are going to show that there
exists exactly one I'-partition ¢ such that the packing of ¢ is f and such that
g (V) = L this will be the I'-partition 7 o f.

Indeed, it is first clear that r; o f is a I'-partition (since f is a I'-partition, and
since ry is strictly increasing). Moreover,

(riof) (V) =rg f\(D =r1({1,2,...,4})
—{12,..0}
=r1({1,2,...,]I}) (since ¢ = |I])
=1

(by the definition of ;). Now, the packing of rj o f is (by its definition) equal to

r(_rllof)(v) o(rjof) = rl_l o(rrof) (since (ryof)(V)=1I)
:f,

Altogether, we thus have shown that 77 o f is a I-partition g such that the packing
of g is f and such that g (V) = I. We now need to prove that it is the only such
['-partition.

So fix any I'-partition g such that the packing of g is f and such that g (V) = I.
The packing of g is rg’(lv) o g (by the definition of the packing of g). Since the

packing of g is the map f, this rewrites as follows: The map f is r(;(lv) o g. Thus,

f = rg*(lv) og = r; ' og (since g (V) = I). In other words, rjo f = g, so that

g=rrof.

Let us now forget that we fixed g. We thus have shown that if g is any I'-
partition such that the packing of g is f and such that g (V) = I, then g =rjo f.
Hence, there exists at most one I'-partition g such that the packing of g is f and
such that g (V) = I. Combining this with the fact that rj o f is a I'-partition g
such that the packing of ¢ is f and such that ¢ (V) = I, we obtain the following:

4Proof. Let g be a I-partition such that the packing of g is f. Then, f = (the packing of g) =
rg_(lv) og,so that f (V) = (rg_(lv) og) (V) = r(;(lv) (g(V)) and thus

If (V)| = ‘rg_(lv) (g (V))‘ =g (V)] (since rg_(lv) isa bijection)

and thus |g (V)| = |f (V)| = ¢, qed.

17
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There exists exactly one I'-partition g such that the packing of ¢ is f and such

that ¢ (V) = I; this I'-partition is r; o f. Hence, the sum y I xw((p))
g is a I'-partition; peV 8\p
the packing of g is f;
g(V)=I

has precisely one term, namely the term for ¢ = r; o f. Thus, this sum becomes

w(p)
Z H Xe(p)

g is a I'-partition; peV

the packing of g is f;
g(V)=I
_ H »2(P) _ H o) H H ey
pey 1Ay TR ke{12,.0}  peV; Jin)
L(ZE 5 :xiul((’;()) (since f(p)=k)
= 1II
pef1({k})
(since f (p) € f(V)={1,2,...,¢} forevery pe V)
— wp)  _ a
= I[I xwn = II x4 ®)
ke{1,2,..0}  pef-1({k}) ke{1,2,...0}
=110 =%
(since Y w(p)=uag
pef1({k})

(by the definition of ay))

Now, forget that we fixed I. We thus have shown that every subset I of IN
satisfying |I| = ¢, the equality (8) holds. Now, (7) becomes

)y I1 x%) = ) )y I1 x;(;f))

g is a I'-partition; peV ICINy; gisaI-partition; peV
the packing of ¢ is f |I|=¢ the packing of g is f;
g(V)=I )
= x
keqa,.0p 1K)
(by @)

=) 11 xflk(k) = Mev, f (by @) -
ICN; ke{1,2,...,0}
1|=¢
This proves (3).
Now, forget that we fixed f. We thus have shown that every packed I'-partition
f satisfies (3). The equality (2) becomes

F(r/w) - Z Z H x;U((;f)) - Z Mevw f

fisapacked g¢isaI'-partition; peV f is a packed
I'-partition the packing of g is f I'-partition
:Mevw f

18
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This proves Proposition (). O
Proof of Proposition (sketched). [...] O

We notice that Proposition and Proposition are particular cases of
Proposition and Proposition respectively, obtained by setting w equal
to the map 1: V — IN,.. In fact, we have the following:

Proposition 2.14. Let I' be a weak-strict digraph.
(@) We have Fr = Frq).
(b) For any packed I'-partition f, we have ev f = evq f.

Proof of Proposition (sketched). [...] O

Let us give two families of examples of P(r,w), exhibiting the M, and the L, as
particular cases of this construction.

Proposition 2.15. Let « = (aq,ay,...,ay) be a composition. Let Path; « denote
the weak-strict digraph

{1,208, @, {(,i+1) | i€{1,2,...,0—1}}).

(Colloquially speaking, this is a directed graph which consists of a single path
on / vertices, with all its arcs being strict.) Let w («) be the map {1,2,...,¢} —
N} which sends every i € {1,2,...,/} to a;. Then, Fpam, aw(a)) = Ma-

Proposition 2.16. Let « be a composition. Let n be the size of a. Let DPath a
denote the weak-strict digraph

({1,2,...,n}, {(,i+1) | ie{L,2...,n—1}\D@)}, {(,i+1) | ic D(@)}).

(Colloquially speaking, this is a directed graph which consists of a single path
on n vertices, with the i-th arc being strict if i € D («) and weak otherwise.)

Then, Fppath s = La-

Proof of Proposition (sketched). [...] O
Proof of Proposition (sketched). [...] O

The following proposition demonstrates that the skew Schur functions of clas-
sical symmetric function theory are particular cases of the Fr construction as
well:

Proposition 2.17. Let A “u be a skew partition. (For this and all other termi-
nology of symmetric function theory, see, e.g., [Stan99, Chapter 7], [GriReil5,
§2] and other sources.) Let V' denote the Young diagram of A “u (regarded
as a set). We draw Young diagrams in English notation, so that cell (i,j) is
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one unit lower than cell (i — 1, /) but one unit to the right of cell (i,j —1). Let
Ay denote the set of all (a,b) € V2 such that the cell b is the right neighbor
of a. Let A denote the set of all (a,b) € V? such that the cell b is the lower
neighbor of a. Then, Fy 4, 4,) is the Schur function s, .

Proof of Proposition (sketched). [...] O

The dual immaculate quasisymmetric functions introduced in [BBSSZ13, §3.7]
are also particular case of the Fr construction:

Proposition 2.18. Let « = (a1, a2, ..., &) be a composition. Define the diagram
of a to be the set of all (i,j) € N2 such that j < ;. The elements of this
set are called the cells of this diagram. More generally, the same notions that
are defined for Young diagrams (such as rows, columns, descents, English
notation, etc.) can be defined for diagrams of compositions analogously. We
draw diagrams of compositions in English notation (but of course, this no
longer means that the rows weakly decrease in length from top to bottom).

Let V denote the diagram of a. Let A;, denote the set of all (a,b) € V? such
that the cell b is the right neighbor of a. Let As denote the set of all (a,b) € V?
such that the cell b is the lower neighbor of a2 and both cells lie in the first
column (i.e., they have their second coordinates equal to 1). Then, Fiy 4, a.)
is the dual immaculate function &, defined in [BBSSZ13) §3.7].

Proof of Proposition (sketched). [... Use [BBSSZ13, Proposition 3.36] and com-
pare the notion of an immaculate tableau with that of a I'-partition; then recall

Proposition [2.8]] O

Let us reap the first harvest from the notion of I'-partitions. We will introduce
the disjoint union of two weak-strict digraphs and show that the Fr correspond-
ing to that disjoint union is the product of the Fr’s corresponding to the two
weak-strict digraphs:

Definition 2.19. Let I'g = (Vo, Awo, Aso) and Ty = (V4, Ay, As1) be two weak-
strict digraphs. The disjoint union of I'y and I'; is defined as the weak-strict
digraph (V, Ay, As), where

V={(0) | veWu{(v,1) | ve WV},
Aw ={((2,0),(b,0)) | (a,b) € Awo}U{((21),(b,1)) | (a,b) € Aw};
As = {((0,0),(5,0)) | (a,b) € Ap} U{((2,1),(5,1)) | (a,b) € Ag}.

In more friendly terms, the disjoint union of I'y and I'; is defined as the weak-
strict digraph whose vertex set is the disjoint union of the vertex sets of Iy and
I';, and whose set of weak (resp. strict) arcs is the union of the sets of weak
(resp. strict) arcs of I'g and I'; (with their endpoints relabelled accordingly).
We denote the disjoint union of I'y and I'; by I')I'y. When V and V; are
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disjoint, we identify V with the set-theoretic union Vp U V; (by equating each
v € Vo with (v,0) € V, each v € V; with (v,1) € V) and similarly identifying
Ay with the union Ay U Ay (by equation (a,b) € Ay with ((a,0),(b,0)) €
Ay, etc.) and As with the union Agy U Agyp; in this case, we thus simply have
F0F1 = (V() U Vl/ Awo U AwersO U Asl)-

Proposition 2.20. Let 'y and I'1 be two weak-strict digraphs. Then, Fr,r, =
Fr, - Fr,.

Proposition 2.21. Let Iy = (Vy, Awo, Aso) and T'1 = (Vi, Ay, As1) be two
weak-strict digraphs such that Vp and V; are disjoint. Identify the disjoint
union TgI'; with (VoU Vy, Ayo U A, Aso U Ag1). Letw : VyUV; — N4 be a
map. Then,

Prorllw = FFOIw‘VO ) Fr1,ZU|V1'

Proof of Proposition (sketched). [...] O
Proof of Proposition (sketched). [...] O

[.]

[... Second proof of QSym, being closed under mult!]

3. The Hopf algebra structure on QSym,

We have so far been regarding QSym, as an algebra — with algebra structure
inherited from k [[x1, X2, x3,...]]. In this section, we are going to endow QSym,
with a further structure — that of a Hopf algebra.

We will not give an introduction into Hopf algebras here, as this has already
been done by various authors in various references — for example, [Montg93],
[GriReil5, §1], [Manchon04, §1-82], [AbeZ7], [Sweed69], [DNRO1] and [Fressel4,
Chapter 7] each include the definitions and the basic properties of bialgebras
and Hopf algebras, and we will not need anything beyond that. [... check that
the latter claim is true!] (While most authors discussing Hopf algebras limit
themselves to Hopf algebras over fields, the notion can be defined over any
commutative ring in the same way, and all properties of Hopf algebras which
are sufficiently elementary to be used in the present papers continue to hold in
this generality.)

[... introduce coalgebras and/or give references]

Let us define the coalgebra structure on QSym, . This is commonly done (e.g.,
in [GriReil5)| §5]) using what is usually called “alphabet doubling trick”; we are
going to give a more down-to-earth definition instead:
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Definition 3.1. (a) In the following, the tensor sign ® without subscript always
means .

(b) We define a k-linear map A : QSym, — QSym, ® QSym, by requiring
that every composition (a1, ay,...,ay) satisfy

{
A <M(IX1,DL2,..‘,ZX[)) = I;)M(“LDCZ/“'/“k) ® M(“k+1/ak+2/'“/a€)'

This is clearly well-defined, because the M(,, 4, «,) With (a1,az,..., /) rang-
ing over all compositions form a k-basis of QSym, (by Proposition [I.10). The
map A is called the coproduct of QSym,_.

(c) We further define a k-linear map ¢ : QSym; — k by requiring that every
composition (a1, ay,...,a,) satisfy

(M) =10

(where we are using the notation of Definition [I.3). This is clearly well-
defined, because the M, 4, . «,) With (a1,a2,...,a/) ranging over all com-
positions form a k-basis of QSym, (by Proposition [I.10). The map e is called
the counity of QSym,_.

We state some basic properties of these maps A and e:

Proposition 3.2. (a) The triple (QSym,, A, ¢) is a k-coalgebra. That is, the
diagrams

QSym,; QSym,; ® QSym, , 9)
AJ lA@id

QSym, ® QSym, —der QSym, ® QSym, ® QSym,

QSym, —2— QSym, ® QSym,, and (10)

\ ls@id
I

k ® QSym,

QSym, S . QSym, ® QSym, (11)

\ J{id ®e
i

QSym, ©k

are commutative, where i; : QSym;, — k ® QSym, and i, : QSym, —
QSym, ®k are the canonical k-module isomorphisms.
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(b) The k-coalgebra (QSym,, A, ¢) combined with the k-algebra structure
on QSym, forms a k-bialgebra. In other words, the maps A : QSym, —
QSym, ® QSym, and ¢ : QSym, — k are k-algebra homomorphisms.

This proposition would have more or less fallen into our hands had we used
the alphabet doubling trick; with our definition, it is less obvious. However, we
can obtain it easily once we understand how A and ¢ act on the Fr 4. To do so,
first we need a definition:

Definition 3.3. Let D = (V, A) be a directed graph. An admissible cut of D will
denote a pair (P,Q), where P and Q are subsets of V satisfying PUQ =V
and PN Q = @ such that there exists no (g, p) € A satisfying p € Pand g € Q.
We denote by Adm D the set of all admissible cuts of D.

Definition 3.4. Let I' = (V, Ay, As) be a weak-strict digraph. An admissible
cut of I' will mean an admissible cut of the directed graph I' (that is, of the
directed graph (V, A, U As)). We denote by AdmT the set of all admissible
cuts of T..

Let P be a subset of V. Then, I |p will denote the weak-strict digraph
(P, AuN(PxP), AsN (P x P)). (This is simply the weak-strict digraph ob-
tained by keeping only the vertices from P and the weak and strict arcs con-
necting these vertices to each other.)

The notion of admissible cuts is classical, although more usually applied to
trees rather than to directed graphs (see, e.g., [Manchon(04, §I1.9.3], albeit the
definition there is in our opinion not the best). We will use it here to compute
the coproduct and the counity on Fr )

Proposition 3.5. Let I' = (V, Ay, As) be a weak-strict digraph. Let w : V —
IN, be any map.
(a) We have
AFrwy )= Y.  Frpw ®Fr :
( ( w)) (P.0)CAdmT (Tlpwlp) ( |Q,w\Q)
(b) We have
€ (F(F,w)> =[V|=0].
Proof of Proposition 3.5| (sketched). ... use packed stuff here] O
Now,
Proof of Proposition 3.2] (sketched). [... do this using I'-partitions!] O
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We have so far shown that QSym, is a k-bialgebra. Is it a Hopf algebra?
There is a sense in which the answer is “obviously yes”, because QSym,_is a
case of what is called a connected graded k-bialgebra, and such k-bialgebras
are automatically Hopf algebras (see [GriReil5, Proposition 1.36] for a proof,
and [Manchon04, Corollary I1.3.2] for a more general result). We will, however,
reprove this result in a different way, and derive an explicit formula for the
antipode on Fr ) for a wide class of weak-strict digraphs T

4. The antipode of Fr

Definition 4.1. Let « be a composition. Let n = |a|. Then, we define a compo-
sition w () of n by

w(a) =comp, ({1,2,...,n=1}\{n—i | ie D(a)}).

| Proposition 4.2. Let « be a composition. Then, w (w («)) = a.

Proof of Proposition 4.2| (sketched). [...] O

Let us now state the existence of an antipode on QSym, and an explicit for-
mula for it:

Theorem 4.3. Define a k-linear map S : QSym, — QSym, by requiring that
every composition « satisfy

5 (LKX) = (_1)|IX| Lw((x)'

This is clearly well-defined, because the L, with a ranging over the composi-
tions form a basis of QSym, (by Corollary [1.20).
Then, S is an antipode of the k-bialgebra QSym,_.

We will actually prove a much more general statement about how S acts. First,
we define two ways to construct new weak-strict digraphs from a given one:

Definition 4.4. Let I’ = (V, Ay, As) be a weak-strict digraph. We define a new
weak-strict digraph I by o
I = (V/ sz As)

(that is, it is the result of reversing all strict arcs in I'). We define a further
weak-strict digraph w (I') by

w(T) = (V, 7, A)

(that is, the weak-strict digraph obtained from I' by reversing all arcs and
exchanging strict and weak arcs). Notice that I/ =T and w (w (T')) =T.
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Theorem 4.5. Let I' = (V, Ay, As) be a weak-strict digraph. Let w : V — IN;
be any map. Assume that I is acyclic. Then,

S (Fra) = (0" Fom)0

Corollary 4.6. Let I' = (V, Ay, As) be a weak-strict digraph. Assume that I”
is acyclic. Then,

S(F) = (-1 Eyp.

Of course, Corollary [4.6]is obtained from Theorem 4.5 by setting w = 1.

Theorem is more or less equivalent to [MalReu98, Theorem 3.1], while
Corollary [4.6/is more or less equivalent to [MalReu98, Lemma 3.2]. We are saying
“more or less” since the statements in [MalReu98] are formulated in a slightly
different way (mainly, instead of the weight map w in Theorem the authors
of [MalReu98] are considering vertices connected by “undirected edges” — in
our opinion, a slightly awkward technique) and burdened by some unnecessary
conditions which are easy to lift (the statements in [MalReu98|] require A, to be
distinct from As, and I to be acyclic as well as I'"). We will see in somewhat more
detail how to derive Theorem from [MalReu98, Theorem 3.1] in the Second
proof of Theorem (4.5 below.

Also, Corollary is easily seen to be equivalent to the rather well-known
[GriReil5, Corollary 5.27], a cornerstone of P-partition theory (we will say more
about this in Section 5). The main difference between these two facts is that we
are using I'-partitions instead of P-partitions; the condition that I be acyclic is
precisely what is needed to reduce the former to the latter. However, it seems to
us that the setting of I'-partitions is more natural.

We are going to give three proofs of Theorem The reader is advised
to only read the first one (which, to our knowledge, is new and probably the
most enlightening) unless interested in the history of the subject. The other two
proofs are merely there to show that Theorem 4.5 is not very novel: the second
proof derives it from [MalReu98, Theorem 3.1], whereas the third derives it from
[GriReil5, Corollary 5.27].

The vehicle that carries us to the proof of Theorems 4.3|and to our first proof of
Theorem |4.5|is the following fact (which, per se, involves neither Hopf algebras
nor quasisymmetric functions):

Proposition 4.7. Let I' = (V, Ay, As) be a weak-strict digraph. Assume that
I is acyclic. Let X be a totally ordered set (regarded as a poset). Let A be
a topological commutative ring. For every v € V and u € X, let z,, be an

element of A. Assume that, for every subset S of V, the sum Y. [T z; s
fexsves

converges with respect to the topology on A. (Notice that this happens, for
example, when X = N4, A = k[[x1,x2,x3,...]] and zy, = xy.)
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For every subset S of V, define an element Zs x € A by

Zsx = Y. ITzor):

f is a I'|s-partition v€S
to X

(This sum converges, since it is a subsum of the convergent sum

ZS HSZU,f(U).) Also, for every subset S of V, define an element Zé,X €A
feXxsve

by

Z¢x = ). [ 12000

fis a w(T)|s-partition vES

to X

(This sum converges, since it is a subsum of the convergent sum
L 11 zof(0))
xS ves v.f(©)

(a) We have

Y (-)¥zpxzE =V =2].
(P,Q)EAdmT
(b) We have

P
( )Z () Z8 3 Zox = [V = 2.
P,Q)eAdmT

We shall prove Proposition .7 with the help of a sign-reversed involution. The
idea of using sign-reversing involutions to identify antipodes of Hopf algebras
is natural and not new (see, e.g., [GriReil5| proof of Theorem 5.11], and, more
recently, [BenSag14]), but the crux of such involutive proofs is the precise con-
struction of the involution. The one that we will use will proceed by “exiling”
a certain element of V from P into Q or vice versa; this is again far from being
a novel motive, but the choice of the element to be exiled is (in our opinion)
interesting.

Proof of Proposition 4.7 (sketched). (a) Proposition 4.7| (a) can be checked immedi-
ately in the case when V = @. Hence, for the rest of this proof, we can WLOG
assume that V # @. Let us assume this.

Let us fix a (P, Q) € AdmT first. We have

Zpx = Z H Zy,f(v) = Z H Zv,f(v)
f is a I'|p-partition vEP fP=X; veP
to X f is a I'| p-partition to X
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and

Ox = ). [1z0f0) = ). [1z50)

fis a w(T)|g-partition v€EQ f:0—X; veQ
to X f is a w(I')|g-partition to X
- > [1z050)
$:0—X; veQ

g is a w(I')|g-partition to X

Multiplying these two equalities, we obtain

ZpxZHx = Y [1zo50) ). [1z50)

f:P=X; veP $:Q—=X; veQ
f is a I'| p-partition to X g is a w(I')|g-partition to X
- x £ (M) (Mo
fP=X; :0—=+X; veP ve@

f is a T'|p-partition to X g is a w(T')|o-partition to X

= ). (H Zv,f<v>> <H Zug(v))
(f.9); veP veQ

fiP=X; $0—-X;
f is a T'| p-partition to X;
g is a w(I')|g-partition to X

= )» [Lzom ) | | 1120000

hV—X; vEP N~ VEQ e —
h|p is a T'|p-partition to X; =Zy,h(v) =Zy (o)
h|q is a w(T')|g-partition to X
here, we substituted (h |p, 11 |g) for (f,g),
since the pairs (f,g) of maps f: P — X and g: Q — X are in
1-to-1 correspondence with the maps i : V — X, and the

former pair (f,g) can be reconstructed from its respective

hby (f,8) = (I lp, 1 ]Q)

= )y (H Zuh(v)) (H Zuh(v))

h:V—X; veP veQ
h|p is a T'|p-partition to X; ~~
h|g is a w(I')|g-partition to X = HVZv,h(v)
ve
= Z H Zy,h(v) (12)

h:V—X; veV
h|p is a T'|p-partition to X;
h|q is a w(T)|g-partition to X

Now, forget that we fixed (P, Q). We thus have proven for every (P,Q) €
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AdmT. Now,
y (- ZpxZ3 x
(P,Q)€AdmT —_
= )» IT Zy,h(v
h:V—=X; eV

h|p is a T'|p-partition to X;
h|q is a w(T')|g-partition to X

(by (12)
= Z (_1)|Q| Z H Zv,h(v)
(P,Q)eAdmT hV—X; veV

h|p is a T'|p-partition to X;
h|q is a w(T')|g-partition to X

Q
Y 1Tz D (-1
h:V—XveV (P,Q)eAdmT;
h|p is a T'|p-partition to X;

h|q is a w(T')|g-partition to X

Hence, in order to prove Proposition 4.7| (a), it is enough to show that every map
h:V — X satisfies

(-1%=0 (13)
(P,Q)EAdmT;
h|p is a T'|p-partition to X;
h|g is a w(T')|p-partition to X

(because once (13) will be proven, we will be able to conclude that

Y, (—1 1)/Q ZpxZ8 x

(P,Q)AdmT
Q
2 1 zome D D=3 T 20m00
h:V—=XoveV (P,Q)€eAdmT; hV—=XoveV
h|p is a T'|p-partition to X;
h|q is a w(T)|g-partition to X
(by )

=0=[V=g] (since V # @)

). Itis that we will now be proving.

Solet h: V — X be any map. We need to show that holds.

We will use the notations <, <, > and > for the smaller relation, the smaller-
or-equal relation, the greater relation and the greater-or-equal relation, respec-
tively, of the poset X.

Let us first define a certain set €. Namely, we let € be the set of all pairs (P, Q)
of subsets of V which satisfy the following five properties:

Property C1: For any a € V and any b € P satisfying (a,b) € Ay, we have
h(a) <h(b).

Property C2: For any a € V and any b € P satisfying (a,b) € As, we have
h(a) < h(b).
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Property C3: For any a € Q and any b € V satisfying (a,b) € Ay, we have
h(a) > h (D).

Property C4: For any a € Q and any b € V satisfying (a,b) € As, we have
h(a) > h(b).

Property C5: Wehave PUQ =V and PN Q = @.

Now, our first claim is the following;:

Claim 1: Let (P, Q) be a pair of subsets of V. Then, (P, Q) belongs to ¢ if and
only if the following three properties hold:

Property S1: We have (P, Q) € AdmT.

Property S2: The map h |p is a I'-partition to X.

Property S3: The map h |g is a w (T') |p-partition to X.

Proof of Claim 1: Let us first assume that the Properties S1, S2 and S3 hold.

We have (P, Q) € AdmT (since Property S1 holds). In other words, (P, Q) is
an admissible cut of the directed graph I = (V, Ay, U As). In other words, P and
Q are subsets of V satisfying PUQ = V and PN Q = @ such that

there exists no (g,p) € Ay U A; satisfying p € P and g € Q. (14)

As a consequence, Property C5 holds, so that Q =V \Pand P =V \ Q.
We know that /1 |p is a I' |p-partition to X (since Property S2 holds). In other
words,

every (u,v) € P x P satisfying (u,v) € Ay satisfies h (u) < h(v), (15)
and
every (u,v) € P x P satisfying (u,v) € A satisfies h (u) < h(v). (16)

We know that /1 |g is a w (T') |p-partition to X (since Property S3 holds). In
other words,

every (u,v) € Q x Q satisfying (u,v) € A; satisfies h (1) < h(v), (17)
and
every (u,v) € Q x Q satisfying (u,v) € A, satisfies h (u) < h (v). (18)

Now, let us prove that Property C1 holds. In fact, let 2 € V and b € P be such
that (a,b) € Ay. If wehad a € Q, then (a,b) € Ay C Ayw U As would contradict
(applied to ¢ = a and p = b). Hence, we cannot have a € Q. We thus have
a€V\Q=P,and now h(a) < h(b) follows from (applied to u = a and
v = b). This proves Property C1.

Similarly we can prove Property C2 (using instead of (15)).

Let us now show that Property C3 holds. In fact, let a € Q and b € V be such
that (a,b) € Ay. If we had b € P, then (a,b) € Ay, C Ay U As would contradict
(applied to g = a and p = b). Hence, we cannot have b € P. We thus have
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be V\P = Q. But (g,b) € Ay shows that (b,a) = (a,b) € Ay, so that (18)
(applied to u = b and v = a) yields h (b) < h(a). In other words, h (a) > h (b).
This proves Property C3.

Analogously we can prove Property C4 (but this time we would have to derive
h(b) < h(a) from instead of deriving h (b) < h (a) from (18)).

We thus know that the pair (P, Q) satisfies all five Properties C1, C2, C3, C4
and C5. By the definition of €, this means precisely that the pair (P, Q) belongs
to €.

Now, forget that we assumed that the Properties S1, S2 and S3 hold. We thus
have shown that

(if the Properties S1, S2 and S3 hold, then (P, Q) belongsto ).  (19)

Now, let us assume that (P, Q) belongs to €. By the definition of €, this means
that the pair (P, Q) satisfies all five Properties C1, C2, C3, C4 and C5.

From Property C5, we conclude that PUQ =V and PN Q = @.

Let us now see that there exists no (g, p) € Ay U A satisfying p € Pand g € Q.
In fact, assume the contrary. Then, there exists a (g, p) € Ay U A; satisfying p €
P and g € Q. Consider such a (g,p). We have (q,p) € Ay U A;. Let us assume
(for the sake of contradiction) that (q,p) € Ayw. Then, Property C3 (applied to
(a,b) = (q,p)) yields h (q) > h(p). But Property C1 (applied to (a,b) = (g,p))
yields h (q) < h(p), which contradicts /i (g) > h(p). This contradiction shows
that our assumption (that (g,p) € Aw) was wrong. Hence, we cannot have
(9,p) € Aw. So we have (q,p) ¢ Aw. Since (q,p) € Aw U A, this yields (g, p) €
(AwUAs) \ Ay C A,. Thus, Property C2 (applied to (a,b) = (g,p)) yields
h(q) < h(p). But Property C4 (applied to (a,b) = (gq,p)) yields h(q) > h(p),
which contradicts & (gq) < h(p). This contradiction shows that our assumption
was wrong. We thus have proven that there exists no (g, p) € Ay U A; satisfying
p € Pand g € Q. This (combined with the fact that PUQ = V and PN Q =
&) shows that (P, Q) is an admissible cut of the directed graph (V, Ay, U As).
In other words, (P, Q) is an admissible cut of the directed graph I (since the
directed graph I is defined as (V, Ay U As)). In other words, (P,Q) € AdmT.
Property S1 thus holds.

Next, let us prove Property S2. Let (1, v) be a weak arc of I' |p. Then, (u,v) €
Ay N (P x P) (because of how T |p is defined). In other words, (u,v) € Ay,
u € Pand v € P. Property C1 (applied to a = u and b = v) yields h (u) < h (v).
Since u € P and v € P, we can rewrite this as (h |p) (1) < (h |p) (v). Now forget
that we fixed (u,v). We have thus proven that every weak arc (u,v) of T |p
satisfies (h |p) (u) < (h |p) (v). Combining this with the fact that every strict arc
(u,v) of T |p satisfies (h |p) (1) < (h |p) (v) (the proof of this is analogous, but
we now have to use Property C2 instead of Property C1), we conclude that & |p
is a I' |p-partition to X. In other words, Property S2 holds.

Let us prove Property S3 now. Let (u,v) be a weak arc of w (I') |o. Then,
(u,0) € AsN(Q x Q) (because w (T') = (V, As, Ay) and thus
w () o= (QAN(QxQ),AxN(Qx Q))). In other words, (1,v) € A, u € Q
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and v € Q. Since (u,v) € A;, we have (v,u) € As. Property C4 (applied to a = v
and b = u) thus yields h (v) > h (u). In other words, h (1) < h (v). Since u € Q
and v € Q, we can rewrite this as (h |p) (u) < (h |g) (v). Now forget that we
fixed (u,v). We have thus proven that every weak arc (1,v) of w (I') | satisfies
(h|g) (u) < (h]g) (v). Combining this with the fact that every strict arc (u,v)
of w (T) | satisfies (h |p) (1) < (h |p) (v) (the proof of this is analogous, but we
now have to use Property C3 instead of Property C4), we conclude that / | is a
w (I') |g-partition to X. In other words, Property S3 holds.

We have thus proven that all three Properties S1, S2 and S3 hold. Now, forget
that we assumed that (P, Q) belongs to €. We thus have shown that

(if (P, Q) belongs to €, then the Properties S1, S2 and S3 hold) .

Combined with (19), this proves that (P, Q) belongs to € if and only if the Prop-
erties 51, S2 and S3 hold. Claim 1 is thus proven.

Clearly, the summation sign Y in (13) can be rewritten
(P,Q)eAdmT;
h|p is a T'|p-partition to X;
h|q is a w(T')|g-partition to X
as Y. . Due to Claim 1, the latter summation sign can be
(P,Q) is a pair of subsets of V;
the Properties S1, S2 and S3 hold

replaced by Yy, = Y . Hence, is equivalent to

(P,Q) is a pair of subsets of V;  (P,Q)e€
(P,Q) belongs to €

Y (-1@=o. (20)

(P,Q)ec

Thus, instead of proving (13), it is enough to prove (20). Let us introduce
the notation snd U for the second component of an ordered pair U (so that
snd (P, Q) = Q for any ordered pair (P, Q)). Then, further rewrites as

Y (1)l = 1)

uec

Hence, our goal is now to prove (21).

In order to prove this, it clearly is enough to construct a map © : € — €
satisfying the following three properties:

Property Thl: We have ® o © = idg.

Property Th2: Every U € € satisfies (—1)/s0(®WII — _ (_q1)lsndU],

Property Th3: Every U € € satisfies ® (U) # U.

In fact, once a map O satisfying the Properties Th1l, Th2 and Th3 is con-
structed, we can quickly conclude that holds by fixing any total order on
the set ¢ (which will be referred to using the > and < symbols) and arguing
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that
2 (_1)|Sndu‘ _ 2 (_1)|SndU| + 2 (_1)‘Sndu‘
Uec Uec; uec;

o(u)>U o(u)<U
(because every U € € satisfies © (U) # U (by Property Th3))

_ Z (_1)|sndll| + Z (_1)\snd(®(ll))\

(& J/

ueg; uec; ~~
oe(u)>u OOU))<OU)  =—(—1)kndUl
~——~——" (by Property Th2)
= L
ueg;
u<eu)

(since Property 1
yields ©(@(U))=U)

here, we have substituted ® (U) for U in the second sum
(since the map © : € — € is a bijection (by Property Th1))

= Z (_1)|sndu| _ Z (_1)|sndu|

uec; Uuec;
eu)>Uu u<e(u)
——
= X
Ueg;
eu)>Uu
_ Z (_1)|SndU| . Z (_1)‘Sndu‘ —0.
ueg; ueg;
@(ue)>u @(u€)>u

Hence, it remains to construct a map © satisfying the Properties Th1, Th2 and
Th3.

Before we can define our map ©, we shall introduce some more notations.

We say that an element v € V is a swing voter if it satisfies the following four
properties:

Property SW1: For any u € V satisfying (u,v) € Ay, we have h (v) > h(u).

Property SW2: For any u € V satisfying (u,v) € As, we have h (v) > h (u).

Property SW3: For any u € V satisfying (v, u) € Ay, we have h (v) > h (u).

Property SW4: For any u € V satisfying (v, u) € As, we have h (v) > h (u).

Our next goal is to show that there exists at least one swing voter.

In fact, recall that the set V is nonempty, so that /i (V) is nonempty as well.
Thus, h (V) is a nonempty finite subset of the totally ordered set X. Hence, the
maximum element max (h (V)) of h (V) is well-defined. Let M be the set of all
w € V such that h (w) = max (h (V)). Then, M is nonempty.

Consider the weak-strict digraph I" | as a directed graph. This directed
graph I |1 is acyclic (since I is acyclic), and its vertex set M is nonempty and
finite. Hence, there exists a vertex v € M such that no arc of I |y startﬂ at
v (because it is known that whenever D is an acyclic finite directed graph with

SWe say that an arc starts at v if it has the form (v, u) for some u € V.

32



Quasisymmetric functions and I'-partitions October 18, 2015

nonempty vertex set, there exists at least one vertex v of D such that no arc of D
starts at v). Consider this v. We are going to show that v is a swing voter.

First of all, v belongs to the set M of all w € V such that h (w) = max (h (V)).
As a consequence,

every u € V satisfies h (1) < h (v), (22)

and
every u € V such that I (1) > h (v) must belong to M. (23)

From , we conclude immediately that v satisfies Property SW1 and Property
SW4.

Let us next prove that Property SW2 holds. Let u € V be such that (u,v) € As.
Assume (for the sake of contradiction) that & (1) > h (v). Then, shows that
u belongs to M. But (1,v) € As, so that (v,u) = W € A, C Ay U A,. Thus,
(v,u) is an arc of I, and therefore also an arc of I | (since u and v belong to
M). This contradicts the fact that no arc of I |y starts at v. This contradiction
shows that we were wrong to assume that /1 (1) > & (v). Hence, we must have
h(v) > h(u). This proves Property SW2.

The proof of Property SW3 is exactly analogous, with the only difference that
the relation (v, u) € Ay U A, is now proven using (v,u) € Ay C Ay U A,.

We now have shown that our v satisfies all four Properties SW1, SW2, SW3,
and SW4. In other words, v is a swing voter. Hence, there exists a swing voter.

Let us now fix a swing voter v. Here comes a final piece of notation before
define the map ®: Namely, we denote the symmetric difference of two sets A
and B by AAB (this is the set (AUB) \ (AN B)).

Now, let (P, Q) € € be an arbitrary. We then define ® (P, Q) as (PA {v}, QA {v}).
We must prove that this map © is well-defined; in other words, we must prove
that (PA {v}, QA {v}) belongs to ¢ for every (P,Q) € €. In order to do so, we
fix some (P,Q) € €. By the definition of €, this means that (P, Q) is a pair of
subsets of V satisfying the Properties C1, C2, C3, C4 and C5.

We will now show that the Properties C1, C2, C3, C4 and C5 with P and Q
replaced by PA {v} and QA {v} are also satisfied.

Let us start with Property C5. Since Property C5 itself is satisfied, we have
PUQ =V and PN Q = @. Therefore, v belongs to exactly one of the two sets
P and Q. From this, it is easy to conclude (by checking both possible cases)
that (PA{v})U (QA{v}) =V and (PA {v}) N (QA {v}) = @. In other words,
Property C5 with P and Q replaced by PA {v} and QA {v} is satisfied.

Let now a € V and b € PA {v} be such that (a,b) € Ay. We are going to
prove that i (a) < h(b). If b € P, then this follows from Property C1. Hence,
for the rest of the proof of h (a) < h(b), we can WLOG assume that we don’t
have b € P. Assume this. So we have b € PA {v} C PU {v} but we don't
have b € P. Thus, we must have b € (PU{v})\ P = {v}, so that b = w.

Thus, (a, v ) = (a,b) € Ay. Now, Property SW1 (applied to u = a) yields
=b
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h(v) > h(a). Hence, h(a) < h N h (b). This completes the proof of
=b

h(a) < h(b). Now, forget that we fixed a and b. We thus have proven that for

any a € V and any b € PA {v} satisfying (a,b) € Ay, we have h(a) < k(D).

In other words, Property C1 with P and Q replaced by PA {v} and QA {v} is

satisfied.

Similarly we can prove that Property C2 with P and Q replaced by PA {v}
and QA {v} is satisfied (but now we have to apply Property SW2 instead of
Property SW1). Similarly we can prove that Property C3 with P and Q replaced
by PA {v} and QA {v} is satisfied (but now we have to rule out the case a € Q
instead of the case b € P, and to apply Property SW3 instead of Property SW1).
Similarly we can prove that Property C4 with P and Q replaced by PA {v} and
QA {v} is satisfied (but now we have to rule out the case a € Q instead of the
case b € P, and to apply Property SW4 instead of Property SW1).

Altogether, we now know that the Properties C1, C2, C3, C4 and C5 with P and
Q replaced by PA {v} and QA {v} are also satisfied. Since (PA {v},QA {v})is
a pair of subsets of V, this yields that (PA {v}, QA {v}) belongs to € (because
of the definition of ¢). We thus have proven that the map © is well-defined.

It remains to prove that this map © satisfies the Properties Th1, Th2 and Th3.
It is clear that © satisfies Property Th2 (in fact, if U € € is arbitrary, then we
can write U in the form U = (P,Q) for some P and Q, and then we have
OU)=0(P,Q) = (PA{v}, QA {v}) (by the definition of ®), so that

snd e (U) = |snd (PA {v}, QA {v})| = |QA {v}|
N—— . ~ i
=(PA{o},QA{v}) =QA{v}

|Q|+L{v}/|: +1 = |snd U| + 1mod 2,

Ay
so that (—1)snd(®WII — (_q)lsndU+1 — _ (_q)lsndUly 4nq therefore also sat-
isfies Property Th3 (since Property Th2 yields (_1)\snd(<1>(U))| = — (—1)|sndu| #+
(=1)54Ul for every U € @). It therefore remains to prove Property Th1. In order
to do so, we fix U € €. Write U in the form (P, Q). Then,

OU)=0(P,Q)=(PA{v}, QA {v}) (by the definition of ©),
so that
©(@(U)) =0 (PA{v}, QA {v})

Q
—~—

=snd U

= | (PA{v})A {U}JSQA {v}) & {v}; (by the definition of @)
_p -0
= (P,Q) =U.
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Since this holds for every U € ¢, we thus have ® o ® = id¢. Hence, Property
Th1 is proven.

We now know that the map © satisfies all three Properties Th1, Th2 and Th3.
Thus, as we have seen, holds, and this completes the proof of Proposition
(a) (as we have seen).

(b) Let X°P denote the opposite poset of X; this is the poset with the same
ground set as X, but whose smaller relation is the greater relation of X. Of
course, X°P is a totally ordered set (since X is a totally ordered set).

We denote by T the weak-strict digraph (V, As, Ay). (This is obtained from T
by interchanging the set of weak arcs with the set of strict arcs.) It is easy to see
that the w (T') |p-partitions to X are the same thing as the T-partitions to X°P.

Moreover, the I' |p-partitions to X are the same as the w (f) |g-partitions to

XOP. Finally, AdmT = AdmT. Hence, Proposition (a) (applied to As, Aw, T
and X°P instead of Ay, As, I and X) yields

( )Z (1) z8Zox = [V = 2.
P,Q)eAdmT

But since every (P,Q) € AdmT satisfies |Q| = |V| — |P| (because PUQ =V
and P N Q = @), the left hand side of this rewrites as

(-1)@! ZpxZox
(P,Q)€AdmT = (=)= (— 1)Vl q) /P

=" Y ()P zgZox.
(P,Q)€AdmMT

The rest is clear.
[... detail proof of (b)] O

Proof of Theorem 4.3} Let m : QSym, ® QSym, — QSym, be the multiplication
map of the k-algebra QSym, (that is, the k-linear map sending every a ® b to
ab). Let u : k — QSym,_ be the unity map of the k-algebra QSym, (that is, the
k-linear map sending 1 to 1gsym, )-

We need to prove that S is an antipode of the k-bialgebra QSym, . For this, it
is clearly enough to show that

mo (S®idQSymk) oA=uoce (24)

and
mo <idstmk ®S) oA=uoe. (25)

We first introduce a certain class of weak-strict digraphs. Namely, a dipath
will mean a weak-strict digraph of the form DPatha for a composition «. For
any dipath I, the weak-strict digraph w (I') also is a dipath, and in fact we have
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w (I') = DPath (w («)) for the composition « satisfying I' = DPatha. Hence, if
I'=(V, Ay, As) is a dipath, then

S(F) = (- Eyy (26)

(because the formula S (L) = (—1)‘“| Lo («), applied to the composition a satis-

fying I' = DPath «, rewrites as S (Fr) = (—1)|V| Fo(ry once we recall Proposition
2.16).

Let us now prove (24). Indeed, let & be any composition. Let I' be the
weak-strict digraph DPatha. Proposition yields Fppathy = La, so that
L,x = FDPathoc = Fr = F(F,l) and thus

A(Ly) =A (F(r,1)> = Y. Frpapy) ® F(TIQ,I\Q) (by Proposition [3.5] (a))
(P,Q)EAde\T_f—’ ———
=Fr|, —Fr,

= Z Fr, ® PF|Q‘
(P,Q)cAdmT

Hence,

(m o (S ® idQSymk> o A) (La)

= (ﬂ’l ¢) (S & idQSymk>> A\(&l
:(P,Q)ezAdmrFr‘p(gFrlQ
= (mo (8 @idosym, )) Y Fy, ®FFQ)
(P,Q)€AdmT
= ) S (Fr\p> Frig
(P,Q)€AdmT ——
:(*1)'P‘Fw(mp)

(by (applied to
I'|p instead of I') (since I'|p is a dipath
(since I' is a dipath and (P,Q)€AdmT)))

P

But I is acyclic (since T is a dipath). Let X be the totally ordered set N, (with
the usual ordering). For every v € V and

[...]

XXX

[... detail this pf] O
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]

First proof of Theorem [4.5| (sketched). [...]
[...] O

Second proof of Theorem [4.5| (sketched). Let us define one more notion: Let a weak-
strict-undirected digraph be defined as a quadruple (V, A;, Ay, E) such that (V, As, Ay)
is a weak-strict digraph and (V,E) is a simple undirected graph. If I is a
weak-strict-undirected digraph, define two new weak-strict-undirected digraphs
I' = (V,Aw, A5, E) and w (T) = (V,As, Aw, E) (these definitions imitate the
analogous definitions for weak-strict digraphs, and leave E unchanged).

We assume that k = Z to match the setting of [MalReu98] (we don’t lose
anything from this assumption, because of Proposition [I.1I). Thus, QSym, =

QSym.
We define the conjugation map w : QSym — QSym as in [MalReu98, §3]. It is

well-known that
S(f) = (-1 w(f) (27)

for every homogeneous f € QSym having degree d.

We can WLOG assume that the directed graph I is acycliﬂ Assume this.
Notice also that A, N As = @ (since I” is acyclic).

Define the set V as {(p,i) | p€V, 1<i<w(p)}. Roughly speaking, this
set V is obtained from V by breaking up each element p € V into w (p) distinct
elements. Embed V into V by sending every p € V to (p,1) € V. Then, A, and

Ay are subsets of V x V. Therefore, (\7, Ayp, As> becomes a weak-strict digraph.
- 1%
Denote this weak-strict digraph by I'. Now, define a set E C ( 2> by

E={{(p.i),(pi+D} | peV,1<i<w(p)-1}.

Then, <17, Ay, A, E) is a weak-strict-undirected digraph. It is easily seen that

~ ~ /
both <V, Aw,AS,E> and <V, Ayp, AS,E> are acyclic. We can therefore apply
[MalReu98, Theorem 3.1] to the set of equalities and inequalities induced by
(V,Aw, As, E> (that is, x, < x, for each (u,v) € Ay, as well as x, < x, for

each (u,v) € As, as well as x,, = x, for each {u,v} € E). The result is basically

®In fact, assume that it is not. Thus, there exists a cycle consisting of weak arcs and strict arcs in
I'. This cycle cannot consist of weak arcs alone (because I” is acyclic), so its existence forces
an unsatisfiable chain of inequalities upon any I'-partition. Hence, there exist no I'-partitions;
thus, Fr ) = 0. Also, the cycle that we have just found cannot consist of strict arcs alone
(because I" is acyclic again), so its reversal is a cycle consisting of weak arcs and strict arcs in
w (T') which cannot consist of weak arcs alone. This latter cycle forces an unsatisfiable chain
of inequalities upon any w (T')-partition; thus, Fi,r) ) = 0. Hence, Theoremboils down

to0 = (—1)|V‘ 0 in this case, which is obvious.
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w (F(r,w)) = (—1)|E| Fleo(r),w)- Now, S (F(r,w)> = (—1)|V‘ Fleo(r),w) follows from

this by applying 1} and by noticing that |[E| = Y. w(p) — |V/|. Theorem 4.5|is
peV

proven. ]

Third proof of Theorem [4.5] (sketched). We will prove Theorem [4.5/by a series of re-
ductions to simpler cases.

First, we notice that Ay, N As = @ (since I" is acyclic).

For any arc g, let 2 denote the reverse of the arc a.

Second, if a € Ay is any arc, then Theorem for the weak-strict digraph
I' = (V, Aw, As) follows if we can prove Theorem for the weak-strict digraph
(V, Aw \ {a}, As) and Theorem [4.5/for the weak-strict digraph (V, Ay, \ {a}, A; U {a}).
In fact, the I'-partitions are precisely the (V, A, \ {4}, As)-partitions which are
not (V, Ay \ {a}, As U {a})-partitions (just look at the definitions); hence,

Frw) = Fv,a0\{a},40),0) — F(v,40\{a},4,0{a}) w)/

and similarly
Fomw) = How,au\{a},A0)0) ~ FwV,A0\{a},AU{a}) w)-

Moreover, both (V, Ay \ {a}, AS)/ and (V, Ay \ {a}, As U {ﬁ})/ are acyclic (since
I is acyclic), so that Theorem applies to them. Thus, Theorem for the
weak-strict digraph I' = (V, Ay, A;) follows if we can prove Theorem for
the weak-strict digraph (V, Ay \ {4}, As) and Theorem for the weak-strict
digraph (V, Ay \ {4}, As U {a}). Hence, we have reduced Theorem 4.5 for the
weak-strict digraph I' = (V, Ay, As) to two cases of Theorem 4.5/ for weak-strict
digraphs with a smaller number of weak arcs than I' (but with the same number
of vertices). Hence, by induction over |Ay|, we can reduce the general case to
the case when A, = @.

We thus WLOG assume that A, = @. Hence, the weak-strict digraph T’ is
acyclic (since I" is acyclic).

We now want to get rid of w (or, more precisely, assume WLOG that w = 1).
In fact, assume that w # 1. Then, there exists some p € V such that w (p) # 1.
Consider this p. Clearly, w (p) > 1. Now, let p; be a new vertex not in V, and
set V1 be the set VU {p;}. Let wy : V = IN; be the map which sends every g €
V\ {p} tow(q), sends p tow (p) — 1 and sends p; to 1. Let I'; be the weak-strict
digraph (V1, @, As); let T'_,1 be the weak-strict digraph (V1, @, As U {(p, p1)}); let
I'. 1 be the weak-strict digraph (V1, @, AsU{(p1,p)}). It is easy to see that all
three weak-strict digraphs I}, I'”,; and I",_; are acyclic, but we have

Frw)y = Frywy) = Erym) = Froym)

and similarly

F(w(F),W) = F(w(fﬂ),wﬁ - F(w(rel)rwl) - P(w(rl)/wl)
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(because the map w turns strict arcs into weak arcs!). Thus, Theorem 4.5| for the
weak-strict digraph I' follows from Theorem |4.5|for the weak-strict digraphs I'y,
I' ;1 and I'. ;1 (keep in mind that |V;| = |V| + 1, whence the signs switch). While
these weak-strict digraphs I'y, I'_,; and I'._; have more vertices than I', they have
the same number ) w(p), and thus we can use this as a recursive proof to
peV

transform our problem until w becomes 1 (and of course the fact that Ay, = @
does not break in the process). So we can WLOG assume that w = 1. Assume
this.

The directed graph I' is acyclic, and hence there exists a poset structure on V
such that a > b for every (a,b) € As. Consider this poset structure. Give this
poset a natural labelling, i.e., a labelling of the vertices of I' by the integers 1, 2,
..., |V| such that a > b as integers whenever a > b in V. Hence, V is a labelled
poset. It is easy to see that Fr ) = Fv (x) and F, ) = Fvorr (X) using the
notations of [GriReil5, Section 5]. Thus, the equality that needs to be proven,

S <F(1~,w)> = (—1)|V| Fleo(r)w), Tewrites as S (Fy (x)) = (—1)“/‘ Fyopp (x). This
follows from [GriReil5, Corollary 5.27]. Theorem [4.5is thus proven. O

[.]

5. P-partitions and special cases

Let us now relate the notion of I'-partitions, which we so far have been studying,
with the far more classical notion of P-partitions. This allows applying our
results to reprove existing results in literature, but also conversely deriving our
results from known results.

The theory of P-partitions (or, to be more precise, (P, w)-partitions, of which
P-partitions are but a particular case) goes back to Richard Stanley’s thesis
[Stan71], where it was introduced as a common generalization for the enumera-
tions of multiple combinatorial objects (such as usual partitions, plane partitions
and various others); this allowed Stanley to derive several results of enumera-
tive combinatorics from a rather manageable collection of (fairly uncomplicated)
theorems. We will skip the (too restrictive) notion of P-partitions for a poset P,
and introduce (P, w)-partitions right away:

Definition 5.1. Let P be a finite poset. Let X be a poset. Let w : P —
{1,2,...,|P|} be a bijection. We will use the symbols < and < for the smaller
relation and the smaller-or-equal relation, respectively, of a poset. (Which
poset we mean will be clear from the types of the objects on both sides of
these symbols.) A (P,w)-partition to X will mean a function f : P — X such
that:

(@) every two elements u and v of P satisfying u < v and w (1) < w (v)

satisty f (u) < f (v);
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(b) every two elements u and v of P satisfying u < v and w (u) > w (v)
satisfy f (u) < f (v).

As before, we regard IN as a poset using the standard smaller relation on
IN+ (so this poset is actually a totally ordered set). When we don’t explic-
itly mention X and just speak of "(P, w)-partitions", we always mean (P, w)-
partitions to this poset IN ;.

Remark 5.2. Conflicting definitions of the notion of a “(P, w)-partition” ex-
ist in literature. We follow the notation of Reiner [GriReil5, §5.2] (except
that Reiner subsumes both the poset P and the bijection w into one object
P, which he calls a “labelled poset”), while Stanley (in [Stanl1, §3.15] and in
[Stan71), Definition 2.2]) has a definition which differs from ours in requiring
f(u) > f(v) (instead of f (u) > f (v)) in (a), requiring f (1) > f (v) (instead
of f(u) < f(v)) in (b), and assuming that X = IN (not N;). Our notion of
“(P,w)-partition” is what Stanley calls a “reverse (P, w)-partition” in [Stan99,
§7.19]. Our definition of a (P, w)-partition is essentially equivalent to that
given by Gessel in [Gessel84, §2] and that given by Malvenuto in [Malve93,
§4.2] (except that both Gessel and Malvenuto require X to be infinite, and
equate u with w (u)). The definition given in [LMvW13| Definition 3.3.13] dif-
fers from ours only in having w map P injectively into a totally ordered set
rather than bijectively into {1,2,...,|P|}.

It should be fairly obvious that (P, w)-partitions are a particular case of I'-
partitions.

[... proposition, proof]

Conversely, however, I'-partitions are a particular case of (P, w)-partitions for
those weak-strict digraphs I’ for which I" is acyclic.

[... proposition, proof]

The connection between (P, w)-partitions and quasisymmetric functions uses
a generating function Fp ,, similar to our generating function Fr defined in Defi-
nition (and, in fact, being a particular case thereof):

[... Definition]

[... Why particular case]

Remark 5.3. The quasisymmetric function Fp, for a finite poset P and a bi-
jection w : P — {1,2,...,|P|} has been first introduced by Stanley in [Stan71],
§21], however under a different name (he called it {P,w}, or more precisely,
he called {P,w} the quasisymmetric function that would be Fp, if we had
defined the notion of (P,w)-partition as he defined it); it has later been de-
noted by Kp,, in [Stan99, §7.19]. The reader should be warned that it is not
related to the function called Fp ,, in Stanley’s [Stan11| §3.15] (or the function
called F (P, w) in [Stan71]]). The quasisymmetric function Fp, is denoted Fp in
[GriReil5)} §5.2] (where the poset P and the bijection w are subsumed into one
object P), denoted by F (P, w) in [LMvW13) Definition 3.3.18], and denoted by
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I'(P) in [Gessel84) §2] and in [Malve93| §4.2] (the map w is assumed to be id
in both of these references).

Historically, the concept of Fp, has been anticipated in the work of Glanffrwd
Thomas ([Thomas77], [Thomas76]), who defined a particular case (in which P
is a subset of the lattice Z x Z, and w is a “column-strict labelling”, so that
Fp ., becomes a generalization of Schur functions) using the formalism of Baxter
operators.

In view of Proposition [... ref], we might wonder what we have gain from
generalizing (P, w)-partitions to I'-partitions, given that the main results (Theo-
rem 4.5/ and Corollary include the very condition that forces I'-partitions to
be just (P, w)-partitions (the acyclicity of I”), and therefore follow from known
theorems about the latter [... formulate!]. It is our opinion, however, that the
notion of a I'-partition is more natural and more malleable than that of a (P, w)-
partition. In particular, in weak-strict digraphs, the symmetry between the no-
tion of weak arcs and that of strict arcs is more obvious, and it is easier to add
or remove an arc from a weak-strict digraph than to add or remove relations to
a poset. Also, it is somewhat simpler to present L, as a particular case of Fr (see
Proposition than to present it as a particular case of Fp,); here is how the
latter works:

]

Definition 5.4. Let n € IN. We denote by S, the symmetric group on the set
{1,2,...,n}. Let 0 € S;,. Then, an elementi € {1,2,...,n — 1} is said to be a
descent of o if o (i) > o (i + 1). The set of all descents of ¢ is called the descent
set of 7, and denoted by Desc. The composition comp,, (Desc) is called the
descent composition of . For instance, if ¢ is the permutation in S¢ written as
(3,1,4,2,6,5) in one-line notation, then the descent set of ¢ is {1,3,5}, and
the descent composition of ¢ is (1,2,2,1).

[.]

6. I'-partitions up to group action
We are now ready to introduce a group action into the picture:

Corollary 6.1. Let I' = (V, Ay, As) be a weak-strict digraph. Let w : V — IN
be any map. Assume that I” is acyclic.
An automorphism of a weak-strict digraph means an automorphism of its
vertex set which preserves both the set of weak arcs and the set of strict arcs.
Given a group G, we say that the group G acts on I' by automorphisms if we
are given an action of G on the vertex set V of I' such that the action of each
g € G is an automorphism of T'.
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Let G be a finite group which acts on I' by automorphisms and which pre-
serves w (thatis, w (gp) = w (p) for every g € Gand p € V).
Let ParI" denote the set of all I'-partitions. Clearly, G acts on this set ParT
too. ) )
w\p) __ w\p
(@) We have J] Xip) = Il X(of)(p) for every f € ParI and every g € G.

peV peV
Hence, we can define a formal power series Fr ) ¢ € Z [[x1, X2, X3,...]| by
— w(p)
Frwe =L T

fespev

by picking a system of representatives S of the orbits (ParI') /G, and this
series will not depend on the choice of S. This series satisfies Fr ) ¢ € QSym.

(b) Let p : G — Sy denote the action of G on the vertex-set V of I', written as
a group homomorphism from G into the symmetric group Sy. A I'-partition
f € Parl is said to be even if every ¢ € G satisfying ¢f = f must satisfy
sgn (0 (g)) = 1. Let (ParT') " denote the set of all even T-partitions. Then, the
action of G on ParT restricts to an action on (ParT)". Hence, we can define a

formal power series F(Jf’w),G € Z|[[x1,x2,x3,...]] by
£+ _ Z H P
(Cw),G fetpev f(p)

by picking a system of representatives T of the orbits (ParT)" /G, and this
series will not depend on the choice of T. This series satisfies P(JIC 0,6 € QSym.

(c) We have
5 (F(T,w),G> - (_1)|V| F(t;(r),w),c’

Proof sketch. For every g € G, define a weak-strict digraph I'¢ as follows: Let V3
be the set V modulo the equivalence relation (p ~ gp for every g € Gand p € V).
This set V& will be the vertex set of I'S. The set of all weak arcs of I'¢ will be

[ulg, [0lg) | (w,0) € Aw (Where [p], denotes the projection of p € V onto

V&). The set of all strict arcs of I'S will be {([u]g, [v]g) | (u,v) € As}. The

resulting weak-strict digraph I'C is easily seen to satisfy the property that (I'8)’
is acyclic. (This is mostly due to the fact that G acts on I' by automorphisms,
thus G acts on I by automorphisms, and consequently each orbit of g on V' is
an independent set of I (since I'" is acyclic).)

Furthermore, for every ¢ € G, define a map w? : V& — N, by w$ ([p] g) =

Ply| - (2)
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By the usual trick that goes into the proof of Burnside’s lemma,

DR EAIED VITCa | SRS

fespev f is a I'-partition peV f is a F—partition
1

el L o 150 =161 L Fire

geG f is a T'-partition; peV
8f=f

|Stabg f|
I

[ ]

peV

N

= L H X;) V= =F (Fg ws)
f is a T8-partition peVE ’

This proves (a). Similarly, one can show (b), and finally these formulas reduce
(o) to Theorem (b) (because w (T€) = (w (T))? for every g € G).

7. An enumerative corollary
Let us now reap some enumerative harvest:

Corollary 7.1. Let T = (V, Ay, A;) be a weak-strict digraph. Assume that T’
is acyclic.

An automorphism of a weak-strict digraph means an automorphism of its
vertex set which preserves both the set of weak arcs and the set of strict arcs.

Let G be a finite group which acts on I by automorphisms.

For every n € IN, let Par, I denote the set of all I'-partitions to {1,2,...,n}.
Clearly, G acts on this set Par, I too.

(@) Let Wr g (n) = |(Par,T') /G|. Then, Wr g (n) agrees with a polynomial
of degree |V|in n for n > 0.

(b) Let p : G — Sy denote the action of G on the vertex-set V of I, written as
a group homomorphism from G into the symmetric group Sy. A I'-partition
f € Par, T is said to be even if every ¢ € G satisfying ¢f = f must sat-
isfy sgn (0 (g)) = 1. Let (Par,T)" denote the set of all even T-partitions to
{1,2,...,n}. Let Wi, (n) = ’(Parn I‘)+/G‘. Then, W{; (n) agrees with a
polynomial of degree |V| in n for n > 0.

(c) We have

Wrg (—n) = (=)W ) o (n).

Notice that this yields [Joch13, Theorem 2.8] when T is set to (P,cov P, @)
with cov P being the set of all covering relations of P. This also yields the twin
of [Joch13| Theorem 2.8] when T is set to (P, &, cov P).

Definition 7.2. We use standard Hopf-algebraic notations for the Hopf algebra
QSym, . In particular, S denotes the antipode of QSym,, and * denotes the
convolution product on linear maps from QSym,_to any algebra.
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Definition 7.3. If f € QSym, and if a4, ay, ..., a; are some elements of a com-

mutative ring, then the evaluation f | a1,az,...,4,0,0,0,. > will be denoted

just zeroes
by f (a1,az,...,ax) (as is usual for symmetric functions).
Let ¢ denote the "second counit" of QSym; this is the ring homomorphism
QSym — Z which sends every f € QSym to f (1).

Proof sketch for Corollary We use the standard(?) tactic to derive poly-
nomiality and combinatorial reciprocity phenomena from Hopf algebras. (For
example, this is how [Joch13, Theorem 2.3] follows from [GriReil5| Proposition
7.7, Corollary 5.27 and Theorem 5.19].)

Comparing the definitions of Wr g (1) and Fr 1) ; (recall that 1 is the map V —

n ones

IN di thing to 1), ily ob that W, =F, 1,1,...,1].
+ sending everything to 1), we easily observe that Wr ; (1) (T1),G (_ )

But every f € QSym satisfies

f(ll_L\-/-;l,)(A(“f) ,),...,0) |,

11 ones n times the alphabet (1)

where A(") denotes the n-fold iterated coproduct QSym — QSym®” (depending
on your tastes you might be calling this A("~1)) and where elements of QSym®”
are supposed to be evaluated on n-tuples of alphabets by evaluating each ten-
sorand on the corresponding alphabet and then multiplying. In other words,
every f € QSym satisfies

f (1,1,...,1) = ()" (Af) = ()™ f,

n ones

where ()™ denotes the n-th power of £* in the convolution algebra Hom (QSym, Z)
(the algebra of all Z-linear maps QSym — Z). Thus,

W, —F 1,1,...,1| = ()™F .
1,6 (n) = Fra)c (\_ , ) (&) Frac

n ones

Now, why is this polynomial in n ? Well, the counit ¢ of the coalgebra QSym is
the unity of the convolution algebra Hom (QSym, Z), and we can write ¢* = ¢+
(e* —¢). The element ¢* — ¢ € Hom (QSym, Z) is locally nilpotent: specifically,
for every homogeneous f € QSym of degree d, we have (¢* —¢)™ f = 0 for
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every integer e > d. Since Fr 1) ¢ is homogeneous of degree |V|, this yields that
(e — €)™ Fr,1),c = 0 for every integer e > |V|. Now,

Wrg (n) = ( & ) Frue = (e+ (" —¢)™ Frac
=¢e+(eX —¢) nv
n X _g *k
:kgo (k) (")

(by the binomial formula, since ¢ is the unity
of Hom(QSym,Z))

! V|
- Z (Z) (e — 8)*k Fra),c = Z (Z) (X — s)*k Fra,c (28)

k=0 k=0
we have cut the sum at k = |V| since
(e — &)™ Fr1),c = 0 for every integer e > |V/|

This clearly is a polynomial in #n of degree at most |V|. That the degree is not
less than |V| follows from asymptotics (we have Wr ¢ (1) >

n
V]
Corollary [7.1] (a).

The proof of (b) is not much different. Let us now come to (c). Recall that
Wrc (n) = (¢*)" Frq),- But it is a general fact that if H is a Hopf alge-
bra and A is an algebra, and f : H — A is an algebra homomorphism, then
1 = foS (where f*(-1 is the inverse of f with respect to convolution).

). This proves

Since (e* )*n : QSym — Z is an algebra homomorphism (this follows, e. g., from

" f=Ff (1 1,. ) or from general Hopf algebra lore), this yields that
n ones

(&)™ ) (X)" 0 S. In other words, (€><)*(—”) = (%)™ 0 S. Now, since

Wrg(n) = ( )" (r1) G, we have

Wrg(—n) = (€X)*(_n) Fra,c

(we used the polynomiality of (¢*)™" F here), so that
poly y (r1),G

Wrg (—n) = (£¢) ") Froc= ()" | S (F(F,1)1G>

%/*—/ —_——
=(ex)"0S :(—I)W‘FJF
(w(I)1),G
(by Corollary|[6.7] (c))
— 14 *n (ot _ V] a7+
= (=17 (e¥) (F(w(r),l),G> = =D Wimy,6 (1) -
Wiom 6
(by an analogue of (28))
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This proves part (c).
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