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In this note, we shall prove a generalization of a conjecture made in [LiPost15,
Question 21.7].

1. Introduction

I TODO 1.1. Write an introduction.
2. Matroids

Definition 2.1. In the following, IN shall always denote the set {0,1,2,...}.
For any set E, we let P (E) denote the powerset of E.

We recall the basic properties of matroids. We will actually use rather little from
the theory of matroids; [Schrij13, §10.1-§10.2] is a perfectly sufficient reference
for our purposes.

Let us first give a definition of a matroid.

Definition 2.2. A matroid means a pair (E,Z) of a finite set E and a set Z C
P (E) satisfying the following axioms:

e Wehave o € 7.
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elfYceTZTand Z € P(E)aresuchthatZ C Y, thenZ € 7.

e If Y € 7 and Z € T are such that |Y| < |Z|, then there exists some
x € Z\Ysuchthat YU {x} € T.

When (E,Z) is a matroid, a subset S of E is said to be independent (for this
matroid) if and only if S € 7.

When (E,T) is a matroid, the set E is called the ground set of the matroid
(E,I).

Definition [2.2]is how a matroid is defined in [Schrij13} §10.1] and in [Martin15,
Definition 3.15] (where it is called a “(matroid) independence system”). There
exist other definitions of a matroid, which turn out to be equivalent.

Definition 2.3. Let M = (E,Z) be a matroid. Let S € P (E). A basis of S (for
the matroid M) means a maximum-size independent (for M) subset of S.

Definition 2.4. Let M = (E, Z) be a matroid. Then, a functionry; : P (E) - N
is defined by

rm(S) =max{|Z| | ZeZand Z C S} for every S C E. (1)
The axioms of a matroid show that if S C E, and if Z is a basis of S (for M),
then rpr (S) = |Z].
The function ry; is called the rank function of M. For every S € P (E), the
number ) (S) is called the rank of S (for M). Clearly,
v (S) < |S] for every S C E. ()

Moreover, ry; (&) = 0 and

rm (S) <rm (T) forevery SC T C E. (3)

The following facts about bases for matroids are fundamental (and easy to
prove), and will be used without explicit mention:

Proposition 2.5. Let M = (E,Z) be a matroid. Let S € P (E).

(a) There exists at least one basis of S (for M).

(b) If U is any independent (for M) subset of S, then there exists a basis T
of S such that U C T. (In other words, every independent subset of S can be
extended to a basis of S.)

(c) The bases of S are precisely the inclusion-maximal independent subsets
of S.

(d) Every basis of S has the same size.

(e) If U is any independent subset of S, then |U| < rpr (S).
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Corollary 2.6. Let M = (E,Z) be a matroid. Then,

I={SeP(E) | rm(S) =I5}

Proof of Corollary 2.6} Let U € Z. Thus, U is an independent set for M (since the
independent sets for M are the elements of Z). Consequently, U is an indepen-
dent subset of U. Thus, U is a maximum-size independent subset of U (since
U is a maximum-size subset of U). In other words, U is a basis of U (by the
definition of a “basis”). Hence, rj; (U) = |U|. Thus, we have U € I C P (E) and
ryv (U) = |U|. In other words, U € {S € P(E) | rm (S) =S|}

Let us now forget that we fixed U. We thus have shown that
Ue{SeP(E) | rm(S) =S|} for every U € Z. In other words,

IC{SeP(E) | ru(S)=IsI}. @

On the other hand, let V € {Se€ P (E) | rm(S) =|S|}. Thus, V € P (E) and
rm (V) = [V].

We know that there exists at least one basis of V' (by Proposition (b), ap-
plied to S = V). Fix such a basis, and denote it by Q. Then, rj; (V) = |Q| (since
Q is a basis of V). Hence, |Q| = rm (V) = |V|. Combined with Q C V, this
shows that Q = V. But Q is a basis of V, and thus an independent set. In other
words, Q € Z. Hence, V =Q € 7.

Let us now forget that we fixed V. We thus have shown that V € 7 for every
Ve{SeP(E) | rm(S)=|S|}. Inother words,

{SeP(E) | rm(S)=1S|} CZ.

Combining this with (), we obtain Z = {S € P (E) | rum (S) = |S|}. This proves
Corollary O

Corollary 2.7. Let M and M’ be two matroids with one and the same ground
set E. Assume that r); = rpp. Then, M = M.

Proof of Corollary 2.7, Write the matroids M and M’ as (E,Z) and (E,Z’), respec-
tively. Then, Corollary 2.6/ shows that

IT=\SeP(E) | mm (S)=I5[p={S€P(E) | rm (S)=IS[}.
=rm!
But Corollary 2.6/ (applied to M’ and Z’ instead of M and Z) shows that
T'={SeP(E) | rm (S)=ISI}-

Comparing this with (5), we obtain Z = Z’. Hence, M = (E, T ) = (E,7') =
—T
M'. This proves Corollary O
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Definition 2.8. Let M = (E,Z) be a matroid. Then, a function ny; : P (E) - IN
is defined by

ny (S) =S| —rm (S) for every S C E. (6)

(This is well-defined due to (2)).)
The function ny, is called the nullity function of M. For every S € P (E), the
number ny; (S) is called the nullity of S (for M).

Proposition 2.9. Let M = (E,Z) be a matroid.
(a) We have ny (&) = 0.
(b) We have

np (S) < np (T) for every SC T C E. (7)

Proof of Proposition (a) This follows from the definition of 11y and from ry; (&) =
0.

(b) Let S € T C E. Pick a basis Z of S (this is possible, since a basis of S
exists). Then, rp; (S) = |Z|. But Z is a basis of S, and thus an independent set.
Hence, we can extend Z to a basis of T (according to Proposition (b)). In
other words, there exists a basis Y of T such that Z C Y. Pick such a Y. Since Y
is a basis of T, we have rj; (T) = |Y].

The set Y is a basis of T, thus a maximum-size independent subset of T.

But Y\Z C T\S [l Hence, |Y\Z| <|T\S|=|T|—|S| (since S C T). Now,

v (T)—rpm (S) =Y —|Z| =Y\ Z| (since Z CY)
—— N —
=[Y| =|Z|
< [T|=1S].
In other words, |S| —rap (S) < |T| —rpm (T). Since np (S) = |S| —rm (S) and

nym (T) = |T| —rpm (T) (by the definition of nyy), this rewrites as ny; (S) <
np (T). This proves Proposition 2.9] (b). O

Next, we shall define loops and coloops in a matroid (following, for example,
[Martin15, Definition 3.35]):

1Proof. Lety € Y\ Z. Hence, y ¢ Z.

Assume (for the sake of contradiction) that y € S. The set ZUy is a subset of Y (since
Z CYandy € Y\ Z CY) and thus is independent (since Y is independent). Moreover,
|ZUy| = |Z| + 1 (since y ¢ Z). Furthermore, ZUy C S (since Z C S and y € S). Hence,
Z Uy is an independent subset of S. Therefore, |ZUy| < |Z| (since Z is a maximum-size
independent subset of S). This contradicts [ZUy| = |Z| 4+ 1. This contradiction shows
that our assumption (that y € S) was wrong. Hence, we have y ¢ S. Combined with
yeY\ZCYCT,thisyieldsy € T\ S.

Now, we have proven this for every y € Y \ Z. In other words, Y\ Z C T\ S, ged.
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Definition 2.10. Let M = (E,Z) be a matroid. Let e € E. We write ry (e) for
rum ({e}). Also, if S is any subset of E, then we abbreviate the sets S\ {¢} and
SU{e} by S\ e and S Ue, respectively.

(a) The element e is said to be a loop (of M) if and only if no basis of E (for
M) contains e.

(b) The element e is said to be a coloop (of M) if and only if every basis of E
(for M) contains e.

Proposition 2.11. Let M = (E,Z) be a matroid. Let e € E.
(@) The element e is a loop (of M) if and only if 7y (e) = 0.
(b) The element e is a coloop (of M) if and only if rp; (E) = rp (E \ €) + 1.
(0) If rpr (E \ €) # ryp (E), then the element e is a coloop.

Proof of Proposition (a) =: Assume that the element e is a loop. We need
to show that rys (e) = 0.

Let Z be a basis of {e} (for M). Thus, rps ({e}) = |Z|.

The set Z is a basis of {e¢}, thus an independent set. Clearly, Z C E. Thus, the
independent set Z can be extended to a basis of E. In other words, there exists a
basis W of E such that Z C W. Consider this W.

The element e is a loop. Thus, no basis of E contains e (by the definition of a
“loop”). In particular, W does not contain e (since W is a basis of E). Hence, Z
does not contain e (since Z C W). Combining this with Z C {e}, we obtain Z C
{e} \ e = @. Hence, Z = @ and thus |Z| = 0. Now, rp; (e) = ry ({e}) = |Z] = 0.
This finishes the proof of the = direction of Proposition (@).

<=: Assume that 7 (¢) = 0. We need to show that the element e is a loop.

Let B be a basis of E (for M) such that e € B. From e¢ € B, we obtain {e} C
B. The set B is independent (since it is a basis of E). Hence, the set {e} is
independent (since {e} C B). Since {e} C {e}, this entails that [{e}| < rp ({e})
(by Proposition 2.5 (e), applied to U = {e} and S = {e}). Hence, rp; ({e}) >
|{e}| = 1. This contradicts rps ({e}) = ra (e) = 0.

Now, let us forget that we fixed B. We thus have found a contradiction for
every basis B of E satisfying e € B. Hence, there exists no basis B of E satisfying
e € B. In other words, no basis of E contains e. In other words, ¢ is a loop (by
the definition of a “loop”). This proves the <= direction of Proposition (a).

(c) Assume that ry; (E \ e) # rp (E). We need to show that the element e is a
coloop.

From E \ e C E, we obtain rj; (E \ e) < rp(E). Combined with rps (E \ e) #
rym (E), this yields vy (E \ e) < rp (E).

Let B be a basis of E. Thus, ry; (E) = |B].

Assume (for the sake of contradiction) that e ¢ B. Thus, B C E \ e. But B is
a basis of E and thus an independent subset. Hence, from B C E \ ¢, we obtain
|B| < rm (E \ e) (by Proposition 2.5] (e), applied to U = B and S = E \ e). Thus,

B <rm(E\e) <rm(E) =B,
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which is absurd. This contradiction shows that our assumption (that e ¢ B) was
wrong. Hence, we must have e € B.

Now, let us forget that we fixed B. We thus have shown that e € B for every
basis B of E. In other words, every basis of E (for M) contains e. In other words,
e is a coloop (by the definition of a “coloop”). This proves Proposition (c).

(b) =>: Assume that the element e is a coloop. We need to show that ry; (E) =
M (E \ e) + 1.

Pick a basis B of E (for M). Thus, ry; (E) = |B|.

Recall that ¢ is a coloop. In other words, every basis of E (for M) contains e
(by the definition of a “coloop”).

But B is a basis of E, and thus an independent set. Hence, B \ e is also an
independent set (since B \ ¢ C B). Since B \e C E\ ¢, we thus have |B\ e| <

CE
rym (E \ e) (by Proposition 2.5/ (e), applied to U = B\ e and S = E \ ¢). Thus,
rm(E\e) >|B\e|> |B] —1=ry(E)—1.
—~—
=rm(E)

Now, pick any basis C of E \ e (for M). Thus, rj; (E \ e) = |C|.

The set C is a basis of E \ ¢, thus an independent set. Hence, we can extend
C to a basis of E (according to Proposition 2.5 (b)). In other words, there exists
a basis D of E such that C € D. Pick such a D. Since D is a basis of E, we
have 7y (E) = |D|. Since D is a basis of E, we have e € D (since every basis
of E contains ¢). But e ¢ C (since C C E \ e). Hence, C # D (since ¢ ¢ C but
e € D). Combined with C C D, this entails |C| < |D|. Hence, rp; (E\e) =
|IC| < |D| = rpm (E). In other words, ry (E\ e) < ry (E) — 1. Combined with
rm(E\e) > rpy (E) — 1, this yields ra (E\e) = rp(E) — 1. In other words,
rm (E) = rym (E \ ) + 1. This proves the = direction of Proposition 2.11] (b).

<=: Assume that rp; (E) = rp (E \ e) + 1. We must show that the element e is
a coloop.

From ry (E) = rmy(E\e)+1 > ry(E\e), we have ry (E\e) # ry (E).
Hence, ¢ is a coloop (by (c)). The <= direction of Proposition (b)
is thus proven. O

Proposition 2.12. Let M = (E,Z) be a matroid. Let e € E.

(@) If e is a loop, then rp (SUe) =y (S) for every S € P (E).

(b) If e is a coloop, then rp; (SUe) = rpr (S) + 1 for every S € P (E) satisfy-
inge¢S.

(o) If e is a loop, then ny; (SUe) = np (S) + 1 for every S € P (E) satisfying
e¢s.

(d) If e is a coloop, then ny; (SUe) = ny (S) for every S € P (E).

Proof of Proposition (a) Assume that ¢ is a loop. Let S € P (E).
Pick a basis X of SUe (for M). Then, rp (SUe) = |X|.
The set X is a basis of S U e, and thus is independent.
The element ¢ is a loop. Thus, ry (¢) = 0 (by Proposition (a)).
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Assume (for the sake of contradiction) that e € X. Then, {e} C X, so that {e}
is an independent set (since X is an independent set). Hence, Proposition [2.5| (e)
(applied to {e} and {e} instead of S and U) shows that [{e}| < rjr ({e}). Thus,
rv ({e}) > [{e}| = 1. This contradicts rj; ({€}) = rm (e) = 0.

This contradiction shows that our assumption (that e € X) was wrong. In
other words, we have e ¢ X. Hence, X C (SUe) \ e C S. Thus, Proposition
(e) (applied to U = X) shows that |X| < rp(S). But S C SUe shows
that a1 (S) < rp(SUe) = |X|. Combining this with |X| < 7y (S), we obtain
|X| = rm(S). Hence, rp (SUe) = |X| = rp (S). This proves Proposition 2.12]
().

(b) Assume that e is a coloop. Let S € P (E) be such thate ¢ S.

The element e is a coloop. Thus, rj; (E) = rp (E \ e) + 1 (according to Propo-
sition (b)).

Applying (7) to T = SUe, we obtain ny (S) < na (SUe). Since ny (S) =
|S| —7rpm (S) and npy (SUe) = |SUe| —rar (S Ue) (by the definition of ny (S Ue)),
this rewrites as |S| —rp (S) < [SUe| —rpr (SUe). Hence,

rv (S) < |S| — LSUe/| —rm(SUe) | =S| = (|S|+1—rm(SUe))
— 541
(since e¢S)
—rm(SUe) — 1. 8)

On the other hand, let us pick a basis X of SUe (for M). Then, rp; (SUe) = |X|.

The set X is a basis of S U ¢, and thus is independent. Also, X C E. Hence, the
independent set X can be extended to a basis of E. In other words, there exists a
basis Z of E such that X C Z. Consider this Z.

Since Z is a basis of E, we have ry; (E) = |Z|.

The set Z is independent (since it is a basis of E). If we had Z C E \ e, then we
would have |Z| < rj (E \ e) (by Proposition[2.5](e), applied to Z and E \ ¢ instead
of U and S), which would contradict |Z| = rp (E) =rp (E\e) +1 > rp (E\ e).
Hence, we cannot have Z C E \ e. In other words, we must have ¢ € Z.

From X C Z and e € Z, we obtain X Ue C Z. Thus, the set X U e is indepen-
dent (since Z is independent). From \}f/ Ue C SUeUe = SUe, we therefore
CSUe
obtain | X Ue| < ry(SUe) (by Proposition (e), applied to XUe and SUe

instead of U and S).

Now, |XUe| < rpy(SUe) = |X|. Combined with |X| < [XUe| (since X C
X Ue), this shows that | X Ue| = | X|. Hence, e € X.

From X C SUe, we obtain X \e C S. Also, X \ e is independent (since X
is independent, and since X \ e C X). Hence, X \ ¢ is an independent subset
of S. Therefore, |X \ e¢| < ryp (S) (by Proposition 2.5 (e), applied to Z and E \ e
instead of U and S). Thus, 7y (S) > |X\e| = |X|—1 (since e € X). Since
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rm (SUe) = |X]|, this rewrites as ra; (S) > rp (SUe) — 1. Combining this with
(8), we obtain rp; (S) = rp (SUe) — 1. In other words, rp (SUe) = rp (S) + 1.
This proves Proposition (b).

(c) Assume that e is a loop. Let S € P (E) be such thate ¢ S.

The definition of np; (S) shows that ny; (S) = |S| —ra (S).

The definition of 1, (S Ue) shows that

ny(SUe)= |SUe| —  rmy(SUe) =|S|+1—-rm(S)
:Ig\c:l =rm(S)

(since e¢S)  (by Proposition ()
= ’S| — M (S) +1 = nm (S) + 1.
—_————

=npm(S)

This proves Proposition (c).

(d) Assume that e is a coloop. Let S € P (E). We need to show thatny; (SUe) =
ny (S). If SUe = S, then this is obvious. Hence, for the rest of this proof, we
WLOG assume that SUe # S. Thus, e ¢ S.

The definition of n (S) shows that np; (S) = |S| — ram (S).

The definition of ny; (S Ue) shows that

ny(SUe) = |SUe| —  rm(SUe) =|S|+1—(rm(S)+1)
—|S|+1 —ra(S)+1

(since e¢S)  (by Proposition 2.12] (b))
= [S[=rm (S) =nm (S).
This proves Proposition (d). O

Definition 2.13. Let M = (E,Z) be a matroid. A basis of M will mean a basis
of E (for M). We let B (M) denote the set of all bases of M. It is well-known
that M can be uniquely reconstructed from 5 (M).

Proposition 2.14. Let M = (E,Z) be a matroid. We have

B(M)={BeT | |B=ry(E)}.

Proof of Proposition[2.14, Let Z € B (M). Thus, Z is a basis of M (since B (M)
is the set of all bases of M). In other words, Z is a basis of E (for M) (by the
definition of a “basis of M”). In other words, Z is a maximum-size independent
(for M) subset of E. Thus, Z is an independent subset of E. In other words,
Z € I. Also, rp (E) = |Z] (since Z is a basis of E). Combined with Z € Z, this
vields Ze€ {BeZ | |B|=rm(E)}.
Let us now forget that we fixed Z. We thus have shown that
Ze{BeZ | |Bl=rm(E)} for every Z € B(M). In other words,

BM)C{BeZ | [Bl=rm(E)}. ©)
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On the other hand, let Y € {B€Z | |B| =rm(E)}. Thus, Y € T is such that
|Y| = rp (E). The set Y is independent (since Y € 7). Hence, then there exists
a basis T of E such that Y C T (by Proposition (b), applied to S = E and
U =Y). Consider this T. We have |T| = ry (E) (since T is a basis of E) and thus
|T| =rym (E) = |Y|. Combined with Y C T, this yields Y = T. Thus, Y is a basis
of E (since T is a basis of E). In other words, Y is a basis of M (by the definition
of a “basis of M”). In other words, Y € B (M) (since B (M) is the set of all bases
of M).

Let us now forget that we fixed Y. We thus have shown that Y € B (M) for
every Y € {B€Z | |B| =rp(E)}. In other words,

{BeZ | |Bl=rm(E)} CB(M).

Combined with (9), this yields B(M) = {B € Z | |B| =rum (E)}. Proposition
2.14is thus proven. [

Next, let us define the dual matroid of a matroid (following [Martinl5, Defi-
nition 3.32]):

Definition 2.15. Let M = (E,Z) be a matroid. There exists a unique matroid
N = (E, J) with ground set E such that B(N) = {E\ B | B € B(M)}. This
matroid N is called the dual matroid of M, and is denoted by M*. For every
S € P (E), we have

v (S) = [S[+rm (E\S) —rm (E) (10)

(by [Schrij13, Theorem 10.3]). It is furthermore easy to see that (M*)* = M.

Proposition 2.16. Let M = (E,7) be a matroid. Let e € E. Then, ¢ is a loop of
M if and only if e is a coloop of M*.

Proof of Proposition The equality (applied to S = E) shows that

rm+ (E) = [E|+7m (E\j) —rm (E) = |E| +rm (@) —rm (E)
=g =0

= |E[ —rm (E).

Also, (applied to S = E \ ¢) shows that

rve (E\e) = E\/_el +rm E\(E\e_)/ —rm(E) = |E| =1+ rp ({e}) —rm (E)

=|E|-1 ={e} =rm(e)
(since e€E)

=[E|=1+rp(e) —rm(E).
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Write the matroid M* in the form M* = (E,J). Proposition (b) (ap-
plied to M* and J instead of M and Z) shows that ¢ is a coloop of M* if and
only if ;- (E) = ry+ (E \ e) + 1. Hence, we have the following chain of logical
equivalences:

(e is a coloop of M*)

<~ | rm+(E) = rp=(E\e) +1
=[El=rm(E)  =|E|-1+rm(e)—rm(E)
< ([E[=rm(E) = [E| =1+ 7pm(e) —ram (E) +1)
<= (rpm(e) =0) <= (eis aloop of M)
(by Proposition (@)). This proves Proposition [2.16 O

Definition 2.17. Let M = (E,Z) be a matroid. Let Y be a subset of E. Then,
the pair (Y,Z NP (Y)) is a matroid with ground set Y. This matroid is called
the restriction of M to Y, and is denoted by M |y.

Definition 2.18. Let M = (E,Z) be a matroid. Let Z be a subset of E.

(a) The deletion of Z from M is defined to be the matroid M |\ 7 (that is, the
restriction of M to E \ Z). This is a matroid with ground set Z, and is denoted
by M\ Z.

(b) The contraction of Z in M is defined to be the matroid (M* \ Z)*. This is
a matroid with ground set Z, and is denoted by M/ Z.

We shall first show formulas for ranks in M \ Z and M/ Z:

Proposition 2.19. Let M = (E,Z) be a matroid. Let Z be a subset of E. Let
SeP(E\Z).

(a) We have ryp 7 (S) = rm (S).

(b) We have 7y, (S)=rm(SUZ)—rym (2).

Proof of Proposition (@ Wehave S € P(E\ Z), thus S C E\ Z C E. Thus,
rm(S) =max{|Y| | YeZandY C S}. (11)
(This is merely the equality (I), with the index Z renamed as Y.)
But the definition of M\ Z yields M\ Z = M |g\z= (E\Z,ZNP(E\Z))

(by the definition of M |g ). Hence, we can apply to M\ Z, E\ Z and
INP(E\Z)instead of M, E and Z (since S C E \ Z). We thus obtain

rmz (S) =max{|Y| | YEZNP(E\Z) and Y C S}. (12)

10
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For any subset Y of S, the statements Y € Zand Y € ZNP (E\ Z) are equiv-
alenf’] Thus, becomes

rm (S) = max < Y| | YeZ andYCS
this is equivalent to
YeINP(E\Z)

=max{|Y| [ YEZINP(E\Z) and Y C S} =7z (S)

(by (12)). This proves Proposition (a).
(b) We have S € P (E\ Z), thus S C E\ Z C E. Combined with Z C E, this

yields ZUS C E. From S C E\ Z, we obtain [(E\ Z) \ S| = |E \ Z| — |S|. Hence,

EN(ZUS)| =[(ENZ)\ S| = [E\Z| —[S].
N————

=(E\Z)\S
Now, (applied to E \ (ZUS) instead of S) shows that

rme (E\(ZUS)) = [E\ (ZUS)|+rm F\(E\V(ZUS)) —m (E)

=|E\Z|-$| _=70Us
(since ZUSCE)

=|E\Z|—|S|+rm(ZUS) —rym (E). (13)

The definition of M/Z yields M/Z = (M* \ Z)". The ground set of (M* \ Z)*
is the ground set of M* \ Z, which is E \ Z (since the ground set of M* is E).
Now, from M/Z = (M*\ Z)*, we obtain ry/7 (S) = 731\ 7)* (S)-

Let us write the matroid M* as (E, K).

But let us write the matroid M* \ Z as (E\ Z,J). Then, (applied to
M*\ Z, E\ Z and J instead of M, E and Z) shows that

T2y () = [SI 7z (ENZ)\S) =1y z (E\ Z)

2Proof. Let Y be a subset of S. We need to show that the statements Y € Zand Y € ZNP (E \ Z)
are equivalent. Since the statement Y € ZN P (E\ Z) clearly implies the statement Y € Z,
we only need to show that the statement Y € Z implies the statement Y € ZNP (E\ Z). Let
us do this now.

Let us assume that Y € Z. ButY C S C E\ Z, so that Y € P (E\ Z). Combined with
Y € Z, this entails Y € ZNP (E\ Z). Now, let us forget that we assumed that Y € Z. We
thus have shown that the statement Y € 7 implies the statement Y € ZNP (E\ Z). This
completes our proof.

11
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(since the ground set of M* \ Z is E \ Z). Hence,

rm/z (S) = F(m*\z)* (S)

=S|+ rmunz((ENZ)\S) - rme\z (E\ Z)
=rmx ((E\Z)\S) =7+ (E\Z)
(by Proposition () (by Proposition ()
(applied to M*, K and (E\Z)\S (applied to M*, K and (E\Z)\S
instead of M, Z and S)) instead of M, Z and S))

= [S[+rm | (ENZ)\S | —rme (EN\ Z)

—E\(ZUS)
=S|+ rm(E\(ZUS)) — e (E\Zl
=|E\Z|-|S|+rm(ZUS)—rm(E)  =|E\Z|+rm(E\(E\Z))—rm(E)
(by (13)) (by (10D

(applied to E\Z instead of S))
=S|+ (IE\Z[ = |S|+rm (ZUS) —rm (E))
—([E\Z|+rm (EN(E\Z)) —rm (E))

TM(ZUS)TM E\(E\Zl :TM(SUZ)—T‘M(Z).
=SuUzZ -7

(since ZCE)
This proves Proposition (b). O

Definition 2.20. Let M = (E,Z) be a matroid. Let e € E.

(a) We denote the matroid M \ {e} by M \ e. This is a matroid with ground
set E\ {e} =E\e.

(b) We denote the matroid M/ {e} by M/e. This is a matroid with ground
set E\ {e} = E\e.

Proposition 2.21. Let M = (E,Z) be a matroid. Let e € E. Assume that e is
not a coloop of M. Then,

B(M\e)={BecB(M) | e¢B)}.

Proposition shows that our definition of M \ e (in the case when e is not
a coloop of M) is equivalent to the definition in [Martin15| Definition 3.36].

Proof of Proposition The definition of M \ e shows that

M\ e=M\{e} =M |p (= (E\{e}, ZNP(E\{e})) = (E\e, INP(E\e)).

12
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Hence, Proposition (applied to M \ e, E\eand ZNP (E\ e) instead of M,
E and 7) shows that

B(M\e) = {BeIﬂP(E\e) | |B| :rM\e(E\e)}.

But E\e = E\ {e} € P(E\{e}). Hence, Proposition (@) (applied to
Z = {e} and S = E\ e) shows that ryp (o} (E\ ) = 1M (E \ ).

But if we had 7y (E \ ) # rp (E), then the element e would be a coloop of M
(by Proposition (c)), which would contradict the fact that e is not a coloop
of M. Hence, we cannot have rp; (E\ e) # ry (E). In other words, we have

er\(IE\e) = rm (E). Hence, ryp oy (E\€) =7rm (E\€) =rm (E)-

B(M\e)=qBeZINP(E\e) | [Bl]= ry.(E\e)
_\/_/
=1 (e} (E\e)=rm(E)
={BeZInP(E\e) | [Bl=rm(E)}
:iBeI | \B|:rM(E)}Jﬂ77(E\e)

=B(M)
(by Proposition
—B(M)NP(E\e)={BeB(M)| BeP(E\e)
—_——
this is equivalent to BCE\e
—!BeB(M)| BCE\e —{BcB(M) | e¢B}.
——

this is equivalent to e¢B

This proves Proposition [2.21] O

Proposition 2.22. Let M = (E,Z) be a matroid. Let e € E. Assume that e is
not a loop of M. Then,

B(M/e)={B\e | B€ B(M) and e € B}.

Proposition shows that our definition of M/e (in the case when e is not a
loop of M) is equivalent to the definition in [Martin15| Definition 3.36].

Proof of Proposition Proposition shows that e is a loop of M if and only
if e is a coloop of M*. Thus, ¢ is not a coloop of M* (since ¢ is not a loop of M).

But the definition of M* shows that

B(M*) ={E\B | B€ B(M)} ={E\C | CcB(M)}

13
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(here, we renamed the index B as C).
Write the matroid M* as (E, K). Proposition (applied to M* and K instead
of M and 7) shows that

/

B(M*\e)={Be B(M) |e¢B
N——

=

\ ={E\C | CeB(M)}
={Be{E\C | CeB(M)} | e¢ B}

(

=< E\C | CeB(M) and e¢ E\C
N —

this is equivalent to ecC
(since e€E)

:{}5\(1 | CeB(M) ande € C}.

On the other hand,

*

M/e=M/{e} = | M*\ {e} (by the definition of M/ {e})
=M*\e
= (M"\e)",
so that
B(M/e) = B((M\e)) = { (E\e)\B | Be  B(M"\e)
N——

={E\C | CeB(M) and ecC}
={(E\e)\B | BE{E\C | CeB(M) andec C}}

=<(¢(E\e)\(E\C) | CeB(M) andec C

. J

=C\e
(since e€C)

={C\e | Ce B(M) ande € C}
={B\e | B€ B(M) ande € B}

(here, we renamed the index C as B). This proves Proposition 2.22] O
Proposition 2.23. Let M = (E,Z) be a matroid. Lete € E.

(@) If e is a loop of M, then M /e = M \ e.
(b) If e is a coloop of M, then M /e = M \ e.

14



The filtered Tutte polynomial June 26, 2016

Proof of Proposition Both matroids M/ {e} and M \ {e} have the ground set
E\ {e}.

(@) Assume that ¢ is a loop of M. Proposition (a) therefore shows that
rum (e) = 0.

Let S € P (E\ {e}). Proposition 2.19|(b) (applied to Z = {e}) yields

M/ e} (S) =Tm (5 U {€}> —rum ({e})

=SUe :TM(E):O

=rm(SUe) =rp(S) (by Proposition 2.12] (a)) .

But Proposition (a) (applied to Z = {e}) shows that 7y (0} (S) = M (S)-
Comparing this with 7y1/(.1 (S) = rm (S), we obtain 7/ (S) = 7an ey (S)-

Now, let us forget that we fixed S. We thus have shown that 7y, (S) =
rm\{ey (S) for every S € P (E\ {e}). In other words, 71,y = 7an (o). Hence,
Corollary 2.7 (applied to M/ {e}, M\ {e} and E \ {e} instead of M, M’ and E)
shows that M/ {e} = M\ {e}. Thus, M/e = M/ {e} = M\ {e} = M\ e. This
proves Proposition (a).

(b) Assume that e is a coloop of M. In other words, ¢ is a coloop of (M*)*
(since (M*)* = M).

Write the matroid M* in the form (E, K). Proposition (applied to M* and
K instead of M and Z) shows that e is a loop of M* if and only if e is a coloop of
(M*)*. Hence, e is a loop of M* (since e is a coloop of (M*)"). Hence, Proposition
(a) (applied to M* and K instead of M and Z) shows that M*/e = M* \ e.

On the other hand,

M*/e=M*/{e} = (M*)*\ {e})" (by the definition of M*/ {e})
= ((M*)* \€> = (M\e)".
~——r
=M
Now,
M/e=M/{e} = M"\{e} (by the definition of M/ {e})
——r
=M*\e=M*/e
= Mlﬁ = ((M\e)")" =M\e.
=(M\e)"
This proves Proposition 2.23] (b). O
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3. The Tutte polynomial

Let us recall the definition of the Tutte polynomial of a matroid (according to
[Martin15, Definition 4.1]):

Definition 3.1. Let M = (E,Z) be a matroid. The Tutte polynomial of this
matroid M is defined to be the polynomial

2 (x — 1)VM(E)*YM(A) (y— 1)\A|*VM(A) €Z[xy.
ACE

This polynomial is denoted by Ty = Tas (x, y).

This polynomial has many properties; in particular, it encodes a lot of in-
formation about M. The most relevant property is the following proposition,
which gives a recursive way to compute it (starting with T, ;) = 1) without
ever having to subtract 1:

Proposition 3.2. Let M = (E,Z) be a matroid. Let e € E.
(a) If e is a loop, then Tar = yTyp -
(b) If e is a coloop, then Ty = xTyy /-
(c) If e is neither a loop nor a coloop, then Ty = Typ e + Tar/e-

As a corollary, we obtain the following:
| Corollary 3.3. Let M = (E,Z) be a matroid. Then, Ty € IN [x, y].

Here, IN [x, y| denotes the set of all polynomials P € Z [x,y] whose all coeffi-
cients are nonnegative integers.

Proposition 3.2|is well-known (e.g., it is [Martin15, Theorem 4.5]); we shall not
prove it right now, but it will be a consequence of some results further below.

4. The filtered Tutte polynomial

Our goal in this note is to define a generalization of the Tutte polynomial Ty for
matroids M equipped with a filtration, i.e., a weakly increasing chain @ = Ey C
E; C .- C E, = E of subsets of E. This generalization will be called the filtered
Tutte polynomial. Let us first define filtered matroids:

Definition 4.1. A filtered matroid means a pair (M, E), where M = (E,Z) is a
matroid, and where E is a finite list (Eg, Eq, ..., E;;) of subsets of E such that

G=ECE < - CEy=E

16
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Definition 4.2. Let M = (M, E) be a filtered matroid, with M = (E,Z). Let
e € E. Then, E\ e shall denote the list (Eg \ ¢,Eq \¢,...,En \e), where the
list E is written as (Eg, E1,..., Ey). We let M\ e and M/e denote the filtered
matroids (M \ ¢,E\ e) and (M/e,E\ e).

Definition 4.3. Let M = (M, E) be a filtered matroid, with M = (E,Z). Write
thelist Eas (Eg, Eq, . .., Ew). The filtered Tutte polynomial of this filtered matroid
M is defined to be the polynomial

m

Z < m (x; — 1)7M(AUE1')—VM(AUE1'—1)> <H (y; — 1)”M(A\Ei—1)—nM(A\Ei))
1

ACE \i= i=1
cZ [xllXZI e s Xme Y1, Y2, - - /]/m] .

This polynomial is Well-definedﬂ and is denoted by Ty.
Filtered Tutte polynomials have the following properties:

Proposition 4.4. Let M = (M, E) be a filtered matroid, with M = (E,Z). Write
the list E as (Ey, Ey, . .., Ex). Then, in the polynomial ring Z [x, y], we have

™ X% XYYy | = Tm (x,y) .

Vv "~
m times m times

Proposition 4.5. Let M = (E,Z) be a matroid, and let E be the list (&, E).
Then, (M, E) is a filtered matroid, and satisfies

Time) = Tm (x1,41) -

3Proof. We only need to show the following two statements:

Statement 1: We have rpy (AUE;) —rpy (AUE;_1) € N foreveryi € {1,2,...,m}.
Statement 2: We have ny; (A\ E;_1) —np (A\ E;) € N for every i € {1,2,...,m}.

Proof of Statement 1: Leti € {1,2,...,m}. We have @ = Eg C E; C --- C E,, = E (since
(M, E) is a filtered matroid) and thus E; 1 C E;. Hence, AUE; ; C AUE,. Therefore, (3)
—~—

CE;
(applied to S = AUE; j and T = AUE;) shows that rps (AUE;_1) < ry (AUE;). In other
words, rpr (AUE;) —ry (AUE;_1) € N. This proves Statement 1.

Proof of Statement 2: Let i € {1,2,...,m}. We have @ = Ey C E; C --- C E,, = E
(since (M, E) is a filtered matroid) and thus E; 1 C E;. In other words, E; O E; 1. Hence,
A\ E; C A\E; 1. Therefore, (applied to S = A\ E; and T = A\ E;_1) shows that
np (A\E;) < np (A\E;j_1). In other words, npr (A\ Ej—1) —np (A \ E;) € IN. This proves
Statement 2.

17
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| Proposition 4.6. We have T((; ) (2)) = 1.

Proposition 4.7. Let M = (M, E) be a filtered matroid, with M = (E,I).
Write the list E as (Eg, Ey, ..., Ey). Assume that E,,_1 = E,;. Let E’ be the list
(Eo,E1,...,En_1). Then, (M, E') is a filtered matroid, and satisfies

T(M,E) — T(M,E/)'

(Here, we regard Z[xi,x2,...,Xm—1,Y1,Y2,---,Ym—1] as a subring of
Z[x1,%X2,...,Xm, Y1, Y2, .., Ym) in the obvious way.)

Proposition 4.8. Let M = (M, E) be a filtered matroid, with M = (E,Z). Write
the list E as (Eg, E1,...,En). Lete € E.

(@) If e is a loop, then Ty = Yk Twer where k € {1,2,...,m} is such that
e € E \ Er_1.

(b) If e is a coloop, then Tyy = x,Tny., where k € {1,2,...,m} is such that
e € E \ Er_1.

(c) If e belongs to E,, \ E;—1 and is neither a loop nor a coloop, then Ty =
TM\e + Tmye-

We do not know whether Proposition 4.8 can be extended to the case when e
does not belong to E,, \ E;;;—1.

Proposition 4.9. Let M = (M, E) be a filtered matroid. Write the list E as
(Eo, Eq, ..., Em). Then, Tm € N [xl,xz, e Xm, Y1, Y2, - ,ym]

Here, IN [x1,Xx2,...,Xm, Y1, Y2, - ., Ym] denotes the set of all polynomials P €
Z[x1,%X2,...,Xm, Y1, Y2, - .., Ym) whose all coefficients are nonnegative integers.

Proposition 4.10. Let M = (M, E) be a filtered matroid, with M = (E,I).
Write the list E as (Eo, E1, ..., En).
Then, (M*,E) is a filtered matroid as well, and satisfies

T(M*,E) = TM (yl,yz,. cerYms X1, %2, .. .,xm).

We shall now prove the properties listed above.

Proof of Proposition By the telescope principle, we have

m

Z (VM (A U Ei) — T ™M (A U Ei—l))
i=1

=rm | AU Ey —rm | AU Ep =M éUE —Tm éU@
=E = . =E =A
(since ACE)
=rm(E) —rm(A). (14)
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By the telescope principle, we have

an (A\Ei_1) — ny (A\E)

nM(A\\EB_,)nM<A\\EﬁL)nM(é\\,E)nM Qz
=2 =E =A =9

(since ACE)
=nm(A) —nm (9) =nm (A) = |A| —rm (A) (15)

(by the definition of ny (A)).
The definition of Ty yields

Tm (gcxagyyg)
m times mt\irrnes

_ Z (ﬁ (x — 1)VM(AUEi)fM(AUEi1)> (ﬁ (y— 1)”M(A\Ei1)”M(A\Ei)>

ACE \i=1 =1 _
. I (rm(AUE;)=rpm(AUE;_q)) :(yil)igl(”M(A\Ei—l)*”M(A\Ei))
rm(AUE;)—rp (AUE; g np(A\E;_1)—nm(A\E;
Z x—lll(M( i) =rm( 1))(y_1)i:1(M(\ 1)—nm(A\E;))
ACE

_ (x — 1)?M(E)—VM(A) (y — 1)|A\—VM(A) (by and (T5))
ACE

=Tpm (by the definition of Ty)
=Tm (x,y).

This proves Proposition 4.4] O

Proof of Proposition[d.5| We have @ = @ C E = E. Thus, (M,E) is a filtered
matroid. It remains to show that T(y;g) = Tm (x1,¥1)-

Proposition (applied to m =1, (Eg,Eq,...,En) = (&,E) and M = (M, E))

yields Ty | %%, ..., %, y,y,.. ¥ | = Tum (x,y) = Tar. Thus,

1 tlmes 1 tlmes

Tvm = T (x X, xy,y,...,y) = Timg) (%, Y) -

1 tlmes 1 times
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Substituting x; and y; for x and y on both sides of this equality, we obtain

Tm (x1,y1) = (T(M,E) (x,y)) (x1,y1) = T(m,)- In other words, T(p1g) = T (x1,41)-
This completes the proof of Proposition O

Proof of Proposition Proposition [4.6 follows straightforwardly from the defi-
nition. O

Proof of Proposition[4.7) Since (M, E) is a filtered matroid, we have @ = Ey C
E; € --- C E; = E. Combined with E,_1 = Ey, this yields & = Ey C E; C
- C Ey—1 = E. Thus, (M,FE) is a filtered matroid. It remains to prove that
Tome) = Time-
The definition of T{y; g/ yields

T(ME/) — Z (Tﬁl (xl o 1)7’M(AUE) M AUE7 1 > <nﬁ 1’ZM A\El 1) HM(A\E1)> )

ACE \ i=1 i=1
But
i AUE AUE
H(xi_l)VM( i)—rm(AUE; 1)
i=1
m—1
H I’M AUE) I’M(AUEl;l) (xl - 1)TM(AUEm)*1’M(AUEm_1)
(since E,;,_1=Ey, so that
v (AUE,, _1)=rpm(AUE,), so that
rM(AUEy ) —rp(AUE, 1)=0)
I:[ rM (AUE;)—rm(AUE;_1)
i=1
and

(yi — 1)”M(A\Ei71)*”M(A\Ei)

—

~
I
[y

(ml ) (A\E;_1)— ”M(A\Ei)> (y; — 1)”M(A\Em—1)_”M(A\EM)
i=1 h

-~

=1
(since E,,,_1=E,;, so that
HM(A\Emfl):HM(A\Em), so that
}’IM(A\Em_l)*VZM(A\Em):O)

_ H ) (A\Ej 1) —nm(A\E;)
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Now, the definition of Ty g yields

T(M,E) — Z (H (xl _ 1)VM(AUE1)_VM(AUE1—1)> (1—[ (yl _ 1)nM(A\E1_1)—nM(A\El)>
ACE \i=1 - \i=t ’
:mﬁl(xi—1)rM(AUE1’)*rM(AUEi71) :mﬁl(yi—l)”M(A\Eifl)*”M(A\Ei)
=1 i=1
- Z (ni:[l (xi _1)FM(AUE) e > <nﬁ ”M (A\E;_1)— ”M(A\Ei)>
ACE \ i=1 i1
— T(M,E/)'
This completes the proof of Proposition @ 0

We shall now prepare for the proof of Proposition
First, we introduce the Iverson bracket notation: If S is any logical statement,

1, if Sis true;
0, if Sisfalse
Next, we shall show some lemmas:

then [S] shall mean the integer

Lemma 4.11. Let M = (E,Z) be a matroid. Lete € E. Let A € P (E) be such
thate ¢ A. Let K € P (E). Then,

M((AUe)UK) =rpe (AU (K\€)) +1p(e).

Proof of Lemma We have e ¢ A, thus A C E\ {e}.

Let S = AU (K\e). Then, S = A U(\K/\e) C (E\e)U(E\e) =
CE\{e}=E\e CE

E\ e. In other words, S € P (E\ {e}). Thus, Proposition (b) (applied to

Z = {e}) shows that ry;/ () (S) = rm (SU{e}) —rm ({e}). Since M/ {e} = M/e,

SU{e} = SUeand ry ({e}) = rm (e), this rewrites as rp;/, (S) = rm (SUe) —

ru (e).
But
S, Ue=AU(K\e)Ue=AUKUe.
S~~~ ———
=AU(K\e) =KUe
Now,

"M/e (AU(K\e)) =1m/e (S) =1Mm ( 53.9 ) —rum(e)
- =AUKUe=(AUe)UK

=rm((AUe) UK) —rp(e).

In other words, ry; ((AUe) \ K) = rpr/. (AU (K\ e)) +7p (e). This proves Lemma
411l O
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Lemma 4.12. Let M = (E,Z) be a matroid. Lete € E. Let A € P (E) be such
thate ¢ A. Let K € P (E).
(a) If e € K, then

ny ((AUe) \ K)
= e (AN (K\€)) + rag (A K) Ue) — g (A\K) = rag ).

(b) If e K, then
ny ((AUe) \K) =npyze (AN (K\e)) +1—rpm(e).
() If ¢ is a loop, then
ny ((AUe)\K) =npyze (AN (K\e)) +[e € K].
(d) If e is a coloop, then
M((AU)\K) = npye (AN (K\e)).
(e) If K = E, then

nm ((AUe) \K) =npze (AN (K\e)).

Proof of Lemma LetS= A\ (K\e). Then, S C A C E\ {e}. In other words,
S € P(E\ {e}). Thus, Proposition (b) (applied to Z = {e}) shows that
rmyiey (S) =rm (SU{e}) —rm ({e}). Since M/ {e} = M/e, SU{e} = SUeand
rm ({e}) = rum (e), this rewrites as /. (S) =rpm (SUe) —rp (e).

ButS= A\ (K\e) C (A\K)Ue. Hence,

S, UeC (A\K)UeUe=(A\K)Ue.
C(A\K)Ue
Combining this with (A \ K) Ue C SUe, this yields SUe = (A \ K) Ue. Now,

——
CA\(K\e)=5

TM/e (ﬂ(K\é’)) = (S) =rm ( SUe ) —rum(e) =rm((A\K)Ue) —rum(e).

- (A\K)Ue
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On the other hand,

i (AU\K) = myse (A (K\e))
—|(AUO\K|~rr (AUNK)  =|A\(K\e)|~ra/e(A\(K\e))
(by the definition of 1) (by the definition of n;,)

((AUe) \K| —rat ((AU€) \ K)) — (|A\<K\e>gM/e<A\<K\e>z)
—ra((A\K)Ue) 1 (e)
[(AUe)\K| =rm (AU \K)) = (|A\ (K\ )| = (rm ((A\K) Ue) —rpm(e)))
(AUe)\K| =rm ((AU)\K) = [A\ (K\e)| +rm ((A\K)Ue) —rum (€)i16)
(a) Assume that e € K. Combined with e ¢ A, this readily yields (AUe) \ K =
A\ (K\e). Also, (AUe) \ K = A\ K (since e € K). Hence, (16) becomes

nm ((AUe)\K) —np/e (AN (K\e))

(
|

=|(AUe)\ K| —rpm ((AUe)\K) — A\ (K\e)|+rm((A\K)Ue) —rpm (e)
———— —_——
—A\(K\e) —A\K

= [AN (K\e)| —rm (AN K) = |AN\ (KN e)[ +7am (AN K) Ue) —ru (e)
=rm((A\K)Ue) —ry (A\K) —rp(e).

In other words,

nm ((AUe)\ K)
= 1ipse (AN (K\e)) +rm ((A\NK)Ue) —rp (A\K) =7 (e).
This proves Lemma [4.12] (a).

(b) Assume that e ¢ K. Combined with e ¢ A, this readily yields (AUe) \
K = (A\ (K\e)) Ue. Thus, [(AUe) \ K| = |(A\ (K\e)) Ue| = |4\ (K \e)| +1
(sincee ¢ A\ (K\ e) (since e ¢ A)). Also, (AUe)\ K= (A\K)Ue (since e ¢ K).
Hence, becomes

ny ((AUe) \K) —npze (AN (K\e))

= [(AUe)\ K| —rpm ((AUB)\K) —[AN K\ ) +rm (ANK)Ue) =1 (e)
—_——— —_———

=|A\(K\e)|+1 =(A\K)Ue

= [AN(K\e)| +1=rm ((A\NK)Ue) = [AN\ (K\e)| +rm ((A\NK) Ue) —rm (e)
=1—rpm(e).

In other words,

nyv ((AUe) \K) =np/e (AN (K\e)) +1—rum(e).
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This proves Lemma (b).
(c) Assume that e is a loop. We need to show that

ny ((AUe)\K) =npyze (AN (K\e)) +[e & K].

We know that e is a loop. Thus, 7 () = 0 (by Proposition (a)). Proposi-
tion 2.12) (a) (applied to S = A \ K) yields rj ((A\ K) Ue) = rp (A \ K).

We are in one of the following two cases:

Case 1: We have e € K.

Case 2: We have e ¢ K.

Let us first consider Case 1. In this case, we have ¢ € K. Thus, Lemma (a)
yields

ny ((AUe) \ K)
— e (AN (K\€)) +rat (A\K) Ue) —rag (A\K) = 1 (€)
——
:rM(A\K) =0
— arge (AN (K\€)) + rat (AN K) — g (A K)
= npmye (A\ (K\e)).

Compared with

nuse (AN (K\e)) + [e € K] =npye (AN (K\e)),
‘:0
(since e€K)

this yields ny ((AUe) \ K) = npr/. (A\ (K\ e)) + [e ¢ K]. Thus, Lemma .12 (c)
is proven in Case 1.

Let us now consider Case 2. In this case, we have ¢ ¢ K. Hence, Lemma
(b) yields

~—~

u (AU \K) = mypze (AN (K\e)) +1 = rua (¢)
=0

= nyse (AN (K\e)) +1.
Compared with
nse (AN (K\e)) + [e & K| = npye (AN (K\e)) +1,
=1
(since eZK)

this yields ny ((AUe) \ K) = np/. (A\ (K\ e)) + [e ¢ K]. Thus, Lemma .12 (c)
is proven in Case 2.

Hence, Lemma (c) is proven in each of the two Cases 1 and 2. Thus,
Lemma (c) always holds.

(d) Assume that e is a coloop. We need to show that np; ((AUe) \ K) =

Maage (AN (K \e)) +1.
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We know that e is a coloop. Thus, Proposition (b) (applied to S = @)

yields ryp (@ Ue) =1y (@) +1 =1. Sinceryy | @Ue | =rm ({e}) = rp (e), this
— Ry

rewrites as ) (¢) = 1. But Proposition (b) (applied to S = A\ K) yields
v ((A\K)Ue) =rp (A\K)+1 (sincee ¢ A\ K (since e ¢ A)).

We are in one of the following two cases:

Case 1: We have e € K.

Case 2: We have e € K.

Let us first consider Case 1. In this case, we have e € K. Thus, Lemma (a)

yields

nm ((AUe) \ K)
=npmyse (AN (K\e)) +rm ((A\K)Ue) —rm (A\K) —7m (e)
! D ) M\
=rpm(A\K)+1 =1
=npmyse (A\ (K\e)) +rm (A\K) +1—ry(A\K) —1
=npmyse (A\ (K\e)).

Thus, Lemma (d) is proven in Case 1.
Let us now consider Case 2. In this case, we have ¢ ¢ K. Hence, Lemma
(b) yields

ny ((AUe) \K) = npze (AN (K\e)) +1—ru(e)
=1
=t/ (AN (K\e)) +1—1=npy (A\(K\e)).

Thus, Lemma [#.12] (d) is proven in Case 2.

Hence, Lemma (d) is proven in each of the two Cases 1 and 2. Thus,
Lemma (d) always holds.

(e) Assume that K = E.

From AUe C E = K, we obtain (AUe) \ K = &, so that ny, ((AUe) \K) =
=0
npm (@) =0.
On the other hand, A C E = K. Combined with e ¢ A, this yields A C K\ e.

Thus, A\ (K\ e) = &, so that ny;/, (A \ (K\e)) = npy/. (&) = 0. Compared
=0

with npr ((AUe) \ K) =0, this yields np ((AUe) \ K) = np;/. (A\ (K\e)). This
proves Lemma (e). O

Lemma 4.13. Let M = (E,Z) be a matroid. Lete € E. Let A € P (E) be such
thate ¢ A. Let K € P (E).
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(a) If e is a loop, then
M (AUK) =7y (AU (K \e)).
(b) If e is a coloop, then
M (AUK) =71y, (AU (K\e)) +[e €K].
(c) If K = E and if e is not a coloop, then

M (AUK) =7y (AU (K \e)).

Proof of Lemma We have e ¢ A, thus A C E\ e. Hence, A\ U ( CKE \e) C
CE\e -

(E\e)U(E\e) =E\e. Inother words, AU (K\e) € P (E\ e). Hence, Proposi-
tion2.19)(a) (applied to Z = {e} and S = AU (K'\ e)) shows that rp\ (, (AU (K \ ¢)) =
rm (AU (K\e)). Since M\ {e} = M\ e, this rewrites as ryp, (AU (K\e)) =
(AU (K\e)).

(a) Assume that e is a loop.

If K\ e =K, then

~—
=K

e (AU (K \e)) =rm (AU(K&) =rmy (AUK).

Hence, Lemma (a) holds in the case when K\ e = K. Thus, for the rest of
this proof, we WLOG assume that K \ e # K.
If we had e ¢ K, then we would have K \ e = K, which would contradict
K\ e # K. Hence, we cannot have e ¢ K. Thus, e € K. Hence, (K\ e) Ue = K.
But Proposition[2.12](a) (applied to S = AU (K \ e)) shows that ry (AU (K \ e) Ue) =

=

rm (AU (K\e)). Hence, ryy (AU (K\e)) =ry | AU(K\e)Ue | =ry (AUK).
=K
Hence,
rme (AU (K\e)) =rm (AU(K\e)) =rm(AUK).

This proves Lemma [4.13]

(b) Assume that e is a coloop.

We are in one of the following two cases:

Case 1: We have e € K.

Case 2: We have e € K.

Let us first consider Case 1. In this case, we have e € K. Thus, (K\ ¢) Ue = K.

Bute ¢ AU (K\e) (sincee ¢ Aand e ¢ K\ e). Hence, Proposition[2.12] (b) (ap-
plied to S = AU (K '\ e)) shows that ry; (AU (K\e)Ue) =ry (AU (K\e)) + 1.
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Since AU (K\ e) Ue = AUK, this rewrites as rps (AUK) =rp (AU (K\e)) + 1.
———

=K
Compared with rpp, (AU (K\e))+ [e € K] =ry (AU (K\e))+1, this yields
. v N——

=rm(AU(K\e)) (sinczleel()
M (AUK) = rpp, (AU (K \e)) + [e € K]. Thus, Lemma (b) is proven in
Case 1.
Let us now consider Case 2. In this case, we have ¢ ¢ K. Thus, K\ e = K.
Now,

rme (AU(K\e))+ [e€ K] =ryp. (AU (K\e)) =rym (AU(K\e)) =rpm(AUK).
N—— ——
(sinci?zé[() =X

Thus, Lemma [.13] (b) is proven in Case 2.

Hence, Lemma (b) is proven in each of the two Cases 1 and 2. Thus,
Lemma (b) always holds.

(c) Assume that K = E, and that e is not a coloop.

If we had ry (E\e) # rym (E), then the element e would be a coloop (by
Proposition (c)), which would contradict the assumption that e is not a
coloop. Hence, we cannot have 7y (E\e) # rym(E). Thus, we must have
rm (E\e) =rym (E).

Now, A C E\ e (since e ¢ A) and thus AU (E \ e) = E \ e. Now,

-

rM\e(AU(K\e)):rM<AU(\Ii/\e)):rM AU (E\e) | =rm(E\e)=rm(E).

=E =E\e
Compared with
I’M<AU K)ZTM UL :TM(E),
=k (since:igE)
this yields 7y (A UK) = ryp, (AU (K \ e)). This proves Lemma (). O

Lemma 4.14. Let M = (E,Z) be a matroid. Lete € E. Let A € P (E) be such
thate ¢ A. Let K € P (E). Then,

ny (A\K) =myp (A\ (K\e)).

Proof of Lemma[4.14, We have e ¢ A, hence A C E\ e, thus A\KC A C E\e.
Hence, A\ K € P (E\e).
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For every S € P (E\e), we have nyp, (S) = num (S)

ﬁ Applying this to
S = A\ K, we obtain 1, (A \ K) = np (A '\ K).

Bute ¢ A. Hence, A\ (K\ ¢) = A\ K. Thus, np, &(K\e) = npne (A\K) =

—A\K
np (A \ K). This proves Lemma [4.14] O

Lemma 4.15. Let M = (M, E) be a filtered matroid, with M = (E,Z). Write
the list E as (Eg, Eq, ..., En). Let e € E. Assume that e is a loop.
(@) Letk € {1,2,...,m} be such that e € Ej \ Ex_4. Then,

Z (ﬁ (x; — 1)”M(AUE1‘)”M(AUE£1)> (

ACE; \i=1
ecA

=

I
—_

1

(vi — 1)”M(A\Ei1)”M(A\Ei)>

= (]/k - 1) TM/e~
(b) We have

> (ﬁ M (AUE) —ru(AUE ) (ﬁ i (A\E )= nM<A\Ef>>
ACE; \i i

et A
= Twmye-

Proof of Lemma The definition of E \ e shows that E\e = (Eg \ ¢,E1 \ ¢,...,En \ €).
The definition of M/e shows that M/e = (M/¢,E \ e). The matroid M/e has

4Proof. Let S € P(E\e). Thus, S € P(E\e) = P(E\ {e}). Hence, Proposition (@)
(applied to Z = {e}) shows that ryp\ 1, (S) = rm (S). Since M\ {e} = M \ ¢, this rewrites as
rme (S) = rm (S). The definition of ny (S) yields ny (S) = |S| — ram (S). But the definition
of nyp (S) yields

e () = IS] = 7ane (S) = [S| =rm (S) = nm (S),
($)
=rpm

ged.
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ground set E \ e. Hence, the definition of Ty, yields

TM/e
= (ﬁ (xl _ 1)7M/€(AU(E1'\€))_7"M/6(AU i— 1\6 ) (ﬁ nM/e A\( i 1\6))_nM/e(A\(E[\€))>
ACE\e \i=1 i1
\\/_/
= ¥
ACE;
e¢A
= Z (ﬁ (x; — 1)7’M/6(AU(E1‘\€))*7’M/€(AU i-1\e) > (ﬁ 1)/ (A\(E;_ 1\e))nM/e(A\(E,-\e))> .
ACE; \i=1 i—1
e¢A
(17)
Since (M, E) is a filtered matroid, we have @ —FECE C---CE,=E.
Thus, E = 1(Ei\ Ei—1). Hence, e € E = | ["; (E; \ Ei—1). In other words,

there exists exactly oneie€ {1,2,...,m} sat1sfy1ng ee E \ E;_1. This i must be k
(since e € Ej \ Ex_1). Thus, for any i €{1,2,...,m},wehavee € E; \ E;_q if and
only if i = k. In other words, for any i € {1,2,...,m}, we have

lec E;\Eiq] =[i=k]. (18)

(@) Let A € P (E) be such thate ¢ A.
Foreveryi € {1,2,...,m}, we have

M ((A U 6) U Ei) — M ((A U e) U Ei—l)
=rmse (AU (Ei\€)) —rmse (AU (Eiz1 \€)) (19)
Bl

For every i € {1,2,...,m}, we have

M((AUe)\Ei1) —nym((AUe) \ E;)

= npye (AN (Eimi\€) — nmye (AN (Ei\ ) + [i = K] (21)
SProof of : Leti e {1,2,...,m}. Applying Lemmato K = E;, we obtain
v ((AUe)UE) =rpye (AU (Ei\e)) +7um(e). (20)

Applying Lemma to K = E;_1, we obtain
M ((AUe)UEi_1) = rmye (AU (Eiza \ ) +rm(e).
Subtracting this equality from (20), we obtain

™M ((A Ue) U Ez’) — M ((A UE) U Eifl)
= (rmse (AU (Ei\e)) +rum(e)) — (rmse (AU (Eiz1 \ ) + 7 (e))
=7rmse (AU(Ei\e)) —rmye (AU(Ei—1\e)).

This proves (T9).
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El Thus,

1—’”1 (i — 1) (AU \EL1) —nag(AUO)\E)
= :(yi_l)”M/e(A\(Ei—l\:’g)7”M/6(A\(Ei\3))+[":k]
(by 1))
m

(yi — 1)nM/e(A\(Eifl\e))*”M/e(A\(Ei\e))Jr[i:k]
I

J/

-~

1

I1

1

:(y,-—l)"M/e(A\(Ei—l\ﬁ))*"M/g(A\(E,-\e)) (yi_l)[i:k]

/N

(yi — 1)nM/e(A\(Eifl\e))*”M/e(A\(Ei\e)) (yi — 1)[i:k]>

—_

I

—_

(y; — 1)”M/6(A\(Eil\e))”M/E(A\(Ei\e))> (ﬁ (yi — 1)[1':’4)
=1

1

. s

1=

:<i

Now, the map

=y—1
(since all factors of this product are 1
except of the factor for i=k)

s

(]/z’ B 1)”M/e(A\(Ei1\6))—”M/e(A\(Ei\e))> (}/k — 1) ) (23)

I
—_

{ACE | e¢ A} - {ACE | ec A}, A— AUe

6Proofof: Letie€ {1,2,...,m}. Thus, E;_1 C E; (since Eg C E; C --- C Ey).
Applying Lemma (c) to K = E;, we obtain

nM((AUe)\Ei):nM/E (A\(Ei\e))+[e¢Ei]. (22)
Applying Lemma (c) to K = E;_1, we obtain
nm ((AUe)\Eio1) = nyse (AN (Eir\ ) +[e & Eia].
Subtracting from this equality, we obtain
nm ((AUe) \ Ei1) —nm ((AUe) \ E;)
= (nmye (AN (Eica \ o)) +[e & Eia]) = (mpmye (AN (Ei \ o)) +[e € Eil)
= nmse (AN (Eia\€)) = nmye (AN (Ei\e)) + e € Eia] — e € EJ]

=[e€E\Ei1]
(since E;_1CE))

=npye (A\ (Eic1\e)) —npye (AN (Ei\e)) + [e € Ei \ Ei_1]
—[i=k
(by>
=npse (A\ (Eii1\e)) —npse (AN (Ei\€)) +[i = K].
This proves (21).
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is a bijection. Hence, we can substitute A U e for A in the sum

y <ﬁ (s, — 1)M(AVE) ~r(AUE; 4 ) <

ACE; \i=1
ecA

:]§

”M (A\E;_1)— ”M(A\Ei)> ]
i=1

We thus obtain

Z (l’—”I JM(AUE) —ru(AUE;- 1> (I’”—[ i (A\Es )= nM<A\Ef>>

i=1

— ﬁ (xi o 1)rM((AUe)UEi)er((AUe)UEFl)

ACE; | i=1 VT
e A :(xifl)rM/e(AU(Ei\e))_"M/E(AU(Eifl\e))

(by @)
l—mI (yi — 1)”M((AU€)\Ei1)”M((AUE)\Ei)>

4

J/

“\~

<ﬁ(y —1)"m/e(AN(Ei1\e)) - ”M/e(A\(Ei\e))>(yk_1)
o by @)
= Z (ﬁ (x; — 1)rM/e(AU(Ei\E))_rM/e(AU(Ei1\‘3))>
ACE; \i=1

(ﬁ (yi — 1)”M/e(A\(Ei1\e))”M/e(A\(Ei\e))> (ye—1)

(-1 ¥ (ﬁ (x; — 1)rM/e<Au<Ef\e>>rM/e<Au<Ei1\e>>>

(ﬁ (y; — 1)”M/E(A\(Ei1\3))_7’1M/E(A\(Ei\e))>

= (]/k - 1) TM/e

(this follows by multiplying both sides of the equality by yx — 1). This proves

Lemma [4.15] (a).
(b) Let A € P (E) be such thate ¢ A.
For every i € {1,2,...,m}, we have

m (A U Ei) — M (A U Ei—l)
= rane (AU (E\ @) = rane (AU (Eiy \ ) (24)
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A
Foreveryi e {1,2,...,m}, we have
nv (A\Ei1) —nm (A\E)
=nppe (A\ (Eiz1\ ) —nppe (AN (Ei\e)) (26)

il
But Proposition (a) shows that M/e = M \ e. Now,

[T (x—1)rmlAvE)—rm(ADE) 1 (i- 1) (A\Eir) ~maa(A\E:)
ACE; [ i=1 ~ . k] — y
et A :(xi_l)’M\e(AU(Ei\f))—’M\e(AU(Eiq\e)) :(yi_l)nM\e(A\(Ei_l\e)),nM\E(A\(Ei\L,))
by @) (by @9)

=) (ﬁ 1) ™M\ (AU(Ei\e))— rM\e(AU(Eil\e))> (ﬁ (yi — 1)”M\e(A\(Ei1\€))”M\e(A\(Ei\e))>

ACE; \i=1 i1

e A
= Z (ﬁ (xi — 1)7’M/E(AU(E1‘\€)) at/e(AU(Ei_1\e) ) (ﬁ nM/e (A\(Ei_1\e))—np1/e(A\(E;\e))

ACE; \i=1 e

et A
(since M\ e = M/e)

= Tmye (by ) :
7 Proof of : Leti € {1,2,...,m}. Applying Lemma (a) to K = E;, we obtain
rm (AUE;) =7y, (AU (Ei\e)). (25)
Applying Lemma (@) to K = E;_;, we obtain
rm (AUE1) =7 (AU (Eiz1 \e)).

Subtracting this equality from (25), we obtain

rm(AUE) —rm (AUEi—1) = rane (AU (Ei\€)) —ran, (AU (Eim1 \e)).

This proves 2

8Proofof(.) Letz e{1,2,...,m}.
Applying Lemma [4.14] to K = E;, we obtain

ny (AN E;) =nppe (A\ (Ei\e)). (27)
Applying Lemma .14/ to K = E;_;, we obtain
npm (ANEi1) =mpp, (AN (Eim \€)).
Subtracting from this equality, we obtain
nm (AN Ei-1) —nm (A\Ei) = mpype (A\ (Eic1\€)) —nppe (AN (Ei\e)).
This proves (26).

32



The filtered Tutte polynomial June 26, 2016

This proves Lemma (b). O

Lemma 4.16. Let M = (M, E) be a filtered matroid, with M = (E,Z). Write
the list E as (Eg, Eq, ..., En). Let e € E. Assume that e is a coloop.
(a) We have

Z (ﬁ (xi — 1)rM(AUEi)rM(AUEi1)> (

ACE; \i=1
ecA

=

Il
—_

(yi — 1)”M(A\Ez’1)”M(A\Ei)>

1
= Twmye-

(b) Letk € {1,2,...,m} be such that e € E; \ Ex_1. Then,

Z (ﬁ ”M (AUE;)—rpm(AUE;_q > (ﬁ ”M (A\E;_1)— nM(A\Ei)>

ACE;
et A

= (Xk — 1) TM/e-

Proof of Lemma The definition of E \ e shows that E\ e = (Eg \ ¢,E1 \ ¢,...,En \ €).
The definition of M/e shows that M/e = (M/¢,E\ e). The matroid M/e has
ground set E \ e. Hence, the definition of Ty, yields

TM/e

= Z (ﬁ (xi_1)7’M/e(AU(Ei\€))*VM/e(AU i-1\e) > <ﬁ ”M/e (A\(E;_ 1\3))"M/6(A\(E,'\6))>

i=1

— Z <Im‘[ (x; — 1)TM/e(AU(Ei\€))_7‘M/e(AU i-1\e) > (ﬁ 1)"mre (A\(E;_ 1\@))—nM/e(A\(Ei\g))> .

(28)

Since (M, E) is a filtered matroid, we have @ = Ey C E; C --- C E, = E.
Thus, E = || (E; \ E;—1). Hence, e € E = [ [’ (E;\ Ei—1). In other words,
there exists exactly onei € {1,2,...,m} satisfying e € E; \ E;_1. This i must be k
(since e € Ei \ Ex_1). Thus, forany i € {1,2,...,m}, we have e € E; \ E;_1 if and
only if i = k. In other words, for any i € {1,2,...,m}, we have

e € Ei\Eia] =[i =k]. (29)

(a) Let A € P (E) be such thate ¢ A.
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Foreveryi e {1,2,...,m}, we have
rm((AUe)UE;) —ry ((AUe)UE;_q)
=rm/e (AU (Ei\e)) —rpmse (AU (Ei-1 \€)) (30)

bl

Foreveryi e {1,2,...,m}, we have

nv ((AUe) \Ei_1) —nym ((AUe) \ E;)
=npmyse (A\ (Eim1\€)) —napye (AN (Ei\e)) (32)

i

Now, the map
{ACE | e¢ A} - {ACE | ec A}, A AUe
is a bijection. Hence, we can substitute A U e for A in the sum
m

Z <Im‘[ (x; — 1)1’M(AUE1‘)—7’M(AUE1‘1)> <H (yi — 1)”M(A\Ei1)—nM(A\E,-)> .

ACE; \i=1 i=1
ecA

9Proof of : Leti € {1,2,...,m}. Applying Lemma to K = E;, we obtain
v ((AUe)UE) =rpye (AU (Ei\e)) +7um(e). (31)
Applying Lemma to K = E;_1, we obtain
rm ((AUe)UEi 1) =rmse (AU (Eicr\e)) +rum(e).
Subtracting this equality from (31)), we obtain

rm((AUe)UE;) —ry ((AUe) UE;_4)
= (rmye (AU (Ei\€)) +rm(e)) — (rmse (AU (Eiiq \€)) +7ru (e))
=1m/e (AU(Ei\€)) —rpse (AU (Eig \e)).

10P32);§0?S i€ {1,2,...,m}.
Applying Lemma (d) to K = E;, we obtain
nm (AU \Ei) = npye (AN (Ei\e)). (33)
Applying Lemma (d) to K = E;_1, we obtain
nm ((AUe) \ Eii1) = npyze (AN (i \€)) -
Subtracting from this equality, we obtain
nm ((AUe)\Eii1) —nym ((AUe) \ Ej) = npse (AN (Eim1\ ) —nmze (AN (Ei\e)).

This proves (32).
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We thus obtain

Z <ﬁ 7’M (AUE;)—rp(AUE; ¢ ) <ﬁ ”M (A\E;_1)— "M(A\Ei)>

_ ﬁ m((AUe)UE;) —rar((AUe)UE; 1)
n |7 L 1yM/e<Au<E\e>> e (AU(E1\))
(by (B0))
m
H ”M (AUe)\E;_1)—nm((AUe)\E;)
= 1)nM/e<A\<, ") e (A (Ei\e)
(by G2
_ ¥ <ﬁ (xi 1)rM/g<Au<Ei\e>)—rM/e<Au<Ei1\e>>>
ACE; \i=1
et A

(ﬁ (vi — 1)”M/6<A\<Ei—1\e>>—nM/e(A\<E,-\e>>)

_ Z (ﬁ(xi_l)fM/e(AU(Ei\e)) rmse(AU(Ei—1\e)) ) (

ACE;
e A

= Tmye (by )

This proves Lemma (a).
(b) Let A € P (E) be such thate ¢ A.
Foreveryi e {1,2,...,m}, we have

:ls

nM/e (A\(E;- 1\@))—"M/e(A\(Ei\e))>
i=1

rM(AUE;) —rm (AUE; )
=rme (AU (Ei\e)) —rane (AU (Eizq \e) + [i = K| (34)
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E Thus,
ﬁ (s, — 1)"M((AU0€)\Ei-1) —maa ((40e)\E)
i—1 :(Xi_l)rM\e(Au(Ei\e)ffyM\e(Au(Ei,l\e))+[i:k]

(by B9

T (x; — 1) (AVEN)) ~ra (AU(Ei1\e)) =]
1

J/

~

(1) Ml A END) Tan (A0 (E 1)) g8

1

I

N
I
—

(i = 1yrneAUEAD T (AVEND (i, — q)i=H])

I
=N

—_

(xi — l)rM\"(AU(Ei\E))rM\e(AU(Eil\E))> <ﬁ (xi — 1)[i—k])

i=1

(. J/

1=

:<,-

Foreveryi e {1,2,...,m}, we have
nv (A\Ei_1) —nm (A\ E;)
=nppne (A\ (Eim1\€)) —nppe (AN (Ei\e)) (37)

11Proofof: Leti e {1,2,...,m}. Thus, E; 1 C E; (since E C E; C --- C Ep).
Applying Lemma (b) to K = E;, we obtain

(since all factors of this product are 1
except of the factor for i=k)

=

Il
—_

(xi — 1)rM\e(AU(Ei\e))TM\B(AU(Eil\e))> (xp—1). (36)

rm (AUE) =y (AU(Ei\e)) +[e € E. (35)
Applying Lemma (@) to K = E;_1, we obtain
rm (AUEi 1) =rae (AU (Eimq\e)) +[e € Eiq].
Subtracting this equality from (35), we obtain
rm (AUE;) —rm (AUE;1)
= (rwe (AU(EN\ ) +[e € E)) = (rane (AU (Eix \ o) + [e € Eia])
=rme (AU (Ei\e)) —ryne (AU (Ei—1\€)) + [e € Ej] —[e € E; 1]

=[e€E\Ei]
(since E;_1CE))

=" (AU (Ei\ ) = rane (AU (Eima \€)) + [e € Ei \ Eiq]
—[i=k
(by )
=rae (AU (Ei\ ) = rane (AU (Eiq \ @) + [i = k.
This proves (34).
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™
But Proposition (a) shows that M/e = M \ e. Now,

2 <Im—[ rM (AUE;)— VM(AUEi—1)> Im—[ (yi — 1)”M(A\Ei—1)_nM(A\Ei)
ACE; i i=1 N
e A ~~ 4 :(yi_l)”M\e(A\(Ei—l\"))_”M\e(A\(Ei\f))
_ (iﬁl(xi_l)VM\E(AU(Ei\f))*’M\e(AU(Eifl\"))) (xe—1) by @7))
(by (36))
_ Z (ﬁ (x; — 1)7M\e(AU(Ei\3))_rM\e(AU(Ei—l\e))>
ACE; \i=1

(e —1) (rml (yi — 1)nM\e(A\(Ei—l\e))_nM\e(A\(Ei\e))>

= (xx—1) Z (ﬁ (x; — 1)rM\e(AU(Ei\e))_rM\e(AU(Ei—l\e)))

ACE; \i=1
e¢A
<In—1[ (yl 1)"M\E(A\( i-1\e)) nM\e(A\(E \6)))
i=1
= (x—1) Z (Im"[ 1)"mre (AU(Ei\e))— VM/e(AU(Eil\f)))
ACE; \i
et A
<ﬁ (yi — 1)”M/6(A\(Ei1\6))_”M/E(A\(Ei\e))>
i=1
(since M\ e = M/e)
= (Xk — 1) TM/e
(this follows by multiplying both sides of the equality (28) by x; —1). This proves
Lemma [4.16] (b). ]
12Proofof(.): Leti e {1,2,..., m}.
Applying Lemma to K = E;, we obtain

nm (AN Ei) = nane (AN (Ei\e)). (38)
Applying Lemma £.14/to K = E;_;, we obtain
npm (A\Ei1) =myp, (A\ (Eii1 \e)).
Subtracting from this equality, we obtain
nm (ANEi1) —nm (A\Ei) = nmype (A\ (Eic1\e)) —mppe (AN (Ei\e)).
This proves (37).
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Lemma 4.17. Let M = (M, E) be a filtered matroid, with M = (E,Z). Write

the list E as (Eo, Eq,...,En). Lete € E be such thate € E;; \ E;;_1. Assume
that e is neither a loop nor a coloop.
(a) We have

Z (ﬁ (xi . 1)rM(AUE) rM(AUE; 4 > (rml ”M (A\E;_1)— ”M(A\E,-)>

ACE; \i=1 i=
ecA

—_

— TM/e
(b) We have

Z (ﬁ (xi . 1)rM(AUE) rM(AUE; 4 > (rml ”M (A\E;_1)— ”M(A\E,-)>

ACE; \i=1 i=1
e¢A

— TM\@

Proof of Lemma Since (M, E) is a filtered matroid, we have @ = Ey C E; C
A g Em — E.

But from e € E;, \ E;;—1 € E;,—1, we obtain

e ¢ E forevery j € {0,1,...,m —1} (39)

M

Proposition (a) shows that the element ¢ is a loop (of M) if and only if
rym (e) = 0. Thus, we don’t have 1 (e) = 0 (since e is not a loop). In other words,
we have r)s (e) # 0. Consequently, 7y (e) =1

The definition of E \ e shows that E\ e = (Eg\ ¢,E1 \¢,...,Ey \ €). The defi-
nition of M/e shows that M/e = (M/e¢,E \ e). The matroid M/e has ground set
E \ e. Hence, the definition of Ty, yields

13Proofof . Letj € {0,1,. —1}. Thus, j < m —1, so that E; C E,,_q (since Eg C E1 C
. Thus, e ¢ E; (smce e ¢ E;—1). This proves
14Proof Applymg to S = {e}, we obtain ry; ({e}) < \{e}| = 1. Thus, rp(e) =y ({e}) <1
Combining this with ry (e) # 0, we obtain ry; (¢) = 1, qed.
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TM/e
= ) (Im—[(xi—1)rM/e<AU<Ef\e>>—rM/e<Au (Ei1\e)) ) <Im—[ a4\ (Er- 1\e>>—nM/e<A\<E,-\e>>>
ACE\e \i=1 il
\\,J
= ¥
ACE;

- 1)“M/e(A\(Ei—1\€))—"M/e(A\(Ei\e))> )

_ Z (ﬁ (x; — 1)rM/e(Au(Ei\E))—TM/e(AU(Ei—1\€))> (H (vi—
i=1

ACE; \i=1
et A
(40)

The definition of E \ e shows that E\ e = (Ey \ ¢,E1 \ ¢,...,En \ €). The defini-
tion of M \ e shows that M/e = (M \ ¢, E \ ¢). The matroid M \ e has ground set

E\ e. Hence, the definition of Ty, yields

ACE\e

——

= X
ACE;
et A

Z (ﬁ 7M\e (AU(E;\e))—ran (AU(Ei—1\e)) > (ﬁ

ACE; \i=1
e A
(41)

i:

TM\e
(Im—[ (x; — 1)7M\6(AU(E1‘\3)) m\e(AU(Ei-1\e)) ) (ﬁ 1) (A\(Ei-1\e))— nM\e(A\(Ei\e))>

nM\e (A\(Ei-1\e))— nM\e(A\(Ei\e))> _

(a) Let A € P (E) be such thate ¢ A.
Foreveryi e {1,2,...,m}, we have

M ((A Ue) U Ei) — M ((AU@) U Ei—l)

= rm/e (AU (Ei\€)) —Tamyse (AU (Ei1 )\ e)) (42)
Ml
Every j € {0,1,...,m} satisfies
nmpm ((AU@)\E]) :nM/e (A\ (E]\e)) (44)
15Proof of : Leti e {1,2,..., m}. Applying Lemmato K = E;, we obtain
(43)

rm ((AUe)UE;) =rpse (AU (E;j\€) +rpm(e).

Applying Lemma {.1T|to K = E;_;, we obtain
m ((AUe)UEi1) =7mse (AU (Ein \€)) +rum(e).
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[l

Foreveryi e {1,2,...,m}, we have

M((AUe)\Ei1) —nym((AUe) \ E;)
=npmyse (A\ (Eim1\€)) —nupye (AN (Ei\e)) (45)

!

Now, the map
{ACE | e¢ A} - {ACE | ec A}, A— AUe
is a bijection. Hence, we can substitute A Ue for A in the sum

Z <ﬁ 7’M (AUE;)—rp(AUE; ¢ ) <ﬁ ”M (A\E;_1)— "M(A\Ei)> _

ACE;
ecA

Subtracting this equality from (43), we obtain

M ((A U 6) U Ei) — ™M ((A U 8) U Eifl)
= (rmze (AU (Ei\e)) +rm(e)) = (rmse (AU (Eir \ €)) +7u (¢))
=rmse (AU (Ei\e)) —rmye (AU (Eizr \ ).
This proves (@2).
16Proof of (44): Let j € {0,1,...,m}. We must prove (44). We are in one of the following two
cases:
Case 1: We have j < m.
Case 2: We have j = m.

Let us first consider Case 1. In this case, we have j < m. Hence, j € {0,1,...,m}, so that
e ¢ E; (by ). Hence, Lemma (b) (applied to K = E;) shows that

nm ((AUe)\Ej) = nprye (A\(Ej\e))+1—wl
=1
=npmse (A\ (Ej\e)) +1—1=mpy (A\ (Ej\e)).

Thus, is proven in Case 1.
Let us now consider Case 2. In this case, we have j = m. Thus, E]- = E,;, = E. Hence,

Lemma(e) (applied to K = E;) shows that ny; ((AUe) \ Ej) = nprze (A\ (Ej\e)). Thus,

is proven in Case 2.
We have thus proven (#4) in each of the two Cases 1 and 2. Hence, always holds.

17P1’oofof(.) Letie {1 2,...,m}.
Applying (44) to j = i, we obtain

m((AUe)\Ei) = npye (AN (Ei\e)). (46)
Applying to j =i— 1, we obtain
nm ((AUe) \ Ein1) = npye (AN (Eiz1 \e)).
Subtracting from this equality, we obtain
nm ((AUe)\ Ei1) —np ((AUe) \ Ei) = npye (AN (Eimx \ €)) = npze (AN (Ei\e)).

This proves (5).
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We thus obtain

Z <ﬁ 7’M (AUE;)—rp(AUE; ¢ ) <ﬁ ”M (A\E;_1)— "M(A\Ei)>

_ ﬁ wm((AUC)UE;) —ra((AUe)UE; 1)
E7d R 1yM/e<Au<E\e>> e (AU(E1\))
by @)
m
H nM (AUe)\E;_1)—nm((AUe)\E;)
= 1)nM/e<A\<, D) (A (EA))
(by @)
_ ¥ (ﬁ (xi 1)rM/g<Au<Ei\e>)—rM/e(Auwi1\e>>>
ACE; \i=1
et A

(ﬁ (vi — 1)”M/6<A\<Ei—1\e>>—nM/e(A\<E,-\e>>)

_ Z <ﬁ(xi_1)7M/e(AU(Ei\e)) rM/e(AU(Ei-1\e)) > (

ACE;
e A

= Tmye (by )

This proves Lemma (a).
(b) Let A € P (E) be such thate ¢ A.
Every j € {0,1,...,m} satisfies

M (A U E]) =TM\e (A U (E] \ 6)) 47)

::ls

nM/e (A\(E;- 1\3))_nM/e(A\(Ei\e))>
i=1

18Proof of : Letj € {0,1,...,m}. We must prove . We are in one of the following two

cases:

Case 1: We have j < m.

Case 2: We have j = m.

Let us first consider Case 1. In this case, we have j < m. Hence, j € {0,1,...,m}, so that
e ¢ E; (by (39)). Hence, E; \ e = E;

But combining A C E < e (since e ¢ A) with E; C E \ e (since e ¢ E;), we obtain AUE; C
E\e, thus AUE; € P(E\e). Hence, Proposition (@) (applied to Z = {e} and S =
AUE;) shows that ry (o) (AUE;) = rm (AUE;j). Since M\ {e} = M\ ¢, this rewrites as
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Foreveryi e {1,2,...,m}, we have
rm(AUE;) —rpm (AUE; 1)
=rme (AU (Ei\e)) —ran. (AU (Ei-1 \€)) (48)

L1
For every i € {1,2,...,m}, we have
nm (A\Ei1) —nm(A\E)
= e (AN (Eim1\ ) —nane (A\ (Ei \e)) (50)

TM\e (A U E]) =T ™M (A U E]) Thus, m (A U E]) = l’M\e AU E] = FM\E (A @] (E]\E))
~~

=Ei\e
j
Hence, is proven in Case 1.
Let us now consider Case 2. In this case, we have j = m. Thus, Ej = Em = E. Hence,

Lemma [4.13 (¢) (applied to K = Ej) shows that rp (AUEj) = rpp, (AU (Ej\ e)) (since e is
not a coloop). Thus, is proven in Case 2.
We have thus proven (#7) in each of the two Cases 1 and 2. Hence, always holds.

YProof of (48): Leti € {1,2,...,m}.
Applying (@7) to j = i, we obtain

rm (AUE;) = "M\e (AU (E;\e)). (49)
Applying to j =i— 1, we obtain
rm (AUEi_1) =7ape (AU (Eiz1\ @)
Subtracting this equality from (#9), we obtain
rm (AUE) —rm (AUEiq) =1, (AU (Ei\€)) —ran (AU (Ei1 \€)) .
zo;f;oﬁs i€ {1,2,...,m}.
Applying Lemma to K = E;, we obtain
ny (AN E;) =nppe (A\ (Ei\e)). (51)
Applying Lemma .14 to K = E;_1, we obtain
nm (A\ Eim1) = nppe (A\ (Ei1\e)).
Subtracting from this equality, we obtain
np (AN\Ei1) —nm (A\E) =myp, (A\ (Ei1\e)) —mppe (AN (Ei\e)).

This proves (50).
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Now,
m m
H (x; — 1)TM(AUEi)—7M(AUEz>1) H (yi — 1)”M(A\Ei71)_”M(A\Ei)
ACE; | i=1 ~ - Pl -— ,
e¢ A :(xi_l)VM\e(AU(Ei\e))_7M\e(AU(E1'71\E)) :(yi_l)”M\e(A\(Ei—l\f))*"M\e(A\(Ei\E))
(by (@8)) (by (0))
— Z <1m_[ (x; — 1)7M\e(AU(Ei\E))—VM\e(AU i-1\e) ) (ﬁ nM\L (A\(Ei—1\e))— nM\C(A\(Ei\e))>
ACE; \i=1 i=1
e¢A
= TM\e (by ) :
This proves Lemma (b). O

Proof of Proposition (a) Assume that e is a loop. Let k € {1,2,...,m} be such
that e € E; \ Ex_1. We need to show that Ty = YT e-

Proposition (@) shows that M/e = M\ e. The definition of M/e shows
that M/e = (M/e,E\¢e). Similarly, M\ e = (M\¢ E\e). Hence, M/e =

w,E\e = (M\¢,E\e) =M\e.

=M\e
The definition of Ty shows that

Ty = Z (ﬁ (xi — 1)"M(AUEi)_rM(AUEi—1)> (

=

(yi — 1)"M(A\Ei—l)_”M(A\Ei)>

ACE \i=1 i=1
_ 2 <Im—[ (x; — 1)1’M(AUE1‘)—7’M(AUE1‘1)> <Im—[ (yi — 1)HM(A\E1‘1)_HM(A\E[)>
ACE; \i=T =1
\eeA B
:(]/ _1)T e
(by Lerﬁma 5| (a))
m m
Z H )M (AUE;)—rm(AUE; 4 H ) (A\E;_1)— nM(A\Ei)>
ACE; (1 > (l
e e
:fl\,/[ e
(by Lemma (b))
=Wk —1) Tmse + Tvze = Yk Tmze = YeTme (since M/e=M\e).

This proves Proposition 4.8 (a).
(b) Assume that e is a coloop. Let k € {1,2,...,m} be such thate € E; \ E;_1.
We need to show that Ty = x; T /e
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The definition of Tyg shows that

3

Tm = Z (ﬁ (xi _ 1)1’M(AUE1‘)7’M(AUE1‘1)> ( (yi . 1)”M(A\Ei1)ﬂM(A\Ei)>
ACE \i=1 ik
= Z <ﬁ (x; — 1>7’M(AUE1')—7’M(AUE1'—1)> <ﬁ (yi — 1)”M(A\Ei_1)—HM(A\E7-)>
?GQE; i=1 Pl
—Ta/e
(by Lemma-(a))
Z (rml rM (AUE;)—rm(AUE;_4 ) (rml nM (A\E;_1)— nM(A\E,'))
ACE; \i ;

=(x 1)T
(by Lenklma(b))
= Tmye + (5 — 1) Tmye = Xk Ty

This proves Proposition [£.8] (b).

(c) Assume that e belongs to E,; \ E;;—1 and is neither a loop nor a coloop. The
definition of Ty; shows that

Tnv = Z (ﬁ (x; — 1)VM(AUEi)rM(AUE11)> (

s

(vi — 1)”M(A\Ei1)”M(A\Ei)>

ACE \i=1 1
-k (ﬁ (xz'—1)7M(AUEi)_rM(AUEi_1)> (Im—[ (yi—1)”M<A\Ei_1>—nM<A\Ei>)
ACE; \i=1 1
fegA ' ! ’
:Y:I:/I/e
(by Lemma [.17] (a))

Z (ﬁ )M (AUE;)—rm(AUE; 4 ) (ﬁ ”M (A\E;_1)— ”M(A\Ei)>

ACE;
\e
:TM\e
(by Lemma (b))
= Tmye + TM\e = TM\e + Tmye-
This proves Proposition 4.8 (c). O

Proof of Proposition Let E denote the ground set of M (so that M = (E,T) for
some Z C P (E)). We shall prove Proposition 4.9 by induction on m + |E|. The
induction base (i.e., the case when m + |E| = 0) is trivial and left to the reader.

Induction step: Let N be a positive integer. Assume (as the induction hypothe-
sis) that Proposition 4.9 holds whenever m + |[E| = N — 1. We need to show that
Proposition 4.9/ holds whenever m + |E| =
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So let us assume that we are in the situation of Proposition and that we
have m + |E| = N. We need to show that

Tm € N [x1, X0, o, X, Y1, Y2, - -« Y] - (52)

Since (M, E) is a filtered matroid, we have @ = Ey C E; C --- CE,, = E.

We have m > 0 EL Hence, E,;, \ E;;_1 is well-defined. We thus are in one of
the following two cases:

Case 1: We have E,, \ E;,_1 = @.

Case 2: We have E,, \ E;,_1 # .

Let us first consider Case 1. In this case, we have E,; \ E;;_1 = &. Combined
with E;;_1 C E,, (since Eg C E; C --- C Ep,), this entails that E,,_1 = E,,. Let E’
be the list (Eo, Ey, ..., E;—1). Proposition 4.7 thus shows that (M, E') is a filtered
matroid, and satisfies Ty gy = T(mp). Now, (m—1)+ |E[ = m+ |E[-1 =

——
N — 1. Hence, the induction hypothesis shows that we can apply Prop(];]sition
to (M,E'), (Eg,Eq,...,E;_1) and E' instead of M, (Eg, Ey,...,E;_1) and E. As
a consequence, we conclude that Tme) € N (X1, %2, o, Xu—1, Y1, Y2, -+ - Ym—1)-
Now, from M = (M, E), we obtain

Tm = Time) = Timp) € N[x1, %2, oo, X1, Y1,¥2, -+ - Ym—1]
g IN [xlleI- s Xms Y1, Y2, - - /]/m] .

Thus, is proven in Case 1.
Let us now consider Case 2. In this case, we have E,; \ E;;_1 # @. Hence, there
exists some e € E;; \ E,,—1. Pick such an e. Clearly, e € E;; \ E;,—1 C E,, = E.
The matroid M \ e has ground set E \ e. The filtered matroid M \e = (M \ ¢,E \ ¢)
has E\e = (Eg\¢,E1 \e,...,En\e). Now,m+ |E\e] =m+|E|-1=N—
—— N——
—|E|-1 =N
(since ecE)
1. Hence, the induction hypothesis shows that we can apply Proposition
to M\e, M\e, E\eand (Eg\e E1\e,...,En\e) instead of M, M, E and
(Eo,Eq1,...,Em). As a result, we obtain

TM\@ € IN [x1/x2/' . ~/xm/y1/]/2,- . /ym] .

The matroid M/e has ground set E \ e. The filtered matroid M/e = (M/e¢,E \ e)
has E\e = (Eg\e¢,E1\e,...,En\e). Now, recall that m + |[E\e|] = N — 1.
Hence, the induction hypothesis shows that we can apply Proposition to

21Proof. We have m + |E| = N > 0. If we had m = 0, then we would have E,, = Ey, which would

yield m + E
=0 =En=Ey=92
have m = 0. We thus have m > 0, ged.

= |@| = 0, which would contradict m + |E| > 0. Hence, we cannot
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M/e,M/e,E\eand (Ep\ ¢, E1 \e,..., Ep\e)instead of M, M, E and (Eo, E1, ..., En).
As a result, we obtain

TM/@ €N [xlleI' s Xm, Y1, Y2, - /ym] .

We are in one of the following three subcases:

Subcase 2.1: The element e is a loop (of M).

Subcase 2.2: The element e is a coloop (of M).

Subcase 2.3: The element e is neither a loop nor a coloop.

Let us first consider Subcase 2.1. In this Subcase, the element e is a loop (of
M). Hence, Proposition 4.8 (a) (applied to k = m) yields

TM:ym TM\@ Gym]N [xlzxZ/---,xm/ylzyZ,---/ym]
S~
EIN[X1,X0,0 e, X1, Y1,Y2- - Ym)
CIN[x1,x2, -, Xm, Y1, Y2, - Ym) -

Thus, is proven in Subcase 2.1.
Let us now consider Subcase 2.2. In this Subcase, the element ¢ is a coloop (of
M). Hence, Proposition 4.8| (b) (applied to k = m) yields

TM:xm TM/E Eme [xlzx2/---/xm/y1;y2,---/]/m]
\v/
EIN[X1,X0,0 e, X, Y1,Y2- - Ym)
g IN [x1/x2/ . ~,xm/y1/y2/ . /ym] .

Thus, is proven in Subcase 2.2.
Let us now consider Subcase 2.3. In this Subcase, the element ¢ is neither a
loop nor a coloop. Hence, Proposition 4.8 (c) yields

TM = TM\e + TM/(:‘
—— S~~~
EIN[X1,%X0, e, X, Y 1,42+ Ym) EIN[X1,X0,0, X, Y1,Y2- - Ym)

€ N [x1,x2, o, X, Y1, Y2, -, Ym) + IN[X1, X2, oo, X, Y1, Y2, - -+ Y]
g N[xl/x2/"'/xn1/y1/y2/--'/ym] .

Thus, is proven in Subcase 2.3.

We thus have proven in each of the three Subcases 2.1, 2.2 and 2.3. Since
these three Subcases cover all of Case 2, this yields that always holds in Case
2.

We thus have proven in each of the two Cases 1 and 2. Thus, always
holds. In other words, Proposition holds whenever m + |E| = N. This
completes the induction step. The inductive proof of Proposition is thus
complete. O

Proof of Proposition [£.10} Since (M, E) is a filtered matroid, we have @ = Ey C
E; C --- C Ey = E. Thus, (M*E) is a filtered matroid (since E is the ground
set of M*). It remains to prove that Tim-g) = Tm (Y1, Y2, Ym, X1, X2, -+, X ).
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For every S € P (E), let us write S for the set E\ S € P (E). We have
npe (S) = rm (E) — v (S) for every S € P (E) (53)
P2 Furthermore,
rve (S) = np (E) —np (S) for every S € P (E) (54)

The definition of Tyg shows that

m m
Tog = 2 (H (x; — 1)”M(AUE) rm(AUE; ) (H ) (A\Ei—1)— ”M(A\Ei)> _

i=1

Substituting (y1, Y2, ..., Ym, X1,%X2, ..., Xm) for (x1,x2, ..., Xm, Y1,Y2, .., Ym) in this

22Proof of : Let S € P (E). The definition of 1)+ yields
nye (8) = [S| = 1w+ (S) = [S[= (Sl +rm (E\S) —rm (E))
——r

=[S|+rm(E\S)~rm(E
‘|r1\(/tl)§’)”M()

IT’M(E)*TM E\S :TM(E)er(g).
(since S=F\S)
This proves

23 Proof of : Let S P (E). The definition of ny, yields nys (E) = |E| — rpr (E). The definition
of ny yields np (S) = [S| —rm (S). Since S C E, we have |E| = [S|+|E\ S|, so that

IS|=|E|—| E\S |=|E|—|S|- Now,
~—~—
=5
(since S=E\S)
nm(E) — num(S)
N’ N’
=|El=rm(E)  =|8|-ru(5)

= (|[E|—rm (E)) = (|S| =rm (S)) = |E| — S/+rM(\S/)rM(E)
=8|

—E\S
— S|+ (E\S) —rm (E) =rar- (S)  (by (@0)).

This proves (54).
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identity, we obtain

TM (ylzy2/- . 'IymlxllXZI' . -/xm)

=) (ﬁ (yz’—1)rM(AUE")JM(AUEi1)> <Im—[(xi—1)”M<A\Ein—nM(A\Ez-))
ACE \i=1 T

Tk (ﬁ (i = 1) “UEI'“M(AUE”)) (ﬁ (xi - 1>"M<A\Eu>nM<A\Ef)>
ACE \i=1 1

ere, we have substituted A for A in the sum, since the map
P (E) — P (E), A+ Ais a bijection

s

= Z ( (x; — 1)7’1M(A\Ei_l)—ﬂM(A\Ei)> (l—mI (vi — 1)rM(AUE,-)—rM(AuEi_1)> .
ACE \i=1 ol
(55)

On the other hand, every i € {1,2,...,m} satisfies
rvs (AUE) —rae (AUE;_1) = ny (A\ Ei_q) — iy (A\ E;) (56)
@ Furthermore, every i € {1,2,...,m} satisfies
nme (A\Eis1) —nme (A\E) =rm (AUE;) —rm (AUE;_q) (58)

E Now, recall that the matroid M* has ground set E. Hence, the definition of

24Proof of (56): Leti € {1,2,...,m}.

We have AUE; = E\ (AUE;) = (E\ A)\E; = A\ E;. Applying toS = AUE;, we
N’
=A
obtain
T pM* (A U EZ) =nmpm (E) —nmpm (A U Ez) =npm (E) —Nnmpm (Z\ Ez) . (57)
——
=A\E;

The same argument (but applied to E;_; instead of E;) yields
rms (AUE; 1) = ny (E) —ny (A\Eiq).
Subtracting this equality from (57), we obtain
rms (AUE;) —rps (AUE; 1)
= (ny (E) = ny (AN Ei)) = (na (E) = naa (AN Eiq))
= Nnm (Z\ Ei—l) —npm (Z\El) .

This proves (56).

25Proof of (58): Leti € {1,2,...,m}.
We have A\ E; = E\ (A\E;) = (E\ A)UE; (since E; C E), hence A\ E; = (E\ A)UE; =
~——

=A
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T(M*,E) y1e1dS

T )

= Z ﬁ (xi — 1)rM* (AUE;) =1y (AUE; 1) - (yl o 1)71M* (A\E;_1)—npx (A\E))
T ) Tty () g (AUE )

(by G6)) (by G6))

= 2 Im—[ (x; — 1)”M(A\Ei1)_TZM(A\Ei)> <Im‘[ (yi — 1)7M(AUEi)—rM(AUEi1))
ACE \i=1 i=1

- TM (yllyZI---/ym;xllxz,---,Xm) (by )

This proves Proposition 4.10] n

As promised, we can now derive Proposition [3.2] and Corollary

Proof of Proposition Let E be the list (&, E). Then, Proposition 4.5 shows that
(M, E) is a filtered matroid, and satisfies Tp;g) = Tm (x1,41). Clearly, e € E =
E\@.

Let M be the filtered matroid (M, E). Thus, Tm = Tipe) = Tm (%1, 41)-

It is easy to see that M/e = (M/e, (&, E \ e)). Write the matroid M/e in the
form (E\e, J). Then, Proposition (applied to M/e, E\ e and J instead
of M, E and Z) shows that (M/e, (@,E \ e)) is a filtered matroid, and satisfies
Trt/e,o,E\e) = Tmye (x1,y1). This latter equality rewrites as Tv/e = Ta/e (X1, Y1)
(since M/e = (M/e, (9,E \ e))).

It is easy to see that M\ e = (M \ e, (&, E \ e)). Write the matroid M \ e in
the form (E \ ¢, ). Then, Proposition 4.5 (applied to M \ ¢, E \ e and K instead
of M, E and Z) shows that (M \ ¢, (&, E \ e)) is a filtered matroid, and satisfies

AUE;. Applying (53) to S = A \ E;, we obtain

ny+ (A\E;) =rm(E) —rm =rm(E) —rm (AUE). (59)

A\E
——
=ZUE1'
The same argument (but applied to E;_; instead of E;) yields
e (A \ Ez?l) =M (E) — ™M (ZU Eifl) .

Subtracting this equality from (59), we obtain

N+ (A U EZ) — N p+ (A U Ei*l)

= (rm (E) —=rm (A\Ei)) = (rm (E) =y (A\ Eia))

=Trm (Z\ Eifl) — M (Z\EZ) .

This proves (58).
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Tane,2,6\e) = Tane (¥1,¥1). This latter equality rewrites as Type = Tope (X1, Y1)
(since M\ e= (M\e, (2,E\e))).

(@) Assume that e is a loop. Proposition (@) (applied to (M,E), (@,E)
and 1 instead of M, (Ey, Ey, ..., Ex) and k) shows that Ty = 13 Tw\e- Since Ty =
Ty (xl,yl) and TM\e = TM\e (xl,yl), this rewrites as Ty (xl,yl) = leM\e (xl,yl).
Substituting x and y for x1 and y; in this equality, we obtain Ta (x,y) = yTan (X, ).
In other words, Ty = yT)y\- This proves Proposition 3.2/ (a).

(b) Assume that e is a coloop. Proposition 4.8 (b) (applied to (M, E), (&, E)
and 1 instead of M, (Ey, Ey, ..., E;y) and k) shows that Tyr = x1 T /.. Since Ty =
Ty (xl,yl) and Tsye = Tye (xl,yl), this rewrites as Ty, (xl,yl) =x1Tm/e (xl,yl).
Substituting x and y for x; and y; in this equality, we obtain Ty (x,v) = xTp/. (X, y).
In other words, Ty = xTy; /.. This proves Proposition [3.2| (a).

(c) Assume that e is neither a loop nor a coloop. Proposition (c) (applied
to (M, E) and (2, E) instead of M and (Eo, Ey, ..., Em)) shows that Ty = Typy +
TM/e- Since TM = TM (xl,yl), TM/e = TM/e (xl,yl) and TM\e = TM\e (xl,yl),
this rewrites as Ty (x1,¥1) = Tane (¥1,41) + Taye (x1,¥1). Substituting x and y
for x1 and y; in this equality, we obtain Ty (x,¥) = Tane (¥, y) + Tmye (x,y). In
other words, Ty = Tipe + Taye- This proves Proposition 3.2 (c). O

Proof of Corollary 3.3} Let E be the list (@, E). Then, Proposition |4.5 shows that
(M, E) is a filtered matroid, and satisfies T(;g) = Tm (x1,y1). Proposition
(applied to (M, E) and (&, E) instead of M and (Eo, Ey,...,En)) shows that
Time € N [x1,y1]. Since TimEe) = Tm(x1,y1), this rewrites as Ty (x1,y1) €
IN [x1, y1]. Substituting x and y for x1 and y; in this relation, we obtain Ty (x,y) €
IN [x, y]. In other words, Ty € IN [x, y]. This proves Corollary [3.3| O
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