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In this note, we shall prove a generalization of a conjecture made in [LiPost15,

Question 21.7].

1. Introduction

TODO 1.1. Write an introduction.

2. Matroids

Definition 2.1. In the following, N shall always denote the set {0, 1, 2, . . .}.
For any set E, we let P (E) denote the powerset of E.

We recall the basic properties of matroids. We will actually use rather little from
the theory of matroids; [Schrij13, §10.1–§10.2] is a perfectly sufficient reference
for our purposes.

Let us first give a definition of a matroid.

Definition 2.2. A matroid means a pair (E, I) of a finite set E and a set I ⊆
P (E) satisfying the following axioms:

• We have ∅ ∈ I .
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• If Y ∈ I and Z ∈ P (E) are such that Z ⊆ Y, then Z ∈ I .

• If Y ∈ I and Z ∈ I are such that |Y| < |Z|, then there exists some
x ∈ Z \Y such that Y ∪ {x} ∈ I .

When (E, I) is a matroid, a subset S of E is said to be independent (for this
matroid) if and only if S ∈ I .

When (E, I) is a matroid, the set E is called the ground set of the matroid
(E, I).

Definition 2.2 is how a matroid is defined in [Schrij13, §10.1] and in [Martin15,
Definition 3.15] (where it is called a “(matroid) independence system”). There
exist other definitions of a matroid, which turn out to be equivalent.

Definition 2.3. Let M = (E, I) be a matroid. Let S ∈ P (E). A basis of S (for
the matroid M) means a maximum-size independent (for M) subset of S.

Definition 2.4. Let M = (E, I) be a matroid. Then, a function rM : P (E)→N

is defined by

rM (S) = max {|Z| | Z ∈ I and Z ⊆ S} for every S ⊆ E. (1)

The axioms of a matroid show that if S ⊆ E, and if Z is a basis of S (for M),
then rM (S) = |Z|.

The function rM is called the rank function of M. For every S ∈ P (E), the
number rM (S) is called the rank of S (for M). Clearly,

rM (S) ≤ |S| for every S ⊆ E. (2)

Moreover, rM (∅) = 0 and

rM (S) ≤ rM (T) for every S ⊆ T ⊆ E. (3)

The following facts about bases for matroids are fundamental (and easy to
prove), and will be used without explicit mention:

Proposition 2.5. Let M = (E, I) be a matroid. Let S ∈ P (E).
(a) There exists at least one basis of S (for M).
(b) If U is any independent (for M) subset of S, then there exists a basis T

of S such that U ⊆ T. (In other words, every independent subset of S can be
extended to a basis of S.)

(c) The bases of S are precisely the inclusion-maximal independent subsets
of S.

(d) Every basis of S has the same size.
(e) If U is any independent subset of S, then |U| ≤ rM (S).
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Corollary 2.6. Let M = (E, I) be a matroid. Then,

I = {S ∈ P (E) | rM (S) = |S|} .

Proof of Corollary 2.6. Let U ∈ I . Thus, U is an independent set for M (since the
independent sets for M are the elements of I). Consequently, U is an indepen-
dent subset of U. Thus, U is a maximum-size independent subset of U (since
U is a maximum-size subset of U). In other words, U is a basis of U (by the
definition of a “basis”). Hence, rM (U) = |U|. Thus, we have U ∈ I ⊆ P (E) and
rM (U) = |U|. In other words, U ∈ {S ∈ P (E) | rM (S) = |S|}.

Let us now forget that we fixed U. We thus have shown that
U ∈ {S ∈ P (E) | rM (S) = |S|} for every U ∈ I . In other words,

I ⊆ {S ∈ P (E) | rM (S) = |S|} . (4)

On the other hand, let V ∈ {S ∈ P (E) | rM (S) = |S|}. Thus, V ∈ P (E) and
rM (V) = |V|.

We know that there exists at least one basis of V (by Proposition 2.5 (b), ap-
plied to S = V). Fix such a basis, and denote it by Q. Then, rM (V) = |Q| (since
Q is a basis of V). Hence, |Q| = rM (V) = |V|. Combined with Q ⊆ V, this
shows that Q = V. But Q is a basis of V, and thus an independent set. In other
words, Q ∈ I . Hence, V = Q ∈ I .

Let us now forget that we fixed V. We thus have shown that V ∈ I for every
V ∈ {S ∈ P (E) | rM (S) = |S|}. In other words,

{S ∈ P (E) | rM (S) = |S|} ⊆ I .

Combining this with (4), we obtain I = {S ∈ P (E) | rM (S) = |S|}. This proves
Corollary 2.6.

Corollary 2.7. Let M and M′ be two matroids with one and the same ground
set E. Assume that rM = rM′ . Then, M = M′.

Proof of Corollary 2.7. Write the matroids M and M′ as (E, I) and (E, I ′), respec-
tively. Then, Corollary 2.6 shows that

I =

S ∈ P (E) | rM︸︷︷︸
=rM′

(S) = |S|

 = {S ∈ P (E) | rM′ (S) = |S|} . (5)

But Corollary 2.6 (applied to M′ and I ′ instead of M and I) shows that

I ′ = {S ∈ P (E) | rM′ (S) = |S|} .

Comparing this with (5), we obtain I = I ′. Hence, M =

E, I︸︷︷︸
=I ′

 = (E, I ′) =

M′. This proves Corollary 2.7.
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Definition 2.8. Let M = (E, I) be a matroid. Then, a function nM : P (E)→N

is defined by

nM (S) = |S| − rM (S) for every S ⊆ E. (6)

(This is well-defined due to (2).)
The function nM is called the nullity function of M. For every S ∈ P (E), the

number nM (S) is called the nullity of S (for M).

Proposition 2.9. Let M = (E, I) be a matroid.
(a) We have nM (∅) = 0.
(b) We have

nM (S) ≤ nM (T) for every S ⊆ T ⊆ E. (7)

Proof of Proposition 2.9. (a) This follows from the definition of nM and from rM (∅) =
0.

(b) Let S ⊆ T ⊆ E. Pick a basis Z of S (this is possible, since a basis of S
exists). Then, rM (S) = |Z|. But Z is a basis of S, and thus an independent set.
Hence, we can extend Z to a basis of T (according to Proposition 2.5 (b)). In
other words, there exists a basis Y of T such that Z ⊆ Y. Pick such a Y. Since Y
is a basis of T, we have rM (T) = |Y|.

The set Y is a basis of T, thus a maximum-size independent subset of T.
But Y \ Z ⊆ T \ S 1. Hence, |Y \ Z| ≤ |T \ S| = |T| − |S| (since S ⊆ T). Now,

rM (T)︸ ︷︷ ︸
=|Y|

− rM (S)︸ ︷︷ ︸
=|Z|

= |Y| − |Z| = |Y \ Z| (since Z ⊆ Y)

≤ |T| − |S| .

In other words, |S| − rM (S) ≤ |T| − rM (T). Since nM (S) = |S| − rM (S) and
nM (T) = |T| − rM (T) (by the definition of nM), this rewrites as nM (S) ≤
nM (T). This proves Proposition 2.9 (b).

Next, we shall define loops and coloops in a matroid (following, for example,
[Martin15, Definition 3.35]):

1Proof. Let y ∈ Y \ Z. Hence, y /∈ Z.
Assume (for the sake of contradiction) that y ∈ S. The set Z ∪ y is a subset of Y (since

Z ⊆ Y and y ∈ Y \ Z ⊆ Y) and thus is independent (since Y is independent). Moreover,
|Z ∪ y| = |Z|+ 1 (since y /∈ Z). Furthermore, Z ∪ y ⊆ S (since Z ⊆ S and y ∈ S). Hence,
Z ∪ y is an independent subset of S. Therefore, |Z ∪ y| ≤ |Z| (since Z is a maximum-size
independent subset of S). This contradicts |Z ∪ y| = |Z| + 1. This contradiction shows
that our assumption (that y ∈ S) was wrong. Hence, we have y /∈ S. Combined with
y ∈ Y \ Z ⊆ Y ⊆ T, this yields y ∈ T \ S.

Now, we have proven this for every y ∈ Y \ Z. In other words, Y \ Z ⊆ T \ S, qed.
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Definition 2.10. Let M = (E, I) be a matroid. Let e ∈ E. We write rM (e) for
rM ({e}). Also, if S is any subset of E, then we abbreviate the sets S \ {e} and
S ∪ {e} by S \ e and S ∪ e, respectively.

(a) The element e is said to be a loop (of M) if and only if no basis of E (for
M) contains e.

(b) The element e is said to be a coloop (of M) if and only if every basis of E
(for M) contains e.

Proposition 2.11. Let M = (E, I) be a matroid. Let e ∈ E.
(a) The element e is a loop (of M) if and only if rM (e) = 0.
(b) The element e is a coloop (of M) if and only if rM (E) = rM (E \ e) + 1.
(c) If rM (E \ e) 6= rM (E), then the element e is a coloop.

Proof of Proposition 2.11. (a) =⇒: Assume that the element e is a loop. We need
to show that rM (e) = 0.

Let Z be a basis of {e} (for M). Thus, rM ({e}) = |Z|.
The set Z is a basis of {e}, thus an independent set. Clearly, Z ⊆ E. Thus, the

independent set Z can be extended to a basis of E. In other words, there exists a
basis W of E such that Z ⊆W. Consider this W.

The element e is a loop. Thus, no basis of E contains e (by the definition of a
“loop”). In particular, W does not contain e (since W is a basis of E). Hence, Z
does not contain e (since Z ⊆ W). Combining this with Z ⊆ {e}, we obtain Z ⊆
{e} \ e = ∅. Hence, Z = ∅ and thus |Z| = 0. Now, rM (e) = rM ({e}) = |Z| = 0.
This finishes the proof of the =⇒ direction of Proposition 2.11 (a).
⇐=: Assume that rM (e) = 0. We need to show that the element e is a loop.
Let B be a basis of E (for M) such that e ∈ B. From e ∈ B, we obtain {e} ⊆

B. The set B is independent (since it is a basis of E). Hence, the set {e} is
independent (since {e} ⊆ B). Since {e} ⊆ {e}, this entails that |{e}| ≤ rM ({e})
(by Proposition 2.5 (e), applied to U = {e} and S = {e}). Hence, rM ({e}) ≥
|{e}| = 1. This contradicts rM ({e}) = rM (e) = 0.

Now, let us forget that we fixed B. We thus have found a contradiction for
every basis B of E satisfying e ∈ B. Hence, there exists no basis B of E satisfying
e ∈ B. In other words, no basis of E contains e. In other words, e is a loop (by
the definition of a “loop”). This proves the⇐= direction of Proposition 2.11 (a).

(c) Assume that rM (E \ e) 6= rM (E). We need to show that the element e is a
coloop.

From E \ e ⊆ E, we obtain rM (E \ e) ≤ rM (E). Combined with rM (E \ e) 6=
rM (E), this yields rM (E \ e) < rM (E).

Let B be a basis of E. Thus, rM (E) = |B|.
Assume (for the sake of contradiction) that e /∈ B. Thus, B ⊆ E \ e. But B is

a basis of E and thus an independent subset. Hence, from B ⊆ E \ e, we obtain
|B| ≤ rM (E \ e) (by Proposition 2.5 (e), applied to U = B and S = E \ e). Thus,

|B| ≤ rM (E \ e) < rM (E) = |B| ,
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which is absurd. This contradiction shows that our assumption (that e /∈ B) was
wrong. Hence, we must have e ∈ B.

Now, let us forget that we fixed B. We thus have shown that e ∈ B for every
basis B of E. In other words, every basis of E (for M) contains e. In other words,
e is a coloop (by the definition of a “coloop”). This proves Proposition 2.11 (c).

(b) =⇒: Assume that the element e is a coloop. We need to show that rM (E) =
rM (E \ e) + 1.

Pick a basis B of E (for M). Thus, rM (E) = |B|.
Recall that e is a coloop. In other words, every basis of E (for M) contains e

(by the definition of a “coloop”).
But B is a basis of E, and thus an independent set. Hence, B \ e is also an

independent set (since B \ e ⊆ B). Since B︸︷︷︸
⊆E

\e ⊆ E \ e, we thus have |B \ e| ≤

rM (E \ e) (by Proposition 2.5 (e), applied to U = B \ e and S = E \ e). Thus,
rM (E \ e) ≥ |B \ e| ≥ |B|︸︷︷︸

=rM(E)

−1 = rM (E)− 1.

Now, pick any basis C of E \ e (for M). Thus, rM (E \ e) = |C|.
The set C is a basis of E \ e, thus an independent set. Hence, we can extend

C to a basis of E (according to Proposition 2.5 (b)). In other words, there exists
a basis D of E such that C ⊆ D. Pick such a D. Since D is a basis of E, we
have rM (E) = |D|. Since D is a basis of E, we have e ∈ D (since every basis
of E contains e). But e /∈ C (since C ⊆ E \ e). Hence, C 6= D (since e /∈ C but
e ∈ D). Combined with C ⊆ D, this entails |C| < |D|. Hence, rM (E \ e) =
|C| < |D| = rM (E). In other words, rM (E \ e) ≤ rM (E)− 1. Combined with
rM (E \ e) ≥ rM (E) − 1, this yields rM (E \ e) = rM (E) − 1. In other words,
rM (E) = rM (E \ e) + 1. This proves the =⇒ direction of Proposition 2.11 (b).
⇐=: Assume that rM (E) = rM (E \ e) + 1. We must show that the element e is

a coloop.
From rM (E) = rM (E \ e) + 1 > rM (E \ e), we have rM (E \ e) 6= rM (E).

Hence, e is a coloop (by 2.11 (c)). The ⇐= direction of Proposition 2.11 (b)
is thus proven.

Proposition 2.12. Let M = (E, I) be a matroid. Let e ∈ E.
(a) If e is a loop, then rM (S ∪ e) = rM (S) for every S ∈ P (E).
(b) If e is a coloop, then rM (S ∪ e) = rM (S) + 1 for every S ∈ P (E) satisfy-

ing e /∈ S.
(c) If e is a loop, then nM (S ∪ e) = nM (S) + 1 for every S ∈ P (E) satisfying

e /∈ S.
(d) If e is a coloop, then nM (S ∪ e) = nM (S) for every S ∈ P (E).

Proof of Proposition 2.12. (a) Assume that e is a loop. Let S ∈ P (E).
Pick a basis X of S ∪ e (for M). Then, rM (S ∪ e) = |X|.
The set X is a basis of S ∪ e, and thus is independent.
The element e is a loop. Thus, rM (e) = 0 (by Proposition 2.11 (a)).
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Assume (for the sake of contradiction) that e ∈ X. Then, {e} ⊆ X, so that {e}
is an independent set (since X is an independent set). Hence, Proposition 2.5 (e)
(applied to {e} and {e} instead of S and U) shows that |{e}| ≤ rM ({e}). Thus,
rM ({e}) ≥ |{e}| = 1. This contradicts rM ({e}) = rM (e) = 0.

This contradiction shows that our assumption (that e ∈ X) was wrong. In
other words, we have e /∈ X. Hence, X ⊆ (S ∪ e) \ e ⊆ S. Thus, Proposition
2.5 (e) (applied to U = X) shows that |X| ≤ rM (S). But S ⊆ S ∪ e shows
that rM (S) ≤ rM (S ∪ e) = |X|. Combining this with |X| ≤ rM (S), we obtain
|X| = rM (S). Hence, rM (S ∪ e) = |X| = rM (S). This proves Proposition 2.12
(a).

(b) Assume that e is a coloop. Let S ∈ P (E) be such that e /∈ S.
The element e is a coloop. Thus, rM (E) = rM (E \ e) + 1 (according to Propo-

sition 2.11 (b)).
Applying (7) to T = S ∪ e, we obtain nM (S) ≤ nM (S ∪ e). Since nM (S) =
|S|− rM (S) and nM (S ∪ e) = |S ∪ e|− rM (S ∪ e) (by the definition of nM (S ∪ e)),
this rewrites as |S| − rM (S) ≤ |S ∪ e| − rM (S ∪ e). Hence,

rM (S) ≤ |S| −

 |S ∪ e|︸ ︷︷ ︸
=|S|+1

(since e/∈S)

−rM (S ∪ e)

 = |S| − (|S|+ 1− rM (S ∪ e))

= rM (S ∪ e)− 1. (8)

On the other hand, let us pick a basis X of S∪ e (for M). Then, rM (S ∪ e) = |X|.
The set X is a basis of S∪ e, and thus is independent. Also, X ⊆ E. Hence, the

independent set X can be extended to a basis of E. In other words, there exists a
basis Z of E such that X ⊆ Z. Consider this Z.

Since Z is a basis of E, we have rM (E) = |Z|.
The set Z is independent (since it is a basis of E). If we had Z ⊆ E \ e, then we

would have |Z| ≤ rM (E \ e) (by Proposition 2.5 (e), applied to Z and E \ e instead
of U and S), which would contradict |Z| = rM (E) = rM (E \ e) + 1 > rM (E \ e).
Hence, we cannot have Z ⊆ E \ e. In other words, we must have e ∈ Z.

From X ⊆ Z and e ∈ Z, we obtain X ∪ e ⊆ Z. Thus, the set X ∪ e is indepen-
dent (since Z is independent). From X︸︷︷︸

⊆S∪e

∪e ⊆ S ∪ e ∪ e = S ∪ e, we therefore

obtain |X ∪ e| ≤ rM (S ∪ e) (by Proposition 2.5 (e), applied to X ∪ e and S ∪ e
instead of U and S).

Now, |X ∪ e| ≤ rM (S ∪ e) = |X|. Combined with |X| ≤ |X ∪ e| (since X ⊆
X ∪ e), this shows that |X ∪ e| = |X|. Hence, e ∈ X.

From X ⊆ S ∪ e, we obtain X \ e ⊆ S. Also, X \ e is independent (since X
is independent, and since X \ e ⊆ X). Hence, X \ e is an independent subset
of S. Therefore, |X \ e| ≤ rM (S) (by Proposition 2.5 (e), applied to Z and E \ e
instead of U and S). Thus, rM (S) ≥ |X \ e| = |X| − 1 (since e ∈ X). Since
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rM (S ∪ e) = |X|, this rewrites as rM (S) ≥ rM (S ∪ e)− 1. Combining this with
(8), we obtain rM (S) = rM (S ∪ e)− 1. In other words, rM (S ∪ e) = rM (S) + 1.
This proves Proposition 2.12 (b).

(c) Assume that e is a loop. Let S ∈ P (E) be such that e /∈ S.
The definition of nM (S) shows that nM (S) = |S| − rM (S).
The definition of nM (S ∪ e) shows that

nM (S ∪ e) = |S ∪ e|︸ ︷︷ ︸
=|S|+1

(since e/∈S)

− rM (S ∪ e)︸ ︷︷ ︸
=rM(S)

(by Proposition 2.12 (a))

= |S|+ 1− rM (S)

= |S| − rM (S)︸ ︷︷ ︸
=nM(S)

+1 = nM (S) + 1.

This proves Proposition 2.12 (c).
(d) Assume that e is a coloop. Let S ∈ P (E). We need to show that nM (S ∪ e) =

nM (S). If S ∪ e = S, then this is obvious. Hence, for the rest of this proof, we
WLOG assume that S ∪ e 6= S. Thus, e /∈ S.

The definition of nM (S) shows that nM (S) = |S| − rM (S).
The definition of nM (S ∪ e) shows that

nM (S ∪ e) = |S ∪ e|︸ ︷︷ ︸
=|S|+1

(since e/∈S)

− rM (S ∪ e)︸ ︷︷ ︸
=rM(S)+1

(by Proposition 2.12 (b))

= |S|+ 1− (rM (S) + 1)

= |S| − rM (S) = nM (S) .

This proves Proposition 2.12 (d).

Definition 2.13. Let M = (E, I) be a matroid. A basis of M will mean a basis
of E (for M). We let B (M) denote the set of all bases of M. It is well-known
that M can be uniquely reconstructed from B (M).

Proposition 2.14. Let M = (E, I) be a matroid. We have

B (M) = {B ∈ I | |B| = rM (E)} .

Proof of Proposition 2.14. Let Z ∈ B (M). Thus, Z is a basis of M (since B (M)
is the set of all bases of M). In other words, Z is a basis of E (for M) (by the
definition of a “basis of M”). In other words, Z is a maximum-size independent
(for M) subset of E. Thus, Z is an independent subset of E. In other words,
Z ∈ I . Also, rM (E) = |Z| (since Z is a basis of E). Combined with Z ∈ I , this
yields Z ∈ {B ∈ I | |B| = rM (E)}.

Let us now forget that we fixed Z. We thus have shown that
Z ∈ {B ∈ I | |B| = rM (E)} for every Z ∈ B (M). In other words,

B (M) ⊆ {B ∈ I | |B| = rM (E)} . (9)
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On the other hand, let Y ∈ {B ∈ I | |B| = rM (E)}. Thus, Y ∈ I is such that
|Y| = rM (E). The set Y is independent (since Y ∈ I). Hence, then there exists
a basis T of E such that Y ⊆ T (by Proposition 2.5 (b), applied to S = E and
U = Y). Consider this T. We have |T| = rM (E) (since T is a basis of E) and thus
|T| = rM (E) = |Y|. Combined with Y ⊆ T, this yields Y = T. Thus, Y is a basis
of E (since T is a basis of E). In other words, Y is a basis of M (by the definition
of a “basis of M”). In other words, Y ∈ B (M) (since B (M) is the set of all bases
of M).

Let us now forget that we fixed Y. We thus have shown that Y ∈ B (M) for
every Y ∈ {B ∈ I | |B| = rM (E)}. In other words,

{B ∈ I | |B| = rM (E)} ⊆ B (M) .

Combined with (9), this yields B (M) = {B ∈ I | |B| = rM (E)}. Proposition
2.14 is thus proven.

Next, let us define the dual matroid of a matroid (following [Martin15, Defi-
nition 3.32]):

Definition 2.15. Let M = (E, I) be a matroid. There exists a unique matroid
N = (E,J ) with ground set E such that B (N) = {E \ B | B ∈ B (M)}. This
matroid N is called the dual matroid of M, and is denoted by M∗. For every
S ∈ P (E), we have

rM∗ (S) = |S|+ rM (E \ S)− rM (E) (10)

(by [Schrij13, Theorem 10.3]). It is furthermore easy to see that (M∗)∗ = M.

Proposition 2.16. Let M = (E, I) be a matroid. Let e ∈ E. Then, e is a loop of
M if and only if e is a coloop of M∗.

Proof of Proposition 2.16. The equality (10) (applied to S = E) shows that

rM∗ (E) = |E|+ rM

E \ E︸ ︷︷ ︸
=∅

− rM (E) = |E|+ rM (∅)︸ ︷︷ ︸
=0

−rM (E)

= |E| − rM (E) .

Also, (10) (applied to S = E \ e) shows that

rM∗ (E \ e) = |E \ e|︸ ︷︷ ︸
=|E|−1

(since e∈E)

+rM

E \ (E \ e)︸ ︷︷ ︸
={e}

− rM (E) = |E| − 1 + rM ({e})︸ ︷︷ ︸
=rM(e)

−rM (E)

= |E| − 1 + rM (e)− rM (E) .
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Write the matroid M∗ in the form M∗ = (E,J ). Proposition 2.11 (b) (ap-
plied to M∗ and J instead of M and I) shows that e is a coloop of M∗ if and
only if rM∗ (E) = rM∗ (E \ e) + 1. Hence, we have the following chain of logical
equivalences:

(e is a coloop of M∗)

⇐⇒

 rM∗ (E)︸ ︷︷ ︸
=|E|−rM(E)

= rM∗ (E \ e)︸ ︷︷ ︸
=|E|−1+rM(e)−rM(E)

+1


⇐⇒ (|E| − rM (E) = |E| − 1 + rM (e)− rM (E) + 1)
⇐⇒ (rM (e) = 0) ⇐⇒ (e is a loop of M)

(by Proposition 2.11 (a)). This proves Proposition 2.16.

Definition 2.17. Let M = (E, I) be a matroid. Let Y be a subset of E. Then,
the pair (Y, I ∩ P (Y)) is a matroid with ground set Y. This matroid is called
the restriction of M to Y, and is denoted by M |Y.

Definition 2.18. Let M = (E, I) be a matroid. Let Z be a subset of E.
(a) The deletion of Z from M is defined to be the matroid M |E\Z (that is, the

restriction of M to E \ Z). This is a matroid with ground set Z, and is denoted
by M \ Z.

(b) The contraction of Z in M is defined to be the matroid (M∗ \ Z)∗. This is
a matroid with ground set Z, and is denoted by M/Z.

We shall first show formulas for ranks in M \ Z and M/Z:

Proposition 2.19. Let M = (E, I) be a matroid. Let Z be a subset of E. Let
S ∈ P (E \ Z).

(a) We have rM\Z (S) = rM (S).
(b) We have rM/Z (S) = rM (S ∪ Z)− rM (Z).

Proof of Proposition 2.19. (a) We have S ∈ P (E \ Z), thus S ⊆ E \ Z ⊆ E. Thus,

rM (S) = max {|Y| | Y ∈ I and Y ⊆ S} . (11)

(This is merely the equality (1), with the index Z renamed as Y.)
But the definition of M \ Z yields M \ Z = M |E\Z= (E \ Z, I ∩ P (E \ Z))

(by the definition of M |E\Z). Hence, we can apply (11) to M \ Z, E \ Z and
I ∩ P (E \ Z) instead of M, E and I (since S ⊆ E \ Z). We thus obtain

rM\Z (S) = max {|Y| | Y ∈ I ∩ P (E \ Z) and Y ⊆ S} . (12)

10
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For any subset Y of S, the statements Y ∈ I and Y ∈ I ∩ P (E \ Z) are equiv-
alent2. Thus, (11) becomes

rM (S) = max

|Y| | Y ∈ I︸ ︷︷ ︸
this is equivalent to

Y∈I∩P(E\Z)

and Y ⊆ S


= max {|Y| | Y ∈ I ∩ P (E \ Z) and Y ⊆ S} = rM\Z (S)

(by (12)). This proves Proposition 2.19 (a).
(b) We have S ∈ P (E \ Z), thus S ⊆ E \ Z ⊆ E. Combined with Z ⊆ E, this

yields Z∪ S ⊆ E. From S ⊆ E \ Z, we obtain |(E \ Z) \ S| = |E \ Z| − |S|. Hence,∣∣∣∣∣∣∣E \ (Z ∪ S)︸ ︷︷ ︸
=(E\Z)\S

∣∣∣∣∣∣∣ = |(E \ Z) \ S| = |E \ Z| − |S|.

Now, (10) (applied to E \ (Z ∪ S) instead of S) shows that

rM∗ (E \ (Z ∪ S)) = |E \ (Z ∪ S)|︸ ︷︷ ︸
=|E\Z|−|S|

+rM

E \ (E \ (Z ∪ S))︸ ︷︷ ︸
=Z∪S

(since Z∪S⊆E)

− rM (E)

= |E \ Z| − |S|+ rM (Z ∪ S)− rM (E) . (13)

The definition of M/Z yields M/Z = (M∗ \ Z)∗. The ground set of (M∗ \ Z)∗

is the ground set of M∗ \ Z, which is E \ Z (since the ground set of M∗ is E).
Now, from M/Z = (M∗ \ Z)∗, we obtain rM/Z (S) = r(M∗\Z)∗ (S).

Let us write the matroid M∗ as (E,K).
But let us write the matroid M∗ \ Z as (E \ Z,J ). Then, (10) (applied to

M∗ \ Z, E \ Z and J instead of M, E and I) shows that

r(M∗\Z)∗ (S) = |S|+ rM∗\Z ((E \ Z) \ S)− rM∗\Z (E \ Z)

2Proof. Let Y be a subset of S. We need to show that the statements Y ∈ I and Y ∈ I ∩P (E \ Z)
are equivalent. Since the statement Y ∈ I ∩ P (E \ Z) clearly implies the statement Y ∈ I ,
we only need to show that the statement Y ∈ I implies the statement Y ∈ I ∩ P (E \ Z). Let
us do this now.

Let us assume that Y ∈ I . But Y ⊆ S ⊆ E \ Z, so that Y ∈ P (E \ Z). Combined with
Y ∈ I , this entails Y ∈ I ∩ P (E \ Z). Now, let us forget that we assumed that Y ∈ I . We
thus have shown that the statement Y ∈ I implies the statement Y ∈ I ∩ P (E \ Z). This
completes our proof.

11
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(since the ground set of M∗ \ Z is E \ Z). Hence,

rM/Z (S) = r(M∗\Z)∗ (S)

= |S|+ rM∗\Z ((E \ Z) \ S)︸ ︷︷ ︸
=rM∗ ((E\Z)\S)

(by Proposition 2.19 (a)
(applied to M∗, K and (E\Z)\S

instead of M, I and S))

− rM∗\Z (E \ Z)︸ ︷︷ ︸
=rM∗ (E\Z)

(by Proposition 2.19 (a)
(applied to M∗, K and (E\Z)\S

instead of M, I and S))

= |S|+ rM∗

(E \ Z) \ S︸ ︷︷ ︸
=E\(Z∪S)

− rM∗ (E \ Z)

= |S|+ rM∗ (E \ (Z ∪ S))︸ ︷︷ ︸
=|E\Z|−|S|+rM(Z∪S)−rM(E)

(by (13))

− rM∗ (E \ Z)︸ ︷︷ ︸
=|E\Z|+rM(E\(E\Z))−rM(E)

(by (10)
(applied to E\Z instead of S))

= |S|+ (|E \ Z| − |S|+ rM (Z ∪ S)− rM (E))
− (|E \ Z|+ rM (E \ (E \ Z))− rM (E))

= rM

Z ∪ S︸ ︷︷ ︸
=S∪Z

− rM

E \ (E \ Z)︸ ︷︷ ︸
=Z

(since Z⊆E)

 = rM (S ∪ Z)− rM (Z) .

This proves Proposition 2.19 (b).

Definition 2.20. Let M = (E, I) be a matroid. Let e ∈ E.
(a) We denote the matroid M \ {e} by M \ e. This is a matroid with ground

set E \ {e} = E \ e.
(b) We denote the matroid M/ {e} by M/e. This is a matroid with ground

set E \ {e} = E \ e.

Proposition 2.21. Let M = (E, I) be a matroid. Let e ∈ E. Assume that e is
not a coloop of M. Then,

B (M \ e) = {B ∈ B (M) | e /∈ B} .

Proposition 2.21 shows that our definition of M \ e (in the case when e is not
a coloop of M) is equivalent to the definition in [Martin15, Definition 3.36].

Proof of Proposition 2.21. The definition of M \ e shows that

M \ e = M \ {e} = M |E\{e}= (E \ {e} , I ∩ P (E \ {e})) = (E \ e, I ∩ P (E \ e)) .

12
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Hence, Proposition 2.14 (applied to M \ e, E \ e and I ∩ P (E \ e) instead of M,
E and I) shows that

B (M \ e) =
{

B ∈ I ∩ P (E \ e) | |B| = rM\e (E \ e)
}

.

But E \ e = E \ {e} ∈ P (E \ {e}). Hence, Proposition 2.19 (a) (applied to
Z = {e} and S = E \ e) shows that rM\{e} (E \ e) = rM (E \ e).

But if we had rM (E \ e) 6= rM (E), then the element e would be a coloop of M
(by Proposition 2.11 (c)), which would contradict the fact that e is not a coloop
of M. Hence, we cannot have rM (E \ e) 6= rM (E). In other words, we have
rM (E \ e) = rM (E). Hence, rM\{e} (E \ e) = rM (E \ e) = rM (E)-

Now,

B (M \ e) =

B ∈ I ∩ P (E \ e) | |B| = rM\e (E \ e)︸ ︷︷ ︸
=rM\{e}(E\e)=rM(E)


= {B ∈ I ∩ P (E \ e) | |B| = rM (E)}
= {B ∈ I | |B| = rM (E)}︸ ︷︷ ︸

=B(M)
(by Proposition 2.14)

∩P (E \ e)

= B (M) ∩ P (E \ e) =

B ∈ B (M) | B ∈ P (E \ e)︸ ︷︷ ︸
this is equivalent to B⊆E\e


=

B ∈ B (M) | B ⊆ E \ e︸ ︷︷ ︸
this is equivalent to e/∈B

 = {B ∈ B (M) | e /∈ B} .

This proves Proposition 2.21.

Proposition 2.22. Let M = (E, I) be a matroid. Let e ∈ E. Assume that e is
not a loop of M. Then,

B (M/e) = {B \ e | B ∈ B (M) and e ∈ B} .

Proposition 2.22 shows that our definition of M/e (in the case when e is not a
loop of M) is equivalent to the definition in [Martin15, Definition 3.36].

Proof of Proposition 2.22. Proposition 2.16 shows that e is a loop of M if and only
if e is a coloop of M∗. Thus, e is not a coloop of M∗ (since e is not a loop of M).

But the definition of M∗ shows that

B (M∗) = {E \ B | B ∈ B (M)} = {E \ C | C ∈ B (M)}

13
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(here, we renamed the index B as C).
Write the matroid M∗ as (E,K). Proposition 2.21 (applied to M∗ and K instead

of M and I) shows that

B (M∗ \ e) =

B ∈ B (M∗)︸ ︷︷ ︸
={E\C | C∈B(M)}

| e /∈ B


= {B ∈ {E \ C | C ∈ B (M)} | e /∈ B}

=

E \ C | C ∈ B (M) and e /∈ E \ C︸ ︷︷ ︸
this is equivalent to e∈C

(since e∈E)


= {E \ C | C ∈ B (M) and e ∈ C} .

On the other hand,

M/e = M/ {e} =

M∗ \ {e}︸ ︷︷ ︸
=M∗\e


∗

(by the definition of M/ {e})

= (M∗ \ e)∗ ,

so that

B (M/e) = B
(
(M∗ \ e)∗

)
=

(E \ e) \ B | B ∈ B (M∗ \ e)︸ ︷︷ ︸
={E\C | C∈B(M) and e∈C}


= {(E \ e) \ B | B ∈ {E \ C | C ∈ B (M) and e ∈ C}}

=

(E \ e) \ (E \ C)︸ ︷︷ ︸
=C\e

(since e∈C)

| C ∈ B (M) and e ∈ C


= {C \ e | C ∈ B (M) and e ∈ C}
= {B \ e | B ∈ B (M) and e ∈ B}

(here, we renamed the index C as B). This proves Proposition 2.22.

Proposition 2.23. Let M = (E, I) be a matroid. Let e ∈ E.
(a) If e is a loop of M, then M/e = M \ e.
(b) If e is a coloop of M, then M/e = M \ e.

14
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Proof of Proposition 2.23. Both matroids M/ {e} and M \ {e} have the ground set
E \ {e}.

(a) Assume that e is a loop of M. Proposition 2.11 (a) therefore shows that
rM (e) = 0.

Let S ∈ P (E \ {e}). Proposition 2.19 (b) (applied to Z = {e}) yields

rM/{e} (S) = rM

S ∪ {e}︸ ︷︷ ︸
=S∪e

− rM ({e})︸ ︷︷ ︸
=rM(e)=0

= rM (S ∪ e) = rM (S) (by Proposition 2.12 (a)) .

But Proposition 2.19 (a) (applied to Z = {e}) shows that rM\{e} (S) = rM (S).
Comparing this with rM/{e} (S) = rM (S), we obtain rM/{e} (S) = rM\{e} (S).

Now, let us forget that we fixed S. We thus have shown that rM/{e} (S) =
rM\{e} (S) for every S ∈ P (E \ {e}). In other words, rM/{e} = rM\{e}. Hence,
Corollary 2.7 (applied to M/ {e}, M \ {e} and E \ {e} instead of M, M′ and E)
shows that M/ {e} = M \ {e}. Thus, M/e = M/ {e} = M \ {e} = M \ e. This
proves Proposition 2.23 (a).

(b) Assume that e is a coloop of M. In other words, e is a coloop of (M∗)∗

(since (M∗)∗ = M).
Write the matroid M∗ in the form (E,K). Proposition 2.16 (applied to M∗ and
K instead of M and I) shows that e is a loop of M∗ if and only if e is a coloop of
(M∗)∗. Hence, e is a loop of M∗ (since e is a coloop of (M∗)∗). Hence, Proposition
2.23 (a) (applied to M∗ and K instead of M and I) shows that M∗/e = M∗ \ e.

On the other hand,

M∗/e = M∗/ {e} =
(
(M∗)∗ \ {e}

)∗
(by the definition of M∗/ {e})

=

(M∗)∗︸ ︷︷ ︸
=M

\e

∗ = (M \ e)∗ .

Now,

M/e = M/ {e} =

 M∗ \ {e}︸ ︷︷ ︸
=M∗\e=M∗/e


∗

(by the definition of M/ {e})

=

 M∗/e︸ ︷︷ ︸
=(M\e)∗


∗

=
(
(M \ e)∗

)∗
= M \ e.

This proves Proposition 2.23 (b).

15
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3. The Tutte polynomial

Let us recall the definition of the Tutte polynomial of a matroid (according to
[Martin15, Definition 4.1]):

Definition 3.1. Let M = (E, I) be a matroid. The Tutte polynomial of this
matroid M is defined to be the polynomial

∑
A⊆E

(x− 1)rM(E)−rM(A) (y− 1)|A|−rM(A) ∈ Z [x, y] .

This polynomial is denoted by TM = TM (x, y).

This polynomial has many properties; in particular, it encodes a lot of in-
formation about M. The most relevant property is the following proposition,
which gives a recursive way to compute it (starting with T(∅,∅) = 1) without
ever having to subtract 1:

Proposition 3.2. Let M = (E, I) be a matroid. Let e ∈ E.
(a) If e is a loop, then TM = yTM\e.
(b) If e is a coloop, then TM = xTM/e.
(c) If e is neither a loop nor a coloop, then TM = TM\e + TM/e.

As a corollary, we obtain the following:

Corollary 3.3. Let M = (E, I) be a matroid. Then, TM ∈N [x, y].

Here, N [x, y] denotes the set of all polynomials P ∈ Z [x, y] whose all coeffi-
cients are nonnegative integers.

Proposition 3.2 is well-known (e.g., it is [Martin15, Theorem 4.5]); we shall not
prove it right now, but it will be a consequence of some results further below.

4. The filtered Tutte polynomial

Our goal in this note is to define a generalization of the Tutte polynomial TM for
matroids M equipped with a filtration, i.e., a weakly increasing chain ∅ = E0 ⊆
E1 ⊆ · · · ⊆ Em = E of subsets of E. This generalization will be called the filtered
Tutte polynomial. Let us first define filtered matroids:

Definition 4.1. A filtered matroid means a pair (M, E), where M = (E, I) is a
matroid, and where E is a finite list (E0, E1, . . . , Em) of subsets of E such that

∅ = E0 ⊆ E1 ⊆ · · · ⊆ Em = E.

16
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Definition 4.2. Let M = (M, E) be a filtered matroid, with M = (E, I). Let
e ∈ E. Then, E \ e shall denote the list (E0 \ e, E1 \ e, . . . , Em \ e), where the
list E is written as (E0, E1, . . . , Em). We let M \ e and M/e denote the filtered
matroids (M \ e, E \ e) and (M/e, E \ e).

Definition 4.3. Let M = (M, E) be a filtered matroid, with M = (E, I). Write
the list E as (E0, E1, . . . , Em). The filtered Tutte polynomial of this filtered matroid
M is defined to be the polynomial

∑
A⊆E

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)
∈ Z [x1, x2, . . . , xm, y1, y2, . . . , ym] .

This polynomial is well-defined3, and is denoted by TM.

Filtered Tutte polynomials have the following properties:

Proposition 4.4. Let M = (M, E) be a filtered matroid, with M = (E, I). Write
the list E as (E0, E1, . . . , Em). Then, in the polynomial ring Z [x, y], we have

TM

x, x, . . . , x︸ ︷︷ ︸
m times

, y, y, . . . , y︸ ︷︷ ︸
m times

 = TM (x, y) .

Proposition 4.5. Let M = (E, I) be a matroid, and let E be the list (∅, E).
Then, (M, E) is a filtered matroid, and satisfies

T(M,E) = TM (x1, y1) .

3Proof. We only need to show the following two statements:

Statement 1: We have rM (A ∪ Ei)− rM (A ∪ Ei−1) ∈N for every i ∈ {1, 2, . . . , m}.
Statement 2: We have nM (A \ Ei−1)− nM (A \ Ei) ∈N for every i ∈ {1, 2, . . . , m}.

Proof of Statement 1: Let i ∈ {1, 2, . . . , m}. We have ∅ = E0 ⊆ E1 ⊆ · · · ⊆ Em = E (since
(M, E) is a filtered matroid) and thus Ei−1 ⊆ Ei. Hence, A ∪ Ei−1︸︷︷︸

⊆Ei

⊆ A ∪ Ei. Therefore, (3)

(applied to S = A ∪ Ei−1 and T = A ∪ Ei) shows that rM (A ∪ Ei−1) ≤ rM (A ∪ Ei). In other
words, rM (A ∪ Ei)− rM (A ∪ Ei−1) ∈N. This proves Statement 1.

Proof of Statement 2: Let i ∈ {1, 2, . . . , m}. We have ∅ = E0 ⊆ E1 ⊆ · · · ⊆ Em = E
(since (M, E) is a filtered matroid) and thus Ei−1 ⊆ Ei. In other words, Ei ⊇ Ei−1. Hence,
A \ Ei︸︷︷︸

⊇Ei−1

⊆ A \ Ei−1. Therefore, (7) (applied to S = A \ Ei and T = A \ Ei−1) shows that

nM (A \ Ei) ≤ nM (A \ Ei−1). In other words, nM (A \ Ei−1)− nM (A \ Ei) ∈ N. This proves
Statement 2.
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Proposition 4.6. We have T((∅,∅),(∅)) = 1.

Proposition 4.7. Let M = (M, E) be a filtered matroid, with M = (E, I).
Write the list E as (E0, E1, . . . , Em). Assume that Em−1 = Em. Let E′ be the list
(E0, E1, . . . , Em−1). Then, (M, E′) is a filtered matroid, and satisfies

T(M,E) = T(M,E′).

(Here, we regard Z [x1, x2, . . . , xm−1, y1, y2, . . . , ym−1] as a subring of
Z [x1, x2, . . . , xm, y1, y2, . . . , ym] in the obvious way.)

Proposition 4.8. Let M = (M, E) be a filtered matroid, with M = (E, I). Write
the list E as (E0, E1, . . . , Em). Let e ∈ E.

(a) If e is a loop, then TM = ykTM\e, where k ∈ {1, 2, . . . , m} is such that
e ∈ Ek \ Ek−1.

(b) If e is a coloop, then TM = xkTM/e, where k ∈ {1, 2, . . . , m} is such that
e ∈ Ek \ Ek−1.

(c) If e belongs to Em \ Em−1 and is neither a loop nor a coloop, then TM =
TM\e + TM/e.

We do not know whether Proposition 4.8 can be extended to the case when e
does not belong to Em \ Em−1.

Proposition 4.9. Let M = (M, E) be a filtered matroid. Write the list E as
(E0, E1, . . . , Em). Then, TM ∈N [x1, x2, . . . , xm, y1, y2, . . . , ym].

Here, N [x1, x2, . . . , xm, y1, y2, . . . , ym] denotes the set of all polynomials P ∈
Z [x1, x2, . . . , xm, y1, y2, . . . , ym] whose all coefficients are nonnegative integers.

Proposition 4.10. Let M = (M, E) be a filtered matroid, with M = (E, I).
Write the list E as (E0, E1, . . . , Em).

Then, (M∗, E) is a filtered matroid as well, and satisfies

T(M∗,E) = TM (y1, y2, . . . , ym, x1, x2, . . . , xm) .

We shall now prove the properties listed above.

Proof of Proposition 4.4. By the telescope principle, we have
m

∑
i=1

(rM (A ∪ Ei)− rM (A ∪ Ei−1))

= rM

A ∪ Em︸︷︷︸
=E

− rM

A ∪ E0︸︷︷︸
=∅

 = rM

 A ∪ E︸ ︷︷ ︸
=E

(since A⊆E)

− rM

A ∪∅︸ ︷︷ ︸
=A


= rM (E)− rM (A) . (14)
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By the telescope principle, we have

m

∑
i=1

(nM (A \ Ei−1)− nM (A \ Ei))

= nM

A \ E0︸︷︷︸
=∅

− nM

A \ Em︸︷︷︸
=E

 = nM

A \∅︸ ︷︷ ︸
=A

− nM

 A \ E︸ ︷︷ ︸
=∅

(since A⊆E)


= nM (A)− nM (∅)︸ ︷︷ ︸

=0

= nM (A) = |A| − rM (A) (15)

(by the definition of nM (A)).
The definition of TM yields

TM

x, x, . . . , x︸ ︷︷ ︸
m times

, y, y, . . . , y︸ ︷︷ ︸
m times


= ∑

A⊆E

(
m

∏
i=1

(x− 1)rM(A∪Ei)−rM(A∪Ei−1)

)
︸ ︷︷ ︸

=(x−1)

m
∑

i=1
(rM(A∪Ei)−rM(A∪Ei−1))

(
m

∏
i=1

(y− 1)nM(A\Ei−1)−nM(A\Ei)

)
︸ ︷︷ ︸

=(y−1)

m
∑

i=1
(nM(A\Ei−1)−nM(A\Ei))

= ∑
A⊆E

(x− 1)

m
∑

i=1
(rM(A∪Ei)−rM(A∪Ei−1))

(y− 1)

m
∑

i=1
(nM(A\Ei−1)−nM(A\Ei))

= ∑
A⊆E

(x− 1)rM(E)−rM(A) (y− 1)|A|−rM(A) (by (14) and (15))

= TM (by the definition of TM)

= TM (x, y) .

This proves Proposition 4.4.

Proof of Proposition 4.5. We have ∅ = ∅ ⊆ E = E. Thus, (M, E) is a filtered
matroid. It remains to show that T(M,E) = TM (x1, y1).

Proposition 4.4 (applied to m = 1, (E0, E1, . . . , Em) = (∅, E) and M = (M, E))

yields T(M,E)

x, x, . . . , x︸ ︷︷ ︸
1 times

, y, y, . . . , y︸ ︷︷ ︸
1 times

 = TM (x, y) = TM. Thus,

TM = T(M,E)

x, x, . . . , x︸ ︷︷ ︸
1 times

, y, y, . . . , y︸ ︷︷ ︸
1 times

 = T(M,E) (x, y) .
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Substituting x1 and y1 for x and y on both sides of this equality, we obtain
TM (x1, y1) =

(
T(M,E) (x, y)

)
(x1, y1) = T(M,E). In other words, T(M,E) = TM (x1, y1).

This completes the proof of Proposition 4.5.

Proof of Proposition 4.6. Proposition 4.6 follows straightforwardly from the defi-
nition.

Proof of Proposition 4.7. Since (M, E) is a filtered matroid, we have ∅ = E0 ⊆
E1 ⊆ · · · ⊆ Em = E. Combined with Em−1 = Em, this yields ∅ = E0 ⊆ E1 ⊆
· · · ⊆ Em−1 = E. Thus, (M, E′) is a filtered matroid. It remains to prove that
T(M,E) = T(M,E′).

The definition of T(M,E′) yields

T(M,E′) = ∑
A⊆E

(
m−1

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m−1

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)
.

But

m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

=

(
m−1

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)
(xi − 1)rM(A∪Em)−rM(A∪Em−1)︸ ︷︷ ︸

=1
(since Em−1=Em, so that

rM(A∪Em−1)=rM(A∪Em), so that
rM(A∪Em)−rM(A∪Em−1)=0)

=
m−1

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

and

m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

=

(
m−1

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)
(yi − 1)nM(A\Em−1)−nM(A\Em)︸ ︷︷ ︸

=1
(since Em−1=Em, so that

nM(A\Em−1)=nM(A\Em), so that
nM(A\Em−1)−nM(A\Em)=0)

=
m−1

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei) .
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Now, the definition of T(M,E) yields

T(M,E) = ∑
A⊆E

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)
︸ ︷︷ ︸

=
m−1
∏
i=1

(xi−1)rM(A∪Ei)−rM(A∪Ei−1)

(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)
︸ ︷︷ ︸

=
m−1
∏
i=1

(yi−1)nM(A\Ei−1)−nM(A\Ei)

= ∑
A⊆E

(
m−1

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m−1

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)
= T(M,E′).

This completes the proof of Proposition 4.7.

We shall now prepare for the proof of Proposition 4.8.
First, we introduce the Iverson bracket notation: If S is any logical statement,

then [S ] shall mean the integer

{
1, if S is true;
0, if S is false

.

Next, we shall show some lemmas:

Lemma 4.11. Let M = (E, I) be a matroid. Let e ∈ E. Let A ∈ P (E) be such
that e /∈ A. Let K ∈ P (E). Then,

rM ((A ∪ e) ∪ K) = rM/e (A ∪ (K \ e)) + rM (e) .

Proof of Lemma 4.11. We have e /∈ A, thus A ⊆ E \ {e}.

Let S = A ∪ (K \ e). Then, S = A︸︷︷︸
⊆E\{e}=E\e

∪

 K︸︷︷︸
⊆E

\e

 ⊆ (E \ e) ∪ (E \ e) =

E \ e. In other words, S ∈ P (E \ {e}). Thus, Proposition 2.19 (b) (applied to
Z = {e}) shows that rM/{e} (S) = rM (S ∪ {e})− rM ({e}). Since M/ {e} = M/e,
S ∪ {e} = S ∪ e and rM ({e}) = rM (e), this rewrites as rM/e (S) = rM (S ∪ e)−
rM (e).

But
S︸︷︷︸

=A∪(K\e)

∪e = A ∪ (K \ e) ∪ e︸ ︷︷ ︸
=K∪e

= A ∪ K ∪ e.

Now,

rM/e

A ∪ (K \ e)︸ ︷︷ ︸
=S

 = rM/e (S) = rM

 S ∪ e︸︷︷︸
=A∪K∪e=(A∪e)∪K

− rM (e)

= rM ((A ∪ e) ∪ K)− rM (e) .

In other words, rM ((A ∪ e) \ K) = rM/e (A ∪ (K \ e))+ rM (e). This proves Lemma
4.11.
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Lemma 4.12. Let M = (E, I) be a matroid. Let e ∈ E. Let A ∈ P (E) be such
that e /∈ A. Let K ∈ P (E).

(a) If e ∈ K, then

nM ((A ∪ e) \ K)
= nM/e (A \ (K \ e)) + rM ((A \ K) ∪ e)− rM (A \ K)− rM (e) .

(b) If e /∈ K, then

nM ((A ∪ e) \ K) = nM/e (A \ (K \ e)) + 1− rM (e) .

(c) If e is a loop, then

nM ((A ∪ e) \ K) = nM/e (A \ (K \ e)) + [e /∈ K] .

(d) If e is a coloop, then

nM ((A ∪ e) \ K) = nM/e (A \ (K \ e)) .

(e) If K = E, then

nM ((A ∪ e) \ K) = nM/e (A \ (K \ e)) .

Proof of Lemma 4.12. Let S = A \ (K \ e). Then, S ⊆ A ⊆ E \ {e}. In other words,
S ∈ P (E \ {e}). Thus, Proposition 2.19 (b) (applied to Z = {e}) shows that
rM/{e} (S) = rM (S ∪ {e})− rM ({e}). Since M/ {e} = M/e, S ∪ {e} = S ∪ e and
rM ({e}) = rM (e), this rewrites as rM/e (S) = rM (S ∪ e)− rM (e).

But S = A \ (K \ e) ⊆ (A \ K) ∪ e. Hence,

S︸︷︷︸
⊆(A\K)∪e

∪e ⊆ (A \ K) ∪ e ∪ e = (A \ K) ∪ e.

Combining this with (A \ K)︸ ︷︷ ︸
⊆A\(K\e)=S

∪e ⊆ S ∪ e, this yields S ∪ e = (A \ K) ∪ e. Now,

rM/e

A \ (K \ e)︸ ︷︷ ︸
=S

 = rM (S) = rM

 S ∪ e︸︷︷︸
=(A\K)∪e

− rM (e) = rM ((A \ K) ∪ e)− rM (e) .
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On the other hand,

nM ((A ∪ e) \ K)︸ ︷︷ ︸
=|(A∪e)\K|−rM((A∪e)\K)

(by the definition of nM)

− nM/e (A \ (K \ e))︸ ︷︷ ︸
=|A\(K\e)|−rM/e(A\(K\e))

(by the definition of nM/e)

= (|(A ∪ e) \ K| − rM ((A ∪ e) \ K))−

|A \ (K \ e)| − rM/e (A \ (K \ e))︸ ︷︷ ︸
=rM((A\K)∪e)−rM(e)


= (|(A ∪ e) \ K| − rM ((A ∪ e) \ K))− (|A \ (K \ e)| − (rM ((A \ K) ∪ e)− rM (e)))
= |(A ∪ e) \ K| − rM ((A ∪ e) \ K)− |A \ (K \ e)|+ rM ((A \ K) ∪ e)− rM (e) .

(16)

(a) Assume that e ∈ K. Combined with e /∈ A, this readily yields (A ∪ e) \K =
A \ (K \ e). Also, (A ∪ e) \ K = A \ K (since e ∈ K). Hence, (16) becomes

nM ((A ∪ e) \ K)− nM/e (A \ (K \ e))

=

∣∣∣∣∣∣∣(A ∪ e) \ K︸ ︷︷ ︸
=A\(K\e)

∣∣∣∣∣∣∣− rM

(A ∪ e) \ K︸ ︷︷ ︸
=A\K

− |A \ (K \ e)|+ rM ((A \ K) ∪ e)− rM (e)

= |A \ (K \ e)| − rM (A \ K)− |A \ (K \ e)|+ rM ((A \ K) ∪ e)− rM (e)
= rM ((A \ K) ∪ e)− rM (A \ K)− rM (e) .

In other words,

nM ((A ∪ e) \ K)
= nM/e (A \ (K \ e)) + rM ((A \ K) ∪ e)− rM (A \ K)− rM (e) .

This proves Lemma 4.12 (a).
(b) Assume that e /∈ K. Combined with e /∈ A, this readily yields (A ∪ e) \

K = (A \ (K \ e)) ∪ e. Thus, |(A ∪ e) \ K| = |(A \ (K \ e)) ∪ e| = |A \ (K \ e)|+ 1
(since e /∈ A \ (K \ e) (since e /∈ A)). Also, (A ∪ e) \ K = (A \ K)∪ e (since e /∈ K).
Hence, (16) becomes

nM ((A ∪ e) \ K)− nM/e (A \ (K \ e))

= |(A ∪ e) \ K|︸ ︷︷ ︸
=|A\(K\e)|+1

−rM

(A ∪ e) \ K︸ ︷︷ ︸
=(A\K)∪e

− |A \ (K \ e)|+ rM ((A \ K) ∪ e)− rM (e)

= |A \ (K \ e)|+ 1− rM ((A \ K) ∪ e)− |A \ (K \ e)|+ rM ((A \ K) ∪ e)− rM (e)
= 1− rM (e) .

In other words,

nM ((A ∪ e) \ K) = nM/e (A \ (K \ e)) + 1− rM (e) .
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This proves Lemma 4.12 (b).
(c) Assume that e is a loop. We need to show that

nM ((A ∪ e) \ K) = nM/e (A \ (K \ e)) + [e /∈ K] .

We know that e is a loop. Thus, rM (e) = 0 (by Proposition 2.11 (a)). Proposi-
tion 2.12 (a) (applied to S = A \ K) yields rM ((A \ K) ∪ e) = rM (A \ K).

We are in one of the following two cases:
Case 1: We have e ∈ K.
Case 2: We have e /∈ K.
Let us first consider Case 1. In this case, we have e ∈ K. Thus, Lemma 4.12 (a)

yields

nM ((A ∪ e) \ K)
= nM/e (A \ (K \ e)) + rM ((A \ K) ∪ e)︸ ︷︷ ︸

=rM(A\K)

−rM (A \ K)− rM (e)︸ ︷︷ ︸
=0

= nM/e (A \ (K \ e)) + rM (A \ K)− rM (A \ K)
= nM/e (A \ (K \ e)) .

Compared with

nM/e (A \ (K \ e)) + [e /∈ K]︸ ︷︷ ︸
=0

(since e∈K)

= nM/e (A \ (K \ e)) ,

this yields nM ((A ∪ e) \ K) = nM/e (A \ (K \ e)) + [e /∈ K]. Thus, Lemma 4.12 (c)
is proven in Case 1.

Let us now consider Case 2. In this case, we have e /∈ K. Hence, Lemma 4.12
(b) yields

nM ((A ∪ e) \ K) = nM/e (A \ (K \ e)) + 1− rM (e)︸ ︷︷ ︸
=0

= nM/e (A \ (K \ e)) + 1.

Compared with

nM/e (A \ (K \ e)) + [e /∈ K]︸ ︷︷ ︸
=1

(since e/∈K)

= nM/e (A \ (K \ e)) + 1,

this yields nM ((A ∪ e) \ K) = nM/e (A \ (K \ e)) + [e /∈ K]. Thus, Lemma 4.12 (c)
is proven in Case 2.

Hence, Lemma 4.12 (c) is proven in each of the two Cases 1 and 2. Thus,
Lemma 4.12 (c) always holds.

(d) Assume that e is a coloop. We need to show that nM ((A ∪ e) \ K) =
nM/e (A \ (K \ e)) + 1.
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We know that e is a coloop. Thus, Proposition 2.12 (b) (applied to S = ∅)

yields rM (∅∪ e) = rM (∅)︸ ︷︷ ︸
=0

+1 = 1. Since rM

∅∪ e︸ ︷︷ ︸
={e}

 = rM ({e}) = rM (e), this

rewrites as rM (e) = 1. But Proposition 2.12 (b) (applied to S = A \ K) yields
rM ((A \ K) ∪ e) = rM (A \ K) + 1 (since e /∈ A \ K (since e /∈ A)).

We are in one of the following two cases:
Case 1: We have e ∈ K.
Case 2: We have e /∈ K.
Let us first consider Case 1. In this case, we have e ∈ K. Thus, Lemma 4.12 (a)

yields

nM ((A ∪ e) \ K)
= nM/e (A \ (K \ e)) + rM ((A \ K) ∪ e)︸ ︷︷ ︸

=rM(A\K)+1

−rM (A \ K)− rM (e)︸ ︷︷ ︸
=1

= nM/e (A \ (K \ e)) + rM (A \ K) + 1− rM (A \ K)− 1
= nM/e (A \ (K \ e)) .

Thus, Lemma 4.12 (d) is proven in Case 1.
Let us now consider Case 2. In this case, we have e /∈ K. Hence, Lemma 4.12

(b) yields

nM ((A ∪ e) \ K) = nM/e (A \ (K \ e)) + 1− rM (e)︸ ︷︷ ︸
=1

= nM/e (A \ (K \ e)) + 1− 1 = nM/e (A \ (K \ e)) .

Thus, Lemma 4.12 (d) is proven in Case 2.
Hence, Lemma 4.12 (d) is proven in each of the two Cases 1 and 2. Thus,

Lemma 4.12 (d) always holds.
(e) Assume that K = E.

From A ∪ e ⊆ E = K, we obtain (A ∪ e) \ K = ∅, so that nM

(A ∪ e) \ K︸ ︷︷ ︸
=∅

 =

nM (∅) = 0.
On the other hand, A ⊆ E = K. Combined with e /∈ A, this yields A ⊆ K \ e.

Thus, A \ (K \ e) = ∅, so that nM/e

A \ (K \ e)︸ ︷︷ ︸
=∅

 = nM/e (∅) = 0. Compared

with nM ((A ∪ e) \ K) = 0, this yields nM ((A ∪ e) \ K) = nM/e (A \ (K \ e)). This
proves Lemma 4.12 (e).

Lemma 4.13. Let M = (E, I) be a matroid. Let e ∈ E. Let A ∈ P (E) be such
that e /∈ A. Let K ∈ P (E).
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(a) If e is a loop, then

rM (A ∪ K) = rM\e (A ∪ (K \ e)) .

(b) If e is a coloop, then

rM (A ∪ K) = rM\e (A ∪ (K \ e)) + [e ∈ K] .

(c) If K = E and if e is not a coloop, then

rM (A ∪ K) = rM\e (A ∪ (K \ e)) .

Proof of Lemma 4.13. We have e /∈ A, thus A ⊆ E \ e. Hence, A︸︷︷︸
⊆E\e

∪

 K︸︷︷︸
⊆E

\e

 ⊆
(E \ e) ∪ (E \ e) = E \ e. In other words, A ∪ (K \ e) ∈ P (E \ e). Hence, Proposi-
tion 2.19 (a) (applied to Z = {e} and S = A∪ (K \ e)) shows that rM\{e} (A ∪ (K \ e)) =
rM (A ∪ (K \ e)). Since M \ {e} = M \ e, this rewrites as rM\e (A ∪ (K \ e)) =
rM (A ∪ (K \ e)).

(a) Assume that e is a loop.
If K \ e = K, then

rM\e (A ∪ (K \ e)) = rM

A ∪ (K \ e)︸ ︷︷ ︸
=K

 = rM (A ∪ K) .

Hence, Lemma 4.13 (a) holds in the case when K \ e = K. Thus, for the rest of
this proof, we WLOG assume that K \ e 6= K.

If we had e /∈ K, then we would have K \ e = K, which would contradict
K \ e 6= K. Hence, we cannot have e /∈ K. Thus, e ∈ K. Hence, (K \ e) ∪ e = K.

But Proposition 2.12 (a) (applied to S = A∪ (K \ e)) shows that rM (A ∪ (K \ e) ∪ e) =

rM (A ∪ (K \ e)). Hence, rM (A ∪ (K \ e)) = rM

A ∪ (K \ e) ∪ e︸ ︷︷ ︸
=K

 = rM (A ∪ K).

Hence,
rM\e (A ∪ (K \ e)) = rM (A ∪ (K \ e)) = rM (A ∪ K) .

This proves Lemma 4.13.
(b) Assume that e is a coloop.
We are in one of the following two cases:
Case 1: We have e ∈ K.
Case 2: We have e /∈ K.
Let us first consider Case 1. In this case, we have e ∈ K. Thus, (K \ e) ∪ e = K.
But e /∈ A∪ (K \ e) (since e /∈ A and e /∈ K \ e). Hence, Proposition 2.12 (b) (ap-

plied to S = A ∪ (K \ e)) shows that rM (A ∪ (K \ e) ∪ e) = rM (A ∪ (K \ e)) + 1.
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Since A∪ (K \ e) ∪ e︸ ︷︷ ︸
=K

= A∪ K, this rewrites as rM (A ∪ K) = rM (A ∪ (K \ e)) + 1.

Compared with rM\e (A ∪ (K \ e))︸ ︷︷ ︸
=rM(A∪(K\e))

+ [e ∈ K]︸ ︷︷ ︸
=1

(since e∈K)

= rM (A ∪ (K \ e)) + 1, this yields

rM (A ∪ K) = rM\e (A ∪ (K \ e)) + [e ∈ K]. Thus, Lemma 4.13 (b) is proven in
Case 1.

Let us now consider Case 2. In this case, we have e /∈ K. Thus, K \ e = K.
Now,

rM\e (A ∪ (K \ e))+ [e ∈ K]︸ ︷︷ ︸
=0

(since e/∈K)

= rM\e (A ∪ (K \ e)) = rM

A ∪ (K \ e)︸ ︷︷ ︸
=K

 = rM (A ∪ K) .

Thus, Lemma 4.13 (b) is proven in Case 2.
Hence, Lemma 4.13 (b) is proven in each of the two Cases 1 and 2. Thus,

Lemma 4.13 (b) always holds.
(c) Assume that K = E, and that e is not a coloop.
If we had rM (E \ e) 6= rM (E), then the element e would be a coloop (by

Proposition 2.11 (c)), which would contradict the assumption that e is not a
coloop. Hence, we cannot have rM (E \ e) 6= rM (E). Thus, we must have
rM (E \ e) = rM (E).

Now, A ⊆ E \ e (since e /∈ A) and thus A ∪ (E \ e) = E \ e. Now,

rM\e (A ∪ (K \ e)) = rM

(
A ∪

(
K︸︷︷︸
=E

\e
))

= rM

A ∪ (E \ e)︸ ︷︷ ︸
=E\e

 = rM (E \ e) = rM (E) .

Compared with

rM

(
A ∪ K︸︷︷︸

=E

)
= rM

 A ∪ E︸ ︷︷ ︸
=E

(since A⊆E)

 = rM (E) ,

this yields rM (A ∪ K) = rM\e (A ∪ (K \ e)). This proves Lemma 4.13 (c).

Lemma 4.14. Let M = (E, I) be a matroid. Let e ∈ E. Let A ∈ P (E) be such
that e /∈ A. Let K ∈ P (E). Then,

nM (A \ K) = nM\e (A \ (K \ e)) .

Proof of Lemma 4.14. We have e /∈ A, hence A ⊆ E \ e, thus A \ K ⊆ A ⊆ E \ e.
Hence, A \ K ∈ P (E \ e).
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For every S ∈ P (E \ e), we have nM\e (S) = nM (S) 4. Applying this to
S = A \ K, we obtain nM\e (A \ K) = nM (A \ K).

But e /∈ A. Hence, A \ (K \ e) = A \K. Thus, nM\e

A \ (K \ e)︸ ︷︷ ︸
=A\K

 = nM\e (A \ K) =

nM (A \ K). This proves Lemma 4.14.

Lemma 4.15. Let M = (M, E) be a filtered matroid, with M = (E, I). Write
the list E as (E0, E1, . . . , Em). Let e ∈ E. Assume that e is a loop.

(a) Let k ∈ {1, 2, . . . , m} be such that e ∈ Ek \ Ek−1. Then,

∑
A⊆E;
e∈A

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)

= (yk − 1) TM/e.

(b) We have

∑
A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)

= TM/e.

Proof of Lemma 4.15. The definition of E \ e shows that E \ e = (E0 \ e, E1 \ e, . . . , Em \ e).
The definition of M/e shows that M/e = (M/e, E \ e). The matroid M/e has

4Proof. Let S ∈ P (E \ e). Thus, S ∈ P (E \ e) = P (E \ {e}). Hence, Proposition 2.19 (a)
(applied to Z = {e}) shows that rM\{e} (S) = rM (S). Since M \ {e} = M \ e, this rewrites as
rM\e (S) = rM (S). The definition of nM (S) yields nM (S) = |S| − rM (S). But the definition
of nM\e (S) yields

nM\e (S) = |S| − rM\e (S)︸ ︷︷ ︸
=rM(S)

= |S| − rM (S) = nM (S) ,

qed.
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ground set E \ e. Hence, the definition of TM/e yields

TM/e

= ∑
A⊆E\e︸ ︷︷ ︸
= ∑

A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM/e(A∪(Ei\e))−rM/e(A∪(Ei−1\e))
)(

m

∏
i=1

(yi − 1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))
)

= ∑
A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM/e(A∪(Ei\e))−rM/e(A∪(Ei−1\e))
)(

m

∏
i=1

(yi − 1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))
)

.

(17)

Since (M, E) is a filtered matroid, we have ∅ = E0 ⊆ E1 ⊆ · · · ⊆ Em = E.
Thus, E =

⊔m
i=1 (Ei \ Ei−1). Hence, e ∈ E =

⊔m
i=1 (Ei \ Ei−1). In other words,

there exists exactly one i ∈ {1, 2, . . . , m} satisfying e ∈ Ei \ Ei−1. This i must be k
(since e ∈ Ek \ Ek−1). Thus, for any i ∈ {1, 2, . . . , m}, we have e ∈ Ei \ Ei−1 if and
only if i = k. In other words, for any i ∈ {1, 2, . . . , m}, we have

[e ∈ Ei \ Ei−1] = [i = k] . (18)

(a) Let A ∈ P (E) be such that e /∈ A.
For every i ∈ {1, 2, . . . , m}, we have

rM ((A ∪ e) ∪ Ei)− rM ((A ∪ e) ∪ Ei−1)

= rM/e (A ∪ (Ei \ e))− rM/e (A ∪ (Ei−1 \ e)) (19)

5.
For every i ∈ {1, 2, . . . , m}, we have

nM ((A ∪ e) \ Ei−1)− nM ((A ∪ e) \ Ei)

= nM/e (A \ (Ei−1 \ e))− nM/e (A \ (Ei \ e)) + [i = k] (21)

5Proof of (19): Let i ∈ {1, 2, . . . , m}. Applying Lemma 4.11 to K = Ei, we obtain

rM ((A ∪ e) ∪ Ei) = rM/e (A ∪ (Ei \ e)) + rM (e) . (20)

Applying Lemma 4.11 to K = Ei−1, we obtain

rM ((A ∪ e) ∪ Ei−1) = rM/e (A ∪ (Ei−1 \ e)) + rM (e) .

Subtracting this equality from (20), we obtain

rM ((A ∪ e) ∪ Ei)− rM ((A ∪ e) ∪ Ei−1)

= (rM/e (A ∪ (Ei \ e)) + rM (e))− (rM/e (A ∪ (Ei−1 \ e)) + rM (e))
= rM/e (A ∪ (Ei \ e))− rM/e (A ∪ (Ei−1 \ e)) .

This proves (19).
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6. Thus,

m

∏
i=1

(yi − 1)nM((A∪e)\Ei−1)−nM((A∪e)\Ei)︸ ︷︷ ︸
=(yi−1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))+[i=k]

(by (21))

=
m

∏
i=1

(yi − 1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))+[i=k]︸ ︷︷ ︸
=(yi−1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))(yi−1)[i=k]

=
m

∏
i=1

(
(yi − 1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e)) (yi − 1)[i=k]

)
=

(
m

∏
i=1

(yi − 1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))
) (

m

∏
i=1

(yi − 1)[i=k]

)
︸ ︷︷ ︸

=yk−1
(since all factors of this product are 1

except of the factor for i=k)

=

(
m

∏
i=1

(yi − 1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))
)
(yk − 1) . (23)

Now, the map

{A ⊆ E | e /∈ A} → {A ⊆ E | e ∈ A} , A 7→ A ∪ e

6Proof of (21): Let i ∈ {1, 2, . . . , m}. Thus, Ei−1 ⊆ Ei (since E0 ⊆ E1 ⊆ · · · ⊆ Em).
Applying Lemma 4.12 (c) to K = Ei, we obtain

nM ((A ∪ e) \ Ei) = nM/e (A \ (Ei \ e)) + [e /∈ Ei] . (22)

Applying Lemma 4.12 (c) to K = Ei−1, we obtain

nM ((A ∪ e) \ Ei−1) = nM/e (A \ (Ei−1 \ e)) + [e /∈ Ei−1] .

Subtracting (20) from this equality, we obtain

nM ((A ∪ e) \ Ei−1)− nM ((A ∪ e) \ Ei)

= (nM/e (A \ (Ei−1 \ e)) + [e /∈ Ei−1])− (nM/e (A \ (Ei \ e)) + [e /∈ Ei])

= nM/e (A \ (Ei−1 \ e))− nM/e (A \ (Ei \ e)) + [e /∈ Ei−1]− [e /∈ Ei]︸ ︷︷ ︸
=[e∈Ei\Ei−1]

(since Ei−1⊆Ei)

= nM/e (A \ (Ei−1 \ e))− nM/e (A \ (Ei \ e)) + [e ∈ Ei \ Ei−1]︸ ︷︷ ︸
=[i=k]

(by (18))

= nM/e (A \ (Ei−1 \ e))− nM/e (A \ (Ei \ e)) + [i = k] .

This proves (21).
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is a bijection. Hence, we can substitute A ∪ e for A in the sum

∑
A⊆E;
e∈A

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)
.

We thus obtain

∑
A⊆E;
e∈A

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)

= ∑
A⊆E;
e/∈A


m

∏
i=1

(xi − 1)rM((A∪e)∪Ei)−rM((A∪e)∪Ei−1)︸ ︷︷ ︸
=(xi−1)rM/e(A∪(Ei\e))−rM/e(A∪(Ei−1\e))

(by (19))


(

m

∏
i=1

(yi − 1)nM((A∪e)\Ei−1)−nM((A∪e)\Ei)

)
︸ ︷︷ ︸
=

(
m
∏
i=1

(yi−1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))
)
(yk−1)

(by (23))

= ∑
A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM/e(A∪(Ei\e))−rM/e(A∪(Ei−1\e))
)

(
m

∏
i=1

(yi − 1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))
)
(yk − 1)

= (yk − 1) ∑
A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM/e(A∪(Ei\e))−rM/e(A∪(Ei−1\e))
)

(
m

∏
i=1

(yi − 1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))
)

= (yk − 1) TM/e

(this follows by multiplying both sides of the equality (17) by yk− 1). This proves
Lemma 4.15 (a).

(b) Let A ∈ P (E) be such that e /∈ A.
For every i ∈ {1, 2, . . . , m}, we have

rM (A ∪ Ei)− rM (A ∪ Ei−1)

= rM\e (A ∪ (Ei \ e))− rM\e (A ∪ (Ei−1 \ e)) (24)
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7.
For every i ∈ {1, 2, . . . , m}, we have

nM (A \ Ei−1)− nM (A \ Ei)

= nM\e (A \ (Ei−1 \ e))− nM\e (A \ (Ei \ e)) (26)

8.
But Proposition 2.23 (a) shows that M/e = M \ e. Now,

∑
A⊆E;
e/∈A


m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)︸ ︷︷ ︸
=(xi−1)

rM\e(A∪(Ei\e))−rM\e(A∪(Ei−1\e))

(by (24))




m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)︸ ︷︷ ︸
=(yi−1)

nM\e(A\(Ei−1\e))−nM\e(A\(Ei\e))

(by (26))


= ∑

A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM\e(A∪(Ei\e))−rM\e(A∪(Ei−1\e))
)(

m

∏
i=1

(yi − 1)nM\e(A\(Ei−1\e))−nM\e(A\(Ei\e))
)

= ∑
A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM/e(A∪(Ei\e))−rM/e(A∪(Ei−1\e))
)(

m

∏
i=1

(yi − 1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))
)

(since M \ e = M/e)
= TM/e (by (17)) .

7Proof of (24): Let i ∈ {1, 2, . . . , m}. Applying Lemma 4.13 (a) to K = Ei, we obtain

rM (A ∪ Ei) = rM\e (A ∪ (Ei \ e)) . (25)

Applying Lemma 4.13 (a) to K = Ei−1, we obtain

rM (A ∪ Ei−1) = rM\e (A ∪ (Ei−1 \ e)) .

Subtracting this equality from (25), we obtain

rM (A ∪ Ei)− rM (A ∪ Ei−1) = rM\e (A ∪ (Ei \ e))− rM\e (A ∪ (Ei−1 \ e)) .

This proves (24).
8Proof of (26): Let i ∈ {1, 2, . . . , m}.

Applying Lemma 4.14 to K = Ei, we obtain

nM (A \ Ei) = nM\e (A \ (Ei \ e)) . (27)

Applying Lemma 4.14 to K = Ei−1, we obtain

nM (A \ Ei−1) = nM\e (A \ (Ei−1 \ e)) .

Subtracting (25) from this equality, we obtain

nM (A \ Ei−1)− nM (A \ Ei) = nM\e (A \ (Ei−1 \ e))− nM\e (A \ (Ei \ e)) .

This proves (26).
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This proves Lemma 4.15 (b).

Lemma 4.16. Let M = (M, E) be a filtered matroid, with M = (E, I). Write
the list E as (E0, E1, . . . , Em). Let e ∈ E. Assume that e is a coloop.

(a) We have

∑
A⊆E;
e∈A

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)

= TM/e.

(b) Let k ∈ {1, 2, . . . , m} be such that e ∈ Ek \ Ek−1. Then,

∑
A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)

= (xk − 1) TM/e.

Proof of Lemma 4.16. The definition of E \ e shows that E \ e = (E0 \ e, E1 \ e, . . . , Em \ e).
The definition of M/e shows that M/e = (M/e, E \ e). The matroid M/e has
ground set E \ e. Hence, the definition of TM/e yields

TM/e

= ∑
A⊆E\e︸ ︷︷ ︸
= ∑

A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM/e(A∪(Ei\e))−rM/e(A∪(Ei−1\e))
)(

m

∏
i=1

(yi − 1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))
)

= ∑
A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM/e(A∪(Ei\e))−rM/e(A∪(Ei−1\e))
)(

m

∏
i=1

(yi − 1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))
)

.

(28)

Since (M, E) is a filtered matroid, we have ∅ = E0 ⊆ E1 ⊆ · · · ⊆ Em = E.
Thus, E =

⊔m
i=1 (Ei \ Ei−1). Hence, e ∈ E =

⊔m
i=1 (Ei \ Ei−1). In other words,

there exists exactly one i ∈ {1, 2, . . . , m} satisfying e ∈ Ei \ Ei−1. This i must be k
(since e ∈ Ek \ Ek−1). Thus, for any i ∈ {1, 2, . . . , m}, we have e ∈ Ei \ Ei−1 if and
only if i = k. In other words, for any i ∈ {1, 2, . . . , m}, we have

[e ∈ Ei \ Ei−1] = [i = k] . (29)

(a) Let A ∈ P (E) be such that e /∈ A.
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For every i ∈ {1, 2, . . . , m}, we have

rM ((A ∪ e) ∪ Ei)− rM ((A ∪ e) ∪ Ei−1)

= rM/e (A ∪ (Ei \ e))− rM/e (A ∪ (Ei−1 \ e)) (30)

9.
For every i ∈ {1, 2, . . . , m}, we have

nM ((A ∪ e) \ Ei−1)− nM ((A ∪ e) \ Ei)

= nM/e (A \ (Ei−1 \ e))− nM/e (A \ (Ei \ e)) (32)

10.
Now, the map

{A ⊆ E | e /∈ A} → {A ⊆ E | e ∈ A} , A 7→ A ∪ e

is a bijection. Hence, we can substitute A ∪ e for A in the sum

∑
A⊆E;
e∈A

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)
.

9Proof of (30): Let i ∈ {1, 2, . . . , m}. Applying Lemma 4.11 to K = Ei, we obtain

rM ((A ∪ e) ∪ Ei) = rM/e (A ∪ (Ei \ e)) + rM (e) . (31)

Applying Lemma 4.11 to K = Ei−1, we obtain

rM ((A ∪ e) ∪ Ei−1) = rM/e (A ∪ (Ei−1 \ e)) + rM (e) .

Subtracting this equality from (31), we obtain

rM ((A ∪ e) ∪ Ei)− rM ((A ∪ e) ∪ Ei−1)

= (rM/e (A ∪ (Ei \ e)) + rM (e))− (rM/e (A ∪ (Ei−1 \ e)) + rM (e))
= rM/e (A ∪ (Ei \ e))− rM/e (A ∪ (Ei−1 \ e)) .

This proves (30).
10Proof of (32): Let i ∈ {1, 2, . . . , m}.

Applying Lemma 4.12 (d) to K = Ei, we obtain

nM ((A ∪ e) \ Ei) = nM/e (A \ (Ei \ e)) . (33)

Applying Lemma 4.12 (d) to K = Ei−1, we obtain

nM ((A ∪ e) \ Ei−1) = nM/e (A \ (Ei−1 \ e)) .

Subtracting (31) from this equality, we obtain

nM ((A ∪ e) \ Ei−1)− nM ((A ∪ e) \ Ei) = nM/e (A \ (Ei−1 \ e))− nM/e (A \ (Ei \ e)) .

This proves (32).
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We thus obtain

∑
A⊆E;
e∈A

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)

= ∑
A⊆E;
e/∈A


m

∏
i=1

(xi − 1)rM((A∪e)∪Ei)−rM((A∪e)∪Ei−1)︸ ︷︷ ︸
=(xi−1)rM/e(A∪(Ei\e))−rM/e(A∪(Ei−1\e))

(by (30))




m

∏
i=1

(yi − 1)nM((A∪e)\Ei−1)−nM((A∪e)\Ei)︸ ︷︷ ︸
=(yi−1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))

(by (32))


= ∑

A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM/e(A∪(Ei\e))−rM/e(A∪(Ei−1\e))
)

(
m

∏
i=1

(yi − 1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))
)

= ∑
A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM/e(A∪(Ei\e))−rM/e(A∪(Ei−1\e))
)(

m

∏
i=1

(yi − 1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))
)

= TM/e (by (28))

This proves Lemma 4.16 (a).
(b) Let A ∈ P (E) be such that e /∈ A.
For every i ∈ {1, 2, . . . , m}, we have

rM (A ∪ Ei)− rM (A ∪ Ei−1)

= rM\e (A ∪ (Ei \ e))− rM\e (A ∪ (Ei−1 \ e)) + [i = k] (34)
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11. Thus,

m

∏
i=1

(xi − 1)nM((A∪e)\Ei−1)−nM((A∪e)\Ei)︸ ︷︷ ︸
=(xi−1)

rM\e(A∪(Ei\e))−rM\e(A∪(Ei−1\e))+[i=k]

(by (34))

=
m

∏
i=1

(xi − 1)rM\e(A∪(Ei\e))−rM\e(A∪(Ei−1\e))+[i=k]︸ ︷︷ ︸
=(xi−1)

rM\e(A∪(Ei\e))−rM\e(A∪(Ei−1\e))(xi−1)[i=k]

=
m

∏
i=1

(
(xi − 1)rM\e(A∪(Ei\e))−rM\e(A∪(Ei−1\e)) (xi − 1)[i=k]

)
=

(
m

∏
i=1

(xi − 1)rM\e(A∪(Ei\e))−rM\e(A∪(Ei−1\e))
) (

m

∏
i=1

(xi − 1)[i=k]

)
︸ ︷︷ ︸

=xk−1
(since all factors of this product are 1

except of the factor for i=k)

=

(
m

∏
i=1

(xi − 1)rM\e(A∪(Ei\e))−rM\e(A∪(Ei−1\e))
)
(xk − 1) . (36)

For every i ∈ {1, 2, . . . , m}, we have

nM (A \ Ei−1)− nM (A \ Ei)

= nM\e (A \ (Ei−1 \ e))− nM\e (A \ (Ei \ e)) (37)

11Proof of (34): Let i ∈ {1, 2, . . . , m}. Thus, Ei−1 ⊆ Ei (since E0 ⊆ E1 ⊆ · · · ⊆ Em).
Applying Lemma 4.13 (b) to K = Ei, we obtain

rM (A ∪ Ei) = rM\e (A ∪ (Ei \ e)) + [e ∈ Ei] . (35)

Applying Lemma 4.13 (a) to K = Ei−1, we obtain

rM (A ∪ Ei−1) = rM\e (A ∪ (Ei−1 \ e)) + [e ∈ Ei−1] .

Subtracting this equality from (35), we obtain

rM (A ∪ Ei)− rM (A ∪ Ei−1)

=
(

rM\e (A ∪ (Ei \ e)) + [e ∈ Ei]
)
−
(

rM\e (A ∪ (Ei−1 \ e)) + [e ∈ Ei−1]
)

= rM\e (A ∪ (Ei \ e))− rM\e (A ∪ (Ei−1 \ e)) + [e ∈ Ei]− [e ∈ Ei−1]︸ ︷︷ ︸
=[e∈Ei\Ei−1]

(since Ei−1⊆Ei)

= rM\e (A ∪ (Ei \ e))− rM\e (A ∪ (Ei−1 \ e)) + [e ∈ Ei \ Ei−1]︸ ︷︷ ︸
=[i=k]

(by (29))

= rM\e (A ∪ (Ei \ e))− rM\e (A ∪ (Ei−1 \ e)) + [i = k] .

This proves (34).
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12.
But Proposition 2.23 (a) shows that M/e = M \ e. Now,

∑
A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)
︸ ︷︷ ︸

=

(
m
∏
i=1

(xi−1)
rM\e(A∪(Ei\e))−rM\e(A∪(Ei−1\e))

)
(xk−1)

(by (36))


m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)︸ ︷︷ ︸
=(yi−1)

nM\e(A\(Ei−1\e))−nM\e(A\(Ei\e))

(by (37))



= ∑
A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM\e(A∪(Ei\e))−rM\e(A∪(Ei−1\e))
)

(xk − 1)

(
m

∏
i=1

(yi − 1)nM\e(A\(Ei−1\e))−nM\e(A\(Ei\e))
)

= (xk − 1) ∑
A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM\e(A∪(Ei\e))−rM\e(A∪(Ei−1\e))
)

(
m

∏
i=1

(yi − 1)nM\e(A\(Ei−1\e))−nM\e(A\(Ei\e))
)

= (xk − 1) ∑
A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM/e(A∪(Ei\e))−rM/e(A∪(Ei−1\e))
)

(
m

∏
i=1

(yi − 1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))
)

(since M \ e = M/e)
= (xk − 1) TM/e

(this follows by multiplying both sides of the equality (28) by xk− 1). This proves
Lemma 4.16 (b).
12Proof of (37): Let i ∈ {1, 2, . . . , m}.

Applying Lemma 4.14 to K = Ei, we obtain

nM (A \ Ei) = nM\e (A \ (Ei \ e)) . (38)

Applying Lemma 4.14 to K = Ei−1, we obtain

nM (A \ Ei−1) = nM\e (A \ (Ei−1 \ e)) .

Subtracting (35) from this equality, we obtain

nM (A \ Ei−1)− nM (A \ Ei) = nM\e (A \ (Ei−1 \ e))− nM\e (A \ (Ei \ e)) .

This proves (37).
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Lemma 4.17. Let M = (M, E) be a filtered matroid, with M = (E, I). Write
the list E as (E0, E1, . . . , Em). Let e ∈ E be such that e ∈ Em \ Em−1. Assume
that e is neither a loop nor a coloop.

(a) We have

∑
A⊆E;
e∈A

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)

= TM/e.

(b) We have

∑
A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)

= TM\e.

Proof of Lemma 4.17. Since (M, E) is a filtered matroid, we have ∅ = E0 ⊆ E1 ⊆
· · · ⊆ Em = E.

But from e ∈ Em \ Em−1 /∈ Em−1, we obtain

e /∈ Ej for every j ∈ {0, 1, . . . , m− 1} (39)

13.
Proposition 2.11 (a) shows that the element e is a loop (of M) if and only if

rM (e) = 0. Thus, we don’t have rM (e) = 0 (since e is not a loop). In other words,
we have rM (e) 6= 0. Consequently, rM (e) = 1 14.

The definition of E \ e shows that E \ e = (E0 \ e, E1 \ e, . . . , Em \ e). The defi-
nition of M/e shows that M/e = (M/e, E \ e). The matroid M/e has ground set
E \ e. Hence, the definition of TM/e yields

13Proof of (39): Let j ∈ {0, 1, . . . , m− 1}. Thus, j ≤ m− 1, so that Ej ⊆ Em−1 (since E0 ⊆ E1 ⊆
· · · ⊆ Em). Thus, e /∈ Ej (since e /∈ Em−1). This proves (39).

14Proof. Applying (2) to S = {e}, we obtain rM ({e}) ≤ |{e}| = 1. Thus, rM (e) = rM ({e}) ≤ 1.
Combining this with rM (e) 6= 0, we obtain rM (e) = 1, qed.
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TM/e

= ∑
A⊆E\e︸ ︷︷ ︸
= ∑

A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM/e(A∪(Ei\e))−rM/e(A∪(Ei−1\e))
)(

m

∏
i=1

(yi − 1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))
)

= ∑
A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM/e(A∪(Ei\e))−rM/e(A∪(Ei−1\e))
)(

m

∏
i=1

(yi − 1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))
)

.

(40)

The definition of E \ e shows that E \ e = (E0 \ e, E1 \ e, . . . , Em \ e). The defini-
tion of M \ e shows that M/e = (M \ e, E \ e). The matroid M \ e has ground set
E \ e. Hence, the definition of TM\e yields

TM\e

= ∑
A⊆E\e︸ ︷︷ ︸
= ∑

A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM\e(A∪(Ei\e))−rM\e(A∪(Ei−1\e))
)(

m

∏
i=1

(yi − 1)nM\e(A\(Ei−1\e))−nM\e(A\(Ei\e))
)

= ∑
A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM\e(A∪(Ei\e))−rM\e(A∪(Ei−1\e))
)(

m

∏
i=1

(yi − 1)nM\e(A\(Ei−1\e))−nM\e(A\(Ei\e))
)

.

(41)

(a) Let A ∈ P (E) be such that e /∈ A.
For every i ∈ {1, 2, . . . , m}, we have

rM ((A ∪ e) ∪ Ei)− rM ((A ∪ e) ∪ Ei−1)

= rM/e (A ∪ (Ei \ e))− rM/e (A ∪ (Ei−1 \ e)) (42)

15.
Every j ∈ {0, 1, . . . , m} satisfies

nM
(
(A ∪ e) \ Ej

)
= nM/e

(
A \

(
Ej \ e

))
(44)

15Proof of (42): Let i ∈ {1, 2, . . . , m}. Applying Lemma 4.11 to K = Ei, we obtain

rM ((A ∪ e) ∪ Ei) = rM/e (A ∪ (Ei \ e)) + rM (e) . (43)

Applying Lemma 4.11 to K = Ei−1, we obtain

rM ((A ∪ e) ∪ Ei−1) = rM/e (A ∪ (Ei−1 \ e)) + rM (e) .
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16.
For every i ∈ {1, 2, . . . , m}, we have

nM ((A ∪ e) \ Ei−1)− nM ((A ∪ e) \ Ei)

= nM/e (A \ (Ei−1 \ e))− nM/e (A \ (Ei \ e)) (45)

17.
Now, the map

{A ⊆ E | e /∈ A} → {A ⊆ E | e ∈ A} , A 7→ A ∪ e

is a bijection. Hence, we can substitute A ∪ e for A in the sum

∑
A⊆E;
e∈A

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)
.

Subtracting this equality from (43), we obtain

rM ((A ∪ e) ∪ Ei)− rM ((A ∪ e) ∪ Ei−1)

= (rM/e (A ∪ (Ei \ e)) + rM (e))− (rM/e (A ∪ (Ei−1 \ e)) + rM (e))
= rM/e (A ∪ (Ei \ e))− rM/e (A ∪ (Ei−1 \ e)) .

This proves (42).
16Proof of (44): Let j ∈ {0, 1, . . . , m}. We must prove (44). We are in one of the following two

cases:
Case 1: We have j < m.
Case 2: We have j = m.
Let us first consider Case 1. In this case, we have j < m. Hence, j ∈ {0, 1, . . . , m}, so that

e /∈ Ej (by (39)). Hence, Lemma 4.12 (b) (applied to K = Ej) shows that

nM
(
(A ∪ e) \ Ej

)
= nM/e

(
A \

(
Ej \ e

))
+ 1− rM (e)︸ ︷︷ ︸

=1

= nM/e
(

A \
(
Ej \ e

))
+ 1− 1 = nM/e

(
A \

(
Ej \ e

))
.

Thus, (44) is proven in Case 1.
Let us now consider Case 2. In this case, we have j = m. Thus, Ej = Em = E. Hence,

Lemma 4.12 (e) (applied to K = Ej) shows that nM
(
(A ∪ e) \ Ej

)
= nM/e

(
A \

(
Ej \ e

))
. Thus,

(44) is proven in Case 2.
We have thus proven (44) in each of the two Cases 1 and 2. Hence, (44) always holds.

17Proof of (45): Let i ∈ {1, 2, . . . , m}.
Applying (44) to j = i, we obtain

nM ((A ∪ e) \ Ei) = nM/e (A \ (Ei \ e)) . (46)

Applying (44) to j = i− 1, we obtain

nM ((A ∪ e) \ Ei−1) = nM/e (A \ (Ei−1 \ e)) .

Subtracting (43) from this equality, we obtain

nM ((A ∪ e) \ Ei−1)− nM ((A ∪ e) \ Ei) = nM/e (A \ (Ei−1 \ e))− nM/e (A \ (Ei \ e)) .

This proves (45).
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We thus obtain

∑
A⊆E;
e∈A

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)

= ∑
A⊆E;
e/∈A


m

∏
i=1

(xi − 1)rM((A∪e)∪Ei)−rM((A∪e)∪Ei−1)︸ ︷︷ ︸
=(xi−1)rM/e(A∪(Ei\e))−rM/e(A∪(Ei−1\e))

(by (42))




m

∏
i=1

(yi − 1)nM((A∪e)\Ei−1)−nM((A∪e)\Ei)︸ ︷︷ ︸
=(yi−1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))

(by (45))


= ∑

A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM/e(A∪(Ei\e))−rM/e(A∪(Ei−1\e))
)

(
m

∏
i=1

(yi − 1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))
)

= ∑
A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM/e(A∪(Ei\e))−rM/e(A∪(Ei−1\e))
)(

m

∏
i=1

(yi − 1)nM/e(A\(Ei−1\e))−nM/e(A\(Ei\e))
)

= TM/e (by (40))

This proves Lemma 4.17 (a).
(b) Let A ∈ P (E) be such that e /∈ A.
Every j ∈ {0, 1, . . . , m} satisfies

rM
(

A ∪ Ej
)
= rM\e

(
A ∪

(
Ej \ e

))
(47)

18.

18Proof of (47): Let j ∈ {0, 1, . . . , m}. We must prove (47). We are in one of the following two
cases:

Case 1: We have j < m.
Case 2: We have j = m.
Let us first consider Case 1. In this case, we have j < m. Hence, j ∈ {0, 1, . . . , m}, so that

e /∈ Ej (by (39)). Hence, Ej \ e = Ej.
But combining A ⊆ E \ e (since e /∈ A) with Ej ⊆ E \ e (since e /∈ Ej), we obtain A ∪ Ej ⊆

E \ e, thus A ∪ Ej ∈ P (E \ e). Hence, Proposition 2.19 (a) (applied to Z = {e} and S =

A ∪ Ej) shows that rM\{e}
(

A ∪ Ej
)
= rM

(
A ∪ Ej

)
. Since M \ {e} = M \ e, this rewrites as
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For every i ∈ {1, 2, . . . , m}, we have

rM (A ∪ Ei)− rM (A ∪ Ei−1)

= rM\e (A ∪ (Ei \ e))− rM\e (A ∪ (Ei−1 \ e)) (48)

19.
For every i ∈ {1, 2, . . . , m}, we have

nM (A \ Ei−1)− nM (A \ Ei)

= nM\e (A \ (Ei−1 \ e))− nM\e (A \ (Ei \ e)) (50)

20.

rM\e
(

A ∪ Ej
)
= rM

(
A ∪ Ej

)
. Thus, rM

(
A ∪ Ej

)
= rM\e

A ∪ Ej︸︷︷︸
=Ej\e

 = rM\e
(

A ∪
(
Ej \ e

))
.

Hence, (47) is proven in Case 1.
Let us now consider Case 2. In this case, we have j = m. Thus, Ej = Em = E. Hence,

Lemma 4.13 (c) (applied to K = Ej) shows that rM
(

A ∪ Ej
)
= rM\e

(
A ∪

(
Ej \ e

))
(since e is

not a coloop). Thus, (47) is proven in Case 2.
We have thus proven (47) in each of the two Cases 1 and 2. Hence, (47) always holds.

19Proof of (48): Let i ∈ {1, 2, . . . , m}.
Applying (47) to j = i, we obtain

rM (A ∪ Ei) = rM\e (A ∪ (Ei \ e)) . (49)

Applying (47) to j = i− 1, we obtain

rM (A ∪ Ei−1) = rM\e (A ∪ (Ei−1 \ e)) .

Subtracting this equality from (49), we obtain

rM (A ∪ Ei)− rM (A ∪ Ei−1) = rM\e (A ∪ (Ei \ e))− rM\e (A ∪ (Ei−1 \ e)) .

This proves (48).
20Proof of (50): Let i ∈ {1, 2, . . . , m}.

Applying Lemma 4.14 to K = Ei, we obtain

nM (A \ Ei) = nM\e (A \ (Ei \ e)) . (51)

Applying Lemma 4.14 to K = Ei−1, we obtain

nM (A \ Ei−1) = nM\e (A \ (Ei−1 \ e)) .

Subtracting (49) from this equality, we obtain

nM (A \ Ei−1)− nM (A \ Ei) = nM\e (A \ (Ei−1 \ e))− nM\e (A \ (Ei \ e)) .

This proves (50).
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Now,

∑
A⊆E;
e/∈A


m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)︸ ︷︷ ︸
=(xi−1)

rM\e(A∪(Ei\e))−rM\e(A∪(Ei−1\e))

(by (48))




m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)︸ ︷︷ ︸
=(yi−1)

nM\e(A\(Ei−1\e))−nM\e(A\(Ei\e))

(by (50))


= ∑

A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM\e(A∪(Ei\e))−rM\e(A∪(Ei−1\e))
)(

m

∏
i=1

(yi − 1)nM\e(A\(Ei−1\e))−nM\e(A\(Ei\e))
)

= TM\e (by (41)) .

This proves Lemma 4.17 (b).

Proof of Proposition 4.8. (a) Assume that e is a loop. Let k ∈ {1, 2, . . . , m} be such
that e ∈ Ek \ Ek−1. We need to show that TM = ykTM\e.

Proposition 2.23 (a) shows that M/e = M \ e. The definition of M/e shows
that M/e = (M/e, E \ e). Similarly, M \ e = (M \ e, E \ e). Hence, M/e =M/e︸︷︷︸

=M\e

, E \ e

 = (M \ e, E \ e) = M \ e.

The definition of TM shows that

TM = ∑
A⊆E

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)

= ∑
A⊆E;
e∈A

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)
︸ ︷︷ ︸

=(yk−1)TM/e
(by Lemma 4.15 (a))

+ ∑
A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)
︸ ︷︷ ︸

=TM/e
(by Lemma 4.15 (b))

= (yk − 1) TM/e + TM/e = ykTM/e = ykTM\e (since M/e = M \ e) .

This proves Proposition 4.8 (a).
(b) Assume that e is a coloop. Let k ∈ {1, 2, . . . , m} be such that e ∈ Ek \ Ek−1.

We need to show that TM = xkTM/e.
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The definition of TM shows that

TM = ∑
A⊆E

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)

= ∑
A⊆E;
e∈A

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)
︸ ︷︷ ︸

=TM/e
(by Lemma 4.16 (a))

+ ∑
A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)
︸ ︷︷ ︸

=(xk−1)TM/e
(by Lemma 4.16 (b))

= TM/e + (xk − 1) TM/e = xkTM/e.

This proves Proposition 4.8 (b).
(c) Assume that e belongs to Em \ Em−1 and is neither a loop nor a coloop. The

definition of TM shows that

TM = ∑
A⊆E

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)

= ∑
A⊆E;
e∈A

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)
︸ ︷︷ ︸

=TM/e
(by Lemma 4.17 (a))

+ ∑
A⊆E;
e/∈A

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)
︸ ︷︷ ︸

=TM\e
(by Lemma 4.17 (b))

= TM/e + TM\e = TM\e + TM/e.

This proves Proposition 4.8 (c).

Proof of Proposition 4.9. Let E denote the ground set of M (so that M = (E, I) for
some I ⊆ P (E)). We shall prove Proposition 4.9 by induction on m + |E|. The
induction base (i.e., the case when m + |E| = 0) is trivial and left to the reader.

Induction step: Let N be a positive integer. Assume (as the induction hypothe-
sis) that Proposition 4.9 holds whenever m + |E| = N− 1. We need to show that
Proposition 4.9 holds whenever m + |E| = N.
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So let us assume that we are in the situation of Proposition 4.9, and that we
have m + |E| = N. We need to show that

TM ∈N [x1, x2, . . . , xm, y1, y2, . . . , ym] . (52)

Since (M, E) is a filtered matroid, we have ∅ = E0 ⊆ E1 ⊆ · · · ⊆ Em = E.
We have m > 0 21. Hence, Em \ Em−1 is well-defined. We thus are in one of

the following two cases:
Case 1: We have Em \ Em−1 = ∅.
Case 2: We have Em \ Em−1 6= ∅.
Let us first consider Case 1. In this case, we have Em \ Em−1 = ∅. Combined

with Em−1 ⊆ Em (since E0 ⊆ E1 ⊆ · · · ⊆ Em), this entails that Em−1 = Em. Let E′

be the list (E0, E1, . . . , Em−1). Proposition 4.7 thus shows that (M, E′) is a filtered
matroid, and satisfies T(M,E) = T(M,E′). Now, (m− 1) + |E| = m + |E|︸ ︷︷ ︸

=N

−1 =

N− 1. Hence, the induction hypothesis shows that we can apply Proposition 4.9
to (M, E′), (E0, E1, . . . , Em−1) and E′ instead of M, (E0, E1, . . . , Em−1) and E. As
a consequence, we conclude that T(M,E′) ∈ N [x1, x2, . . . , xm−1, y1, y2, . . . , ym−1].
Now, from M = (M, E), we obtain

TM = T(M,E) = T(M,E′) ∈N [x1, x2, . . . , xm−1, y1, y2, . . . , ym−1]

⊆N [x1, x2, . . . , xm, y1, y2, . . . , ym] .

Thus, (52) is proven in Case 1.
Let us now consider Case 2. In this case, we have Em \ Em−1 6= ∅. Hence, there

exists some e ∈ Em \ Em−1. Pick such an e. Clearly, e ∈ Em \ Em−1 ⊆ Em = E.
The matroid M \ e has ground set E \ e. The filtered matroid M \ e = (M \ e, E \ e)

has E \ e = (E0 \ e, E1 \ e, . . . , Em \ e). Now, m + |E \ e|︸ ︷︷ ︸
=|E|−1

(since e∈E)

= m + |E|︸ ︷︷ ︸
=N

−1 = N −

1. Hence, the induction hypothesis shows that we can apply Proposition 4.9
to M \ e, M \ e, E \ e and (E0 \ e, E1 \ e, . . . , Em \ e) instead of M, M, E and
(E0, E1, . . . , Em). As a result, we obtain

TM\e ∈N [x1, x2, . . . , xm, y1, y2, . . . , ym] .

The matroid M/e has ground set E \ e. The filtered matroid M/e = (M/e, E \ e)
has E \ e = (E0 \ e, E1 \ e, . . . , Em \ e). Now, recall that m + |E \ e| = N − 1.
Hence, the induction hypothesis shows that we can apply Proposition 4.9 to

21Proof. We have m + |E| = N > 0. If we had m = 0, then we would have Em = E0, which would

yield m︸︷︷︸
=0

+

∣∣∣∣∣∣ E︸︷︷︸
=Em=E0=∅

∣∣∣∣∣∣ = |∅| = 0, which would contradict m + |E| > 0. Hence, we cannot

have m = 0. We thus have m > 0, qed.
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M/e, M/e, E \ e and (E0 \ e, E1 \ e, . . . , Em \ e) instead of M, M, E and (E0, E1, . . . , Em).
As a result, we obtain

TM/e ∈N [x1, x2, . . . , xm, y1, y2, . . . , ym] .

We are in one of the following three subcases:
Subcase 2.1: The element e is a loop (of M).
Subcase 2.2: The element e is a coloop (of M).
Subcase 2.3: The element e is neither a loop nor a coloop.
Let us first consider Subcase 2.1. In this Subcase, the element e is a loop (of

M). Hence, Proposition 4.8 (a) (applied to k = m) yields

TM = ym TM\e︸︷︷︸
∈N[x1,x2,...,xm,y1,y2,...,ym]

∈ ymN [x1, x2, . . . , xm, y1, y2, . . . , ym]

⊆N [x1, x2, . . . , xm, y1, y2, . . . , ym] .

Thus, (52) is proven in Subcase 2.1.
Let us now consider Subcase 2.2. In this Subcase, the element e is a coloop (of

M). Hence, Proposition 4.8 (b) (applied to k = m) yields

TM = xm TM/e︸ ︷︷ ︸
∈N[x1,x2,...,xm,y1,y2,...,ym]

∈ xmN [x1, x2, . . . , xm, y1, y2, . . . , ym]

⊆N [x1, x2, . . . , xm, y1, y2, . . . , ym] .

Thus, (52) is proven in Subcase 2.2.
Let us now consider Subcase 2.3. In this Subcase, the element e is neither a

loop nor a coloop. Hence, Proposition 4.8 (c) yields

TM = TM\e︸︷︷︸
∈N[x1,x2,...,xm,y1,y2,...,ym]

+ TM/e︸ ︷︷ ︸
∈N[x1,x2,...,xm,y1,y2,...,ym]

∈N [x1, x2, . . . , xm, y1, y2, . . . , ym] + N [x1, x2, . . . , xm, y1, y2, . . . , ym]

⊆N [x1, x2, . . . , xm, y1, y2, . . . , ym] .

Thus, (52) is proven in Subcase 2.3.
We thus have proven (52) in each of the three Subcases 2.1, 2.2 and 2.3. Since

these three Subcases cover all of Case 2, this yields that (52) always holds in Case
2.

We thus have proven (52) in each of the two Cases 1 and 2. Thus, (52) always
holds. In other words, Proposition 4.9 holds whenever m + |E| = N. This
completes the induction step. The inductive proof of Proposition 4.9 is thus
complete.

Proof of Proposition 4.10. Since (M, E) is a filtered matroid, we have ∅ = E0 ⊆
E1 ⊆ · · · ⊆ Em = E. Thus, (M∗, E) is a filtered matroid (since E is the ground
set of M∗). It remains to prove that T(M∗,E) = TM (y1, y2, . . . , ym, x1, x2, . . . , xm).
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For every S ∈ P (E), let us write S for the set E \ S ∈ P (E). We have

nM∗ (S) = rM (E)− rM
(
S
)

for every S ∈ P (E) (53)

22. Furthermore,

rM∗ (S) = nM (E)− nM
(
S
)

for every S ∈ P (E) (54)

23.
The definition of TM shows that

TM = ∑
A⊆E

(
m

∏
i=1

(xi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(yi − 1)nM(A\Ei−1)−nM(A\Ei)

)
.

Substituting (y1, y2, . . . , ym, x1, x2, . . . , xm) for (x1, x2, . . . , xm, y1, y2, . . . , ym) in this

22Proof of (53): Let S ∈ P (E). The definition of nM∗ yields

nM∗ (S) = |S| − rM∗ (S)︸ ︷︷ ︸
=|S|+rM(E\S)−rM(E)

(by (10))

= |S| − (|S|+ rM (E \ S)− rM (E))

= rM (E)− rM

 E \ S︸ ︷︷ ︸
=S

(since S=E\S)

 = rM (E)− rM
(
S
)

.

This proves (53).
23Proof of (54): Let S ∈ P (E). The definition of nM yields nM (E) = |E| − rM (E). The definition

of nM yields nM
(
S
)
=
∣∣S∣∣ − rM

(
S
)
. Since S ⊆ E, we have |E| = |S| + |E \ S|, so that

|S| = |E| −

∣∣∣∣∣∣∣∣∣∣
E \ S︸ ︷︷ ︸
=S

(since S=E\S)

∣∣∣∣∣∣∣∣∣∣
= |E| −

∣∣S∣∣. Now,

nM (E)︸ ︷︷ ︸
=|E|−rM(E)

− nM
(
S
)︸ ︷︷ ︸

=|S|−rM(S)

= (|E| − rM (E))−
(∣∣S∣∣− rM

(
S
))

= |E| −
∣∣S∣∣︸ ︷︷ ︸

=|S|

+rM

 S︸︷︷︸
=E\S

− rM (E)

= |S|+ rM (E \ S)− rM (E) = rM∗ (S) (by (10)) .

This proves (54).
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identity, we obtain

TM (y1, y2, . . . , ym, x1, x2, . . . , xm)

= ∑
A⊆E

(
m

∏
i=1

(yi − 1)rM(A∪Ei)−rM(A∪Ei−1)

)(
m

∏
i=1

(xi − 1)nM(A\Ei−1)−nM(A\Ei)

)

= ∑
A⊆E

(
m

∏
i=1

(yi − 1)rM(A∪Ei)−rM(A∪Ei−1)
)(

m

∏
i=1

(xi − 1)nM(A\Ei−1)−nM(A\Ei)
)

(
here, we have substituted A for A in the sum, since the map

P (E)→ P (E) , A 7→ A is a bijection

)
= ∑

A⊆E

(
m

∏
i=1

(xi − 1)nM(A\Ei−1)−nM(A\Ei)
)(

m

∏
i=1

(yi − 1)rM(A∪Ei)−rM(A∪Ei−1)
)

.

(55)

On the other hand, every i ∈ {1, 2, . . . , m} satisfies

rM∗ (A ∪ Ei)− rM∗ (A ∪ Ei−1) = nM
(

A \ Ei−1
)
− nM

(
A \ Ei

)
(56)

24. Furthermore, every i ∈ {1, 2, . . . , m} satisfies

nM∗ (A \ Ei−1)− nM∗ (A \ Ei) = rM
(

A ∪ Ei
)
− rM

(
A ∪ Ei−1

)
(58)

25. Now, recall that the matroid M∗ has ground set E. Hence, the definition of

24Proof of (56): Let i ∈ {1, 2, . . . , m}.
We have A ∪ Ei = E \ (A ∪ Ei) = (E \ A)︸ ︷︷ ︸

=A

\Ei = A \ Ei. Applying (54) to S = A ∪ Ei, we

obtain

rM∗ (A ∪ Ei) = nM (E)− nM

A ∪ Ei︸ ︷︷ ︸
=A\Ei

 = nM (E)− nM
(

A \ Ei
)

. (57)

The same argument (but applied to Ei−1 instead of Ei) yields

rM∗ (A ∪ Ei−1) = nM (E)− nM
(

A \ Ei−1
)

.

Subtracting this equality from (57), we obtain

rM∗ (A ∪ Ei)− rM∗ (A ∪ Ei−1)

=
(
nM (E)− nM

(
A \ Ei

))
−
(
nM (E)− nM

(
A \ Ei−1

))
= nM

(
A \ Ei−1

)
− nM

(
A \ Ei

)
.

This proves (56).
25Proof of (58): Let i ∈ {1, 2, . . . , m}.

We have A \ Ei = E \ (A \ Ei) = (E \ A) ∪ Ei (since Ei ⊆ E), hence A \ Ei = (E \ A)︸ ︷︷ ︸
=A

∪Ei =
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T(M∗,E) yields

T(M∗,E)

= ∑
A⊆E


m

∏
i=1

(xi − 1)rM∗ (A∪Ei)−rM∗ (A∪Ei−1)︸ ︷︷ ︸
=(xi−1)nM(A\Ei−1)−nM(A\Ei)

(by (56))




m

∏
i=1

(yi − 1)nM∗ (A\Ei−1)−nM∗ (A\Ei)︸ ︷︷ ︸
=(yi−1)rM(A∪Ei)−rM(A∪Ei−1)

(by (56))


= ∑

A⊆E

(
m

∏
i=1

(xi − 1)nM(A\Ei−1)−nM(A\Ei)
)(

m

∏
i=1

(yi − 1)rM(A∪Ei)−rM(A∪Ei−1)
)

= TM (y1, y2, . . . , ym, x1, x2, . . . , xm) (by (55)) .

This proves Proposition 4.10.

As promised, we can now derive Proposition 3.2 and Corollary 3.3:

Proof of Proposition 3.2. Let E be the list (∅, E). Then, Proposition 4.5 shows that
(M, E) is a filtered matroid, and satisfies T(M,E) = TM (x1, y1). Clearly, e ∈ E =

E \∅.
Let M be the filtered matroid (M, E). Thus, TM = T(M,E) = TM (x1, y1).
It is easy to see that M/e = (M/e, (∅, E \ e)). Write the matroid M/e in the

form (E \ e,J ). Then, Proposition 4.5 (applied to M/e, E \ e and J instead
of M, E and I) shows that (M/e, (∅, E \ e)) is a filtered matroid, and satisfies
TM/e,(∅,E\e) = TM/e (x1, y1). This latter equality rewrites as TM/e = TM/e (x1, y1)
(since M/e = (M/e, (∅, E \ e))).

It is easy to see that M \ e = (M \ e, (∅, E \ e)). Write the matroid M \ e in
the form (E \ e,K). Then, Proposition 4.5 (applied to M \ e, E \ e and K instead
of M, E and I) shows that (M \ e, (∅, E \ e)) is a filtered matroid, and satisfies

A ∪ Ei. Applying (53) to S = A \ Ei, we obtain

nM∗ (A \ Ei) = rM (E)− rM

A \ Ei︸ ︷︷ ︸
=A∪Ei

 = rM (E)− rM
(

A ∪ Ei
)

. (59)

The same argument (but applied to Ei−1 instead of Ei) yields

nM∗ (A \ Ei−1) = rM (E)− rM
(

A ∪ Ei−1
)

.

Subtracting this equality from (59), we obtain

nM∗ (A ∪ Ei)− nM∗ (A ∪ Ei−1)

=
(
rM (E)− rM

(
A \ Ei

))
−
(
rM (E)− rM

(
A \ Ei−1

))
= rM

(
A \ Ei−1

)
− rM

(
A \ Ei

)
.

This proves (58).
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TM\e,(∅,E\e) = TM\e (x1, y1). This latter equality rewrites as TM\e = TM\e (x1, y1)
(since M \ e = (M \ e, (∅, E \ e))).

(a) Assume that e is a loop. Proposition 4.8 (a) (applied to (M, E), (∅, E)
and 1 instead of M, (E0, E1, . . . , Em) and k) shows that TM = y1TM\e. Since TM =
TM (x1, y1) and TM\e = TM\e (x1, y1), this rewrites as TM (x1, y1) = y1TM\e (x1, y1).
Substituting x and y for x1 and y1 in this equality, we obtain TM (x, y) = yTM\e (x, y).
In other words, TM = yTM\e. This proves Proposition 3.2 (a).

(b) Assume that e is a coloop. Proposition 4.8 (b) (applied to (M, E), (∅, E)
and 1 instead of M, (E0, E1, . . . , Em) and k) shows that TM = x1TM/e. Since TM =
TM (x1, y1) and TM/e = TM/e (x1, y1), this rewrites as TM (x1, y1) = x1TM/e (x1, y1).
Substituting x and y for x1 and y1 in this equality, we obtain TM (x, y) = xTM/e (x, y).
In other words, TM = xTM/e. This proves Proposition 3.2 (a).

(c) Assume that e is neither a loop nor a coloop. Proposition 4.8 (c) (applied
to (M, E) and (∅, E) instead of M and (E0, E1, . . . , Em)) shows that TM = TM\e +
TM/e. Since TM = TM (x1, y1), TM/e = TM/e (x1, y1) and TM\e = TM\e (x1, y1),
this rewrites as TM (x1, y1) = TM\e (x1, y1) + TM/e (x1, y1). Substituting x and y
for x1 and y1 in this equality, we obtain TM (x, y) = TM\e (x, y) + TM/e (x, y). In
other words, TM = TM\e + TM/e. This proves Proposition 3.2 (c).

Proof of Corollary 3.3. Let E be the list (∅, E). Then, Proposition 4.5 shows that
(M, E) is a filtered matroid, and satisfies T(M,E) = TM (x1, y1). Proposition 4.9
(applied to (M, E) and (∅, E) instead of M and (E0, E1, . . . , Em)) shows that
T(M,E) ∈ N [x1, y1]. Since T(M,E) = TM (x1, y1), this rewrites as TM (x1, y1) ∈
N [x1, y1]. Substituting x and y for x1 and y1 in this relation, we obtain TM (x, y) ∈
N [x, y]. In other words, TM ∈N [x, y]. This proves Corollary 3.3.

References

[LiPost15] Nan Li and Alexander Postnikov, Slicing zonotopes, ??

[Martin15] Jeremy L. Martin, Lecture Notes on Algebraic Combinatorics, August 19,
2015.

[Schrij13] Alexander Schrijver, A Course in Combinatorial Optimization, February
3, 2013.

50

https://www.math.ku.edu/~jmartin/LectureNotes.pdf
https://www.math.ku.edu/~jmartin/LectureNotes.pdf
http://homepages.cwi.nl/~lex/files/dict.pdf
http://homepages.cwi.nl/~lex/files/dict.pdf

	Introduction
	Matroids
	The Tutte polynomial
	The filtered Tutte polynomial

