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Abstract. We construct a new family (sz of quasisymmetric

> acComp
functions for each element g of the base ring. We call them the “enriched

g-monomial quasisymmetric functions”. When r := g + 1 is invertible,
this family is a basis of QSym. It generalizes Hoffman’s “essential quasi-
symmetric functions” (obtained for 4 = 0) and Hsiao’s “monomial peak
functions” (obtained for g = 1), but also includes the monomial qua-
sisymmetric functions as a limiting case.

We describe these functions qéq) by several formulas, and compute

their products, coproducts and antipodes. The product expansion is
given by an exotic variant of the shuffle product which we call the “stu-
fufuffle product” due to its ability to pick several consecutive entries
from each composition. This “stufufuffle product” has previously ap-
peared in recent work by Bouillot, Novelli and Thibon, generalizing the
“block shuffle product” from the theory of multizeta values.
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1. Introduction

Among the combinatorial Hopf algebras that consist of power series in commuting
indeterminates, one of the largest and most all-embracing is that of the quasisym-
metric functions, called QSym. Originally introduced by Gessel in 1984 [Gessel84], it
has since found applications (e.g.) to enumerative combinatorics ([Sagan20, Chap-
ter 8], §7.19-7.23], [GesZhu18]), multizeta values (e.g., [Hoffma15]), al-
gebraic geometry ([Oesingl8]) and the representation theory of 0-Hecke algebras
([Meliot17, §6.2]).

It was observed by Ehrenborg ([Ehrenb96, Lemma 4.2]; see §3.3] for
a survey) that quasisymmetric functions can also be used to encode the “flag f-
vector” of a finite graded poset — i.e., essentially, the number of chains over a
given sequence of ranks, for each possible sequence of ranks. Soon after, work of
Bergeron, Mykytiuk, Sottile and van Willigenburg ([BMSWO00, Example 5.3], but
see §3.4] for an explicit statement) showed that if the graded poset is
Eulerian (a property shared by face posets of polytopes and simplicial spheres),
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then the resulting quasisymmetric function is not arbitrary but rather belongs to
a certain subalgebra of QSym called Stembridge’s Hopf algebra or the peak algebra or
the odd subalgebra I1_ of QSym. It was initially defined by Stembridge [Stembr97,
§3] in order to find a fundamental expansion of the Schur P- and Q-functions, and
has since been studied by others for related and unrelated reasons ([AgBeSo14,
§6, particularly Proposition 6.5], [BMSW99], [BMSWO00, §5], [Hsiao07] etc.); among
other properties, it is a Hopf subalgebra of QSym.

Almost all bases of QSym constructed so far are indexed by compositions (i.e.,
tuples of positive integers), and their structure constants are often governed by
versions of shuffle products and deconcatenation coproducts. The peak algebra is
smaller, and its bases are often indexed by odd compositions, i.e., compositions whose
entries are all odd. One of its simplest bases is defined as follows (for the sake of
simplicity, we use Q as a base ring here): If n € N and if « = (a1,a2,...,a¢) is a
composition of n (that is, a tuple of positive integers with a1 +ay + - -- +ay = n),
then we define the formal power series

o = Z 2|{811g2/~"1g"}|xg1xg2 S Xg, )
1<g1<g < <gu;
gi=gi+1 for each i€E(a)

€ Q[x1,x2,x3,...]],

where E («) denotes the set {1,2,...,n —1}\{a; + a2+ ---+a; | 0 <i < ¢}. This
1. belongs to the Q-algebra QSym of quasisymmetric functions over Q. If we let
« range over all odd compositions (i.e., compositions («1,ay,...,ay) whose entries «;
are all odd), then the 7, form a basis of the peak algebra over Q.

In this form, the power series 7, have been introduced by Hsiao ([Hsiao07, Propo-
sition 2.1], although his 7, differ from ours by a sign), who called them the monomial
peak functions. Hsiao computed their products, coproducts (in the sense of Hopf al-
gebra) and antipodes, and obtained some structural results for the peak algebra.

In this paper, we generalize the 7, by replacing the power of 2 in (1) by a power
of an arbitrary element r of the base ring. We furthermore study the resulting
quasisymmetric functions for all compositions « (not only for the odd ones). Thus

(9)

we obtain a new family (17“ of quasisymmetric functions for each element

)txeComp
q of the base ring. When r := g 4 1 is invertible, this family is a basis of QSym. It

generalizes Hoffman’s “essential quasi-symmetric functions” (obtained for g = 0)
and Hsiao’s monomial peak functions (obtained for 4 = 1), but also includes the
monomial quasisymmetric functions as a limiting case.

()

We call our functions #,'"’ the enriched q-monomial quasisymmetric functions. We
describe them by several formulas, and compute their products, coproducts and
antipodes (generalizing Hsiao’s results). The product expansion is the most inter-
esting one, as it is given by an exotic variant of the shuffle product which we call
the “stufufuffle product” due to its ability to pick several consecutive entries from
each composition. This “stufufuffle product” has previously appeared in recent
work by Bouillot, Novelli and Thibon [BoNoTh22, (1)], where it was proposed as
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a generalization of the “block shuffle product” from the theory of multizeta values
([HirSat22]). While the authors of [BoNoTh22] have already found a basis of QSym
that multiplies according to this product, ours is simpler and more natural. The co-

product and antipode formulas for iyc(ﬂ) are fairly simple (the coproduct is given by

deconcatenation, whereas the antipode involves the parameter g being replaced by
its reciprocal 1/4 and the composition « being reversed). We also express the func-

(9)

tions 77, in terms of the monomial and fundamental bases of QSym and vice versa.

Finally, we discuss how Hopf subalgebras of QSym can be constructed by picking

a subset of the set of all compositions. (This generalizes the peak subalgebra.)
This paper is the first of (at least) two. The next shall extend the theory of

extended P-partitions to incorporate the parameter g, which will shed a new light
()

onto the enriched g-monomial quasisymmetric functions 7," while also leading to
a new basis of QSym.

Several results in this paper have appeared (mostly without proof) in the ex-
tended abstracts [GriVas21] and [GriVas22].

1.1. Structure of the paper

This paper is organized as follows:
We begin by recalling the definition of quasisymmetric functions (and some con-
comitant notions) in Section

Then, in Section {3, we define the quasisymmetric functions ;7§ﬂ> and prove their

simplest properties (conversion formulas to the M- and L-bases, formulas for an-
tipode and coproduct). In particular, we show that the family of these functions

n,ﬁ‘” (where « ranges over all compositions) forms a basis of QSym if and only if

r := g+ 1 is invertible in the base ring.
Consequently, in Section 4} we introduce and study the basis of NSym dual to
this basis of QSym.
(7),,(q)

In Section 5, we use this to express the product 775"'7:"" in three equivalent ways.
Finally, we discuss some applications in Section[6] and establish one last formula

for 17,(;7) in Section @
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2.

2.1.

Quasisymmetric functions

Formal power series and quasisymmetry

We will use some of the standard notations from [GriRei20, Chapter 5]. Namely:

We let N = {0,1,2,...}.

We fix a commutative ring k.

We consider the ring k [[x1, x2,x3,...]] of formal power series in countably
many commuting variables xl,xz, X3,.... A monomial shall mean a formal
[ TI.%)

expression of the form xj'x, x3 -+, where &« = (aq,ap,a3,...) € N® is a
sequence of nonnegative integers such that only finitely many «; are posi-
tive. Formal power series are formal infinite k-linear combinations of such
monomials.

Each monomial x x2 - has degree a1 +ay + a3 + -

A formal power series f € k|[[x1,x2,x3,...]] is said to be of bounded degree if
there exists some d € IN such that each monomial in f has degree < d (that
is, each monomial of degree > d has coefficient 0 in f).

For example, the formal power series (x1 + X + X3+ - - - )° is of bounded degree,

but the formal power series 1

=1+x+xf+x3+--- isnot.

We shall now introduce the notion of pack-equivalent monomials. Let us first illus-
trate it by an example:

7

Example 2.1. Question: What do the monomials x1x3x4x9 and x3x;x10x3, and
x5x6x8x9 have in common (but not in common with x] x3x4x9) ?

Answer: They have the same sequence of nonzero exponents (when the vari-

ables are ordered in increasing order —i.e., if i < j, then x; goes before x]) Or,

to put it differently, they all have the form xjx7xcx3 for some a < b < ¢ < d. We
shall call such pairs of monomials pack-equivalent.

Let us define this concept more rigorously:
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Definition 2.2. Two monomials m and n are said to be pack-equivalent if they can
be written in the forms
— M, e — M, 02
m=X Xy X, and i1 %72 je
for some ¢ € IN, some positive integers ay,4a,...,a4y and two strictly increasing
(-tuples (ip <ip < --- <ip)and (j1 < jo < --- < jy) of positive integers.

For example, the monomials x%xglex% and x%xelox%6 are pack-equivalent, since
they can be written as x{x}xyxg = x{'x” - x; and x3xjx10xf, = x7'x72 - 2}/ for
¢ = 4 and (aj,ay,...,a;) = (4,7,1,2) and (i1 <ip < ---<1i) = (1,3,4,9) and
(h <jp<---<jp) = (3,4,10,16).

We are now ready to define the quasisymmetric functions:

Definition 2.3. (a) A formal power series f € k[[x1, X2, x3,...]] is said to be
quasisymmetric if it has the property that any two pack-equivalent monomi-
als have the same coefficient in f (that is: if m and n are two pack-equivalent
monomials, then the coefficient of m in f equals the coefficient of n in f).

(b) A quasisymmetric function means a formal power series f € k [[x1, x2, x3,. . ]]
that is quasisymmetric and of bounded degree.

Quasisymmetric functions have been introduced by Gessel in [Gessel84] (for k =
Z at least, but the general case is not much different). Introductions to their theory
can be found in [GriRei20, Chapters 5-6], [Stanle24, §7.19], [Sagan20, Chapter 8],
[Malven93, §4] and various other texts.

It is known (see [Malven93, Corollaire 4.7] or [GriRei20, Proposition 5.1.3]) that
the set of all quasisymmetric functions is a k-subalgebra of k [[x1,x2,x3,...]]. It
is denoted by QSym and called the ring of quasisymmetric functions. It has several
bases (as a k-module), most of which are indexed by compositions.

2.2. Compositions

A composition means a finite list (a1, a2, ..., a;) of positive integers. The set of all
compositions is denoted by Comp. The empty composition & is the composition (),
which is a O-tuple.

The length ¢ () of a composition & = (a1, a, ..., &) is defined to be the number
k.

If o = (aq,4p,...,0¢) IS @ composition, then the nonnegative integer a1 + ay +
-+ + g is called the size of & and is denoted by |a|. For any n € IN, we define a
composition of n to be a composition that has size n. We let Comp,, be the set of all
compositions of n (for given n € IN). For example, (1,5,2,1) is a composition with
size 9 (since [(1,5,2,1)| =1+54+2+1=9), so that (1,5,2,1) € Comp,,.

For any n € Z, we let [n] denote the set {1,2,...,n}. This set is empty whenever
n < 0, and otherwise has size n.
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It is well-known that any positive integer n has exactly 2"~! compositions. This
has a standard bijective proof (“stars and bars”) which is worth recalling, as the
bijection itself will be used a lot:

Definition 2.4. Let n € IN. Let P ([n — 1]) be the powerset of [n — 1] (that is, the
set of all subsets of [n — 1]).

(@) We define a map D : Comp, — P ([n —1]) by

D([Xl,acz,...,lxk):{061+0é2+"'+06i | iE[k—l]}
={a, a1 +ay g +ar+az, ..., ap+ap+-oFapq}.

(b) We define a map comp : P ([n —1]) — Comp,, as follows: For any I €
P ([n—1]), we set

comp (I) = (11 — io,iz — i1/~ . .,im — im_1>,

where iy, i1, ...,iy are the elements of the set I U {0,n} listed in increas-
ing order (so that ip < iy < --- < iy, therefore iy = 0 and i, = n and
{i1<i2<"'<im_1}21).

The maps D and comp are mutually inverse bijections. (See [Grinbeld, de-
tailed version, Proposition 10.17] for a detailed proof of this.)

For example, for n = 8, we have D (2,1,3,2) = {2, 2+1, 24+1+3} = {2,3,6}
and comp {2,3,6} = (2—-0,3—-2,6—-3, 8—6) = (2,1,3,2). Note that the mean-
ing of comp (I) for a given set I depends on 7, and thus the notation is ambigu-
ous unless n is specified. In contrast, the notation D («) is unambiguous, since
a € Comp,, uniquely determines 7 to be |a|.

The notation D in Definition [2.4| presumably originates in the word “descent”,
but the connection between D and actual descents is indirect and rather misleading.
We prefer to call D the “partial sum map” (as D (a) consists of the partial sums of
the composition &) and its inverse comp the “interstitial map” (as comp (I) consists
of the lengths of the intervals into which the elements of I split the interval [n]).
Note that Stanley, in [Stanle24] §7.19], writes S, for D («) and writes co (I) for
comp (I).

Note that every composition « of size |a| > 0 satisfies |D (a)| = ¢ (a) — 1, so
that |D («)| +1 = ¢ («). But this fails if « is the empty composition & = () (since
D()=@and ¢ () =0).

2.3. The monomial and fundamental bases of QSym

We will only need two bases of QSym: the monomial basis and the fundamental
basis.
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If « = (aq,a,...,ap) is a composition, then we define the monomial quasisymmet-
ric function M, € QSym by
_ a1.,02 N R
M, = Z Xi X Xj, = Z m. (2)
i <ip<---<iyp m is a monomial
pack-equivalent

A1 .,.42 &y
to Xy XpTe Xy

For example,

My = Y x%xj = 23y + x3x3 + xdxs + x3xs + xdxg + B3ag + -
i<j

The family (M,) weComp 1S @ basis of the k-module QSym, and is known as the
monomial basis of QSym.
For any composition «, we define the fundamental quasisymmetric function L, €
QSym by
La= Y, Mg (3)

BeComp,,;
D(p)=2D(w)

where n = |a| (so that « € Comp,,). It is not hard to rewrite this aﬂ
Ly = ) Xiy Xip *** X, 4)

i1 <ip <+ <iy;
<ij;1 whenever jeD(a)

}j

(again with n = |a|). This quasisymmetric function L, was originally called F,
in Gessel’s paper [Gessel84] (and in some later work such as [Malven93]), but the
notation L, has since spread more widely.

The family (L) weComp 15 @ basis of the k-module QSym, and is known as the

fundamental basis of QSym.

3. The enriched g-monomial functions
3.1. Definition and restatements
Convention 3.1. From now on, we fix an element g of the base ring k. We set
r=gq-+1.

We shall now introduce a new family of quasisymmetric functions depending on

q:

1See [Grinbel5, detailed version, Corollary 10.18] for a proof that the right hand side of equals
the right hand side of (3).
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Definition 3.2. For any n € IN and any composition & € Comp,, we define a

quasisymmetric function 17,,@ € QSym by

W=y Py (5)

BcComp,;
D(B)SD(a)

We shall refer to 17[(;7) as the enriched g-monomial function corresponding to «.

Example 3.3.

(@) Setting n =5 and a« = (1,3,1) in this definition, we obtain

(@) ¢
’7(;3,1) = Z r (ﬁ)Mﬁ
BeComps;
D(g)cD(1,31)

RLIT (since D (1,3,1) = {1,4})
BeComps;
D(B)C{14}

= r'OMs) + r Y Mg +r Mgy +r 03D M (54

(since the compositions B € Comps satisfying D () C {1,4} are (5), (1,4),
(4,1) and (1,3,1)). This simplifies to

’757,)3,1) = rMs) + "M g) +1* M) + 1M1

(b) For any positive integer 1, we have

because the only composition B € Comp, satisfying D () C D (n) is
the composition (n) itself (since D (n) is the empty set &) and has length
¢ (n) = 1. Likewise, the empty composition @ = () satisfies

(9)

The quasisymmetric function 7,"’ generalizes several known power series. For

() (0)

g = 0, the series 1,"" = 17, ' is the “essential quasi-symmetric function” E; (for
I = D (a)) defined in [Hoffmal5, (8)]. When « is an odd composition (i.e., all
entries of a are odd) and g = 1, the series W,ch) = 17,,(61) is precisely the 7, defined

in [AgBeSo14, (6.1)], and differs only in sign from the 7, given in [Hsiao07, (2.1)]

(because of [Hsiao07, Proposition 2.1]). (This is the reason for the notation 17,9).)
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(9)

Finally, in an appropriate sense, we can view M, as the “g — oo limit” of #,"’; to

(9)

be precise, this is saying that when #," is considered as a polynomial in g (over
QSym), its leading term is g‘() M, (which is obvious from (5) and r = g + 1).
The following two propositions are essentially restatements of (5):

Proposition 3.4. Let n € N and & € Comp,,. Then,

77§ﬂ) = Z ri{g1/g2/--~/gn}|xg1 Xgot Xgus (6)

81582 <8n;
gi=gi+1 for each ie[n—1]\D(a)

where the sum is over all weakly increasing n-tuples (g
]

g << gy) of
positive integers that satisfy (g; = gj+1 foreachi € [n —1 (a

w)).

Proof. If g = (g1 < g2 <--- < gn) is a weakly increasing n-tuple of positive inte-
gers, then we let Ascg denote the set of all i € [n — 1] satisfying ¢; < g1 (or,
equivalently, g; # git+1). Thus, Ascg is the set of all positions at which the entries
of g get larger (or, equivalently, change values). For instance, Asc (3,3,4,6,8,8,8) =
{2,3,4}.
Let B € Comp,,. Write B as B = (B1,B2,---,B¢); thus, £(B) = £ and By + B2 +
-+ By =mnand

1<
\D

— PP ¥P
Mﬁ - . . Z 111 122 ) l/ (7)
i <ip<--<iy

(by the definition of Mg). Moreover, the definition of D (p) yields that

D(B)=1{B1, Bi+B2 Br+B2+B3 ..., B1+Pa+ -+ Pr_1}
={B1<P1+P<Bi+BatBs<--<P1+Pot--+Br1};

thus, the elements of D (p) subdivide the interval {1,2,...,n} into ¢ subintervals
of sizes B1, B2, ..., B¢ (from left to right).

A weakly increasing n-tuple g = (g1 < go < --- < gn) satisfies Ascg = D (B) if
and only if its entries are constant on each of these ¢ subintervals (i.e., we must
have g; = g; whenever i and j belong to the same subinterval) but strictly increase
as we pass from one subinterval to the next (since Ascg is the set of all positions
at which the entries of g change values). Hence, a weakly increasing n-tuple g =
(g1 < g2 <--- < gqn) satisfies Ascg = D (B) if and only if it begins with B copies
of a positive integer i1, then continues with B, copies of a larger positive integer
ip, then continues further with B3 copies of a yet-larger positive integer i3, and so

on. Consequently, for any weakly increasing n-tuple g = (g1 < g < --- < gy) that

satisfies Ascg = D (), we can rewrite the monomial x¢, X, - - - Xg, as x[3 1xﬁ & i !

using these positive integers iy < i, < --- <iy.
Conversely, any monomial of the form x/3 ! ﬁ R xi "with iy <ip < --- < iy can

be rewritten in the form xg,x¢, - - - x4, for a umque weakly increasing n-tuple g =
(91 < g <--- < gp) that satisfies Ascg = D (B) (indeed, it has degree B1 + B2 +
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-+++ By = n, and so can be written in the form x¢, x,, - - - x¢, for a unique weakly
increasing n-tuple g = (g1 < g2 < - -+ < gn); but then, the property Ascg = D (B)
follows from the arguments in the previous paragraph).

Combining the results of the previous two paragraphs, we conclude that the

monomials xiﬁ1 ! xi R xi * that appear on the right hand side of (7) are precisely the

monomials X¢, X, - - - Xg, for all weakly increasing n-tuples g = (g1 < g2 < --- < gn)
satisfying Ascg = D (B). Therefore, we can rewrite (7) as

Mg = Y. Xg Xgy * " Xgye (8)
g8=(81<82<--<gn);
Ascg=D(p)

Let us furthermore observe the following: If a weakly increasing n-tuple g =
(91 < g2 <--- < gy) satisfies Ascg = D (B), then

181,82/, gn}| =1

(since we have proved above that the monomial xg,x, - - - X, can be written as

Proba ... xi * for some integers iy < iy < --- < iy, and thus contains exactly ¢

distinct indeterminates, but this is saying precisely that the set {g1,$2,...,4x} has
exactly ¢ distinct elements) and thus

t(B)=Lt=1181,82-- &n}l. ©)
Now, multiplying the equality (8) by (), we find
r€<ﬁ)Mﬁ = ( Z | rg(ﬁ) xglng Ce xgn
=(91<gr<--<gy); .
i ST
— Z r‘{g1/g2/“"g”}|xg1xg2 e xgn' (10)
8=(81<82<<gn);
Ascg=D(p)

Forget that we fixed B. We thus have proved for each B € Comp,,. Now,
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becomes
W= Y My
BeComp,;
D(B)SD(a)

— Z Z rl{glrgzr“"g"}‘xglxgz e xgn (by )

peComp,; g=(g1<g2<-<gn);
D(B)CD(a) Ascg=D(B)

= Z Z rl{glrgzr'"/g"}‘xglxgz e xgn
IC[n—1]; g=(81<82<"<gn);
ICD(a) Ascg=I

here, we have substituted I for D (g) in the first sum,
since the map D : Comp, — P ([n — 1]) is a bijection

e Z r|{g11g2/"'/gn}|xglxg2 e xg”
8=(81<82<"<gn);
AscgCD(a)
— Z r|{glrg2/""g”}|xg1xg2 e xgn

8=(81<82=<<gn);
gi=gi.1 for each i€[n—1]\D(a)

(since the condition “Ascg C D (a)” imposed on a weakly increasing n-tuple g =
(g1 < g2 <--- < gn) is equivalent to the condition “g; = g; 1 for eachi € [n — 1]\
D (a)”). This proves Proposition O

Proposition 3.5. Let &« = (a1, ap,...,a7) € Comp. Then,

r]{iq) _ Z r|{i1,i2,...,ig}|x?;1x?¢22 . (11)

o . ig’
11<ip<--<iyp

where the sum is over all weakly increasing ¢-tuples (ip <ip <---<ip)of posi-
tive integers.

Proof. Let n = |a|, so that « € Comp,. Clearly, it suffices to show that the right
hand sides of (6) and are identical.

We claim that the monomials xg, xg, - - - xg, for all n-tuplesﬁ @1 << <g)
satisfying (g; = gi+1 for each i € [n — 1]\ D («)) are precisely the monomials of the
form xf‘lle‘zz e x?‘e‘ for all ¢-tuples (iy <ip < -+ < ip).

Indeed, let us set

Spi= a1+ ay+ -+ ag for each k € [/].

Thus, D («) = {s1,52,...,5¢_1}and s; = |«| = n. Hence, an n-tuple (g1 < g2 < -+ < gu)
satisfies
(¢i = Qi1 foreachi e [n—1]\ D (a))

2We are no longer saying “weakly increasing”, since this is automatically implied by the notation
(§1<8 < <gn)
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if and only if it satisfies

81 =82 =" """ =&
S gsl+1 - g51+2 - = gSZ
S g52+1 = g82+2 == gS3
S gSZ,1+1 = gSZ—1+2 == gsl/,

(that is, if its entries can grow only at the positions sy, sy, . ..,s,_1). Therefore, such
an n-tuple is uniquely determined by its “essential” entries g, gs,, .., gs,- More
precisely, there is a bijection from the set

n-tuples (¢ < ¢» < --- < ¢y) satisfyin i =giy1 foreachi e [n—1]\ D («
P 8 8 8 ymg (& =&

to the set
{l-tuples (i1 <ip <---<1iy)},

which sends each n-tuple (g1 < g» < --- < gy) from the former set to its “subword”
(851 <80 <+ < 8s)) ﬂ This bijection has the property that

— 21,82 &p — {i 3 i
XgyXgy« o+ Xg, = X; X2 Xy and {81,982, ---,8n} = {i1, 02, ..., 0is}

whenever it sends an n-tuple (g1 < go < -+ < gy) to the -tuple (iy < ip < --- <iy) =
(gs; < 8sp < -+ - < gs,) (because the n-tuple (g1 < g2 < --- < gy) consists of a; copies
of i1, followed by a; copies of iy, followed by a3 copies of i3, and so on). This shows
that the right hand sides of the equalities (6) and are identical. Hence,
follows from (6). This proves Proposition O

3.2. The 1754’7) as a basis

The equality (5) writes each enriched g-monomial function ngﬂ) as a k-linear com-

bination of Mp’s. Conversely, we can expand each monomial quasisymmetric func-

(9)

tion Mg as a k-linear combination of 77,""’s, at least after multiplying it by rt(B):.

3This bijection is precisely the bijection @ from [Grinbel5, detailed version, proof of Proposition
10.69]. Indeed, our set

n-tuples (g1 < g» < --- < gy) satisfyin i =gir1 foreachi € [n—1]\ D («
p 8§1=8& 8 ymg (8 =&

is the set 7 from [Grinbel5| detailed version, proof of Proposition 10.69] (since the condition
“gi = git1 foreachi € [n —1]\ D (a)” can be rewritten as “{j € [n —1] | ¢ < gj+1} € D (a)"),
whereas our set

{l-tuples (i1 <ip <---<ip)}

is the set J from [Grinbel5, detailed version, proof of Proposition 10.69].
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Proposition 3.6. Let n € IN. Let § € Comp,, be a composition. Then,

rPMg= Y (=1)"B)—H®) ,7‘507).
acComp,;;
D(a)SD(PB)

For the proof of this proposition (and some later ones as well), we will need the
Iverson bracket notation:

Convention 3.7. If A is a logical statement, then [.A] shall denote the truth value
of A (that is, the number 1 if A is true, and the number 0 if A is false).

For example, [2+2=4]=1and 2+2=5] =0.
The following lemma is a classical elementary property of finite sets, but we
recall its proof for the sake of completeness:

Lemma 3.8. Let S and T be two finite sets. Then,

Y ()P =(s=1].

ICS;
TCI

Proof. If T € S, then the left hand side is an empty sum and thus equals 0, as does
the right hand side. Hence, for the rest of this proof, we WLOG assume that T C S.
Hence, S\ T = @ holds if and only if S = T. Therefore, [S\ T = @] =[S = T].
Each subset I of S can be uniquely written as S\ | for a unique subset | of
S (namely, this | is the complement of I in S). Thus, we can reindex the sum
)3 (—1)|S|7|I‘ by substituting S \ ] for I. Thus, we obtain

ICS;
TCI

Z(_l)lslflllz Z (_1)|5H5\JI — Z (_1)|I\: Z (_1)UI

ICS; jcs;, STT—~—" JCS; JCS;

s res\) - == TCS\J JES\T
(since [S|—|S\]|=[J])
since the condition “T C S\ J”
is equivalent to “] C S\ T” when
both | and T are subsets of S
_ Z (_1)|]\ (12)

JCS\T

(since each subset ] C S\ T satisfies | C S).
However, a known fact about finite sets (see, e.g., [Grinbe20, Proposition 2.9.10])

says that ) (—1)'1 = [S = @]. Applying this fact to S\ T instead of S, we obtain
ICS
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)y (—1)'” =[S\ T = @] =[S = T|. Thus, (12) becomes
ICS\T
Z (_1)\5|—|1\ _ Z (_1)U| _ Z (_1)|1\ =[S=T].
IS JCS\T ICS\T
This proves Lemma O

We will also use the following property of compositions:

Lemma 3.9. Let n € IN. Then:

(@) We have ¢ (6) = |D (6)| + [n # 0] for each 6 € Comp,,.

Comp,,.

(b) We have ¢(B) — £ (a) = |D(B)| — |D ()| for any « € Comp, and B €

Proof. (a) Part (a) follows easily from the definition of D (6). For a detailed proof,

see [GriVas23| Corollary 2.6].

(b) Use part (a). For a detailed proof, see [GriVas23, Corollary 2.7].

Proof of Proposition For each « € Comp,, we have

y€Comp,;
D(y)CD(a)

(by (B), with B renamed as 7). Hence,

Z (_1)5(!3)—4(04) 7]D(Cﬂi)

acComp,,;

D(a)SD(B)

=Y ()@ g
acComp,,; y€Comp,,;
D(«)SD(B) D(7)ED(a)

— Y Y (=1)"B)—H®) r'IM,,

x€Comp,; y€Comp,;
D(a)SD(B) D(7)ED(a)

J

~~

= X r
y€Compy, a€Comp,,;

D(7)CD(w)CD()
=Y A0M, Y (et

y€Comp,, x€Comp,,;
D(v)SD(a)SD(B)

]

(13)
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However, for each v € Comp,, we have

Y (_1)5(5)*5(4%)

— -
x€Comp,,; M

—(—1)/D®B)=ID(@)]
DneDwbp) SN
_ Z (_1)\D(ﬁ)\—\D(N)| _ Z (_1)|D(l3)|—|1\
aeComp,; IC[n-1];
D(7)CD(a)CD(B) D(y)CICD(B)

here, we have substituted I for D («) in the sum,
since the map D : Comp, — P ([n —1]) is a bijection

S (_1)|D(ﬁ)|—|1| since D (B) C [n — 1], so that each subset I
N 1CD(B); of D (B) is also a subset of [n — 1]

D_(W)QI’

[D(B) =D (v)] (by Lemma 3.8 applied to S = D (B) and T = D (7))
=[B=1] (since the map D is a bijection) .

Hence, becomes

) D VL CRUC TOIS SIC) VAR S SR ORI

ac€Comp, ; y€Comp,, x€Comp,,;
D(«)CD(p) D(7)SD()=D(p) )
=[p=1]
= Y AOM[B=1]=r"P My
y€Comp,,

(since the factor [ = ] in the sum ensures that the only nonzero addend in the
sum is the addend for -y = ). This proves Proposition O

Proposition shows that the quasisymmetric functions rg(ﬁ)M[; for all B €
Comp are k-linear combinations of the enriched g-monomial quasisymmetric func-

(9)
4

tions 7,"’. If r is invertible in k, then it follows that the monomial quasisymmetric

functions M,; are such combinations as well, and thus the family (%f”) c
acComp

spans the k-module QSym in this case. But we can actually say more:

Theorem 3.10. Assume that 7 is invertible in k. Then:

(@) The family (17,3(?) is a basis of the k-module QSym.

> xcComp

(b) Let n € IN. Consider the n-th graded component QSym_ of the graded k-

module QSym. Then, the family <;7§ﬂ)

QSym,,.

) is a basis of the k-module
a€Comp,,
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Proof. (b) Define a partial order < on the finite set Comp, by setting
B<u if and only if C(B) < l(w).

If two compositions «, B € Comp,, satisfy D () C D («) and B # «, then D (B) is

a proper subset of D («) (since D is a bijection, so that B # a entails D () # D («)),

and thus we have |D ()| < |D («)| and therefore ¢ () < ¢ («) (by Lemma [3.9| (b))
and thus

B<ua (14)

(by the definition of the partial order <).
For each & € Comp, , we have

1 5(‘1) _ Z B M 5 (by the definition of mgﬂ))
BeComp,;
D()=D(«)
— rz(lx)M’x + Z r‘e(ﬁ)Mﬁ
peComp,,;
D(B)D(w);
pra

= "M, + (a linear combination of Mg with § € Comp,, satisfying B < «)

(by ). Since r is invertible, this shows that the family <17,§q) expands

> a€Comp,,

invertibly triangularly in the family (M) ,cc omp, With respect to the partial order <

(where we are using the terminology from [GriRei20, §11.1]). Hence, a classical fact
about triangular expansions ([GriRei20, Corollary 11.1.19(e)]) shows that the family

<;7 ‘gq))aeComp is a basis of the k-module QSym,, (since the family (Ma),ecomp, 18

a basis of QSym, ). This proves Theorem (b).

(a) Theorem [3.10| (b) says that the family (qy) is a basis of the k-module

) x€Comp,,

QSym,, for each n € IN. Hence, the family (;7§ﬂ)) c is a basis of the k-module
xcComp

@ QSym, = QSym. This proves Theorem 3.10 (a). [

nelN

()

Theorem [3.10| (a) has a converse: If the family (17“ is a basis of QSym,

>zx€C0mp
then r is invertible. (This is already clear from considering its unique degree-1

entry 17((;7)) =rM).)

3.3. Relation to the fundamental basis
(9)

We can also expand the 7," in the fundamental basis and vice versa:
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Proposition 3.11. Let n be a positive integer. Let « € Comp,,. Then,

B = Y (—1)PON@I D@D@IL,
y€Comp,,

Proposition 3.12. Let n be a positive integer. Let v € Comp,,. Then,

ML= Y (—1)PO\P@I =\ DMUD@) ).

ac€Comp,,

Note that Proposition generalizes [Hsiao07, Proposition 2.2].
Both propositions can be proved by the help of a rather simple identityﬂ

Lemma 3.13. Let S and T be two finite sets. Then,

Z (_1)|I\T| q\mﬂ =[S CT] ISl
ICS

Proof of Lemma We are in one of the following two cases:

Case 1: We have S C T.

Case 2: We have S ¢ T.

Let us first consider Case 1. In this case, we have S C T. Hence, [S C T] =1, so
that [S C T] Sl =115 = #IS1,

Also, each subset I of S satisfies I C S C T and therefore satisfies [ \ T = & and
INT = 1. Hence,

Y (_1)|1\T|q\mT/| =Y (=1)l@! gl

ICS e ICS 0
=(—1)/@lgHl =(-1)"=1
(since I\T=@ and INT=I)

=Y 4. (15)

ICS

Now, consider the sum ¥ gl!l on the right hand side. This sum contains (’i‘)
ICS

copies of each possible power g* (since the number of k-element subsets of S is

4We will use Convention
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S|
5] ), and thus can be rewritten as Y 5] k. Hence, (15) rewrites as
k k)7

k=0

Y- (—)INT gl — % (!i|>qk

ICS k=0
=(1+9) 51 (by the binomial formula)
= 7l (sincel+qg=g+1=r)
=[sCT] 7% <since [ScT]-5l = r‘5|> .

Thus, Lemma is proved in Case 1.

Let us now consider Case 2. In this case, we have S Z T. Hence, [S C T] =0, so
that [SC T] -7l =075 = 0.

There exists some s € S such thats ¢ T (since S £ T). Consider this s. Now,
each subset I of S satisfies either s € [ or s ¢ I (but not both). Hence,

Y (-n)ign

ICS
q + q
sl sél
_y (—1) (DT q|(1u{s})mTl + Y (- 1) lInT]
e (1)1 =q!""! e

(since s¢T and s¢1, so (since s¢T and
that |(IU{s})\T|=|I\T|+1) thus (IU{s})NT=INT)

here, we have substituted I U {s} for I in the first sum,
sincethemap {ICS | s¢I} - {ICS | sel}
that sends each I to I U {s} is a bijection

_ Z ( )\I\T\+1 q|mT\ + Z |I\T|q|mT|

Ics, " ICS;
s¢l =—(-1 )‘I\T| s¢l
=-Y (-1 )\I\T\ g7l 4 Y (— |1\T| gl =0 =[scCT] 7l

ICS; ICS;

s¢l sl
(since [S C T] - IS = 0). Thus, Lemma is proved in Case 2. The proof of
Lemma is thus complete. O

Proof of Proposition We begin by observing that

ID(B)|+1=LE(B) (16)

for every g € Comp,, ﬂ

>Proof. Let B € Comp,,. From n # 0 (since 7 is positive), we obtain [n # 0] = 1. However, Lemma
(a) (applied to 6 = B) yields ¢ (B) = |D (B)| + [n # 0] = |D (B)| + 1. This proves .
N——

=1
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Let T := D («). Thus, D («) = T, so that

rY (—1)PEN@ D@l

y€Comp,,
=r Yy (=1)IPONTI D)1 L,
y€Comp,, _ \2/ Ms
BeComp,,;
D(B)2D(v)

(by the definition of L)
=r ) (—1)|D(7)\T| g!P(NT| Y M

y€Comp,, BeComp,;
D(p)=2D(7)
=r Y Y (_1)|D(7)\T|q\D(7)ﬂTlMﬁ,
BeComp, y€Comp,;
D(p)=2D(7)

However, every p € Comp,, satisfies

Y (=1)/PONTI gID(nNT]

y€Comp,;
D(p)=2D(7)
= Y. (—p)TiginT

IC[n—1];

D(p)=21

here, we have substituted I for D (y) in the sum,
since the map D : Comp, — P ([n —1]) is a bijection

= Y ()Tt (since D () € [1 1))

ICD(B)

_ D (p) C T] - /1P
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(by Lemma applied to S = D (B)). Hence, this becomes

v Z (_1)\13(7)\13(06)\qlD(v)ﬂD(“NLW

y€Comp,,
=7 Z Z (_1)|D(7)\T| q\D(7)0T| Mg
peComp, y€Comp,;
D(B)2D(7)
_[D(B)CT]-rDB]
BeComp,, BeComp,,;
D(B)CT
14
= Y COBM= } M
BcComp,; —(B) BcComp,;
D(B)ET  (by (16) D(p)cT
= Y P (since T = D («))
BcComp,;
D(B)=D(w)
= 17,,(607) (by the definition of 17,&‘7)) .
This proves Proposition .11} O

Proof of Proposition For each subset ] of [n — 1], we let | denote its complement
[n—1] \ J. It is easy to see that

D(B)|=n—t(p) (17)

for every g € Comp,, ﬁ

®Proof. Let B € Comp,. From n # 0 (since n is positive), we obtain [n # 0] = 1. However,
Lemma(a) (applied to 6 = B) yields ¢ (B) = |D (B)| + [n # 0] = |[D (B)| + 1, so that |D (B)| =
——

[ [ :l

¢(B) — 1. However, the definition of D (B) yields D (B) = [n — 1] \ D (B). Hence,

ID(B)| = n—1\D(p)
= |ln=1]] =[D(p) (since D (B) < [n—1])
~—— ~——
(since:Z:%E]N) =)
=n=-1)—-(p)-1)=n—L(p).
This proves (T7).
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Let T := D (7). Thus, D (y) = T, so that

Y (_1)\D(7)\D(0¢)|ql[nfl]\(D('r)UD(tX))\,?i‘?)

x€Comp,,
= Y (—p)T®] glin-1(Tup)] 7l
acComp,, _ Y ﬂ(ﬁ)Mﬁ
BeComp,,;
D(B)CSD(«)

(by the definition of 7"
= Y (M@l gle-nTo@)| ey,

acComp,, peComp,,;
D(B)SD(«)
o S P P IS
BcComp, acComp,;
D(B)=D(a)

However, every B € Comp,, satisfies

Z (-1 )\T\D \q| I\(TuD(a))|

acComp,,;

D(B)CD(a)
_ Z (_1)|T\K|q|[n71]\(TUK)|

KC[n—-1j;
D(B)cK

here, we have substituted K for D («) in the sum,
since the map D : Comp, — P ([n — 1]) is a bijection

_ (—1)T gl (7o)
Ic [n— 5 — N —
D(B)Cl =(-1)I"T! =g
—— (since T\I=I\T) (since we have
=y [n—1]\(TUT)=TUI=IUT=INT
ICD(B) by de Morgan’s laws)

(since the subsets I of [n—1]
satisfying D(B)CI are precisely
the subsets of D(B))

( here, we have substituted I for K in the sum, since )

the map P ([n —1]) — P ([n —1]) that sends each
subset I to its complement [ is a bijection

= ¥ (—p)\TighnTl = [W C T] .+|D(B)]
ICD(B)
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(by Lemma applied to S = D (B)). Hence, this becomes

Y (_1)|D(7)\D(lx)|ql[n—ll\(D(v)UD(W))lm(fl)

a€Comp,,

_ Z Z (-1 )|T\D |q|[n 1\(TuD(« )| (B Mﬁ

BcComp, acComp,;

D(B)CD(a) )
—[D(B)<T] PP
= Z D( ) C r|D |r Mﬁ = Z r|D | (B Mﬁ
BeComp,, ] BeComp,,; LB )
DFICT  (oy ()
— Z rn_g(ﬁ)rg(ﬁ) Mﬁ — rn Z M‘B
BeComp,,; — i ~ BeComp,,;
D(B)CT D(B)CT
=r" ). Mg (since T=D (’y))
peComp,;
D(g)=D(7)

since the condition “D () C D (y)” on a

=" Z Mg composition p € Comp, is equivalent
peComp,; to the condition “D () 2 D (vy)”
D(B)=2D(7)
=L,
(by (@), applied to a=1)
— 1’” Lr)/.

This proves Proposition m O

3.4. The antipode of 17,,@

The antipode of QSym is a certain k-linear map S : QSym — QSym that can be
defined in terms of the Hopf algebra structure of QSym, which we have not defined
so far. But there are various formulas for its values on certain quasisymmetric
functions that can be used as alternative definitions. For example, for any n € IN
and any & = (aq,a,...,a7) € Comp,, we have

S (M) = (-1)° CZ M, (18)
yeComp,;;

D(r)/) gD(“f’“ﬂ*l/”'/“l )
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This formula (which appears, e.g., in [Malven93, (4.26)K| and in [GriRei20, The-
orem 5.1.11E| or in [Grinbel5, detailed version, Proposition 10.70]) can be used
to define S (since S is to be k-linear). Also, for each composition &, we have
S(Ly) = (1) o L (a), where w (a) is a certain composition known as the conjugate
of a. See [Malven93| Corollaire 4.20] or [GriRei20, Theorem 5.1.11 and Proposition
5.2.15] for details and proofs. Note that S is a k-algebra homomorphism and an in-
volution (that is, S? = id). (Again, this is derived from abstract algebraic properties
of antipodes in [GriRei20], but can also be showed more directly.)

We will prove two formulas for the antipode of 170@. Both rely on the following

notation:
Definition 3.14. If « = (aq,ap,...,ay) is a composition, then the reversal of « is
defined to be the composition (ay, ay_1,...,a1). It is denoted by rev a.
(7)

We are now ready to state our first formula for the antipode of 7,"" in the case
when g is invertible:

Theorem 3.15. Let p € k be such that pg = 1. Let « € Comp, and let n = |a|.
Then, the antipode S of QSym satisfies

(1) = (=)' il

Proof. From pg = 1, we obtain p = g~!. Furthermore, (p+1)g = pg +q =

=1
1+ g9 =g+ 1=r. Solving this for p + 1, we obtain

p+1= rq_l. (19)

We shall need a few more features of compositions. For any composition 7y &
Comp,,, we let w (7y) denote the unique composition of 7 satisfying

D(w (7)) =[n=1\D(revy). (20)

(This w () is indeed unique, since the map D is a bijection.) Then, a classical
formula ([Malven93) (4.27)] or [GriRei20, (5.2.7)]) says that each y € Comp,, satisfies

S(Ly) = (=1)" Lyy)- (21)
It is also easy to prove (see, e.g., [GriVas23| Proposition 4.3 (d)]) that

w(w(y)) =7 for any v € Comp,, . (22)

"The proof given in [Malven93] requires k to be a Q-algebra, but it is easy to see that the truth of
for k = Q implies the truth of for every commutative ring k.

8Note that [GriRei20, Theorem 5.1.11] uses the notation rev « for the composition (ag,ap_1,...,a1),
and writes “7y coarsens reva” for what we call “y € Comp, and D () C D (reva)”.
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Thus, the map w : Comp, — Comp,, (which sends each v € Comp,, to w (7)) is a
bijection.

We WLOG assume that n # 0 (since the claim of Theorem is easily checked
by hand in the case when n = 0).

From n = |a|, we obtain « € Comp,,.

Now, we make the following combinatorial observation:

Observation 1: Let v € Comp, . Then,
ID(w (7)) ND (@) =£(x) =1~ [D(y)ND (reva)| (23)

and
D (w (7))\D ()| =n—4L(x) = |D(y)\D(reva)l. (24)

The proof of Observation 1 is laborious but fairly straightforward, and can be
found in [GriVas23| Proposition 4.4].
Now, Proposition (applied to reva, p and p + 1 instead of «, g and r) yields

(P) (p + 1) Z (_1)|D(7)\D(revm)| p|D(7)ﬂD(reva)|L’y_ (25)

Hreva =
y€Comp,,

On the other hand, Proposition yields

B = Y (—1)PON@I D@D@IL,
y€Comp,,
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Applying the map S to both sides of this equality, we obtain

S <,70(Lq)> —g (r Z (1)D(7)\D(a)qD(7)ﬂD(a)L7)

y€Comp,,
- _1\|/DO\D(@)] _|D(7)ND(a)] since the map S
B r%(;mpn (=1 1 i (ﬁ_%) ( is k-linear
=(=1)"Loy(y)
(by 1))

=7 Z (_1)|D(7)\D(w)| q\D('y)ﬂD(a)| (—1)" Loy

y€Comp,,
=r Y (_1)|D(W(7))\D(w)\ g!P@)ND@] (_q)n Lotw(n)

Tecompy :(—1)”(—1)\DWWKDWq\D«u(v))mD(m \_:L

(by (22))

here, we have substituted w () for  in the sum,
since the map w : Comp, — Comp,, is a bijection

— 7 2 (—=1)" (_1)|D(w(v))\D(w)l g|D(w(7))ﬁD(zx)| L,

(. J/

’YEComPn —(1 n—E(a):r\D('y)\D(reva)\ :q[(a)—1—|5r(7)ﬁD(revw)|
(by @4) (by 23))
— 7 Z (_1)n (_1)1176(0()—\D(y)\D(revzx)j\gé(a)—l—|D(’y)ﬂD(revzx)l Lr),
y€Comp,, :(71)6(05)(71)|D(7)\D(reva)| _ () —1q—|D('y)ﬂD(revoc)|

— 7 2 (_1)f(0¢) (_1)\D(W)\D(reVO¢)| qf(oé)q—lq—|D(7)ﬂD(revzx)\L’Y

y€Comp,,

= g (_1)5(04) g y (_1)|D(7)\D(re”)| quD(v)ﬁD(reva)Jl L,
~ _\’_J’yeComp N
=p+1 :(_q)m) n —(q? [D(7v)ND(reva)|
(by ) :p\D('y)ﬁD(rev )|

(since g~ '=p)

_ (P + 1) (_q)f(ﬂé) Z (_1)|D(7)\D(revvc)| p|D(7)ﬁD(reva)|L7

r€Comp,,
= (=" (p+1) Y (-1)PONRr DNk,
y€Comp,,
:77\1@\%
(by @5))
= (=) e
This proves Theorem [3.15 O

Theorem generalizes [Hsiao07| Proposition 2.9].
(9)

Our second formula for the antipode of 7,"" comes with no requirement on g,
but is somewhat more complicated:

)
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Theorem 3.16. Let n € IN. Let « € Comp,. Then, the antipode S of QSym

satisfies S (;7({1)> _ (_1)g(a) Z <q . 1)€(a)—€(ﬁ) ;7(‘7)
! BeComp,,; .
D(B)CD(reva)

We will prove this theorem using the following summation lemma:

Lemma 3.17. Let n € IN. Let « € Comp,, and 7y € Comp,, be such that D () C
D («). Then:

(@) For any u,v € k, we have

Y ulB) =ty =B) — (3 + U)f(“)—f(’y) )

BeComp,;
D(B)SD(«) and D(y)SD(B)

(b) For any u € k, we have

Y ulB) = (4 + 1)@= ),
BeComp,,;
D(B)CD(«) and D(v)CD(B)

(c) For any v € k, we have

Z ol @) —L(B) — 1+ U)E(a)fﬂ(v)‘
BeComp,,;
D(p)SD(«) and D(y)SD(B)

Proof of Lemma[3.17] (a) Let u,v € k. Set A := D («) and C := D (7). Then, A =
D («) € P ([n —1]) (since « € Comp,, but D : Comp,, — P ([n — 1]) is a map). In
other words, A C [n — 1]. Furthermore, C=D (y) C D (a) = A C [n—1].

From C C A, we obtain

[ANC| = |A] = [C] = [D(a)| = |D ()] (since A = D («) and C = D (7))
=£(a) = £(7)

(since Lemma 3.9 (b) yields ¢ (a) — £ () = |D ()| — |D (7)]).
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Now,
Z LB —E() ot (@)—E(B)
peComp,,; —ulD(B)-ID()| —oID(@)|-D(p)|
D(B)CD(a) and D(y)CSD(B) (since Lemma [3.9] (b) (since Lemma 3.9] (b)
yields £(B)—£(y)=|D(B)|—[D(7)]) yields £(a)—£(B)=|D(a)|—[D(B))
— Z 1! P(B)|=ID(7)]4|D(@)[=[D(B)]
BeComp,;
D(B)SD(«) and D(y)SD(B)
= ) ulP(B)I=IClylAI=ID(B)] (since D () =Cand D (a) = A)
BeComp,,;

D(B)CA and CCD(B)
here, we have substituted I for D (p)

- AMI=ICL A1) in the sum, since the
ICinet]; map D : Comp, — P ([n—1])
ICA and CCI is a bijection
— Z M I=1Cl A= (26)
ICA;
CCI

(since the condition “I C [n — 1]” under the sum is redundant (because the condi-
tion “I C A” already yields I C A C [n — 1))).
Now, each subset I of A that satisfies C C [ can be written as C U Z for some
unique subset Z C A\ C. Hence, we can substitute CU Z for I in the sum
Y. ulll=IClyl A=l As a consequence, we obtain

ICA;

CClI
Y ulll-lClglal=ll =y ylcuzi-[Clylal-lcuz|
IC%; ZCA\C _ (ICl+|z)~[ClylAl-(ICl+/2))

(since |CUZ|=|C|+|Z|
(because ZC A\C shows that
the sets C and Z are disjoint))
= Yy yUCHIZh=Icl ,lAl=(Cl+|Z])

J/

ZCA\C —ulZ| —lAl=[Cl-|Z] —plA\C|-|Z|
(since |A|—|C|=]A\C])

e
B SRR <’A;C‘>ukv|‘4\cl—k

ZCA\C k=0

(here, we have split the sum according to the size |Z| of the subset Z, and observed

that for each given k € IN, there are exactly (|A; C|) many subsets Z C A\ C

that have size k). Comparing this with

|A\C|
(u+ v)'A\CI =) (‘A; C’) kgl A\CI=K (by the binomial formula),
k=0
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we obtain

Y a1 _ (1 o)A\ _ (4 4 g)=1)

ICA;

CcCI
(since |A\ C| = £ (a) — £(7)). Hence, becomes

Z 1l (B)=L(7) yt(a)—L(B) — Z u=ICl A= — (u _}_v)f(“)*ﬁ(v).
BeComp,,; ICA;

D(B)CDI(a) and D(1)CD(B) cci

This proves Lemma (a).

(b) This follows by applying Lemma (@) to v = 1 and then multiplying both
sides by u‘(7).

(c) This follows by applying Lemma (@ tou=1. O

Proof of Theorem We replace « by reva. Thus, « and reva become reva and
«, respectively, while the length ¢ («) stays unchanged. Hence, the claim we must
prove becomes

S(mlle) = (-1 ¥ (g1 Oy, (27)
BeComp,,;
D(B)CD(«)

It is this equality that we will be proving.
First, we observe that every g € Comp,, satisfies

S(Mp) = (- ¥ M, (28)
y€Comp,;

D(y)CD(rev p)

(Indeed, this is just the formula (18), applied to B instead of & and restated using
Definition 3.14}) Substituting rev 8 for g in (28), we obtain the following: Every
B € Comp,, satisfies

S (Myevg) = (—1)/ P Y. M, (since revp € Comp,)
y€Comp,;
D(y)CD(rev(rev B))

=0y M, (29)
y€Comp,;

D(v)SD(p)

(since rev (rev ) = B and / (rev B) = £ (B)).
Next, we recall two simple facts from [GriVas23]. First, [GriVas23, Corollary 3.10]
says that the map

Comp, — Comp,,
O revd
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is a bijection. Furthermore, [GriVas23| Proposition 3.11] shows that if § € Comp,
is arbitrary, then we have the logical equivalence

(D (rev) € D (reva)) <= (D(B) C D (w)). (30)

The definition of 11533,,( yields

7’]53‘), x = Z rﬁ(ﬁ) M,B = Z J,E(rev 'B), Myey B
BeComp,,; BeComp,,; —(p)
D(B)CD(reva) P(rev B)CD(reva)  (since L(rev B)=((B))
= L
BeComp,;
D(p)=D(«)

(by the equivalence (30))
here, we have substituted rev f for B in the sum,
since the map Comp, — Comp,, 6 — revo
is a bijection
= Z r'(f) Myey B

BeComp, ;
D(B)=D(«)
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Applying the k-linear map S to both sides of this equality, we obtain

5 (ngg\)lzx) = Z 7’5('8)5 (Mrevﬁ)

BeComp,;

D(B)<D(a)

= Y SOy oM, (by @9)
peComp, ; y€Comp,,;

D(B)<D(w) D(v)CD(p)

_ y y P8 (—1)/B)
peComp,; y€Comp,; \—’W
D(B)=D(x) D(y)=D(p) =(=r)

> T ox
y€Comp,,; BeComp,,;

D(v)ED(«) D(B)SD(w) and D(y)CD(p)

> ) (_r)g(ﬁ) My

y€Comp,; BeComp,,;
D(v)E€D(a) D(B)SD(x) and D(v)SD(p)

-~

=(=r+1)1@=) (_py )

(by Lemma 3.17] (b))
(o) —=E(y)
l
= ) —r+1 (—r) (1) M,

y€Comp,; =g
D(y)ED(a) \ (since r=q+1)

- L (M m,
DOICBE)  ~(-1fWgo-t

- (_1)5(0‘) Y g =t M,
y€Comp,;
D(7)SD(w)
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In view of
Z (g — 1)4(“)—4(!3) ,7[(;1)
BeComp,,; ~~
D(B)CD(w) = Y yf('r)M,y
y€Comp, ;
D(v)<D(B)
(by @)
- Y G- 1)5(“)—5(/3) Y rg(wMy
BeComp,; y€Comp,;
D(B)<D(a) D(7v)ED(pB)
_ y y (g — 1)4(@)=4p) r'M,,
BeComp,; y€Comp,;
D(B)SD(®) D(7)SD(B)
- r Cox
y€Comp,,; geComp,,;
D(v)SD(a) D(B)SD(a) and D(7)<D(f)
- Y y (9 — 1)5(“)*4(5) r£(7)M7
y€Comp, ; BcComp,,;

D(v)€D(a) D(B)SD(x) and D(v)SD(p)

=(14(g-1)) 1)

(by Lemma 3.17(c))
£(a)—L(7)
y€Comp,; i/_/ yeComp,,;
D(7)CD(w) 7 D(7)CD(a)

we can rewrite this as

S (%) = (D' ¥ (g1 @0y,

BeComp,,;
D(B)<D(w)
Thus, is proved. As we explained, this proves Theorem [3.16 O

3.5. The coproduct of 17,9)

The concatenation of two compositions B = (B1,B2,..., i) and v = (v1,72,--.,7;)
is defined to be the composition (B1, B2, - - -, i, 11,72, ---,7])- It is denoted by .

The coproduct of the Hopf algebra QSym is a k-linear map A : QSym —
QSym ® QSym that can be described by the formula

AMy)= ), MgeM,, (31)
B, y€Comp;
a=py
which holds for all « € Comp. (See [GriRei20, §5.1] for the definition of A, and see
[GriRei20, Proposition 5.1.7] for a proof of (31).)
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We claim the following simple formula for A (17,@) (analogous to ):

Theorem 3.18. Let « € Comp. Then,

(9) (9) (9)
Al )= Y n" o’
( ) B, y€Comp; d !

a=py

This generalizes [Hsiao07, Corollary 2.7].

We shall first give a direct proof of Theorem later we will outline another
one, which is more circuitous.

The direct proof uses the following notion:

Definition 3.19. Let ¢ be a composition. Then, C () shall denote the set of
all compositions f € Comp),| satisfying D(B) € D(v). (The compositions
belonging to C (y) are often called the coarsenings of .)

For instance, C (2,1,3) = {(2,1,3), (3,3), (2,4), (6)}.
Using the notion of C (), we can restate the definition of 17&‘7):

Proposition 3.20. For any v € Comp, we have

ny): 2: PO
veC(y)

Proof of Proposition Let v € Comp. Then, v € Comp,,|. Thus, (5) (applied to
|7| and 1y instead of n and «) yields

) = Y. AOM= Y A PMy
peComp,, ; BeC(7)
D(B)SD(7)

(since the compositions f that the previous sum was ranging over are precisely the
elements of C ()). Renaming the summation index 8 as v on the right hand side
of this equality, we obtain

Uy):: Y AH0M,.
veC(y)

This proves Proposition [3.20] O

We shall also use a simple summation formula ([GriVas23, Proposition 5.17]):
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Proposition 3.21. Let (A, +,0) be an abelian group. Let u,,, be an element of A
for each pair (y,v) € Comp x Comp of two compositions. Let « € Comp. Then,

) D DD DD B %

u,veComp; B, yeComp; ueC(B) veC(y)
uveC(a) By=a

We are now ready to prove Theorem
Proof of Theorem Proposition (applied to y = a) yields

y My = 3 A

veC(w) AeC(a)

Applying the map A to both sides of this equality, we find

A (1 >—(Zr ) L s

AeC reC(u
© © Y MM,
uveComp;
A=pv
(by (31), with the

letters «,B,7y renamed as A,j,v)

(since the map A is k-linear)

AeC(a) u,v€Comp; AeC(a) preComp;  _ y(uw)
A=pv N A=pv _ (since A=pv)
- ¥
uveComp;
nveC(a)
u,veComp;
ueC(a)
= Y ) ) rg(’”)My(@MV (32)
pyeComp; ueC(p) veC(y)
Br=a

(by Proposition 3.21, applied to A = QSym ® QSym and u,, = rg(””)My ® My).
On the other hand, if y,v € Comp are any two compositions, then

C(uv) =L (u)+ 4 (v) (by [GriVas23, Proposition 5.2 (a)])

and thus
rg(yv) — rg(y)+£(v) — r@(y)rf(l/)' (33)
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Now,
(9) (q)
Z g ® My
prcComp, )
a=pBy = ¥ rm, = L M
pueC(p) vec(y)

(by PropositionB20)  (by Proposition 3.20)

— Z Z rf(ﬂ)MV ® Z rf(")M,/
ﬁneCﬁomp; neC(p) veC(y)
a=py N .

-

= Y Y W M,eM,
ueC(p) vel(y)

ByeComp;  ueC(p) veC(r) _ i)
iy (by @3))
= r
B, y€Comp;
py=u

preComp; pueC(p) veC(v)
Br=u
Comparing this with (32), we obtain

A (U(Sﬂ)) - ¥ ’7!(;7) ®,7£;7)'
B, yeComp;

a=py

This proves Theorem O

3.6. The coalgebra morphism T,
We define a k-linear map T, : QSym — QSym by setting
Ty (My) = @M, for each « € Comp.

This definition is legitimate, since (M) weComp 1S @ basis of the k-module QSym
(and since a k-linear map on a free k-module can be defined by specifying its
values on a basis). The map T is usually not a k-algebra homomorphism, but it is
always a k-coalgebra homomorphism. This chiefly relies on the following lemma:

Lemma 3.22. We have Ao T, = (T, ®7T,) oA as maps from QSym to
QSym ® QSym.

Proof of Lemma Let w € Comp be arbitrary. The definition of T, yields T, (M, ) =
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r!“)M,. Applying the map A to both sides of this identity, we obtain

AT (M) = A (FOM) = @Wa M) =@ Y MgaM,  (by GT)
B, yeComp;
a=py
= Y Y Mpem,= Y e Mg © M,
pyeComp;  _ i(py) B, yeComp; —pLB)+L(y)
a=pY  (since a=PB) a=py (since the definition

of concatenation

yields £(By)=L(B)+L(7))
_ Z ;fg(ﬂ)Jrf(“r)M/5 ® M, = Z rg(ﬁ)Mﬁ ® rg(V)MV.

i

T e, g
Comparing this with
(Tr®Tr) (A (Moc)) - (Tr®Tr) Z Mﬁ@M'y (by )
B,yeComp;
a=py

= ) T, (Mp) ® T, (M)

‘B,’)/ECOH’IP; h\/_/ H/_/

(x:‘Bf)/ :1"/(‘3>M‘3 :1/‘[('}’)]\/[,y

(by the definition of T,)  (by the definition of T;)

= Y AOMyer M,
B,y€Comp;
a=py

we obtain
A (Tr (Moc)) = (Tr ® Tr) (A (er)) = ((Tr ® Tr) © A) (Mtx) .

Hence, (Ao Ty) (My) = A (T (My)) = (T, ® Ty) o A) (My).

Forget that we fixed a. We thus have proved that (Ao T;) (My) = ((T, ® Ty) o A) (My)
for each « € Comp. In other words, the two maps Ao T, and (T, ® T;) o A agree
on every element of the basis (M,) wecomp Of QSym. Since these two maps both

are k-linear, this entails that they are completely identical. In other words, we have
Ao T, = (T, ® Ty) o A. This proves Lemma [3.22] O

| Proposition 3.23. The map T; : QSym — QSym is a k-coalgebra homomorphism.

Proof of Proposition Let e : QSym — k be the counit of the k-coalgebra QSym.
It is well-known (and easy to see) that each composition « € Comp satisfies
¢ (My) = [« = @] (where we are using Convention [3.7|again). This, in turn, makes
it straightforward to check that (eo T;) (M) = € (M) for each a« € Comp. In other
words, the two maps € o T, and ¢ agree on every element of the basis (My), €Comp of
QSym. Since these two maps both are k-linear, this entails that they are completely
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identical. In other words, we have ¢ o T, = e. Combining this with the equality
AoT, = (T, ®T;) o A from Lemma we conclude that the linear map T, is a
k-coalgebra homomorphism. This proves Proposition [3.23] O

To us, the map T, becomes useful thanks to the following slick expression for

ﬂ,(xq) that it allows:

Theorem 3.24. Let S : QSym — QSym be the antipode of the Hopf algebra
QSym. Let « € Comp. Then,

70 = (1) T, (S (Mieva)) -

Proof of Theorem Write the composition « in the form a = (aq,ay,...,ay). Thus,
the definition of ¢ («) yields ¢ (x) = ¢, whereas the definition of reva yields

reva = (ay,0p_1,...,&1). Moreover, a trivial fact ([GriVas23, Proposition 3.3])
yields |rev a| = |a.
Set n = |a|. Thus, « € Comp,,. Furthermore, |reva| = |a| = n, so that reva €

Comp,,. Also, as we know, we have reva = (ay,a¢_1,...,&1). Hence, (applied
to reva and ay1_; instead of a and «;) yields

S (Mreva) = (—1)° )3 My=(-1)" Y M,
y€Comp,,; y€Comp,,;
D(7)ED(a1,a2,....a¢) D(7)ED(a)

(since (a1, ap,...,a7) = «). Applying the map T, to both sides of this equality, we
obtain

T (S(Mreve) =T, | (-1 Y My | =(-1)" ¥ T, (M)
y€Comp, ; y€Comp,; h{m
P(MED@) P(MED®) (by the definitiovn of T;)
L 4
=1 x OMy = (-1
y€Comp,;
D(7)<D(«) )
— oy A
BeComp,,;
D(B)ED()
_,@)
Na
by @)

Multiplying both sides of this equality by (—1)““), we obtain

(D' T, (S (Mreva)) = (1)@ (=1)"3" = (1" (-1)" ¥ =4
—— —————
=(-1)" =(-1)""=1
(since £(a)=F) (since ¢+¢=2{ is even)

This proves Theorem [3.24] O
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3.7. Another proof for A <,70(“1))

Let us now outline another proof of Theorem
Second proof of Theorem (sketched). For every & € Comp, we have

A (Mrevoc) = Z Mﬁ & M'y (by )
B, yeComp;
reva=py

here, we have

= Z Mrevy ® Mrey p ( substituted rev<y and rev 8 )

B yeComp; for B and «y in the sum
rev a=(rev y)(rev p)

since it is easy to see
= Y Mrevy ® Myeyp that (revy) (rev ) = rev (B7y)
B, yeComp; for any B,y € Comp
rev a=rev(p7y)
= Z Mrevv ® Mrey B (34)
B, yeComp;
a=pry

(since the condition “reva = rev (B7y)” is equivalent to “a = Bv”).

Let S : QSym — QSym be the antipode of the Hopf algebra QSym. A classical
result (see, e.g., [GriRei20, Exercise 1.4.28]) says that the antipode of any Hopf
algebra is a k-coalgebra anti-endomorphism (see [GriRei20, Definition 1.4.8] for
the definition of this concept). Thus, in particular, the antipode S of QSym is a
k-coalgebra anti-endomorphism. In particular, this says that

AoS=To(S®S)oA,

where T : QSym ® QSym — QSym ® QSym is the k-linear map that sends each
pure tensor x ® y to y ® x. Applying both sides of this equality to Myey, we obtain

(AoS) (Mreva) = (To(S®S)0A) (Mreva) =T ((S®S) (A (Mreva)))

=T (S ® S) Z MreV'y ® Mrev,B (by )
B,y€Comp;
a=py
= Y S (Muevp) ®S (Mrevy) (35)
B, yeComp;
a=py

(by the definitions of the maps T and S ® S).
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However, Lemma yields Ao T, = (T, ® T;) o A, so that

(AoTy) (S (Mreva)) = ((Ty @ Ty) 0 A) (S (Mreva)) = (Tr @ Ty) (A0 S) (Mreva))

=(TT) | Y S (Muevp)®S (Mrevy) (by (B3))
B, yeComp;
a=py
= 2 T, (S (Mrevﬁ)) ® T, (S (MreV’r))
B, yeComp; N
w1 =0 /() =il /(1))
(since Theorem [3.24 (since Theorem [3.24

(q) _

yields ﬂ/(gq)z(—l)é<ﬁ)Tr(S(Mre\,,g))) yields 77 —(_1)[(’Y>Tr(5(MreV7)))

— Z (77!(351)/ (_1)5(.3)) ® <17£;7)/ (_1)5(7)>

B,y€Comp;
=Py
_ 2 (’7/(;]) ®,7$q)> / (_1)é(ﬁ)+f(7)
B,yeComp; —V/(T’
a=py =(=1)

(since it is easy to see that ¢(B)+£(v)=L(BY),
but using a=pf7y we can rewrite

this as £(B)+(y)=0(«))

= ¥ (M en?) /0.
B, y€Comp;

a=py
Multiplying this equality by (—1)"®), we find

(1)@ (AT (S (Meva)) = Y. 15 @1,

B, yeComp;
a=py

so that

Y g on? = (=)@ (a0 T) (S (Mueva))
B, yeComp;

a=py
_ (_1)£(tx) A (T (S (Mreva)))

= [ ()T (S (Mreva)) | =8 (1)

J

-~

0
=1
(by Theorem 3.24)

This proves Theorem again. O
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4. The dual eta basis of NSym

4.1. NSym and the duality pairing

Let NSym denote the free k-algebra with generators Hj, Hy, H3,... (that is, the
tensor algebra of the free k-module with basis (Hj, Hp, H3,...)). This k-algebra
NSym is known as the ring of noncommutative symmetric functions over k. We refer
to [GriRei20, §5.4], [GKLLRT94] and [Meliot17, §6.1] for more about this k-algebraﬂ
we will only need a few basic properties.

We set Hy := 1 € NSym. Thus, an element H;, of NSym is defined for each
n € IN. For any composition & = (&g, &, ..., ax) € Comp, we set

HDC = Hlleaz ct H‘Xk c NSym.

The family (H,)
for each n > 0.)

The k-algebra NSym is graded, with each generator H,, being homogeneous of
degree n (and thus each basis element H, being homogeneous of degree |a|). It
becomes a connected graded k-bialgebra if we define its coproduct A : NSym —
NSym ® NSym and its counit € : NSym — k as follows:

weComp 18 then a basis of the k-module NSym. (Note that H(,,) = Hj

* The coproduct A : NSym — NSym ® NSym is the k-algebra homomorphism
n
that sends each generator H, to ) H; ® H,,_;.
i=0

* The counit ¢ : NSym — k is the k-algebra homomorphism that sends each
generator H,, (with n > 0) to 0.

Therefore, NSym becomes a Hopf algebra (since any connected graded k-bialgebra
is a Hopf algebra). Its antipode S is described in [GriRei20, (5.4.12)].

Most importantly to us, the Hopf algebra NSym is isomorphic to the graded dual
of QSym. Specifically, we can define a k-bilinear form (-, -) : NSym x QSym — k
by requiring that

<HuuM/S> = [ = f] (36)

for all &, 8 € Comp (where we are using Convention 3.7)/'| It can be seen that this
k-bilinear form produces a canonical isomorphism

NSym — QSym°,
fr=if)

9We note some notational differences:

e What we call H, is called S, in [GKLLRT94] and in [Meliot17]].

® The algebra NSym is denoted by NCSym in [Meliot17] (unfortunately, since NCSym also
has a different meaning).

19This bilinear form (-, -) is denoted by (-, ) in [GriRei20) §5.4].
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of graded Hopf algebras, where QSym° is the graded dual of the Hopf algebra
QSym. Thus, we can identify NSym with the graded dual of the Hopf algebra
QSym. (In [GriRei20, §5.4], this is used as a definition of NSym, while the proper-
ties that we used to define NSym above are stated as [GriRei20, Theorem 5.4.2].)

4.2. The dual eta basis

We shall now construct a basis of NSym that is dual to the basis (17,@) c
acComp

of QSym. This requires the assumption that r is invertible (since this assumption

ensures that <17§q)) is a basis of QSym in the first plac. Thus, we make

a€Comp
the following convention:

I Convention 4.1. For the rest of Section [, we assume that r is invertible in k.

Definition 4.2. For each n € IN and each composition « of n, we define an
element

*(q) . _ 1 L(B)—C(a
neV =) m(—l) ) ()HﬁeNSym.
BeComp,,;
D(«)CD(B)

Example 4.3. We have

We now claim the following:

Proposition 4.4.

(@) The family (17;('7)> is the basis of NSym dual to the basis

x€Comp
(n?

Here, the notion of a “dual basis” should be understood in the graded
sense, as explained in [GriRei20, §1.6]. Concretely, our claim is saying that

) of QSym with respect to the bilinear form (-, -).
acComp

by Theorem
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<;7;(”’)> is a graded basis of NSym and satisfies
x€Comp

(1P ny") = = Bl (37)
for all «, B € Comp.

(b) Let n € IN. Consider the n-th graded components QSym, and NSym, of
the graded k-modules QSym and NSym. Then, the family (17,;k (q))

x€Comp,,

is the basis of NSym, dual to the basis (17,,97) of QSym,_ with re-

) ac€Comp,,
spect to the bilinear form (-, -).

To prove this, we will use a general fact about dual bases of k-modules that
should be known from linear algebra, but is hard to find explicitly in the literature.
This fact is a close relative of the classical linear-algebraic result that the transpose
of a matrix represents the adjoint of its linear map:

Lemma 4.5. Let F and U be two free k-modules, and let (-,-) : F x U — k be a
k-bilinear form. Let A be a finite set. Let (fx),.4 be a basis of the k-module F,
and let (gx),c 4 be a further family of elements of F. Let (u4),c4 and (v4), 4 be
two bases of the k-module U.

Assume that the basis (u4),. 4 of U is dual to the basis (fy),c4 of F; in other

words, assume that
(fp ua) = [B = a] (38)

forall B,a € A.
Furthermore, let ¢, g be an element of k for each pair (a, ) € A x A. Assume
that
Ug =Y Copla for each g € A. (39)

acEA
Assume furthermore that

Qu = Z Coc,,Bf,B for each « € A. (40)
BeA

Then, the families (v4),¢ 4 and (g« ), 4 are mutually dual bases of the k-modules
U and F, respectively.

Proof of Lemma We shall prove several claims:

Claim 1: Each w € F satisfies

w= Y (W) fa (41)

nEA
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Proof of Claim 1. Let w € F. The equality is a well-known property of dual
bases (since the basis (uy),.4 of U is dual to the basis (fy),.4 of F), but let us
recall its proof for its sake of completeness.

The family (fx),c4 is a basis of F, thus spans F. Hence, w € F can be written
as a k-linear combination of this family. In other words, there exists a family
(da) e n € k2 of coefficients such that

w=Y dofe. “2)

aeA

Consider this family (dy),c 4. Then,
w= ) dafa= ) dyfy

xEA BeA

(here, we have renamed the summation index « as ). Hence, each « € A satisfies

(w,ua) = <}: dﬁfﬁr“a> = ) dp{fpua) = ) dp[p =] = da

BEA BEA " BeA
=[B=a
(by (38))
(since the only nonzero addend in the sum }° dg [B = ] is the addend for B = g,
BEA

and this latter addend equals d,). Hence, we can rewrite as

w= Y (W) fa.

k€A
This proves (#I). Thus, Claim 1 is proved. O
Claim 2: Each w € F satisfies
w=Y_ (W,0)8&- (43)
a€A

Proof of Claim 2. Let w € F. Then,

L (wo) g =L o) Lepf= L Lo f

x€A a€A BeA BEA acA

=Y capfp ~-

peA

(by (@0)) <w agA Ca 5v“>
=) < )y Cw/ﬂ’a>fﬁ = Z (w,up) fp
BEA x€A

(by_ (69)
=), (W) fo=w (by @1)).

xE€EA

This proves Claim 2. O
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Claim 3: The family (g«),. 4 Spans the k-module F.

aEA

Proof of Claim 3. Let w € F. Then, Claim 2 yields w = Y (w,v,) gx- Hence, w
a€EA
belongs to the span of the family (ga),c 4-

Forget that we fixed w. We thus have proved that each w € F belongs to the
span of the family (gx),c 4. Hence, this family (gx),c 4 spans the k-module F. This
proves Claim 3. L

Claim 4: The family (ga),c 4 is k-linearly independent.

Proof of Claim 4. Let (my),., € k” be a family of scalars such that Y magy = 0.
x€A
We shall show that m, = 0 for each & € A.

Recall that (v, ), 4 is a basis of the k-module U. Hence, we can define a k-linear
map M : U — k by requiring that

M (vy) = my foreachax € A

(because a k-linear map from a module can be uniquely defined by specifying its
values on a given basis of this module). Consider this map M.
Now, for each € A, we can apply the map M to both sides of (39), and obtain

M(ug) =M\ Y capva | =), cap M (vy)
nEA aEA \_:\HT
(by the definition of M)

= Z Ca,pMa- (44)

aeA

From ) mugy = 0, we obtain
aeA

0=) maa= ) Ma ), Capfp (by (@0))

a€A a€A BeA
=) (Z Cmﬁ’"a) fg=Y, M (ug) fp-
BEA \a€cA BeA

=M (up)

(by (#4))

In other words,

Y M (ug) fg =0. (45)

BeA

However, the family (fx),4 is a basis of the k-module F. In other words, the
family (fg) feA is a basis of the k-module F (here, we have renamed the index « as
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B). Hence, this family is k-linearly independent. In other words, if (1) gea € kA

is a family of scalars satistying )} ngfg =0, then ng = 0 for each g € A.
BEA

We can apply this to ng = M (ug) (since the family (M (ug)) pea € k4 satisfies
Y M (ug) fg =0 (by )). Thus, we conclude that
peA

M (ug) =0 for each g € A. (46)

Recall that the family (uy),. 4 is a basis of the k-module U. In other words, the
family (uﬁ) peA is a basis of the k-module U (here, we have renamed the index «

as ). Hence, this family spans U.

Now, recall a general fact from linear algebra: If a k-linear map f : V — W sends
a basis of its domain V to 0 (that is, if it satisfies f (v) = 0 for all vectors v in a
certain basis of V), then f = 0 as a map. The equality shows that the k-linear
map M : U — k sends a basis of U to 0 (namely, the basis (u ﬁ) ge A); therefore, the

previous sentence shows that M = 0 as a map.
Now, let « € A be arbitrary. Then, M (v,) = 0 (since we have just shown that
M = 0). However, the definition of M yields M (v,) = m,. Thus, m, = M (v,) = 0.
Forget that we fixed a. We thus have shown that m, = 0 for each a € A.
Forget that we fixed (1m,),.,. We thus have proved that if (m,),., € k? is a

family of scalars such that ), m,gy = 0, then m, = 0 for each « € A. In other
neA
words, the family (gx),c 4 is k-linearly independent. This proves Claim 4. O

Now, we know that the family (gx),c4 spans the k-module F (by Claim 3) and
is k-linearly independent (by Claim 4). In other words, this family is a basis of F.
Next, we claim the following;:

Claim 5: We have (gg,va) = [B = a] forall o, f € A.

Proof of Claim 5. Fix B € A.
The sum ) [B = a]g. equals gg, since all its addends except for the a = f
k€A

addend are O.e Thus,
Y. B=ualgu=8s= ) (86:%)8n (47)

aEA a€EA
(by Claim 2, applied to w = gp).
Now, Claim 4 says that the family (ga),c, is k-linearly independent. In other
words, if (my),c4 € k? and (n4),.4 € k? are two families of scalars such that

Y. Ma&a = L 148, then m, = n, for each « € A. Applying this to m, = (gg, V)
nEA aEA
and n, = [ = a], we conclude that

<g/s,v,x> = [B = «] foreach o € A
(since @ yields }. <8/3/ Ua> 2w = Y. [B = a] g«)- This proves Claim 5. O
a€A acA
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Now, recall that (gx),c 4 is a basis of the k-module F, whereas (v, ), 4 is a basis
of the k-module U. Furthermore, Claim 5 shows that the bases (vx),c 4 and (g«)4c4
of U and F are mutually dual. This completes the proof of Lemma O

We are now ready to prove Proposition

Proof of Proposition (b) The scalar r is invertible (by Convention {.I). Thus, we
define an element

1 @) .
Caﬁ:_{m(_l)g(ﬁ) “ ifD(«) < D(B);

0, otherwise

of k for every a, € Comp,,.
Now, let B € Comp,,. Then, Proposition shows that

ac€Comp,,;
D(«)=D(f)

Dividing both sides of this equality by r/(f), we obtain

1 0pB)—t(a) , (9) ()
Mg = Z ra_ﬁ)(_l) (P-4 )Waq = Z Coc,[%ﬂzxq

a€Comp,; a€Comp,,
D(a)D(B)

(since our definition of ¢, g ensures that all addends of the sum  }° ca,ﬁq,ﬁﬁ)

x€Comp,,
vanish except for the addends that satisfy D («) C D (B), but these latter addends

(_1)4(5)—5(“) (q))'

are precisely the addends of ) ) M

acComp,; ¥
D(«)CD(B)
Forget that we fixed B. We thus have proved that

Mp= Y capn? (49)

a€Comp,,

holds for each g € Comp,,.
Furthermore, for each « € Comp,, we have

1 _ e
Y cpHp= ), wiE) (=1)" )~ Hg (by the definition of the ¢, g)

BeComp,, BeComp,,;
D(a)CD(B)

= 17:([7) (by Definition
and thus

= Y cupHp (50)
BcComp,,

Altogether, we now know the following:
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* The k-modules NSym,, and QSym,, are free, and (-, -) : NSym, x QSym, — k
is a k-bilinear form.

* The set Comp,, is a finite set.

e The family (Hy) weComp, 18 @ basis of the k-module NSym,, and the family

<17;(Q)> is a further family of elements of NSym  (since (50) readily
x€Comp,, "

(9)

yields that 77,7 € NSym,, for each « € Comp,)).

¢ The families (M,X)aec()mp and (’70(;1)

QSym,, (by Theorem (b)).

* The basis (Ma)yccomp ©of QSym,, is dual to the basis (Hy)
(because of (36)).

* The elements c, 5 € k are defined for all («, 8) € Comp, X Comp,,, and satisfy
for each p € Comp, and for each « € Comp,,.

> are two bases of the k-module
x€Comp,,

of NSym,,

ac€Comp,,

Thus, Lemma (applied to F = NSym,, U = QSym,,, A = Comp,,, fx = H,,

(q)

Sau = nz(q), Uy = My and v, = qgﬂ)) shows that the families (’M and

> a€Comp,,

., respectively. In

(U;(q)> are mutually dual bases of QSym & and NSym
x€Comp,, n

other words, the family (172“”) c is the basis of NSym, dual to the basis
acComp,

<;7[§") of QSym, . This proves Proposition (b).

(a) This follows from part (b) by taking the direct sum over all n. O

)aeCompn

4.3. The dual eta basis: product

We shall now study the multiplicative structure of the dual eta basis <17;(q)>

oceComp'
First, we introduce a notation for the simplest entries of this basis:
Definition 4.6. For each positive integer 1, we let
« x 1 0(p)-1
17”(17) = 77(,5‘)7) = Z 10 (—1) (F) Hﬁ (51)

BeComp,, r
€ NSym.

(The second equality sign here is easy to check
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(q9)

It turns out that we can easily express 77,

(a).

for any composition a using these
T

Proposition 4.7. We have
*(q) (),,%(q) (4)

* * * oy
Na ' = Nay May' *** Nay for each composition & = (1, a2,..., ;).

The main idea of the proof of Proposition 4.7]is to recognize that if n = |a|, then
the compositions B € Comp,, satisfying D (x) C D (p) are precisely the composi-
tions obtained from « by breaking up each entry of a into pieces. A slicker way to
formalize this proof proceeds using the notion of concatenation:

Definition 4.8. If « = (1, a2,...,a/) and B = (B1, B2, -- ., Bx) are two composi-
tions, then the composition ap is defined by

aB = (a1, a0,...,00,B1,B2,---,Bx) -

This composition ap is called the concatenation of « and . The operation of con-
catenation (sending any two compositions « and B to ap) is associative, and the
empty composition & is a neutral element for it; thus, the set of all compositions
is a monoid under this operation.

The following proposition is saying (in the jargon of combinatorial Hopf alge-

bras) that the basis (17,;k (q)) c of NSym is multiplicative:
acComp

Proposition 4.9. Let « and p be two compositions. Then,

W;(q)ng(q) _ 7]Zl(;i)_

In order to prove this, we will use the comultiplication A : QSym — QSym ® QSym
of the Hopf algebra QSym as well as the duality between NSym and QSym:

12Indeed, Definition 4.2| yields

*(q) _ 1 (B)—L((n))
= ) (1) Hg.
() BeComp,,; rf(ﬁ) f
D((n))SD()

However, every B € Comp, automatically satisfies D ((n)) € D (B) (because D ((n)) = ©).
Hence, the condition “D ((n)) € D (B)” under the summation sign is superfluous. Also,
£((n)) = 1. Thus, the above equality simplifies to

#(q) _ 0(B)—1
Ty = gn m(—l) () Hﬁ.
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Lemma 4.10. Let f, ¢ € NSym and /1 € QSym be arbitrary. Let the tensor A (h) €

QSym ® QSym be written in the form A (h) = ). s; ® t;, where [ is a finite set
iel
and where s;,t; € QSym for each i € I. Then,

(fg,h) =) (f.si) (g ti)-

iel

Proof. Recall that the k-bilinear form (-, -) identifies NSym with the graded dual
QSym?’ as Hopf algebras. Thus, in particular, the multiplication of NSym and the
comultiplication of QSym are mutually adjoint with respect to this form. In other
words, if f,¢ € NSym and h € QSym, then

(f&,h) = %<f,h(1)> <g,h(2)>,

where we are using the Sweedler notation ) h(l) ® h(z) for A (h) (see, e.g., [GriRei20),
(h)

(1.2.3)]). Lemma is just restating this fact without using the Sweedler nota-

tion. O

Proof of Proposition This follows by dualization from Theorem Here are
the details:
Forget that we fixed @ and . Proposition4.4{(a) shows that the families (17;:('1)>
acComp

and (17,@) are mutually dual bases of NSym and QSym with respect to the

xcComp
bilinear form (-, -). This shows that

(") == (52)

for all A,y € Comp. But another consequence of this duality is that the bilinear
form (-, -) is nondegenerate (since only nondegenerate forms have dual bases), and

that the family (17,@) c is a basis of QSym. Hence, in order to prove that two
acComp

elements f,¢ € NSym are equal, it suffices to show that < f, 17$I)> = < g, 17567)> holds
for each v € Comp.
We shall use this strategy to prove ﬂ;(q)ﬂg(q) = 17;[(;1) for all a, 3 € Comp. Thus,

we need to show that <;7;(L7)17;(q), ;7,(ﬂ)> — <17;‘g7), ;7,(ﬂ)> holds for all a, 8,y € Comp.

To show this, we fix a, B, € Comp. Theorem (with the letters a, B,y re-
placed by v, ¢, 1) says that

A<n$»:: y ﬂg)®ﬂ$)

¢,pcComp;
=9y
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) (9) (9)

Hence, Lemma 4.10| (applied to f = n,}k(q and g = 17; and h = 77,"” and

I={(¢,¢) € Comp x Comp | 7= ¢y}

and S(gp) = nq(pq) and t((p,lp) = 171(/7)) yields

P "y = Py (" oy = L =gl B=19]

¢, pcComp; S ~ ~ - ~ - ¢,peComp; ~~
=9 =[a=g] =[p=y! y=pp  =la=pand p=y]
(by G2)) (by (52))
= ), [la=¢andp=y]. (53)
¢, p€Comp;
=9

The sum on the right hand side of this equality has at most one nonzero addend
— namely the addend for ¢ = « and ¢ = B, if this addend exists. Of course, this
addend exists if and only if v = a3, and equals 1 in this case. Thus, the sum equals
1if v = ap, and otherwise equals 0. In other words, this sum equals the truth value
[y = ap]. Hence, we can rewrite as

<173?(‘”17;(”7), '75{7)> = [y =ap].

Comparing this with

(g 0 ) = [ap =] (by £2)

we obtain <17;s(q),7;(q), ,7(761)> _ <17;/(;/)’ ,7317)>.
Forget that we fixed 7. We thus have shown that <11Z (q)U;(q)’ nﬁﬂ)> = <17;§}ﬁ), qu)>

for each v € Comp. Since (173’”) is a basis of the k-module QSym, and since
y€Comp

the bilinear form (-, -) is nondegenerate, we thus conclude that U;(q)ﬂz(q) = 17:/(;1).

This proves Proposition O

Corollary 4.11. Let 81, B2, . . ., Bx be finitely many compositions. Then,

*(q)_*(q) #(q) _ =(q)
Mg, Mgy Mg = Mppopyr

Proof. This follows by induction on k using Proposition (The base case, k = 0,

follows from 176('1) =1, O
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Proof of Proposition[d.7, Let & = (ay,a,...,a) be a composition. Then, applying
Corollary to the 1-element compositions ; = («;), we obtain

*(q)) *(q) *(q) *(q) (9)

Ta2) " o) = M) (wa)-(ap) — o
(since the concatenation («q) (ap) - - - (ag) equals (a1, ap, ..., a;) = «). Thus,

(q) _  *(q) =(q

* #(q) _  #(q) =(q) (9)
Na _17(041);7(042 «

Vo = e

(since 172:5‘)7) = 17:(‘7) for each n > 0). This proves Proposition O

4.4. The dual eta basis: generating function

We shall now work in the ring NSym [[f]] of formal power series in the indetermi-
nate t over the ring NSym. This ring NSym [[t]] is noncommutative (since NSym
is), but the indeterminate ¢t commutes with all its elements.

We furthermore define two special series in this ring:

Definition 4.12. Define the formal power series

H (t) := )_ Hut" € NSym [[t]]

n>0

and
G(t):= Y n ¢ e NSym [[¢]].

n>1

Now, it is easy to see the following:

Proposition 4.13. We have

Proof. The power series H (t) has constant term Hy = 1. Thus, the power series

H(t) -1
H (t) — 1 has constant term 0. Hence, the power series 1 + % has constant

0 . . : . .
term 1+ o= 1, and thus is invertible (since every formal power series with con-
1
stant term 1 is invertible). The fraction —————— is thus well-defined.

1+H(t2—1
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If u € NSym [[t]] is a formal power series with constant term 0, then the geomet-

ric series formula yields

1 k 0 k k
:Zu = u —I—Zu :1—1—21/1,
I—u T k>l k>1
so that )
Zukz —1.
=1 1—u

(54)

We shall use this result in a somewhat modified form: If u € NSym [[{]] is a

. . —u., .
formal power series with constant term 0, then — is also a formal power series
r

with constant term 0, and we have

k
1 _ 1 —
Z_(_l)k 1uk:_2_(_1)kuk:_ _u
k k
>1 17—~ 53 PR k>1 \ T
=y ) —
1- 7”
(by G4,
applied to _Tu instead of u)
1 1
- — 1) =1- —u
1-— 1-—
r r
1
—1-—.
1+ -
r

We have H (t) = Y H,t" = Hy 0 + Y Hu,t" =1+ Y Hut", so that

n>0 n>1 n>1

=1 =1

Y Hut"=H(t)—1.

n>1

(55)
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The definition of G (t) yields

G(t)= Y mt"

n>1
1 (B)-1
=) ( L g (D Hﬁ) " (by G))
n>1 \ peComp, r
1 (p)-1 n
=Y ) (—1) Hyg t
n>1 pBeComp, r!#) —¢lBl
(since BcComp,, )
1 0(B)-1
- Y ¥ ) (B)=1 pp 1P
n>1 peComp,
\—/_/
= X
peComp;
e
_,BEComp;
t(p)=1
(because for a composition f3,
the condition “|B|>1" is
equivalent to “¢()>1")
1 (B)—1 g1 4IBl
= Y (1) Hgt!P
peComp; rt(P)
t(p)=1
———
= )y
k=1 BeComp;
t(p)=k
1 _
_ Z 2 . (_1)5(@ 1Hﬁﬂlﬂ
k>1 ﬁEComp;I -~ _
t(p)=k 1
== (=1
(since £(B)=k)
1 k—1
=) (—1) Z ngt‘m
k>1 BeComp;
t(p)=k
— H(n \ \ tn1+n2+---+nk
(n,n,...1 ) EComp 172k
(here, we have renamed the summation index f as (n1,1y,...,1k))
1 k-1
= T_k (_1) Z {_I(nl,nz,...,nk)tnlJrnz+ +ni
kZl (nl,nz,...,nk)EComp N~
N _~ :(Hannz...an)(t”lt”z...t”k)
R CADCRORCND
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1

k—1
- ﬁ (_1) Z (Hnltnl) (antnz) T (antnk)
k>1 ny,ny,..., M >1
7 k
=| ¥ H,t"
n>1
(by the product rule)
k
1 k—1 n 1 k-1 k
= Zr—k(—l) Y Hat"| = Zr—k(—l) (H(t)—1)
k>1 n>1 k>1
——
=H(t)—1
1
L —L—
T  H(M)-1 _H(#)-1

H(t)+r—1 H(t)+r—1 H(t) +gq
(since r — 1 = g (because r = q + 1)). This proves Proposition [4.13| O

Proposition 4.14. Let k € IN. Then,

GHf= Y gyl (56)
BeComp;

0(B)=k
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Proof. From G (t) = Y q;(q) t", we obtain
n>1

G (t)k _ (Z W:(‘i)tn)k _ Z (,7::1(4)1011) <;7::2(‘1)tn2> c. <,7;IEL7)tnk>

n>1 ny,n,.., 0 >1 —~

=iV

]({q) tn1+n2+-~+nk

(by the product rule)
= Y ,7;1(07),7:?) .. U;,Eq) g

ny,ng,..., 10 >1

_ 2 U;(q)ﬂ;(q) . ,,7;(67) $B1+B2+ By
B=(B1 B2 ) EComp ——————— g
:,7;('1)
(by Proposition [4.7)
(here, we have renamed 1y, 1y, ...,n; as B1, B2, - -, Br)
- Y ,7;<q>t\ﬁ\ - Y ,7;<q>t|ﬁ\,
B=(B1,B2,---,Br)€Comp BeComp;
N ~~ 4 t(p)=k
- T
BeComp;
((B)=k
This proves Proposition O

4.5. The dual eta basis: coproduct

Consider the comultiplication A : NSym — NSym ® NSym of the Hopf algebra
NSym. We again recall the Iverson bracket notation (Convention [3.7).

Theorem 4.15. For any positive integer 1, we have

A (,ﬁ(@) _ Z (_q)max{f(ﬁ),f(v)}—l (9 — 1)[€(ﬁ):€(7)] U;(q) ® ,71;(!1).
B,yeComp;
|Bl+|v|=n;
[e(B)—L(7)I=1

Example 4.16. For n = 2, there are exactly three pairs (f,7) of compositions
B,y € Comp satisfying |B| + |y| = n and | (B) — £ ()| < 1: namely, the pairs
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s(57) = (-9 (- 1)% D g 11*2(3” ( q)H (g-1'y P @
=57 @ny) +(a - )77? ) ® 17(()) + 77(()) @ 15"

(since 17?2(;7) =172 and Uzﬂl()q) =1 and 17;([1) =1).

Similar computations show that
A (,ﬁ(fﬂ) 1® ,ﬁ(q) 4 ,ﬁ(q) 1
and
* * * * 2
A (,7301)) —1 ®,73(q) +(@q-17 1) & ;72( 9 _ q,h(LI) ® (,71(4)>

* 2 * k

2
(since Proposition 4.7| yields 7 ; “(4 )) (qik (q)) )-

Our proof of Theorem will use the following general fact from abstract al-
gebra:

Lemma 4.17. Let A and B be any two k-algebras. Then, there is a canonical
k-algebra homomorphism

c: AflH] @ BIH] — (A= B) [[H],

(Ree) e (mee) = (g (oo

Proof of Lemma (sketched). To construct the map ¢, we need A and B only to be
k-modules, not k-algebras. The well-definedness follows easily from the fact that
Y Ml th = ¥ (1@ A1) 5 for any formal power series Y At € k[[t]].

keIN keIN keIN

Finally, to prove that : is a k-algebra homomorphism, observe that any power
series of the form ). (2;®1)t € (A® B)[[t]] commutes with any power series

icN
of the form ¥ (1®b;)t/ € (A® B)[[t]]. The details are left to the reader. O
JEN

Proof of Theorem The comultiplication A : NSym — NSym ® NSym is a k-
algebra homomorphism (since NSym is a k-bialgebra), and thus induces a k [[t]]-
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algebra homomorphism
At : NSym [[t]] = (NSym ® NSym) [[¢]]
that sends each formal power series Y a;t' to Y A(a;)t'. This A; is a k-algebra
i€N i€N

homomorphism as well (since any k [[t]]-algebra homomorphism is a k-algebra
homomorphism).

Furthermore, Lemma shows that there is a canonical k-algebra homomor-
phism

¢ : NSym [[t]] @15y NSym [[t]] — (NSym @ NSym) [[£]],

(mer) e (mer) - (o) (g0o0)

Unlike some authors, we will not treat : as an embedding, but we will often use
the fact that 1 is a k-algebra homomorphism.

We recall that k-algebra homomorphisms are always ring homomorphisms, and
thus respect quotients. That is, if f : A — B is a k-algebra homomorphism, and if
a1 and ap are two elements of A such that a; is invertible in A, then f (a;) is again

invertible and we have f (a—l) = f ) . We will use this fact without saying a few

a)  f(a2)
times.
For the sake of brevity, we define the shorthands
G:=G(t) and H:=H(t).
. H(t)—1 . i
Proposition 4.13| says that G (t) = H()Ta Using our abbreviations G and H,
we can rewrite this as Ho1
G=—_—. 57
H+q 57)
Hence,
H-1\ A (H)-1
A (G) =M | 7— | = —55— 58
t(G) t<H+q) A(H) T 4 (58)
(since A is a k-algebra homomorphism).
Next, we observe the following:
Claim 1: We have
Ay(H) =1 (H® H). (59)
[Proof of Claim 1: From H = H(t) = ¥ Huyt" = Y Hit and H = H(t) =
nelN icN

Y Hut" = Y Hjt/, we obtain
nelN jeN

HoH = <Z Hiti> ® (Z H]-tj>.

ieN jeEN
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By the definition of ¢, this entails

men = (g oo (L aems)

i€EN jeN

-y | & menaen) | (60
nelN | ijeN;
i+j=n

(by the definition of the product of two power series). On the other hand, H =

Y. H,t". Thus,
nelN

Ay (H) = Ay ( Y. Hnt”> =) A(H,)t" (61)
nelN nelN
(by the definition of A;). However, for each n € IN, we have
A(Hy)= Y. H; ® H; (by [GriRei20), (5.4.2)])
i,jEN; N o
i+j=n =(H;®1)(12Hj)

=Y (Hi®l)(1®H).
i,jEN;
i+j=n

Hence, the right hand sides of the equalities and are equal. Therefore, so
are their left hand sides. In other words, we have A; (H) =t (H ® H). This proves
Claim 1.]

Define four elements &y, 1y, g1 and g2 of (NSym ® NSym) [[t]] by

hh=1(H®1) and hy =1(1®H) and
g1 =1(G®1) and 2=1(1®G).

The equality becomes

Ar(H) =1 HoH =1(H®1)(1®H))
=(H®1)(10H)
=1(H®1)-1(1®H) (since ¢ is a ring homomorphism)
—hy —h,

= hyhy (62)
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and

Ay (H) =1 HoH =1((1®H)(H®1))
—(1®H)(H®1)
=1(1®H) 1 (H®1) (since ¢ is a ring homomorphism)
= hyh;.

Comparing these two equalities, we obtain hihy = hyhy. In other words, the ele-
1 1
, do———
g hatq o iyt
easily seen to be well—deﬁnedE[) are rational functions in these commuting elements
hi1 and hj, and therefore also commute with them (and with each other). Thus,
1 1
, d ———
hl—l—q h2+q an h1h2+q
subalgebra of (NSym ® NSym) [[f]]. Let us denote this commutative k-subalgebra
by H. Clearly, the elements hj + g, hy + q and hihy + g are invertible in H. Also,
the element g + 1 = r is invertible in H (since it is invertible in k already).
From (57), we obtain

ments h; and h, commute. The elements (which are

the five elements hq, h», generate a commutative k-

-1
-

by -1
_h2+q

& and by (63)

(since ¢ is a k-algebra homomorphismE[).

13Proof. The power series iy = (H ® 1) has constant term 1 (since H = Y. H,t" entails: (H® 1) =
nelN
Y. (Hn,®1)t", and this latter series has constant term Hy ®1 = 1® 1 = 1). Thus, the power
nelN \:,l./
series ; + g has constant term 1+ g = g + 1 = r, which is invertible (by Convention [£.T). Thus,

the power series h; + ¢ itself is invertible (since a formal power series whose constant term is

1
invertible must itself be invertible). In other words, —— is well-defined. Similarly, —— and
h1+q hy+q

——— are well-defined.
hl hz +q
“Let us give some more details here: Let /1 be the map
NSym [[t]] — NSym [[t]] @y NSym [[t]],
z—z® 1.
Then, ¢ is a k-algebra homomorphism. Since ¢ is a k-algebra homomorphism as well, we

conclude that the composition ¢ o 11 is a k-algebra homomorphism. However, the definition of 1
yields 11 (G) = G ® 1, so that

(o) (G) =1 u(G) | =1(Ge1l) =8

=G®1
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Thus, the elements g; and ¢ also belong to the commutative k-subalgebra H
1

1
, d ——.
hl—l—q ]’lz—i-l] an h1h2+q
using (and the commutativity of H) show that

(9 +1) (hha +4q)
(1 +q) (h2 + )
Thus, 1+ gg1g> is invertible in H (since g + 1, hihy +q, hy +q and hy 4 g are

invertible in H).
From (62)), we obtain

generated by hy, hy, Straightforward computations

14498182 =

Ar(H) =1 hhp—1
A (H)+q Mmhy+g
_sitet(@-1)g18 64)
1448182

(Indeed, the last equality sign can easily be verified by straightforward computa-
tions in the commutative k-algebra #, using the equalities (63). For example, you
s1tg+(q-1)818 Ihy —1

1+ 48182
From g1 =:(G®1) and ¢» = (1 ® G), we obtain

can plug 1} into and simplify; the result will be

QP =1(G®1) 1(1®G)=1]| (G®1) - (1®G)

J/

~G&G
(since ¢ is a k-algebra homomorphism)
=1(G®G). (65)

Note that the formal power series qg1¢> has constant term 0 (since it is easy to see
that both ¢; and g, have constant term 0).

(by the definition of g1). Similarly, (10) (H) = h;. Now, applying the map ¢ o 1y to both sides
of the equality (57), we obtain

(to41) (G) = (101) (H—l) _ (ton)(H) -1

H+q) (ton)H)+gq
(since 1 011 is a k-algebra homomorphism). In view of (10t1) (G) = g1 and (1o 1) (H) = hy, we

-1 -1
can rewrite this as g1 = thq Similarly, we can show that g» = hZTq Thus, (63) is proved.
1 2
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Now, becomes

Ay (H)_l 81 +82+(q_1)g182
A (G) = = by 64
t( ) Ay (H) q 1 48182 ( )

1
= — (g1t 82+(@-1)8182)

1+48182
A,—/ .
=¥ (—98182)'
ieIN

(by the geometric series formula)

=Y (—48182)' (s1+ 82+ (3—1)$182)
~—

ieN
(—‘7) (glgz)
=Y (9| sig g+ o +@-1) s
N ~~ ~~ ~—~ ~~
=1(G®G) =1(G®1) =1(18G) =1(G®G)
(by @) by @)
=Y (-9’ (1(G®G))- (1(G®1) +:(18G) + (- 1)1 (G®G))
ielN

:z((G®G)’(G®1+1®G+(q—1)G®G))
(since ¢ is a k-algebra homomorphism)

- Z(—q)iz<(G®G)i(G®1+1®G+(q—l)G®G)>-
icIN

In order to simplify the right hand side, we need two further claims:

Claim 2: Let u,v € IN. Then,

1(G*® GY) = Y (,7;@ 2 ,7;@)) B+

B, yeComp;
{(B)=u and {(y)=v

[Proof of Claim 2: From G = G (t), we obtain

G'=G(t)'= ) ,7;(”7)15\5\ (by (56), applied to k = u)
BcComp;
“(B)=u
_ *(q) |B|
=Y L on"
icN BeComp; P i
L(p)=u; (since |B|=i)
|Bl=i
=Y | = 757 (66)
ieIN | peComp;
t(p)=u;

|Bl=i




The eta-basis of QSym page 62

The same argument (applied to v instead of u) shows that

Gv:Z Z ﬂ;(q) tizz Z Wfr(q) ¢

iceN | peComp; j€EN | y€Comp;
t(p)=v; t(y)=0;
|Bl=i 7|=]

(here, we have renamed the summation indices i and B as j and 7). Substituting
these two equalities into G* ® G, we obtain

ieIN | peComp; jEIN | v€Comp;
t(B)=u; t(r)=v;
|B|= 7=

(note that the two outer sums here are infinite, so that we cannot simply expand
them out using the bilinearity of the tensor product). Applying the map : to both
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sides of this equality, we obtain
1(G"®GY) =1 ) Y. 1 172;(‘7) t
icIN | peComp; ]eIN fyeComp
t(p)=u;
|Bl=i I"r\ ]
= || X Y, n"| Y
ieN peComp; ]EIN y€Comp;
t(p)=u; t(r)=0v;
|B|=i I7l=j

(by the definition of /)

_ *(q) i
=) X 1 t
icN jelN ,BEComp ) ! _

'yeComp
|Bl=i

Iv\ ]

_ Y *(q) ® v W:(a)
BeComp; P y€Comp;
tp)=u; t(y)=v;

|B|=i I7|=j
_ > ﬂ;(q>®,7;(ﬂi>
B,yeComp;
£(B)=u and {(y)=v;
|B|=i and |7[=/

(here, we expanded the tensor product,
since both sums involved are finite)

_ Z Z Z (,7;(17)@),7;(!1)) it

ieEN jeN B, y€Comp; —¢lBl+]
¢(B)=u and £(y)=v; (since i=|B| and j=|7|)
|Bl=i and |7|=]
-y ¥ Y (U;(q) ®,75;(q)> ¢Bl+17]
ieN jeN B, yeComp;

£(B)=u and £(y)=v;
Bl=iand |7=]
- T
B, yeComp;
{(B)=u and £(y)=v

- y (,7;@ ®,7;<q>) gl
B, y€Comp;

¢(B)=uand {(y)=v
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This proves Claim 2.]

Claim 3: Let i € IN. Then,
t((G®G)i(G®1+1®G+(q—l)G@G))
— Z (9 — 1)[f(ﬁ):f(7)] (,7;('1) ® ,7;(11)) #BIFlY]
B,ycComp;

() — L) <1;
max{((B),£(7)}=i+1

[Proof of Claim 3: We have

(GG (GR1+19G+(1—1)G®G)
N
—Gi®G

- (Gi®Gi> (GR1+1®G+(—1)G®G)
=G @G +G G +(7—1)G @G
Applying the map : to both sides of this equality, we obtain
L((G@G)i(G®1+1®G+(q—l)G@G))
_, <Gi+1 ®G +G ®GHM +(7-1)G Gi+1>

= (G e Gl) + (G oG
—_— —_——
_ #(0) o @D\ Bl — #(0) o # (@) 4Bl
- v ® t = ® t
7 Comp; (’75 My ) ,B,’yegomp; (Wﬁ My >
£(B)=i+1and £(y)=i £(B)=i and ¢(y)=i+1
(by Claim 2) (by Claim 2)
+(q_1) L <Gi+1®Gi+1>
_ T (@ g @ B
,B,’yegomp; <17'B T )
£(B)=i+1 and £(y)=i+1
(by Claim 2)
(since ¢ is a k-algebra homomorphism)
_ y (,7;(11) ® W;(a)) glBI+ 4 y <,7;(q) ® ”;(q)) $1Bl+[7]
B,7€Comp; B, y€Comp;
£(B)=i+1 and ¢(y)=i £(B)=i and ¢(y)=i+1
ta-n p (T en®) (67)
B, yeComp;

((B)=i+1 and £(y)=i+1

On the other hand, let us observe that two integers u and v satisfy the two
conditions
lu—ov| <1 and max {u,v} =i+1
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if and only if they satisfy one of the three mutually exclusive conditions
(u=i+landv=1),
(u=iandv=1i+1)
(u=i+landov=i+1).

Hence, two compositions B,y € Comp satisfy the two conditions

1C(B) —L(m)| <1 and max{¢(B),¢(y)} =i+1
if and only if they satisfy one of the three mutually exclusive conditions
(L(B)=i+1and {(y) =1i),
(£(B)=iand £(y) =i+1)
(L(B)=i+land ¢(y)=i+1).

and

and

Hence,

y (g = DO (40 g @) e+

B,y€Comp;
£(B)—€(v) <1,
max{((B),0(1) }=i+1

((B)=¢ *(q) *(q)
Me%mp. Sq _ 1)[ (B)=L(7)] (,7/3 ) 7 q > ¢+

{(B)=i+1and {(y)=i (since ﬁ(ﬁ)::i1+1>i:€('y)
and thus [£(B)=£()]=0)
4 y (g — D)B=)] <,7;(¢7) 2 ,ﬁ(q)) ¢1Bl+ 1]

B,yeComp; h

(B)=i and (V=11 (ginee 0(B)=1<i+1=((7)
and thus [¢(B)=£(v)]=0)

+ y (- 1)[5(;%):4(7)1 <,7;(6I) ® n;(a)) £1Bl+17]
./3,'y€C0mp; ' :“:1
((B)=i+1 and £(y)=i+1 (since £( ﬁ)q:H 1=¢()
and thus [¢(B)={(y)]=1)

y (U;(q) ® W;(ﬁ)) glBI+] 4 y
B,7€Comp; B, y€Comp;
£(B)=i+1 and ¢(y)=i £(B)=i and ¢(y)=i+1
+(q-1) )y (75" @ 53) e,

B, yeComp;
¢(B)=i+1 and £(y)=i+1

Comparing this with (67), we obtain

<,7;(c7) ® U;(q)) #1B1+17]

L<(G®G)i(G®1+1®G—|—(q—l)G@G))

_ _ =) (@ #(9) 8]+
ﬁvegmp' o=y <17ﬁ o >t |
[(B)—L(7)|<1;

max{{(B)L(y)}=i+1
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This proves Claim 3.]

Now, we can finish our computation of A; (G): As we know,

A: (G)
Y (- (G@G) (G®1+1®G+(q—1)G®G)>

ieIN _

- 76% (q=1) P~ (520 2@ 1
,y€Comp;
[6(B)—L(7)|<L;
max{¢(B),£(y)}=i+1
(by Claim 3)

=Y (—9) Y (g — 1)lB=E)] (,7;(01) 2 ﬂfy(q)) $1B1+17]

ieN B, yeComp;

16(B)—£(7)<1;
max{£(B),£(7) }=i+1

=Y (—q) " y (g — 1)lHB=E] (,7;(61) ® ,ﬁ(tﬂ) (1BI+17]
j>0 B,y€Comp;

[e(B)—£(7)I<1;
max{/{(B)L(7)}=]

(here, we have substituted j — 1 for 7 in the outer sum)

=) Y (—q) " (g — 1)[B)=E) (,7;@;) ® W;(q)) ¢lBl+]
j>0 B, yeComp; S———
e e
max{£(B),((y)}=j (since j=max{£(B)((7)})
= Z Z (_q)max{z( B).L(v)}-1 (g 1)[e(ﬁ):e(v)} (W;(q) ®,ﬁ(q)> £1Bl+7]

>0 B, yeComp;
[E(B)—L(7)|<1;
max{£(8),£(7)}=j
= X
B,y€Comp;
[e(B)—t(1)I<L;
max{{(pB)L(v)}>0

=N (B ()= (0 g @) i,

B, ycComp;

[6(B)—L(7)I<L;
max{£(g),£(7)}>0

Comparing this with

A (G) =0 [ ), n:(q)t”) (smce G=G(t)=), 17n )

n>1

>
=) A (172(”) t" (by the definition of A;),
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we obtain

#(q)\ n
A1y t
La(n)
- ; (—q) BT () IEB=E7)] (,7;<q>®,7;;(q>> flBIHY
,YeEComp;

[6(B)—£(7)I<T;
max{£(g),¢(7)}>0

Comparing coefficients of t" on both sides of this equality, we obtain

* max{/(B),¢ -1 0(B)=/{ * *
A () - Y (g () B] ) a0 ()
B, ycComp;
[e(B)—L(7)I<1;
max{{(B),((7)}>0;
|Bl+|v|=n

for each n > 1 (in fact, the condition “|B| + |y| = n” under the summation sign
ensures that the monomial /A1 *17] is 7).

Now, fix a positive integer n. Then, any two compositions B and <y that satisfy
|B| + |v| = n will automatically satisfy max {¢ (), ¢ ()} > 0 (since otherwise, they
would satisfy max {¢ (B),¢ (y)} = 0 and thus p = @ and v = &, which would lead
to |B| + |y| = |9]| +|9| = 0+ 0 = 0, but this would contradict |B| + |y| = n >
0). Hence, in the summation sign on the right hand side of (68), the condition
“max {¢(B),¢(y)} > 0”is redundant. We can thus rewrite this summation sign as

follows:
B,y€Comp; B, y€Comp; B,y€Comp;
[4(B)—L(7)|<1; [6(B)—L(7)I<1; |Bl+]y|=n;
max{£(p),£(7)}>0; |Bl+|v|=n [L(B)—L()|<1
|Bl+|v|=n
Hence, rewrites as
A (%(fﬂ) — Z (_q)max{ﬁ(ﬁ)rf(v)}*l (9 — 1)[5(13):15(7)] ,7;('1) ® ,71;(17).
B,yeComp;
|Bl+|v[=n;
[6(B)—L(7)|<1
This proves Theorem [4.15| [

Using Theorem 4.15, we can easily compute the coproduct of any n;(q)

15The symbol “#” means “number”. Thus, e.g., we have (# of odd numbers i € [2n]) = n for each
n € IN.
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Corollary 4.18. Let & = (a1, ap,...,ax) be any composition. Then,

k
x L max{€(ps) L(7s)}—k
A (ﬂa(q)> = Z (_q)s:l
B1,B2,.-.,Br€Comp;
’Yl/Yzz-n/YkGCOmP;
|Bs|+|vs|=as for all s;
|€(Bs)—£(ys)|<1 forall s

) (q . 1)(# of all s€[k] such that £(Bs)=0(s)) (;7;(75) p ® 77:;?4)2%) .
182+ Pr

k
Proof. We agree to understand an expression of the form [] us to mean ujuy - - - uy
s=1
whenever uj,uy,...,u; are any k elements of any (not necessarily commutative)
ring.
The comultiplication A of the k-bialgebra NSym is a k-algebra homomorphism
(indeed, this is true for any k-bialgebra), and thus respects products. However,

Propositionyields n;(q) = 17;1((1)17;2(5’) e n;(q). Hence,

k

A () = 8 (RO i) = () & (1) - (57)

k
(since A respects products). In other words (using the notation [] us as explained
s=1

k
*(q) +(q)
Al = 1A (7., )- (69)
() = 1T (1)
However, Theorem shows that for each s € [k], we have

* max{/(B),¢ -1 L(B)={ * *
A (szfq)> — Z (—q) 1e(B).t(n)} (9 — 1)[ (B)=L(7)] ”ﬁ(@ ® 177(07)_
B,y€Comp;
Bl +]7]=as;
[6(B)—L(7)I=1

above),
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Multiplying these equalities for all s € [k|, we obtain

k
= H Z (_q)max{é(/%),é(’r)}—l (q— 1)[6(/3):5(7)} ,7;(17) ® ﬂ(")

B =as;
[€(B)—€(7)|<1

k
) ma{lB (1)} () [UB)=Lr)] 1 (a) o ()
B1,82,---,BreComp; g<( q) (q 1) 17[55 ®17’75 )

Y1,Y2s+-/ Yk GCOmp,
|Bs|+]|vs|=as for all s;
[£(Bs)—¢(7ys)|<1 for all s

(by the product rule)

1 (_q)max{aﬁs),e(%)}—l)

B1,B2,---,BrEComp; (s—l

1,2, 7kEComp; k ~
|Bs|+]|vs|=as for all s; E max{2(Bo)t(rs)} 1)
[£(Bs)—¢(ys)|<1 for all s :(—q)s=1
E max{{(Bs),L(ys)}—k
=(—q)s=1
: [£(Be)=£(vs)] . @
=7y
[T @0} (TT (" =)
s=1 il
-, @) @) sl) o ) x()
AL CER) —ryﬁi AL M R
=(g—1) ¥ of all sek] such that £(fs)= (7)) :’725?2~~ﬁk®'73(1@2~-7k
(since Corollary

; #(q) *(q) _ *(q) _ *(q)
yields Mgy Mgy Mgy =gy py-py

and Uj;iq),ﬁgq) ...,7;’(;1) :”:(1@2-<~7k)

k
L max{€(Bs),t(ys)}—k
= )3 (—q)=
ﬁl/ﬁZ/---/ﬁkECOmp;
71,72+ Yk EComp;
|Bs|+|vs|=as for all s;
[£(Bs)—¢(ys)|<1 for all s

. (q . 1)(# of all s€[k] such that £(Bs)=¢(7s)) (]7;(73) ; 2 ;71;5722%{) .
1B2+Br
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In view of (69), we can rewrite this as

k
* L max{€(ps),£(7s)} —k
A <171X(q)> — Z (_q)s:l
P1.B2,-.Pr€Comp;
Y172, Yk EComp;
|Bs|+|vs|=as for all s;
[€(Bs)—£(ys)|<1 forall s

(q)

f all sek h that £(Bs)=L(s * *
(g — 1)(#0 all selk] such that £(6)=((rs)) (77/3152,../5k ® 777??2"'%) :
This proves Corollary O

5. The product rule for 17,,(([7)
()

We now approach the most intricate of the rules for the #," functions: the product

rule, i.e., the expression of a product ng)m@ as a Z [q|-linear combination of other

(9)

a'’s. We shall give three different versions of this rule, all equivalent but using
somewhat different indexing sets. Only the first version will be proved in detail, as
it suffices for the applications we have in mind.

5.1. The product rule in terms of compositions

Our first version of the product rule is as follows@

Theorem 5.1. Let § and ¢ be two compositions. Then,

k
¥ max{{(ps),l(ys)}—k
nsn = )3 (—g)=
keN;
B1,B82,---,Br€EComp;
V1,72, Yk EComp;
B1B2Br=0;
Y172 V=E
[€(Bs)—L(7ys)|<1 for all s;

L(Bs)+¢(ys)>0 for all s
. (q o 1)(# of all s€[k] such that £(Bs)=C(7s))

()
T(1B11+ 1l 1Bal+172ls s [Bil+Ie])"

Remark 5.2. The compositions B1, B2, ..., Bx and y1, Y2, ..., 7k in the sum on the
right hand side of Theorem [5.1| are allowed to be empty. Nevertheless, the sum

16The symbol “#” means “number” (so that, e.g., we have (# of odd numbers i € [2n]) = n for each
n € IN).
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is finite. Indeed, if k € IN and B4, B2, ..., Bx € Comp and 1, 72,...,7x € Comp
satisfy

P12 Br =296 and TV2 Y =€ and
1€ (Bs) — £ (vs)| < 1foralls and 0 (Bs) + £ (s) >0 foralls,

then k < £ (6) + ¢ (¢), because

¢ (9) + l(e)
S~~~ S~~~
=L(B1)+L(B2)++L(Br)  =L(71)+L(v2)+ -+ (1)
(since 0=p1B2+Br) (since e=7y172°+7x)

—( (ﬁ1)+€([32) '“+f(/3k))+(f(71)+f(’rz)+"'+f(’rk))
k
—Zﬁ Bs) +Z€ 7s) :Z (LB +L(rs) =) 1=k

s=1 ;fl s=1

(since our above assumptions
yield £(Bs)+£(7ys)>0,
but ¢(Bs)+L(7s) is an integer)

This narrows down the options for k to the finite set {0,1,...,¢ () + ¢ (¢)}, and
thus leaves only finitely many options for B1,p,..., Bk (since there are only
finitely many ways to decompose the composition é as a concatenation § =
B1B2 - - - Bx when k is fixed) and for 71, 72,..., 7k (similarly). Thus, the sum is
finite.

Example 5.3. Let 6 and ¢ be two compositions of the form é = (a,b) and &€ = (¢)
for some positive integers a,b,c. Then, Theorem expresses the product

ng)qﬁq) = qu)b)n((cq)) as a sum over all choices of k € IN and of k compositions

B1,B2, - .., Bx € Comp and of k further compositions 71, vz, ..., 7, € Comp satis-
tying

131,52"'[3](:5 and YY2 Yk =€ and
10 (Bs) —£(vs)| <1foralls and ¢ (Bs) + £ (vs) > 0 forall s.

These choices are

1. havingk=1and 1 =6 = (a,b) and 71 = ¢ = (¢);
having k =2 and B1 = (a) and B, = (b) and y1 = @ and 2 = (c);
having k =2 and 81 = (a) and B2 = (b) and 71 = (¢) and 7, = &

having k = 3 and [31 = @ and B = (a) and B3 = (b) and y; = (c) and
Y2 = & and 73 =

e N

5. having k = 3 and B = (4) and B, = @ and B3 = (b) and ;3 = @ and
72 =(c)and 73 = &
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6. having k = 3 and B; = (a) and B, = (b) and B3 = @ and 7; = & and
72 =@ and 713 = ().

Thus, Theorem [5.1] yields

o

)
e R C RN VA TS G ) e C R DR

+ (=)= T g -1,
I (_q)1+1+1—3 (q— 1)0 UEZ,)C,b) i (_q)1+1+1—3 (q— 1)0 ’7((2)19 5

_ ( (9) (q) (q9) (q) (q)
= =0y T A=D1 oy @D F T e T b0

Note that the last three addends 77(((:211;) U((Z)c by 17((2) 0 here come from those
choices in which min {¢ (Bs),¢ (ys)} = 0 for each s € [k] (that is, for each s € [k],
one of the two compositions Bs and 7, is empty). In these choices, the two

powers

k
(_q)sglmax{f(ﬁs),ﬁ(%)}_k and (q . 1)(# of all s€[k] such that £(Bs)=F(7s))
are equal to 1 (because the exponents are easily seen to be 0), whereas the com-
position (|B1| + |71l, 1B2| + |r2|, ---, |Bkl + |7k]) is a shuffle of § with e. Thus,

these choices contribute terms of the form 179(,)'4), where ¢ is a shuffle of § with ¢, to
the right hand side of Theorem and these terms all have coefficient 1. These
are the only choices of k, B1,B2, ..., Bk, Y1, Y2, ---, Yk that have k = £ (6) + £ (¢).
All other choices have k < ¢ (J) 4 ¢ (¢), and these choices lead to addends that
involve either a nontrivial power of —g or a nontrivial power of 4 — 1 (or both).
In this sense, we can view Theorem [5.1|as a deformation of the overlapping shuf-
fle product formula for M;M; (see, e.g., [GriRei20, Proposition 5.1.3]), although
the concept of a “deformation” must be understood in a wide sense (we cannot
obtain the latter just by specializing the former).

We will derive Theorem [5.1| from Corollary For this, we will again use the
duality between NSym and QSym:

Lemma 5.4. Let f,g € QSym and & € NSym be arbitrary. Let the tensor A (h) €

NSym ® NSym be written in the form A (h) = Y s; ® t;, where [ is a finite set
i€l
and where s;,t; € NSym for each i € I. Then,

(h,f8g) =Y (si, ) (ti, &) -

icl
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Proof. This is analogous to Lemma except that the roles of QSym and NSym
have now been switched. O

For the sake of convenience, let us extend Lemma to infinite sums with only
finitely many infinite addends:

Lemma 5.5. Let f,¢ € QSym and & € NSym be arbitrary. Let the tensor A (h) €

NSym ® NSym be written in the form A (h) = Y s; ® t;, where I is a set and
iel
where s;,t; € NSym for each i € I are chosen such that only finitely many i € I

satisfy s; # 0. Then,
(h,fg) =) (s, f) (ti, &) -

icl

Proof. This is easily reduced to Lemma (just replace the set I by its subset
I''={iel | s #0}). O

Proof of Theorem Forget that we fixed § and e. For any three compositions & =
(1,2, ...,ax), 6 and ¢, we define a polynomial

k
¥ max{{(Bs),t(ys)}—k
o L 3
o€ (X) T Z (—X)s_l
ﬁll,BZI"'/ﬁkeCOmp;
’)/1/')/2/---1’)/k€C0mp;
B1Bo--Br=90;
Y12 Vk=E
[£(Bs)—£(ys)|<1 for all s;
|Bs|+|vs|=as for all s

) (X . 1) (# of all se[k] such that £(Bs)=£(7s)) (70)
€ Z[X]

k
(this really is a polynomial, since the exponent Y~ max {¢(Bs),¢ (ys)} — k is easily
1

S=
seen to be a nonnegative integer). Thus, clearly, for any three compositions a =
(1,2, ...,ax), 6 and €, we have

k
¥ max{{(Bs),L(ys) }—k
“ = —
0,€ (q) - Z (—q)sfl
B1,B2,---,Br€Comp;
Y1,72,--- Yk EComp;
B1B2---pr=9;
Y12 VE=E
[€(Bs)—£(ys)|<1 for all s;
|Bs|+|vs|=as for all s

. (q B 1)(# of all s€[k] such that £(Bs)=F(7s)) (71)

Note that the sums on the right hand sides of and are finite (because for
a given k € IN and given compositions J and ¢, there are only finitely many ways
to decompose § as § = B1 - - - Bk, and only finitely many ways to decompose ¢ as
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€ = Y172 7). All sums that will appear in this proof will be finite or essentially
finite (i.e., have only finitely many nonzero addends). We note that k-linear maps
always respect such sums.

Now, we shall proceed by proving several claims. Our first claim is a restatement

of Corollary

Claim 1: Let « be any composition. Assume that r is invertible. Then,

Am ") = X ds @ en®. (72)

6,e€Comp

Proof of Claim 1. Write the composition « as & = (aq,ap,...,ax). Then, Corollary

yields

A (,ﬁ(fﬂ)
Y. max{£(Bs),£(7)} —k

N L (—q)=
B1,B2,.-.,Br€Comp;
’}/1/’)/2/'0'/7kEC0mp,'
|Bs|+]|vs|=as for all s;
[£(Bs)—£(ys)|<1 forall s

-

r
B1.B2,--,BreComp;
Y1,72,--- Yk EComp;
[£(Bs)—£(ys)|<1 for all s;
|Bs|+|vs|=as for all s
- r
decComp B1,B2,....Bx€Comp;
V1,72 Y EComp;
P12 Pr=0;
Y12 VE=E
[£(Bs)—£(vs)|<1 for all s;
|Bs|+]|7vs|=ns for all s
(here, we have split up the sum according
to the values of B1B2---Br and y17y2-Yk)

) (q . 1)(# of all s€[k] such that £(Bs)=L(ys)) (;7;(73) B ® 77:;57)’)2’)%)
B2+ Br

k
L max{{(Bs),(7s)}—k
= ) )3 (—q)=
6,e€Comp B1,B2,---,Br€Comp;
Y172, 7 EComp;

B1B2-+Br=0;
T=¢;

Y12
[£(Bs)—£(7vs)|<1 for all s;
|Bs|+]|vs|=as for all s
L(Bs)=L(s * *
. (q _ 1)(# of all s€[k] such that £(Bs)=0(7s)) <17 qu”_ﬁk @ ;77%)2“.7](>

J/

:%w®ﬁm

(since B1B2-+Bx=0
and 172 vk=¢)
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k
¥ max{{(Bs),t(ys)}—k
= ) )3 (—q)=
J,ecComp B1,B2,....Br€Comp;
V1,72, Yk EComp;
B1B2-+-Brk=5;
Y172 Yk=E
[0(Bs)—£(s)|<1 for all s;
|Bs|+]|vs|=as for all s

. (q . 1)(# of all s€[k] such that £(Bs)=0(7s)) W;(q) ® ﬂ:(q)

5. max{£(Bs) £(7s)} —k

— Z Z (_q)s:1 (q B 1)(# of all se[k] such that £(Bs)=0(7s))
6,e€Comp B1,B2,---,Br€Comp;
71/72/'--/7kecomp;
B1B2--Pr=9;

Y1V2 V=€
[€(Bs)—£(7s)|<1 for all s;
|Bs|+]|vs|=as for all s

(.

—ds (q)
(by (71))
U;(q) ® ,7:(4)
= Y &.@nPen?.
6,e€Comp
Thus, Claim 1 is proved. O

Claim 2: Let 6 and e be two compositions. If r is invertible, then

i = Y di (.

a€Comp

Proof of Claim 2. Essentially, this follows by duality (Lemma from Claim 1.
Here are the details:
Assume that 7 is invertible. For any composition «, we have

AP = L #, @ e (73)
A ueComp

(by Claim 1, with the letters § and € renamed as A and p).
Let I be the set Comp x Comp. Then, we can rewrite as follows: For any
composition a, we have

A7) = ¥ s @n? e, (74)
(Ap)el
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Then, Theorem 3.10 (a) shows that the family (175{7) is a basis of the k-

module QSym. In other words, the family (17!(;7)

>zxeComp

) is a basis of the k-module
BeComp

QSym. Hence, we can write the quasisymmetric function iy(gq)iygq) € QSym as

s = Y ey, (75)
BeComp

where (cg) € kS js a family of coefficients (with cg = 0 for all but finitely

BeComp
many B € Comp). Consider this family.
ypB P y

For every « € Comp, we have

(1, gy = <,7;<4>, y cﬁq;ﬁ)> (by @3))

BeComp

= Z cp <77§(q),7]/(3q)> = Z cp [0 = B] = ca
geComp  “———  pcComp

=[a=p]
(by G7)

(since all addends of the sum )}  cg[a = ] except for the p = a addend are 0)
peComp

and therefore
Cy = <,7:(q), ngq)ng(q)>

= ¥ (@, @n® ™) (i, )

(A)EL X ~ g
N—— *

= Z :dv/{,,u(q)<’7)\<q)’ W(Eq)>
A,ueComp

by Lemma applied to f = ngq) and ¢ = 17€(Q)
and h = H:(q) and S(Au) = dﬁ’y (9) qi(Q) and Fop) = U;(q)

(since yields A <’7;(q)> = ¥ d43,(q) W;(q) ® W;(q))
(Ap)el

= A/yémp % () fﬂi(")/ 17§”’)>/ \<17§Z(”’); 17§E’)>4

) o &
= Y Gu@P=d-lu=ed= ) d,@[Ap=(e)

(-
~\~

AueComp —[A=0 and ji—¢] A,ueComp
=[(Am)=(0¢)]
= d5 (q) (76)
(since all addends of thesum 3> d}  (q) [(A, 1) = (6,¢€)] except for the (A, u) =
A uceComp

(6,¢€) addend are 0).
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Now, becomes

W= Y = Y won’= ¥ @’

BeComp xcComp _ x€Comp
7d§/g(q)
(by (78))
This proves Claim 2. O

In the rest of this proof, we will use several different base rings. Thus, we shall
use the notation QSym, for what we have previously been calling QSym (that is,
the ring of quasisymmetric functions over the ring k). Clearly, any ring homomor-
phism f : k — 1 between two commutative rings k and 1 canonically induces a ring
homomorphism QSym, — QSym,, which we denote by QSym . Moreover, if k is
a subring of a commutative ring 1, then QSym, canonically becomes a subring of
QSym,.

We note that the definition of the power series ;7§ﬂ> does not depend on the base
ring. Thus, if f : k — 1 is a ring homomorphism between two commutative rings
k and 1, then any « € Comp and any g € k satisfy

Qsym; (") = " (77)

(where the ;7,557) on the left hand side is defined in QSym,, whereas the 170(/ @) on

the right hand side is defined in QSym,). Likewise, if k is a subring of 1, then the

17,54’7) in QSym,_equals the ;7§ﬁ> in QSym,. We shall use this tacitly soon.

Claim 3: Let § and € be two compositions. If k is the polynomial ring
Z [X], and if g is the indeterminate X in this ring, then

0t = L s @)

a€Comp

In other words, we have

n ) = L s () in QSymgzy; . (78)

acComp

Proof of Claim 3. Consider the field Q (X) of rational functions in X over Q. Clearly,
Z [X] is a subring of Q (X). Thus, QSymyy| becomes a subring of QSymg ;.

In the ring Q (X), the polynomial X + 1 is invertible. Thus, Claim 2 (applied to
Q (X), X and X + 1 instead of k, g and r) yields that

X) (X " X .
’7§ I = Y, 5. (X) e in QSymgx; - (79)

a€Comp
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But QSymy;y; is a subring of QSymg, ), and both sides of the equality belong

to QSymyy; (since df . (X) € Z [X] and 17,J(¢X) € QSymyy for all « € Comp), and
do not depend on the base rinﬂ Hence, the equality holds in QSymZ[X] as
well. In other words, we have

X) (X X .
O = Y as (x) Y in QSymg ;.
acComp
In other words, holds. This proves Claim 3. O

Claim 4: Let 6 and € be two compositions. Then,

0 = ¥ @

a€Comp

Proof of Claim 4. Consider the polynomial ring Z [X]. By the universal property of
a polynomial ring, there exists a unique Z-algebra homomorphism f : Z [X] — k
that sends X to g. Consider this f. Explicitly, f is given by

fu(X))=u(q) for any polynomial u (X) € Z [X]. (80)

The map f is a Z-algebra homomorphism, thus a ring homomorphism, and there-
fore induces a ring homomorphism QSym : QSymgy; — QSym,. Applying this
ring homomorphism QSym to both sides of 1i we obtain

Qsym; (7,) -Qsym; (nt™) = Y QSym; (5, (X)) - QSym; (1))

xcComp
in QSym,_.

Since every composition « € Comp satisfies

Qsym; (1) =X by @)

= (since f (X) = q),
we can rewrite this as
i = Y QSym,(di (X)) n
x€Comp N ~~
=f(d5,(X))

(since the homomorphism QSym Y
acts as f on Z[X])

= Y f@.0) " = & (g,

x€Comp aeComp
=d5.(9)
(by B
This proves Claim 4. O

7Indeed, the power series U§X> defined over Z [X] equals the power series 77,§X) defined over Q (X).
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Claim 5: Let &« = (a1, a2, ..., 1), 6 and & be three compositions. Then,

k
¥ max{{(Bs),l(ys)}—k
g,€ (q) = Z (_q>s=1
B1.,B2,-...8x€Comp;
V1,72, Yk EComp;
B1B2---Br=9;
Y12 VK=E
[£(Bs)—£(ys)|<1 for all s;

a=(|B1l+Iril, |B2l+lv2ls -oor [Bl+I7i])
. (q . 1)(# of all se[k] such that £(Bs)=£(s)) . (81)

Proof of Claim 5. The condition “|Bs| + |ys| = as for all s” under the summation sign
in (71) is equivalent to the condition “a = (|B1| + |11], |B2| + |72l -+ |Bk| + |1])”
(since & = (a1, &, ..., ax)). Thus, we can replace the former condition in by the
latter. The result of this replacement is precisely the equality (81). Hence, Claim 5
is proved. O

Now, Theorem [5.1|is just a restatement of Claim 4. Indeed, let § and ¢ be two
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compositions. Then,

1 (gq),7 gq)
= )3 t () s” (by Claim 4)
xcComp
——
=X r

keN = (1,8, ) EComp
(since any composition
has a unique length)

=) )3 «(q) 7"

keN  a=(a,a2,...,0p) €Comp

k
¥ max{¢(ps),(ys)}—k
S > (-
keEN  a=(a1,ap,...,0r) €Comp B1,B2,--..Br€Comp;
Y1,Y2,--- Yk EComp;
B1B2-+Br=9;
Y12 VE=E
[4(Bs)—£(ys)|<1 for all s;
a=([B1]+|7l, |B2l+[72l, s 1Bl ]7k])

1) (# of all s€[k] such that E(,Bs)zé('yg))> . ;70(;7)
(by (81))
3. max{£(B:),0(7)} —k

=) )3 )3 (—q)=

keEN  a=(a1,ap,...,0r) Comp B1.,B2,--..Br€Comp;
1,72, 7 €Comp;

(q_

B1P2--Pr=96;

Y12 VE=E
|6(Bs)—£(7s)| <1 for all s;
a=(1B1l+m1l, [B2l+172l, s [Bil+I7x])

. (q . 1)(# of all s€[k] such that £(Bs)=¢(s))

(q9)
14
N
:,7('1)
([B1]+ 71l [B2|+]v2l o [Brl+ k)

(since a=(|B1|+|n1l, [Bal+[72l -\ [Bil+[7k]))
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)3

a=(aq,02,...,0x) EComp

a=([B1l+[ml, |B2l+ ]2l -
1) (# of all s€[k] such that £(Bs)=0(7s))

(-
(9)

By |+l 1Bl + 72l e

i max{¢(Bs),¢(

(~qp= o

ﬁl,,Bz,...,,BkeComp;

Y1 Y200 Yk eComp;

P1Ba---Br=0
Y12 VK=
£(ys)|<1 for all s;

1Bl +17kl)

|1€(Bs) -

Bl el)” (82)

However, for each k € IN, we have the following equality of summation signs:

)3

a=(aq,02,...,05) EComp

ﬁl/ﬁZI'“/
Y1,Y2s-,Y

D

BreComp;
«€Comp;

1B2°+Br=9;

|£(Bs)

D

B1,B2,--..Bxr€Comp;
'Yl/Yz/-u,’YkGComp;
"‘_5kff5;
[€(Bs)—1 ’Ys)|<1 for all s;
(1B11+Iml, 1B2l+ 72l -

Y172 V=E
—£4(ys)|<1forall s;
a=(|B1l+[rl, B2l+[72l, -

|Brl+[vkl)

- |Bkl+]7k]) €Comp
( since the condition “a = (|B1] + |71],

B2l + |72l -0 1Bkl + |7k])”

under the second summation sign uniquely determines «

)3

,Bl /‘82/"‘/‘Bk Ecomp/
Y1725 7k EComp;
1[82 . .‘Bk:(s;

Y1Y2 VK=
[£(Bs)—£(ys)|<1 for all s;
|Bs|+]|7vs|>0 for all s

)3

B1,B82,--..Bx€Comp;
71,72,k EComp;

1€(Bs)— (’Ys)|<1 for all s;
£(Bs)+£(ys)>0 for all s

since the condition

Ba| + |72, -+, |Bk| + |7k|) € Comp”
|Bs| + |vs| > 0 for all s”

“ (Bl + Il
is equivalent to

since the condition “ |Bs| + |ys| > 0”
on two compositions Bs and s
is equivalent to “¢ (Bs) + ¢ (7ys) > 0”
(indeed, both conditions are
equivalent to (Bs,vs) # (9, 9))
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Hence, we can rewrite (82) as

@. @) _ 5. max{£(Bs),0(7)}—k

nne = 1 )y (—q)=
kEN ﬁl/ﬁZ/"-/ﬁkeCOmp;
Y1,72,--- Yk EComp;
B1B2---pr=9;
Y12 Ye=E
[£(Bs)—£(ys)|<1 for all s;

£(Bs)+£(vs)>0 for all s
. (q . 1)(# of all se[k] such that £(Bs)=£(s))

(@)
T(B11+ml, 1B2l+ 72l wor Bl 1))

Combining the two summation signs here into a single sum, we can rewrite this as

k
L max{f(Bs),(vs)}—k
mgq)%(q) _ Z (—g)=1

keN;
B1,B2,---,Br€Comp;
V1,72, Yk EComp;

P12 Pr=0;
Y172 Yk=E
[£(Bs)—£(ys)|<1 for all s;

£(Bs)+¢(ys)>0 for all s
) (q o 1)(# of all s€[k] such that £(Bs)=£(ys))

(@)
(114, 1821+ 72l s [Bil+Ie])”

Thus, Theorem [5.1]is proved. O

5.2. The product rule in terms of stufflers

We will next rewrite Theorem in a somewhat different language, using cer-
tain surjective maps instead of factorizations of compositions. First, we introduce
several pieces of notation:

Definition 5.6. Let i and j be two integers. Then, we write i ~ j (and say that i is
nearly equal to j) if and only if |i —j| < 1.
(Of course, ~ is not an equivalence relation.)

Definition 5.7. Let 6 = (01,62,...,0,) and € = (e1,¢€2,...,€m) be two composi-
tions.

Fix two chains (i.e., totally ordered sets) P = {p1 < p2 < --- < py} and Q =
{71 < g2 < -+ <gm}, and let

U=PUQ
be their disjoint union. This U is a poset with ¢ + m elements
P1, P2, -+, P, 91,92, - - -, Gm, Whose relations are given by p; < p» < -+ < py

and g1 < g2 < -+ < gm (while each p; is incomparable to each g;).
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If f:U — X isamap from U to any set X, and if s € X is any element, then
we define the two sets

fol(s):={uelll | f(pu)=s} and
fol(s)={vem | f(q)=s}.

(Essentially, f," (s) and fo 1(s) are the sets of the preimages of s in P and Q,
respectively, except that they consist of numbers instead of actual elements of P
and Q.)

A stufufuffler for 6 and e shall mean a surjective and weakly order-preserving
map

f:u—={l<2<---<k} for some k € N
with the property that each s € {1 <2 < --- < k} satisfies
fit )]~ |5t ). (83)

(“Weakly order-preserving” means that if u and v are two elements of the
poset U satisfying u < v, then f (u) < f (v).)

If f:U—{1<2<--- <k} isastufufuffler for § and ¢, then we define three
further concepts:

e We define the weight wt(f) of f to be the composition
(wty (f), wta (f),..., wtp(f)), where

wt ()= Y, &t Y &

uefy(s) UGfQ_l(S)
= Y &+ ) & for each s € [k].

uclf); ve[ml;

f(pu)=s f(qo)=s

(Note that ensures that the two sums on the right hand side here have
nearly equal numbers of addends. Moreover, the surjectivity of f ensures
that at least one of these two sums has at least one addend, and thus wt; (f)
is a positive integer; therefore, wt (f) is a composition.)

* We define the loss of f to be the nonnegative integer

k
loss (f) := ;max{‘fpl (s)

ot @]}~k

(This really is a nonnegative integer, since the surjectivity of f yields that
max{‘fp_1 (s)|, ‘fél (s)‘} > 1 for each s € [k], and thus loss (f) =

Eme {0 o) 52 F1tmo
% =
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* We define the poise of f to be the nonnegative integer

poise (f) := (# of all s € [k] such that )fp’l (s)‘ = ‘fél (S)D :

Example 5.8. Let 6 = (4,b) and ¢ = (c,d,e) be two compositions. Then, the
poset U in Definition 5.7]is U = {p1 < p2} U {q1 < g2 < g3}. The following
maps (written in two-line notation) are stufufufflers for § and e:

1 2 3 4 5
(Pl P2 41 92 %)

2 5 1 3 4

P1 P2 91 492 43
1 2 2 2 3 )7

P1 P2 91 492 43
1 1.1 1 1)’

P1 P2 91 492 43
1 2 1 1 2 /)°

(Pl P2 41 92 %) (P1 P2 9 qs)

1 1 1 2 3

P1 P2 91 42 43
2 2 1 2 3 )7

pP1 P2 91 42 43
1 1 1 1 2 )7

(The list is not exhaustive — there are many more stufufufflers for § and e.)
On the other hand, here are some maps (in two-line notation) that are not
stufufufflers for J and e:

e The map ( Pll 1722 ‘711 1712 1113 ) is not a stufufuffler, since it violates

fors =1.

P1r P2 91 492 43
1 2 2 1 2

increasing (f (q1) > f (q2))

* The map ( is not a stufufuffler, since it is not weakly

e The map ( 1721 2722 1721 [722 1123 ) is not a stufufuffler, since it fails to be

surjective onto {1 < 2 < - -- < k} whatever k is.
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Here are the weights of the eight stufufufflers listed above:

we( BPE R D) b,

(BT T ) enten,
wt(pl1 1712 0711 1722 (133>:(a+b+c, d, e),
Wt(pll 1722 qzl 1722 ?)z(ﬂ,b—i—c—l—d, e),
Wt(pzl 2922 ‘111 1722 ?)z(c,a—i—b—l—d, e),
w7 R rrreraso,
wt(ql P2 g Q;):(HHM, e,
Wt(ql Promd q;)zwﬂw,m).

The losses of these stufufufflers are 0, 0, 1, 1, 1, 2, 1 and 1, respectively. Their
poises are 0, 0,0, 0, 0, 0, 1 and 1, respectively.

Intuitively, the composition wt ( f) in Definition[5.7]can be thought of as a variant
of a stuffle'®| of 6 with e, but instead of adding an entry of § with an entry of ¢, it
allows adding i consecutive entries of § and j consecutive entries of ¢ whenever i
and j are integers satisfying i ~ j. (Such a sum can be obtained by starting with 0
and taking turns at adding the next available entry from J or from ¢; thus the name
“stufufuffle”.) The poise statistic poise (f) tells us how often this i ~ j relation
becomes an equality. The loss statistic loss (f) tells how much is being added, i.e.,
how far this “stufufuffle” deviates from a stuffle. .

Now we can restate the multiplication rule for qéq)ng in terms of stufufufflers:

Theorem 5.9. Let § and ¢ be two compositions. Then,

77(&‘7)%(‘7) _ Z (_q)losS(f) (9 — 1)Poise(f) ,75:77)(]().
f is a stufufuffler
for ¢ and e

18“Stuffles” are also known as “overlapping shuffles”; see [GriRei20, Proposition 5.1.3 and Example
5.1.4] for the meaning of this concept (and [DEMT17] for more).
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Example 5.10. Let 6 = (a4,b) and € = (c,d) be two compositions of length 2. Let

us compute '7((2,)27)77((?,21) using Theorem The stufufufflers for § and ¢ are the

maps (written here in two-line notation

(Pl p2 41 qz) (Pl p2 41 Q2> (P1 p2 41 b]z)
1 2 3 4 )7 1 3 2 4 )7 1 4 2 3 )7
(Pl p2 41 qz) (Pl p2 41 6]2) (P1 p2 41 b]z)
2 3 1 4 )’ 2 4 1 3 )7 3 4 1 2 )7
(P1 p2 41 qz) (Pl p2 41 6]2) (P1 p2 41 b]z)
1 2 2 2 )7 2 2 1 2 ) 1 1 1 2 )7
(P1 p2 41 qz) (Pl p2 41 6]2) (P1 p2 41 672)
1 2 1 1) 1 2 1 2 )7 1 1 1 1)’
(P1 p2 41 QZ) (Pl p2 41 6]2) (P1 p2 41 672)
1 2 1 3 ) 1 3 1 2 ) 1 3 2 3 )’
(Pl p2 41 %) (Pl p2 41 6]2) (P1 p2 41 6]2)
2 3 1 3 )7 1 2 2 3 ) 2 3 1 2 )
Their respective weights are
(a,b,c,d), (a,c,b,d), (a,c,d,b),
(c,a,b,d), (c,a,d,b), (c,d,a,b),
(a, b+c+4d), (c,a+b+4d), (a+b+c, d),
(a+c+d, b), (a+c, b+4d), (a+b+c+d),
(a+c, b, d), (a+4c, d, b), (a, ¢, b+d),
(c, a, b+d), (a, b+c, d), (¢, a+4d, b);
their respective losses are
0,0,0,
0,0,0,
1,1,1,
1,0,1,
0,0,0,
0,0,0,
whereas their respective poises are
0,0,0,
0,0,0,
0,0,0,
0,21,
1,1,1,

1,1,1.
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Thus, Theorem [5.9] yields

(@ @ _  (q9) (q) (q)
N Tcd) = TNabed) T MNacpd)y T M acdp)

(q) (q) (q)
+ ’7(;7 abd) T U(Z,a,d,b) + W(Z,d,u,b)

) (q9) (9)

A, bret+d) ~ (e, avv+d) ~ Matb+c, a)

(9
(
(9
(

) 2 (9) (9)
— Migrcra, oy T (1= 1) ’7(Z+c pra) — (0~ )’7(2+ btc+d)

+@-0n0 @Dl @01
@D+ @00 T @= D

Let us now outline how Theorem [5.9] can be derived from Theorem

Proof of Theorem [5.9] (sketched). Let us define the polynomials df, (X) € Z[X] as in
the proof of Theorem Then, Claim 4 in said proof shows that

= ¥ dat (). (84)

acComp
Now, fix a composition & = (aq,ap, ..., ax). Let P be the set of all pairs

((1511152/' . '/;Bk)/ (71/72/' . '/r)/k))

satisfying the six conditions

B1,B2, ..., Pr € Comp; Y72 - e € Comp;
P12 Br =9 MY2 Y= &
|€(Bs) — £ (7s)| <1 for each s;
|Bs| + |vs| = as for each s.

Then, the equality rewrites as

Y. max{£(Bs),£(7)} —k

5 (7) = ). (—q)=
((B1.B2-Bk)r (r1,72,--7k)) EP
. (q o 1)(# of all s€[k] such that £(Bs)=¢("s)) - (85)

On the other hand, let S be the set of all stufufufflers f for J and ¢ satisfying

wt(f) = a.

We shall construct a bijection ® from S to P. Namely, ® shall send any stufufuf-
fler f € S to the pair

(B B2 B s (Y1724, 7%)) s
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where
Bs = (the composition consisting of the §, for all u € f, ! (s)
(in the order of increasing u)) and
Vs = (the composition consisting of the ¢, for all v € f5' (s)

(in the order of increasing v)) for all s € [k].

(We are here using the fact that our stufufuffler f must necessarily be a map from
Uto {1 <2< --- <k}, because its weight wt (f) = a is a composition of length k.)
It is easy to see that this pair really belongs to P, and that ® is indeed a bijection@

This bijection @ has a further useful property: If ® sends a stufufuffler f to a

pair ((13111321 .. 'I:Bk) 7 (’)/1/’)/2/- . -r’)/k))/ then

k
;max{e(ﬁs)zﬁ(’rs)}—kzloss (f) and
(# of all s € [k] such that £ (Bs) = ¢ (7ys)) = poise (f) .

(This is easily seen from the definitions of ®, of the loss and of the poise.)
Thus, we can use the bijection ® to rewrite as

5e (@) = Y (=) (g —1)porel)
fes
_ Z (_q)loss(f) (q . 1)poise(f) (86)

f is a stufufuffler
for ¢ and ¢;

wi(f)=s

(by the definition of S).
Forget that we fixed a. We thus have proved for each composition « € Comp.

PIts inverse map @ ! can easily be constructed: It sends each pair
((B1,B2s---+Bk)» (v1,72,---»7k)) € P to themap f : U — [k] that is given by
f(pu) =min{s € [k] | €£(B1B2---Bs) > u} for all u € [/]
and
f(go) =min{s € [k] | £(7y172---7s) =0} forallv € [m].

The idea behind this is that f (p,) is the number s such that the u-th entry of the concatenated
composition 187 - - - B is taken from its s-th factor s (and similarly f (g0)).
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Hence, we can rewrite (84) as

ﬂéq)%(q) - ¥ y (—q)°V) (g — 1)poisel) | (@)
Com is a stufufuffler
"< Pl for zJ; and ¢;
wh(f)=a
D D DR O e R Lo L
x€Comp f is a stufufuffler ~
for 6 and ¢; :”v(jt)(f)
wt(f)=a (since a=wt(f))
= X Y () gy
xcComp f is a stufufuffler
for § and ¢;
Wi(f) =

. S

L
f is a stufufuffler
for 6 and ¢

— T (g gy

f is a stufufuffler
for  and ¢

This proves Theorem

5.3. The product rule in terms of subsets

Finally, let us state the product rule for the ngﬂ) (Theorem in yet another form,

using classical shuffles ([GriVas22, Corollary 1]):

Definition 5.11. If T is any set of integers, then T — 1 shall denote the set

{t—1 | teT}.

i € [n— 1], we let a* denote the following composition with n — 1 entries:

i
ot = (PR TR P S TR P E PR P

Furthermore, for any subset I C [n — 1], we set

e (o))

where iy, 1y, ..., i are the elements of I in increasing order.
Finally, if I and ] are two subsets of [n — 1], then we set

wHH = g K where K=TUJU (] —1).

Definition 5.12. Let &« = (a1, ap, ..., &) be a composition with n entries. For any
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Example 5.13. Let « = (a,b,¢,d, e, f,g) be a composition with 7 entries. Then,

w?=(a, b+c, d e f,8);
w245} = (@, b, d+etf, g);
wHZHHOE — 1250 — (g by, d, e+ f+g).

Theorem 5.14. Let 6 = (01,02,...,0,) and € = (€1,€2,...,€m) be two composi-
tions.

If T is any m-element subset of [n + m]|, then we define the T-shuffle of 5 with
e to be the composition

5 |_TJ &= (,)/1/ ,)/2/' . '/71’14’1”1) 4

where
- {51, if k is the i-th smallest element of [n 4+ m]|\ T;
k-—

gj, if kis the j-th smallest element of T.

Furthermore, if T is any subset of [n + m], then we define a further subset
T o= (T\ (T~ 1)\ {n+m}.

Then,

(@), (9 _ ]| 1 (4)
my e =), (=) @@=y
triples (T,1,]); (01T]e)
TC[n+m];
|T|=m;
ICT/;
JET\{1};
Inj=o

Example 5.15. Let 6 = (a) and ¢ = (b, c) be two compositions. Then, applying

Theorem [5.14f (with n = 1 and m = 2), we see that U(gq)%(q) = 17((2)) ng)c) is a sum

over all triples (T, 1, ]) satisfying
T C [3], IT| =2, ICT, JC T\ {1}, Inj=g.
There are exactly six such triples (T, I, ]), namely
{12}, 2, @), ({12}, 2, {2}), ({12}, {2}, 2),
({13}, 9, 9), {13}, {1}, 9), ({2,3}, 2, 9).
Thus, the claim of Theorem becomes

(@), @ _ (@) (9) (9) (q9) (q) (9)
T ihe) = Moy~ Miarorey T @ = D10 greyH e @ =D ighy, o+ 00

(here, we have listed the addends in the same order in which the corresponding
triples were listed above).
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Theorem can be derived from Theorem 5.9 by constructing a bijection be-
tween the stufufufflers of 6 and ¢ and the triples (T, I,]) from Theorem The
details of this bijection are somewhat bothersome, so we shall omit them, not least
because Theorem can also be proved in a different way (using enriched P-
partitions). The latter proof has been outlined in [GriVas22, Corollary 1] and will
be elaborated upon in forthcoming work.

6. Applications
(9)

We shall now discuss some applications of the basis (17,,( and its features.

) x€Comp

6.1. Hopf subalgebras of QSym

The g = 1 case in particular is useful for constructing Hopf subalgebras of QSym,
such as the peak subalgebra IT introduced by Stembridge [Stembr97, §3] and later
studied by various authors ([AgBeSo14, §6, particularly Proposition 6.5], [BMSW99],
[BMSWOO, §5], [Hsiao07] etc.). We shall now briefly survey some Hopf subalgebras
that can be obtained in this way.

Convention 6.1. For the rest of Subsection we fix a set T of compositions
(i.e., a subset T of Comp).

We let QSymgi ) be the k-submodule of QSym spanned by the family (ﬁ‘”) "
Qe

When is this k-submodule QSymgg) a subcoalgebra of QSym? The answer is
simple@
Proposition 6.2. For any subset Y of {1,2,3,...}, we let
Y* := {all compositions whose entries all belong to Y}

= {(a1,a2,...,a¢) € Comp | a; €Y foreachi}.

(@) If T = Y* for some subset Y of {1,2,3, ...}, then QSymgﬂ Jisa subcoalgebra
of QSym.

(b) If k is a field and r # 0, then the converse holds as well: If QSyrngf’ )is a
subcoalgebra of QSym, then T = Y* for some subset Y of {1,2,3,...}.

20We are being sloppy: For us here, a “subcoalgebra” of a coalgebra C means a k-submodule D of
C that satisfies

A (D) C (image of the canonical map D® D — C® C).

This is not the algebraically literate definition of a “subcoalgebra”, as it does not imply that
D itself becomes a k-coalgebra (after all, the canonical map D ® D — C @ C might fail to be
injective, and then it is not clear how to “restrict” A to a map D — D ® D). Fortunately, the two
definitions are equivalent when k is a field (or when D is a direct addend of C as a k-module).
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Proof sketch. (a) This follows from Theorem
(b) Use the graded dual NSym of QSym and Proposition (The orthogonal
complement of a subcoalgebra is an ideal.) O

Proposition [6.2] allows us to restrict ourselves to sets T of the form Y* for Y C

{1,2,3,...} if we want QSymgi ) to be a Hopf subalgebra of QSym. However, not
every set T of this form Y* results in a Hopf subalgebra. For generic g, this happens
fairly rarely:

Proposition 6.3. Let Y be a subset of {1,2,3,...} that is closed under addition

(i.e., satisfies y +z € Y for every y,z € Y). Let T := Y™*. Then, QSymgﬁ )
subalgebra of QSym.

is a Hopf

Proof sketch. Clearly, 1 = q(g ) e QSym(Tq ) and Proposition (a) shows that QSym%i )

is a subcoalgebra of QSym. Next, we will show that QSym;"’ is closed under multi-
plication. In view of Theorem this will follow once we can show the following
claim:

Claim 1: Let k € IN. Let 6 € Y* and € € Y* be two compositions all of
whose entries are € Y. Let Bq,B2,...,Bx € Comp and v1,72,..., 7k €
Comp be 2k compositions satisfying

Bif2---Br =9 and Y1Y2 Yk =€
and C(Bs)+ £ (vs) > 0foralls.

Then,
(IB1l + 7l B2l + |72l o) 1Bkl + |7kl) € Y™

Proof of Claim 1. We need to show that |Bs| + |vs| € Y for each s € [k]. To do so, we
fix s € [k]. Then, £ (Bs) + £ (vs) > 0 (by assumption). In other words, at least one
of the compositions s and s is nonempty.
However, all entries of the composition B, are entries of the composition 187 - - - Bx =

0, and thus belong to Y (since § € Y*). Thus, the sum of all entries of B, either
equals 0 or belongs to Y (since Y is closed under addition). In other words, the
size | Bs| either equals O or belongs to Y. Similarly, || either equals 0 or belongs
to Y. Hence, the sum |Bs| + |7vs| either equals 0 or belongs to Y as well (since Y is
closed under addition). Since |Bs| + |vs| cannot equal 0 (because at least one of the
compositions Bs and ;s is nonempty), we thus conclude that |Bs| + || belongs to
Y. In other words, |Bs| + |7s| € Y. As we said, this completes the proof of Claim
1. O

Now, Claim 1 (together with 1 € QSym¥ )) shows that QSym(Tq Jisa k-subalgebra

)

of QSym. As we saw above, QSym%’ is a k-subcoalgebra of QSym as well, and

thus is a k-subbialgebra of QSym. This bialgebra QSyrngf7 ) is connected graded,
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and therefore a Hopf algebra (by Takeuchi’s famous result [GriRei20, Proposition

1.4.16]). The inclusion map QSymgfI ) QSym is a bialgebra morphism between

two Hopf algebras, and thus automatically a Hopf algebra morphism (by another

well-known result: [GriRei20, Corollary 1.4.27]). Hence, QSymgf’ Jisa Hopf subal-
gebra of QSym. This proves Proposition O

Example 6.4. The subset {2,4,6,8,...} of {1,2,3,...} is closed under addition.

Thus, Proposition shows that QSym(Tq ) is a Hopf subalgebra of QSym for

Y :=1{2,4,6,8,...} and T := Y*. This Hopf subalgebra can be viewed as a copy

of QSym in the indeterminates x%, x%, x%, ..., and thus is isomorphic to QSym.

Example 6.5. The subset {2,3,4,5,...} of {1,2,3,...} is closed under addition.

Thus, Proposition shows that QSyrngf7 Jis a Hopf subalgebra of QSym for
Y:={2,3,4,5 ...} and T := Y".

Proposition [6.3]is not very surprising. In fact, (5) shows that (under the assump-
tions of Proposition b the space QSym(Tq ) is just the k-linear span of the functions
r') M, with a € Y*; but the latter span is easily seen to be a Hopf subalgebra
(using [GriRei20), Proposition 5.1.3] and (31)).

If g # 1 and if r is invertible, then Proposition has a converse (i.e., QSym(Tq ) is
a Hopf subalgebra of QSym only when Y is closed under addition), since it is easy
to see that

Y = 0l ol oy sanyas 2

However, more interesting behavior emerges when g = 1:

Proposition 6.6. Let Y be a subset of {1,2,3,...} that is closed under ternary
addition (i.e., satisties y +z+w € Y for every y,z,w € Y). Let T := Y*. Then,

QSymgr1 Jisa Hopf subalgebra of QSym.

Proof sketch. This is similar to Proposition but now we set 4 = 1 and observe
that all addends on the right hand side of Theorem [5.1| that satisfy

C(Bs) =L (s) for at least one s € [k]
are 0 (because they include the factor (1 — 1) POSIVeIMe8er \yhich vanishes), and all
the remaining addends have the property that |¢ (Bs) — ¢ (7vs)| = 1 for all s (since
|0 (Bs) — € (vs)| < 1and £(Bs) # £(7vs)). Hence, the following claim now replaces
Claim 1:

Claim 1’: Let k € IN. Let 6 € Y* and € € Y* be two compositions all of
whose entries are € Y. Let By, B2,...,Bx € Comp and y1,72,..., 7k €
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Comp be 2k compositions satisfying

Bip2---Pr =19 and T2 Yk =€
and 10 (Bs) — € (vs)| =1 forall s.

Then,
(181l + [71l, B2l + |72l o) [Bkl =+ |7kl) € Y™

Proof of Claim 1'. We need to show that |Bs| + |vs| € Y for each s € [k]. To do so,
we fix s € [k]. Then, |¢(Bs) — ¢ ()| = 1 (by assumption), and thus ¢ (Bs) + £ (7ys)
is odd. Hence, |Bs| + |7s| is a sum of an odd number of entries of § and ¢, and
therefore a sum of an odd number of elements of Y (since J and ¢ belong to Y*).
But Y is closed under ternary addition, and therefore any sum of an odd number
of elements of Y must belong to Y (easy induction exercise). Hence, |Bs| + |7s| € Y,
and thus Claim 1’ is proved. O

The rest of the proof proceeds as for Proposition O

Example 6.7. The subset {1,3,5,7,...} of {1,2,3,...} is closed under ternary

addition. Thus, Proposition shows that QSym(T1 )is a Hopf subalgebra of

QSym for Y := {1,3,5,7,...} and T := Y*. This Hopf subalgebra is precisely the

peak algebra IT of [Stembr97, §3], [AgBeSo14, §6, particularly Proposition 6.5],

[BMSW99], [BMSWO0O0, §5] and [Hsiao07] (since [Hsiao07, (2.1) and (2.2)] shows

that the 0, for « odd have the same span as the 7, for a odd, but [Hsiao07,
(1)

Proposition 2.1] shows that the latter 7, are precisely our 1, ’ up to sign).

Example 6.8. The subset {positive integers # 2} = {1,3,4,5,...} of {1,2,3,...}

is closed under ternary addition. Thus, Proposition @ shows that QSym(T1 Jisa
Hopf subalgebra of QSym for Y := {positive integers # 2} and T := Y*. This
Hopf subalgebra is the Hopf subalgebra = constructed in [BMSWO00, Theorem
5.7]. (Indeed, both Hopf subalgebras have the same orthogonal complement: the

principal ideal of NSym generated by 7; = %Xz = 411 (2H, — H1H;).)
Example 6.9. More generally, if we pick a positive integer k and set

Y := {odd positive integers} U {k,k+1,k+2,...}

and T := Y*, then Proposition 6.6/ shows that QSym(T1 )is a Hopf subalgebra of
QSym (since Y is closed under ternary addition).

The reader can find more examples without trouble. When k is nontrivial and 2
is invertible in k, Proposition [6.6|is easily seen to have a converse (using Example

p.3).
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6.2. A new shuffle algebra

Next, we shall use the enriched g-monomial quasisymmetric functions to realize a
certain deformed version of the shuffle product, which has appeared in recent work
of [BoNoTh22] by Bouillot, Novelli and Thibon (generalizing the “block shuffle
product” of Hirose and Sato [HirSat22, {]).

Shuffle products are a broad and deep subject with a long history and many
applications (e.g., to multiple zeta values, algebraic topology and stochastic differ-
ential equations). An overview of known variants (such as the stuffles, the “muf-
fles”, the infiltrations and many more) can be found in [DEMT17, Table 1]. In the
following, we shall discuss a variant that does not directly fit into the framework
of [DEMT17], but is sufficiently similar to enjoy some of the same behavior. To our
knowledge, this variant has first appeared in [BoNoTh22]. We will use the letters a
and b for what was called « and  in [BoNoTh22], as we prefer to use Greek letters
for compositions.

Let F be the free k-algebra with generators x1, x2, x3, . . .. It has a basis consisting
of all words over the alphabet {x1, xp, X3, ...}; these words are in bijection with the
compositions. In fact, let us set

Xop 1= Xy Xy *++ Xy (87)

for every composition v = (y1,72,...,7k). Then, the bijection sends each compo-
sition <y to the word x,.
For any k € N, we let {; : 7 — F be the k-linear operator defined by

0k (1) =0;

Ck (xjw) = xj 1w for each i > 1 and any word w.

(Thus, explicitly, the map (j sends 1 to 0, and transforms any nonempty word by
adding k to the subscript of its first letter. For example, (i (x,XyXy) = X, kX0 Xy fOr
any u,v,w > 1.)

Fix two elements a and b of the base ring k.

Let # : 7 x F — F be the k-bilinear map on F defined recursively by the
requirements

1#w =w for any word w;
wHl = w for any word w;
(xju) # (xj0) = x; (u# (xj0)) + x; (xju) #0) + ax;yj (u#v) + bl (u#v)

for any 7,j > 1 and any words u and v.

We call this bilinear map # the stufufuﬂl Explicitly, we can compute this opera-
tion as follows:

2IThis is a riff on the notion of “stuffle” (which is recovered when a = 1 and b = 0) and the fact
that multiple letters of both words u and v can get combined into one in u#v.
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Proposition 6.10. Let 6 = (61,02,...,6y) and € = (e1,¢€2,...,€m) be two composi-
tions. Then, using the notation of , we have

xshtx, = Z bloss(f) apoise(f) x

f is a stufufuffler
for 6 and ¢

wt(f)

Proof sketch. Use strong induction on ¢ + m.

Induction step: If 6 = & or ¢ = &, then the claim is easy to check. Thus, assume
WLOG that neither é nor e is @. Leti = 6; and j = ¢; and 6 = (J,63,...,0;) and
€ = (ep,€3,...,&m). Hence, x5 = x;x5 and x, = xjxg, so that

xstxe = (xix5) # (xjxe)

= x; | xg# (xjxe) | + x5 | (xixg) #xe | + axiyj (xhxe) + bCij (xz#xe)
—— ——r
=Xe =X5

(by the recursive definition of #)
= x; (x5thxe) + xj (xsttxe) +axiyj (x5#xe) 4+ bigj (xg#xe) . (88)

On the other hand, the stufufufflers f for ¢ and € can be classified into four types:

1. Type 1 consists of those stufufufflers f that satisfy |f5 ' (1)| = 1 and fo | =
0 (so that the composition wt (f) begins with the entry é; = i).

2. Type 2 consists of those stufufufflers f that satisfy |f, ' (1)| = 0and fo | =
1 (so that the composition wt ( f) begins with the entry &, = j).

3. Type 3 consists of those stufufufflers f that satisfy |f, ' (1)| = 1and fo | =
1 (so that the composition wt (f) begins with the entry d; +¢&1 =i+ ).

+ |t >
2 (so that both numbers ’fp_l (1)) and ‘fél (1)‘ are positiv and one of

them is at least 2, and therefore the composition wt (f) begins with the entry
01 + €1 + (some further numbers)).

4. Type 4 consists of those stufufufflers f that satisfy ‘ (1)

A type-1 stufufuffler f for 6 and e becomes a stufufuffler for § and ¢ if we de-
crease all its values by 1 and remove p; from P. This is furthermore a bijection
from {type-1 stufufufflers for 6 and ¢} to {stufufufflers for ¢ and ¢}, and this bijec-
tion preserves both loss and poise while removing the first entry from the weight.

2py , appliedtos =1
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Hence, we obtain

bloss(f) apoise(f) ()

f is a type-1 stufufuffler
for 6 and ¢

_ Z bloss(f) apoise(f) x;x

wt(f)

f is a stufufuffler
for 6 and e
= x; - Z ploss(f) gpoise(f) ,.
f is a stufufuffler
for 6 and ¢

wt(f)

=t
(by the induction hypothesis,
since J has length (—1<¥)

= x; (xghxe) .
Similar reasoning leads to

bloss(f) apoise(f) Xwt(f) = Xj (xfs#xg) ;
f is a type-2 stufufuffler
for § and ¢
plossti)gpoisell) o = axi,; (xsts)
f is a type-3 stufufuffler
for 4 and ¢

plossU) gpoise(y, o — b, (xshe)
f is a type-4 stufufuffler
for § and ¢

Adding these four equalities together (and recalling that each stufufuffler for § and
¢ belongs to exactly one of the four types 1, 2, 3 and 4), we obtain

bloss(f) apoise(f) Xot()

f is a stufufuffler
for 6 and ¢

= x; (xg#xe) + xj (xs#xe) + axiyj (xz#xe) + 0Ty (xg#xe) .

Comparing this with (88), we obtain

xshtx, = Z bloss(f)apoise(f)xwt(f).
f is a stufufuffler
for 6 and ¢
This completes the induction step, and thus Proposition is proved. O

Theorem 6.11. The bilinear map # is commutative and associative, and the ele-
ment 1 € F is a neutral element for it. Thus, the k-module F, equipped with
the operation # (as multiplication), becomes a commutative k-algebra with unity
1.
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It appears possible to prove Theorem by induction, but the most conve-
nient method at this point is to deduce this from the properties of the enriched
g-monomial basis of QSym. To wit, the following proposition connects the map #
to the latter basis:

Proposition 6.12. Let g and u be two elements of k such that a = (g — 1) u and
b = —qu?. (Such g and u do not always exist, of course.)

Let eta : & — QSym be the k-linear map that sends the word x, =

Xoy Xy -+ Xoy € F tO u““);y,ﬁﬂ) € QSym for each composition & = (aq,ay,...,ax).

Then, eta (g#h) = (etag) - (etah) for any g, h € F.

Proof sketch. Let g,h € F. We WLOG assume that § = x5 and h = x, for two
compositions J and e. Consider these J and ¢. Thus,
etag =etax; = uz(&)ﬂgq) (by the definition of eta)

and similarly etah = uz(s)%(fﬂ_ Multiplying these two equalities, we find

(etag) - (etah)
_ uz(a)néq) ,uf(s)%(q) _ uz(&)w(s)n(q) (q)

5 e
— 1 L0)+(e) Z (_q)loss(f) (q _ 1)P0159(f) 77533(]() (89)
f is a stufufuffler
for 4 and ¢
(by Theorem [5.9).
On the other hand, from ¢ = x5 and h = x,, we obtain
g#h = xsHx, = Z bloss(f)apoise(f) Xut(f)
f is a stufufuffler
for 6 and ¢
(by Proposition |6.10). Hence, by the definition of eta, we obtain
_ 1 i ¢ (@)
eta (g#h) = Z b oss(f)apmse(f)u (Wt(f))ﬂwt(f) (90)
f is a stufufuffler
for 6 and ¢

We must prove that the left hand sides of and are equal. Of course, it
suffices to show that the right hand sides are equal. For that purpose, it suffices to

show that
bloss(f)apoise(f)uﬂ(wt(f)) _ u€(5)+£(s) (_q)loss(f) <q N 1)poise(f)

whenever f is a stufufuffler for § and e. Recalling that a = (g — 1) u and b = —qu?,
we can easily boil this down to the fact that every stufufuffler f for J and ¢ satisfies

2loss (f) + poise (f) + £ (wt(f)) =£€(6) + £ (¢);

but this fact is easily verified combinatorially. O
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Proof of Theorem (sketched). All claims of this theorem boil down to polynomial
identities in a and b. For example, associativity of # is saying that the elements
(u#v) #w and u# (v#w) of F have the same t-coefficient whenever u, v, w, t are four
words; but this is easily revealed (upon expanding all products) to be an equality
between two polynomials in 2 and b (when u, v, w, t are fixed). Note that all relevant
polynomials have integer coefficients.

Thus, in order to prove Theorem we can WLOG assume that a and b are
two distinct indeterminates in a polynomial ring over Z (for example, 2 = X and
b =Y in the polynomial ring Z [X, Y]). Even better, we can WLOG assume that a
and b are two algebraically independent elements of a Z-algebra.

However, in the ring Z [X, Y], the two elements X + Y and XY are algebraically
independent (since they are the elementary symmetric polynomials in the inde-
terminates X and Y). Thus, we can WLOG assume that k = Z [X,Y] and that
a=X+Y and b = XY. Moreover, we can extend the base ring k to its quotient
field Q (X, Y). So we assume that k = Q (X,Y) and a = X + Y and b = XY.

Set g := —XY Yand u := —Y in k. Then, simple computations confirm that
a=(g—1)uand b = —qu®. Hence, the map eta : F — QSym constructed in
Proposition satisfies

eta (g#h) = (etag) - (etah) for any g, h € F (91)

(by Proposition 6.12). Moreover, the element u = —Y € k is invertible (since k

is a field), and so is the element r := g+1 = —XY ! +1 € k (for the same

reason, since ¥ # 0). Thus, the family (uf(%ﬁﬂ)) c is a basis of QSym (by
acComp

Theorem (@)). Hence, the map eta is a k-module isomorphism (since it sends

the basis (Xa)yeccomp Of F to the basis <u£("‘)17§ﬂ)> of QSym). The equality
«€Comp

shows that this isomorphism eta transfers the multiplication of QSym to the
binary operation # on J. Since the former multiplication is associative, we thus
conclude that the latter operation # is associative as well. Similarly, we can see that
# is commutative. Finally, it is clear that 1 is a neutral element for #. Thus, Theorem

is proved. O
In view of Theorem we can restate Proposition as follows:

Theorem 6.13. Let g and u be two elements of k such that 2 = (g —1)u and
b= —qu?.
Let eta : / — QSym be the k-linear map that sends the word x, =

Xoy Xy =+ Xoy € F tO u““)qﬁﬂ) € QSym for each composition & = (aq,ay,...,ax).

Then, eta is a k-algebra homomorphism from the k-algebra (F,#) to the k-
algebra QSym.

We can also turn F into a coalgebra. In fact, let A : F — F ® F be the k-linear
n

map that sends each word wiw, - - - w;, to ‘20 WiWy -+ Wi @ Wijy1Wiyp -+ Wy. This
1=
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map A is called the deconcatenation coproduct (or the cut coproduct). This coproduct
turns F into a coalgebra (with counit e : 7 — k sending each word wjw, - - - wy to

(1)' li " z 8;). The map eta : 7 — QSym from Theorem [6.13|is then easily seen
, ifn

to be a k-coalgebra homomorphism (by Theorem 3.18).
The stufufuffle product # on F respects the deconcatenation coproduct A of F,
in the following sense:

Theorem 6.14. The k-algebra (F,#), equipped with the coproduct A and the
counit & constructed above, is a commutative connected graded Hopf algebra.

Theorem 6.15. Let g and u be two elements of k such that a = (g —1)u and
b= —qu.

Let eta : ' — QSym be the k-linear map from Theorem Then, eta is
a Hopf algebra homomorphism from the Hopf algebra (F,# A, ¢) to the Hopf
algebra QSym.

We leave the proofs of these two theorems to the reader. (They follow the same
mold as our above proof of Theorem [6.11])

Likewise, using Theorem and the proof method of Theorem above, we
can prove the following;:

Theorem 6.16. Let S be the antipode of the Hopf algebra (F,#) constructed in
Theorem Let n € N and & € Comp,,. Then, in F, we have

S (xa) = (_1>5('X) Y aﬂ(ﬂé)*f(ﬁ)xﬁ.
BeComp,,;
D(B)CD(reva)

The recent work [BoNoTh22|, Theorem 5.2] constructs another basis (X;) of QSym
(indexed by subsets I of [n — 1] instead of compositions &, but this difference is
insubstantial) that multiplies according to the stufufuffle product (thus obtaining
another k-algebra homomorphism from F to QSym, and with it another proof of
Theorem [6.1T). While similar to ours, it uses the alphabet-transformed functions
Hy ((s —t) A) instead of the plain Hy, which lead to a basis of QSym that does not

(7)

appear to have a simple combinatorial formula like our 7" .

Remark 6.17. Assume that k is a field of characteristic 0. Then, Leray’s theorem
([GriRei20, Theorem 1.7.29(f)]) shows that any commutative connected graded
k-bialgebra A is isomorphic as a graded k-algebra to the symmetric algebra of a
certain graded k-module (namely, of (kere) / (kere)?, where € is the counit of A).
In other words, any such A is isomorphic as a graded k-algebra to a polynomial
ring whose generators are homogeneous of various positive degrees, with exactly
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dim ((ker e) / (ker e)2> _many generators of degree i. This applies, in particular,
1

to our connected graded k-bialgebra (F,#). Moreover, using standard Hilbert-
series arguments, it is easy to see that the number of generators of each given
degree does not depend on the parameters a and b. Hence, as a graded k-
algebra, our (F,#) is isomorphic to the usual shuffle algebra (which is obtained
fora =0 and b = 0).

However, this is not a k-coalgebra isomorphism; nor is it canonical (although
we suspect that a canonical k-algebra isomorphism may exist); nor does it extend
to fields of positive characteristic.

7. Appendix: The map R,

We finish by stating yet another formula for 17,54’7), which may eventually prove use-

ful in understanding these functions. This formula relies on some more notations.
We first define a simple combinatorial operation on compositions:

Definition 7.1. Let « € Comp, and let n = |a|. Then, @ shall denote the unique
composition 7y of n such that D () = [n —1] \ D («). (This v is indeed unique,
since the map D is a bijection.) This composition « is called the complement of w.

For example, (2,5,1,1) = (1,2,1,1,1,3). We observe some simple properties of
complements of compositions:

Proposition 7.2.
(a) Every composition a satisfies & = a.
(b) For each n € N, the map Comp, — Comp,, B — B is a bijection.

(c) If « and B are two compositions of n for some n € IN, then the statements
“D(B) € D(x)” and “D (B) 2 D (x)” are equivalent.

(d) If « is a composition of a positive integer n, then ¢ (&) + ¢ (¢) = n + 1.

Proof. (a) Let « be a composition. Let n = |a|. Thus, D («) C [n —1].

The definition of & yields that @ is a composition of n and satisfies D (&) =
[n— 1]\ D (a). Hence, the definition of & yields that & is a composition of n and
satisfies

D@=[n-1\ D@® =[-1\(n-1\D()=D
~[1-1\D(a)
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(since D (a) C [n —1]). Since the map D : Comp, — P ([n — 1]) is a bijection (and
since both @ and « belong to Comp,), we thus conclude that ¥ = a. This proves
Proposition [7.2] (a).

(b) Let n € N. Then, B € Comp,, for each B € Comp,, (by the definition of B).
Hence, the map Comp,, — Comp,, B — f is well-defined. This map is furthermore

its own inverse (by Proposition (@)). Thus, it is invertible, i.e., a bijection. This
proves Proposition [7.2] (b).

(c) Let & and B be two compositions of n for some n € IN. Then, D («) and
D (B) are two subsets of [n — 1]. Meanwhile, D (&) and D () are the complements
of these two subsets (i.e., we have D (&) = [n—1]\ D () and D (B) = [n—1] \
D (B)), by the definition of @ and B. However, it is well-known from set theory
that complementation reverses inclusion of subsets: That is, if X and Y are two
subsets of a given set Z, then the statement “X C Y” is equivalent to the statement
“Z\X 2 Z\Y". Applying thisto X = D(B) and Y = D (a) and Z = [n —1],
we conclude that the statement “D () C D («)” is equivalent to the statement
“m—=1]\D(B) 2 [n—1]\ D (a)”. In other words, the statement “D () C D («a)”
is equivalent to the statement “D (B) 2 D (&)” (since D (%) = [n— 1]\ D () and
D (B) = [n— 1]\ D (B)). This proves Proposition 7.2 (c).

(d) Let « be a composition of a positive integer n. Then, [n # 0] = 1 (since n
is positive), so that Lemma ﬁ (a) yields ¢(a) = |D(a)|+ [n #0] = |D (a)| +
N——
=1
1. Similarly, ¢ () = |D («)|+ 1 (since @ is a composition of n as well). But the
definition of @ yields D (&) = [n — 1] \ D («), so that

D ®)] = [[n =Y\ D (a)] = |[n =1]| = [D ()]

(since D (a) C [n—1]). Therefore, |D (a)| + |D(a)] = |[n—1]] = n—1 (since
n > 1). Now,
(@ + {((a) =|D@)|+1+|D(x)|+1=|D @)+ |D (a)]+2
~—~ ~—~~ S -~ .
=|D@®)|+1 =|D(«)|+1 =n—1
=n—14+2=n+1.
This proves Proposition [7.2] (d). O

We now define a linear endomorphism of QSym:

Definition 7.3. We let R, be the k-linear map from QSym to QSym that sends
each M, (with « € Comp) to r!® M. (This is well-defined, since (M)
a basis of QSym.)

acComp 1S

This map R, is neither an algebra endomorphism nor a coalgebra endomorphism
of QSym (not even when r = 1), but it is exactly what we need for our formula.
First, let us observe that the map R; is “close to an involution” in the following
sense:
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Proposition 7.4. Let n be a positive integer. Let f € QSym be homogeneous of
degree n. Then, (R, 0 R,) (f) = r"t1f.

Proof. Both sides of this equality are k-linear in f. Thus, it suffices to prove this
equality for f = M, for all compositions « € Comp,, (since the family (M,) weComp

is a basis of the n-th graded component of QSym). In other words, it suffices to
show that (Rg o Ry) (My) = "M, for every a« € Comp,,. However, this is easy:

Let « € Comp,. Then, the definition of R, yields Ry (M) = r'®) M. Applying
the map R, to both sides of this equality, we find

Ry (Ry (M) = Ry (F My ) = r" @R, (My). (92)

But the definition of R, yields R, (Mz) = (@) M= = r!(®) M, (since Proposition
(a) yields @ = a). Thus, (92) becomes
Ry (R (My)) = '@ R, (M) = r/® ¢ @ pg, = /@@ p, = 11,
SN——
:rg(“)M,X
(since Proposition [7.2| (d) yields £ (x) 4+ ¢ () = n+1). Hence, (R;0Ry) (M,) =

Ry (Rg (My)) = r"*1M,. As explained above, this completes the proof of Proposi-
tion O

(q).

Now we can state our final formula for #,"’:

Theorem 7.5. Let « € Comp. Then,

7754[1) = Ry (La) -

Proof. Let n = |a|, so that « € Comp,. Therefore, ¥ € Comp, as well (by the
definition of ), so that n = |a|. Hence, applying (3) to @ instead of &, we obtain

Lg= ), Mg= ) Mg (93)
BcComp,; BcComp,,;
D(p)2D(a) D(B)2D(w)

(here, we have substituted B for B in the sum, since Proposition [7.2| (b) shows that
the map Comp, — Comp,,, B +— f is a bijection). However, the condition “D () 2
D («w)” under the summation sign on the right hand side of (93) is equivalent to
“D(B) € D («)” (by Proposition [7.2| (c)). Hence, we can rewrit as

BeComp,,;
D(B)=D(«)
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Applying the map R, to both sides of this equality, we find

Ro(La) =Ry | Yo Mg|= % Ry (Mj)

BeComp,,; peComp,; N———
D(B)CD(®) DHIED@) o),y
(by the definition of R;)
(3
BeComp,; —— BcComp, ;
D(B)CD(«) —rt(B) M D(B)CD(«)
(since Proposition [7.2) (a)
yields B=p)
This proves Theorem O

Remark 7.6. Let 1 be a positive integer, and let « € Comp,,. Combining Theorem
with Proposition we can easily see that R, (11,@) = r""1L;. Contrasting

this equality with Theorem reveals a symmetry of sorts between the q,ﬁﬂ)

and Lgz. This symmetry explains the similarity between Proposition and
Proposition (and allows one to derive one of these propositions from the
other with a bit of work).
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