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Abstract. The Dowker theorem is a classical result in the topology of
finite spaces, claiming that any binary relation between two finite spaces
defines two homotopy-equivalent complexes (the Dowker complexes).
Recently, Barmak strengthened this to a simple-homotopy-equivalence.
We reprove Barmak’s result using a combinatorial argument that con-
structs an explicit acyclic matching in the sense of discrete Morse theory.
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1. Introduction

The classical Dowker theorem (in the form given by Bjorner [Bjorne95, Theorem
10.9]) has recently been revisited by Brun and Salbu [BruSal22], who reproved it
using what they call the rectangle complex.

We give a simpler proof using what we call the bicliqgue complex. This proof is
purely combinatorial, as it relies on discrete Morse theory instead of homotopy
theory.

We briefly discuss the relation between the biclique and rectangle complexes.
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2. Notation

We recall the notion of a simplicial complex:

Definition 2.1. Let W be a finite set. Then, a simplicial complex (or, for short,
complex) with ground set W is defined to be a set A of subsets of W that is closed
under taking subsets (i.e., we have G € A whenever G is a subset of a set F € A).
The elements of A are called the faces of A.

Note that (unlike some authors) we do not require that each w € W belongs to
some face of A; thus, one and the same A can be a complex with several ground
sets. However, the properties of complexes that we will study (homotopical and
Morse-theoretical ones) do not depend on the ground set.

Any complex A is a set of sets, and thus is partially ordered by inclusion; hence,
it becomes a poset. We will use the notations > and < for the cover relations of
this poset. Thus, two faces A and B satisfy A < B (or, equivalently, B >~ A) if and
onlyif AC Band [B\ A| =1.

3. The Dowker theorem

Let X and Y be two finite sets. Let R be a binary relation from X to Y, that is, a
subset of X x Y. Given two elements x € X and y € Y, we write x R y for (x,y) € R.

Given two subsets U C X and V C Y, we write U R V if and only ifall u € U
and all v € V satisfy u R v (that is, if and only if U x V C R). This defines a binary
relation R from the power set of X to the power set of Y. Note that @ R V holds
(for vacuous reasons) for each V C Y, and likewise we have U R @ for each U C X.

Example 3.1. Let X = {1,2,3,4} and Y = {5,6,7,8}, and let R be the “divides”
relation (i.e., we set x R y if and only if x | y in Z). Then, {1,2} R {6,8} but not
{1,2,4} R {6,8} (since 4 16).

A Y-neighbor of a subset U C X is defined to be an element y € Y such that
UR {y}. In other words, a Y-neighbor of a subset U C X means a y € Y such that
all u € U satisfy u R y.

A Y-conic set shall mean a subset U C X that is empty or has a Y-neighbor. We
define Cx to be the set of all Y-conic sets. This Cx is a simplicial complex with
ground set X (since a subset of a Y-conic set is again a Y-conic setEI).

Proof. Let U be a Y-conic set. Let U’ be a subset of U. We must prove that U’ is Y-conic.

If U’ is empty, then this is obvious (by the definition of “Y-conic”). Thus, assume WLOG that
U’ is nonempty. Hence, U is also nonempty (since U’ is a subset of U). Since U is Y-conic, this
entails that U has a Y-neighbor (by the definition of a Y-conic set). Let y € Y be this Y-neighbor.
Thus, all u € U satisfy u R y (since y is a Y-neighbor of U). Hence, all u € U’ satisfy u R y as
well (since all u € U’ satisfy u € U’ C U and therefore u R y (by the preceding sentence)). In
other words, y is a Y-neighbor of U’. Hence, the set U’ has a Y-neighbor (namely, y), and thus
is Y-conic, qed.
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Likewise we define a simplicial complex Cy with ground set Y: An X-neighbor of
a subset V C Y is defined to be an element x € X such that {x} R V. An X-conic
set shall mean a subset V' C Y that is empty or has an X-neighbor. We define Cy to
be the set of all X-conic sets.

The complexes Cx and Cy will be called the left Dowker complex and the right
Dowker complex of the relation R. They have been called K and L in [Dowker52, §1],
have been called D (R) and D (RT) in [BruSal22], and have been called Ay and Aq
in [Bjorne95, Theorem 10.9]. (Some of these sources are slightly imprecise around
the empty set, or use a different notion of simplicial complexes that defines them
to consist of nonempty subsets. In substance, all definitions agree when the sets X
and Y are nonempty; we believe that ours is best suited for the empty case.)

Example 3.2. Let X, Y and R be as in Example Then, it is easy to see that
Cx = {all U C X such that {3,4} Z U} and Cy={allV CY}.

(The latter is because 1 is an X-neighbor of any subset V C Y')

Remark 3.3. The binary relation R can be re-encoded as a bipartite graph whose
black vertices are the elements of X, whose white vertices are the elements of Y,
and whose edges are the edges {x,y} for all x € X and y € Y satisfying x R y.
Thus, a Y-conic set means a set of black vertices that is either empty or has a
common neighbor, whereas an X-conic set means a set of white vertices that is
either empty or has a common neighbor.

Dowker’s theorem (in Bjorner’s version [Bjorne95, Theorem 10.9]) says the fol-
lowing:

Theorem 3.4 (Dowker’s theorem). The complexes Cx and Cy are homotopy-
equivalent.

In [Barmakll, Theorem 4.4], Barmak strengthened this theorem to a simple-
homotopy-equivalence:

| Theorem 3.5. The complexes Cx and Cy are simple-homotopy-equivalent.

In the two following sections, we shall reprove Theorem 3.5/ (and thus also Theo-
rem [3.4) using discrete Morse theory, by exhibiting a larger complex that collapses
to each of Cx and Cy. (By [Kozlov20, Proposition 9.28], this suffices to show that
Cx and Cy are simple-homotopy-equivalent.) We note that this claim is purely
combinatorial, requiring no topology to state, and our proof will be similarly com-
binatorial.

Morten Brun and Darij Grinberg



The Dowker theorem via discrete Morse theory page 4

4. Reminders on discrete Morse theory

Before we step to the actual proof, let us quickly recall some preliminaries.
First, we recall the notion of a subcomplex:

Definition 4.1. Let A and IT" be two complexes (possibly with different ground
sets). Then, we say that I' is a subcomplex of A if and only if I' C A.

Next, and more importantly, let us recall the discrete Morse theory that we will
need. In this, we follow [Kozlov20, Chapter 10], adapted slightly to simplify our
life (copying several definitions from [GrKaLe21, §7]). We begin with the definition
of an elementary simplicial collapse ([Kozlov20, §9.1]):

Definition 4.2. Let I' be a subcomplex of a simplicial complex A. If there exist
faces T and o in A \ T such that

A=TU{r,0c} and T <0,

then we say that A collapses to I' by an elementary simplicial collapse. (Equivalently,
we say in this case that the inclusion I' C A is an elementary simplicial expansion.)

This definition is equivalent to [Kozlov20, Definition 9.1]. (Indeed, [Kozlov20,
Definition 9.1] requires that the only faces of A that contain T are T and ¢, whereas
we instead require that I' is a subcomplex; but these two requirements imply each
other.)

Elementary simplicial collapses can be composed, leading to the notion of (non-
elementary) collapses ([Kozlov20, Definition 9.4]):

Definition 4.3. Let I' and A be two simplicial complexes. We say that A col-
lapses to I if I' can be obtained from A by a sequence (possibly empty) of
elementary simplicial collapses — i.e., if there exist finitely many simplicial
complexes Ag,Aq,..., Ay, with Ag = A and A, = T and such that for each
i€{0,1,...,n—1}, the complex A; collapses to A; ;1 by an elementary simplicial
collapse. (This clearly implies that I' is a subcomplex of A.)

We shall use the notation “A ™\, I'” for the statement “A collapses to I'”.

Composing elementary simplicial collapses with their inverses leads to the weaker
notion of simple-homotopy-equivalence ([Kozlov20, Definition 9.26], where it is
called “having the same simple homotopy type”):

Definition 4.4. Two simplicial complexes I and A are said to be simple-homotopy-
equivalent if there exist finitely many simplicial complexes Ag, Ay, ..., A, with
Ap = A and Ay, = T and with the following property: For each i &
{0,1,...,n — 1}, either A; ;1 collapses to A; or A; collapses to A; 1.
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Clearly, simple-homotopy-equivalence is an equivalence relation.
Next, we recall the definition of a matching ([Kozlov20, Definition 10.6], special-
ized to subposets of a complex):

Definition 4.5. Let A be a simplicial complex. A partial matching (or matching for
short) on A shall mean a pair (M, i), where M is a subset of A (that is, a set of
faces of A), and where y : M — M is an involution (that is, a map satisfying
p o u = id) with the property that each F € M satisfies

either u (F) < F or u (F) > F.

Note that M is uniquely determined by u (namely, as the domain of ), so that
we will refer to y alone as a matching.

Example 4.6. Let W = {1,2,3}. Let A be the complex with ground set W that
contains all the eight subsets of W as faces. Set M := A\ {@, W}, and define a
map u: M — M by

p({1}) =412},  w({2}) =123}, w({3)=1{31},
p({12}) =11}, w23} =12}, w({31})={3}.

Then, (M, pt) is a matching on A.

Partial matchings on simplicial complexes are useful for counting purposes (be-
ing a simple kind of sign-reversing involutions; cf. [Sagan19, Chapter 2]). How-
ever, under a certain condition, they become powerful tools for understanding the
topology of A. This condition is known as “acyclicity”, and is defined as follows
([Kozlov20, Definition 10.7]):

Definition 4.7. Let A be a simplicial complex. Let (M, jt) be a matching on A.

(@) A cycle of p means an n-tuple (Fi, F, ..., F,) of distinct faces in M such that
n > 2 and

F-uF)<EB>=u(R)<F>---<F>u(F) <k

(that is, such that each i € {1,2,...,n} satisfies F; > pu (F;) < Fi11, where
Fyp1:= ).

(b) The matching u is said to be acyclic if it has no cycle.
Example 4.8. Let W, A, M and u be as in Example Then, the 3-tuple
({1,2}, {3,1}, {2,3}) is a cycle of the matching y, since

{1,2} - {1} =<{31} > {3} =<{2,3}> {2} =<{1,2}.
~~ ~~ ~~
=u({1.2}) =u({31}) =u({2,3})
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Thus, the matching p is not acyclic. However, if we remove the faces {1} and
{1,2} from M (and correspondingly restrict y to the set of the remaining four
faces in M), then the cycle disappears, and we obtain an acyclic matching.

Discrete Morse theory can be seen as the study of acyclic matchings. Roughly
speaking, an acyclic matching (M, #) on a complex A allows us to “cancel” the
faces in M when computing homotopical or homological data, albeit the precise
meaning of “cancelling” here depends on the situation. Different instances of this
principle can be found in [Kozlov20, Chapters 10, 11, 12, 13]; we will only use the
following one (a part of [Kozlov20, Theorem 10.9]):

there exists an acyclic matching (M, u) on A with M = A\ T (that is, M consists

Theorem 4.9. Let I' be a subcomplex of a simplicial complex A. Assume that
of all faces of A that don’t belong to I'). Then, A T

Acyclic matchings are combinatorial objects and can often be constructed by
hand. However, there is also a number of “macros” available to construct them
from simpler objects, such as the pairing lemma of Linusson and Shareshian ([LinSha03,
Lemma 3.4]). We will use one such “macro” — actually a version of [LinSha03,
Lemma 3.4] adapted to our situation:

Lemma 4.10. Let W be a finite partially ordered set. Let A be a simplicial complex
with ground set W. Let M be a subset of A. Let f : M — W be a function.
Consider the following two conditions:

(C1) Forany F € M, we have FU{f (F)} € Mand F\ {f (F)} € M and
FEULF(R)}) = F(EN{f(F)}) = f(F). 1)
(C2) For any F € M and any G € M satisfying G C F, we have f (F) < f (G).
Assume that Condition (C1) holds. Then:

(@) The map

u:M-—M,

F\{f(F)}, iff(F)eF
PH{PU{f(F)}, it £ (F) ¢ F

is well-defined, and the pair (M, ) is a matching on A.
(b) If Condition (C2) holds as well, then this matching (M, p) is acyclic.

Morten Brun and Darij Grinberg



The Dowker theorem via discrete Morse theory page 7

Proof. Condition (C1) ensures that each F € M satisfies F\ {f (F)} € M and FU
{f (F)} € M and therefore

FN{f(F)}, iff(F)eF;
{PU{f(F)}, if f(F)¢F €M

Hence, the map
u:M—M,

F\{f(E)}, iff(F)eF;
FH{PU{f(F)}, if F(F) ¢ F

is well-defined. We shall now show that this map is an involution:
Claim 1: We have y (4 (G)) = G for each G € M.

Proof of Claim 1. Let G € M. We must show that y (4 (G)) = G. We are in one of
the following two cases:

Case 1: We have f (G) € G.

Case 2: We have f (G) ¢ G.

Let us first consider Case 1. In this case, we have f (G) € G. Hence, the definition
of p yields 4 (G) = G\ {f(G)}. Let F = u(G). Thus, F = u(G) = G\ {f (G)}.
Hence, f (G) ¢ F.

The equality (1) (applied to G instead of F) yields f (GU{f (G)}) = f(G\ {f (G)}) =
f (G). Thus, in particular, f (G\ {f (G)}) = f (G). In other words, f (F) = f (G)
(since F = G\ {f (G)}). Thus, f (F) = f (G) ¢ F. Hence, the definition of y yields

p(E)= £ UQfE) =G\ {f(GOHU{f(GC)}=6C

-~

=G\{f(G)} =£(G)

(since f (G) € G). In other words, y (1 (G)) = G (since F = u (G)). This proves
Claim 1 in Case 1.

Let us now consider Case 2. In this case, we have f (G) ¢ G. Hence, the definition
of pyields u (G) = GU{f(G)}. Let F = u(G). Thus, F = u(G) = GU{f(G)}.
Hence, f (G) € F.

The equality (1) (applied to G instead of F) yields f (GU{f (G)}) = f(G\ {f (G)}) =
f (G). Thus, in particular, f (GU{f (G)}) = f (G). In other words, f (F) = f (G)
(since F = GU{f (G)}). Thus, f (F) = f (G) € F. Hence, the definition of y yields

p(E)= E \QfE) = (GU{f(GON\{f(G)} =G

-~

=GU{f(G)} | =f(5)
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(since f (G) ¢ G). In other words, y (1 (G)) = G (since F = u (G)). This proves

Claim 1 in Case 2.
We have now proved Claim 1 in both Cases 1 and 2. Hence, Claim 1 is proved.
[l

As a byeffect of our proof of Claim 1, we obtain the following:
Claim 2: Let G € M. Then, f (1 (G)) = f (G).

Proof of Claim 2. Let F = u (G). Then, f (F) = f (G) (indeed, this equality has been
proved in our above proof of Claim 1, in both Cases 1 and 2). In other words,
f (1 (G)) = f(G) (since F = pu (G)). This proves Claim 2. O

Here is a simple set-theoretical fact that will come useful later:

Claim 3: Let F, G, H be three subsets of W such that F = H < G. Lets
be an element such thats € Fand s € G buts € H. Then, F = G.

Proof of Claim 3. We have H < F (since F >~ H). In other words, H C F and
|F\ H| = 1. In other words, F = H U {t} for some element t € F. Consider this .
Since s € F = H U {t}, we must have either s € H or s € {t}. Since s ¢ H, we thus

have s € {t}, so thats = t. Hence,t:s,sothatF:HU{ t }:HU{S}.

S
The same argument (applied to G instead of F) shows that G = H U {s} (since
H < G). Comparing these two equalities, we obtain F = G. This proves Claim
3. O

Now, we prove one more claim about y:

Claim 4: Let F,G € M be such that F > p (F) < G > u(G) and f (F) =
f (G). Then, F = G.

Proof of Claim 4. 1f we had f (F) ¢ F, then the definition of u would yield p (F) =
FU{f (F)} O F, which would contradict F > p (F). Thus, we must have f (F) € F.
Similarly, f (G) € G (since G > u (G)).

Let us denote the element f (F) = f(G) by s. Thus, s = f(F) € Fand s =
f(G) e G.

We have f (F) € F. Thus, the definition of y yields p (F) = F\ {f (F)} = F\ {s}
(since f (F) = s). Hence, s ¢ u (F) (since s ¢ F\ {s}). Thus, Claim 3 (applied to
H = u (F)) yields F = G. This proves Claim 4. O

Claim 1 shows that y oy = id. In other words, the map p is an involution.
Moreover, it has the property that each F € M satisfies

either u (F) < For u(F) > F
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(since we either have f (F) € F, in which case y (F) = F\ {f (F)} < F, or we have
f (F) ¢ F, in which case y (F) = FU{f (F)} > F). Thus, the map y (or, to be more
precise, the pair (M, u)) is a matching on A. This proves Lemma (a).

(b) Assume that Condition (C2) holds as well. Lemma (a) shows that the
map ¢ (defined in said lemma) is well-defined, and that the pair (M, y) is a match-
ing on A.

It remains to show that this matching (M, u) is acyclic. In other words, we must
show that it has no cycle.

Assume the contrary. Thus, (M, i) has a cycle. By the definition of a cycle, this
cycle is an n-tuple (Fy, B, ..., F,) of distinct faces in M such that n > 2 and

Fi-u(F)<FK>u(R)<F>---<F >=u(F) <H.

Consider this n-tuple (Fi, F, ..., Fy). Set F,11 := F;. Thus, each i € {1,2,...,n}
satisfies
F =y (F) < Fipa. )

Recall that the n faces Fy, F,, . .., F, are distinct; thus, F; # F, (since n > 2).

Now, leti € {1,2,...,n}. Then, Claim 2 (applied to G = F) yields f (u (F)) =
f (E;). Furthermore, u (F;) C F;yq (since (2) yields u (F;) < Fi11). Thus, Condition
(C2) (applied to F = F;;1 and G = pu (F)) yields f (Fi11) < f (¢ (F)) = f(F). In
other words, f (F;) > f (Fit1)-

Forget that we fixed i. We thus have proved that f (F;) > f(Fjy1) for each
ie€{1,2,...,n}. In other words,

f(R) 2 f(R) 2= f(Fu). (3)

Hence, in particular, f (F;) > f(F) and f(F) > f(F,+1). Hence, f(F) >
f (Fys1) = f(F1) (since F,41 = Fp). Combining this with f (F) > f(F), we
obtain f (F1) = f (F).

Thus, Claim 4 (applied to F = F; and G = F,) yields F; = F, (since F; > u (F;) <
F, = u(F)). But this contradicts F; # F,. This contradiction shows that our
assumption was wrong. Hence, we have shown that the matching (M, ) has no
cycle, i.e., is acyclic. This proves Lemma (b). O

5. The biclique complex of a bipartite relation

Let R be relation from a set X to a set Y. We say that R is a bipartite relation if the
sets X and Y are disjoint. In this section we assume that R is a bipartite relation.
A biclique of the relation R shall mean a set of the form UU V, where U C X
and V C Y are two nonempty subsets satisfying U R V. (Note the “nonempty”
requirement! Thus, a biclique must intersect both X and Y.) In this section, we will
only deal with bicliques of R, so we will just refer to them as “bicliques”.
Clearly, any biclique is a subset of X UY. The following facts are near-trivial:
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Lemma 5.1. Let U C X and V C Y be two subsets. Let F = UU V. Then,
FNX=Uand FNY =V.

Proof. From V C Y, we obtain VNX C YNX = XNY = & (since X and Y are
disjoint). Thus, V N X = &. Furthermore, from U C X, we obtain UN X = U.
From F = U UV, we obtain

FNX=(UUuV)NnX=UNX)u(VNX)=UU® = U.

Similarly, FNY = V. Thus, Lemma is proved. O
Lemma 5.2. Let G be a subset of a biclique. Then:

(@) If G C X, then G € Cx.

(b) If GC Y, then G € Cy.

Proof. (a) Assume that G C X. We know that G is a subset of a biclique. Let F be
this biclique. Then, G C F.

But F is a biclique. In other words, F = U UV for some nonempty subsets U C X
and V C Y satisfying U R V (by the definition of a biclique). Consider these U and
V.

From G C X, we obtain G = \G/ﬁ X C FNX = U (by Lemma . Hence, each

CF
uecGisauecU. -

Recall that V is nonempty. Thus, there exists some v € V. Consider this v. Then,
each u € U satisfies u R v (since U R V). Hence, each u € G satisfies u R v (since
each u € Gisau € U). In other words, v is a Y-neighbor of G. Hence, the set G
has a Y-neighbor (namely, v). Thus, the set G is Y-conigc, i.e., belongs to Cx (by the
definition of Cx). In other words, G € Cx. This proves Lemma (a).

(b) This is analogous to part (a). O

Proposition 5.3. Set
B := {bicliques} U Cx U Cy.

Then, B is a simplicial complex with ground set X UY.

Proof. The definition of B clearly yields {bicliques} C B and Cx C B and Cy C B.
Moreover, B is clearly a set of subsets of X UY.

We must prove that B is a complex with ground set X U Y. In other words, we
must prove that G € B whenever G is a subset of a set F € B.

So let F € B be arbitrary, and let G be a subset of F. We must prove that G € B.

Assume the contrary. Thus, G ¢ B. Hence, G ¢ Cx (since G € Cx would entail
G € Cx C B, contradicting G ¢ B). Similarly, G ¢ Cy.
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But Cx is a complex. Thus, if we had F € Cx, then we would have G € Cx as
well (since G is a subset of F), which would contradict G ¢ Cx. Hence, F ¢ Cx.
Similarly, F ¢ Cy.

We have F € B = {bicliques} U Cx U Cy. Thus, we have F € {bicliques} or
F € Cx or F € Cy. Hence, we must have F € {bicliques} (since F ¢ Cx and
F ¢ Cy). In other words, F is a biclique. Hence, G is a subset of a biclique (since G
is a subset of F).

If we had G C X, then Lemma (a) would yield G € Cx, which would contra-
dict G ¢ Cx. Thus, we don’t have G C X. Similarly, we don’t have G C Y.

The set F is a biclique, and thus has the form UUV, where U C X and V C Y
are two nonempty subsets satisfying U R V (since any biclique has this form).
Consider these U and V. Thus, F=UU V.

Set U := GNUand V' := GNV. Then, U' = GNU C U C X and similarly
V! C Y. Since G is a subset of F, we obtain

G=Gn _F =GnUUV)=(GnU)u(GnVv)=UuuVv".
:UUV 7u/ \_7V/

If we had U’ = &, then we would thus obtain G = \LI/’_/U V! = V' C Y, which
=0

would contradict the fact that we don’t have G C Y. Thus, we must have U’ #

@. Similarly, V' # @. Hence, U’ C X and V' C Y are two nonempty subsets.

Moreover, U’ C U and similarly V' C V. Thus, from U R V, we obtain U’ R V' (by

the definition of the relation R .

Now, we know that the set G has the form G = U’ U V’/, where U’ C X and
V! C Y are two nonempty subsets satisfying U’ R V'. Thus, G is a biclique (by the
definition of a biclique). In other words, G € {bicliques} C B. This contradicts
G ¢ B. This contradiction shows that our assumption was false, and this completes
the proof of Proposition O

The biclique complex B has been independently introduced by Yoon in [Yoon24,
Definition 3.13], where she named it the “Dowker join complex”. She, too, used
it as an intermediary to prove the Dowker theorem (Theorem [3.4), although her
proof differs from ours and relies on Quillen’s poset fiber lemma.

6. Collapses of the biclique complex
In this section, we still assume that R is a bipartite relation. Consider the simplicial

complex B defined in Proposition We shall call B the bicligue complex of the
relation R. Both Cx and Cy are subcomplexes of B. In this section, we show

2Here are the details of this argument: We have U R V. In other words, all u € U and v € V satisfy
u Rv. Hence, all u € U' and v € V' satisfy u R v (sinceall u € U’ and v € V' satisfy u ¢ U’ C U
and v € V! C V, and thus (by the preceding sentence) they satisfy u# R v). In other words, we
have U' R V.
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that the biclique complex B collapses to each of the complexes Cx and Cy. This
argument will then lead us to what is perhaps the simplest proofs of Theorem
and Theorem 3.5

Our main claim is the following;:

Theorem 6.1. Let R be a bipartite relation from a set X to a set Y. Then the
biclique complex B of R collapses to both Cx and Cy. That is, B »\, Cx and

B\, Cy.

Proof of Theorem We shall only show that B \, Cx, since the proof of B *\, Cy is
analogous.

Let M := B\ Cx. This is a subset of B, and consists of those faces of B that are
not faces of Cx. We shall prove some easy claims:

Claim 1: Let F € M. Then, the set FNY is nonempty and has an X-
neighbor.

Proof of Claim 1. We have F € M = B\ Cx, so that F € Bbut F ¢ Cx. From F ¢ Cy,
we obtain F # @ (since the definition of Cx yields & € Cx), so that F is nonempty.
Moreover,

F € B = {bicliques} U Cx U Cy.

In other words, F € {bicliques} or F € Cx or F € Cy. Since F ¢ Cx, we can rule
out the second possibility, so we conclude that F € {bicliques} or F € Cy. Thus,
we are in one of the following two cases:

Case 1: We have F € {bicliques}.

Case 2: We have F € Cy.

Let us consider Case 1. In this case, we have F € {bicliques}. In other words, F
is a biclique. In other words, F = U U V for some nonempty subsets U C X and
V C Y satistying U R V (by the definition of a biclique). Consider these U and
V. Lemma yields FNX = U and FNY = V. Moreover, U is nonempty, so
there exists some x € U. Consider this x. Then, x R v for each v € V (since x € U
and U R V). In other words, x is an X-neighbor of V. Hence, the set V has an
X-neighbor (namely, x).

So we have shown that the set V is nonempty and has an X-neighbor. In other
words, the set F NY is nonempty and has an X-neighbor (since FNY = V). This
proves Claim 1 in Case 1.

Let us now consider Case 2. In this case, we have F € Cy. In other words, F is
an X-conic set (by the definition of Cy). In other words, F is either empty or has an
X-neighbor (by the definition of “X-conic”). Since F is nonempty, this entails that F
has an X-neighbor. Moreover, F C Y (since F is an X-conic set), so that FNY = F.
Hence, the set F MY is nonempty and has an X-neighbor (since F is nonempty and
has an X-neighbor). This proves Claim 1 in Case 2.

We have now proved Claim 1 in both Cases 1 and 2. Hence, Claim 1 always
holds. [
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Let us now fix a total order on the set X UY (chosen arbitrarily). We define a
map f : M — X UY as follows: For each face F € M,

we let f (F) be the largest X-neighbor of the set FNY

(this is well-defined, since Claim 1 shows that F 1Y has an X-neighbor). Note that
f (F) actually belongs to X (by the definition of an X-neighbor), but we prefer to
use X UY as the target in order to agree with Lemma notationally.

We now claim the following:

Claim 2: For any F € M, we have FU{f (F)} € Mand F\ {f (F)} ¢ M

and
fFEULf () =f(F\{f ()} =f(F).

Proof of Claim 2. Let F € M. Thus, F € M = B\ Cx, so that F € Band F ¢ Cy.

By the definition of f, the element f (F) is the largest X-neighbor of the set FNY.
Thus, f (F) is an X-neighbor of FNY, so that f (F) € X (by the definition of an
X-neighbor), and thus f (F) ¢ Y (since the sets X and Y are disjoint).

Set
Fr:=FU{f(F)} and F~:=F\{f(F)}.
From F™ = FU{f (F)}, we obtain

FrAY=(FU{f())NY=(ENY)U{f(E)}NY)=FNY.
N ———  p—

(since f(F)¢Y)
From F~ = F\ {f (F)}, we obtain

F nY=(F\{f(F})NY=Fn(Y\{f(F)})=FnY.

(since?(F)éY)

Claim 1 shows that the set F NY is nonempty. Hence, the set F~ NY is nonempty
(since F- NY = FNY). In other words, the set F~ intersects Y. Thus, F~ is not a
subset of X (since the sets X and Y are disjoint). Thus, F~ & Cx (since any face of
Cx is a subset of X). Moreover, F~ = F\ {f (F)} C F. Thus, from F € B, we obtain
F~ € B (since B is a simplicial complex). Combining this with F~ ¢ Cx, we obtain

F~ € B\Cx =M.

We have F C FU{f (F)} = F'. Thus, if we had F™ € Cy, then we would obtain
F € Cx (since Cy is a simplicial complex), which would contradict F ¢ Cx. Hence,
FT ¢ Cx.

Let us now show that F* € B. As in the proof of Claim 1, we can show that
F € {bicliques} or F € Cy. Thus, we are in one of the following two cases:

Case 1: We have F € {bicliques}.
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Case 2: We have F € Cy.

Let us consider Case 1. In this case, we have F € {bicliques}. In other words,
F is a biclique. In other words, F = U UV for some nonempty subsets U C X
and V C Y satisfying U R V (by the definition of a biclique). Consider these U
and V. From Lemma we obtain FNX = U and FNY = V. Moreover, the
set UU {f (F)} is nonempty (since U is nonempty) and satisfies U U {f (F)} C X
(since U C X and f (F) € X).

But f (F) is an X-neighbor of FNY. In other words, f (F) is an X-neighbor of V
(since FNY = V). In other words,

f(F) Ro foreachv € V. 4)
Moreover,
uRwv foreachuc Uandv eV (5)
(since U R V). Combining the previous two sentences, we conclude that
uRv foreachu e UU{f(F)} andv eV

(indeed, this follows from (@) if u = f (F), and otherwise follows from (5)) because
uecUU{f(F)} and u # f (F) imply u € U). In other words, (UU{f (F)}) R V.
Hence, the set (U U {f (F)}) UV is a biclique (by the definition of a biclique, since
UU{f(F)} € X and V C Y are nonempty subsets satisfying (UU {f (F)}) R V).
Now,

Ff= E_ U{f(B)}=UUVU{f(B)} = (UU{F(BHUV
=uuv
€ {bicliques} (since (UU{f (F)})UV is a biclique)
CB (since B = {bicliques} UCx UCy).

Thus, we have proved F' € B in Case 1.

Let us now consider Case 2. In this case, we have F € Cy. Hence, F C Y (since
Cy is a complex with ground set Y). Thus, FNY = F. Moreover, F is nonempty
(as we have already shown in the proof of Claim 1). But f (F) is an X-neighbor of
FNY. In other words, f (F) is an X-neighbor of F (since FNY = F). In other words,
f(F) € Xand {f (F)} RF (by the definition of an X-neighbor). From f (F) € X, we
obtain {f (F)} C X. Hence, {f (F)} UF is a biclique (by the definition of “biclique”,
since {f (F)} € X and F C Y are nonempty subsets satisfying {f (F)} R F). Now,

Fr=FU{f(F)} ={f(F)}UF
€ {bicliques} (since {f (F)} UF is a biclique)
CB (since B = {bicliques} UCx UCy).
Thus, we have proved F* € B in Case 2.

Now we have proved F' € B in both Cases 1 and 2. Thus, F* € B always holds.
Combined with F* ¢ Cy, this yields

Ft € B\Cx = M.
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The definition of f shows that f (F™) is the largest X-neighbor of the set FT N,
whereas f (F) is the largest X-neighbor of the set FNY. Since FT NY = FNY, these
two descriptions of f (F') and f (F) are identical, so we conclude that f (F") =
f (F). Similarly, from F- NY = FNY, we obtain f (F~) = f (F). Combining this
with f (F™) = f (F), we obtain f (F*) = f (F~) = f (F).

Altogether, we have now shown that F© € M and F~ € M and f(F") =
f(F7)=f(F). Inview of FF = FU{f (F)} and F~ = F\ {f (F)}, we can rewrite
this as follows: We have FU{f (F)} € Mand F\ {f (F)} € M and

fFEULF(E)}) = fFENS(E)}) = f(F).
Thus, Claim 2 is proved. O

Claim 3: For any F € M and any G € M satisfying G C F, we have
f(F) < f(G).

Proof of Claim 3. Let F € M and G € M satisfy G C F. From G C F, we obtain
GNYCFNY.

Recall that f (F) is the largest X-neighbor of the set FNY. Thus, f (F) is an
X-neighbor of FNY. In other words, f (F) € X, and

each y € FNY satisfies f (F) R y. (6)

Therefore, each y € GNY satisfies f (F) R y as well (since y € GNY entails
y € GNY C FNY, and thus () yields f (F) R y). In other words, f (F) is an
X-neighbor of GNY (since f (F) € X).

But f (G) is the largest X-neighbor of the set GNY (by the definition of f). Hence,
f (G) > x whenever x is any X-neighbor of GNY. Applying this to x = f (F), we
obtain f(G) > f(F) (since f (F) is an X-neighbor of GNY). In other words,
f (F) < f(G). This proves Claim 3. O

Now, we can apply both parts (a) and (b) of Lemmai4.10jto A = Band W = X UY
(since Claim 2 shows that condition (C1) in Lemma §.10| holds, whereas Claim 3
shows that condition (C2) holds). Thus, we conclude that the map

u:M— M,

F\{f(F)}, iff(F)eF;
FH{FU{f(F)}, if £ (F) ¢ F

is well-defined (by Lemma (@)), and the pair (M, ) is a matching on B (by
Lemma (a) again), and that this matching (M, y) is acyclic (by Lemma [4.10]
(b)). Hence, there exists an acyclic matching (M, ) on B with M = B\ Cx. Thus,
Theorem (applied to A = B and I' = Cx) shows that B ™\, Cx. As we said, this
completes the proof of Theorem O
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7. Functoriality and Dowker’s theorem

In this section, we will prove Dowker’s and Barmak’s theorems (Theorems
and [3.5). The hard work has already been done in the preceding sections: In fact,
Theorem [3.5/follows immediately from Theorem[6.1]if the sets X and Y are disjoint.
The only thing that remains to be done is reducing the general case to this disjoint
case. Roughly speaking, this can be done by “renaming” the elements of X and
Y, after one shows (Lemma below) that isomorphic simplicial complexes are
simple-homotopy-equivalent. (This basic fact does not seem to appear explicitly in
the literature, so we prove it below — using Theorem [6.1|in fact!)

We shall now present this argument in some detail. We begin by introducing
some categories:

1. The category of simplicial complexes: The objects of this category are the sim-
plicial complexes. Its morphisms are the simplicial maps, defined as follows:
The minimal ground set of a complex A is defined to be the union of all faces
of A. A simplicial map from a complex A to a complex I' means a map f from
the minimal ground set of A to the minimal ground set of I' such that every
face F of A satisfies f (F) € T (where f (F) denotes {f (x) | x € F} as usual).
Composition of simplicial maps is just regular composition of maps.

2. The category of relations: Given two relations R C X xY and S C Z x W,
a morphism of relations ¢: R — S is a pair ¢ = (¢;,¢,) of maps ¢;: X — Z
and ¢,: Y — W such that each (x,y) € R satisfies (¢;(x), $:(y)) € S. Thus,
we can define the category of relations: a category whose objects are binary
relations (more precisely, triples (X, Y, R) where R C X x Y is a relation), and
whose morphisms are morphisms of relations. Composition of morphisms is

defined componentwise (i.e., by setting (¢, ¢r) o (¢, ¥r) = (¢; 0 1, pr 0 Pr)),
and the identity morphism of a given relation R C X x Y is the pair (idx,idy).

3. The category of bipartite relations: Recall that a relation R from a set X to a set
Y is called a bipartite relation if the sets X and Y are disjoint. The category
of bipartite relations is the full subcategory of the category of relations whose
objects are the bipartite relations.

Given a relation R C X x Y, we let C;(R) = Cx and C,(R) = Cy be the left and
right Dowker complexes of R.

If R is a bipartite relation, then we furthermore let B(R) be the biclique complex
of R (formerly denoted B, defined in Proposition [5.3).

We have seen that C;(R) = Cx and C,(R) = Cy are subcomplexes of B(R) = B.
We will write iR: C;(R) — B(R) and iR: C,(R) — B(R) for the respective inclusion
maps.

Given a morphism ¢ = (¢, ¢): R — S of relations, the maps ¢; and ¢, induce
simplicial maps C;(¢): C;(R) — C;(S) and C,(¢): C,(R) — C,(S) of simplicial
complexes. (For instance, C;(¢) replaces each vertex of C;(R) by its image under
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¢1.) The assignments R — C;(R) and R +— C,(R) thus define functors from the
category of relations to the category of simplicial complexes. If R and S are bipartite
relations, then the morphism ¢; U ¢, induces a simplicial map B(¢): B(R) — B(S)
of simplicial complexes. This makes R — B(R) a functor from the category of
bipartite relations to the category of simplicial complexes. The inclusion maps
ik: C/(R) — B(R) and ik: C;(R) — B(R) then form natural transformations of
functors.

As a last preparation for the proof of Theorem 3.5, we now show that isomorphic
simplicial complexes are simple-homotopy-equivalent.

Lemma 7.1. Let A and A’ be isomorphic simplicial complexes. Then A and A
are simple-homotopy-equivalent.

Proof. We WLOG assume that A and A’ are nonempty (since otherwise, the isomor-
phy of A and A’ forces both A and A’ to be empty, so that we have A = A/, and our
claim is obvious). Hence, the empty set @ is both a face of A and a face of A’

Let X and X’ be the minimal ground sets of A and A’. Let a : X — X’ be the
isomorphism from A to A’. Let &, : A — A’ be the map that sends each face F of A
to the face a (F) = {a (f) | f € F} of A’. This map a, is a bijection (since « is an
isomorphism of complexes).

We refer to the elements of X as the vertices of A. Likewise for X’ and A’

Pick a set Y that is disjoint from both X and X’ and has the same size as A. Pick a
bijection f: Y — A. Thus, f assigns a face f (y) of Atoeachy € Y. Let f': Y — A’
be the composition &, o f of the bijections f : Y — A and a, : A — A’. Thus, f’
is itself a bijection (since a composition of two bijections is a bijection), and sends
eachy € Ytoa, (f(y)) =a(f (v)) (by the definition of a.).

Now, define a relation R from X to Y by

R={(xy) e XxY|xef(y)}.

Thus, a pair (x,y) € X x Y belongs to R if and only if x € f (). In other words, R
is the containment relation between the vertices and the faces of A, except that the
faces have been relabelled using f.

The definition of the left Dowker complex C; (R) shows that

C; (R) = {Y-conic sets with respect to the relation R} .

Recall furthermore that A is a simplicial complex, and that & € A (since & is a face
of A). Hence, it is easy to see that

G/ (R) C A

Fland
A C C/(R)

3Proof. Let U € C; (R). We shall prove that U € A.
If U = @, then this is obvious (since @ € A). Thus, we WLOG assume that U # @.
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Fl Combining these two inclusions, we obtain C; (R) = A.
Next, define a relation R’ from X’ to Y by

R ={(x,y) eX'xY|x €f ()}

Thus, a pair (¥/,y) € X’ X Y belongs to R’ if and only if x" € f' (y). In other words,
R’ is the containment relation between the vertices and the faces of A’, except that
the faces have been relabelled using f'.

We have already proved that C; (R) = A. An analogous argument (using X', A/,
R’ and f’ instead of X, A, R and f) shows that C; (R") = A/.

Next, we shall show that C, (R) = C,(R’). Indeed, this follows easily from
abstract nonsense: The pair ¢ := («,idy) is an isomorphism of relations from R to
R’ (this follows easily from the definitions of R and R/, since f" = a, o f and since
aisa bijectio. Hence, it induces an isomorphism of complexes C, (¢) : C, (R) —
Cr (R'). Recalling the definition of C, (¢), we see that this isomorphism C, (¢) is
simply the identity map (since it replaces each vertex of C, (R) by its image under
idy, which is exactly the same vertex). Thus, the identity map is an isomorphism

We have
U € C; (R) = {Y-conic sets with respect to the relation R} .

In other words, U is a Y-conic set with respect to the relation R. In other words, U is a subset
of X and is empty or has a Y-neighbor (by the definition of a Y-conic set). Since U is not empty
(because U # @), we thus conclude that U has a Y-neighbor. Let y be this Y-neighbor.

Now, y is a Y-neighbor of U. In other words, v is an element of Y such that all u € U satisfy
u R y (by the definition of a Y-neighbor).

Now, let x € U be arbitrary. Then, x R y (since all u € U satisfy u R y). In other words,
(x,y) € R. In other words, x € f (y) (by the definition of the relation R).

Forget that we fixed x. We thus have shown that x € f (y) for each x € U. In other words,
U C f(y). But f(y) € A. But A is a simplicial complex and therefore closed under taking
subsets. Hence, from U C f (y) and f (y) € A, we obtain U € A as well.

Forget that we fixed U. We thus have proved that U € A for each U € C; (R). In other words,
C; (R) C A. This completes our proof.

4Proof. Let U € A. We shall show that U € C; (R).

Define an element y € Y by y = f~! (U) (this is well-defined, since f : Y — A is a bijection).
Then, f (y) = U. Hence, each x € U satisfies x € f (y) (since x € U = f (y)) and therefore
(x,y) € R (since the definition of the relation R says that (x,y) € R holds if and only if x € f (y))
and thus x R y (since “x R y” is just an alternative notation for “(x,y) € R”). Renaming the
variable x as u in the preceding sentence, we can rewrite this as follows: Each u € U satisfies
u R y. Thus, y is an element of Y such that all u € U satisfy u R y. In other words, y is a Y-
neighbor of U (by the definition of a Y-neighbor). Therefore, the set U has a Y-neighbor (namely,
y)-

Note that U is a subset of X (since U € A). Hence, U is a subset of X and is empty or has
a Y-neighbor (since U has a Y-neighbor). In other words, U is a Y-conic set with respect to the
relation R (by the definition of a Y-conic set). Thus,

U € {Y-conic sets with respect to the relation R} = C; (R).
Forget that we fixed U. We thus have shown that U € C; (R) for each U € A. In other words,

A C Ci(R).
>In more detail: We need to show that two elements x € X and y € Y satisfy (x,y) € R if and only
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of complexes from C, (R) to C; (R"). This shows that
C(R)=C, (R)).

But R is a bipartite relation (since the sets X and Y are disjoint). Thus, Theorem
shows that its biclique complex B (R) collapses to both C; (R) and C, (R). There-
fore, the simplicial complexes C; (R) and C, (R) are simple-homotopy-equivalent.
In other words, C; (R) ~ C,(R), where the symbol ~ means simple-homotopy-
equivalence. Likewise, we obtain C; (R") ~ C,(R’) (since R’ is also a bipartite
relation). Since simple-homotopy-equivalence is an equivalence relation, we can
combine these results to

A=C/(R)~C(R)=C(R) ~C (R) = A
In other words, A and A’ are simple-homotopy-equivalent. O

Another proof of Lemma [7.1{ can be obtained along the lines of [BarMinl2, Re-
mark 2.3] (which proves the analogous claim for strong homotopy equivalence).
Indeed, each of the elementary strong collapses as defined in [BarMin12, Defini-
tion 2.1] can be decomposed into a sequence of elementary simplicial collapses,
and thus preserves the simple-homotopy-type.

Now we can easily obtain Theorem

Proof of Theorem 3.5 If the sets X and Y are disjoint, then Theorem [6.1 shows that
the biclique complex B of R collapses to both Cx and Cy, and therefore the com-
plexes Cx and Cy are simple-homotopy-equivalent. This proves Theorem 3.5in the
case when the sets X and Y are disjoint.

Now let us consider the general case. We shall reduce this case to the disjoint
case by replacing X and Y with two disjoint copies.

Namely, define the two finite sets X = X x {0} and Y = Y x {1}, which are
clearly disjoint. Let R be the subset of X x Y consisting of all pairs of the form
((x,0), (y,1)) with (x,y) € R. In other words, R is the binary relation from XtoY
for which two elements (x,0) € X and (y,1) € Y satisfy (x,0) R (y,1) if and only
if x R y. Informally, this relation R is simply “the relation R after each x € X has
been renamed as (x,0) and each y € Y has been renamed as (y,1)”. Rigorously,
this means that the relations R and R are isomorphic; an explicit isomorphism from

X
a(x)ea(f(y))) (since w is a bijection)

(x) € f'(y))  (sincea(f(y) =ax(f(¥)=Ff (v))
x),y) €R) (by the definition of R’)

x),idy () €R')  (sincey = idy (y)).
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R to R is the pair ¢ := (¢;,¢,), where ¢; : X — X is the map sending each x to
(x,0), and where ¢, : Y — Y is the map sending each y to (y,1). This isomorphism
induces isomorphisms C;(¢): C;(R) — C;(R) and C,(¢): C,(R) — C,(R). Since
isomorphic simplicial complexes are simple-homotopy-equivalent (by Lemma [7.1 77),
this entails that C;(R) ~ C;(R) and C,(R) ~ Cr(R) where the symbol ~ means
simple-homotopy-equivalence. But the sets X and Y are disjoint, and thus Risa
bipartite relation. Hence, we can apply Theorem ﬁ to X, Y and R instead of X, Y
and R (since we have already proved Theorem B.5)in the case when the sets X and Y
are disjoint). We conclude that C;(R) ~ C,(R). Since simple-homotopy-equivalence
is an equivalence relation, we can now combine our results:

Ci (R) ~ Ci(R) ~ C/(R) ~ G/ (R).

This proves Theorem [3.5in the general case. O

8. Further directions

Dowker’s paper [Dowker52] has motivated much research in combinatorial and
applied topology over the 70 years since its publication (with 292 citations as of
2024). Some of it generalizes and extends its results to other settings, or approaches
their proofs in different ways. In this final section, we shall connect two such
developments with our Morse-theoretic approach.

8.1. On the Brun—Salbu rectangle complex

Brun and Salbu [BruSal22] have recently given a new proof of Theorem using
projections instead of inclusions. Their proof relies on the following notions (where
R is a bipartite relation from X to Y):

* A rectangle of R means a subset of R having the form U x V for some U C X
and some V C Y.

* The rectangle complex E (called E (R) in [BruSal22]) is defined to be the com-
plex with ground set X x Y (not X UY) whose faces are the subsets of all
rectangles of R.

Brun and Salbu show ([BruSal22, Theorem 4.3]) that this rectangle complex E is
homotopy-equivalent to both Cx and Cy, but not via simplicial embeddings like
for B, but rather via simplicial projections. Namely, the simplicial projection maps
(defined by their action on the ground sets)

7'L'XzE—>Cx,

(x,y) = x
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and

Tty : E— Cy,
(x,y) =y

are shown to be homotopy equivalences (using Quillen’s fiber lemma), so that
CX ~ E ~ Cy.

This result, too, can be proved using discrete Morse theory, thus strengthening it
to a simple-homotopy equivalence:

Theorem 8.1. The complexes E, B, Cx and Cy are all simple-homotopy-
equivalent.

However, the only proof of this theorem we have found so far is neither as ele-
mentary nor as simple as the above proof of Theorem It relies on the equiv-
alence between simplicial complexes and posets (via the barycentric subdivision
— see [Kozlov20, proof of Proposition 9.29]) and on simple-homotopy analogues
of Quillen’s fiber lemma and the nerve theorem (cf. [Barmakl11]). We intend to
elaborate on it in forthcoming work.

8.2. Strong homotopy

In [DocSin21} Proposition 4.4], Dochtermann and Singh construct a strong homo-
topy equivalence (see [BarMin12] for the definition) between the face posets of Cx
and Cy. This entails that the order complexes of these face posets are simple-
homotopy-equivalent. As these order complexes are the barycentric subdivisions
of Cx and Cy, this leads once again to the simple-homotopy-equivalence of Cx and
Cy, that is, to Barmak’s Theorem

However, the complexes Cx and Cy themselves do not have the same strong ho-
motopy type in general. Indeed, if they did, then [BarMin12, Theorem 2.11] would
yield that their cores are isomorphic; but this cannot be the case for most relations
R. (For a specific example, let X = {1,2,3,4} and Y = {12,13,14,23,24,34}, and
let R be given by i R j if i is one of the two digits of j. Then, both complexes Cx
and Cy are their own cores, and clearly not isomorphic.)

8.3. The relative case

While Theorem [3.4is commonly known as Dowker’s theorem nowadays, Dowker
actually proved a different (if related) result in [Dowker52, Theorems 1 and 1a].
Indeed, his result is simultaneously weaker (making only homological rather than
homotopical statements) and stronger than Theorem It is stronger, as it con-
cerns itself with a more general situation: a “pair of relations” (a relation Ry with
a subrelation Ry, or, to use our functorial language, an injective morphism of rela-
tions i : Ry — Rj) rather than a single relation. The claim is then an isomorphism
of relative (co)homology groups between the respective Dowker complexes.
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Question 8.2. Can this generalized claim be proved using Morse-theoretical
methods?

This question is not quite straightforward, as discrete Morse theory in relative
homotopy is much less well-trodden than in the absolute setting, and our acyclic
matching constructed implicitly in the proof of Theorem is not adapted to a
subrelation.

8.4. Generalized Dowker Duality

The idea of the Dowker nerve has been applied to concepts of relations between
objects with more structure than discrete sets.

For example in [BrFoSa23], the authors define a Dowker nerve for relations
between categories, and prove a Dowker duality theorem for these. The paper
[FerMin20] introduces the cylinder of a relation between partially ordered sets.

Another direction is introduced in the paper [FerMin20]. Given a relation R
beween two sets X and Y, we obtain a relation D(R) between the left Dowker nerve
Ci(R) = Cx and the right Dowker nerve C,(R) = Cy consisting of the pairs (¢, 7) €
Ci(R) x C/(R) of simplices such that ¢ x T C R. By [FerMin20, Theorem 2.6],
the cylinder of D(R) is simple-homotopy-equivalent to the face posets of Cx and
Cy. Since the barycentric subdivision of a simplicial complex is simple-homotopy-
equivalent to the complex itself, this implies that order complex of D(R) is simple-
homotopy-equivalent to Cx and Cy.

Question 8.3. Can the categorical version of Dowker’s theorem [BrFoSa23] be
proved using discrete Morse theory for simplicial sets?

This would require a discrete Morse theory to be introduced for simplicial sets in
the first place. Such theories have been proposed for semisimplicial sets previously,
including in Brown’s original paper [Brown92] that laid the ground for discrete
Morse theory.
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