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The purpose of this note is to state and prove in detail some folklore properties
of derivations on k-algebras. It contains no deep result or complicated proofs;
its length is chiefly due to the level of detail and slow pacing.

1. Derivations in general

1.1. Definitions and conventions

Let us first recall some definitions and set up some notations that will be used
for the rest of this note.
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Convention 1.1. In the following, IN denotes the set {0,1,2,...}.

The word “ring” shall always mean an associative ring with unity.

We fix a commutative ring k (once and for all). If M and N are two k-
modules, then we let Hom (M, N) denote the k-module consisting of all k-
module homomorphisms M — N. (We use this notation even if M and N
are equipped with some other structure; e.g., even if M and N are k-algebras,
we write Hom (M, N) for the k-module homomorphisms M — N, not the
k-algebra homomorphisms M — N.) All tensor products are understood to
be tensor products over k unless said otherwise.

A magmatic k-algebra means a k-module A equipped with a k-bilinear map
m:Ax A — A. This map m is called the multiplication of the magmatic k-
algebra A. The multiplication of a magmatic k-algebra A is often “written as
multiplication”; i.e., one writes a - b (or, even shorter, ab) for m ((a,b)) when-
ever a and b are two elements of A. (Often, a magmatic k-algebra is called a
nonassociative k-algebra. However, the word “nonassociative” is slightly con-
fusing here, since it does not mean that associativity must be violated; it only
means that associativity is not required.)

Notice that any magmatic k-algebra A automatically satisfies

A (ab) = (Aa)b = a (Ab) (1)
forevery A ¢ kand everya € Aand b € A

(because its multiplication is k-bilinear). Some authors use a different concept
of k-algebras, which is more general and does not always satisfy (I). In their
notations, what we call “magmatic k-algebra” is called “central magmatic k-
algebra”.

A unital magmatic k-algebra is defined to be a magmatic k-algebra A
equipped with an element ¢ € A which satisfies

(ea =ae=a for everya € A).

This element e is unique when it exists (this is easy to prove), and is called the
unity of A. (Some authors use the word “identity”, “unit” or “one” instead
of “unity”, but these words are sometimes ambiguous.) Since the unity of A
is unique, we can afford not specifying it when defining a unital magmatic
k-algebra (as long as we make sure that it exists); we thus can say that some
magmatic k-algebra A “is unital”, when we really mean that there exists an
e € A such that A equipped with this e is a unital magmatic k-algebra.

The unity of a unital magmatic k-algebra A is denoted by 1,4, or by 1 when
no confusion can arise.

Notice that any unital magmatic k-algebra A automatically satisfies

AM=(A-1g)a=a(A-1y) for every A € k and every a € A.

(Indeed, this follows easily from (T).)
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A magmatic k-algebra A is said to be associative if it satisfies
(a (bc) = (ab)c foreverya e A,be Aandc e A).

We use the notation “k-algebra” for “associative unital magmatic k-algebra”.
Thus, of course, a magmatic k-algebra is not always a k-algebra.

The base ring k itself becomes a k-algebra (equipped with its multiplication
and its unity).

If A and B are two k-algebras, then a k-algebra homomorphism from A to B
means a k-module homomorphism f : A — B satisfying f (14) = 1p and

(f (ab) = f(a) f (b) foreveryae Aand b e A). (2)

We notice that the condition f (1,4) = 15 does not follow from (2).

Every k-algebra is a ring (when equipped with its multiplication and its
unity), and every k-algebra homomorphism is a ring homomorphism. Actu-
ally, if A and B are two k-algebras, then a k-algebra homomorphism A — B
is the same as a k-linear ring homomorphism A — B. If A is a k-algebra, then
the map

k — A, A= A1y

is a ring homomorphism and a k-algebra homomorphism. Thus, any left
A-module M canonically becomes a k-module (via this homomorphism); ex-
plicitly, its k-module structure is given by

(Am=(A-1a)m for every A e kand m € M).

Similarly, any right A-module M canonically becomes a k-module.

The terminology we have introduced in Convention is fairly standard in
some parts of the mathematical world, and nonstandard in others. For instance,
we use the word “k-algebra” as an abbreviation for “associative unital magmatic
k-algebra”; some others use it as an abbreviation for “associative magmatic k-
algebra”, whereas others use it for “magmatic k-algebra”. Some authors also
say “unitary” instead of “unital”.

Definition 1.2. Let A and B be k-algebras. An (A, B),-bimodule means a k-
module M equipped with a left A-module structure and a right B-module
structure satisfying the following properties:
1. We have
(am) b = a (mb) foranya € A,m € Mand b € B. (3)
2. We have
(AMlg)m =m(Alg) = Am forany A e kandme M. (4
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(In other words, the k-module structure on M obtained from the left
A-module structure on M is identical to the k-module structure on M
obtained from the right B-module structure on M, and also identical to
the k-module structure that was given on M.)

We shall abbreviate “(A, B), -bimodule” as “(A, B)-bimodule”, since the k
is fixed.

The condition (3)) in the definition of an (A, B)-bimodule allows us to write
amb (without bracketing) for both (am)b and a (mb) (where M is an (A, B)-
bimodule, and where 2 € A, m € M and b € B) without having to worry
about ambiguity.

Notice that the notion of an (A, B)-bimodule depends on k (even if we sup-
press k from the notation), because k plays a role in the condition @)ﬂ Various
authors use a slightly different notion of an (A, B)-bimodule, in whose definition
the k does not OCCUIﬂ their notion of an (A, B)-bimodule is equivalent to our
notion of an (A, B),-bimodule. Our definition is thus more general. My impres-
sion is that several authors use our general notion of an (A, B)-bimodule while
only defining their less general one; this has led to some confusion ([CSA14]),
and is the reason why I have done Definition [1.2|in this much detail.

Proposition 1.3. Let A be a k-algebra. Then, equipping A with the natural
left A-module structure on A (which is given by am = a-m for everya € A
and m € A) and with the natural right A-module structure on A (which is
given by mb = m - b for every b € A and m € A) yields an (A, A)-bimodule.
This (A, A)-bimodule will be called the (A, A)-bimodule A. We consider A
equipped with this (A, A)-bimodule structure by default.

(Let us point out that the axiom (3) is satisfied for the (A, A)-bimodule A
because the k-algebra A is associative.)

Remark 1.4. Let A and B be k-algebras. Let M be an (A, B)-bimodule. Then,
the maps
AxM— M, (a,m) — am

and
MxB— M, (m,b) — mb

are k-bilinear. (This follows easily from ().)

We can now define the notion of a derivation:

'For example, if H denotes the ring of quaternions, then H becomes a (C,C)-bimodule when
k = R (by multiplication from the left and from the right), but not when k = C (because (&)
does not hold for A € C and m € H).

ZMore precisely: They require A and B to be rings (rather than k-algebras); they require M to
be an abelian group (rather than a k-module); and they omit the condition ().
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Definition 1.5. Let A be a k-algebra. Let M be an (A, A)-bimodule. A k-linear
map f : A — M is said to be a k-derivation if it satisfies

(f (ab) =af (b)+ f(a)b foreverya € Aand b € A). (5)

We shall often abbreviate “k-derivation” as “derivation”, since the k is fixed.
The equality (5) is usually called the Leibniz law.

Remark 1.6. When authors speak of a “derivation”, they usually mean a k-
derivation, where k is some base ring which is usually clear from the context.
Sometimes, it is Z; sometimes, it is whatever base ring their modules are de-
tfined over; sometimes it is A. Unfortunately, in some situations (e.g., field
extensions), the base ring is ambiguous; forgetting to specify it is then a com-
mon source of mistakes.

We notice that the product ab on the left hand side of (5) is a product inside
the k-algebra A, whereas the “products” af (b) and f (a) b on the right hand
side of (5) are defined using the left and right A-module structures on M.

Corollary 1.7. Let A be a k-algebra. Let M be an (A, A)-bimodule. Let f :
A — M be a derivation. Then, f is a k-linear map and satisfies (5).

Proof of Corollary[1.7} The map f : A — M is a derivation if and only if it is a
k-linear map and satisfies (by the definition of a “derivation”). Since the
map f : A — M is a derivation, we thus conclude that f is a k-linear map and
satisfies (5). This proves Corollary O

Corollary 1.8. Let A be a k-algebra. Let M be an (A, A)-bimodule. Let f :
A — M be a k-linear map. Assume that

f(ab) =af (b)+ f(a)b for everya € Aand b € A. (6)

Then, f is a derivation.

Proof of Corollary[1.7} The map f satisfies (B) (since (6) holds). Now, the map
f A — M is a derivation if and only if it is a k-linear map and satisfies (5) (by
the definition of a “derivation”). We thus conclude that f is a derivation (since
the map f : A — M is a k-linear map and satisfies (5)). This proves Corollary
1.8 O

Example 1.9. Let k [x] denote the polynomial ring in an indeterminate x over
k. Then, the k-linear map 0y : k [x] — k [x] defined by

<8x (x") = nx"1 for every n € ]N>
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(where nx"~1 is to be interpreted as 0 in the case when n = 0) is a derivation.
So is the map p - dx (which sends every ¢ € k[x] to p- 9y (g)) for every p €
k [x]. More generally, if M is any (k [x], k [x])-bimodule, and if p is a central
element of M (that is, an element of M satisfying fp = pf for every f € k[x]),
then the map p - 9y : k [x] = M (which sends every ¢ € k[x] to p- 9y (g)) is a
derivation.

The map id : k[x] — k[x] is not a derivation (unless the ring k is trivial),
and the map 92 : k [x] — k [x] is not a derivation (unless 2 = 0 in k, in which
case 92 = 0).

Example 1.10. Let A be a Z-graded k-algebra. Let £ : A — A be the k-
linear map defined by the following property: If n € Z, and if a € A is a
homogeneous element of degree 1, then £ (a) = na. It is easy to see that £ is
a derivation.

Example 1.11. Let A be a k-algebra. Let M be an (A, A)-bimodule. Let p € M.
Define a map ad, : A —+ M by

(adp (a) = pa —ap for every a € A). (7)

Then, the map ad, is a derivation. It is called an inner derivation.

Proof of Example The element pa — ap depends k-linearly on a € A. Thus,
the map ad, is k-linear. Moreover, for every a € A and b € A, we have

ad, (ab) = pab — abp (by the definition of ad,)
= (pab — apb) + (apb — abp)
—(pa—ap)b —a(pb—bp)
= (pa—ap)b+a  (pb—1bp)
N <

=ad,a =adyb
(by @) (since ad, b=pb—bp
(by (), applied
to b instead of a))

= (adpa)b+a(adyb) =a(adyb) + (adpa)b.
In other words, the map ad, satisfies

(adp (ab) = a (ad,b) + (adpa) b foreverya € Aandbe A)  (8)

But the map ad, is a derivation if and only if ad, is k-linear and satisfies
(by the definition of a “derivation”). Hence, the map ad, is a derivation (because
we know that ad), is k-linear and satisfies (8)). This proves Example O
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Remark 1.12. Many authors use a notion of “derivation” that is less general
than ours. Namely, given a k-algebra A, they define a derivation of A to be
a k-linear map f : A — A satisfying (5). This concept of a “derivation” is a
particular case of our concept defined above. Namely, it is precisely what we
call a derivation from the k-algebra A to the (A, A)-bimodule A.

Remark 1.13. Let A and B be two k-algebras. Letp: A - Band 7: A — B
be two k-algebra homomorphisms. Some authors define a (p, T)-derivation to
be a k-linear map f : A — B satisfying

(f (ab) =p(a) f(b)+ f (a) T (b) foreverya € Aandb e A).

This concept of a “(p, T)-derivation” is, too, a particular case of the concept of
a “derivation” defined in Definition [1.5| Namely, the left B-module B becomes
a left A-module via the k-algebra homomorphism p : A — B. Furthermore,
the right B-module B becomes a right A-module via the k-algebra homomor-
phism 7 : A — B. Thus we have defined a left A-module structure on B and a
right A-module structure on B. These two structures, combined, make B into
an (A, A)-bimodule. Now, a (p, T)-derivation from A to B is the same as a
derivation from A to this (A, A)-bimodule B.

1.2. Basic properties

The following fact is probably the simplest property of derivations:

Theorem 1.14. Let A be a k-algebra. Let M be an (A, A)-bimodule. Let
f: A — M be a derivation. Then, f (1) = 0. (Keep in mind that 1 denotes the
unity 14 of A here.)

Proof of Theorem Corollary [1.7| shows that f is a k-linear map and satisfies
(). Applying () to @ = 1 and b = 1, we obtain

fA-N=1M+fFM1=Ff1)+f(1).

~———

=f0  =f)
Since 1-1 = 1, this rewrites as f (1) = f (1) + f (1). Subtracting f (1) from this
equality, we obtain 0 = f (1). This proves Theorem [1.14] O

Remark 1.15. Theorem is extremely basic; it holds even more generally
when A is a unital magmatic k-algebra rather than a k-algebra. (Of course, in
this case, the definition of a derivation should be generalized appropriately.)

Notice, however, that Theorem does not generalize to algebras over
semirings (because we cannot subtract over semirings). When defining deriva-
tions in this generality, it thus is advisable to include the equality f (1) = 0 as
an axiom in the definition of a derivation.




Collected trivialities on algebra derivations October 22, 2020

The following fact (sometimes called the generalized Leibniz law, or simply the
Leibniz law again) generalizes (5)):

Theorem 1.16. Let A be a k-algebra. Let M be an (A, A)-bimodule. Let
f: A — M be a derivation. Let n € IN, and let a4, 4y, ...,a, € A. Then,

n
flmaz---an) =) aay---ai1f (a;) aiadia - an.
i1

Proof of Theorem Corollary [1.7| shows that f is a k-linear map and satisfies

B).
We shall prove Theorem by induction over n:
Induction base: If aq,a,,...,aq are 0 elements of A, then

0
fmay---ag) =Y araz---ai_1f (a;) aip1ai40 - - - ag
i=1

ﬂ In other words, Theorem holds for n = 0. This completes the induction
base.

Induction step: Let N € IN. Assume that Theorem holds for n = N. We
must prove that Theorem holds for n = N + 1.

Let aj,ay,...,an+1 be N+ 1 elements of A. We assumed that Theorem [1.16]
holds for n = N. Hence, we can apply Theorem to N and aq,ay,...,aN
instead of n and ay, 4>, ...,a,. As a result, we obtain

N
flaay---an) =) may---ai_1f (a;) aif18i4 - - - AN )
i=1

But Corollary [1.7] shows that f is a k-linear map and satisfies (5). Hence, we

3Proof. Let ay,ay,...,a9 be 0 elements of A. Then, aja; - - - ag = (empty product) = 1, and thus

aar---ag | = f(1)=0 Theorem [1.14). Comparing this with
flmaz---ag | =f(1) =0 (by paring

=1

0
Y a1 f (a;) aip18i12 - - - a0 = (empty sum) =0,
i=1

we obtain f (ayap - - -ag) =

1

apay - - a;_1f (a;) ai1qa;42 - - - ag. Qed.

Itge
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can apply (5) to ajay - - - ay and a4 instead of a and b. As a result, we obtain
f((maz---an) an+1)
= (maz---an) f (an1) + f(araz---ay) AN+1
/, L ,

-
=ayay--anf(an+1)

N
:‘):1 ayay---ai-1f(a;)ait18i42 AN
i=

(by ©)
=ayay---anf (an+1) (Zﬂwz a1 f (ﬂi)ﬂi+1ai+2“-ﬂN> AN+1

[\

-~

z

:.21(“1@'"aiflf(ai)ai+lai+2'"aN)aN+1
=

N
=may---anf (aN41) + Z (a1az - - a;_1f (a;) ai1ai42 - 'ﬂN)aN—H/
i=1" NG
=ayap--a;1f(a;)8;110; 12" ANAN+1
=a1ap-a;1f(;)8;410i 12 AN+1

N
=may---anf (ant1) + Zﬂlﬂz coeai1f (4;) @142 ANG 1
i=1
Compared with

N+l
Y mar- a1 f (a;) ai1ain - ANy

=maz--- ﬂ(N+1)—1f (an+1) AN+ +1A(N+1)+2 """ AN+1

=ayaz---aN =(empty product)=1

+ 2 a1az - - - ai_1f (a;) ai18i42 - - AN11

(here, we have split off the addend for i = N + 1 from the sum)

=aay---an f (any1) 1+ Zﬂlﬂz a1 f (a;) aip18i2 - ANG
A,—/

—flana)

=ayay---anf (any1) + Zalﬂz coe a1 f (i) G180 AN,
i=1
this shows that
N+1
flaay---any) = Y maz- - aiof (a;) aipraigo - - - AN+ (10)

Now, let us forget that we fixed ay,4ay,...,an4+1. We thus have shown that
holds for any ay,ay,...,any4+1 € A. In other words, Theorem holds for
= N + 1. This completes the induction step. Thus, the induction proof of
Theorem is complete. O
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Let us gather some consequences of Theorem [1.16}

Corollary 1.17. Let A be a k-algebra. Let M be an (A, A)-bimodule. Let
f: A — M be a derivation. Let n € IN, and let a € A. Then,

F@) =Y af (a)a"

i=1

Proof of Corollary Theorem (applied to a; = a) shows that

f Zaa -a f(a;) aa- a—Zallf

i=1; i=1

n factors i—1 factors n—i factors

—gi—1 —gh—i

n . .
Since ga - - -4 = a", this rewrites as f (a") = 1 a'~1f (a)a"~'. This proves Corol-

n factors =1

lary O

For the next corollary, we need another definition:

Definition 1.18. Let A be a k-algebra. Let M be an (A, A)-bimodule. The
(A, A)-bimodule M is said to be symmetric if it satisfies

(am = ma foreverya € Aand m € M). (11)

Remark 1.19. If A is a commutative ring, then the symmetric (A, A)-
bimodules can be identified with the A-modules. Namely, a symmetric
(A, A)-bimodule structure is the same as an A-module structure, and con-
versely, any A-module structure can be interpreted both as a left A-module
structure and as a right A-module structure, and the latter two structures
combined yield a symmetric (A, A)-bimodule structure.

Corollary 1.20. Let A be a k-algebra. Let M be a symmetric (A, A)-bimodule.
Let f : A — M be a derivation. Let n € IN, and let 2 € A. Then,

£ (@) = nf (a)a"!
Here, nf (a) a1 is to be understood as 0 if n = 0.

Proof of Corollary If n = 0, then Corollary holdsﬂ Hence, for the rest of

4Proof. Assume that n = 0. Then, a" = a° = 1, so that f ( a" ) = f(1) = 0 (by Theorem
—1

1.14). Compared with nf (a)a"~! = 0 (since n = 0), this yields f (a") = nf (a)a"~'. Thus,
Corollary holds, qed.

10
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this proof, we can WLOG assume that we don’t have n = 0. Assume this. Thus,
n > 1 (since we don’t have n = 0). Hence, a" ! is well-defined.

The (A, A)-bimodule M is symmetric if and only if it satisfies (11) (by the
definition of a “symmetric (A, A)-bimodule”). Hence, M satisfies (11) (since M
is symmetric). Now, Corollary yields

- = H .
:f(a)ai—l i=1 — i)+ (n—i) _gn—1

(by (1), applied to a'~! and f(a)

instead of a and m)

f(a)a" ' =nf (a)a" L.

R VR (U E S WO s

M-

N
I
—_

This proves Corollary O

The following corollary can be regarded as a “chain rule” for derivations:

Corollary 1.21. Let A be a k-algebra. Let M be a symmetric (A, A)-bimodule.
Let f : A — M be a derivation. Let p € k[x] be a polynomial. Let a € A.

Then,
f(p(a)=p"(a) f(a).

Here, p’ denotes the (usual) derivative of p in k [x].

N

Proof of Corollary Write the polynomial p in the form p = Y p,x" for some
n=0

N € N and some (po,p1,---,pn) € kNTL Then, the definition of p’ shows

N
that p’ = Y np,x"~1. Substituting a for x in this equality, we obtain p’ (a) =
n=1

l 1
Y, npya" .
n=1

We have f (\ai/) = f (1) = 0 (by Theorem

=1

—
M

.14), and thus po f <a0> =0.

N——

Corollary [1.7)shows that f is a k-linear map and satisfies (5).

The (A, A)-bimodule M is symmetric if and only if it satisfies (11) (by the
definition of a “symmetric (A, A)-bimodule”). Hence, M satisfies (11) (since M
is symmetric).

N
On the other hand, substituting a for x in the equality p = }_ p,x", we obtain
n=0

11
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N
p(a) = Y pua”. Applying the map f to both sides of this equality, we obtain
n=0

N N
f(p(a)=f (Z%)pna”> = Z%)pnf (a™) (since the map f is k-linear)

= pof (") + % puf (a")

N—_——  n=1

=0
(here, we have split off the addend for n = 0 from the sum)
N N
=Y pe  fla") =) p f(a)a""!
=1 e — —
=nf(a)a"" ! —"tPn =a""f(a)
(by Corollary [1.20) (because (applied to "~ ! and f(a)

instead of a and m) shows

that a"~1f(a)=f(a)a" 1)

N N
=) npna""'f (a) = (Z nPnﬂ”_1> f(a)=p'(a)-f(a).

n=1

This proves Corollary O

Definition 1.22. Let A be a k-algebra.
@If I, I,..., I, are some two-sided ideals of A, then 1, - - - I,, denotes the
two-sided ideal of A generated by

{uqug -+ uy | (ug,up, .. uy) € L XL x---x1I}.

(In particular, for n = 0, this means that I1 I, - - - I, is the two-sided ideal of A
generated by the empty product. Since the empty product is defined to be 1,4,
this ideal is therefore A.)

(b) If I is a two-sided ideal of A, and if n € IN, then I" is defined to be
1 o 1.
n times

[Note: This notation is not really standard, particularly as far as the mean-

ing of an empty product of ideals is concerned.]
(c) If S is any set, and if n € IN, then we use the notation $*" for the
Cartesian product S x S x - -- x S. (This is commonly denoted by 5", but this

n times

notation would conflict with the one in Definition (b).)
Proposition 1.23. Let A be a k-algebra. Let U and V be two two-sided ide-
als of A. Let x € UV. Then, there exists an m € IN and two m-tuples

m
(ug,up, ..., Uuy) € U™ and (v1,0y,...,0p) € V™ such that x = ¥ u;v;.
i=1

12



Collected trivialities on algebra derivations October 22, 2020

Proof of Proposition Let Z denote the subset {uv | (u,v) € U x V} of A.
We know that UV is the two-sided ideal generated by {uv | (1,v) € U x V}

ﬂ In other words, UV is the two-sided ideal generated by Z (since

Z={uv | (u,v) € U x V}). In other words, UV is the set

iwz-b' | N eN, (aj,ay,...,ay) € AN, (by,by,...,by) € AN,
= and (z1,2o,...,2n) € Z*N

(because the two-sided ideal generated by Z is the set

N N €N, (ay,az,...,ay) € AN, (by, by, ..., by) € AXN,
{El 7izibi | ( and (z1,2y,...,25) € Z*N ). Hence,

uv

— %a.z.b. ‘ N € N/ (a11a2/---/aN) c AXN, (blzbZ/---,bN) - AXN’
B i— e and (Zl,Zz,...,ZN) c Z*N :

Thus,
xeuv

— %azh | N e NN, (a1,a2,...,aN) c AXN, (blleI'--/bN) c AXN,
I = and (z1,2o,...,2N) € Z*N :

In other words, x has the form x = g: a;z;b; for some N € IN, some (ay, 4y, ...,aN) €
i=1

A*N_ some (by,by,...,by) € A*N and some (z1,2y,...,zn) € Z*N. Consider

this N, this (al,az, .. .,ClN), this (bl, by, .. .,bN) and this (21,22, .. .,ZN).

For every i € {1,2,...,N}, we define two elements u; € U and v} € V as
follows: We have z; € Z = {uv | (u,v) € Ux V}. Thus, we can write the
element z; of Z in the form z; = uv for some (u,v) € U x V. Let (u},v}) be
this (u,v). Thus, (u},v}) € U x V satisfies z; = u/v\. From (u},v}) € U x V, we
obtain u; € U and v} € V.

Thus, we have defined two elements 1} € Uand v} € V foreachi € {1,2,...,N}.
These two elements u! and v/ satisfy z; = u}v} (by their definition).

N N N
We have x = Y a; z; bj = Y, auvb; = Y (au}) (vb;). But for each
i=1 N i=1 S——" i=1
=U;; = (ajul) (vjb;)

i€{1,2,...,N}, wehave a;u} € U (since u; € U, and since U is a two-sided ideal
of A). Hence, (ayu}, axut)y, ... anu}y) € U*N. Also, for each i € {1,2,...,N},
we have v/b; € V (since v/ € V, and since V is a two-sided ideal). Hence,
(v)b1, vhby, ..., U\bN) € V*N_ Therefore, there exists an m € NN and two m-
m
tuples (ug,up, ..., uy) € U™ and (v1,v2,...,0m) € V™ such that x = Y u;v;

i=1
(namely, m = N, u; = a;u} and v; = v}b;). This proves Proposition O

®Indeed, this is a particular case of Definition (a).

13
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Proposition 1.24. Let A be a k-algebra. Let I be a two-sided ideal of A. Let
f: A — Abe a derivation. Then, f (I"™!) C I" for every n € N.

Proof of Proposition It is not hard to derive Proposition from Theorem
We shall proceed differently, however.

We shall prove Proposition [1.24] by induction over n:

Induction base: We have I° = A. Now, f (I°1) C A = I°. In other words,
Proposition holds for n = 0. This completes the induction base.

Induction step: Let N € IN. Assume that Proposition holds for n = N. We
must prove that Proposition holds forn = N + 1.

Proposition holds for n = N. In other words, we have f (INT1) C IV,
Now, recall that 1710 = [9+b for any a4 € N and b € IN. Applying this to
a=N+1and b =1, we obtain [NT1[1 = [N¥)+1 Also, applying I°I" = [*+?
toa = N and b = 1, we obtain INT! = [N+,

Letr € f (I(N+1)+1). Then, there exists a g € I(NT)+1 such that r = f (q)
(sincer € f (I(NH)H)). Consider this g. We have g € I(N+1)+1 — INH\IL =

=
IN*1]. Proposition (applied to U = IN*1, V = [ and x = g) thus shows

that there exists an m € IN and two m-tuples (uj, up, ..., um) € (INH)Xm

m
and (v1,vy,...,0m) € "™ such that g = Y u;v;. Consider this m and these
i=1
(uy,up, ..., up) and (v1,v2,...,0m).
We have
u;f (v;) € INT1 for everyi € {1,2,...,m} (12)
[l Also,
f(u;)v; € INT! for every i € {1,2,...,m} (13)

Corollary [I.7 shows that f is a k-linear map and satisfies (5). Applying the

6Proofof: Leti € {1,2,...,m}. Then, u; € IN*! (since (u1,us, ..., um) € (IN“)Xm). Thus,
u; f (v;) € INT! (since IN*! is a two-sided ideal). This proves .

7 Proof of : Leti € {1,2,...,m}. Then, u; € IN*! (since (uy,up,..., um) € (IN“)Xm).

Hence, f | u; € f(INt1) C IN. But v; € I (since (v1,0z,...,0m) € I*™). Hence,
N

cIN+1

f(u;) v €INI' = [Nt This proves (13).
N~ =~~~
eIN ¢I=I!

14
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m
map f to both sides of the equality g = }_ u;v;, we obtain

i=1

=f (Z uivi) =) f (u;v;) (since the map f is k-linear)
- T e

(by (5), applied to a=u; and b=v;)

I

N
|
—

zf (v;) -I-f Uz c Z (IN-H I IN+1>

N+1 N+l

N+1
b 5 =
(by .) (by . (since IN*L is an ideal of A)
m
C Z [NFL C [N+ <since IN*1 s an ideal of A)

~.
I
[y

Thus, r = f (q) € IN*tL.
Now let us forget that we fixed r. We thus have proven that r € INT! for every

ref I(NH)H). In other words, f <I(N+1)+1) C IN*1, In other words, Propo-

sition holds for n = N + 1. This completes the induction step. Proposition
1.24{is thus proven by induction. O

1.3. The module of derivations

We have so far studied properties of a single derivation. Let us next consider the
set of all derivations.

Definition 1.25. Let A be a k-algebra. Let M be an (A, A)-bimodule. We let
Der (A, M) denote the set of all derivations from A to M.

Proposition 1.26. Let A be a k-algebra. Let M be an (A, A)-bimodule. Then,
Der (A, M) is a k-submodule of Hom (A, M).

Proof of Proposition We have Der (A, M) C Hom (A, M) Furthermore,
the following three statements hold:

1. We have f + g € Der (A, M) for every f € Der (A, M) and g € Der (A, M)
bl

8Proof. Let f € Der (A, M). Thus, f is an element of Der (A, M). In other words, f is an element
of the set of all derivations from A to M (since Der (A, M) is the set of all derivations from A
to M). In other words, f is a derivation from A to M. Thus, Corollary [1.7] shows that f is a
k-linear map and satisfies (5). In particular, f is a k-linear map from A to M. In other words,
f € Hom (A, M).

Now, let us forget that we fixed f. We thus have proven that f € Hom (A, M) for every

f € Der (A, M). In other words, Der (A, M) C Hom (A, M), ged.

9Proof. Let f € Der (A, M) and g € Der (A, M).

15



Collected trivialities on algebra derivations October 22, 2020

2. We have Af € Der (A, M) for every f € Der (A, M) and A € k m

We have f € Der (A, M). Thus, f is an element of Der (A, M). In other words, f is an
element of the set of all derivations from A to M (since Der (A, M) is the set of all derivations
from A to M). In other words, f is a derivation from A to M. Thus, Corollaryshows that
f is a k-linear map and satisfies (5). The same argument (but made for g instead of f) shows
that g is a k-linear map and satisfies (5) (with f replaced by g).

We know that g satisfies (5) (with g replaced by f). In other words, we have

(g(ab) =ag (b)+g(a)b foreverya € Aand b e A). (14)

Now, for every a € A and b € A, we have
(f +8) (ab) = f (ab)  + g (ab) (ab)

- (by ‘) _a%; i
= (af (b) + f (a)b) + (ag (b) + g (a) b)
= (af (b) +ag (b)) + (f(a)b+g(a)b)

ﬁ

=a(f(b)+3(b)) =(f(a)+g(a))b
=a(f(b) +g(b)+(f(a) +g(@)b=a(f+g) )+ (f+g)(a)b.
=(f+8)(b) =(f+8)(@)

In other words, we have

(f+g)(ab)=a(f+g) (b)+(f+g)(a)b foreverya € Aand b e A).

In other words, the map f + g satisfies (5) (with f replaced by f + g).

Also, the map f + g is k-linear (since the maps f and g are k-linear).

But f + g is a derivation from A to M if and only if it is a k-linear map and satisfies (5
(with f replaced by f + g) (by the definition of a “derivation”). This shows that f + g is
a derivation from A to M (since the map f + g is a k-linear map and satisfies (5) (with f
replaced by f 4+ g)). In other words, f + g is an element of the set of all derivations from A
to M. In other words, f + g is an element of Der (A, M) (since Der (A, M) is the set of all
derivations from A to M). In other words, f + g € Der (A, M), qed.

19Proof. Let f € Der (A, M) and A € k.

We have f € Der (A, M). Thus, f is an element of Der (A, M). In other words, f is an
element of the set of all derivations from A to M (since Der (A, M) is the set of all derivations
from A to M). In other words, f is a derivation from A to M. Thus, Corollary [I.7]shows that
f is a k-linear map and satisfies

Now, for every a € A and b € A, we have

(Af) (ab) = A f(ab)

S~
=A(af () +f(a)b) = Aa f(b)+Af(a)b=a Qf\@ + w b

=al =(Af)(b)  =(Af)(a)
=a(Af) (b) + (Af) (a) b.
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3. We have 0 € Der (A, M), where 0 denotes the zero of Hom (A, M) E

Combining these three statements, we conclude that Der (A, M) is a k-submodule
of Hom (A, M). This proves Proposition [1.26] O

A more interesting property of Der (A, M) holds in the case when M = A:

Theorem 1.27. Let A be a k-algebra. Let f € Der (A, A) and g € Der (A, A).
(See Proposition [1.3[ for the definition of the (A, A)-bimodule A that is used
here.) Then, fog—go f € Der (A, A).

Example 1.28. Let A be a k-algebra. Let x € A and y € A. As we know from
Example for every p € A, we can define a map ad, : A — A by

(adp (a) = pa —ap for every a € A).

Thus, we have two maps ad, : A — A and ad, : A — A. Example shows
that these two maps are derivations, i.e., belong to Der (A, A). Hence, Theo-
rem (applied to f = ad, and ¢ = ad,) yields that ady oad, —ad, cady €
Der (A, A). This can also be proven in a simpler way: A short calculation con-
firms that adyoad, —ad,oad, = ady, y» € Der (A, A) (again by Example
1.11)).

In other words, we have

((Af) (ab) = a (Af) (b) + (Af) (a)b foreveryac Aand b e A).

In other words, the map Af satisfies (5) (with f replaced by Af).

Also, the map Af is k-linear (since the map f is k-linear).

But Af is a derivation from A to M if and only if it is a k-linear map and satisfies (5) (with
f replaced by Af) (by the definition of a “derivation”). This shows that Af is a derivation
from A to M (since the map Af is a k-linear map and satisfies (5) (with f replaced by Af)).
In other words, Af is an element of the set of all derivations from A to M. In other words,
Af is an element of Der (A, M) (since Der (A, M) is the set of all derivations from A to M).
In other words, Af € Der (A, M), qed.

1 Proof. Consider the zero 0 of Hom (A, M).
For every a € A and b € A, we have

a0(b)+0(a)b=0+0=0=0(ab) (since 0 (ab) = 0).
= X

In other words, for every a € A and b € A, we have 0 (ab) = a0 (b) + 0 (a) b. In other words,
we have

(0(ab) =a0(b)+0(a)b foreveryac Aand b e A).

In other words, the map 0 satisfies (5) (with f replaced by 0).

Also, the map 0 is k-linear (since the map f is k-linear).

But 0 is a derivation from A to M if and only if it is a k-linear map and satisfies (5) (with
f replaced by 0) (by the definition of a “derivation”). This shows that 0 is a derivation from
A to M (since the map 0 is a k-linear map and satisfies (5) (with f replaced by 0)). In other
words, 0 is an element of the set of all derivations from A to M. In other words, 0 is an
element of Der (A, M) (since Der (A, M) is the set of all derivations from A to M). In other
words, 0 € Der (A, M), qed.

17
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Remark 1.29. Theorem is usually worded in the language of Lie algebras.
Namely, let A be a k-algebra. We shall use the standard notation End A for the
k-algebra Hom (A, A) (where the multiplication is given by the composition
of maps, and where the unity is the identity map id4). Then, we can define a
Lie algebra structure on the k-module End A by setting

(If,.gl=fog—gof for every f € End A and g € End A).

This Lie algebra is denoted by (End A)™ or by gl (A). Now, Theorem
states that Der (A, A) is a Lie subalgebra of this Lie algebra (End A) . When
f and g are two elements of End A, the element [f, g] is called the commutator

of f and g.

Rather than proving Theorem we shall prove a more general result:

Theorem 1.30. Let A be a k-algebra. Let M be an (A, A)-bimodule. Let
f:A— Mandh: A — A be two derivations. Let g : M — M be a k-linear
map. Assume that

(g(am) =ag(m)+h(a)m foreverya € Aand m e M)  (15)
and

(g (mb) =mh (b)+g(m)b for every b € Aand m € M). (16)

Then, foh —go f € Der (A, M).

Proof of Theorem [1.30} The map f : A — M is a derivation. Corollary [1.7] thus
shows that f is a k-linear map and satisfies (5).

The map h: A — A is a derivation. Corollary (1.7 (applied to A and / instead
of M and f) thus shows that h is a k-linear map and satisfies (5) (with M and f
replaced by A and h).

We know that / satisfies (with M and f replaced by A and h). In other
words, we have

(h(ab) =ah (b)+h(a)b foreveryac Aand b € A). (17)

The maps f, h, g and f are k-linear. Hence, the map foh — go f is also
k-linear.

18
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Leta e Aand b € A. Then,

(foh)(ab) = f @ = f(ah(b) +h(a)b)
=ah(b)+h(a)b
(by (7))
= f (ah ( ))  +  f(h(a)b) (since the map f is k-linear)

:ﬂf(())+f()() =h(a)

(by (B), applied to (by

h(b) instead of b) h(a) nstead of a)
)

(af (h (b)) + f (a)h (b)) + (h(a) f (b) + f (h(a)) D)
af (h (b)) + f (a) b (b) +h(a) f (b) + f (h(a))b. (18)

f( )+f(h(a))b
, applied to

Also,

gof @) =g | f(b) |=g(af©)+f@)b)
—af (b)+f(a)b

(by B))
= g(af(b)) + g(f(a)b) (since the map g is k-linear)
—_—— —_—

=ag(f(b))+h(a)f(b)  =f(a)h(b)+g(f(a))b
(by (15), applied to (by (16), applied to
f(b) instead of m) f(a) instead of m)
(

(ag (f (b)) +h(a) f (b)) + (f (a) h (b) +8 (f (a)) b)
ag (f (b)) +h(a) f (b) + f (a) h(b) + g (f (a))D-.

Subtracting this equality from (I8), we obtain

(foh)(ab) —(gof)(ab)

= (af (h (b)) +f (@) h(b) +h(a) f (b) + f (h(a)) D)
—(ag (f (b)) +h(a) f (b) + f (a) h (b) +-g (f (a)) D)

=af (h(b)) + f (h(a))b—ag (f (b)) =g (f (a))b

=af (h(b)) —ag(f (b)) +f(h(a)b—g(f(a)b

-

=a(f(h(b))—g(f(b))) —=(F(h(@)) g (f (@)D

~— ———r
(foh)(b)  =(gof)(b) =(foh)(a)  =(gof)(a)
a((foh)(b) = (gof) (b)) +((foh)(a)—(gof)(a))b

—(foh—gof ) (b) —(foh—gof)(a)
=a(foh—gof)(b)+ (foh—gof)(a)b.

=a (f (h (b))~ g(f(b))) + (f (h(a)) - g (f (ﬂ))) b
—_——  ~— -

19
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Thus,

(foh—gof)(ab) = (foh)(ab) —(go f)(ab)
=a(foh—gof)(b)+(foh—gof)(a)b.

Let us now forget that we fixed 2 and b. We thus have proven that

(foh—gof)(ab)=a(foh—gof)(b)+(foh—gof)(a)b

forevery a € Aand b € A. Thus, Corollary[I.§|(applied to f o i — g o f instead of
f) shows that foh — g o f is a derivation. Thus, f oh — g o f is a derivation from
A to M. In other words, f oh — go f is an element of the set of all derivations
from A to M. In other words, foh — go f is an element of Der (A, M) (since
Der (A, M) is the set of all derivations from A to M). In other words, foh —go
f € Der (A, M). This proves Theorem [1.30] O

Let us state another particular case of Theorem [I.30}

Corollary 1.31. Let B be a k-algebra. Let A be a k-subalgebra of B. Thus, B
becomes an (A, A)-bimodule. (The left and the right A-module structures on
B are given by multiplication inside B.) Let f : A — Band g : B — B be
two derivations such that g (A) € A. Then, fo(g|a) —gof: A — Bisa
derivation.

This corollary is sometimes useful (e.g., it appears in [EtiGri12, Proposition
4.6.22]2 and is used there).

Proof of Corollary[1.31] The map g [a: A — A is well-defined (since g (A) C A)
and k-linear (since the map g is k-linear).

The map g : B — B is a derivation. Corollary [1.7](applied to B, B and g instead
of A, M and f) thus shows that g is a k-linear map and satisfies (5) (with A, M
and f replaced by B, B and g).

We know that g satisfies (with A, M and f replaced by B, B and g). In
other words, we have

(¢ (ab) =ag(b)+g(a)b for everya € Band b € B). (19)

12More precisely, the particular case of Corollary when k = C appears in [EtiGril2, Propo-
sition 4.6.22]. But the general case is proven in the same way as this particular case.
Notice that Theorem (in the particular case when k = C) is [EtiGril2, Proposition
4.6.21].

20
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The map g [4: A — Alisa derivationﬁ Moreover, we have

(¢ (am) =ag(m)+ (g |a) (a)m for every a € A and m € B) (20)
™ and

(¢ (mb) =m(g|a)(b)+g(m)b for every b € A and m € B) (21)

Hence, we can apply Theorem m to M =Band h = g |4. As a result,
we obtain f o (g|a) —gof € Der(A,B). In other words, fo (g |a) —go fisan
element of Der (A, B). In other words, fo (g |4) — g o f is an element of the set
of all derivations from A to B (since Der (A, B) is the set of all derivations from
A to B (by the definition of Der (A, B))). In other words, fo (g |a) —go fisa
derivation from A to B. This proves Corollary O

Let us now prove another fact about derivations

Proposition 1.32. Let A be a k-algebra. Let M be an (A, A)-bimodule. Let
d:A— Mande: A — M be two derivations. Let S be a subset of A which
generates A as a k-algebra. Assume that d |s=e |s. Then, d =e.

Proposition shows that a derivation A — M is uniquely determined by
its restriction to a generating set of the k-algebra A. Of course, this does not
yield that any map from such a generating set can be extended to a derivation
A — M (though we will see some situations when such extensions are possible

later”).

13Proof. Leta € Aand b € A. Then, (g |4) (a) = g (a) and (g |4) (b) = g (b). Now,

(8 [a) (ab) = g (ab) = a gb) + gla) b (by (19)

=gl =(gla)(@)
=a(g]a) () +(g[a)(a)d.

Let us now forget that we fixed a and b. We thus have proven that (g |4) (ab) =
a(g]a)(b)+(gla)(a)b for every a € A and b € A. Hence, Corollary [1.8] (applied to A
and g | 4 instead of M and f) shows that g |4 is a derivation. Qed.

14Proofof: Leta € Aand m € B. Then, (g |4) (a) = g (a). Applying to b = m, we obtain

g (am) = ag (m) + g@ m=ag (m)+ (g [a) (a) m.
=(gla)(a)
This proves (20).
15P1’oofof: Letb € Aand m € B. Then, (g |4) (b) = g (b). Applying to a = m, we obtain

g(mb)=m g(b) +g(m)b=m(g|[a)(b)+g(m)b.
\,./

=(gla)(®)

This proves (21).
16Proposition appears in [EtiGril2, Proposition 4.6.13].
7in Proposition [2.3|and Proposition
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Proof of Proposition Let z be the map d —e : A — M. Then, z = d —e.
Hence,
z(s) =0 for every s € S (22)

[

Butz: A — Misa derivation@ Corollary [1.7| (applied to f = z) thus shows
that z is a k-linear map and satisfies (5) (with f replaced by z).

We know that z satisfies (5) (with f replaced by z). In other words, we have

(z(ab) =az(b)+z(a)b foreveryae Aand b e A). (23)

The set Kerz is a k-submodule of A (since z is a k-linear map). Moreover,
z(1) = 0 (by Theorem applied to f = z). In other words, 1 € Kerz.
Furthermore, every a € Kerz and b € Ker z satisfy ab € Kerz m

We thus have proven the following three statements:

¢ The set Kerz is a k-submodule of A.
e We have 1 € Kerz.

* Every a € Kerz and b € Kerz satisfy ab € Kerz.

18Proof of : Lets € S. Then, (d |s) (s) = d(s) and (e |s) = e(s). Hence, d (s) = (d |g) (s) =

(e|s) =e(s). Now,

=i =e(s)

This proves (22).
9Proof. Proposition shows that Der (A, M) is a k-submodule of Hom (A, M).

The map d is a derivation from A to M. In other words, d belongs to the set of all deriva-
tions from A to M. In other words, d belongs to Der (A, M) (since Der (A, M) is the set of all
derivations from A to M). In other words, d € Der (A, M). The same reasoning (but with d
replaced by e) shows that e € Der (A, M).

Now,

z= d - e € Der (A, M) — Der (A, M) C Der (A, M)
—— ——
€Der(A,M)  €Der(A,M)

(since Der (A, M) is a k-submodule of Hom (A, M)). In other words, z belongs to Der (A, M).
In other words, z belongs to the set of all derivations from A to M (since Der (A, M) is the
set of all derivations from A to M). In other words, z is a derivation from A to M. Qed.

20Proof. Let a € Kerz and b € Kerz. We have z (a) = 0 (since a € Kerz) and z (b) = 0 (since
b € Kerz). Now, shows that

z(ab) =az(b)+z(a)b=0+0=0.
=0 =0

In other words, ab € Kerz, qed.
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Combining these three statements, we conclude that Ker z is a k-subalgebra of
A.

Moreover, S C Kerz @ In other words, Ker z contains S as a subset.

The subset S generates A as a k-algebra. In other words, the k-subalgebra of
A generated by S is A itself.

Now, let us recall that the k-subalgebra of A generated by S is the smallest
k-subalgebra of A which contains S as a subset. In other words, A is the smallest
k-subalgebra of A which contains S as a subset (because the k-subalgebra of A
generated by S is A). Hence, if B is any k-subalgebra of A which contains S as a
subset, then A C B. We can apply this to B = Ker z (since Ker z is a k-subalgebra
of A which contains S as a subset). Thus, we obtain A C Kerz. Combined with
Kerz C A, this yields A = Kerz. Hence, z = 0. Since z = d — ¢, this rewrites as
d —e = 0. Hence, d = e. Proposition[1.32]is thus proven. O

Remark 1.33. Again, much of what we have proven (e.g., Proposition [1.26}
Theorem Theorem and Proposition can be generalized to the
situation when A is a magmatic k-algebra (instead of being a k-algebra), pro-
vided that the definition of a derivation is properly adjusted to this generality.

1.4. The k-algebra R4 (M)

We shall now introduce a construction that will allow us to reduce questions
about derivations to questions about k-algebra homomorphisms.

Theorem 1.34. Let A be a k-algebra. Let M be an (A, A)-bimodule. Consider
the k-module A & M. Defineamap m: (A® M) x (A& M) - A® M by

(m ((a,p),(b,q)) = (ab,aq + pb) forall (a,p) e A®Mand (bq) €c A& M).

Then, the map m is k-bilinear. Furthermore, the k-module A & M, equipped
with the k-bilinear map m, becomes a k-algebra with unity (1,0).

Definition 1.35. Let A be a k-algebra. Let M be an (A, A)-bimodule. Consider
the k-module A & M, and the map m defined in Theorem Theorem
shows that the k-module A & M, equipped with the k-bilinear map m,
becomes a k-algebra with unity (1,0). This k-algebra will be denoted by
R 4 (M). Thus, its multiplication satisfies

(a,p)-(b,q) =m((a,p),(bq)) = (ab,aq+ pb) (24)
forall (a,p) e A®Mand (b,q) € A M.

21 Proof. Let s € S. Then, z (s) = 0 (by (22)). In other words, s € Kerz.
Now, let us forget that we fixed s. We thus have shown that s € Kerz for every s € S. In
other words, S C Kerz, qed.
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Proof of Theorem We have
m(Ax,y) = Am (x,y) foral A ek, xe AbMandyc A M (25

El In other words, the map m is k-linear in its first argument.
We have

m(x,A\y) = Am (x,y) foral A ek, xe AMandyc A& M  (26)

@ In other words, the map m is k-linear in its second argument.

The map m is k-bilinear (because it is k-linear in its first argument and k-
linear in its second argument). Hence, the k-module A © M, equipped with the
k-bilinear map m, is a magmatic k-algebra. We denote this magmatic k-algebra
by R. Thus, R = A ® M as a k-module, and the multiplication on R is the map
m. Thus, the multiplication on R is given by

(a,p)-(b,q) =m((a,p),(bq)) = (ab,aq+ pb) (27)
forall (a,p) e A@Mand (b,q) € Ad M.

The element (1,0) of A& M = R satisfies

(1,0)x =x(1,0) = x for every x € R (28)

2Proof of 25): Let A €k, x € A@Mandy € A® M.
We have x € A @ M. Thus, we can write x in the form x = (a,p) for some a € A and
p € M. Consider these a and p.
We have y € A@® M. Thus, we can write y in the form y = (b,q) for some b € A and
g € M. Consider these b and 4.

We have
mlA x , y =m| A(ap),(bq)| =m((Aa,Ap),(b,q)) = | Aab, Aag + Apb
M~ N~ ——— —_———
=(@p) =(bq) =(Aa,Ap) =AMaq+pb)
(by (24), applied to (Aa,Ap) instead of (a,p))
= (Aab, A (ag + pb)).
Compared with
Am | x , y | =Am((a,p),(bq)) =A(ab,aqg+ pb) = (Aab, A (ag + pb)),
M~ N~ -
=(@p) =(b,q) =(ab,aq+pb)
(by (24))

this yields m (Ax,y) = Am (x,y). This proves .
2Proof of (26): Let A e k, x € A@Mandy € A® M.
We have x € A& M. Thus, we can write x in the form x = (a,p) for some a € A and
p € M. Consider these a and p.
We have y € A@® M. Thus, we can write y in the form y = (b,q) for some b € A and
g € M. Consider these b and 4.
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@ Renaming x as a in this statement, we obtain that
(1,0)a=a(1,0) =a for every a € R.
But if B is any magmatic k-algebra, and if e € B is any element which satisfies
(ea =ae=a for every a € B),

then the magmatic k-algebra B, equipped with the element ¢, is a unital mag-
matic k-algebra (by the definition of a “unital magmatic k-algebra”). We can
apply this to B = R and ¢ = (1,0) (because we have (1,0)a = a(1,0) = a for

We have
m| X Ay | =mf(ap),Abq)|=m((ap), (AbAq))
N~ ——"
=@p)  =(bq) =(Ab,Aq)

= [i(\@ , a(Aq) + &(\@

. =Aab_ =Aaq =Apb
(since the multiplication  (since the map (since the map
on Ais k-bilinear)  Ax MM, (c,n)sen MxA—M, (n,c)—nc
is k-bilinear) is k-bilinear)

(by (24), applied to (Aa,Ap) instead of (a,p))

= | Aab,Aag + Apb | = (Aab, A (aq + pb)).
———

=A(aq+pb)
Compared with
Am | x _, y | =Am((ap),(bq))=A(abaq+pb) = (Aab,A(aq+ pb)),
M~ N~ -
=(a,p) =(b,q) =(ab,aq+pb)
(by (24))

this yields m (x, Ay) = Am (x,y). This proves .
24Proof of : Let x € R. We must then prove that (1,0) x = x (1,0) = x.
We have x € A @ M = R. Thus, we can write x in the form x = (a, p) for some a € A and
p € M. Consider these a and p. Now,

(10) & =10 (ap)=(10)-(p) = | la, 1p +0:a

=(a,p) = -0
(by @7), applied to (1,0) and (a, p) instead of (a,p) and (b,q))

=|ap+0|=(ap =x
\v/

=P
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every a € R). As a consequence, we conclude that the magmatic k-algebra R,
equipped with the element (1,0) € R, is a unital magmatic k-algebra. As usual,
we denote this unital magmatic k-algebra again by R. Thus, strictly speaking,
R is the k-module A © M, equipped with the k-bilinear map m and the unity
(1,0).

We have

x(yz) = (xy) z forallx e R,y € Randz € R (29)

@ In other words, the unital magmatic k-algebra R is associative. Hence, R
is an associative unital magmatic k-algebra. In other words, R is a k-algebra
(because a k-algebra is the same as an associative unital magmatic k-algebra).
In other words, the k-module A © M, equipped with the k-bilinear map m and
the unity (1,0), is a k-algebra (because R is the k-module A ® M, equipped with
the k-bilinear map m and the unity (1,0)). In other words, the k-module A & M,
equipped with the k-bilinear map m, becomes a k-algebra with unity (1,0). This
proves Theorem [1.34] O

and

\(x,,) (1,0) = (a,p) (1,0) = (a,p) - (1,0) = a\},a\t%gj
=(a,p =a = =p

(by 27), applied to (1,0) instead of (b,q))

=|a0+p|=(ap) =nx
\/_/
=p

Thus, (1,0) x = x = x (1,0) = x. This proves (28).
25P1’oofof: Letx € R,y € Rand z € R.

We have x € A@® M = R. Thus, we can write x in the form x = (a, p) for some a € A and
p € M. Consider these a and p.

We have y € A@ M = R. Thus, we can write y in the form y = (b,q) for some b € A and
g € M. Consider these b and 4.

We have z € A® M = R. Thus, we can write z in the form z = (c,r) for some ¢ € A and
r € M. Consider these c and r.

We have
Yz = ba)(en) = (ba)-(er) = (be,br+4c)
=(byq) =(cr)
(by @7), applied to (b,q) and (c,r) instead of (a,p) and (b,q))
and
\(x/) Y =(@p)(b.g) = (ap)-(bq) = (abaq+ pb) (by 7).
=P =(bg)
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Definition 1.36. Let A be a k-algebra. Let M be an (A, A)-bimodule. Recall
that R4 (M) = A® M as a k-module.

Let projl, ,, : A®M — A and projr, , : A® M — M be the canonical
projections from the direct sum A © M to its two addends. These two projec-
tions projl, ), and projr, ), are two surjective k-linear maps. Explicitly, they
are given by

(prole’M ((a,m)) =a for every (a,m) € A® M>

and
<projrA,M ((a,m)) =m for every (a,m) € A® M> .

The map projl, ), is a k-linear map A ®© M — A, therefore a k-linear map
Ra (M) — A (since Ry (M) = Ao M).

Now, comparing

x(yz) = x_- (y2) =(ap)-(bebr+qc)

= a (be) ,a(br+qc) + p (be)
N~ N———r’ N——~"
=(ab)c =a(br)+a(ge) =(pb)c
(since A is associative) (since M is a right
A-module)

(by @7), applied to (bc,br + qc) instead of (b,q))
= ((ab) c,a (br) +a(qc) + (pb) c)

with

(y)z= () -2 =(abag+pb)-(cr)

=(abaq+pb) = (cr)
= + (ag+ pb)c
./ —_——
=a(br) =(aq)c+(pb)c
(since M is a left
A-module)

(by (27), applied to (ab,aq + pb) and (c,r) instead of (a,p) and (b,q))

= | (ab)c,a (br)+ (ag)c + (pb)c | = ((ab)c,a (br) +a(gc) + (pb)c),
S

(by @), applied to A,
g and c instead of B, m and b)

we obtain x (yz) = (xy) z. This proves (29).
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The map projr, ), is a k-linear map A ® M — M, therefore a k-linear map
Ra (M) — M (since Ry (M) = A® M).

Letinlyp : A - A@Mand inrypy : M — A @O M be the canonical
injections of the two k-modules A and M into their direct sum A @ M. These
two injections inl 4 ) and inry )1 are two injective k-linear maps. Explicitly,
they are given by

(inly a1 (a) = (a,0) for every a € A)
and
(inry pr (m) = (0,m) for every m € M).

The map inly s is a k-linear map A — A ® M, therefore a k-linear map
A — Ra (M) (since Ry (M) = Ao M).

The map inry ps is a k-linear map M — A @ M, therefore a k-linear map
M — R4 (M) (since Ra (M) =A@ M).

The basic properties of direct sums of k-modules (known from linear algebra)
now show:

Proposition 1.37. Let A be a k-algebra. Let M be an (A, A)-bimodule. Then,
projl, yroinly p = idg; (30)
projl, yoinrgp =0; (31)
projr, joinlypm =0; (32)
projr, \ oinry u = idpy; (33)
inlg pm o projly \ + inrg um o projry \ = idg, (M) - (34)

Proof of Proposition Proof of (30): For every a € A, we have

(prole’MoinlA,M> (a) = projl, i inly ar (a) = projl, ((a,0))
(by the def;gié)rz of inly y)
=a (by the definition of projl, M>
=idy (a).

In other words, we have projl, ,; oinls y = id 4. This proves (30).
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Proof of (31): For every m € M, we have

(Prole,M © inrA,M> (M) = projl, &wl = projl 5 ((0,m))
=(0,m)
(by the definition of inr 4 »)
=0 <by the definition of projl, M)
=0(m) (since 0 (m) =0).

In other words, we have projl s o inry » = 0. This proves (3I).
Proof of (32): For every a € A, we have

(projrA’M o inlA,M> (a) = projry y inly p (a) = Projr, ((a,0))
_\/H
=(a,0)
(by the definition of inl4 »s)
=0 (by the definition of projr, M)
=01(a) (since 0(a) =0).

In other words, we have projr 4 5, 0 inly p = 0. This proves .
Proof of (33): For every m € M, we have

(Projra poinram) (m) = projray [ inram(m) | = projrsy ((0,m))
N——
=(0,m)
(by the definition of inly4 »s)
=m (by the definition of projr, M)

In other words, we have projr, s o inrs v = idpy. This proves (33).
Proof of (34): Let x € R4 (M). Then, x € Ry (M) = A@® M. Thus, we can
write x in the form x = (a, p) for some a € A and p € M. Consider these a4 and
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p. Now,

(inlA,M o projl, , +inr a0 PfoifA,M> (QL)
=(a,p)

= (inlA,M o projl, ,, +inrg a0 projrA,M> ((a,p))

= (inlA,M o Prole,M> ((a,p)) + (inrA,M o prOirA,M) ((a,p))

N J/

~~ N~

=inly 1 (projly v ((a,p))) =inr p1(projr, y((a,p)))
—inly | projlyy (@p) | +inraw | projray ((ap))
=a >
(by the definition of projr 5) (by the definitio;; of projr 4 »1)
= inlA,M (ll) + iI‘lI‘A/M (p) = (ll, 0) + (0, p)
— —
=(a,0) =(0p)

(by the definition of inl4 »;)  (by the definition of inr 4 1)

== El—}—0,0—{—p :(a,p):x:idRA(M)(x).
EY =p

Now, let us forget that we fixed x. We thus have proven that

<in1A,M o projl, , +inrg p o PfoifA,M> (x) = idg, (m) (%)

for every x € R4 (M). In other words, we have inly y o projl, j + inrg v o

projr, y; = idg, (m)- This proves .
The proof of Proposition is thus complete. O

Proposition 1.38. Let A be a k-algebra. Let M be an (A, A)-bimodule.

(a) The map projl, ;; : Ra (M) — A is a k-algebra homomorphism from
Ra (M) to A.

(b) The map inly pr : A = R4 (M) is a k-algebra homomorphism from A
to Ra (M)

Proof of Proposition Recall that the unity of the k-algebra R4 (M) is (1,0).
In other words, 1z, () = (1,0).

(@) We have projl, 5, | 1z, (m) | = projly p ((1,0)) = 1 (by the definition of
=(10)

prole,M).
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Every two elements x € R4 (M) and y € R4 (M) satisfy
projl, (xy) = projl, 5 (x) - projl, (v)

@ This (combined with the fact that the map projl, ), is k-linear, and with the

fact that projl, (172 N M)> = 1) shows that projl, ,, is a k-algebra homomor-

phism from R 4 (M) to A. This proves Proposition (a).
(b) The definition of inly4 5 shows that inly 5s (1) = (1,0) = Ir,(M)-
Every a € A and b € A satisfy

inly s (ab) =inly pr (a) - inly p (D)

This (combined with the fact that the map inly js is k-linear, and with the
fact that inla a1 (1) = 1, (m)) shows that inlg y is a k-algebra homomorphism
from A to R4 (M). This proves Proposition (b). O

Remark 1.39. Let A be a k-algebra, and let M be an (A, A)-bimodule. An al-
ternative realization of R 4 (M) (i.e., a k-algebra that is canonically isomorphic
to R4 (M)) can be constructed as follows:

Let ( 13 ]XI ) denote the k-module of all 2 x 2-matrices of the form

( g TZ ) witha € A, m € Mand b € A. We can make this k-module

26Proof. Let x € R4 (M) and y € R4 (M).
We have x € R4 (M) = A® M. Thus, we can write x in the form x = (a, p) for somea € A
and p € M. Consider these a and p.
We have y € R4 (M) = A® M. Thus, we can write y in the form y = (b,q) for some b € A
and g € M. Consider these b and 4.

Now, projl, | _x = projl, s ((a,p)) = a (by the definition of projl, ;). Also,
=(ap)

projl, v | v = projl, ,; ((b,q)) = b (by the definition of projl, ,,). Furthermore,

=(b.g)
= - ¥ =(@p)(bg) =(abaqg+pb)
=(@p) = (bg)

(by (24)). Applying the map projl, ,, to both sides of this equality, we obtain
projl, y (xy) = projl, 5, ((ab,aq + pb)) = ab (by the definition of prole,M> .
Comparing this with
projl, (x) - Pprojl, (y) = ab,
—q —p

we obtain projl, (xy) = projl, y (x) - projl, (y), qed.
2 Proof. Leta € Aand b € A. Then, the definition of inl 5; shows that inl4 y (ab) = (ab,0). On
the other hand, the definition of inl 4 »; shows that inl4 y (a) = (a,0). Also, the definition of
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( A A{f ) into a ring by defining the product of two matrices in the usual

0
way:

a m a m'\ [ ad am’ +mb

0 b o v ) \0 bb’ )
m A M

a . . . )
The set of all obv)€lo A ) with a = b is easily seen to be a k

subalgebra of this k-algebra. This k-subalgebra is canonically isomorphic to
R4 (M); the isomorphism sends the element ( g T: ) of this k-subalgebra

to the element (a,m) of R4 (M).
This realization of R4 (M) is particularly suited for generalization; but we
shall not go further in this direction.

Definition 1.40. Let A be a k-algebra. Let M be an (A, A)-bimodule. We let
Homyp (A, M) denote the subset

{q) € Hom (A4, R4 (M)) | projl, yo¢ = idA}

of Hom (A, R4 (M)).
(Warning: This subset Homp (A, M) is not a k-submodule.)

Proposition 1.41. Let A be a k-algebra. Let M be an (A, A)-bimodule.

(@) For every f € Hom(A,M), we have inlyy +inrgp o f €
Homp (A, M).

(b) For every F € Homp (A, M), we have projr, 5, o F € Hom (A, M).

We delay the (simple) proof of this proposition until later, as we would like to
tirst explain what its purpose is.

inly pr shows that inly a7 (b) = (b,0). Now,

@,M (ﬂ) -iIllA,M (b) = (El,O) . (b,O) = (ab,a-O + Ob)

~— —— -0 -0

=(a,0) =(b,0)

instead of (a,p) and (b,q)

e
=0

Comparing this with inl4 as (ab) = (ab,0), we obtain inly as (ab) = inlg ar(a) - inlg pr (D).

Qed.

( by ([24), applied to (a,0) and (b,0) )
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Definition 1.42. Let A be a k-algebra. Let M be an (A, A)-bimodule.
We define a map dthy pr : Hom (A, M) — Homg (A, M) by

(dthaum (f) =inlgp +inrgpo f for every f € Hom (A, M)).
This map is well-defined, because for every f € Hom (A, M), we have

inly p; +inry p 0 f € Hompg (A, M) (according to Proposition (@).
We define a map htd 4 »s : Homg (A, M) — Hom (A, M) by

(htdA,M (F) = projry y o F for every F € Homp (A,M)) .

This map is well-defined, because for every F € Homg (A, M), we have
projr, ), o F € Hom (A, M) (according to Proposition (b)).

Theorem 1.43. Let A be a k-algebra. Let M be an (A, A)-bimodule.

(@) If f € Hom (A, M) and a € A, then (dtha ym (f)) (a) = (a, f (a)).

(b) The maps dth pr and htd 4 »; are mutually inverse.

(c) Let f € Hom (A, M). Then, f is a derivation if and only if dth a1 (f) is
a k-algebra homomorphism from A to R4 (M).

Theorem shows that the derivations from a k-algebra A to an (A, A)-
bimodule M are in 1-to-1 correspondence with k-algebra homomorphisms from
A to R4 (M) that lie in Hompg (A, M). (This correspondence is given by the
maps dth 4 »r and htd 4 j; it also explains the names that we gave these mapﬂ)
This allows deriving properties of derivations from properties of k-algebra ho-
momorphisms. For instance, we could have used this tactic to derive Proposition
from the analogous property of k-algebra homomorphisms.

As promised, let us now prove Proposition and Theorem These
proofs are again rather straightforward.

Proof of Proposition (@) Let f € Hom (A, M). We must prove that inl 4 p; +
inry 0 f € Homp (A, M).

The map f belongs to Hom (A, M). In other words, f is a k-linear map from
A to M. The map inr 4 o f is k-linear (since it is the composition of the k-linear
maps inry p; and f). The map inly p1 + inrg o f is k-linear (since it is the sum
of the k-linear maps inly ; and inrg y o f). In other words, inlg ps + inrg pp 0
f e€Hom (A, Ra(M)).

Now, composition of k-linear maps is k-bilinear. Since projl, 5, and inly » +

28Namely, dth 4 p1 is short for “derivation to homomorphism”, and htd 4 51 for “homomorphism
to derivation”. Of course, the map dth 4 ys is defined not only on derivations, and htd 4 s not
only on homomorphisms, but this should motivate the names well enough.
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inry p1 o f are k-linear maps, we thus have

projl, , 0 (inlg p +inry pro f)
= projl, ,,0inly p +projl, ,oinry pof =idg +00 f =idy.
N d N 4 _ N~

—id —0
(by GO) oy E1)
Thus, inly y +inry a0 f is an element of Hom (A, R 4 (M)) and satisfies projl , 50

(inlg pr +inry pro f) = id4. In other words, inly pr + inrg o f is an element
¢ of Hom (A, R4 (M)) satisfying projl, ,; o ¢ =id . In other words,

inly p;+inrg pof € {(p € Hom (A, Ra (M)) | projlyyop = idA} = Homg (A, M)

(since Homg (A, M) = {(p € Hom (A, Ra (M)) | projly pop = idA} (by the
definition of Homg (A, M))). This proves Proposition (a).
(b) Let F € Homp (A, M). We must prove that projr, 5,0 F € Hom (A, M).
We have

F € Homp (A, M) = {(p € Hom (A, Ra (M)) | projly o9 = idA}

(by the definition of Homp (A, M)). In other words, F is an element ¢ of
Hom (A, R4 (M)) satisfying projl, ;o ¢ = ids. In other words, F is an ele-
ment of Hom (A, R4 (M)) and satisfies projl, ), o F = id 4.

The map F is k-linear (since F € Hom (A, R4 (M))). Hence, the map projr, ;0
F is k-linear (since it is the composition of the k-linear maps projr, ,, and F). In
other words, projr, ;, 0 F € Hom (A, M). This proves Proposition (b). O

Proof of Theorem [1.43] (a) Let f € Hom (A, M) and a € A. We must show that
(dthaum (f)) (@) = (a, f (a)).

The definition of dth p; shows that dth y (f) = inl p +inrg a0 f. Hence,
(dtham (f)) (a) = (inlym +inramo f) (a)
~—

=inly p+inry prof

= inly p (a) + (inrgpof) (a)
—— ~ ~~
=(a,0) =inry v (f(a))=(0,f(a))

(by the definition of inl4 51)  (by the definition of inr4 )

= (@,0)+(0,f (2) = | a+0,0+f(a) | = (af (a)).
= =f

This proves Theorem (a).
(b) Every F € Homg, (A, M) satisfies (dths aohtda m) (F) = idpompg (a,m) (F)
m In other words, we have dth p ohtdam = idpomyg (a,m)-

Proof. Let F € Homg, (A, M). We must prove that (dthy prohtda y) (F) = idaw,(m) (F).
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On the other hand, every f € Hom (A, M) satisfies (htd4 p;odtha ym) (f) =
idpom(a,m) (f) (@ In other words, we have htd4 u o dtha m = idpom(a,m)-

Combining ht AM© dthA,M = idHom(A,M) and htdA,M o dthA,M = idHom(A,M)/
we conclude that the maps dthy s and htd 4 5 are mutually inverse. Theorem
(b) is thus proven.

(c) Set ¢ = dthgy (f). Thus, ¢ = dthy y (f) € Homp (A, M). For every
a € A, we have

¢  (a) = (dthanm(f))(a) = (a f(a)). (35)

——
=dtha m(f)

We must prove that f is a derivation if and only if dthy ar (f) is a k-algebra
homomorphism from A to R4 (M). In other words, we must prove that f is
a derivation if and only if ¢ is a k-algebra homomorphism from A to R4 (M)

We have
F € Homp (A, M) = {(p € Hom (A, R4 (M)) | projlyoq= idA}

(by the definition of Homg (A, M)). In other words, F is an element ¢ of Hom (A, R 4 (M))
satisfying projl, j; o ¢ = id4. In other words, F is an element of Hom (A, R4 (M)) and
satisfies projl 4 ,; o F =id. In other words, id4 = projl, 5,0 F.

On the other hand, htd 4 a1 (F) = projr 4 5 o F (by the definition of htd 4 51). The map F is
k-linear (since F € Hom (A, R4 (M))).

Now,

(dthA,M OhtdA,M) (P) = dthA,M htdA,M (F) = dthA’M (prOjI'A/M o F)
——
=projry poF

= inlyp +inrypo (projrA M © F) (by the definition of dthy ar)
——— /
=inly proid4

=inry poprojry poF
=inlyp o idg “+inry a0 projry 3,0 F
~— ¢
=projl, yoF

=inly pm o projly py o F+inry p o projry p o F
= (inlA,M oprole,M> oF + (inrA,M oprojrA/M> oF
= (inlA,M oprojl, » +inry p o projrA,M) oF

(by )

(since composition of k-linear maps is k-bilinear)

= idg,m) oF = F = idyomg (a,m) (F),

qed.
3Proof. Let f € Hom (A, M). We must prove that (htd 4 5o dtha ) (f) = idtom(a,m) (f)-
The map f belongs to Hom (A, M). In other words, f is a k-linear map from A to M. The
map inry y o f is k-linear (since it is the composition of the k-linear maps inry4 j and f).
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(because ¢ = dthy ar(f)). In other words, we must prove the following two
statements:

Statement 1: If f is a derivation, then ¢ is a k-algebra homomorphism from A
to Ra (M)

Statement 2: If ¢ is a k-algebra homomorphism from A to R4 (M), then f is a
derivation.

Proof of Statement 1: Assume that f is a derivation. We must prove that ¢ is a
k-algebra homomorphism from A to R 4 (M).

Recall that (1,0) is the unity of the k-algebra R 4 (M). In other words, (1,0) =
1R M .

\?\;e 1)<now that f is a derivation. Thus, Corollary [1.7|shows that f is a k-linear
map and satisfies (). Also, Theorem shows that f (1) = 0. Now, (35)

(applied to a = 1) shows that ¢ (1) = 1,{\(’12 =(1,0) = 1z, (m)-
=0
We have ¢ = dthy u (f) € Homg (A, M) C Hom (A, R4 (M)) (since Homp (A, M)
was defined as a certain subset of Hom (A, R4 (M))). In other words, ¢ is a k-
linear map from A to R4 (M).
Furthermore, ¢ (ab) = ¢ (a) ¢ (b) for every a € Aand b € A P This
(combined with the fact that ¢ is a k-linear map and the fact that ¢ (1) = 1%, (1))

The definition of dth4 as shows that dth s (f) = inlg a1+ inrg a0 f. Now,

(htdA,M o dthA’M) (f) = htdA,M dthA,M (f’)l = htdA,M (il‘llA,M + il‘ll‘A,M Of)
=inly p+inrg pof
= projr, pyo (inly y +inrg p o f) (by the definition of htd4 )

= projr py o inly p + projry 0 (inrg po f)

=projr, poinrg pof
since composition of k-linear maps is k-bilinear (and since the
three maps projr4 5, inlg p; and inry pp o f are k-linear)

= projr, ,y 0 inly p1 + projr, ,0inry prof

=0 =idy
Gy £ oy @)
=0-+idy Of =idy Of = f = id-Hom(A,I\/I) (f) ’

ged.

3 Proof. Leta € A and b € A. Then, ¢ (a) = (a, f (a)) (by ) and ¢ (b) = (b, f (b)) (by ,
applied to b instead of a). Furthermore, (applied to ab instead of a) shows that

¢ (ab) = | ab,  f (ab) = (ab,af (b)+ f(a)D).
‘VJ
=af(b)+f(a)b
(by @)
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shows that ¢ is a k-algebra homomorphism from A to R4 (M). Statement 1 is
thus proven.
Proof of Statement 2: Assume that ¢ is a k-algebra homomorphism from A to
R4 (M). We must prove that f is a derivation.
We have f € Hom (A, M). In other words, f is a k-linear map from A to M.
Now, leta € Aand b € A. We shall show that f (ab) = af (b) + f (a) b.
Indeed, we have ¢ (a) = (a,f (a)) (by (35) and ¢ (b) = (b, f (b)) (by (B5),
applied to b instead of a). Furthermore (B5) (applied to ab instead of a) shows
that ¢ (ab) = (ab, f (ab)). Thus,

(ab, f (ab)) = @ (ab) = ¢@(a) - ¢(b) (since ¢ is a k-algebra homomorphism)

—— ~——
a.f(a))

=(a,f(a)
= (a,f(a))- (b, f ()

)
~wbaro s (O O

In other words, ab = ab and f (ab) = af (b) + f (a) b.

Now, let us forget that we fixed a and b. We thus have proven that f (ab) =
af (b) + f (a)b for every a € A and b € A. Thus, Corollary [1.§ shows that f is a
derivation. This proves Statement 2.

Now, Statement 1 and Statement 2 are both proven. As we have said above,
this concludes the proof of Theorem (c). O

Theorem is a classical folklore result. In the particular case when A is a
commutative k-algebra and M is a symmetric (A, A)-bimodule, it is explicitly
stated in [Beckerl4] (where R4 (M) is denoted by M x A, and called a square
zero extenszor. but it was widely used before.

The following is a sufficient criterion for R 4 (M) to be commutativel}

Proposition 1.44. Let A be a commutative k-algebra. Let M be a symmetric
(A, A)-bimodule. Then, the k-algebra R 4 (M) is commutative.

Proof of Proposition Letx € Ra(M)andy € R4 (M).

Comparing this with

~warersswn (7R O e T )

we obtain ¢ (ab) = ¢ (a) ¢ (b). Qed.

32This name has a slightly more general meaning in other sources.

33Actually, it is a necessary criterion as well (i.e., if R4 (M) is commutative, then A is commu-
tative and M is symmetric), but we will not have use for this fact.
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The (A, A)-bimodule M is symmetric. Thus, it satisfies (11) (because the
(A, A)-bimodule M is symmetric if and only if it satisfies (11) (by the defini-
tion of a “symmetric (A, A)-bimodule”)).

We have x € R4 (M). Then, x € R4 (M) = A& M. Thus, we can write x in
the form x = (a, p) for some a € A and p € M. Consider these a and p.

We have y € R4 (M). Then, y € R4 (M) = A @ M. Thus, we can write y in
the form y = (b, q) for some b € A and g € M. Consider these b and g.

Applying to m = g, we obtain ag = qa. Also, (applied to b and p
instead of a and m) shows that bp = pb. Thus, pb = bp. Finally, ab = ba (since A
is commutative).

Now,
W= Y =@p)(ba)={ab, a9 + pb (by @3))
=P —(ba) =ba —qe =pp

= | ba,qa+bp | = (ba,bp+qa).
R,—/
=bp+qa

Comparing this with

X = (bq)-(a,p) = (ba,bp +qa)
=(bg) =(@p)

by (24), applied to (b,q) and (a, p)
instead of (a,p) and (b,q) ’

we obtain xy = yx.

Let us now forget that we fixed x and y. We thus have proven that xy = yx
for every x € R4 (M) and y € R4 (M). In other words, the k-algebra R 4 (M)
is commutative. ]

1.5. Compositions and tensor products

The following two (almost trivial) facts show how derivations can be obtained
by composing derivations with other maps:

Proposition 1.45. Let A and B be two k-algebras. Let f : A — B be a k-algebra

homomorphism. Let M be a (B, B)-bimodule. Let d : B — M be a derivation.
We consider the (B, B)-bimodule M as an (A, A)-bimodule (via the k-

algebra homomorphism f : A — B). Then, do f : A — M is a derivation.

Proof of Proposition We know that d : B —+ M is a derivation. Hence, Corol-
lary [1.7| (applied to B and d instead of A and f) shows that d is a k-linear map
and satisfies (5) (with A and f replaced by B and d).
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We know that d satisfies (with A and f replaced by B and d). In other
words, we have

(d(ab) =ad (b)+d(a)b for everya € Band b € B). (36)

Now, the map do f : A — M is k-linear (because it is the composition of the
k-linear maps d and f).
Leta € Aand b € A. Then, f(ab) = f(a)f (b) (since f is a k-algebra

homomorphism). Now,

(dof)(ab)=d | f(ab) | =d(f(a)f(b))=f(a)d(f(b))+d(f(a))f(D)
=f(a)f(b)
(37)
(by (B6), applied to f (a) and f (b) instead of a and b).
On the other hand, recall that the (B, B)-module M was made into an (A, A)-
bimodule via the k-algebra homomorphism f : A — B. Hence,

(xu=f(x)u for every x € A and u € M) (38)

and
(ux = uf (x) forevery x € Aand u € M). (39)

Applying tox=aand u =d(f (b)), we obtainad (f (b)) = f (a)d (f (b)).
gpplying tox =band u =d(f(a)), we obtaind (f (a))b =4d(f (a)) f (b).
ow,

Comparing this with (37), we obtain (d o f) (ab) = a(do f) (b) + (do f) (a) .
Let us now forget that we fixed a and b. We thus have shown that (d o f) (ab) =

a(dof)(b)+ (dof)(a)bforalla e Aand b e A. Thus, Corollary 1.8 (applied

to d o f instead of f) shows that d o f is a derivation. This proves Proposition

[L.45 O

Proposition 1.46. Let A be a k-algebra. Let M and N be two (A, A)-
bimodules. Let f : M — N be an (A, A)-bimodule homomorphism. Let
d: A — M be a derivation. Then, fod : A — N is a derivation.

Proof of Proposition We know thatd : A — M is a derivation. Hence, Corol-
lary [1.7| (applied to d instead of f) shows that d is a k-linear map and satisfies
(with f replaced by d).
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The map fod : A — N is k-linear (because it is the composition of the k-linear
maps f and d).
We know that d satisfies (5) (with f replaced by d). In other words, we have
(d (ab) =ad (b)+d(a)b foreverya € Aandb e A). (40)

For every a € A and b € A, we have

(fod)(ab) =f| d(ab) | =f(ad(b)+d(a)b)

——
=ad(b)+d(a)b
(by @0))
= [ (ad (b)) + J(d(a)b)
—_— —_—
=af(d(b)) =f(d(a))b
(since f is an (A,A)-bimodule  (since f is an (A,A)-bimodule
homomorphism) homomorphism)

(since f is an (A, A)-bimodule homomorphism)
—af(d(0)+ f(d(@)b=a(fod) (b)+ (fod) (a)b.
—_—— e —
=(fod)(b)  =(fod)(a)

Thus, Corollary (1.8 (applied to f od and N instead of f and M) shows that f od
is a derivation. This proves Proposition [1.46] O

A composition of two derivations is usually not a derivation (although we will
see some properties of composition powers of derivations in the next section).

A tensor product of two derivations is usually not a derivation either. How-
ever, here is an example of how derivations interact with tensor products:

Proposition 1.47. Let A be a k-algebra. Let M be an (A, A)-bimodule. Let f :
A — M be a derivation. Let B be a k-algebra. Clearly, the tensor product M &
B of the (A, A)-bimodule M with the (B, B)-bimodule B is an (A ® B, A ® B)-
bimodule. Similarly, B&® M is an (B® A, B® A)-bimodule.

(@) The map f ®idp: A® B — M ® B is a derivation.

(b) The map idp ®f : B&® A — B ® M is a derivation.

Proof of Proposition[1.47, (a) We know that f : A — M is a derivation. Hence,
Corollary [I.7)shows that f is a k-linear map and satisfies (5).

The map f ®idp is clearly k-linear (since it is the tensor product of the two
k-linear maps f and idp).

Now, we are going to prove that

(f ®@idp) (ab) = a (f ®idp) (b) + (f ®idp) (a) b (41)

foreverya € A Band b € A® B.
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Proof of (1): Leta € A®B and b € A® B. We need to prove the equality
(41). But this equality is k-linear in each of a and b (because the multiplication
of the k-algebra A ® B is k-bilinear, because the left and right actions of A ® B
on M ® B are k-bilinear, and because the map f ® idp is k-linear). Hence, we
can WLOG assume that a and b are pure tensors (since the k-module A ® B is
spanned by pure tensors). Assume this.

We know that a is a pure tensor. In other words, 2 = x ® y for some x € A
and y € B. Consider these x and y.

We know that b is a pure tensor. In other words, b = z ® w for some z € A
and w € B. Consider these z and w.

Wehave _a_ b = (x®y) (z®@w) = xz® yw. Hence,

=XQY =zZQW
(f@idp) | @b, | = (f@idp) (xz@yw) = [ (xz) ®idp (yw)
=xzQyw — T~ t/_/
_9‘(2)+f(x)z yw
(by (), applied to

x and z instead of a and b)

(by the definition of the map f ® idp)

= (xf (2) + f(x)2) @yw = xf (z) @ yw + f () z@ yw
(since the tensor product is k-bilinear) .

Compared with

a (f®id3)( b )—l—(f@idB) (&) b
=xQy =zZQuw =xQy /) =zQuw
=(x®y)- (f ®@idp) (z@w) + (f ®@idg) (x®y) (z@w)

=f(z)@idp(w) =f(x)®idp(y)
(by the definition of the map f®idp) (by the definition of the map f®idp)

-

=(xoy)- (f(2)®idzi£Z_U)) + | f(x)@idp(y) | - (z0w)
~— ——

—w =
=@y (fEew)+(f()y) zew)=xf(z) @yw+f(x)z0yw,
—xf(z)eyw —f(v)zey
this shows that (f ®idp) (ab) = a(f ®idp) (b) + (f ®idp) (a) b. Thus, is
proven.

We thus have shown that (f ® idg) (ab) = a (f ®idp) (b) + (f ®idp) (a) b for
everya € A® B and b € A ® B. Hence, Corollary [1.8| (applied to A ® B, M ® B
and f ®idp instead of A, M and f) shows that f ® idp is a derivation. This
proves Proposition (a).

(b) The proof of Proposition (b) is analogous to the proof of Proposition
(a) (indeed, Proposition (b) differs from Proposition (a) only in the
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order of the tensorands), and thus is left to the reader. (Alternatively, Proposition
(b) can be deduced from Proposition (a) via the isomorphisms A ® B =
B®Aand M® B = B® M.) O

As an example of how Propositions and can be used, let us combine
them with Proposition [1.32}

Corollary 1.48. Let A and B be two k-algebras. Let f : A — B be a k-algebra
homomorphism. Letd : A —+ A and e : B — B be two derivations. Let S
be a subset of A which generates A as a k-algebra. Assume that (fod) |s=

(eof)|s. Then, fod =eof.

Proof of Corollary [1.48 We make the (B, B)-bimodule B into an (A, A)-bimodule
via the k-algebra homomorphism f : A — B. Proposition [1.45| (applied to B and
e instead of M and d) shows thateo f : A — B is a derivation.
On the other hand, f : A — B is an (A, A)-bimodule homomorphis
Hence, Proposition[I.46|(applied to M = A and N = B) shows that fod : A —
B is a derivation. Now, Proposition (applied to B, f od and e o f instead of
M, d and e) shows that f od = eo f. This proves Corollary [I.48| O

1.6. Composition powers of derivations

If A is a k-algebra and f : A — A is a derivation, then f" (for n € IN) is usually
not a derivation. However, this does not mean that nothing can be said about
f" (ab). The following result generalizes the Leibniz law:

34Proof. Recall that the (B, B)-module B was made into an (A, A)-bimodule via the k-algebra
homomorphism f : A — B. Hence,

(xu=f(x)u for every x € A and u € B) (42)

and
(ux = uf (x) for every x € Aand u € B). (43)

The map f is a k-algebra homomorphism, and thus k-linear. Moreover, every x € A and
m € A satisty

f(xm) = f(x)f(m) (since f is a k-algebra homomorphism)
—xf(m) (since xf (m) = £ (x) f (m) (by (@), applied to u —  (m))).

Hence, the map f is left A-linear (since the map f is k-linear). Moreover, every x € A and
m € A satisty

f(mx)=f(m)f(x) (since f is a k-algebra homomorphism)
= f(m)x (since f (m) x = f (m) f (x) (by (@3), applied to u = f (m))).

Hence, the map f is right A-linear (since the map f is k-linear). Now, the map f is an
(A, A)-bimodule homomorphism (since f is both left A-linear and right A-linear). Qed.
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Proposition 1.49. Let A be a k-algebra. Let f : A — A be a derivation. Let
ne€IN. Letaec Aand b € A. Then,

n

frae) = 3 ()@ o).

k=0

Proof of Proposition We shall prove Proposition by induction over n:
Induction base: We have

0
X @fk (a) 77 (b) = (8) @) 0 (b) = 1id (a)id (b) = ab = ab.
1 =id =f0=id —a -

Comparing this with f° (ab) = id (ab) = ab, we obtain f° (ab) = % (0> ¥ (a) FO7F (b).
=~ k=0 \k

—id
In other words, Proposition holds in the case when n = 0. This completes
the induction base.

Induction step: Let N be a positive integer. Assume that Proposition holds
in the case when n = N — 1. We now must prove that Proposition holds in
the case when n = N.

Recall the recurrence relation for the binomial coefficients. It says that

)= () Go) @

for every a € Z and every positive integer b. Hence, every positive integer k

satisfies
(e)= )+ () w

(by [@4), applied to a = N and b = k).
We have assumed that Proposition holds in the case whenn = N — 1. In
other words, we have

N-1

At = % (Y@ ),

k=0

Now, recall that f : A — A is a derivation. Hence, Corollary [1.7| (applied to
M = A) shows that f is a k-linear map and satisfies ().
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Now, fN = fo fN=1. Hence,

fN (ab)
~~

k
1 _
= (Nk 1) f (fk (a) fIN-D=k (b)) (since f is a k-linear map)
=fA @) f(fNDE®))+f (@) fNDED)

(by (5), applied to f*(a),
FIN=D=k(p) and M instead of a, b and f)

Y (N n 1)f (£ @) NI ). (46)
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But

k
-1 _
_ 0>f0( ) FNO (b +Z( ) (a) fN7F(b)
(here, we have split off the addend for k = 0 from the sum)

= £ (a) N0 +Z( @ N

o =(fof*)(a)
= (N1 o fk (N-1)—k
k—0< k )<f f><a)fN VD)
2:21 (1:_—11> (fOfk‘l) (a) f(N—j()N—_(kk—n (b)
:fk =

(since (N—1)—(k—1)=N—k)
(here, we have substituted k — 1 for k in the sum)

=3 (V)@

=Y (V) r@rtme @;)/ﬁv (a) FNN (0)

(here, we have split off the addend for k = N from the sum)

N-1
- % (32))F@r 0+ @ ).
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Hence, becomes

= P @) N +§:(( ) () fes e

-~

B N
S\ k
(by (@5))

=ﬁ<fN°-+Z() (@) YK (b) + £ (a) NN (b)
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Comparing this with

N

y (3)7 @t e

k=0

- (I(\)])fo (a) N7 (b) + % <Il\cl>fk (a) N5 (v)

=

J/

-

1 (/N N
_ k a N—k N a N—N
- (k)f()f (b)+(N>f (@)fNN(b)

k=1
(here, we have split off the addend for k=N from the sum
(since Ne{1,2,...,N}))

(here, we have split off the addend for k = 0 from the sum)
- (V) r@re o T (F)rer e (3) f oo
e -~

— £ (a) PO (b 2() (a) N (b) + £ () NN (b),

k=1

N
we obtain fVN (ab) = Z ( )fk( ) fN=F(b). In other words, Proposition [1.49

holds in the case when n = N. This completes the induction step. Thus, the
induction proof of Proposition [1.49|is complete. O

As a consequence of Proposition we can easily see the following;:

Corollary 1.50. Let A be a k-algebra. Let p be a prime number such that
pla =0. Let f : A — A be a derivation. Then, fF : A — A is a derivation.

Proof of Corollary[1.50] The map f : A — A is a derivation. Hence, Corollary
(applied to M = A) shows that f is a k-linear map and satisfies (5).

The map f7 is k-linear (since the map f is k-linear).

A well-known property of binomial coeff1c1entﬁ states that if g is a prime

number, then every k € {1,2,...,q— 1} satisfies q | (k) Applying this to
q = p, we obtain the following: Every k € {1,2,...,p — 1} satisfies

p (Z) @7)

Hence, every k € {1,2,...,p — 1} and every a € A satisfy

Py _
(k>a—0 (48)

%See, for example, [Grinbel6|, Corollary 5.6] for a proof of this property (although what we call
g is denoted by p in [Grinbel6, Corollary 5.6]).
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Fel

Now, for every a € A and b € A, we have

p

fP (ab) = 1;6 (Z) < (a) fPF (b) (by Proposition [I.49] applied to n = p)
p

- (D)@ oo+ L (1)@ o)

J/

-

-1
'y (Z) F*(a) frH )+ (p )f”(a)f””(b)
k=1 p

(here, we have split off the addend for k=p from the sum
(since pe{1,2,...,p}))

(here, we have split off the addend for k = 0 from the sum)

- Lo+ Dre o () re gz o
y k P —~—
\7/1'/ :id :fP _:6_/ \:T/ :fO:id
B (by ,;pplied to -
f¥(a) instead of a)

=id (a) +20f’”" ) +f7 (a)id (b)

T
= id (a) 7 (b) + f7 (a)id (b) = af" (b) + f* (a) .
> ~

Hence, Corollary [1.8| (applied to A and f” instead of M and f) shows that f? is
a derivation. This proves Corollary O

Example 1.51. Let A be a k-algebra. Let p be a prime number. Assume that
pla = 0. Let x € A. Then, Example (applied to x instead of p) defines
a derivation ady : A — A which sends every a € A to xa — ax. Corollary
1.50| thus shows that (ady)” is a derivation as well. It can be shown that it is
actually an inner derivation: (ady)” = ad,r. (Hint for the proof: Define two
k-linear maps Ly : A - A, a — xaand Ry : A —+ A, a — ax, and prove
that these two maps commute. Thus, the binomial formula can be used to
compute (Ly — Ry). Finally observe that ady = Ly — Ry.)

=3

36Proofof: Letk € {1,2,...,p—1} and a € A. Then, yields p | (

there exists an integer z such that (P ) = zp. Consider this z. Now, (P)

). In other words,
i a

This proves (#8).
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1.7. A product formula for the Wronskian

A consequence of Proposition is a certain property of the Wronskian deter-
minant, which we shall now defineFZ]

Definition 1.52. Let A be a commutative k-algebra. Let f : A — A be a
derivation. Let n € IN. Let ay,a,...,a4, € A. Then, the f-Wronskian of
ai,as,...,a, is defined to be the determinant

det ((fj_l (”i))1gign, 1§j§”>

fOa) fa) -+ f"H(m)
fOa2) fl(ap) --- f*71(a2)

= det € A.

fOan) fUan) oo f71(an)
This f-Wronskian is denoted by W¢ (a1,a3,...,an).

Theorem 1.53. Let A be a commutative k-algebra. Let f : A — A be a deriva-
tion. Let n € IN. Let ay,ay,...,a, € A. Leta € A. Then,

Wy (aay,aay, ..., a0,) = a”Wf (ay,az,...,a5,).

Proof of Theorem The definition of the f-Wronskian W¢ (a1, a, ..., an) yields

= i=1 (g,
Wy (a1, az,...,ay) = det ((f (al)> Lcicn, 1<j<n) . (49)
The same argument (applied to aa; instead of ;) yields
= =1 (aa;
Wy (aay,aay, ..., aa,) = det ((f (aal))lgign, 1§j§n) ) (50)

Each (i,j) € {1,2,...,n} x {1,2,...,n} satisfies j —1 € IN (since j > 1) and

37We are using the notation (i) for the n x m-matrix whose (i, j)-th entry is a; ;.

1<i<n, 1<j<m
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thus
j—1
RCOE o U VROV
k=0
(by Proposition[I.49} applied to n = j — 1 and b = 4;)
i ri 1 ,
o (A T O N )
= \k—1 ———
_fj k
(since j—1—(k—1)=j—1)
(here, we have substituted k — 1 for k in the sum)
] —
-3 (] 1)f"1()f”‘( ) o1
k=1
For each (i,j) € {1,2,...,n} x {1,2,...,n}, we define an element c; ; of A by
J= 1N i s
o), = o
0, if j < 1.

Note that this is well-defined (because if j > i, then j —i € IN and therefore fj —i
is a well-defined map).
If (i,j) €{1,2,...,n} x {1,2,...,n} satisfies i < j, then we have

J—=1\ 4 i

Cij = {<i1)ﬂ @), 1625 (by (2))
0, if j <i

= C : 1)fji (a) (since j > i (because i < j)). (53)

Renaming (7,]) as (k,j) in this statement, we obtain the following: If (k,j) €
{1,2,...,n} x {1,2,...,n} satisfies k < j, then we have

1\
= (33 ) @), 54
For eachi € {1,2,...,n}, we have i > i and thus

i - ]. l_l . . .
Cii= ( B 1) i_ (a) (by (53), applied to j = i)

1

I =f(a)
y (since i—i=0)
(since K =1
for each k€IN)
= f° (a) =idy (a) = a. (55)
=idy
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If (i,j) € {1,2,...,n} x {1,2,...,n} satisfies j < i, then we have

- 1) A
, a), ifj>1i;
-G (by €2)

0, ifj <

=0 (since j < ). (56)
Hence, the n x n-matrix (cl-,j)1 <icn 1<j<n is upper-triangular.
If (k,j) € {1,2,...,n} x {1,2,...,n} satisfies k > j, then we have

Ck,]' =0 (57)

(by (B6), applied to (k, ) instead of (i, j)).
Define two n x n-matrices B € A"*" and C € A™*" by

— =1 (.. — (c::
B (/] (al)>1<i<n, 1<j<n and €= (G 1cicn, 1<jen-

Then, the definition of the product of two matrices shows that
ko1
BC= () f'(ai) ck; : (58)
k=1 1<i<n, 1<j<n

However, each (i,) € {1,2,...,n} x {1,2,...,n} satisfies

n

Yo (@) oy

k=1
j n
=Y () C,j + Y ) Ck,j
k=1 =~ k=j+1 ~
_ I]< - }1 k) by (B7) (because k>j+1>)))
(by (because k<))

(here, we have split the sum at k = j, since 1 < j < n)

j . , n
=Y (12)) P @ X A )0

k=1 k=j+1
=0
_J' NS A _j J— 1\ — ik
= ) (1) =1 (1) @ @)
= f17 (any) (by G1))-
Hence,
(kzzl fk—l (a;) - Ck,j> e 1o = <fj—1 Owi))lgign, \<i<n”
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Thus, rewrites as
BC=(f 1 aa)) . (59)

1<i<n, 1<j<n

Recall that the n x n-matrix (c;;) is upper-triangular. Thus, its

1<i<n, 1<j<n

n
det <<Cirj)1§i§n, 1§j§n> = HCU
1=

(since the determinant of an upper-triangular matrix is the product of its diago-
nal entries). Hence,

determinant is

n
det ((Cz’,j)1gign, 1§j§n) - g Hﬂ =a" (60)
by (53)

It is well-known that the determinant of the product of two square matrices
equals the product of their determinants. In other words, if M and N are two
n x n-matrices (with entries in A), then det (MN) = detM - det N. Applying
thisto M = B and N = C, we find

det (BC) = det B -det C
=(fi"Y(a )) 1<i<n, 1<j<n =( 1<1<n 1<j<n
] 1
et (<f] > 1<i<n, 1<]<n> Cl] 1<i<n, 1§j§n>
:Wf(ﬂ1 3,../00n) b:”n '
by @) by €)

= Wy (a1,a3,...,a,)-a" = a”Wf (a1,az,...,an).

Comparing this with

— =1 (aa.
det (BC) = det (( f (aa,))lgign, 1§j§n>
= Wy (aaq,aay, ..., aay,) (by (50)),

we obtain Wy (aay,aay, ..., a0,) = a"Wy (a1,ay,...,a,). This proves Theorem
1.53! O

(by G9))

Example 1.54. Let k [x] and 0, be as in Example Recall that oy is a
derivation. Let n € IN. Let aj,4ay,...,4, € k[x] be any n polynomials in
k [x]. Then, the o,-Wronskian Wj_(ay,ay,...,a,) is just called the Wronskian
of ay,ay,...,a,, and is denoted by W (ay, ay, ..., a,). Thus, Theorem (ap-
plied to A = k [x] and f = 9y) yields that

W (aaq,aay, ..., aa,) = a"W (ay,ay,...,a,) for every polynomial a € k [x].
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2. Derivations from the tensor and symmetric
algebras

2.1. The tensor algebra

We now turn to the topic of derivations from certain more specific algebras. We
begin with the tensor algebra of a k-module. Let us recall its definition:

Definition 2.1. Let V be a k-module. For every n € IN, we let V®" denote

the n-th tensor power of V (that is, the k-module V@ V®---® V). We let
n tir;res 14

T (V) denote the tensor algebra of V. This is the k-algebra whose underlying

k-module is @ V®", and whose multiplication is given by
n>0

(a1®a2®---®an)~(b1®b2®~~~®bm)
=R QA Qb QbR+ Q by,
foreveryn € N, m € N, ay,ap,...,a, € Vand by,by,..., by € V.

We let i1y be the canonical inclusion map of V into T (V). This map is the

composition V =, pet indusion gy pen (V). (Here, the “T” in “i7y” is
n>0
not a variable, but stands for the letter “t” in “tensor algebra”.)

We have 7y (V) = V®1. Some authors identify V with the k-submodule
Vel of T (V) via this map i1 v (so that for every n € N and ay,ay,...,a, € V,
we have ayay - - -4, = a1 ® A ® - - - ® ay in the k-algebra T (V)). This identifi-
cation is harmless since i1y is injective; but we will not use this identification.

The following fact is well-known as the universal property of the tensor alge-
bra:

Proposition 2.2. Let V be a k-module. Let A be a k-algebra. Let f : V — A
be a k-linear map. Then, there exists a unique k-algebra homomorphism
F:T(V) — Asuchthat Foiry = f.

Our goal is now to prove an analogue of this property for derivations instead
of k-algebra homomorphisms:

Proposition 2.3. Let V be a k-module. Let M be a (T (V), T (V))-bimodule.
Let f : V — M be a k-linear map. Then, there exists a unique derivation
F:T (V) = Msuch that Foiry = f.

Proof of Proposition Define amap g: V — Rry) (M) by

g= ian(V),M olrVv + ian(V),M o f (61)
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The map inly(y) y © i1,y is k-linear (since it is the composition of the k-linear
maps inlyy) v and i1,v). The map inrpy) p o f is k-linear (since it is the com-
position of the k-linear maps inrr(y) i and f). Now, the map inly(y p 01,y +
ian( V),M © f is k-linear (since it is the sum of the k-linear maps inly(y) p © i1,y
and inrr(y) a0 f). Since g = inlyy) a0 i1,y + inrpy o f, this rewrites as
follows: The map g is k-linear.

Notice that

rojl
PTO)lT(v) M © 8
=inlr(y) motr,v+inrry) pof
= projlry) 0 (ian( V)M © LT,y + inrp(y of>

= projlry) p © (ian(V),M o lTlv) + prole(V),M (mrT of>

J/

~ ~

=projlry) poinlyy) moiry =projlyy) yoinrr(y) mof

since composition of k-linear maps is k- b111near and since
the maps prole(V),M, inly(yy a0 i1y and inrpyy a0 f

are k-linear

= pro]l T(vy,m © inlrey V)M OLT,V -+ pr0]l T(v),m © NIy Mmof
=idry) 0
(by (B0), applied to A=T(V)) (by (1), applied to A=T(V))
= idyyyotry +0o0 f idy(yy oty = i1,y
:O

Recall that Homy, (T (V) , M) was defined by
Homgy (T (V), M)
= {(P € Hom <T V), Ry, (M)> | projlyyy po¢ = idT(V)} . (62)

Proposition 2.2) (applied to ¢ and Ry (M) instead of f and A) now shows
that there exists a unique k-algebra homomorphism F : T (V) — Rry) (M)
such that Foiry = g. Let us denote this F by G. Thus, G is a k-algebra
homomorphism F : T (V) — Rr(y) (M) such that Foiry = g. In other words,
G is a k-algebra homomorphism T (V) — Ry(y) (M) and satisfies Goiry = g.

Proposition (@) (applied to A = T (V)) shows that the map projly(y) u :
Ry (M) — T (V) is a k-algebra homomorphism from Ry (M) to T (V).
Hence, the map projly(y 5, 0 G is a k-algebra homomorphism (since it is the
composition of the two k-algebra homomorphisms projlry) ) and G).

But Proposition 2.2| (applied to T (V) and i1,y instead of A and f) shows that
there exists a unique k-algebra homomorphism F : T (V) — T (V) such that
Fouiry = try. In particular, there exists at most one such homomorphism. In

54



Collected trivialities on algebra derivations October 22, 2020

other words, if F; and F, are two k-algebra homomorphisms F : T (V) — T (V)
such that Fo i1y = iy, then
F =Fh. (63)

But idy(y) is a k-algebra homomorphism F : T (V) — T (V) such that Fo
ity = i1,y (because idr(y) is a k-algebra homomorphism T (V) — T (V) and
satisfies idT(V) oty = ITv). Also, proj lT(V), um © G is a k-algebra homomorphism
F: T(V) — T(V) such that Foury = i1,y (because projlyy) 0 G is a k-
algebra homomorphism T (V) — T (V) and satisfies projlyy y © & OJT_’Z =

=8
projlyy) a ©8 = t1,v). Hence, we can apply to Fi = projlyy ;0 G and
F, = idp(y). As a result, we obtain prole(V)/M oG =idy(y).
Now, G is a k-algebra homomorphism from T (V) to Ry (M). Thus, in
particular, G is a k-linear map from T (V) to Ry(y) (M). In other words, G €
Hom (T (V), Rrev) (M)) Hence, G is an element ¢ of Hom <T (V), Rrwv) (M))

satisfying projlry p© ¢ = idr(y) (since G is an element of Hom (T (V), Rrw) (M))
and satisfies projlyy) oG = idr(y)). In other words,

Ge {ﬁo € Hom (T (V). Rrw) (M)> | projlyy) o = idT(V)}
— Homg (T(V),M)  (by @).
Now, consider the maps dthry)y : Hom (T (V), M) — Homg (T (V), M)
and htdry) s @ Homg (T (V), M) — Hom (T (V), M) defined in Definition

Theorem (b) (applied to A = T (V)) shows that the maps dthr(y) u
and htdr(y) 5 are mutually inverse. In other words, we have

dthr(yyam o htdr ) pm = idHomg (T(v),M) (64)
and

htdr(vy,m o dthrv)m = iduom(T(v),M) -

We shall now prove the following two statements:
Statement 1: There exists at least one derivation F : T (V) — M such that

Fo ltv = f
Statement 2: There exists at most one derivation F : T (V) — M such that
Fo ltrv = f

Proof of Statement 1: Recall that G € Homg (T (V), M).
Define an element i € Hom (T (V), M) by h = htdr v s (G). Thus,

h = hth(V),M (G) = Proer(V),M oG (by the definition of hth(V),M) ,
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so that

h ol
N TV

=projrry) y°G

— prOer(V)’M O G (e} LT v
N ——
=g=inly(y) poir,v+Hinrryy pof
= proer(V)lM o (ian( V),M O LT,y +inrpy) a0 f)

= PIOjIr(y) 1 © <ian(V),M o LT,V> + proer(V)/ (mrT of)

~\~ ~\~

:ProifT(v),MOian(v),MolT,v :projlnv),Moian ymof
since composition of k-linear maps is k-bilinear, and since
the maps projryy) \p, inlryy 0 7,y and i 1an(V m o f are k-linear

= Projry(yy p © inlyyy polT,v + Projrpy) a0 inrry mof

J/

=0 —idy
(by (32), applied to A=T(V')) (by (33), applied to A=T(V))
= OOlTlv—f—idMOf = idMOf = f
———
=0

Also,

~—
=htdr (1) m(G)

dthT(V),M h == dthT(V),M (hth(V),M (G))

= (dthT(V),M Ohth(V),M) (G)

:idHomv(T(V),M)
by &)

= idHomg (1(v),M) (G) = G.

Thus, dthr(y) u (h) is a k-algebra homomorphism (since G is a k-algebra homo-
morphism).

But Theorem (c) (applied to T (V) and & instead of A and f) shows that
h is a derivation if and only if dthr(y) 5 () is a k-algebra homomorphism from
T (V) to Rr(y) (M). Thus, h is a derivation (since we know that dthr(y) ar (h) is
a k-algebra homomorphism from T (V) to Rr(y) (M)).

So we know that & is a derivation from T (V) to M and satisfies ho ity = f.
Thus, there exists at least one derivation F : T (V) — M such that Foiry = f
(namely, F = h). This proves Statement 1.

Proof of Statement 2: Let ¢1 and ¢, be two derivations F : T (V) — M such that
Foury = f. We shall prove that ¢; = ¢».

We know that ¢ is a derivation F : T (V) — M such that Foiry = f. In other
words, @1 is a derivation T (V) — M and satisfies ¢1 o i1y = f.
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Corollary [1.7| (applied to T (V) and ¢; instead of A and f) shows that ¢ is a
k-linear map and satisfies (5) (with A and f replaced by T (V) and ¢1). The map
¢1 is a k-linear map from T (V) to M; in other words, ¢1 € Hom (T (V) , M).

Let q)l = dthT(V),M (q)l) and CI)Z = dthT(V),M (q)z)

Theorem (o) (applied to T (V) and ¢, instead of A and f) shows that
¢1 is a derivation if and only if dthr(y)a (¢1) is a k-algebra homomorphism
from T (V) to Ry (M). Thus, dthyyym (@1) is a k-algebra homomorphism
from T (V) to Ry(y) (M) (since we know that ¢; is a derivation). In other
words, ®; is a k-algebra homomorphism from T (V) to Ry () (M) (since 1 =
dthr(y) m (¢1)). The same argument (but applied to ¢, and $; instead of ¢; and
®1) shows that ®; is a k-algebra homomorphism from T (V) to Rry) (M).

The map inry(y) m © ¢1 is k-linear (since it is the composition of the k-linear
maps inry(y) p and ¢q).

Now,
(I)l = dthT(V),M ((Pl) = ian( V),M + lan( )M MO P1
(by the definition of dthy(y), M) .
Hence,
q)l OlT,V
S~~~
=inlr(y) pHinrry) po91

= (mlT( V)M + 1an( ),M © 901) olLTYV

= ian(V),M olry+ <1an( V),M © q)l) olLlTYy

.

'

—1an( ),M MOP10iT Vv
since composition of k-linear maps is k-bilinear, and since
the maps inly(y) pr, inty(y) a0 @1 and 17,y are k-linear
= ian(V),M olty + ian(V),M o@rolry
=f

= inlpy) pm oty +intpy) o f =g (by (61)) .
The same argument (but apphed to ¢, and @, instead of ¢; and ®;) shows that
q)z oltry = §&.

Let us recall that there exists a unique k-algebra homomorphism F : T (V) —
Rr(vy (M) such that Fouiry = g. In particular, there exists at most one such
homomorphism. In other words, if F; and F, are two k-algebra homomorphisms
F:T (V)= Rr) (M) such that Foury = g, then

F; =F. (65)

But @, is a k-algebra homomorphism F : T (V) — Rry) (M) such that F o
ity = g (because @y is a k-algebra homomorphism T (V) — Ry (M) and
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satisfies @1 oty = g). But &, is a k-algebra homomorphism F : T (V) —
Rr(vy (M) such that Foiry = g (because ®; is a k-algebra homomorphism
T (V) = Ry (M) and satisties &, 011y = g). Hence, we can apply to
F; = ®; and F, = ®,. As a result, we obtain ®; = 5.

Recall that the maps dthr(y) y; and htdr(y) 1 are mutually inverse. Thus, the
map dthry) » is invertible, i.e., bijective, and therefore injective.

But dthry) a (¢1) = ®1 = P2 = dthry) p (92). This shows that 91 = ¢
(since the map dthy(y) y is injective).

Let us now forget that we fixed ¢; and ¢,. We thus have shown that if ¢
and ¢, are two derivations F : T (V) — M such that Foiry = f, then ¢1 = ¢».
In other words, there exists at most one derivation F : T (V) — M such that
Foury = f. This proves Statement 2.

Now, both Statement 1 and Statement 2 have been proven. Statement 1 shows
that there exists at least one derivation F : T (V) — M such that Foiry =
f, whereas Statement 2 proves that there exists at most one such derivation.
Combining these results, we conclude that there exists a unique derivation F :
T (V) — M such that F oty = f. This proves Proposition 2.3] O

Remark 2.4. Our proof of Proposition 2.3| above is not the only one possible;
it is probably not even the shortest one, and it is certainly not the most en-
lightening one. It does, however, illustrate how a result can be proven using
universal properties and constructions such as R 4 (M) without “getting one’s
hands dirty” (e.g., computing with elements).

Let me sketch an alternative way to prove Proposition We subdivide
the claim into a Statement 1 and a Statement 2 as in our above proof. To
prove Statement 1, we can construct a derivation F : T (V) — M such that
Foury = f explicitly, by setting

Fi@u®-- Quvy,)
n
=) (@0 - ®@vi_1) f(v): (V4 PV - Qvy)
i=1
for every n € N and vy,0vp,...,0, € V.

It is not hard to prove that this is well-defined (i.e., there exists a unique k-
linear map F : T (V) — M satisfying this equality), and indeed defines a
derivation F : T (V) — M satisfying Foiry = f. To prove Statement 2, we
could use Proposition (applied to A = T (V) and S = i1y (V)), since
irv (V) generates the k-algebra T (V).

See [EtiGril2, Theorem 4.6.12] for the details of this proof of Proposition
(The actual statement of [EtiGril2, Theorem 4.6.12] is the particular case
of Proposition [2.3| for k = C; but the proof applies to the general case without
changes.)
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2.2. The symmetric algebra

We now recall the definition of the symmetric algebra of a k-module V:

Definition 2.5. Let V be a k-module. Let iy denote the two-sided ideal of
the k-algebra T (V') generated by the tensors of the form v ® w — w ® v with
v € Vand w € V. We define SymV to be the quotient algebra T (V) /]Jy.
We let 7tsym, v be the canonical projection from T (V) to its quotient k-algebra
Sym V. The k-algebra SymV is known as the symmetric algebra of V. It is
well-known that the k-algebra Sym V is commutative.

For every n € IN, we write Sym” V for the k-submodule 7sym v (V") of
Sym V. It is well-known that SymV = @ Sym" V.

n>0
We let iy, v denote the composition 7tgym, v © t7,v. This composition isym v

is a k-linear map V' — Sym V. It is well-known that this map isym v is injective

and satisfies tsym v (V) = Sym! V.

The following fact is well-known as the universal property of the symmetric
algebra:

Proposition 2.6. Let V be a k-module. Let A be a commutative k-algebra.
Let f : V — A be a k-linear map. Then, there exists a unique k-algebra
homomorphism F : Sym V' — A such that F o igyn, v = f.

This is clearly an analogue of Proposition We can similarly state an ana-
logue of Proposition

Proposition 2.7. Let V be a k-module. Let M be a symmetric (Sym V,Sym V)-
bimodule. Let f : V — M be a k-linear map. Then, there exists a unique
derivation F : Sym V' — M such that F o igyr, v = f.

Proof of Proposition 2.7} To obtain a proof of Proposition it suffices to make
the following changes to our above proof of Proposition

* Add the following argument at the beginning of the proof: “The k-algebra
Rsymv (M) is commutative (by Proposition applied to A = Sym V).”.

* Replace each appearance of “T (V)” by “Sym V”.
* Replace each appearance of “ir,y” by “isym v”.

* Replace each reference to Proposition 2.2 by a reference to Proposition
(Proposition 2.6/ can indeed be applied since the two k-algebras Sym V and
Rsymv (M) are commutative.)

O
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Remark 2.8. It is possible to prove Proposition[2.7]in more down-to-earth man-
ners, just as the same is possible for Proposition [2.3] (see Remark 2.4 above).
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