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Abstract. We explore several generalizations of Whitney’s theorem
— a classical formula for the chromatic polynomial of a graph. Fol-
lowing Stanley, we replace the chromatic polynomial by the chromatic
symmetric function. Following Dohmen and Trinks, we exclude not
all but only an (arbitrarily selected) set of broken circuits, or even
weigh these broken circuits with weight monomials instead of ex-
cluding them. Following Crew and Spirkl, we put weights on the
vertices of the graph. Following Gebhard and Sagan, we lift the chro-
matic symmetric function to noncommuting variables. In addition,
we replace the graph by an “ambigraph”, an apparently new concept
that includes both hypergraphs and multigraphs as particular cases.

We show that Whitney’s formula endures all these generalizations,
and a fairly simple sign-reversing involution can be used to prove it
in each setting. Furthermore, if we restrict ourselves to the chromatic
polynomial, then the graph can be replaced by a matroid.

We discuss an application to transitive digraphs (i.e., posets), and
reprove an alternating-sum identity by Dahlberg and van Willigen-
burg.
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The purpose of this paper is to demonstrate several generalizations of Whitney’s
Broken-Circuit theorem [Whitne32, §7] — a classical formula for the chromatic
polynomial of a graph (V, E) as an alternating sum over subsets of E that contain
no broken circuits. We shall generalize this formula in the following directions:

* Instead of summing over the sets that contain no broken circuits, we can
sum over the sets that are “&-free” (i.e., contain no element of R as a subset),
where £ is some fixed set of broken circuits (in particular, & can be g,
yielding another well-known formula for the chromatic polynomial). In
other words, instead of excluding all broken circuits, we can choose to
exclude any given set of broken circuits.

This generalization has already been proposed by Dohmen and Trinks in
[DohTril4, §3.1]; however, we give a new and self-contained proof that
does not rely on Whitney’s original formula.

¢ Even more generally, instead of summing over f-free subsets, we can form
a weighted sum over all subsets, where the weight depends on the broken
circuits contained in the subset.

* We can replace the graph by an ambigraph: a more general notion in which
the edges are replaced by packages of edges (“edgeries”), and a proper
coloring has to leave at least one edge in each such package dichromatic
(i.e., color its two endpoints differently). The concept of ambigraph gener-
alizes both multigraphs and hypergraphs. We will discuss this concept in
Sections Bl and [l

* Analogous (and more general) results hold for Stanley’s chromatic sym-
metric functions [Stanle95] along with two of their more recent variants:
the weighted chromatic symmetric functions of Crew and Spirkl [CreSpil9]
and the noncommutative chromatic symmetric functions of Gebhard and
Sagan [GebSag01]. The latter variants will be studied (and generalized to
ambigraphs) in Section [}

* Analogous (and more general) results hold for matroids instead of graphs.
These will be discussed in Section

Note that, to my knowledge, the last two generalizations cannot be combined:
Unlike graphs, matroids do not seem to have a well-defined notion of a chro-
matic symmetric function.

We will explore these generalizations in the work that follows. We shall also
use them to prove an apparently new formula for the chromatic polynomial of
a graph obtained from a transitive digraph by forgetting the orientations of the
edges (Proposition [4.5). This latter formula was suggested to me as a conjecture
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by Alexander Postnikov, during a discussion on hyperplane arrangements on a
space with a bilinear form; it is this formula which gave rise to this whole paper.
The topic of hyperplane arrangements, however, will not be breached here.

As a further application, we will generalize and reprove an alternating-sum
identity for chromatic polynomials found by Dahlberg and van Willigenburg
(Section [7), as well as an analogous identity for characteristic polynomials of
matroids (Subsection (8.4).

Acknowledgments

I thank Alexander Postnikov and Richard P. Stanley for discussions on hyper-
plane arrangements that led to the results described here.

1. Definitions and a main result

1.1. Graphs and colorings

We begin by recalling some basic features of finite graphs. Let us start with the
definition of a graph that we shall be using:

Definition 1.1. (a) If V is any set, then P (V') will denote the powerset of V.
This is the set of all subsets of V.

(b) If V is any set, then <‘2/) will denote the set of all 2-element subsets of

V. In other words, if V is any set, then we set

(3)=tsePw) | 1s1-2
={{s,t} | s€eV, teV, s#t}.

(c) A graph means a pair (V, E), where V is a set, and where E is a subset of
v
. A graph (V,E) is said to be finite if the set V is finite. If G = (V,E) is a

graph, then the elements of V are called the vertices of the graph G, while the
elements of E are called the edges of the graph G. If e is an edge of a graph G,
then the two elements of e are called the endpoints of the edge e. If e = {s,t}
is an edge of a graph G, then we say that the edge e connects the vertices s and
t of G.

Comparing our definition of a graph with some of the other definitions used
in the literature, we thus observe that our graphs are undirected (i.e., their edges
are sets, not pairs), loopless (i.e., the two endpoints of an edge must always
be distinct), edge-unlabelled (i.e., their edges are just 2-element sets of vertices,
rather than objects with “their own identity”), and do not have multiple edges
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(or, more precisely, there is no notion of several edges connecting two vertices,
since the edges form a set, nor a multiset, and do not have labels). Such graphs
are commonly known as simple graphs.

Definition 1.2. Let G = (V,E) be a graph. Let X be a set.
(@) An X-coloring of G is defined to mean a map V — X.
(b) An X-coloring f of G is said to be proper if every edge {s,t} € E satisfies

f(s) # f(b).

If f is an X-coloring of a graph G = (V,E), then the value f (v) for a given
vertex v € V is called the color of this vertex v under the coloring f. We shall not
use this terminology here, but we are mentioning it since it allows for a rather
intuitive mental model and explains the word “coloring”. An X-coloring of G is
then proper if and only if each edge of G has two endpoints of different colors.

1.2. Symmetric functions

We shall now briefly introduce the notion of symmetric functions. We shall not
use any nontrivial results about symmetric functions; we will merely need some
notations!]

In the following, IN means the set {0,1,2,...}. Also, N} shall mean the set
{1,2,3,...}.

A partition will mean a sequence (A1, Az, A3,...) € IN® of nonnegative inte-
gers such that Ay > Ay > A3 > --- and such that all sufficiently high integers
i > 1satisfy A; = 0. If A = (A1,Ap, A3,...) is a partition, and if a positive in-
teger n is such that all integers i > n satisty A; = 0, then we shall identify the
partition A with the finite sequence (Aq,Ay,...,A,—1). Thus, for example, the
sequences (3,1) and (3,1,0) and the partition (3,1,0,0,0,...) are all identified.
Every weakly decreasing finite list of positive integers thus is identified with a
unique partition.

Let k be a commutative ring with unity. We shall keep k fixed throughout
the paper. The reader will not be missing out on anything if she assumes that
k=27

We consider the k-algebra k [[x1, X2, X3, . ..]] of (commutative) power series in
countably many distinct indeterminates x1, x2, x3, ... over k. It is a topological
k-algebr A power series P € k[[x1,x2,x3,...]] is said to be bounded-degree if

1For an introduction to symmetric functions, see any of [Stanle99, Chapter 7], [Martin22, Chap-
ter 9] and [GriReil4] Chapter 2] (and a variety of other texts).

2See [GriReil4, Section 2.6] or [Grinbel6, §2] for the definition of its topology. This topology
makes sure that a sequence (P;), . of power series converges to some power series P if and
only if, for every monomial m, all sufficiently high n € IN satisfy

(the m-coefficient of P,;) = (the m-coefficient of P)

(where the meaning of “sufficiently high” can depend on the m).
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there exists an N € IN such that every monomial of degree > N appears with
coefficient 0 in P. A power series P € k [[x1, X2, x3,...]] is said to be symmetric
if and only if P is invariant under any permutation of the indeterminates. We
let A be the subset of k[[x1,x2,x3,...]] consisting of all symmetric bounded-
degree power series P € k [[x1, x2,x3,...]]. This subset A is a k-subalgebra of
k [[x1,x2,x3,...]], and is called the k-algebra of symmetric functions over k.

We shall now define the few families of symmetric functions that we will be
concerned with in this work. The first are the power-sum symmetric functions:

Definition 1.3. Let n be a positive integer. We define a power series p, €
Kk [[x1, x2, x3,...]] by

pn=x] + x5+ 4+ =)l (1)
=1

This power series p, lies in A, and is called the n-th power-sum symmetric
function.

We also set pg = 1 € A. Thus, p, is defined not only for all positive integers
n, but also for all n € IN.

Definition 1.4. Let A = (A1, Ay, A3,...) be a partition. We define a power series
pr € k[[x1,x2,x3,...]] by
Pr = H PA;-
i>1
This is well-defined, because the infinite product [] p), converges (indeed, all
i>1

but finitely many of its factors are 1 (because every sufficiently high integer i
satisfies A; = 0 and thus p,, = po = 1)).

We notice that every partition A = (A1, Ay, ..., A) (written as a finite list of
nonnegative integers) satisfies

PA = PAPA, " PAge 2)

1.3. Chromatic symmetric functions

The next symmetric functions we introduce are the actual subject of this work;
they are the chromatic symmetric functions and have been introduced by Stanley
in [Stanle95, Definition 2.1]:
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Definition 1.5. Let G = (V, E) be a finite graph.

(a) For every IN; -coloring f : V. — N of G, we let x; denote the monomial
[T xf(y) in the indeterminates x1, xp, X3, . . ..
veV

(b) We define a power series X € k[[x1,x2,x3,...]] by
XG = Z Xf.
fV=N4isa

proper N -coloring of G

This power series X is called the chromatic symmetric function of G.

We have Xg € A for every finite graph G = (V,E); this will follow from
Theorem further below (but is also rather obvious).
We remark that X is denoted by ¥ [G] in [GriReil4, §7.3.3].

1.4. Connected components

We shall now recall the notion of connected components of a graph. This notion
is a particular case of the notion of a quotient set by an equivalence relation;
thus, we shall briefly recall the latter first.

A binary relation on a set X means a subset of X x X. If ~ is a binary relation
on a set X, and if x and y are two elements of X, then one says that x is related to
y by ~ if and only if (x, y) belongs to the set ~. An equivalence relation is a binary
relation (on a set) that is reflexive, symmetric and transitive.

Definition 1.6. Let X be a set. Let ~ be an equivalence relation on X. We shall
write ~ infix (that is, for any x € X and y € X, we shall abbreviate “(x,y) €
~" as “x ~ y”). For every x € X, we let [x]_ be the subset {y € X | x ~y}
of X; this subset [x]_ is called the ~-equivalence class of x (or the equivalence
class of x with respect to the relation ~). A ~-equivalence class means a subset
of X which is the ~-equivalence class of some x € X. It is well-known that
any two ~-equivalence classes are either identical or disjoint, and that X is
the union of all ~-equivalence classes.

We let X/ (~) denote the set of all ~-equivalence classes. This set X/ (~)
is called the quotient of the set X by the equivalence relation ~. We define a map
nix : X — X/ (~) by setting

(rrx (x) = [x] . for every x € X).

Thus, the map 7tx sends every x € X to its ~-equivalence class.

Let us introduce a few more notations:
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Definition 1.7. Let X and Y be two sets.

(a) Then, YX denotes the set of all maps X — Y.

(b) Let ~ be any binary relation on X. We shall write ~ infix (that is, for
any x € X and y € X, we shall abbreviate “(x,y) € ~” as “x ~ y”). Then, we
let YX denote the subset

{ge YX | ¢(x) =g (y) forany x € X and y € Xsatisfyingxwy}

of YX.
The map 7tx defined in Definition [I.6| has an important universal property:

Proposition 1.8. Let X be a set. Let ~ be an equivalence relation on X.
(a) The map 7ty : X — X/ (~) is surjective and belongs to (X/ (~))X.
(b) Let Y be any set. Then, the map

YX/(~) 5 yX, f— forny

is a bijection.

Proof of Proposition (a) The map 7ty is surjectiveP}
The definition of (X/ (~))X shows that

(X/ (~)X
= {g e (X/(~)* | g(x) =g (y) forany x € X and y € X satisfying x ~ y}.
(3)
Now, we claim that
i (x) = 7x (y) for any x € X and y € X satisfying x ~ v. (4)

Proof of (4): Let x € X and y € X be any two elements satisfying x ~ y. We
shall show that 7rx (x) = x (v).

Recall that 7t (x) = [x]_. Thus, 7tx (x) is the ~-equivalence class of x (since
[x]  is the ~-equivalence class of x). The same argument (applied to y instead
of x) shows that 7rx (y) is the ~-equivalence class of y.

3Proof. Let u € X/ (~). Thus, u is a ~-equivalence class (since X/ (~) is the set of all ~-

equivalence classes). In other words, there exists some x € X such that u is the ~-equivalence

class of x (by the definition of a “~-equivalence class”). Consider this x.

We know that [x] _ is the ~-equivalence class of x. In other words, [x] _ is u (since u is the ~-

equivalence class of x). Thus, [x] , = u. Now, the definition of 7k yields 7x (x) = [x]_ = u.

Thus, u =ntx [ x| € nx (X).
€x

Now, let us forget that we fixed u. We thus have shown that u € mx (X) for every u €

X/ (~). In other words, X/ (~) C mx (X). In other words, the map 7y is surjective. Qed.
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We have x ~ y. Thus, the elements x and y of X lie in the same ~-equivalence
class. In other words, the ~-equivalence class of x is the ~-equivalence class of y.
In other words, 7tx (x) is 7tx (i) (since 7tx (x) is the ~-equivalence class of x, and
since 7tx (y) is the ~-equivalence class of y). In other words, 7tx (x) = 7tx (y).
This proves (4).

Now, 7tx is a map g € (X/ (~))* which satisfies g(x) =g (y) forany x € X
and y € X satisfying x ~ y (according to (4)). In other words,

Tx € {g e (X/(~)* | g(x) =g(y) forany x € X and y € X satisfying x ~ y}

= (X/ (~)X (by @))-

This completes the proof of Proposition [1.8] (a).
(b) We have
fomx e YX for every f € YX/(~) 5)

Hence, we can define a map @ : YX/(~) — yX by

(qD (f) = formx for every f € YX/(N)> . (6)

Consider this map ®. We shall now show that the map & is a bijection.
The map ® is injectiveﬂ We shall now show that the map ® is surjective.
Indeed, let h € YX.

4Proof of : Let f € YX/(~). Then, clearly, f o rx € YX (since 7tx € (X/ (~))*). Now, let
x € X and y € X be any two elements satisfying x ~ y. We shall show that (f o rx) (x) =

(fomx) (y)-

From (4), we obtain 7rx (x) = 7tx (y). Now, (fonx)(x) = f [ mx (x) | = f(7x (y)) =

(f o7x) (¥)-

Now, let us forget that we fixed x and y. We thus have shown that (fomy) (x) =
(fomx) (y) for any x € X and y € X satisfying x ~ y. Thus, fo x is a map g € YX
which satisfies g (x) = g (y) for any x € X and y € X satisfying x ~ y. In other words,

fomx € {ge YX | g(x)=g(y) forany x € X and y € Xsatisfyingxwy}
=YX
(because YX was defined tobe {g € YX | g(x) =g (y) forany x € X and y € X satisfying x ~ y}).

This proves (5).
5Proof. Let f and g be two elements of YX/(~) such that ® (f) = ®(g). We shall show that

Let u € X/ (~). Thus, u € X/ (~) = mx (X) (since the map 7y is surjective). In other
words, there exists some x € X such that u = 7rx (x). Consider this x.

Now, the definition of ® yields ® (f) = fomx. Hence, | ®(f) | (x) = (fomy) (x) =
——

=fomx
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We shall now define a map f € YX/(™) as follows: Let u € X/ (~). Thus,
u e X/ (~) = mx (X) (since the map mx is surjective). Thus, there exists some
x € X satisfying u = 7tx (x). Pick such an x. Then, i (x) is independent on the
choice of x [F| Hence, we can set f (1) = h (x).

Thus, we have defined a map f € YX/(™). This map has the following prop-
erty: If u € X/ (~), and if x € X is such that u = 7rx (x), then

f(u) =h(x) (8)

(because this is how f (u) was defined).
Now, forrx = h The definition of ® now yields ® (f) = fonx = h.

Hence, h = & f cd <YX/(N)>.
~
eYX/(~)

f (nx (x)) = f (u). The same argument (but applied to g instead of f) yields (® (g)) (x) =
~——

=u

g (u). Now, f (u) = | @(f) | (x) = (P (g)) (x) = g (u).

——
=o(g)

Let us now forget that we fixed u. We thus have shown that f(u) = g (u) for every
u € X/ (~). In other words, f = g.

Now, let us forget that we fixed f and g. We thus have proven that if f and g are two
elements of YX/(~) such that ® (f) = ®(g), then f = g. In other words, the map ® is
injective. Qed.

®Proof. Let x1 and x; be any two x € X satisfying u = 7tx (x). We shall show that ki (x1) = h (x3).

Indeed, x; is an x € X satisfying u = 7mx (x). In other words, xj is an element of X
and satisfies u© = 7tx (x1). But the definition of mx shows that 7x (x1) = [x1]_. Thus,
u = mtx (x1) = [x1] .. In other words, u is [x1] . In other words, u is the ~-equivalence class
of x1 (since [x1] _ is the ~-equivalence class of x1 (by the definition of [x1]_)).

The same argument (applied to x; instead of x;) shows that u is the ~-equivalence class of
x2. Thus, the ~-equivalence classes of x; and x; are both u. Hence, these two ~-equivalence
classes are identical. In other words, x; and x; belong to the same ~-equivalence class. In
other words, x1 ~ x».

But

hevX = {geYX | g(x)=g(y) foranyxeXandyeXsatisfyingxwy}

(by the definition of YX). In other words, & is a ¢ € YX which satisfies g (x) = g () for any
x € X and y € X satisfying x ~ y. In other words, } is an element of Y* and satisfies

h(x) =h(y) forany x € X and y € X satisfying x ~ y. )

Now, we can apply (7) to x = x; and y = x; (since x; ~ Xp). As a result, we obtain
h(x1) =h(xp).

Let us now forget that we fixed x; and x;. We thus have shown that if x; and x, are any
two x € X satisfying u = 7t (x), then h (x1) = h (x). In other words, 1 (x) is independent
on the choice of x (when x is chosen as an element of X satisfying u = 7x (x)). Qed.

7Proof. Every x € X satisfies (f o 7tx) (x) = f (7rx (x)) = h(x) (by (8), applied to u = 7x (x)).
In other words, f o tx = h, qed.

10
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Now, let us forget that we fixed h. We thus have proven that h € ® (YX/ (N)>

for every h € YX. In other words, the map @ is surjective.
Thus, we know that the map & is injective and surjective. In other words, ®
is bijective. In other words, ® is a bijection. Since ® is the map

YX/(~) 5 yX, f formy

(because @ is a map yX/(~) YX and satisfies @), this shows that the map
YX/(~) 5 yX, f forny

is a bijection. This proves Proposition (1.8 (b). O

We shall now recall what connected components are:

Definition 1.9. Let G = (V, E) be a finite graph. Let u and v be two elements
of V (that is, two vertices of G). A walk from u to v in G will mean a sequence
(wo, w1, ..., wy) of elements of V such that wy = u and wy = v and

({w;, wi;1} € E foreveryi € {0,1,...,k—1}).

We say that u and v are connected (in G) if there exists a walk from u to v in G.

Definition 1.10. Let G = (V, E) be a graph.

(a) We define a binary relation ~¢ (written infix) on the set V as follows:
Given u € Vand v € V, we set u ~¢ v if and only if u and v are connected
(in G). It is well-known that this relation ~ is an equivalence relation. The
~g-equivalence classes are called the connected components of G.

(b) Assume that the graph G is finite. We let A (G) denote the list of the
sizes of all connected components of G, in weakly decreasing order. (Each
connected component should contribute only one entry to the list.) We view
A (G) as a partition (since A (G) is a weakly decreasing finite list of positive
integers).

Now, we can state a formula for chromatic symmetric functions:

Theorem 1.11. Let G = (V, E) be a finite graph. Then,

Xg=), (- PA(V,E)-
FCE

(Here, of course, the pair (V, F) is regarded as a graph, and the expression
A (V, F) is understood according to Definition (b).)

This theorem is not new; it appears, e.g., in [Stanle95, Theorem 2.5]. We shall
show a far-reaching generalization of it (Theorem 1.15) soon.

11
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1.5. Circuits and broken circuits
Let us now define the notions of cycles and circuits of a graph:

Definition 1.12. Let G = (V,E) be a graph. A cycle of G denotes a list
(v1,v2,...,0m+1) of elements of V with the following properties:

e We have m > 2.

e We have v,, 11 = v1.

¢ The vertices vy, vy, ..., vy are pairwise distinct.

e We have {v;,v;;1} € E foreveryi € {1,2,...,m}.

If  (v,v2,...,0m41) is a cycde of G, then the  set
{{v1, 02}, {v2,v3}, ..., {0m, Ums1}} is called a circuit of G.

For instance, if (1,3,5,7,1) is a cycle of a graph G, then the corresponding
circuit is {{1,3}, {3,5}, {57}, {7,1}}.

Definition 1.13. Let G = (V, E) be a graph. Let X be a totally ordered set. Let
¢ : E — X be a function. We shall refer to ¢ as the labeling function. For every
edge e of G, we shall refer to /¢ (¢) as the label of e.

A broken circuit of G means a subset of E having the form C\ {e}, where C
is a circuit of G, and where e is the unique edge in C having maximum label
(among the edges in C). Of course, the notion of a broken circuit of G depends
on the function /; however, we suppress the mention of ¢ in our notation, since
we will not consider situations where two different ¢’s coexist.

Thus, if G is a graph with a labeling function ¢, then any circuit C of G gives
rise to a broken circuit provided that among the edges in C, only one attains the
maximum label. (If more than one of the edges of C attains the maximum label,
then C does not give rise to a broken circuit.) Notice that two different circuits
may give rise to one and the same broken circuit.

For instance, if {a,b,c,d} is a circuit of a graph G such that ¢ (a) < £(b) <
¢ (c) < £(d), then it gives rise to the broken circuit {4, b, c}, since its unique edge
having maximum label is d. On the other hand, a circuit of the form {a,b,c,d}
with £ (a) < £(b) < ¢(c) = £(d) (and ¢ # d) does not give rise to any broken
circuit, since its edge with maximum label is not unique.

The notion of a broken circuit always depends on a labeling function ¢ : E —
X. Any time we speak about broken circuits, we shall tacitly understand that
the function ¢ : E — X is used as the labeling function.

Example 1.14. Let G be the graph (V,E), where V = {1,2,3,4} and E =
{a,b,c,d, e} with

a={1,2}, b=1{23}, c={1,3}, d={14}, e={34}.

12
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According to the standard conventions of graph theory, this graph G can be
drawn as follows:

Let ¢ : E — X be a labeling function satisfying ¢ (a) < £ (b) < £(c) < £(d) <
¢ (e). Then, the circuits of G are

{a,b,c}, {a,b,d,e}, {c,d,e}.

The broken circuits of G are therefore

{a,b}, {a,b,d}, {c,d}.

1.6. The main results

We are now ready to state one of our main results:

Theorem 1.15. Let G = (V, E) be a finite graph. Let X be a totally ordered set.
Let / : E — X be a labeling function. Let 8 be some set of broken circuits of
G (not necessarily containing all of them). Let ax be an element of k for every
K € R. Then,

Xe= Y. ()| TT ax | pav,p)-

FCE Keg;
KCF

(Here, of course, the pair (V,F) is regarded as a graph, and the expression
A (V, F) is understood according to Definition (b).)

Before we come to the proof of this result, let us explore some of its particular
cases. First, a definition is in order:

Definition 1.16. Let E be a set. Let & be a subset of the powerset of E (that
is, a set of subsets of E). A subset F of E is said to be &-free if F contains no
K € 8 as a subset. (For instance, if & = @, then every subset F of E is R-free.)

13
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Here is a slightly more substantial example: If E = {1,2,3,4} and R =
{{1,2}, {2,3}}, then the subset {1,3} of E is R-free whereas the subset {2,3,4}
is not (since it contains {2,3} € R as a subset).

Corollary 1.17. Let G = (V,E) be a finite graph. Let X be a totally ordered
set. Let £ : E — X be a labeling function. Let & be some set of broken circuits
of G (not necessarily containing all of them). Then,

F
Xe= ), (-1) |P/\(V,P)-
FCE;
F is R-free

Corollary 1.18. Let G = (V,E) be a finite graph. Let X be a totally ordered
set. Let £ : E — X be a labeling function. Then,

_ |F|
Xe = )3 (=D pav,F)-
FCE;
F contains no broken
circuit of G as a subset

Corollary appears in [Stanle95, Theorem 2.9], at least in the particular
case in which ¢ is supposed to be injective.

Example 1.19. Let G = (V,E) be the graph from Example and let ¢ :
E — X be a labeling function as in Example Then, the subsets of E that
contain no broken circuits of G as subsets are the 18 sets

g, Aa}, A{b}, A}, Ad},  A{e}, Aac},
{a,d}, {a,e}, {b,c}, {b,d}, {b,e}, {c,e},
{d,e}, {a,c,e}, {a,d,e}, {b,c,e}, {b,d,e}.

Thus, the sum on the right hand side of Corollary has 18 addends. In
contrast, the sums on the right hand sides of Theorem and of Theorem
have 32 addends. The number of addends in the sum on the right hand
side of Corollary depends on the choice of &.

Let us now see how Theorem Corollary and Corollary can be
derived from Theorem

Proof of Corollary [1.17|using Theorem We can apply Theorem to 0 in-

stead of ak. As a result, we obtain

Xe=Y D[ TTo PA(V,E)- )
FCE Keg;
KCF

14
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Now, if F is any subset of E, then

1, if Fis R-free;

[Jo= 0, (10)

Kes: if F is not R-free
KCF

8 Proof of : Let F be any subset of E. Recall that the set F is f-free if and only if F contains no
K € R as a subset (by the definition of “R-free”). Taking the contrapositive of this equivalence
statement, we obtain the following: The set F is not R-free if and only if F contains some
K € R as a subset.

We are in one of the following two cases:

Case 1: The set F is &-free.

Case 2: The set F is not K-free.

Let us first consider Case 1. In this case, the set F is f-free. In other words, F contains no
K € R as a subset (because the set F is R-free if and only if F contains no K € £ as a subset
(by the definition of “K-free”)). In other words, there exists no K € £ such that F contains K

as a subset. In other words, there exists no K € £ such that K C F. Hence, the product [] 0

KeR;
KCF

is empty. Thus, K];%O = (empty product) = 1. Comparing this with

%

KCF

{1, if F is R-free; (since F is f-free),

0, if Fis not R-free -

we obtain [] 0=
Keg;
KCF

Let us now consider Case 2. In this case, the set F is not f-free. In other words, F contains
some K € R as a subset (since the set F is not S-free if and only if F contains some K € R as
a subset). Let L be such a K. Thus, L is an element of £, and the set F contains L as a subset.

Now, L C F (since F contains L as a subset). Hence, the product J] 0 has at least one

KeF
factor (namely, the factor for K = L). This factor is clearly 0. Therefore, the whole product

IT 0 equals O (because if a product contains a factor which is 0, then the whole product
KeR;

{ , if Fis R-free; . Thus, (10) is proven in Case 1.

0, if Fis not f-free

KCF

must equal 0). In other words, [] 0 = 0. Comparing this with
KeR;
KCF

1, if Fis R-free; . .
{ o Is e (since F is not f-free),

0, if [ isnot A-free

we obtain [] 0=

KeR;
KCF

We now have proven in each of the two Cases 1 and 2. Since these two Cases cover all
possibilities, this shows that always holds.

{ , it Fis R-ree; . Thus, (10) is proven in Case 2.

0, if Fis not f-free

15
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Thus, (9) becomes

Xe=), (—1)lF [Io PA(V,F)

FCE KeR;
KCF
hv_/
|1, if Fis R-free;
0, if F is not R-free
(by (I0))
{1, if F is R-free;

0, if F is not R-free

=) (-1

FCE

PA(v,F)

7| )1, if Fis R-free;
- 2 (_1) 0 . N p)\(V,F)
FCE; , if F is not R-free

F is R-free N ~~

(since Fis R-free)

(_1>|F‘ {1, if F is R-free;

+ E :
FCE; 0, if Fis not R-free PA(V.F)
F is not R-free ~— .,

=0
(since F is not R-free)

(since each subset F of E either is R-free or is not)

= ) (_1)|F‘p/\(V,F)+ Y. (—1)|F|0PA(V,F)

FCE; FCE;
F is R-free f is not K-free
-0
F
= Y -0 pave.
FCE;
F is R-free
This proves Corollary O

Proof of Corollary using Corollary[1.17] Let £ be the set of all broken circuits
of G. Thus, the elements of £ are the broken circuits of G.
Now, for every subset F of E, we have the following equivalence of statements:

(F is R-free)
<= (F contains no K € R as a subset)

because F is f-free if and only if F contains no K € £ as a subset
(by the definition of “R-free”)

<= (F contains no element of 8 as a subset)
<= (F contains no broken circuit of G as a subset)

16
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(since the elements of R are the broken circuits of G). Hence,

Y, = )y
FCE; FCE;

F is f-free F contains no broken
circuit of G as a subset

(an equality between summation signs). Now, Corollary yields

_ |F| _ |F|
Xg = ) (D" prv,p) = Y. (=D pav,p-
FCE; FCE;
F is R-free F contains no broken
N—— circuit of G as a subset
= D
FCE;

F contains no broken
circuit of G as a subset

This proves Corollary O

Proof of Theorem using Theorem Let X be the totally ordered set {1} (equipped
with the only possible order on this set). Let £ : E — X be the function sending
eache € E to 1 € X. Let & be the empty set. Clearly, £ is a set of broken circuits

of G. Theorem (applied to 0 instead of ak) yields

F
Xg=Y (-1 [To PA(V,F)
FCE Keg;
KCF
——
=(empty product)
(since R is the empty set)

=Y (-)F (empty product) prv,ry = ) =D prvr).
FCE ~ FCE

This proves Theorem [1.11] O

2. Proof of Theorem [1.15

We shall now prepare for the proof of Theorem with some notations and
some lemmas. Our proof will imitate [BlaSag86, proof of Whitney’s theorem].
We note that Theorem can also be easily obtained as a consequence of
[DohTril4, §2 and §3.1] using Theorem but our proof has the advantage
of not relying on Theorem (so that it leads to a new proof of Theorem [1.T1).

2.1. Eqgs f and basic lemmas

We introduce a simple notion that measures “how non-proper” a given coloring
of a graph isﬂ

91f V is a set, then V2 denotes the Cartesian product V x V, that is, the set of all ordered pairs
of elements of V.

17
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Definition 2.1. Let V and X be two sets. Let f : V — X be a map. We let
Egs f denote the subset

{{s,t} | (s,t) € V2 s#tand f(s) :f(t)}

of (‘2/) . (This is well-defined, because any two elements s and t of V satisfy-

ing s # t clearly satisfy {s,t} € (‘2/) )

Example 2.2. Let V = {1,2,3,4,5} and X = {1,2,3},and let f : V — X be the
map that sends the three numbers 1,2,3 to 1 and the remaining two numbers
4,5 to 2. Then,

Egs f = {{1,2}, {1,3}, {2,3}, {4,5}}.

We shall now state some first properties of this notion:

Lemma 2.3. Let G = (V,E) be a graph. Let X be aset. Let f : V — X be a
map. Then, the X-coloring f of G is proper if and only if ENEqs f = @.

Proof of Lemma The definition of Eqs f shows that

Eqsf:{{s,t} | (s,t)eVz,s;«étandf(s):f(t)}
= {{xy} | (vy) e V2 xAyand f(x) = f(y) ] (1)

(here, we renamed the index (s, t) as (x,y)).
We shall first prove the logical implication

(the X-coloring f of G is proper) = (ENEqsf = ©). (12)
Proof of (I2): Assume that the X-coloring f of G is proper. We must show that
ENEgsf = @.
Recall that the X-coloring f of G is proper if and only if every edge {s,t} € E
satisfies f (s) # f (t) (by the definition of “proper”). Thus,
every edge {s,t} € E satisfies f (s) # f (t) (13)

(since the X-coloring f of G is proper).
Now, let e € ENEgs f. Thus,

ec ENEqsf C Eqs f = {{s,t} | (s,t) € V2 s#tand f(s) :f(t)}

18
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(by the definition of Eqs f). In other words, e = {s,t} for some (s,t) € V?
satisfying s # t and f (s) = f (f). Consider this (s,t). We have {s,t} = ¢ €
ENEqs f C E and therefore f (s) # f (t) (by (13)). This contradicts f (s) = f (¢).

Now, let us forget that we fixed e. We thus have found a contradiction for
every e € ENEqs f. Therefore, no e € ENEQqs f exists. In other words, the set
ENEgs f is empty. In other words, ENEqgs f = &. Thus, the implication is
proven.

Now, we shall prove the implication

(ENEgs f = @) = (the X-coloring f of G is proper). (14)

Proof of (I4): Assume that ENEqs f = @. We have to show that the X-coloring
f of G is proper.
Let {s,t} € E be an edge. We shall now show that f (s) # f (¢).

Indeed, assume the contrary. Thus, f(s) = f (). Now, {s,t} € E C (‘2/)

14
In other words, {s,t} is a 2-element subset of V' (since ( 2) is the set of all 2-

element subsets of V). Thus, |{s,t}| = 2, so that s # t. Also, {s,t} is a subset
of V; thus,s € Vand t € V. Hence, (s,t) € V2. So we know that {s,t} has the
form {x,y} for some (x,y) € V? satisfying x # y and f (x) = f (y) (namely, this
(x,y) is (s,t)). In other words,

stre {{xy} | (vy) eV x#yand f(x) = f(y)} = Basf

(by (11)). Combining this with {s,t} € E, we obtain {s,t} € ENEqsf = @.
Thus, the set @ has an element (namely, {s, t}). This contradicts the fact that the
set @ is empty. Thus, we have obtained a contradiction. This shows that our
assumption was wrong. Hence, f (s) # f (t) is proven.

Let us now forget that we fixed {s,t}. We thus have shown that every edge
{s,t} € E satisfies f (s) # f (t). Therefore, the X-coloring f of G is proper (since
the X-coloring f of G is proper if and only if every edge {s,t} € E satisfies
f (s) # f (t) (by the definition of “proper”)). This proves the implication (14).

Now we have proven the two implications and (14). Combining these two
implications, we obtain the equivalence

(the X-coloring f of G is proper) <= (ENEqsf = 9).
This proves Lemma O

Lemma 2.4. Let G = (V,E) be a graph. Let X be aset. Let f : V — X be a
map. Let C be a circuit of G. Let e € C be such that C \ {e} C Eqsf. Then,
ec ENEgsf.

Proof of Lemma The set C is a circuit of G. In other words, the set C has the
form {{v1,v2},{v2,v3},...,{0m, Um+1}}, where (v1,v2,...,0,41) is a cycle of G

19
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(by the definition of a “circuit”). Consider this cycle (vq,vy,...,Vy4+1). We thus
have

C={{v, v}, {v2,v3},...,{Vm, Vms+1}}- (15)

The list (v1,v2,...,0m+1) is a cycle of G. According to the definition of a
“cycle”, this means that this list is a list of elements of V satisfying the following
four properties:

e We have m > 2.

e We have v,, 11 = v1.

¢ The vertices vy, vy, ..., vy are pairwise distinct.

e We have {v;,v;.1} € E foreveryi € {1,2,...,m}.

Thus, (v1,v2,...,0541) is a list of elements of V satisfying the four properties
that we have just mentioned. In particular, v,, 11 = v;. Also,

{vi,vis1} € E forevery i€ {1,2,...,m}. (16)
Any two distinct elements p and g of {1,2, ..., m} satisfy
{vp,va} a {vq,qu} (17)
[

10proof of : Let p and g be two distinct elements of {1,2,...,m}. We must prove (17).

Assume the contrary. Thus, {v,, vp41} = {04, 0441}

The vertices vy, vy, ..., vy are pairwise distinct. In other words, any two distinct elements
aand b of {1,2,...,m} satisfy v, # v,. Applying this to a = p and b = g, we obtain v, # vy.
Combining v, € {vp, vp11} = {vy, 0441} with v, # 04, we obtain v, € {vg,v,1} \ {vy} C
{vg+1}. Thus, v, = v,11. The same argument (with p and g replaced by g and p) yields

Og = Up41-

qWe ﬁave p # q (since p and g are distinct). Thus, we can WLOG assume that p < g (since
otherwise, we can simply switch p with g). Assume this. From g € {1,2,...,m}, we obtain
q < m, so that p < g < m. Since p and m are integers, this shows that p < m — 1. Thus,
p+1<m. Hence, p+1€{1,2,...,m}.

Recall again that any two distinct elements a and b of {1,2,...,m} satisfy v, # v,. In other
words, if two elements a and b of {1,2,...,m} satisfy v; = v}, then a = b. Applying this to
a=qgandb=p+1, weobtaing =p+1(sinceq € {1,2,...,m}and p+1€ {1,2,...,m} and
0q = Up41)- The same argument (but with the roles of p and g switched) shows that p = g+ 1
ifg+1€{1,2,...,m}. Since p = q+ 1 is impossible (because g +1 > g = p+1 > p), we thus
conclude that g+ 1 € {1,2,...,m} is impossible as well. Thus, we have g+ 1 ¢ {1,2,...,m}.
In other words, g ¢ {0,1,...,m —1}.

Combining g € {1,2,...,m} with ¢ ¢ {0,1,...,m—1}, we find q € {1,2,...,m} \
{0,1,...,m—1} = {m}. In other words, 4 = m. Comparing this with 4 = p + 1, we ob-
tain p+1 = m, so that p = m — 1. Hence, vp = vy,_1, so that v, 1 = vy = V541 = Uyt
(since g = m). Therefore, v;;,_1 = V41 = v1.

However, m > 2, so that m —1 > 1 and thus m — 1 # 1. In other words, m — 1 and 1 are
distinct. Recall again that any two distinct elements a and b of {1,2,...,m} satisfy v, # vp.
Applying this to a = m — 1 and b = 1, we obtain v,,_1 # v1 (since m — 1 and 1 are distinct).
This contradicts v,,_1 = v1.

We thus have found a contradiction. This contradiction proves that our assumption was
wrong. Hence, is proven.
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We have e € C = {{vy,v2},{v2,v3},...,{0m, vm+1}}. Thus, e = {v;,v;11} for
some i € {1,2,...,m}. Consider this i.
Now, we have

f(vj) = f (vj41) foreveryj € {1,2,...,m} \ {i} (18)
El Hence,
f(v1) = f (i) (19)
H Also,
f@it1) = f (Umia) (20)

Proof of (18): Letj € {1,2,...,m}\ {i}. Thus, j € {1,2,...,m} and j ¢ {i}. From j ¢ {i},
we obtain j # i. Therefore, the two elements j and i of {1,2,...,m} are distinct. Thus,
(applied to p = j and q = i) shows that {v;,v;,1} # {v;,vi41} = e. But from j € {1,2,...,m},
we obtain

{0001} € {How o) | ke {1,2,...,m})
= {{v1, 0}, {v2,v3},.... {vm,om+1}} =C

(by ). Combining this with {v]-, v]-+1} # e, we obtain

{vj,vi41} € C\ {e} CEgs f
={{st} | ()€ V2 s#tand f(s) = f(1)}.

In other words, {vj,vj;1} has the form {s,t} for some (s,t) € V? satisfying s # t and
f(s) = f (t). Consider this (s, t). Thus, {vj,v;11} = {s,t}.
We have f (s) = f (t). Therefore, set g = f (s) = f (t). We have

fUsth) =qf(),f(t) p ={g g} ={g}
~

=8 =8

Now, v; € {vj,vj41} = {s,t}, and thus f | o € f({s,t}) = {g}. In other words,

e{st}

f (vj) = g Also, vj41 € {vj,v41} = {s,t}, and thus f @ € f({s,t}) = {g}. In other

e{s,t}

words, f (vj41) = g Comparing this with f (vj) = g, we obtain f (v;) = f (vj+1). This
proves (18).

2proof of (19): Letj € {1,2,...,i —1}. Thus,j € {1,2,...,i =1} C {1,2,...,m}. Combining this
with j # i (since j < i (since j € {1,2,...,i—1})), we obtain j € {1,2,...,m} \ {i}. Hence,
f (v)) = f (vj1) Gy (18)).

Now, let us forget that we fixed j. We thus have proven that f (v;) = f (vj41) for every

je{1,2,...,i—1}. In other words, f (v1) = f (v2) = --- = f (v;). Hence, f (v1) = f (v;).
This proves (T9).
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H Now, yields

fed=f| o | =fomn) =fm) by @)).
=Um+1
Moreover, v; and v;,1 are elements of V (since (vq,vp,...,0;41) is a list of
elements of V). In other words, v; € V and v; 1 € V. Hence, (v;,v;1) € V2.
Furthermore, v; # v; 1
Now, the definition of Eqs f shows that

Eqsfz{{s,t} | (s,t)EVz,s;«étandf(s):f(t)}. (21)

However, we have (v;,v;,1) € V2, v; # vjy1 and f (v;) = f (vir1). Hence,
the set {v;,v;,1} has the form {s,t} for some (s, t) € V? satisfying s # t and
f(s) = f (t) (namely, for (s,t) = (v, v;41)). Thus,

{os 01} € {54} | (5H) € V2 s £tand f(s) = f () } = Bqs

(by 1)). Thus, e = {v;,v;i41} € Egs f.
But ¢ = {v;,v;11} € E (by (16)). Combining this with e € Eqs f, we obtain
e € ENEgs f. This proves Lemma O

Lemma 2.5. Let (V, B) be a finite graph. Let ~ denote the equivalence relation
~v,) (defined as in Definition (@)).

Let Y be a set. A set Y is defined (according to Definition (b)). Let
f : V. = Y be any map. Then, we have the following logical equivalence of
statements:

(BCEqsf) < (feY!).

3proof of @0): Let j € {i+1,i+2,...,m}. Thus, j € {i+1,i+2,...,m} C {1,2,...,m}.
Combining this with j # i (since j > i (since j € {i+1,i+2,...,m})), we obtain
je{1,2,...,m}\{i}. Hence, f (vj) = f (vj31) (by (18)).

Now, let us forget that we fixed j. We thus have proven that f (v;) = f (vj4+1) for every
je{i+1,i+2,...,m}. In other words, f (vi11) = f(vit2) = -+ = f(vm4+1). Hence,
f (vit1) = f (Up+1)- This proves .

14Proof. Assume the contrary. Thus, v; = v;41.

Let us first assume (for the sake of contradiction) that i = m. Thus, v; = v,,. Also, from
i = m, we obtain v;,1 = v,;,4+1 = v1. Hence, v, = v; = v;11 = v1.

The vertices v1, vy, ..., vy are pairwise distinct. In other words, any two distinct elements
aand b of {1,2,...,m} satisfy v, # v. Applying this to a = m and b = 1, we obtain v, # vy
(since m and 1 are distinct (since m > 2 > 1)). This contradicts v, = v;.

This contradiction proves that our assumption (that i = m) was wrong. Hence, we can-
not have i = m. We thus have i # m. Combined with i € {1,2,...,m}, this yields
ie{1,2,...,m}\{m} C{1,2,...,m—1}. Thus,i+1€{2,3,...,m} C{1,2,...,m}.

Now;, recall that any two distinct elements a and b of {1,2,...,m} satisfy v, # v,. We can
apply thistoa =iand b =i+ 1 (since i +1 € {1,2,...,m}). Thus, we obtain v; # v;;1. This
contradicts v; = v;;1. This contradiction shows that our assumption was wrong. Qed.
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Proof of Lemma We have

YV = {g cY” | g(x) =g(y) forany x € V and y € V satisfying x ~ y}
(22)
(by the definition of YY).
The definition of Eqs f shows that

Eqsf:{{s,t} | (s,t)EVz,s;«étandf(s):f(t)}
= {{xy} | (vy) e V2 v Ayand f(x) = f(y) ] 23)

(here, we renamed the index (s, t) as (x,y)).
We shall now show the following logical implication:

(B C Eqsf) = (erL’> (24)

Proof of : Assume that B C Eqs f. We must show that f € Y.

Let x € V and y € V be such that x ~ y. We have x ~ y. In other words,
x ~(y,p) Y (since ~ is the equivalence relation ~ v p)). In other words, x and y
are connected in the graph (V, B) (since x ~(y ) y holds if and only if x and y
are connected in the graph (V, B) (by the definition of the relation ~(y p))). In
other words, there exists a walk from x to y in (V, B) (since x and y are connected
in (V, B) if and only if there exists a walk from x to y in (V, B) (by the definition
of “connected”)). Let to be this walk. Thus, tv is a walk from x to y in (V,B). In
other words, w is a sequence (wp, w1, ..., wy) of elements of V such that wy = x
and wy = y and

({w;, w;;1} € B foreveryi € {0,1,...,k—1}) (25)

(since a walk from x to y in (V, B) is the same as a sequence (wp, w1, ..., w) of
elements of V such that wy = x and wy = y and
({wj, w41} € B foreveryi € {0,1,...,k —1}) (by the definition of a “walk”)).
Consider this sequence (wg, w1, ..., Wg).

For every i € {0,1,...,k— 1}, we have f (w;) = f (w;11) [’} In other words,
f(wo) = f(wy) =--- = f(wg). Thus, f (wy) = f (wg). This rewrites as f (x) =
f (y) (since wy = x and wy = y).

15P1’00f. Leti € {0,1,...,k—1}. Thus, shows that

{w;, w1} € BC Eqs f = {{s,t} | (s,t) € V2, s # tand f (s) :f(t)}

(by the definition of Eqs f). In other words, {w;, w;1} = {s,t} for some (s,t) € V? satisfying
s# tand f (s) = f (t). Consider this (s, t).

S~~~
=5 =8

We have f (s) = f (t). Therefore, set ¢ = f (s) = f (t). Then, f ({s,t}) = {f(s),f t)} =
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Now, let us forget that we fixed x and y. We thus have shown that f (x) = f (v)
for any x € V and y € V satisfying x ~ y. Hence, f is a ¢ € YV which satisfies
g (x) =g (y) for any x € V and y € V satisfying x ~ y. In other words,

fe {gGYV | §(x) =g(y) foranyxEVandyEVsatisfyingxwy}

=Y. (by @2)).

Thus, the implication is proven.
Next, we shall show the following logical implication:

(erZ) — (B CEqsf). (26)

Proof of (26): Assume that f € Y. We must show that B C Egs f.
v
Since (V, B) is a graph, we must have B C ( 2).

%4
Lete € B. Then,e € B C ( 2). In other words, e is a 2-element subset of V

%4
(since ) is the set of all 2-element subsets of V). In other words, e = {s, t}

for two distinct elements s and t of V. Consider these s and t.
We have {s,t} =¢ € B. Thus,s ~t [1§

{g,8} = {8} Now, f 2, € f({s,t}) = {g}, so that f(w;) = g. Also,
{wjwip1}={s,t}
f Wit € f({s,t}) = {g}, so that f (w;11) = g. Hence, f (w;) = g = f (wit1),
e{wiwir}={st}
ged.

16Proof. We have s € V and t € V. Thus, (s, t) is a sequence of elements of V. Let us denote this
sequence (s,t) by (po, p1,-..,p¢)- Thus, ¢ =1, pg =sand p; = ¢.
We have ¢ =1 and thus p; = p; = t.
Leti € {0,1,...,£—1}. Thus,i > 0andi < ¢ —1 =1-1 = 0. Combining i < 0
=1
and i > 0, we obtain i = 0, so that p; = pp = s and p;11 = po+1 = p1 = t. Now,

pi ,pis1 ¢ = {s,t} €B.
~
=5 =t
Now, let us forget that we fixed i. We thus have shown that {p;, p;;1} € B for every i €
{0,1,...,¢ —1}. Thus, the sequence (po, p1,- .., pr) is a sequence of elements of V satisfying

po =s, py = tand ({p;, pit+1} € B for every i € {0,1,...,¢ —1}). In other words, the
sequence (po, p1,--.,p¢) is a sequence (wp, w1, ..., wy) of elements of V such that wy = s
and wy = t and ({w;,w;;1} € B foreveryi € {0,1,...,k—1}). In other words, the

sequence (po, p1,--.,p¢) is walk from s to t in (V,B) (since a walk from s to t in (V,B) is
the same as a sequence (wg, w1, ..., wy) of elements of V such that wy = s and wy = t and
({w;, wi;1} € B forevery i € {0,1,...,k—1}) (by the definition of a “walk”)). Hence,
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Butf €Y/ ={geY" | ¢g(x) =g(y) forany x € V and y € V satisfying x ~ y}
(by (22)). In other words, fisa g € YV such that g (x) = g (y) for any x € V and
y € V satisfying x ~ . In other words, f is an element of YV and satisfies

f(x)=f(y) for any x € V and y € V satisfying x ~ y. (27)

Applying to x =sand y = t, we obtain f (s) = f (t) (since s ~ f).

We have s € Vand t € V. Thus, (s,t) € V2. Also, s and t are distinct; thus,
s # t. Hence, (s, t) is an element of V2 satisfying s # t and f (s) = f (t). In other
words, (s,t) is an (x,y) € V? satisfying x # y and f (x) = f(y). Therefore,
{s,t} has the form {x,y} for some (x,y) € V? satisfying x # y and f (x) = f (y)
(namely, for (x,y) = (s,t)). In other words,

{stye {{xy} | (vy) € V2 x#yand f(x) = f(y)} = Eqsf

(by 23)). Thus, e = {s,t} € Egs f.

Now, let us forget that we fixed e. We thus have shown that e € Eqs f for every
e € B. In other words, B C Eqs f. This proves the implication (26).

Now, we can combine the two implications (24) and . As a result, we
obtain the equivalence (B C Eqs f) <= (f € Y This proves Lemma O

The next lemma is a fundamental fact about counting:

Lemma 2.6. Let W be a finite set. Let (Cq,Cy,...,Ck) be a list of all elements
of W which contains each of these elements exactly once. Let Y be any set.
Then, the map

YW — vk

fr= (F(C), f (G, f(CR))

is a bijection.
Proof of Lemma Let @ denote the map
YW — Yk,
[ (F(G) (G, fG))-

We shall show that the map & is a bijection.
First, we notice that the map ® is injectiv Now, let s € Y¥ be arbitrary. Let
us write s in the form (y1,v2,...,Yx). Thus, s = (y1,y2, .-, Yk)-

there exists a walk from s to t in (V, B). In other words, s and t are connected in the graph
(V, B) (since s and t are connected in (V, B) if and only if there exists a walk from s to ¢ in
(V, B) (by the definition of “connected”)). In other words, s ~(y p) t (since s ~(y p) t holds if
and only if s and t are connected in the graph (V, B) (by the definition of the relation ~ (v p))).
In other words, s ~ t (since ~ is the equivalence relation ~y p)). Qed.

7Proof. Let f and g be two elements of Y" such that @ (f) = ® (g). We shall show that f = g.
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We now define a map f : W — Y as follows: Let w € W. Then, there exists
a unique i € {1,2,...,k} such that w = C; (since (C1,Cy,...,Cy) is a list of all
elements of W which contains each of these elements exactly once). Consider
this i. Then, we set f (w) = y;.

Thus, we have defined a map f : W — Y. It is clear that if w € W, and if
ie€{1,2,...,k}is such that w = C;, then

f(w) =y (28)

(by the definition of f (w)).

Now, every i € {1,2,...,k} satisfies f (C;) = y; (by (28), applied to w = C).
Hence, (f (C1),f(C2),...,f(Ck)) = (Y1, ¥2,--.,Yx)- Now, the definition of &
yields ® (f) = (f(C1),f(C2),...,f(Cx)) = (y1,y2,---,¥x) = s. Thus, s =

| f | e@(¥V).
"
eYw

Now, let us forget that we fixed s. We thus have proven that s € ® (Y") for
every s € YK In other words, Y¥ C @ (Y™). In other words, the map ® is
surjective.

Since the map @ is both injective and surjective, we see that the map & is

Let w € W. Recall that (Cy,Cy,...,C) is a list of all elements of W. Thus, W =
{C1,Cy,...,C}. Now, w € W = {Cy,Cy,...,Ci}. Hence, there exists some i € {1,2,...,k}
such that w = C;. Consider this i.

Now, the definition of ® (f) yields ® (f) = (f (C1),f (C2),...,f (Cx)). Hence,

(the i-th entry of D (f) )

——
=(f(C1)f(C2)rerf(Ch))

= (the i-th entry of (f(C1),f(C2),....f(Ck))) =f ( C; ) = f(w).

The same argument (applied to g instead of f) yields

(the i-th entry of ® (g)) = g (w).

Hence, f (w) = (the i-th entry of ® (f)) = (the i-th entry of ®(g)) = g (w).
——

=2(g)
Now, let us forget that we fixed w. We thus have proven that f (w) = g (w) for every
w € W. In other words, f = g.
Let us now forget that we fixed f and g. We thus have shown that if f and g are two
elements of Y" such that ® (f) = ®(g), then f = g. In other words, the map @ is injective.

Qed.
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bijective. In other words, the map ® is a bijection. In other words, the map

YW vk,
[ (f(C), f(C),e s f(G))
is a bijection (since this map is ®). Lemma is thus proven. O

Lemma 2.7. Let (V, B) be a finite graph. Then,

Xf = PA(V,B)-
f:V—)N+;
BCEgs f

(Here, x; is defined as in Definition (@), and the expression A (V, B) is
understood according to Definition b).)

Proof of Lemma Let ~ denote the equivalence relation ~(y p) (defined as in
Definition (@)). The connected components of (V, B) are the ~(v,p)-equivalence
classes (because this is how the connected components of (V, B) are defined). In
other words, the connected components of (V,B) are the ~-equivalence classes
(since ~ is the relation ~(y p)). In other words, the connected components of
(V,B) are the elements of V/ (~) (since the elements of V/ (~) are the ~-
equivalence classes (by the definition of V/ (~))).

A set (1N+)Z is defined (according to Definition [1.7] (b)).

Proposition (b) (applied to X = V and Y = IN; ) shows that the mapm

NV 5 (N, fefony

is a bijection.
For every map f : V — IN,, we have the following equivalence:

(BCEqsf) < (feN.)Y) (29)

(according to Lemma applied to Y = IN;). Thus, we have the following
equality of summation signs:

fiV=>Ny;, fi V=N, NV, N,)Y
porast eyl eyt

(since (IN+)Z is a subset of (]I\I+)V). Hence,

Y xf= ), Xp= ), Xfomy (30)
V—=INL; 14 V/(~)
i fEML  fe(Ny)
H/_/
— Z ”

fe(N4) L

18Here, the map 7y is defined as in Definition
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(here, we have substituted f o 7ty for f in the sum, since the map (N)"” (~)
(N;)Y, f— fomy is a bijection).

Now, let (C1,Cy,...,Cx) be a list of all connected components of (V,B), or-
dered such that [Cy| > |Co| > -+ > |C|. [ Then, (|G1],|Cal,...,|Ck]) is
the list of the sizes of all connected components of (V,B), in weakly decreas-
ing order (since |C1| > |Cy| > -+ > |Ck|). In other words, (|C1],|Ca|,...,|Ck|)
is A (V,B) (since A (V,B) is the list of the sizes of all connected components
of (V,B), in weakly decreasing order (by the definition of A (V,B))). In other
words, A (V,B) = (|Cq1],|Cz2],...,|Ck|). Thus, (2) (applied to A (V,B) and |C;|
instead of A and A;) shows that

k
PAwB) = PlcyPicsl - Picd = [ ] Picy- (31)
i=1
However, for every i € {1,2,...,k}, we have

Poi= L x (32)

seINy4

@ Hence, (31) becomes
: i
s =11 prcy =11 X =~
1

SEN+
(by (2))
k
- X s (33)
1

k =
(51/52/~--/Sk)€(N+) !

(by the product rule).

Recall that (Cq1,Cy, ..., Cy) is a list of all connected components of (V,B). In
other words, (Cy, Cy, ..., Cy) is a list of all elements of V / (~) (since the elements
of V/ (~) are the connected components of (V, B)). Moreover, every element of
V/ (~) appears exactly once in this list (C1,Cy, ..., Ck) (since the entries of the
list (C1,Cy, ..., Ck) are pairwise distinctéb. Thus, (C1,Cy, ..., Cy) is a list of all

9Every connected component of (V, B) should appear exactly once in this list.

20proof. Leti € {1,2,...,k}. Then, C; is a connected component of (V,B) (since (C1,Cy, ..., Ck)
is a list of all connected components of (V,B)). Hence, C; is a nonempty subset of V (since
every connected component of (V, B) is a nonempty subset of V). Hence, |C;| is a positive

integer. Thus, (1) (applied to n = [C;[) shows that p|c, = ) x]‘.c’l = Y x]‘.c" = Y x\SCI\
i>1 JEN+ s€eN4
—~—
=X
jEN4

(here, we have renamed the summation index j as s). Qed.

2lsince every connected component of (V, B) appears exactly once in this list
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elements of V/ (~), and contains each of these elements exactly once. Hence,
the map
(IN4)"/) = (N,
fr= (f(€), (G, f ()
is a bijection (by Lemma 2.6 applied to W = V/ (~) and Y = IN ).
For every v € V/ (~), we have
Ty (v) =7 (34)

=
Also, the map {1,2,...,k} = V/(~), i = C;isabijection (since (C1,Cy, ..., Cy)
is a list of all elements of V/ (~), and contains each of these elements exactly

once).
We have )
Xfomr, = qxﬁiq) for every f € (]N+)V/(N) (35)
1=

22 Proof of : Let v € V/ (~). Thus, v is an element of V/ (~). In other words, v is an ~-

equivalence class (since the elements of V/ (~) are the ~-equivalence classes). In particular,

cV.
! Let x € 4. Then, x € v+ C V. The ~-equivalence class of x must be 7 (since x lies
in the ~-equivalence class 7 (since x € 7)). In other words, [x]_ must be y (since [x]_ is
the ~-equivalence class of x). In other words, [x] , = . Now, the definition of 7ty yields
mty (x) = [x], = 7. Hence, x € ;' (7).

Let us now forget that we fixed x. We thus have shown that x € 71‘;1 () for every x € 7.
In other words, y C 77;1 (7).

Let now y € 7ty," (7). Thus, y € V and 7ty (y) = 7. The definition of 7ty yields v (y) =
[v].. Thus, v = 7y (y) = [y].. Hence, vy is the ~-equivalence class of y (since [y] _ is the
~-equivalence class of y). Consequently, y must belong to . In other words, y € 1.

Let us now forget that we fixed y. We thus have shown that y € 7 for every y € 71‘71 (7)-

In other words, 77;,! (y) € 7. Combining this with y C 715! (), we obtain 715! () = 7. This
v & % v
proves (34).
2Proof of (35): Let f € (N4)"/(™). Then, the definition of Xfor, yields

Xfory = 1;[/ o)) = 11 I1 X(fory)(o)
v '

yeV/(~) veV; ———
my (v)=y =Xf(v)
~—~— (since (forry)(v)=f(mv (v))=f(7)
= II =II (since v (v)="))
ven;l(v) oeY

(since 7y,! ()=
Gy EB)
because for every v € V, there exists a unique vy € V/ (~)
such that 7ty (v) = 7 (since ry isamap V — V/ (~))

_ _ vl _ ICil
= II IIxf(v) = JI Y = I1 Xt(Ch)
YEV/(~) PEY TEV/(~) i€{12,...k}
——

_. Il
)
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Now, becomes

V—IN4; V/(~) V/(~) i=1
fBgEqs; fENy) i fE(Ny)

i=1 f(G)

(by (33))

(s1,50,50)E(N)F =1

(here, we have substituted (s1,s,...,s¢) for (f (C1),f(C2),...,f(C)) in the
sum, since the map (]N+)V/(N) — (NS, f= (F(C),f(C),...,f(C))isa

bijection). Comparing this with (33), we obtain ).  xy = p, (v ). This proves
V—=INy;
fBQEqs}

Lemma O

Lemma 2.8. Let G = (V, E) be a finite graph. Let X be a totally ordered set.
Let ¢ : E — X be a labeling function. Let K be a broken circuit of G. Then,
K # @.

Proof of Lemma The set K is a broken circuit of G. In other words, the set K
is a subset of E having the form C\ {e}, where C is a circuit of G, and where
e is the unique edge in C having maximum label (among the edges in C) @
Consider this C and this e. Thus, we have the following facts:

e The set C is a circuit of G.

* The element ¢ is the unique edge in C having maximum label (among the
edges in C).

e We have K = C\ {¢}.

(here, we have substituted C; for vy in the product, since the map {1,2,...,k} = V/(~), i+—
C; is a bijection). Thus,

Gl _ 1.0
xpory =TT x5y =I5,

This proves .
24pecause a broken circuit of G is the same as a subset of E having the form C \ {e}, where C is

a circuit of G, and where ¢ is the unique edge in C having maximum label (among the edges
in C) (by the definition of a “broken circuit”)
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Now, assume (for the sake of contradiction) that K = &. Consider the map
id:V — V. Then, Eqsid = @ [ But C\ {¢} = K = @ C @ = Eqsid. Hence,

Lemma 2.4 (applied to V and id instead of X and f) yields e € ENEqsid =
N——
=g

EN@ = @. Thus, the set @ has at least one element (namely, e). This contradicts
the fact that this set @ is empty. This contradiction shows that our assumption
(that K = @) was wrong. Hence, we cannot have K = @. We thus have K # @.
This proves Lemma O

2.2. Alternating sums

We shall now come to less simple lemmas.

Definition 2.9. We shall use the so-called Iverson bracket notation: If S is any
1, if Sis true;

logical statement, then [S] shall mean the integer o .
0, if S is false

The following lemma is probably the most crucial one in this paper:

Lemma 2.10. Let G = (V, E) be a finite graph. Let X be a totally ordered set.
Let ¢ : E — X be a labeling function. Let £ be some set of broken circuits of
G (not necessarily containing all of them). Let ax be an element of k for every
Ke &

Let Y be any set. Let f : V — Y be any map. Then,

Y ()P [ ak=[ENEgsf=2].
BCENEgs f Keg;
KCB

Proof of Lemma If ENEqgs f = @, then Lemma holds’®l Thus, we can
WLOG assume that we don’t have E N Eqs f = @. Assume this.

BProof. Let f € Eqsid. Thus,
f € Eqsid = {{s,t} | (s,t) € V3 s #tand id (s) = id (t)}

(by the definition of Eqsid). In other words, f has the form {s,t} for some (s,t) € V?
satisfying s # t and id (s) = id (t). Consider this (s,t). We have s = id (s) = id (t) = t; but
this contradicts s # ¢.

Now, let us forget that we fixed f. We thus have obtained a contradiction for every f €
Eqgsid. Thus, there exists no f € Eqsid. In other words, Eqsid is the empty set. Thus,
Egsid = @, qed.

26Proof. Assume that ENEqs f = @. We need to check that Lemma holds.
We have

(=1)/Bl [Tax=) (=1)/B! [T ax (since ENEqs f = @).
BCENEgs f Keg; BCo KeR;
KCB KCB
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We don’t have ENEqs f = @. Thus, we have [ENEqgs f = @] = 0.
We know that V is finite (since the graph (V,E) is finite). Thus, E is finite

(since E C (Z) ), and therefore the set E N Egs f is also finite.

We have E N Eqs f # @ (since we don’t have ENEqs f = @). Thus, ENEgs f
is a nonempty finite set. Hence, there exists some d € E N Eqs f with maximum
¢ (d) (among all d € ENEgs f). Pick such a d. (If there are several such d, then it
does not matter which one we pick.)

We have chosen d to be the element of E N Eqs f with maximum ¢ (d) (among
all d € ENEgs f). Thus,

t(d) > 1 (e) for every e € ENEgs f. (36)

As usual, we let P (S) denote the powerset of any set S. We now define two
subsets U and V of P (ENEgs f) as follows:

U={FeP(ENEqsf) | d ¢ F};
V={FeP(ENEqgsf) | d € F}.

Every B € U satisfies BU{d} € V El Thus, we can defineamap ® : U/ — V

But the only subset B of & is the set &. Thus, the only addend of the sum }_ (fl)lB | IT ax
BCo Kes;
KCB

is the addend for B = @. Hence,

Y ()P [Tax= (D JTak=I]

BCo Keg; Keg; KeR,;
KCB ) =1 KCo KCo
(since |@|=0 is even)

But let K € £ be such that K C @&. Then, K is an element of £, and thus a broken circuit of
G (since £ is a set of broken circuits of G). Hence, Lemma shows that K # @. But from
K C @, we obtain K = &; this contradicts K # @.

Now, let us forget that we fixed K. Thus, we have obtained a contradiction for every K € £
satisfying K C &. Hence, there exists no K € £ satisfying K C &. Therefore, the product

I1 ak is empty, and thus equals 1. In other words, [] ax = 1.

KER; Keg;
KCo KCo
Now,

~D)E TTax= Y )P [Tax=[] ax=1=[ENEqsf = 2]
BCENEgs f KeR; BCo KeR; KeR;
KCB KCB KCo

(since [ENEqs f = @] = 1 (since E N Egs f = & holds)). Thus, Lemma 2.10] holds, ged.

27Proof. Let B € U. Thus, B€ U = {F € P(ENEqsf) | d ¢ F}. In other words, B is an element
F of P(ENEqgsf) satisfying d ¢ F. In other words, B is an element of P (ENEqs f) and
satisfies d ¢ B. We have B € P (ENEgs f); in other words, B is a subset of ENEqs f. Also,
{d} C ENEgsf (since d € ENEgs f). Thus, both B and {d} are subsets of E N Eqs f. Hence,
their union B U {d} is a subset of E N Eqs f. In other words, BU {d} € P (ENEgqsf). Also,
d e {d} C BU{d}. Hence, BU {d} is an element of P (E NEqs f) and satisfies d € BU {d}.
In other words, BU {d} is an element F of P (ENEqs f) satisfying d € F. In other words,
BU{d} e {FeP(ENEqsf) | de€ F} =V, qed.
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by
(®(B) =BuU{d} for every B e U).
Consider this map ®.
Every B € V satisfies B\ {d} € & %] Thus, we can define amap ¥ : V — U
by
(Y (B) = B\ {d} forevery Be V).
Consider this map Y.
We have ®o ¥ =id @ and Yo ® = id @ Thus, the maps ® and ¥ are
mutually inverse. Hence, the map @ is a bijection.
Moreover, for every B € U and every K € £, we have the following logical

equivalence:
(KC B) <= (KC ®(B)). (37)

2Proof. Let B€ V. Thus, B€ V = {F € P(ENEqgsf) | d € F}. In other words, B is an element
F of P(ENEgsf) satisfying d € F. In other words, B is an element of P (ENEqs f) and
satisfies d € B. We have B € P (ENEgs f); in other words, B is a subset of E N Egs f. Hence,
B\ {d} is a subset of ENEqs f (since B\ {d} C B). In other words, B\ {d} € P (ENEgs f).
Also, d ¢ B\ {d} (since d € {d}). Hence, B\ {d} is an element of P (E NEgs f) and satisfies
d ¢ B\ {d}. In other words, B\ {d} is an element F of P (ENEqs f) satisfying d ¢ F. In
other words, B\ {d} e {F€ P(ENEqsf) | d ¢ F} =U, qed.

2 Proof. Let B € V. We have

(Po¥)(B) =2 ¥ (B) =®(B\ {d}) = (B\ {d})u {d}
——

=B\{d}
(by the definition of ¥)

(by the definition of ®).

We have B € V = {Fe€ P(ENEqsf) | d € F}. In other words, B is an element F of
P (ENEgs f) satisfying d € F. In other words, B is an element of P (E NEqs f) and satisfies
d € B. From d € B, we obtain {d} C B. Now, (®o¥)(B) = (B\ {d})U{d} = B (since
{d} C B). Thus, (®o¥)(B) = B =id (B).

Now, let us forget that we fixed B. We thus have proven that (® o ¥) (B) = id (B) for every
B € V. In other words, ® o ¥ = id, ged.

3Proof. Let B € U. We have

(Yod)(B) =Y @ (B) =Y (Bu{d}) = (Bu{d})\{d}
——

=BU{d}
(by the definition of ®)

(by the definition of ).

We have B € U = {Fe€ P(ENEqsf) | d ¢ F}. In other words, B is an element F of
P (ENEgs f) satisfying d ¢ F. In other words, B is an element of P (E NEqs f) and satisfies
d ¢ B. From d ¢ B, we see that the sets {d} and B are disjoint. Now, (¥ o®)(B) =
(Bu{d})\ {d} = B (since the sets {d} and B are disjoint). Thus, (¥ o ®) (B) = B = id (B).

Now, let us forget that we fixed B. We thus have proven that (¥ o ®) (B) = id (B) for every
B € U. In other words, ¥ o ® = id, ged.
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Proof of (37): Let B € U and K € & We need to prove the logical equivalence
€%)

The definition of ® yields ® (B) = BU {d} 2 B, so that B C @ (B).

We have B €¢ U = {Fe P(ENEqgsf) | d ¢ F}. In other words, B is an
element F of P (ENEqs f) satisfying d ¢ F. In other words, B is an element of
P (ENEgs f) and satisfies d ¢ B. We have B € P (E N Egs f); in other words, B
is a subset of EN Egs f.

Also, ®(B) ¢ V = {Fe P(ENEqsf) | de F} C P(ENEqgsf). In other
words, ® (B) C ENEgs f.

We have K € K. Thus, K is a broken circuit of G (since K is a set of broken
circuits of G). In other words, K is a subset of E having the form C \ {e}, where
C is a circuit of G, and where e is the unique edge in C having maximum label
(among the edges in C) @ Consider this C and this e. Thus, we have the
following facts:

e The set C is a circuit of G.

* The element e is the unique edge in C having maximum label (among the
edges in C).

e We have K = C\ {¢}.

The element e is the unique edge in C having maximum label (among the
edges in C). Thus, the only edge in C whose label is greater or equal to the label
of e is e itself. In other words, if ¢’ is any edge in C satisfying ¢ (¢/) > ¢ (e), then

e =e. (38)

Let us now assume that K C & (B). Thus, K C ®(B) = BU {d} (by the

definition of ®). Hence, X \{d} C(BuU{d})\{d} C B.
CBU{d}

We shall now prove that K C B.

Indeed, assume the contrary. Thus, K € B. If we had d ¢ K, then we would
have K\ {d} = K and therefore K = K\ {d} C B; this would contradict K Z B.
Hence, we cannot have d ¢ K. We thus must have d € K. Hence,d € K= C\ {¢}.
Hence, d € Cand d ¢ {e}. From d ¢ {e}, we obtain d # e.

But C\ {e} = K C ®(B) C ENEqgsf C Egs f. Hence, Lemma 2.4] (applied to
Y instead of X) shows that e € ENEqs f. Thus, shows that ¢ (d) > / (e).

Also, d € C. In other words, d is an edge in C. Since ¢ (d) > ¢ (e), we can
therefore apply to ¢/ = d. We thus obtain d = e. This contradicts d # e. This
contradiction proves that our assumption was wrong. Hence, K C B is proven.

3lbecause a broken circuit of G is the same as a subset of E having the form C \ {¢}, where C is
a circuit of G, and where ¢ is the unique edge in C having maximum label (among the edges
in C) (by the definition of a “broken circuit”)
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Now, let us forget that we assumed that K C & (B). We thus have proven that
K C B under the assumption that K C ® (B). In other words, we have proven
the implication

(KC®(B)) = (KCB). (39)

On the other hand, if K C B, then K C B C @ (B). Hence, the implication
(KSB) = (KC @ (B))
holds. Combining this implication with (39), we obtain the logical equivalence

(KC B) <= (KC ®(B)). Thus, is proven.
Also, every B € U satisfies

(-1)Bl = — (_1)\<1>(B)| (40)
@ In other words, every B € U satisfies

(_1)\<1>(B)| _ (_1)\3\ . (41)

32Proof of : Let B U. Wehave B € U = {FEP(ENEqgsf) | d ¢ F}. In other words,
B is an element F of P (ENEgqs f) satisfying d ¢ F. In other words, B is an element of
P (ENEgqsf) and satisfies d ¢ B. From d ¢ B, we see that [BU{d}| = |B| +1. Now,
the definition of ® yields ® (B) = BU {d}. Hence, |®(B)| = |[BU{d}| = |B| + 1. Thus,
(—1)@(3)‘ = (—1)‘B|Jrl = - (—1)‘B|. Therefore, (—1)'3‘ =— (—1)|©(B)|. This proves .
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Now,
Y )P T ax
BCENEgs Keg;
CENEqs f Pt
= )y (D" TT ax + ) (=" TT ax
BCENEgs f; Keg; BCENEgs f; Keg;
deB KCB d¢B KCB
——— ———
= = = Z =
Be{FcP(ENEgsf) | deF} BeV Be{FeP(ENEqsf) | d¢F} BelU
(since {FEP(ENEqs f) | deF}=V) (since {FEP(ENEqs f) | d¢F}=U)

here, we have split the sum into two parts:
one containing all addends with d € B,
and one containing all addends with d ¢ B

= Y (P [Tee + Y ()P I ag

4

BeV Keg; Beu Keg;
KCB =— (=1 *® KCB
> d by (0) —~
=y ()P i R
BeU Keg; Kesg;
KC®(B) KCa(B)
(here, we have (because fc.)r. every KeR,
substituted ®(B) for B in the sum, ) the‘conchtlon (KSB)
since the map ®:U{—V is a bijection) is equivalent to (KCP(B))
(by G7))
o(B o(B
=> (—1)1®®)] [T «+ Y <_(_1)| ( )I) T ax
Beu Keg; Beu Keg;
KC®(B) KC®(B)
d(B o(B
=Y (_1)| (B)] [T ax— Y (_1)\ (B)| IT ax
Beu Keg; Belu Keg;
KC®(B) KC®(B)
=0=[ENEgsf = 2| (since [ENEqsf =©]=0). (42)
This proves Lemma O

We now finally proceed to the proof of Theorem
Proof of Theorem We have

Xc = Y. Xf (43)
fiV=Nyisa
proper IN -coloring of G

(by the definition of X;). Now, if f : V — N4 is a map, then we have the
following logical equivalence:

(the N -coloring f of G is proper) <= (ENEqgsf = 9) (44)
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(because the IN_-coloring f of G is proper if and only if ENEqs f = @ Eb
Now,

ENEqsf =9 X
FVSN —
<= (the IN-coloring f of G is proper)
(by @4))

= Z the IN-coloring f of G is proper | xr
FVSN, [ g

<= (f is a proper IN -coloring of G)

= ) [fisaproper N-coloring of G] xy
f:V—)N+

= ) [f is a proper IN; -coloring of G| x¢
fiV=>Niisa ~ g
proper N -coloring of G

=1
(since f is a proper IN; -coloring of G)
+ Y. [f is a proper IN;-coloring of G] x¢
f:V—=IN4 isnota ~ g
proper IN -coloring of G (since f

is not a progeor IN;-coloring of G)
(since each f : V — N4 is either a proper IN_-coloring of G or not)
= L Xy + ) Oxy = L Xy

fiV=>Niisa f:V—=IN4 isnota fiV=>Niisa
proper N -coloring of G proper N -coloring of G proper N -coloring of G

~
= Xc (45)
(by (@3))-

However, for every f : V — N, we have

Y ()P [T ax=[ENEqsf = 2] (46)
BCENEgs f ﬁ%%,

(by Lemma (applied to IN; instead of Y)).
For every f : V — N, we have

{FCE | FCEqgsf} =P (ENEgsf) (47)
B4

3by Lemma [2.3| (applied to IN; instead of X)
34 Proof of : Let f: V — N
Let Be {FCE | FCEqgsf}. Thus, B is a subset F of E satisfying F C Eqs f. In other
words, B is a subset of E and satisfies B C Eqs f. Since B is a subset of E, we have B C E.
Combining this with B C Eqgs f, we obtain B C EN Eqs f. In other words, B € P (ENEgs f).
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For every f : V — N, we have

Y (-1 T ax

BCE; KegR;
BCEgs f KCB

|

_BG{FQE | FgEqsf}_BEP(EﬁEqsf)
(because {FCE | FCEgs f }=P(ENEgs f)

(by
S RREILE ) RN W C LN £
BeP(ENEgs f) Keg; BCENEgs f Keg;
—_——— KCB KCB
:BgEﬂEqsf
= [ENEgs f = 9] (49)
(by (&6)).
Let us now forget that we fixed B. We thus have proven that every B ¢
{F CE | FCEgsf} satisfies B€ P (ENEgs f). In other words,
{FCE | FCEqsf} CP(ENEqgsf). (48)

On the other hand, let C € P (ENEqgs f). Thus, C is a subset of ENEqs f. Hence, C C
ENEgsf CE, so that Cis a subset of E. Also, C C ENEqs f C Egs f. Thus, C is a subset of
E and satisfies C C Eqs f. In other words, C is a subset F of E satisfying F C Eqs f. In other

words, Ce {FCE | FCEqgsf}.

Let us now forget that we fixed C. We thus have proven that every C € P (ENEgs f)

satisfies C € {F CE | F C Eqgs f}. In other words,

P(ENEqsf) C{FCE | FCEgsf}.

Combining this inclusion with {8), we obtain {F C E | F C Eqsf} = P (ENEgsf). This

proves (7).
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Now, yields
Xg = 2 [ENEgsf=9] xf

fVoN ~~
= £ ()P e
BCE; Keg;
BCEgs f KCB
(by @)

- Y | T ) Ta|y= ¥ L 0| [Ta|x

fVo>Ny | BCE; KeR; f:V>N, BCE; KeR
BCEgs f KCB BCEgs f KCB

N

-

=Y D
BCE f:V—INg;
BCEgs f

=Y Y VP [Tax|x

BCE f:V—INg; Keg;
BCEgs f KCB
= X (0" IT Lo
BCE Keg; f:V—=Ny;
KCB BCEgs f
————
=PA(V,B)
(by Lemma [2.7]

(since (V,B) is a finite graph

|4
(since V is a finite set and BCEC 2 )

= Z (—1)|B| H aK | PA(v,B) = Z (—1)|F‘ H ag | PA(v,F)

BCE Keg; FCE Keg;
KCB KCF

(here, we have renamed the summation index B as F). This proves Theorem
O

Thus, Theorem is proven; as we know, this entails the correctness of

Theorem Corollary and Corollary

3. The chromatic polynomial

3.1. Definition

We have so far studied the chromatic symmetric function. We shall now apply
the above results to the chromatic polynomial. The definition of the chromatic
polynomial rests upon the following fact:
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Theorem 3.1. Let G = (V,E) be a finite graph. Then, there exists a unique
polynomial P € Z [x] such that every q € N satisfies

P (q) = (the number of all proper {1,2,...,q}-colorings of G).

Definition 3.2. Let G = (V,E) be a finite graph. Theorem shows that
there exists a polynomial P € Z [x] such that every g € IN satisfies P (g) =
(the number of all proper {1,2,...,q}-colorings of G). This polynomial P is
called the chromatic polynomial of G, and will be denoted by x¢.

We shall later prove Theorem (as a consequence of something stronger
that we show). First, we shall state some formulas for the chromatic polyno-
mial which are analogues of results proven before for the chromatic symmetric
function.

3.2. Formulas for x¢

Before we state several formulas for g, we need to introduce one more notation:

Definition 3.3. Let G be a finite graph. We let conn G denote the number of
connected components of G.

The following results are analogues of Theorem Theorem Corollary
and Corollary respectively:

Theorem 3.4. Let G = (V, E) be a finite graph. Then,

Xo = ¥ (—~1)Iflxeom(vp),
FCE

(Here, of course, the pair (V, F) is regarded as a graph, and the expression
conn (V, F) is understood according to Definition [3.3])

Theorem 3.5. Let G = (V, E) be a finite graph. Let X be a totally ordered set.
Let / : E — X be a labeling function. Let & be some set of broken circuits of

G (not necessarily containing all of them). Let ax be an element of k for every
K € R. Then,

XG = 2 (_1)\1:\ H ax yeonn(V,F)

FCE KeR;
KCF

(Here, of course, the pair (V,F) is regarded as a graph, and the expression
conn (V, F) is understood according to Definition [3.3])

40



Note on NBC sets and chromatic polynomial April 4, 2026

Corollary 3.6. Let G = (V, E) be a finite graph. Let X be a totally ordered set.
Let ¢ : E — X be a labeling function. Let 8 be some set of broken circuits of
G (not necessarily containing all of them). Then,

X = Z (_1)\F| xconn(V,F).

FCE;
F is R-free

Corollary 3.7. Let G = (V, E) be a finite graph. Let X be a totally ordered set.
Let / : E — X be a labeling function. Then,

XG = Z (_1)|F\ xconn(V,F).

FCE;
F contains no broken
circuit of G as a subset

Except for Theorem these results are not new; in fact, Corollary is a
particular case of [DohTril4, (12)], and of course we can obtain Corollary 3.7|and
Theorem [3.4) as particular cases of Corollary

3.3. Proofs

Nevertheless, for the sake of completeness, we shall give proofs of all the five re-
sults above (Theorem 3.1, Theorem 3.4, Theorem 3.5, Corollary [3.6|and Corollary
3.7).

There are two approaches to these results (except for Theorem [3.I): One is
to prove them similarly to how we proved the analogous results about Xg; the
other is to derive them from the latter. We shall take the first approach, since it
yields a proof of the classical Theorem [3.1] “for free”. We begin with an analogue
of Lemma

Lemma 3.8. Let (V, B) be a finite graph. Let g € IN. Then,

Z 1= qconn(V,B)_

fVv—={12,...4}
BCEgs f

(Here, the expression conn (V, B) is understood according to Definition [1.10]
(b).)

One way to prove Lemma [3.§8]is to evaluate the equality given by Lemma

1, ifk<g; ) e
at x; = 0 %f v ; 7" Another proof can be obtained by mimicking our proof
, i q
of Lemma
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Proof of Lemma Let ~ denote the equivalence relation ~y p) (defined as in
Definition (a)). The connected components of (V, B) are the ~(y p)-equivalence
classes (because this is how the connected components of (V, B) are defined). In
other words, the connected components of (V,B) are the ~-equivalence classes
(since ~ is the relation ~(y p)). In other words, the connected components of
(V,B) are the elements of V/ (~) (since the elements of V/ (~) are the ~-
equivalence classes (by the definition of V/ (~))).

Let Y be the set {1,2,...,q}. Thus, |Y| = g. A set Y is defined (according to

Definition [1 (b))
Propos1t10n 8 (b) (applied to X = V) shows that the map

YV/(~) 5y, f fomy

is a bijection. Thus, there exists a bijection yv/~) vV (namely, this map).
= ‘YV/ (~)
For every map f : V — Y, we have the following equivalence:

Hence,

(B C Eqsf) < (erL’) (50)

(according to Lemma [2.5). Thus, we have the following equality of summation

signs: YooY Sy -y

fV=Y,  fiV=Y; o fevyV,  feYV
BCEgs f fevy feyy

(since YY is a subset of YV). Hence,

Yo=Y 1=Ya= ) = [y, (51)
fV=Y; feyy
BCEgs f
B

fey¥

Now, let (C1,Cy,...,Cx) be a list of all connected components of (V, B). @
Thus, k is the number of connected components of (V, B). In other words, k is
conn (V, B) (since conn (V, B) is the number of connected components of (V, B)
(by the definition of conn (V, B))). In other words, k = conn (V, B).

Recall that (Cq1,Cy, ..., Cy) is a list of all connected components of (V,B). In
other words, (Cy,Cy, ..., Cy) is a list of all elements of V/ (~) (since the elements
of V/ (~) are the connected components of (V, B)). Moreover, every element of
V/ (~) appears exactly once in this list (C1,Cy, ..., Ck) (since the entries of the
list (C1,Cy, ..., Ck) are pairwise distinctl%b. Thus, (C1,Cy,...,Cy) is a list of all

3Every connected component of (V, B) should appear exactly once in this list.
3since every connected component of (V, B) appears exactly once in this list
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elements of V/ (~), and contains each of these elements exactly once. Hence,
the map

YV/(~) 5 vk
frr (F(C) f(C)seen f(CH))
is a bijection (by Lemma applied to W = V/ (~)). Hence, there exists a

bijection YV/(~) — Y* (namely, this map). Thus, |Y*| = ‘YV/(N) ‘
Comparing this with (5I), we obtain

Y 1= Y= =g (since Y] =9q)
fv=Y;
BCEgs f
= geonn(VB) (since k = conn (V, B)).
This proves Lemma O

We shall now show a weaker version of Theorem (as a stepping stone to
the actual theorem):

Lemma 3.9. Let G = (V, E) be a finite graph. Let X be a totally ordered set.
Let £ : E — X be a labeling function. Let 8 be some set of broken circuits of

G (not necessarily containing all of them). Let ax be an element of k for every
K € R. Let g € N. Then,

(the number of all proper {1,2,...,q}-colorings of G)

_ Z (_1)|F| H ax qconn(V,F).

FCE Keg;
KCF

(Here, of course, the pair (V,F) is regarded as a graph, and the expression
conn (V, F) is understood according to Definition 3.3])

Proof of Lemma 3.9} Let Q = {1,2,...,q}. If f : V = Q is a map, then we have
the following logical equivalence:

(the Q-coloring f of G is proper) <= (ENEqsf =) (52)

(because the Q-coloring f of G is proper if and only if ENEqsf = @ ).

37by Lemma [2.3 (applied to Q instead of X)
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Now@

ENE =
Y. qsf =2

vV
fv=Q <= (the Q-coloring f of G is proper)

(by (2))

= Z the Q-coloring f of G is proper
f:V—=Q >

<= (f is a proper Q-coloring of G)

= Y_ [fis a proper Q-coloring of G|
f:V=Q
= Z [f is a proper Q-coloring of G|

fV—=Qisa ~
proper Q-coloring of G

=1
(since f is a proper Q-coloring of G)

+ ) [f is a proper Q-coloring of G]

f:V—Qisnota —~

. 0
proper Q-coloring of G (since f is not a proper Q-coloring of G)

fiV—=Qisa f:V—=Qisnota fiV—=Qisa
proper Q-coloring of G proper Q-coloring of G proper Q-coloring of G

-~

=0
= (the number of all proper Q-colorings of G) - 1

(the number of all proper Q-colorings of G)
= (the number of all proper {1,2,...,q} -colorings of G) (53)

(since Q ={1,2,...,9}).

However, for every f : V — Q, we have

Y (1P []ax=[ENEgsf = 2] (54)
BCENEgs f ﬁ%%

(by Lemma (applied to Q instead of Y)).
For every f : V — Q, we have

{FCE | FCEgsf}=P(ENEgsf) (55)
1

3We are again using the Iverson bracket notation, as defined in Definition
3 Proof of (55): Let f : V — Q.
Let Be {FCE | FCEqgsf}. Thus, B is a subset F of E satisfying F C Eqs f. In other
words, B is a subset of E and satisfies B C Eqs f. Since B is a subset of E, we have B C E.
Combining this with B C Eqgs f, we obtain B C ENEqs f. In other words, B € P (ENEgs f).
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For every f : V — Q, we have

Y (-1 T ax

BCE; KegR;
BCEgs f KCB

|

_BG{FQE | FgEqsf}_BEP(EﬁEqsf)
(because {FCE | FCEgs f }=P(ENEgs f)

(by G3))
B B
S RREILE ) RN W C LN £
BeP(ENEgs f) Keg; BCENEgs f Keg;
—_——— KCB KCB
:BgEﬂEqsf
= [ENEgs f = 9] (57)
(by G4)-
Let us now forget that we fixed B. We thus have proven that every B ¢
{F CE | FCEgsf} satisfies B€ P (ENEgs f). In other words,
{FCE | FCEqsf} CP(ENEgsf). (56)

On the other hand, let C € P (ENEqgs f). Thus, C is a subset of ENEqs f. Hence, C C
ENEgsf CE, so that Cis a subset of E. Also, C C ENEqs f C Egs f. Thus, C is a subset of
E and satisfies C C Eqs f. In other words, C is a subset F of E satisfying F C Eqs f. In other

words, Ce {FCE | FCEqgsf}.

Let us now forget that we fixed C. We thus have proven that every C € P (ENEgs f)

satisfies C € {F CE | F C Eqgs f}. In other words,

P(ENEqsf) C{FCE | FCEgsf}.

Combining this inclusion with (56), we obtain {F C E | F C Eqsf} = P (ENEgsf). This

proves (59).
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Now, yields

(the number of all proper {1,2,...,q}-colorings of G)
= )  [ENEgsf=o]

fV—=Q ~~
= £ VP I e
BCE; KeRg;
BCEgs f KCB
(by 7))
=Y | C 0¥ Ta|= Y ¥ 0P| [T
fV—=Q BCE; Keg; f:V—Q  BCE; Keg;
BCEgs f KCB BCEgs f KCB
_\,_./
:BgE fV):Q
c V—0Q; -
BgEqsf = Kgﬁ;aK 1
KCB
=Y Y () Jla|1= ) Y DB TTa |1
BCE f:V—=Q; Kesg; BCE f.V—{12,...4}; Kes;

(since Q = {1,2,...,9})

=Y (D" T ax Y, 1

BCE Keg; f:V—={1,2,..49};
KCB BCEgs f
:qconn(V,B)
(by Lemma

(since (V,B) is a finite graph

1%
(since V is a finite set and BCEC 2 )

_ Z (_1)|B| H ax conn (V,B) _ Z (_1)|F\ I—[ ax conn (V,F)

BCE Kes; FCE Kes;
KCB KCF

(here, we have renamed the summation index B as F). This proves Lemma

B9l O
From Lemma we obtain the following consequence:

Lemma 3.10. Let G = (V, E) be a finite graph. Let 4 € IN. Then,

(the number of all proper {1,2,...,q}-colorings of G)
_ Z |F| conn VF)

FCE
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(Here, of course, the pair (V,F) is regarded as a graph, and the expression
conn (V, F) is understood according to Definition 3.3])

Proof of Lemma Let X be the totally ordered set {1} (equipped with the only
possible order on this set). Let £ : E — X be the function sending each e € E to
1 € X. Let R be the empty set. Clearly, £ is a set of broken circuits of G. Lemma
(applied to 0 instead of ag) yields

(the number of all proper {1,2,...,q}-colorings of G)

— Z |F| H 0 qconn(V,F)

FCE Kesg;

KCF

——
=(empty product)
(since R is the empty set)
_ Z | | empty pI‘OdUCt) qconn(V,F) _ Z (_1) |F| qconn(V,F) )

FCE FCE

:1

This proves Lemma [3.10] O

Next, we recall a classical fact about polynomials over fields: Namely, if a
polynomial (in one variable) over a field has infinitely many roots, then this
polynomial is 0. Let us state this more formally:

Proposition 3.11. Let K be a field. Let P € K[x] be a polynomial over K.
Assume that there are infinitely many A € K satisfying P (A) = 0. Then,
P=0.

We shall use the following two consequences of this proposition:

Corollary 3.12. Let R be an integral domain. Assume that the canonical ring
homomorphism from the ring Z to the ring R is injective. Let P € R[x]| be
a polynomial over R. Assume that P (g-1g) = O for every g4 € IN (where 1
denotes the unity of R). Then, P = 0.

Proof of Corollary[3.12] Let K denote the fraction field of the integral domain R.
Then, there is a canonical injective ring homomorphism R — K. We use this
homomorphism to regard R as a subring of K. Consequently, R [x] will be re-
garded as a subring of K [x]. In particular, the polynomial P € R [x] will thus be
regarded as a polynomial in K [x].

Let 1 : Z — R be the canonical ring homomorphism from the ring Z to the
ring R. (Thus, : sends every g € Z to q-1g € R.)

We have assumed that the canonical ring homomorphism from the ring Z to
the ring R is injective. In other words, the map ! is injective (since the map
is the canonical ring homomorphism from the ring Z to the ring R). Hence,
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1 (N)| = [N| = 0. Moreover, every A € ¢ (IN) satisfies P (A) =0 [F| Hence,
there are infinitely many A € K satisfying P (A) = 0 (because there are infinitely
many A € ((IN) (since |1 (IN)| = o), and because they all are elements of K
(since ¢t (N) C R C K)). Hence, Proposition shows that P = 0. This proves

Corollary O

Corollary 3.13. Let R be an integral domain such that Z is a subring of R.
Let P, € R[x] and P, € R [x] be two polynomials over R. Assume that every
g € IN satisfies

Py (q) =P2(q)- (58)

Then, P1 = Pz.

Proof of Corollary We have assumed that Z is a subring of R. Hence, the
canonical ring homomorphism from the ring Z to the ring R is just the inclusion
map Z — R, and thus is injective.

Every q € N satisfies

(P — Py) @5 =(Pr—P)(q)=Pi1(q) —P(q9) = P2(q) — P2 (q) = 0.
oy 9

In other words, we have (P; — P») (¢ - 1g) = 0 for every q € IN. Hence, Corollary
(applied to P = P; — P,) yields that P — P, = 0. In other words, P, = P,.
This proves Corollary O

We can now prove the classical Theorem

Proof of Theorem We need to show that there exists a unique polynomial P €
Z [x] such that every g € IN satisfies

P (q) = (the number of all proper {1,2,...,q}-colorings of G). (59)

Let us first show that there exists at most one such polynomial. Indeed, let P
and P, be two polynomials P € Z [x] such that every g € N satisfies (59). We
shall show that P; = P;.

We know that P is a polynomial P € Z [x] such that every g € IN satisfies
(59). In other words, P; is a polynomial in Z [x] and every q € N satisfies

P; (q) = (the number of all proper {1,2,...,4}-colorings of G).  (60)

“0Proof. Let A € ¢ (IN). Thus, there exists some € IN such that A = ¢ (). Consider this .
We have assumed that P (q-1g) = 0 for every ¢ € IN. Applying this to g = h, we obtain

P(h-1g) = 0. But A =1 (h) = h - 1g (by the definition of ;). Hence, P [ A | =P (h-1g) =

=h-1g
0, qed.
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The same argument (applied to P, instead of P;) shows that P, is a polynomial
in Z [x] and every g € N satisfies

P, (q) = (the number of all proper {1,2,...,q}-colorings of G).  (61)
The ring Z is clearly a subring of Z. Furthermore, every g € IN satisfies

P; (q) = (the number of all proper {1,2,...,q} -colorings of G)

(by (60)
—P(g)  (by @D). ©)

Hence, Corollary (applied to Z instead of R) shows that P; = P,.

Now, let us forget that we fixed P; and P,. We thus have showed that if P;
and P, are two polynomials P € Z [x] such that every g € IN satisfies (59), then
P; = P,. In other words, there exists at most one polynomial P € Z [x] such that
every q € N satisfies (59).

Let us now prove that there exists at least one such polynomial. Indeed, define
a polynomial Q € Z [x] by

Q Z |F| xeonn VF) (63)

FCE

Then, every g € IN satisfies

Q(q) = Z (—1)|F | qcom(V’F ) (here, we have substituted g for x in (63))
FCE

= (the number of all proper {1,2,...,q}-colorings of G)

(by Lemma [3.10). In other words, every q € IN satisfies for P = Q. Thus,
Q is a polynomial P € Z [x] such that every g € N satisfies (59). Hence, there
exists at least one polynomial P € Z [x] such that every g € IN satisfies
(namely, P = Q). Consequently, there exists exactly one polynomial P € Z [x|
such that every g € IN satisfies (because we have already shown that there
exists at most one such polynomial). This proves Theorem O

Next, it is the turn of Theorem

Proof of Theorem Let R be the polynomial ring Z [yx | K € 8], where yx is a
new indeterminate for each K € K. Clearly, R is an integral domain (since R is a
polynomial ring over Z).

Moreover, Z is a subring of R (since R is a polynomial ring over Z). We
therefore regard Z [x] as a subring of R [x].

The chromatic polynomial x¢ is the unique polynomial P € Z [x] such that ev-
ery q € IN satisfies P (q) = (the number of all proper {1,2,...,4} -colorings of G)
(because this is how x¢ is defined). Thus, x¢ is a polynomial in Z [x] and has
the property that every g € IN satisfies

Xc () = (the number of all proper {1,2,...,q}-colorings of G).  (64)
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Lemma 3.9 (applied to R and yx instead of k and ak) yields that

(the number of all proper {1,2,...,q}-colorings of G)

_ Z (_1)|F| H YK conn (V,F)

FCE Keg;
KCF

for every q € IN. Thus, for every g € IN, we have

Z (_1)\F| H YK conn (V,F)

FCE KeR;
KCF

= (the number of all proper {1,2,...,q} -colorings of G)
= xc (9) (by (64)) - (65)

We have xg € Z [x] C R[x] (since Z [x] is a subring of R [x]).
On the other hand, let us define a polynomial P € R [x] by

pP— Z (_1)|F| H Yk yeonn VF) (66)
FCE Kesg;
KCF

P(g)= Y, (=D | TTwx | gomm®)

FCE Kesg;
KCF

(here, we have substituted g for x in (66))

= xc (4) (by (65)) - (67)

Thus, Corollary (applied to P, = P and P, = x¢) shows that P = x. In
other words, xg = P.

Let a denote the family (ak)y. s € k? of elements of k.

Now, recall that R is the polynomial ring Z [yx | K € £]. Hence, R satisfies
the following universal property (the well-known universal property of a poly-
nomial ring): For any commutative Z-algebra B and any family b = (bx)g. €
B* of elements of B, there exists a unique Z-algebra homomorphism ¢ : R — B
satisfying

(¥ (yx) = bk for every K € R).

This Z-algebra homomorphism 1 is denoted by evy,, and is called the evaluation
homomorphism at the family b.
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Thus we have constructed a Z-algebra homomorphism evy, : R — B for every
commutative Z-algebra B and every family b = (bx)y 4 € B? of elements of B.
Applying this construction to B = k, b = a and bx = ag, we obtain a Z-algebra
homomorphism ev, : R — k. This homomorphism, in turn, induces a Z [x]-
algebra homomorphism ev, [x] : R [x] — k[x] satisfying (ev, [x]) (x) = x.
Consider this homomorphism ev, [x].

Recall that a = (ag)gc 4 Hence, ev, is the unique Z-algebra homomorphism
¢ : R — k satisfying

(¥ (yx) = ax for every K € R)
(by the definition of ev,). Thus, ev, is a Z-algebra homomorphism and satisfies
eva (Yx) = ag for every K € R. (68)
The construction of ev, [x| shows that
(eva [x]) (u) = eva (1) for every u € R. (69)

Now, for every K € £, we have

(eva [x]) (yk) = eva (yk) (by (69), applied to u = yk)
= ag (by (68))- (70)

By its definition, the homomorphism ev, [x] preserves Z [x] (or, rather, sends
every element of Z [x] C R [x] to the corresponding element of Z [x] C k [x]). In
other words, (ev, [x]) (Q) = Q for every Q € Z[x]. Applying this to Q = xg,
we obtain

(eva [x]) (xc) = xc

#IThis homomorphism ev, [x] is explicitly given by the formula

(eva [x]) <i rixi> = i eva (1) - x!
i=0 i=0

for every sequence (rg,71,t2,...) € R® of elements of R which satisfies r; = 0 for all suffi-
ciently high i.
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(since xg € Z [x]). Thus,

xc = (eval[x]) Xc,
—p= Z ‘F‘ ( 11 yK)xconn V,F)
FCE Keﬁ
KCF
= (eVa [x]) |F| COl‘m(V,F)
FCE KEﬁ
KCF

conn(V,F)
= Y (-1 | TT feva ) ) (@[x])(x))

FCE Keg; - —x
C —1K =
KEE oy @)

(since ev, [x| is a Z-algebra homomorphism)
_ 2 (_1)|F| H ax xconn(V,F).

This proves Theorem O

Now that Theorem [3.5] is proven, we can derive Theorem Corollary
and Corollary B.7) from it in the same way as we have derived Theorem [1.11}
Corollary and Corollary from Theorem Here are the details:

Proof of Corollary 3.6, We can apply Theorem [3.5/to 0 instead of ax. As a result,
we obtain

xe= Y (<) | [T o | womatv, @
FCE Keg;
KCF

Now, if F is any subset of E, then

(72)

[To-

Kesg;
KCF

1, if Fis R-free;
0, if F is not KR-free
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P Thus, becomes
XG = Z (_1)‘1:‘ H 0 xconn(V,F)
FCE Kes;
KCF
——
|1, if Fis R-free;
0, if F is not R-free
(by (72))
_ Z (_1)‘1:‘ 1, if Fis ﬁ-free; xconn(V,F)
FCE 0, if Fis not R-free
_ Z (_1)|p‘ 1, if Fis ﬁ-free; xCODn(V,F)
FCE; 0, if Fis not R-free
F is f-free N ~~
(since F:is R-free)
n y if F is R-free; conn(V,F)

FCE;

F is not R-free

FCE;
F is R-free

FCE;
F is R-free

This proves Corollary

LR
0, if F is not R-free

(_1) |F| xconn(V,F) +

=0
(since F is not R-free)

Z (_1)\F| 0x<onn(VF)
FCE;
F is not R-free

J/

(_1)|F\ yeonn(V,F)

]

Proof of Corollary[3.7} Let R be the set of all broken circuits of G. Thus, the ele-
ments of K are the broken circuits of G.
Now, for every subset F of E, we have the following equivalence of statements:

(F is R-free)

<= (F contains no K € R as a subset)

because F is &-free if and only if F contains no K € £ as a subset
(by the definition of “R{-free”)

<= (F contains no element of K as a subset)
<= (F contains no broken circuit of G as a subset)

42 proof of : The equality has already been proven in our proof of Corollary
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(since the elements of R are the broken circuits of G). Hence, Y. = Yy
FCE; FCE;
F is R-free F contains no broken

circuit of G as a subset

(an equality between summation signs). Now, Corollary [3.6| yields

_ F| ..conn(V,F) __ F| ..conn(V,F
Xc = Z (_1)| | yconn(V,F) _ Z (_1)| | yconn(V,F)
FCE; FCE;
F is R-free F contains no broken
N—— circuit of G as a subset

r
FCE;
F contains no broken
circuit of G as a subset

This proves Corollary O

Proof of Theorem Let X be the totally ordered set {1} (equipped with the only
possible order on this set). Let £ : E — X be the function sending each e € E

to 1 € X. Let R be the empty set. Clearly, £ is a set of broken circuits of G.
Theorem [3.5 (applied to 0 instead of ak) yields

G = Z (_1)|F\ H 0 xconn(V,F)
FCE Keg;
KCF
—_——
=(empty product)
(since R is the empty set)

- Z (_1)|F‘\(empty product)/xconn(V'F) = Z (_1)|F| yeonn(V,F)
FCE 1 FCE

=1

This proves Theorem O

3.4. Special case: Whitney's Broken-Circuit Theorem

Corollary is commonly stated in the following simplified (if less general)
form:

Corollary 3.14. Let G = (V,E) be a finite graph. Let X be a totally ordered
set. Let £ : E — X be an injective labeling function. Then,

_ F| |V|—|F
o= ¥ (1) Fl IVI-IF,
FCE;
F contains no broken
circuit of G as a subset

Corollary is known as Whitney’s Broken-Circuit theorem (see, e.g., [BlaSag86]).
In his original 1932 paper [Whitne32, §7], Whitney stated its claim as “the xIVI-i
coefficient of x is (—1)' times the number of i-element subsets of E that contain
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no broken circuit as a subset”, which is easily seen to be equivalent to our for-
mulation.

Notice that ¢ is required to be injective in Corollary the purpose of this
requirement is to ensure that every circuit of G has a unique edge e with maxi-
mum / (¢), and thus induces a broken circuit of G. The proof of Corollary
relies on the following standard result:

Lemma 3.15. Let (V, F) be a finite graph. Assume that (V, F) has no circuits.
Then, conn (V, F) = |V| — |F|.

(A graph that has no circuits is commonly known as a forest.)

Lemma is both extremely elementary and well-known; for example, it
appears in [Bonal7, Proposition 10.6], in [Bollob79, §1.2, Corollary 6] and in
[Grinbe21| Theorem 6.3.15 (e)]. Let us now see how it entails Corollary

Proof of Corollary We first claim that if F is a subset of E such that F contains
no broken circuit of G as a subset, then

conn(V,F)=|V|—|F|. (73)

Proof of (73): Let F be a subset of E such that F contains no broken circuit of G
as a subset. We shall now show that the graph (V, F) has no circuits.

Indeed, assume the contrary (for the sake of contradiction). Thus, the graph
(V,F) has a circuit. In other words, there exists a circuit D of the graph (V, F).
Consider this D.

The set D is a circuit of (V,F). In other words, the set D has the form

{{v1,v2},{v2,v3},...,{Vm, Vmy1}}, where (vy,v2,...,0441) is a cycle of (V,F)
(by the definition of a “circuit”). Consider this cycle (v1,vy,...,Uy+1). We thus
have

D = {{vy, 02}, {v2,v3},.. ., {0m, Oms1}}- (74)

The list (v1,v,...,0,+1) is a cycle of (V, F). According to the definition of a
“cycle”, this means that this list is a list of elements of V satisfying the following
four properties:

e We have m > 2.

e We have v, 11 = v;.

¢ The vertices vq,vy,. .., vy are pairwise distinct.

e We have {v;,v;.1} € F foreveryi e {1,2,...,m}.

Thus, (v1,02,...,0,41) is a list of elements of V satisfying the four properties
that we have just mentioned. Notice that

D = {{v1, 02} ,{v2,03},. .., {Om, Oms1}}
={{v;,vi1} | i€{1,2,...,m}} CF
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(since {v;,vj11} € F foreveryi e {1,2,...,m}).
Now, we have {v;,v;11} € F C Eforeveryi € {1,2,...,m}. Hence, (v1,v2,...,0p41)
is a list of elements of V satisfying the following four properties:

e We have m > 2.

e We have v,, 1 = v1.

¢ The vertices vy,vy,..., vy are pairwise distinct.

e We have {v;,v;;1} € E foreveryi € {1,2,...,m}.

According to the definition of a “cycle”, this means that the list (v1,v,...,0y41)
is a cycle of (V,E).

Thus, we conclude that the list (v1,vp,...,v,41) is a cycle of (V,E). In other
words, the list (v1,v2,...,0;41) is a cycle of G (since G = (V,E)). Thus, the
set {{v1,v2},{v2,v3},...,{Um, Ums1}} is a circuit of G (by the definition of a
“circuit”). In view of , this rewrites as follows: The set D is a circuit of G.

No two distinct edges in D have the same labe]ﬁ

From m > 2 > 1, we obtain

{vi,02} € {{v1, 02}, {v2,v3},..., {vm,Oms1}} =D

(by (74)). Hence, the set D is nonempty (since it contains {v1,v5}). Thus, D is
a nonempty finite set. Hence, there exists an edge in D having maximum label.
Let f be this edge. Clearly, D\ {f} € D C F C E. Thus, D\ {f} is a subset of
E.

The edge f is an edge in D having maximum label. Since no other edge in
D has the same label as f (because no two distinct edges in D have the same
label), this shows that the edge f is the unique edge in D having maximum
label. Therefore, D \ {f} is a subset of E having the form C \ {e}, where C is a
circuit of G, and where e is the unique edge in C having maximum label (among
the edges in C) In other words, D \ {f} is a broken circuit of G (since
D\ {f} is a broken circuit of G if and only if D\ {f} is a subset of E having
the form C \ {e}, where C is a circuit of G, and where e is the unique edge in C
having maximum label (among the edges in C) [P). This broken circuit D \ {f}

#3Proof. Assume the contrary. Thus, two distinct edges in D have the same label. In other words,
there exist two distinct edges e and ¢’ in D such that e and ¢’ have the same label. Consider
these e and ¢’

The edges e and ¢’ have the same label. In other words, the label of e equals the label of
¢’. In other words, ¢ (e) equals £ (¢’) (since the label of e is £ (e) (by the definition of “label”),
whereas the label of ¢’ is £ (¢/) (by the definition of “label”)). In other words, ¢ (e) = ¢ (¢’).
Since the map / is injective, this shows that e = ¢’. This contradicts the assumption that e and
¢ are distinct. This contradiction proves that our assumption was wrong. Qed.

#“Namely, D \ {f} has this form for C = D and e = f.

#Spy the definition of a “broken circuit”
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satisfies D \ {f} C F. Thus, there exists a broken circuit B of G such that B C F
(namely, B= D\ {f}).

But the set F contains no broken circuit of G as a subset. In other words,
there exists no broken circuit B of G such that B C F. This contradicts the fact
that there exists a broken circuit B of G such that B C F. This contradiction
proves that our assumption was wrong. Hence, the graph (V, F) has no circuits.
Lemma thus shows that conn (V, F) = |V| — |F|. This proves (73).

Now, Corollary 3.7 yields

- 1\ I|Fl conn(V,F)
Xc = Y (—1) x
FCE; —xlVI-IF]

F contains no broken

circuit of G as a subset (since conn(V,F)=|V|—|F]|
(by (73)))
— Y (_1)|F\ x| VI=IF[
FCE;
F contains no broken
circuit of G as a subset
This proves Corollary O

4. Application: Transitive directed graphs

We shall now see an application of Corollary 3.6 to graphs which are obtained
from certain directed graphs by “forgetting the directions of the edges”. Let us
tirst introduce the notations involved:

Definition 4.1. (a) A digraph means a pair (V, A), where V is a set, and where
A is a subset of V2 = V x V. Digraphs are also called directed graphs. A
digraph (V, A) is said to be finite if the set V is finite. If D = (V,A) is a
digraph, then the elements of V are called the vertices of the digraph D, while
the elements of A are called the arcs (or the directed edges) of the digraph D. If
a = (v, w) is an arc of a digraph D, then v is called the source of a, whereas w
is called the target of a.

(b) A digraph (V, A) is said to be loopless if every v € V satisfies (v,v) ¢ A.
(In other words, a digraph is loopless if and only if it has no arc whose source
and target are identical.)

(0) A digraph (V, A) is said to be transitive if it has the following property:
For any u € V,v € V and w € V satisfying (4,v) € A and (v,w) € A, we
have (u,w) € A.

(d) A digraph (V, A) is said to be 2-step-free if there exist no three elements
u, vand w of V satisfying (u,v) € A and (v, w) € A.

(e) Let D = (V, A) be a loopless digraph. Define a map set: A — (Z) by

setting

(set(v,w) = {v,w} for every (v,w) € A).
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(It is easy to see that set is well-defined, because (V, A) is loopless.) The graph
(V,set A) will be denoted by D. (Here, set A means the subset {seta | a € A}

quf

Example 4.2. (a) The digraph D = (V,A) with V = {1,2,3} and A =
{(1,2), (2,1), (2,3), (3,3)} is not loopless (since the vertex v = 3 does not
satisfy (v,v) ¢ A).

(b) The digraph D = (V,A) with V = {1,2,3} and A =
{(1,2), (2,1), (2,3)} is loopless. The corresponding (undirected) graph D
is D = (V,setA) with setA = {{1,2}, {2,3}}. (Note that the two distinct
arcs (1,2) and (2,1) of D yield the same edge {1,2} of D.) Note that this
digraph D is not transitive, because the three verticesu =1, v =2and w =1
satisfy (u,v) € A and (v,w) € A but don't satisfy (1, w) € A.

(¢ The digraph D = (V,A) with V = {1,2,3,4} and A =
{(1,2), (2,3), (1,3), (3,4)} is not transitive, since the three vertices u = 2,
v =3 and w = 4 satisfy (1,v) € A and (v,w) € A but don't satisfy (u, w) € A.

(d) The digraph D = (V,A) with V = {1,2,3,4} and A =
{(1,2), (2,3), (1,3), (4,2), (4,3)} is loopless and transitive. It is not 2-step-
free, since the three elements u = 1, v = 2 and w = 3 satisfy (#,v) € A and
(v,w) € A.

(e) The digraph D = (V,A) with V = {1,2,3,4} and A =
{(1,3), (2,3), (1,4), (2,4)} is loopless, transitive and 2-step-free. (Actually,
any 2-step-free digraph is transitive, for vacuous reasons.)

Remark 4.3. A transitive loopless digraph cannot have any (directed) cycles.
We omit the easy proof of this fact, as we will not use it in what follows, but
it illuminates some of the arguments below.

Remark 4.4. A transitive loopless digraph is more or less the same as a poset
(i.e., partially ordered set). Indeed:

e If (V,A) is a transitive loopless digraph, then we can equip the set V
with a (strict) partial order < defined by

(u<v) <= ((u,v) € A),
which turns V into a poset.

* Conversely, if V is a poset, then we obtain a transitive loopless digraph
(V,A) by setting A := {(u,v) € V> | u <o}

We find the language of digraphs to be more convenient, but the reader
should be aware of the possibility of restating everything in terms of posets.
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We can now state our application of Corollary answering a question sug-
gested by Alexander Postnikov:

Proposition 4.5. Let D = (V, A) be a finite transitive loopless digraph. Then,

XD = ) (—1)lFl yoonn(V.setF)

FCA;
the digraph (V,F) is 2-step-free

1%
(Here, set F means the subset {setf | f € F} of < 2) )

Note that the graph (V, set F) in Proposition 4.5/can also be rewritten as (V, F).
We prepare for the proof of this proposition by stating two simple lemmas:

Lemma 4.6. Let G = (V,E) be a graph. Let u, v and w be three elements
of V such that {u,v} € E, {v,w} € E and {u,w} € E. Let C be the set
{{u,v},{v,w},{u,w}}. Then, the set C is a circuit of G and satisfies C \

{{u,wi} = {{u, 0}, {o,w}}.

Proof of Lemma We have E C (Z) (since (V,E) is a graph). For anya € V
and b € V satisfying {a,b} € E, we have

a+b (75)

B4

Now, (applied to a = u and b = v) yields u # v (since {u,v} € E). Also,
(applied to @ = v and b = w) yields v # w (since {v,w} € E). Also, (75)
(applied to a = u and b = w) yields u # w (since {u,w} € E).

Now, set m = 3. Thus, m +1 = 4. Now, u, v, w and u are elements of V. Hence,
(u,v,w,u) € V* = V"1 (since 4 = m +1). In other words, (u,v,w,u) is an
(m + 1)-tuple of elements of V. Denote this (m + 1)-tuple by (v1,v2,...,Vp11).
Hence, (v1,v2,...,0m+1) = (4,0, w,u). Therefore, v1 = u, v, = v, v3 = w and
vy = u. Now, we have m =3 > 2 > 1 and

Vi1 = Uy (sincem+1=4)
= U = 0.

46 Proof of : Leta € Vand b € V be such that {a,b} € E. We need to prove that a # b.
Assume the contrary (for the sake of contradiction). Thus, 2 = b. Hence, {a,b} = {b,b} =
{b}, so that |{a,b}| = |{b}| = 1.

But {a,b} € E C (‘2/) In other words, {a,b} is a 2-element subset of V (since (‘2/) is the

set of all 2-element subsets of V). Thus, [{a,b}| = 2. This contradicts [{a,b}| =1 < 2. This
contradiction proves that our assumption was wrong. Hence, a # b holds. This proves .
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Also, the vertices v1, vy, . . ., Uy, are pairwise distincﬂ Finally, we have {v;,v;11} €
Eforeveryic {1,2,...,m} [

Altogether, we now know that (v1,vy,...,0,41) is a list of elements of V sat-
isfying the following four properties:

e We have m > 2.

e We have v, 11 = v;.

¢ The vertices v1,vy,. .., vy are pairwise distinct.

e We have {v;,v;.1} € E foreveryi € {1,2,...,m}.

According to the definition of a “cycle”, this means that the list (v1, v, ..., 0y41)
is a cycle of (V,E).

Thus, we conclude that the list (v1,v,...,vy41) is a cycle of (V, E). In other
words, the list (v1,v2,...,0;41) is a cycle of G (since G = (V,E)). Thus, the

47Proof. We have m = 3, and thus (v1,v2,...,0m) = | v1, 2, v3 | = (4,v,w).
N
=Uu =0 =w
The vertices u, v, w are pairwise distinct (since u # v, u # w and v # w). Since (u,v,w) =
(v1,v2,...,0m), this rewrites as follows: The vertices v, vy, ..., vy, are pairwise distinct. Qed.
Proof. Leti € {1,2,...,m}. We want to prove that {v;,v;11} € E. We have

ie{1,2,...,m}={12,...,3} (since m = 3)
= {1,2,3}.

In other words, i =1 or i = 2 or i = 3. We are thus in one of the following three cases:
Case 1: We have i = 1.
Case 2: We have i = 2.
Case 3: We have i = 3.
Let us first consider Case 1. In this case, we have i = 1. Hence, v; = v; = u and

Viy1 = 0141 =02 = 0. Now, ¢ v; ,v;.1 p = {u,v} € E. Thus, {v;,v;11} € E holds in Case
—~

=u =v
1.
Let us first consider Case 2. In this case, we have i = 2. Hence, v; = v, = v and

Ujy1 = U411 = U3 = W. Now, Ui , Uit = {U,ZU} € E. Thus, {Z)i,Ui+1} € E holds in
N~

=0 =w
Case 2.
Let us first consider Case 3. In this case, we have i = 3. Hence, v; = v3 = w and

Vi1 = U341 = vg4 = u. Now, { v, 041 } = {w,u} = {u,w} € E. Thus, {v;,v;11} € E
~—
=w =u
holds in Case 3.

We have now proven {v;,v;11} € E in each of the three Cases 1, 2 and 3. Thus, {v;,v;11} €
E always holds (since the Cases 1, 2 and 3 cover all possibilities). This completes our proof.
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set {{v1,v2},{v2,v3},...,{Um, vms1}} is a circuit of G (by the definition of a
“circuit”). Since

{{01’ 02} ’ {021 Z)3} RNy {’Um, vm—|—1}}
= {{v1, 02}, {v2,v3},..., {v3,0341}} (since m = 3)

- 01, 02 s 02 , U3 s 03 , U4
~—~ N~ N~
=u =0 =0 =w =w =u

= {0}, (o0}, {w,u} p = {{n,0}, {0}, {n,w}} = C
—~{u,w}

(because C = {{u,v},{v,w},{u, w}}), this rewrites as follows: The set C is a
circuit of G.
It remains to prove that C\ {{u,w}} = {{u,v},{v,w}}. Indeed, we have

{u,w} ¢ {{u,v},{v,w}} Now,
C = {{u,0}, {o,w}, {u,w}} = {{u,0}, {o,w}} U {{n,w}}.

Hence,
< \{{wwp
={{wv} {ow}u{{uw}}
= ({{w o} {v,w}} U{{wwi}) \ {{u,w}}
= {{u,v},{v,w}} (since {u,w} & {{u,v},{v,w}}).
This completes the proof of Lemma O

Lemma 4.7. Let D = (V, A) be a finite transitive loopless digraph. Let E =
set A. Every a € A satisfies set_a € set A = E. Hence, we can define a map

cA
m:A— Eby

(7t (a) = seta for everya € A).

“Proof. Assume the contrary. Thus, {u,w} € {{u,v},{v,w}}. In other words, {u,w} equals
either {u,v} or {v,w}. In other words, we must be in one of the following two cases:

Case 1: We have {u,w} = {u,v}.

Case 2: We have {u,w} = {v, w}.

Let us first consider Case 1. In this case, we have {u,w} = {u,v}. Hence, w € {u,w} =
{u,v}. Combining this with w # u (since u # w), we obtain w € {u,v} \ {u} C {v}. In
other words, w = v. Hence, v = w. But this contradicts v # w. Thus, we have found a
contradiction in Case 1.

Let us now consider Case 2. In this case, we have {1, w} = {v,w}. Hence, u € {u,w} =
{v,w}. Combining this with u # v, we obtain u € {v,w} \ {v} C {w}. In other words,
u = w. This contradicts u # w. Thus, we have found a contradiction in Case 2.

We have now found a contradiction in each of the two Cases 1 and 2. Since these two Cases
cover all possibilities, we thus always have a contradiction. This contradiction shows that our
assumption was wrong, qed.
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Consider this map 7.

(@) The map 7t : A — E is bijective. Thus, an inverse map 7! : E — A is
well-defined.

(b) Let Z be the set {(i,k,j) € V® | (i,k) € Aand (k,j) € A}. Define a set

Kby
R={{{i.k} {kj}} | (ikj) € Z}.
Then, & C P (E).
(c) Let G be the graph (V, E). For every (i,j) € V?, define a subset inter (i, )
of V by
inter (i,j) ={keV | (i,k) € Aand (k,j) € A}.

Define a map ¢’ : A — IN by setting
(¢' (i,7) = |inter (i, )] for every (i,j) € A).

Recall that a map 7! : E — A is well-defined (by Lemma (a)). Define a
map ¢ : E — N by £ = ' o 1. We shall refer to ¢ as the labeling function. For
every edge e of G, we shall refer to ¢ (e) as the label of e. If u, v and w are three
elements of V satisfying (u,v) € A and (v, w) € A, then

{u,w} €E, {u,v} €E, {u,w} € E, (76)
C({u,w}) > 0 ({u,v}) and C(H{u,w}) > L ({v,w}). (77)

(d) Consider the set & defined in Lemma (b). Consider the labeling
function ¢ defined in Lemma (c). Definition (applied to X = IN)
shows that the notion of a broken circuit of G is well-defined (since a labeling
function ¢ : E — N is given).

Every element of £ is a broken circuit of G.

(e) Consider the set & defined in Lemma [4.7] (b). Let F be a subset of A.
Then, we have the following logical equivalence:

(the digraph (V,F) is 2-step-free) <= (the set 7t (F) is R-free).

Proof of Lemma[d.7] We have A C V? (since (V, A) is a digraph). The set V is
finite (since the digraph (V, A) is finite).

Recall that the digraph (V, A) is transitive if and only if, foranyu € V,v € V
and w € V satisfying (1,v) € A and (v,w) € A, we have (u,w) € A (by the
definition of “transitive”). Thus, for any u € V, v € V and w € V satisfying
(u,v) € Aand (v,w) € A, we have

(u,w) € A (78)

(because the digraph (V, A) is transitive).
Recall that the digraph (V, A) is loopless if and only if every v € V satisfies
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(v,v) ¢ A. Thus, every v € V satisfies

(v,0) ¢ A (79)
(since the digraph (V, A) is loopless).
(a) We have
m(A) = 7 (a) | ac Ajy ={seta | ac A} =setA=E.

-
=seta
(by the definition of 7r)
Thus, the map 7 is surjective.

Furthermore, if 2 and b are two elements of A such that v (a) = 7 (), then
a=1>b Fﬂ In other words, the map 7 is injective. Now, the map 7 is bijective

Proof. Let a and b be two elements of A such that 7t (a) = 7 (b). We must show that a = b.
Assume the contrary. Thus, a # b.
We have 2 € A C V2. Thus, we can write a in the form a = (i,j) withi € V and j € V.
Consider these i and j.
We have b € A C V2. Thus, we can write b in the form b = (i',j") withi € Vand j/ € V.
Consider these i’ and j'.
Applying to v = i, we obtain (i,i) ¢ A. If we had i = j, then we would have

i, 1 = (i,j) = a € A, which would contradict (i,i) ¢ A. Thus, we cannot have i = j.

=]
Hence, we have i # j, so that j # i.
Applying the map 7 to both sides of the equality a = (i, ), we obtain

mt(a) =m(i,j) = set(i,]) (by the definition of 7)
={i,j} (by the definition of the map set).

The same argument (but applied to b, i’ and j’ instead of 4, i and j) shows that 7r (b) = {i’,j'}.
Hence, {i,j} = n(a) = n (b) = {i',j'}.

We have i € {i,j} = {i,j'}. In other words, either i = i’ or i = j'. In other words, we are in
one of the following two cases:

Case 1: We have i = 7.

Case 2: We have i = j'.

Let us first consider Case 1. In this case, we have i = i'. Now, j € {i,j} = {i,j'}.

Combining this with j # i = i/, we obtain j € {7/,j’'} \ {i’} € {j’}. Thus, j = j’. Now,

a= \1/_/ j = (i,j') = b; this contradicts a # b. Hence, we have found a contradiction
=i =
in Case 1.

Let us now consider Case 2. In this case, we have i = j'. Now, j € {i,j} = {/,j'}.
Combining this with j # i = j/, we obtain j € {7,j'} \ {j'} C {/'}. Thus, j = /. Hence,

j . i | =(,j)=0be A Also, (i,j) = a € A. Hence, (78) (applied to u =i, v = j and

w = i) yields (i,i) € A. This contradicts (i,i) ¢ A. Thus, we have found a contradiction in
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(since 7T is surjective and injective). Thus, an inverse map 7! : E — A is
well-defined. This proves Lemma [4.7] (a).
(b) The definition of Z yields

Z = {(i,k,j) e V3 | (i,k) € Aand (k,j) eA}
= {(u,v,w) c V3 | (u,0) € Aand (v,w) € A}

(here, we have renamed the index (i, k,j) as (u,v,w)). Now, let K € & We shall
prove that K € P (E).

We have K € & = {{{i,k},{k,j}} | (i,k,j) € Z}. Hence, K = {{i, k},{k,j}}
for some (i, k,j) € Z. Consider this (i, k, j). We have

(i,k,j)EZ:{(u,v,w)€V3 | (u,v) € Aand (v,w)EA}.

In other words, (i,k, ) is an (u,v,w) € V2 satisfying (u,v) € A and (v,w) € A.
In other words, (i, k, j) is an element of V? and satisfies (i,k) € A and (k, j) € A.
Now, (i, k) € A. The definition of 7t therefore yields 7 (i, k) = set (i, k) = {i, k}
(by the definition of the map set). Hence, {i,k} = 7 (i,k) € m(A) C E.
—
cA
Also, (k,j) € A. The definition of 7t therefore yields 7 (k,j) =s

e
(by the definition of the map set). Hence, {k,j} = 7t (k,j) € m(A) C
~—~—
A

S

Now, we know that both {i,k} and {k, j} belong to E. Hence, {{i, k},{k,j}} C
E. Hence, K = {{i,k},{k,j}} C E, so that K € P (E).

Now, forget that we fixed K. We thus have shown that K € P (E) for every
K € & In other words, & C P (E). This proves Lemma [4.7] (b).

(c) We only need to prove that if u, v and w are three elements of V satisfying
(u,v) € A and (v,w) € A, then and hold.

So let u, v and w be three elements of V satisfying (#,v) € A and (v, w) € A.

We must prove and (77).

The definition of inter (u,v) yields
inter (u,v) ={ke€V | (u,k) € Aand (k,v) € A}.
The definition of inter (v, w) yields
inter (v,w) ={k €V | (v,k) € Aand (k,w) € A}.
The definition of inter (1, w) yields

inter (u,w) ={k €V | (u,k) € Aand (k,w) € A}.

Case 2.

We have now found a contradiction in each of the two Cases 1 and 2. Hence, we always
have a contradiction (since Cases 1 and 2 cover all possibilities). Thus, our assumption was
wrong. Hence, a = b is proven. Qed.
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We have v € inter (u,w) P}

All three sets inter (1,v), inter (v, w) and inter (1, w) are subsets of the finite
set V, and thus are finite.

Now, inter (#,v) is a proper subset of inter (1, w) @ Hence,

|inter (u,v)| < |inter (u, w)| (80)

(since inter (1, v) and inter (u, w) are finite sets).

1Proof. We know that v is an element of V and satisfies (1,0) € A and (v,w) € A. In other
words, v is an element k of V satisfying (u,k) € A and (k,v) € A. Hence,

vef{keV | (uk)€ Aand (k,w) € A} = inter (1, w).

Qed.
92Proof. Let g € inter (u,v). Thus,

g einter (u,0) ={keV | (u,k) € Aand (k,v) € A}.

In other words, g is an element k of V satisfying (u,k) € A and (k,v) € A. In other words, g
is an element of V and satisfies (1,g) € A and (g,v) € A.

Now, (applied to g instead of u) yields (g, w) € A (since (g,v) € A and (v,w) € A).
Hence, we now know that g is an element of V and satisfies (1,g) € A and (g, w) € A. In
other words, g is an element k of V satisfying (u,k) € A and (k,w) € A. Hence,

ge{keV | (uk)e Aand (k,w) € A} = inter (u, w).

Now, forget that we fixed g. We therefore have proven that ¢ € inter (u,w) for every
g € inter (1, v). In other words, inter (u,v) C inter (1, w).

Next, we shall prove that inter (1,v) # inter (1, w). Indeed, assume the contrary. Thus,
inter (u,v) = inter (u, w). Now,

v € inter (4, w) = inter (u,v) ={k eV | (u,k) € Aand (k,v) € A}.

In other words, v is an element k of V satisfying (u,k) € A and (k,v) € A. In other words,
v is an element of V and satisfies (1,v) € A and (v,v) € A. But yields (v,v) ¢ A.
This contradicts (v,v) € A. This contradiction proves that our assumption was false. Hence,
inter (u,v) # inter (1, w) is proven. Combining this with inter (u,v) C inter (1, w), we con-
clude that inter (1, v) is a proper subset of inter (1, w). Qed.
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Furthermore, inter (v, w) is a proper subset of inter (u,w) [} Hence,
linter (v, w)| < |inter (1, w)| (81)

(since inter (v, w) and inter (1, w) are finite sets).
From (78), we obtain (1, w) € A. The definition of 7t thus shows that

7T (u,w) = set(u,w) = {u,w} (by the definition of the map set).

Hence, {u,w} = 7 (u,w) € m(A) C E. Thus, ¢ ({u,w}) is well-defined.
~

(

€A
Also, recall that (u,v) € A. The definition of 7t thus shows that

(
7t (u,v) =set(u,v) = {u,v} (by the definition of the map set).
o)

Hence, {u,v} = 7w (u,v) € m(A) C E. Thus, ¢ ({u,v}) is well-defined.

EA
Also, recall that (v, w) € A. The definition of 7t thus shows that

(v, w) = set (v, w) = {v,w} (by the definition of the map set).

Hence, {v,w} = 7t (v,w) € m(A) C E. Thus, ¢ ({v,w}) is well-defined. We have
N~

€A
also proven by now.

53 Proof. Let g € inter (v, w). Thus,
g €inter (v,w) ={keV | (v,k) € Aand (k,w) € A}.

In other words, g is an element k of V satisfying (v,k) € A and (k,w) € A. In other words, g
is an element of V and satisfies (v,¢) € A and (g, w) € A.

Now, (applied to g instead of w) yields (u,g) € A (since (u,v) € A and (v,g) € A).
Hence, we now know that g is an element of V and satisfies (1,g) € A and (g, w) € A. In
other words, g is an element k of V satisfying (u,k) € A and (k,w) € A. Hence,

gelkeV | (uk)e Aand (k,w) € A} =inter (u,w).

Now, forget that we fixed g. We therefore have proven that ¢ € inter (1, w) for every
g € inter (v, w). In other words, inter (v, w) C inter (u, w).

Next, we shall prove that inter (v, w) # inter (u,w). Indeed, assume the contrary. Thus,
inter (v, w) = inter (1, w). Now,

v € inter (u,w) = inter (v,w) ={k €V | (v,k) € Aand (k,w) € A}.

In other words, v is an element k of V satisfying (v,k) € A and (k,w) € A. In other
words, v is an element of V and satisfies (v,v) € A and (v, w) € A. But yields (v,v) ¢
A. This contradicts (v,v) € A. This contradiction proves that our assumption was false.
Hence, inter (v, w) # inter (1, w) is proven. Combining this with inter (v, w) C inter (1, w),
we conclude that inter (v, w) is a proper subset of inter (u, w). Qed.
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Now,
/ , _ g/ -1 , — fl —1 , — El ,
L {uwh) = (Fon™) ({nw}) ! ({u,w}) ()
={'om—1 =(u,w)
(since {u,w}=m(u,w))
= |inter (u, w)| (by the definition of ¢') .
Also,

L o) = (Cor ™) ({uoh) =0 | 7 ({wo}) | =0 w0

=lor! =(1,0)
(since {u,v}=m(u,v))
= |inter (u,v)| (by the definition of ¢'),
and
L {ow}) = (E’ o 7'(_1) {o,wh) =0 | =1 ({ow}) | = 0" (v, w)
={'or~1 =(v,w)
(since {v,w}=rm(v,w))
= |inter (v, w)| (by the definition of ¢') .
Now,
¢ ({u,w}) = |inter (v, w)| > |inter (u,v)] (by (80))
— 0({u,0})
and
¢ ({u,w}) = |inter (u, w)| > |inter (v, w)| (by (81))
— t({o,w}).

Thus, holds. This proves Lemma (o).
(d) Let K € K. We shall show that K is a broken circuit of G.
We have

Keg={{{ik} {kj}} | (ikj)eZ}
= {{w o} {o,w}} | (u,0,w) € Z}

(here, we renamed the index (i, k,j) as (u,v,w)). Hence, K = {{u,v},{v,w}}
for some (u,v,w) € Z. Consider this (u,v, w). We have

(u,v,w)eZ:{(i,k,j)eV3 | (i,k) € A and (k,j)eA}.
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In other words, (u,v,w) is an (i,k,j) € V3 satisfying (i,k) € A and (k,j) € A. In
other words, (1, v, w) is an element of V3 and satisfies (#,v) € A and (v, w) € A.
Hence, Lemma |4.7] (c) shows that we have

{u,w} € E, {u,v} € E, {u,w} € E,
C({u,w}) > 0 ({u,v}) and C({u,w}) > 0 ({v,w}).

Let D be the set {{u,v},{v,w},{u,w}}. Now, Lemma {4.6| (applied to C = D)
shows that the set D is a circuit of G and satisfies D\ {{u,w}} = {{u, v}, {v,w}}.
Hence, K = {{u,v},{v,w}} = D\ {{u,w}}. Moreover, the edge {u,w} is the
unique edge in D having maximum label (among the edges in D)

Also, K = {{u,v},{v,w}} = {{uw,v}} U {{v,w}} C EUE = E. Thus,

—— ——
CE CE
(since {u,v}€E) (since {v,w}€E)

K is a subset of E.

Altogether, we have now shown that K is a subset of E and satisfies K =
D\ {{u, w}}; we also know that D is a circuit of G, and that {u, w} is the unique
edge in D having maximum label (among the edges in D). Hence, K is a subset
of E having the form C \ {e}, where C is a circuit of G, and where e is the unique
edge in C having maximum label (among the edges in C) In other words,
K is a broken circuit of G (since K is a broken circuit of G if and only if K is a
subset of E having the form C\ {e}, where C is a circuit of G, and where ¢ is the
unique edge in C having maximum label (among the edges in C) E[)).

Now, forget that we fixed K. We thus have shown that every K € R is a broken
circuit of G. In other words, every element of £ is a broken circuit of G. This
proves Lemma [4.7] (d).

%Proof. We have D = {{u,v},{v,w},{u,w}}. Now, {u,w} € {{u,v},{v,w},{u,w}} = D.
Thus, {u, w} is an edge in D.

Now, we need to show that the edge {u, w} is the unique edge in D having maximum label
(among the edges in D). Indeed, assume the contrary (for the sake of contradiction). Thus,
{u, w} is not the unique edge in D having maximum label (among the edges in D). In other
words, there exists an edge e € D distinct from {u, w} such that the label of e is greater or
equal to the label of {u, w} (because we already know that {u, w} is an edge in D). Consider
such an e.

The label of e is greater or equal to the label of {u,w}. In other words, ¢ (e) is greater
or equal to ¢ ({u, w}) (since the label of e is ¢ (¢) (by the definition of the “label”) and since
the label of {u,w} is ¢ ({u,w}) (by the definition of the “label”)). In other words, ¢ (e) >
¢ ({u,w}).

We have e € D and e ¢ {u, w} (since e is distinct from {u,w}). Thus, e € D\ {{u,w}} =
{{u,0}, {o,0}}.

But ¢(e) > ¢ ({u,w}) > ¢({u,v}), so that £(e) # £ ({u,v}) and thus e # {u,v}. Also,
l(e) > ({u,w}) > £ ({v,w}), so that £ (e) # ¢ ({v,w}) and thus e # {v, w}. Thus, e equals
neither of the two edges {u, v} and {v,w} (since ¢ # {u,v} and e # {v, w}). In other words,
e ¢ {{u,v},{v,w}}. This contradicts e € {{u, v}, {v,w}}. This contradiction shows that our
assumption was wrong. Hence, we have shown that the edge {u, w} is the unique edge in D
having maximum label (among the edges in D). Qed.

®Namely, K has this form for C = D and e = {u, w}.
by the definition of a “broken circuit”
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(e) The map 71 : A — E is bijective (by Lemma [.7] (a)). In other words, the
map 7 is surjective and injective.

We first observe a simple fact: If u and v are two elements of V such that
(u,v) € A and {u,v} € 7 (F), then

(u,0) € F (82)
1

Also, m [ F | € w(A) CE. Thus, 7 (F) is a subset of E.
cA
Let us now prove the implication

(the digraph (V,F) is 2-step-free) = (the set 7t (F) is R-free). (83)

Proof of (83): Assume that the digraph (V, F) is 2-step-free. We shall show that
the set 77 (F) is R-free.

Indeed, let K € & be such that K C 7 (F). We shall obtain a contradiction.

The digraph (V, F) is 2-step-free if and only if there exist no three elements
u, v and w of V satisfying (u,v) € F and (v,w) € F (by the definition of “2-
step-free”). Therefore, there exist no three elements u, v and w of V satisfying
(u,v) € F and (v, w) € F (since we know that the digraph (V, F) is 2-step-free).
In other words, if 1, v and w are three elements of V, then

((u,v) € Fand (v,w) € F) is false. (84)

But

Kes={{ik} {kj}} | (L kj)cZ}
={{{w v} {v,w}} | (wow)eZ}

(here, we renamed the index (i, k,j) as (u,v,w)). Hence, K = {{u,v},{v,w}}
for some (u,v,w) € Z. Consider this (u, v, w). We have

(u,v,w)GZ:{(i,k,j)€V3 | (i,k) € A and (k,j)eA}.

In other words, (1, v, w) is an (i,k,j) € V? satisfying (i,k) € A and (k,j) € A. In
other words, (1, v, w) is an element of V and satisfies (1,v) € A and (v, w) € A.

57 Proof of : Let u and v be two elements of V such that (#,v) € A and {u,v} € 7 (F). We
must show that (u,v) € F.
We have {u,v} € 7 (F). In other words, there exists some f € F such that {u,v} = 7 (f).
Consider this f.
But (u,v) € A; therefore, the definition of 7t yields

7t (u,v) = set(u,v) = {u,v} (by the definition of the map set)
=7 (f)-
Since 7t is injective, this entails that (1,v) = f € F. This proves .
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Now, (u,v) € A and {u,v} € {{u,v},{v,w}} = K C 7 (F). Hence,
shows that (u,v) € F.

Also, (v,w) € A and {v,w} € {{u,v},{v,w}} = K C n(F). Hence,
(applied to v and w instead of u and v) shows that (v,w) € F. Thus, we have
((u,v) € Fand (v,w) € F).

But shows that ((#,v) € Fand (v,w) € F) is false. This contradicts the
fact that we have ((#,v) € F and (v,w) € F).

Now, let us forget that we fixed K. We thus have obtained a contradiction
for each K € R satisfying K C 7t (F). Hence, there exists no K € R satisfying
K C 7t (F). In other words, the set 77 (F) contains no K € R as a subset.

The subset 7t (F) of E is R-free if and only if 7 (F) contains no K € R as a
subset (by the definition of “R-free”). Thus, the subset 77 (F) of E is K-free (since
7t (F) contains no K € £ as a subset).

Now, let us forget that we assumed that the digraph (V, F) is 2-step-free. We
thus have shown that the set 77 (F) is R-free if the digraph (V, F) is 2-step-free.
In other words, we have proven the implication (83).

Next, we shall prove the following implication:

(the set 77 (F) is R-free) = (the digraph (V,F) is 2-step-free). (85)

Proof of (85): Assume that the set 7 (F) is f-free. We shall show that the
digraph (V, F) is 2-step-free.

Let u, v and w be three elements of V satisfying (1,v) € F and (v,w) € F. We
shall derive a contradiction.

Clearly, (u,v) € F C Aand (v,w) € F C A.

The subset 7t (F) of E is R-free if and only if 77 (F) contains no K € R as a
subset (by the definition of “R-free”). Thus, 7t (F) contains no K € R as a subset
(since the subset 7 (F) of E is R-free). In other words, there exists no K € £ such
that K C 7t (F).

But (u,v,w) is an element of V2 and satisfies (1,v) € A and (v,w) € A. In
other words, (u,v,w) is an (i,k,j) € V3 satisfying (i,k) € A and (k,j) € A.
Hence,

(u,0v,w) € {(i,k,j) c V3| (i,k) € Aand (kj) € A} =Z.

Thus, {{u,v},{v,w}} is a set of the form {{i,k},{k,j}} for some (i, k,j) € Z
(namely, for (i, k,j) = (u,v,w)). Hence,

{{u o} {v,wit e {{i.k} {kj}} | (Lkj)eZ} =& (86)
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But {u,0} € 7 (F) PYand {v,w} € 7 (F) P’ Thus, both {u,v} and {ov,w}
belong to the set 7t (F). Therefore,

{{w v}, {o,w}} C 7 (F).

Combining this with (86), we see that the set {{u,v},{v,w}} € R satisfies
{{u,v},{v,w}} C m(F). Thus, there exists an K € 8 such that K C 7 (F)
(namely, K = {{u,v},{v,w}}). This contradicts the fact that there exists no
K € 8 such that K C 7t (F).

Now, forget that we fixed u, v and w. We thus have obtained a contradiction
for every three elements u, v and w of V satisfying (u,v) € F and (v,w) € F.
Hence, there exist no three elements u, v and w of V satisfying (1,v) € F and
(v,w) € F.

But the digraph (V, F) is 2-step-free if and only if there exist no three elements
u, vand w of V satisfying (u,v) € F and (v, w) € F (by the definition of “2-step-
free”). Thus, the digraph (V, F) is 2-step-free (since there exist no three elements
u, vand w of V satisfying (u,v) € F and (v, w) € F).

Now, let us forget that we have assumed that the set 77 (F) is R-free. We thus
have shown that if the set 77 (F) is R-free, then the digraph (V, F) is 2-step-free.
In other words, we have proven the implication .

Now, by combining the two implications and (85), we obtain the logical
equivalence

(the digraph (V,F) is 2-step-free) <= (the set 77 (F) is R-free).
This proves Lemma [4.7] (e). O

Proof of Proposition First, let us introduce a general notation: If X and Y are
two sets, and if f : X — Y is any map, then we define a map P (f) : P (X) —

P (Y) by
(P(f)(Z2)=f(2) for every Z € P (X)).
If the map f : X — Y is bijective, then

the map P (f) : P (X) — P (Y) is bijective as well (87)

%8 Proof. We have (u,v) € A; therefore, the definition of 7t yields
7 (u,v) = set(u,v) = {u,v} (by the definition of the map set).

Hence, {u,v} =t (u,v) € 7 (F), qed.
——"

€F
% Proof. We have (v, w) € A; therefore, the definition of 7 yields

7 (v, w) =set(v,w) = {v,w} (by the definition of the map set).

Hence, {v,w} = 7 (v,w) € 7 (F), qed.
——

c€F
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(and, in fact, its inverse is P (f1)).

Let E = set A and G = D. The definition of D shows that D = (V, s\et’é) =
=E
(V,E). Thus, G =D = (V,E).

Define the map 7 : A — E as in Lemma .7l Lemma [4.7] (a) shows that this
map 77 : A — E is bijective. Hence, the map P (1) : P (A) — P (E) is bijective
(according to (87), applied to X = A, Y = E and f = 7). We notice that every
F € P (A) satisfies

(P (r)) (F) = m (F) (by the definition of the map P (7)) (88)

= 7 (a) | a€F ) ={seta | a € F}

=seta
(by the definition of )

=setF (89)

and

(P () (F)] = [ (F)| = [F| (90)
N————
=n(F)

(by (38))

(since the map 7t is injective (since the map 7t is bijective)).

Define two sets Z and £ as in Lemma [4.7| (b). Define a map ¢ : E — N as in
Lemma [4.7] (c). Definition (applied to X = IN) shows that the notion of a
broken circuit of G is well-defined (since a labeling function ¢ : E — IN is given).

Lemma (4.7| (d) shows that every element of £ is a broken circuit of G. Thus,
R is a set of broken circuits of G (not necessarily containing all of them). Hence,

72



Note on NBC sets and chromatic polynomial April 4, 2026

Corollary [3.6] (applied to X = IN) shows that

xe= Y, (~pflycom®E) =y (q)lFl yeonn(V.F)
FCE; FeP(E);
& R—fre_g F is R-free
= ¥
FeP(E);
F is R-free
_ Z (_1)|(7’(7T))(F)\ xeonn(V,(P (7)) (F))
FGP(A),’ —_ _ con;(rV,se’tF)
PO s ihee e e (P (F)=set P
— E (by ©0) (by (89)))
FeP(A);

7t(F) is R-free
(since every FEP(A) satisfies
(P()(E)=7(F)
(by (B3))

here, we have substituted (P (7)) (F) for F in the sum,
since the map P (7) : P (A) — P (E) is bijective

_ Z (_1)|F| yeonn(V set F)
FeP(A);

n(F) is R-free

——

a FCA; a FCA;
71(F) is R-free the set 77(F) is R-free

_ Z (_1)|F\ yeonn(V set F)
FCA;
the set 77(F) is R-free

-~

= L
FCA;
the digraph (V,F) is 2-step-free
(because for any subset F of A, the condition
(the set 77(F) is f-free) is equivalent to the
condition (the digraph (V,F) is 2-step-free)
(by Lemma[4.7] (e)))

_ Z (_1)\1:\ xconn(V,setF).
FCA;
the digraph (V,F) is 2-step-free

Since D = G, this rewrites as

XD = Z (_1)|F| xconn(V,setF)'

FCA;
the digraph (V,F) is 2-step-free

This proves Proposition O
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5. Ambigraphs

5.1. Definitions of ambigraphs and proper colorings

We now move on to study various generalizations of the chromatic symmetric
function.

The first generalization replaces the finite graph G by what we call an ambi-
graph (short for “ambiguous graph”). To our knowledge, this is a new notion,
but it serves to unify two rather well-known concepts:

e that of a multigraph (see [Grinbe21, Definition 6.1.1]), which is like a graph
but allows for multiple parallel edge

e that of a hypergraph (see [Berge73, Chapter 17]), which is like a graph but
allows its “edges” to have any number of endpoints instead of two.

In both of these settings, chromatic polynomials have been defined long ago
(for multigraphs perhaps since the introduction of the concep@ for hyper-
graphs since Dohmen’s [Dohmen95]]), and it is fairly straightforward to define
chromatic symmetric functions at the same levels of generality. However, we
shall instead define them for ambigraphs, a concept which we now introduce:

Definition 5.1. (a) An ambigraph shall mean a triple (V,E, ¢), where V and E

are two sets, and where ¢ : E — P )

each e € E to a set of 2-element subsets of V.)

(b) An ambigraph (V, E, ¢) is said to be finite if V and E are finite.

() Let G = (V,E, ¢) be an ambigraph. Then, the elements of V are called
the vertices of G, whereas the elements of E are called the edgeries of G. If e € E
is any edgery, then the elements of ¢ (e) are called the edges of e. Note that
these edges are 2-element subsets of V.

(d) Let G = (V,E, ¢) be an ambigraph. An edgery e € E is said to be
singleton if it has exactly one edge (i.e., if |@ (e)| = 1).

) is a map. (Thus, the map ¢ sends

We view an ambigraph (V,E, ¢) as something akin to a graph, except that
instead of having edges, it has edgeries — i.e., packages of edges. (This can be
equivalently viewed as an edge-colored graph, but we eschew such an interpre-
tation as we shall be using colors for other purposes.)

%More precisely, our notion of an ambigraph generalizes loopless multigraphs, i.e., multigraphs
with no loops. Loops would be a trivial but technically awkward distraction in the study of
chromatic polynomials, so we prefer to leave them out of our notions of graphs.

61 Authors often leave it vague whether their graphs are simple graphs or multigraphs.
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Example 5.2. Let V be the set {1,2,3,4,5}. Let E be the 6-element set
\%
{e1,ep,e3,€4,65,66}. Let p : E — P <<2)) be the map defined as follows:

¢ (e1) = {{1,3}, {2,5}},
¢ (e2) = {{L,2}, {2,3}, {3,4}},
¢ (e3) = {{2,5}},
¢ (es) = {{1,3}, {2,5}},
¢ (es)
¢ (e6) =

Let G be the triple (V,E, ¢). Then, G is an ambigraph. Its edgeries are
e1,€ez,e3,¢e4,65,65. The edgery ez is singleton, while the other edgeries are not.
The edgeries e; and e4 contain the same edges, namely {1,3} and {2,5}.

Both multigraphs and hypergraphs can now be encoded as ambigraphs:

¢ A multigraph can be viewed as an ambigraph whose all edgeries are sin-
gletonEF

* A hypergraph can be encoded as an ambigraph by replacing each edge
{v1,v2,...,0¢} with an edgery consisting of all edges {v;,v;} with i <
j. (Note that this encoding turns 1-element edges into empty edgerieﬁ
Empty edgeries trivialize most of our results, but do not invalidate any of
our proofs, so we have no reason to exclude them.)

We can now define X-colorings and proper X-colorings for ambigraphs:

Definition 5.3. Let G = (V, E, ¢) be an ambigraph. Let X be a set.

(@) An X-coloring of G is defined to mean a map V — X.

(b) If f : V — X is an X-coloring of G, and if {s,t} is a 2-element subset of
V, then this subset {s, t} is said to be f-dichromatic if f (s) # f (¢).

(c) An X-coloring f of G is said to be proper if each edgery e € E has at least
one f-dichromatic edge (i.e., for each edgery e € E, there exists at least one

edge {s,t} € ¢ (e) satisfying f (s) # f (t)).

Example 54. Let G = (V,E, ¢) be the ambigraph from Example Then,
G has no proper X-coloring for any X, since the edgery es will never have
an f-dichromatic edge, no matter what f is (because e5 has no edge to begin
with).

62To be more precise, this is true for loopless multigraphs (i.e., multigraphs that have no loops).
Loops can be encoded as edgeries that have no edges.

%3i.e., edgeries that have no edges
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However, let us now modify ¢ by replacing ¢ (es) by the set
{{1,4}, {2,4}, {3,4}}. Then, for example, the X-coloring f : V — {1,2,3,4}
given by

f)=1 f(2)=2 fB3) =1
f4)=1 f(5) =3, f(6)=1
is proper. For instance, the edgery e; has the f-dichromatic edge {2,5},

whereas the edgery e, has the two f-dichromatic edges {1,2} and {2,3}. On
the other hand, the X-coloring f : V — {1,2,3,4} given by

fm=1  f@=2 = fB)=2
f4)=2 f(5) =3, fle) =1

is not proper, since the edgery ¢ has no f-dichromatic edge.

Example 5.5. Let G = (V, E, ¢) be the ambigraph with V = {1,2,3,4} and
E = {a,b} and

¢ (a) ={{2,3}} and ¢ (b) = {{1,2}, {3,4}}.

Let X be a set. Then, amap f : V — X is a proper X-coloring of G if and only
if it satisfies

f(2)#f3) and (f (1) #f(2) or f(3) # f(4))-

Indeed, the statement “f (2) # f(3)” is saying that the edgery a has an f-
dichromatic edge, whereas the statement “f (1) # f(2) or f(3) # f(4)” is
saying that the edgery b has an f-dichromatic edge.

As Example illustrates, the condition on an X-coloring of G to be proper
is a conjunction of disjunctions of inequalities of the form f (v) # f (w) for
(v,w) € V2.

Remark 5.6. Any graph G = (V, E) can be viewed as an ambigraph (V,E, ¢)
in a fairly obvious way: viz., by setting ¢ (¢) = {e} for each edge e € E. We
shall denote the latter ambigraph by G®™. The proper X-colorings of this
ambigraph G®™P are precisely the proper X-colorings of the original graph G.

Remark 5.7. Let G = (V,E, ¢) be an ambigraph, and let X be a set. If there
exists an edgery e € E satisfying ¢ (e) = &, then there exists no proper X-
coloring f of G (since the edgery e will never have an f-dichromatic edge).
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5.2. The chromatic symmetric function of an ambigraph

We can now define the chromatic symmetric function of an ambigraph, by imi-
tating Definition

Definition 5.8. Let G = (V, E, ¢) be a finite ambigraph.
(a) For every IN; -coloring f : V — N of G, we let x; denote the monomial
11 X f(v) in the indeterminates x1, xp, X3, .. ..

veV
(b) We define a power series X € k[[x1,x2,x3,...]] by
XG = Z Xf.
fiV=>Niisa

proper N -coloring of G

This power series X is called the chromatic symmetric function of G.

Example 5.9. Let G = (V, E, ¢) be the ambigraph from Example 5.5 Then,

Xg = )y Xy
fV—-Njisa ~
proper N -coloring of G ~*f(1)*f(2)¥f(3)Xf(4)
= )y XF1)Xf2)XF(3)¥f(4)
fiV=>Niisa
proper N -coloring of G
= )y X)X F(2)Xf3) X5 (4)

{1234} >Ny;
f(2)#f(3) and (f(1)#f(2) or f(3)#f(4))

(sinceamap f : V — N, is a proper IN;-coloring of G if and only if it satisfies
f(2) # f(3)and (f (1) # f(2) or f(3) # f (4))). If we re-encode each map
f:{1,2,3,4} — IN; as the 4-tuple (i,j,k,¢) = (f(1),f(2),f (3),f (4)) of its

values, then we can rewrite this equality as

XG = 2 xix]'kag.
(k) €N )
j#k and (i#j or k#¢)

Remark 5.10. Let G = (V,E, ¢) be an ambigraph that has an edgery e € E
satisfying ¢ (e) = @. Then, there exists no proper IN_-coloring f of G (by
Remark [5.7), and thus we have Xs = 0.

5.3. The union of a set of edgeries

An ambigraph (V, E, ¢) can be transformed into a simple graph (V, E’) by taking

the union of some of its edgeries — i.e., by setting E’ := |J ¢ (e) for some subset
ecF
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F of E. Let us give this construction a name:

Definition 5.11. Let G = (V,E, ¢) be an ambigraph. Let F be a subset of E.
%4
Then, union F shall denote the subset |J ¢ (e) of ( 2). Thus, we obtain a

ecF

graph (V,union F).
Example 5.12. Let G = (V, E, ¢) be the ambigraph from Example 5.2l Then,

union {ey, e3} = {{1,2}, {2,3}, {3,4}, {2,5}}

and
union {e1,e3,e4} = {{1,3}, {2,5}, {1,2}, {2,3}, {3,4}}

and union{} = @.

We can use this notion to state our first result about ambigraphs — an analogue
to Theorem We shall prove this result at the end of the next subsection.

Theorem 5.13. Let G = (V, E, ¢) be a finite ambigraph. Then,

Xe = Z (_1)|F| PA(V,union F)-
FCE

(Here, of course, the pair (V, union F) is regarded as a graph, and the expres-
sion A (V,union F) is understood according to Definition (b).)

5.4. Circuits and broken circuits

Let us now define the notions of cycles, circuits and broken circuits of an ambi-
graph.

Definition 5.14. Let G = (V,E, ¢) be an ambigraph. A cycle of G denotes a
list
(Ul/ €1,02,€2,...,0m,Cm, Um+1)

with the following properties:

* The entries v1,vy,...,0y41 at the odd positions of this list belong to V,
whereas the entries eq, ey, ..., e, at its even positions belong to E.

e We have m > 1.
e We have v,, 11 = v1.

¢ The vertices vy, vy, ..., vy are pairwise distinct.

* The edgeries ey, e, ..., ey, are pairwise distinct.
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e We have {v;,v;11} € ¢ (¢;) foreveryi € {1,2,...,m}.

If (v1,e1,v2,€2, ..., 0m, €m, Umi1) is a cycle of G, then the set {e1,ez,...,en}
is called a circuit of G.

Example 5.15. Let G = (V,E, ¢) be the ambigraph from Example Then,
the tuple
(1/ €, 2/ €6, 3/ €4, 1)

is a cycle of G (chiefly because {1,2} € ¢ (ez) and {2,3} € ¢ (e6) and {3,1} €
¢ (e4)). The circuit corresponding to this cycle is {ep, €4, €4}

The tuple (1,e3,2,¢e6,3,e1,1) is a cycle of G as well, and leads to the circuit
{e2,e6,€1}.

For comparison, the similar-looking tuple (1,e3,2,ep,3,¢e4,1) is not a cycle,
since its edgeries ey, e, e4 are not distinct.

Definition 5.16. Let G = (V, E, ¢) be an ambigraph. Let X be a totally ordered
set. Let £ : E — X be a function. We shall refer to ¢ as the labeling function.
For every edgery e of G, we shall refer to ¢ (e) as the label of e.

A broken circuit of G means a subset of E having the form C\ {e}, where
C is a circuit of G, and where e is the unique singleton edgery in C having
maximum label (among the singleton edgeries in C). Of course, the notion
of a broken circuit of G depends on the function ¢; however, we suppress the
mention of ¢ in our notation, since we will not consider situations where two
different ¢’s coexist.

Thus, if G is an ambigraph with a labeling function ¢, then any circuit C of G
gives rise to a broken circuit provided that

* at least one edgery in C is singleton, and

* among the singleton edgeries in C, only one attains the maximum label.

In all other cases, C does not give rise to a broken circuit. Notice that two
different circuits may give rise to one and the same broken circuit.

Example 5.17. (a) Let G = (V, E, ¢) be the ambigraph from Example[5.2] Let X
and ¢ : E — X be arbitrary. Then, the circuit {e;, ¢s, e4} we found in Example
does not give rise to a broken circuit, since it contains no singleton edgery.
However, the circuit {e3, e;} (coming from the cycle (2,e3,5,¢1,2) does give
rise to a broken circuit (namely, {e; }), since its unique singleton edgery is e3.

(b) For better examples, we can try an ambigraph having more singleton
edgeries. For instance, we can choose some graph G and consider the corre-
sponding ambigraph G*™P as defined in Remark Then, the broken circuits
of G®™P are precisely the broken circuits of G.
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(c) Here is another example: Let G = (V,E, ¢) be the ambigraph with
V ={1,2,3,4}, E = {ey,e2,e3} and

¢ (e1) = {{L2}}, ¢ (e2) = {{2,3}}, ¢ (es) = {{3,4}, {1,3}}.

Let X and ¢ : E — X be arbitrary. Then, the cycle (1,e1,2,e3,3,e3,1) of G gives
rise to the circuit {ej1, e, e3}. This circuit gives rise to

e the broken circuit {ep,es} if £ (e1) > £ (e2);
e the broken circuit {eq,e3} if £ (e1) < £ (e2);

* no broken circuit if Z (e;) = £ (e2).

Note that ¢ (e3) does not matter, since the edgery e; is not singleton.

The notion of a broken circuit always depends on a labeling function ¢ : E —
X. Any time we speak about broken circuits, we shall tacitly understand that
the function ¢ : E — X is used as the labeling function.

5.5. The main results for ambigraphs
We can now generalize Theorem to ambigraphs:

Theorem 5.18. Let G = (V,E, ¢) be a finite ambigraph. Let X be a totally
ordered set. Let £ : E — X be a labeling function. Let & be some set of broken
circuits of G (not necessarily containing all of them). Let ax be an element of
k for every K € 8. Then,

Xg = Z (—1)|F‘ H K | PA(V,unionF)-

FCE Keg;
KCF

(Here, of course, the pair (V,union F) is regarded as a graph, and the expres-
sion A (V,union F) is understood according to Definition (b).)

This theorem generalizes Theorem (in fact, the latter is easily obtained
by applying the former to G®™P instead of G). Before we prove it, let us first
explore some particular cases. Using Definition we can obtain the following
consequences of Theorem [1.15

Corollary 5.19. Let G = (V,E, ¢) be a finite ambigraph. Let X be a totally
ordered set. Let ¢ : E — X be a labeling function. Let & be some set of broken
circuits of G (not necessarily containing all of them). Then,

Xe = Z (_1)‘1:‘ PA(V,union F)-

FCE;
F is R-free
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Corollary 5.20. Let G = (V,E, ¢) be a finite ambigraph. Let X be a totally
ordered set. Let £ : E — X be a labeling function. Then,

_ |F|
XG - Z (_1) p/\(V,unionF)'
FCE;
F contains no broken
circuit of G as a subset

5.6. Proofs

Our proof of Theorem is mostly similar to our above proof of Theorem
but there are some complications due to the possibility of non-singleton
edgeries.

We shall use the Iverson bracket notation (Definition 2.9). We begin with a
basic cancellation lemma (see, e.g., [Grinbe20, Proposition 7.8.10]):

Lemma 5.21. Let S be a finite set. Then, ) (—1)'1| =[S =4a].
1CS

In Definition we defined a set Eqs f for any map f : V — X. This set
helped us find the edges of a graph whose endpoints received the same color
under a coloring f. We shall now introduce a similar notion for ambigraphs:

Definition 5.22. Let G = (V,E, ¢) be an ambigraph. Let X be a set. Let
f:V — X be amap. We let EQS (G, f) denote the subset

{e€E | ¢(e) CEqsf}
of E.

Example 5.23. Let G = (V,E, ¢) be the ambigraph with V = {1,2,3,4,5,6}
and E = {a,b,c} and

¢ (a) = {{1,3}, {24}, {3,6}},
¢ () = {13}, {2,6}},
¢(c)=2.

Let X = NN, and let f : V — X be the map that sends 1,2,3,4,5,6 to
1,2,1,2,1,2, respectively. Then,

Egs f = {{1,3}, {15}, {3,5}, {2,4}, {2,6}, {46}}

and EQS (G, f) = {b,c}. Indeed, we have b € EQS (G, f) since ¢ (b) =
{{1,3}, {2,6}} C Egs f, and we have ¢ € EQS (G, f) since ¢ (c) = @ C Egs f.
On the other hand, a ¢ EQS (G, f) since ¢ (a) Z Eqs f (because {3,6} belongs
to ¢ (a) but not to Egs f).
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Remark 5.24. Let G = (V,E, ¢) be an ambigraph. Let X be a set. Let f : V —
X be a map. The definition of EQS (G, f) yields

EQS(G,f) ={ecE | ¢(e) CEqgsf} (91)
={d€E | ¢(d) CEqsf} (92)

(here, we have renamed the index e as d)
= {d € E | no edge of d is f-dichromatic} . (93)

(The last equality is easy to check from the definitions.)

Proof of Remark The equalities and are obvious. It remains to prove

(93).
Indeed, let d € E. Then, the edges of d are defined to be the elements of ¢ (d).

Thus, the elements of ¢ (d) are precisely the edges of 4. Hence, it is easy to prove
the implication

(¢ (d) CEqsf) = (no edge of d is f-dichromatic)
@ and the implication

(no edge of d is f-dichromatic) = (¢ (d) C Eqs f)
@ Combining these two implications, we obtain the equivalence

(¢ (d) CEqsf) <= (noedge of d is f-dichromatic).

4Proof. Assume that ¢ (d) C Eqs f. We must prove that no edge of d is f-dichromatic.
Indeed, let ¢ be an edge of d. Thus, ¢ € ¢ (d) (since the edges of d are the elements of
¢ (d)). Hence,

g€ CEasf={{st) | (st)€VZ s#tand f(s)=f(1)}.

In other words, g can be written as ¢ = {s,t} for some pair (s,t) € V? satisfying s # t
and f (s) = f(t). Consider this pair (s,t). Then, {s,t} is a 2-element subset of V (since
(s,t) € VZand s # t), and satisfies f (s) = f (). Hence, this subset {s, ¢} is not f-dichromatic
(because if it was f-dichromatic, then it would satisfy f (s) # f (t) (by the definition of “f-
dichromatic”), but this would contradict f (s) = f (¢)). In other words, g is not f-dichromatic
(since g = {s,t}).

Forget that we fixed g. We thus have shown that if ¢ is any edge of d, then g is not
f-dichromatic. In other words, no edge of d is f-dichromatic. Qed.

5 Proof. Assume that no edge of d is f-dichromatic. We must prove that ¢ (d) C Eqs f.

Indeed, let ¢ € ¢ (d). Thus, g is an edge of d (since the edges of d are the elements of

¢ (d)). Hence, g is not f-dichromatic (since no edge of d is f-dichromatic).

14
However, g € ¢ (d) C < 2). In other words, g is a 2-element subset of V. Thus, we can

write ¢ as ¢ = {x,y} for two distinct elements x and y of V. Consider these x and y. Then,
(x,y) € V? and x # y (since x and y are distinct). Thus, {x,y} is a 2-element subset of V.
Recall that g is not f-dichromatic. In other words, {x,y} is not f-dichromatic (since ¢ =

{x,y})-
The 2-element subset {x,y} of V is f-dichromatic if and only if f (x) # f(y) (by the
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Forget that we fixed d. We thus have proved the equivalence
(¢ (d) CEqsf) <= (noedge of d is f-dichromatic)
for each d € E. Therefore,
{d€E | ¢(d) CEqsf} ={d € E | noedgeof dis f-dichromatic} .
Hence, can be rewritten as
EQS (G, f) ={d € E | no edge of d is f-dichromatic} .
This proves (93). Thus, the proof of Remark is complete. O

In analogy to Lemma we can use EQS (G, f) to characterize when an X-
coloring f is proper:

Lemma 5.25. Let G = (V, E, ¢) be an ambigraph. Let X beaset. Let f : V — X
be a map. Then, the X-coloring f of G is proper if and only if EQS (G, f) = @.

Proof of Lemma The definition of Eqs f shows that

Eqsf = {{s,t} | (s,t) € V%, s #tand f(s) :f(t)}
={{xy} | (xy) eV2 x#yand f(x) = f(y)} 94)
(here, we renamed the index (s, t) as (x,y)).
The definition of EQS (G, f) yields EQS (G, f) = {e € E | ¢ (e) C Egs f}. Thus,

an edgery e € E belongs to EQS (G, f) if and only if it satisfies ¢ (¢) C Eqs f. In
other words, for any edgery e € E, we have the logical equivalence

(e € EQS(G,f)) <= (¢ (e) S Egsf). (95)
We shall first prove the logical implication
(the X-coloring f of G is proper) = (EQS (G, f) = 2). (96)
Proof of (96): Assume that the X-coloring f of G is proper. We must show that
EQS (G, f) = @.

definition of “f-dichromatic”). Hence, we don’t have f (x) # f (y) (since {x,y} is not f-
dichromatic). In other words, we have f (x) = f (y).

Hence, {x,y} is a set of the form {s,t} for some pair (s,t) € V? satisfying s # t and
f(s) = f (t) (namely, for (s,t) = (x,y)). In other words,

g€ {{s,t} | (s,t) € V2, s #tand f(s) :f(t)} = Eqs f
(since Egs f is defined to be {{s,t} | (s,t) € V2, s # tand f (s) = f (t)}).

Forget that we fixed g. We thus have shown that ¢ € Eqs f for each g € ¢ (d). In other
words, ¢ (d) C Egs f. Qed.
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Recall that the X-coloring f of G is proper if and only if each edgery e € E
has at least one f-dichromatic edge (by the definition of “proper”). Thus, each
edgery e € E has at least one f-dichromatic edge (since the X-coloring f of G is
proper).

Now, let d € EQS (G, f). Thus,

d € EQS(G,f) ={e€E | ¢(e) CEgsf}

(by the definition of EQS (G, f)). In other words, d is an e € E satisfying ¢ (e) C
Eqs f. In other words, d € E and ¢ (d) C Eqs f.

However, recall that each edgery e € E has at least one f-dichromatic edge.
Applying this to e = d, we conclude that d has at least one f-dichromatic edge.
Let g be this edge. Thus, § € ¢ (d) (since g is an edge of d). Hence,

geod) CEasf={{xy} | (xy) € V2 x#yand f(x) = f(v)}

(by (94)). In other words, g has the form {x,y} for some pair (x,y) € V? satisfy-
ing x # y and f (x) = f (y). Consider this pair (x,y). Thus, g = {x,y}.

We have f (x) = f (). In other words, we don’t have f (x) # f (y). Moreover,
{x,y} is a 2-element subset of V (since (x,y) € V? and x # v).

Now, recall that the subset {x,y} of V is f-dichromatic if and only if f (x) #
f (y) (by the definition of “f-dichromatic”). Thus, this subset {x,y} is not f-
dichromatic (since we don’t have f (x) # f(y)). In other words, g is not f-
dichromatic (since ¢ = {x,y}). This contradicts the fact that g is f-dichromatic.

Forget that we fixed d. We thus have obtained a contradiction for each d &
EQS (G, f). Hence, there exists no d € EQS(G, f). In other words, the set
EQS (G, f) is empty. In other words, EQS (G, f) = @. Thus, the implication (96)
is proven.

Now, we shall prove the implication

(EQS (G, f) = @) = (the X-coloring f of G is proper). (97)

Proof of (97): Assume that EQS (G, f) = @. We have to show that the X-
coloring f of G is proper.

Let e € E be an edgery. We shall show that e has at least one f-dichromatic
edge.

Indeed, assume the contrary. Thus, e has no f-dichromatic edge. In other
words, an edge of e cannot be f-dichromatic.

Now, let ¢ € ¢ (e) be arbitrary. Thus, g is an edge of e. Hence, g is not f-

dichromatic (since an edge of e cannot be f-dichromatic). But g € ¢ (e) C (Z) ,

so that g is a 2-element subset of V. In other words, we can write g as ¢ = {s, t}
for two distinct elements s and t of V. Consider these two elements s and t. We
have s # t (since s and f are distinct).
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We have ¢ = {s,t}. Thus, {s,t} is not f-dichromatic (since g is not f-
dichromatic).

However, {s,t} is f-dichromatic if and only if f (s) # f (t) (by the definition
of “f-dichromatic”). Hence, we cannot have f(s) # f (f) (since g is not f-
dichromatic). In other words, we have f (s) = f (t). Hence, {s,t} is a set of the
form {x,y} for some (x,y) € V? satisfying x # y and f (x) = f (y) (namely, for
(x,9) = (1))

Now,
g =1{st}
c{{ey} | (y) V2 x#yand f(x) = F ()}
since {s,t} is a set of the form {x,y} for
some (x,y) € V? satisfying x # y and f (x) = f (y)
=Egs f (by ©9)

Forget that we fixed g. We thus have shown that ¢ € Eqs f for each g € ¢ (e).
In other words, ¢ (¢) C Eqs f. According to the equivalence (95), this entails that
e € EQS (G, f) (since e € E). In other words, e € & (since EQS (G, f) = @). But
this is absurd (since the empty set @ has no elements). This contradiction shows
that our assumption was false. Hence, e has at least one f-dichromatic edge.

Forget that we fixed e. We thus have shown that each edgery e € E has at least
one f-dichromatic edge. In other words, the X-coloring f of G is proper (by the
definition of “proper”). This proves the implication (97).

Now we have proven the two implications and (97). Combining these two
implications, we obtain the equivalence

(the X-coloring f of G is proper) <= (EQS (G, f) = ©).
This proves Lemma O

The following simple lemma connects EQS (G, f) with the union F construc-
tion from Definition

Lemma 5.26. Let G = (V, E, ¢) be an ambigraph. Let X beaset. Let f : V — X
be a map. Let B be a subset of E. Then, B C EQS (G, f) holds if and only if
union B C Eqs f.
Proof of Lemma The definition of union B yields union B = |J ¢ (e). Hence,
e€B
we have the following chain of logical equivalences:

(union B C Egs f)

= (Yerc

<= (¢ (e) CEqgsf foreache € B). (98)
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The definition of EQS (G, f) yields EQS (G, f) = {e € E | ¢ (e) C Egs f}. Thus,
an edgery e € E belongs to EQS (G, f) if and only if it satisfies ¢ (¢) C Eqs f. In
other words, for any edgery e € E, we have the logical equivalence

(e €EQS(G,f)) < (¢(e) CEgsf). (99)

Now, we have the following chain of logical equivalences:

(B CEQS(G, f))

<= | e€ EQS(G,f) foreache € B

— (g(e)CEas )
(by ©9))
<= (¢ (e) CEqgsf for each e € B)
<= (unionB C Egs f) (by (98)) .
In other words, B C EQS (G, f) holds if and only if unionB C Eqs f. This
proves Lemma [5.26] O

Next, let us show an analogue of Lemma

Lemma 5.27. Let G = (V, E, ¢) be an ambigraph. Let X beaset. Let f : V — X
be a map. Let C be a circuit of G. Let e € C be a singleton edgery such that
C\ {e} CEQS(G, f). Then, e € EQS (G, f).

Proof of Lemma We have assumed that the edgery e is singleton. In other
words, e has exactly one edge (by the definition of “singleton”). In other words,
¢ (e) is a 1-element set (since the edges of e are defined to be the elements of
¢ (e)).

The set C is a circuit of G. In other words, the set C has the form {eq, e, ..., em},
where (vy1,e1,v2,€2,...,0m,€m, Ums1) is a cycle of G (by the definition of a “cir-
cuit”). Consider this cycle (vy,e1,v2,€2, ..., Um, €m, Vyt1). We thus have

C={eyex...,em}. (100)

The list (v1,e1,v2,€2,...,Um, em, Um+1) is a cycle of G. According to the defini-
tion of a “cycle”, this means that this list is a list satisfying the following four
properties:

* The entries v1,vy,...,0,4+1 at the odd positions of this list belong to V,
whereas the entries ey, ey, ..., e, at its even positions belong to E.

e We have m > 1.

e We have v,, 11 = v1.
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¢ The vertices vy,vy,..., vy are pairwise distinct.
* The edgeries ey, e, ..., e, are pairwise distinct.
e We have {v;,v;11} € ¢ (¢;) foreveryi € {1,2,...,m}.

Thus, (v1,e1,v2,€2,...,0m, €m, UVm+1) is a list satisfying the six properties that
we have just mentioned. In particular, v,,11 = v1. Also,

{vi,vit1} € ¢ (&) forevery i€ {1,2,...,m}. (101)

We have ¢ € C = {ey,ep,...,em}. Thus, e = ¢; for some i € {1,2,...,m}.
Consider this i.
Now, we have

f(vj) = f (vj1) forevery j € {1,2,...,m} \ {i} (102)

Hence,
f(v1) = f(vi) (103)
%6Proof of (102): Let j € {1,2,...,m}\ {i}. Thus, j € {1,2,...,m} and j ¢ {i}. From j ¢ {i},

we obtain j # i. Thus, €j # e; (since the edgeries ey, ey, ..., ey are pairwise distinct). In other
words, e; # e (since e = ¢;).
Now, ¢; € {e1,ez,...,em} = C (by ). Combining this with e; # ¢, we obtain

¢j € C\{e} CEQS(G,f) ={dcE | ¢(d) CEqsf}
(by (92)). In other words, e; is a d € E satisfying ¢ (d) C Eqs f. In other words, ¢; € E and
¢ (ej) C Eqs f.
However, (applied to j instead of i) yields
{vj, 0711} € 9 (¢j) S Eqs f
={{s} | ()€ V2 s#tand f(s) = f (1)}
(by the definition of Egs f). In other words, the set {vj,v;1} has the form {s,t} for some

(s,t) € V? satisfying s # t and f (s) = f (t). Consider this (s, t). Thus, {0;,0,11} = {s,t}.
We have f (s) = f (t). Therefore, set g = f (s) = f (t). We have

Flsth =S £) )1 =88} = (s}

=8 =8

Now, v; € {vj,vj41} = {s,t}, and thus f | o; [ € f({s,t}) = {g}. In other words,
e{s,t}

f (vj) = g Also, vjy1 € {vj,vj41} = {s,t}, and thus f @ € f({s,t}) = {g}. In other

e{st}
words, f (vj11) = g Comparing this with f (vj) = g, we obtain f (v;) = f (vj+1). This

proves (102).

87



Note on NBC sets and chromatic polynomial April 4, 2026

@ Also,
f(@i1) = f (Omy1) (104)
8l Now, yields f (v;) = f (vm+1) = f (v1) (since v;,41 = v1), so that
f (o)) = f(Oms1) = f (vig1) (by (104)).

Moreover, v; and v;, 1 are elements of V' (since vy, vy, ...,v,+1 are elements of
V). In other words, v; € V and v;,1 € V. Hence, (v;,v;41) € V2.

Furthermore, v; # v;1

Now, the definition of Eqs f shows that

Eqs f = {{s,t} | (s,t) € V2 s#tand f(s) :f(t)}. (105)

But we have (v;,v;,1) € V2, v; # v;;1 and f (v;) = f (viy1). Hence, the set
{v;,v; 11} has the form {s, t} for some (s,t) € V? satisfying s # t and f (s) = f ()
(namely, for (s,t) = (v, v;+1)). Thus,

{os 01} € {{s4} | () €V s #tand f(s) = f (1) } = Bqs f

(by (105)).

Now, yields that {v;,v; 11} € @ (e;). We can rewrite this as {v;,v;,1} €
¢ (e) (since e = ¢;). However, we also know that ¢ (e) is a 1-element set. In
other words, ¢ (¢) = {u} for some element u. Consider this u. From {v;, v;11} €
¢ (e) = {u}, we obtain {v;,v;11} = u, so that u = {v;,v;11} € Eqsf. Hence,
{u} CEgsf.

Thus, altogether, ¢ (¢) = {#} C Eqs f. Thus, e € E and ¢ (e) C Eqs f. In other
words, e is an element d € E satisfying ¢ (d) C Eqgs f. Hence,

ec{deE | ¢(d) CEgsf}=EQS(G,Y)
(by (92)). This proves Lemma O

57Proof of (103): Let j € {1,2,...,i—1}. Thus, j € {1,2,...,i—1} C {1,2,...,m}. Combining
this with j # i (since j < i (since j € {1,2,...,i—1})), we obtain j € {1,2,...,m} \ {i}.
Hence, f (¢) = f (0}:1) (by (102)

Now, let us forget that we fixed j. We thus have proven that f (v;) = f (vj41) for every
j€{1,2,...,i—1}. In other words, f (v1) = f(v2) = --- = f (v;). Hence, f (v1) = f (v;).
This proves (103).

68Proofof: Letj e {i+1,i+2,...,m}. Thus, j € {i+1,i+2,...,m} C {1,2,...,m}.
Combining this with j # i (since j > i (since j € {i+1,i+2,...,m})), we obtain
je{1,2,...,m}\{i}. Hence, f (v;) = f (vj41) (by (102)).

Now, let us forget that we fixed j. We thus have proven that f (v;) = f (vj41) for every
je{i+1,i+2,...,m}. In other words, f (vit1) = f (vit2) = -+ = f(vm+1). Hence,
f (viz1) = f (Vm1)- This proves (104).

°Proof. Assume the contrary. Thus, v; = v;,1. Thus, {v;,v;11} = {vi11,0i41} = {vi41}, so that
[{oi,vip1 | = {ovipa } = 1.

1%
However, (101) yields that {v;,vi11} € ¢ (e;) C (2> Thus, {v;, v;11} is a 2-element subset

of V. In particular, this entails |{v;, v;11}| = 2. But this contradicts [{v;, v;11}| = 1 # 2. This
contradiction shows that our assumption was wrong. Qed.
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Our next lemma will play a role in our proof of Theorem that is similar
to the role of Lemma [2.8/in the proof of Theorem (although it is different in
its claim).

Lemma 5.28. Let G = (V,E, ¢) be an ambigraph. Let X be a totally ordered
set. Let £ : E — X be a labeling function.

Let Y be any set. Let f : V — Y be any map. Assume that the set EQS (G, f)
contains no singleton edgery. Then, there exists no broken circuit K of G
satisfying K C EQS (G, f).

Proof of Lemma Assume the contrary. Thus, there exists some broken circuit
K of G satisfying K C EQS (G, f).

We recall that a broken circuit of G means a subset of E having the form
C\ {e}, where C is a circuit of G, and where e is the unique singleton edgery in C
having maximum label (among the singleton edgeries in C). Thus, in particular,
K is a subset of E having this form (since K is a broken circuit of G). In other
words, we can write K as K = C \ {e}, where C is a circuit of G, and where e is
the unique singleton edgery in C having maximum label (among the singleton
edgeries in C). Consider these C and e.

We have C\ {¢} = K C EQS (G, f). Thus, Lemma (applied to Y instead
of X) yields that e € EQS (G, f). Thus, the set EQS (G, f) contains a singleton
edgery (namely, ). But this contradicts the fact that the set EQS (G, f) contains
no singleton edgery.

This contradiction shows that our assumption was false. Hence, Lemma m
is proven. O]

We are now ready to prove the keystone lemma, which of course is an ana-

logue of Lemma

Lemma 5.29. Let G = (V,E, ¢) be a finite ambigraph. Let X be a totally
ordered set. Let £ : E — X be a labeling function. Let & be some set of broken
circuits of G (not necessarily containing all of them). Let ax be an element of
k for every K € R.

Let Y be any set. Let f : V — Y be any map. Then,

Y (-1 T ax = [BQS(G, f) = 2].
BCEQS(G,f) Iéec%

Proof of Lemma We are in one of the following two cases:

Case 1: The set EQS (G, f) contains no singleton edgery.

Case 2: The set EQS (G, f) contains at least one singleton edgery.

Let us first consider Case 1. In this case, the set EQS (G, f) contains no sin-
gleton edgery. Hence, using Lemma it is easy to see that every subset B of
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EQS (G, f) satisfies
[]ax=1 (106)

Keg;
KCB

Proof of : Let B be a subset of EQS (G, f). Then, Lemma yields that
there exists no broken circuit K of G satisfying K C EQS (G, f). Hence, there

exists no K € R satisfying K C B Therefore, the product [] ag is empty.
Kes;
KCB
Thus, [] ax = (empty product) = 1. This proves (106).
Keg;
KCB

The set E is finite (since (V, E, ¢) is finite). Hence, its subset EQS (G, f) is also
finite. Now,

Y ()P T ax

BCEQS(G,f) Kes

KCB
—_——
(by {08
-y ¥
BCEQS(G,f)
_ (—1) 1| ( here, we have. renamed the summation )
ICEQS(G.f) index B as [
= [EQS (G, f) = o] (by Lemma [5.2T} applied to S = EQS (G, f)) .

Thus, Lemma is proved in Case 1.

Let us now consider Case 2. In this case, the set EQS (G, f) contains at least
one singleton edgery

The set E is finite (since (V, E, ¢) is finite). Hence, its subset EQS (G, f) is also
finite. Moreover, this subset EQS (G, f) is nonempty (since it contains at least one
singleton edgery). In other words, EQS (G, f) # @. Hence, [EQS (G, f) = @] =
0.

We know that the set EQS (G, f) contains at least one singleton edgery. Pick
any such singleton edgery d € EQS (G, f) with maximum d € EQS (G, f) (among
all such singleton edgeries). (If there are several such d, then it does not matter
which one we pick.)

7OProof. Assume the contrary. Thus, there exists some K € 8 satisfying K C B. Consider such
a K, and denote it by L. Thus, L is a K € R satisfying K C B. In other words, L € £ and
L C B. From L € &, we see that L is a broken circuit of G (because R is a set of broken
circuits of G). However, B is a subset of EQS (G, f); in other words, B C EQS (G, f). Thus,
L C B CEQS(G,f).
Hence, L is a broken circuit K of G satisfying K C EQS (G, f) (since L is a broken circuit
of G and since L C EQS (G, f)). Thus, there exists a broken circuit K of G satisfying K C
EQS (G, f) (namely, L). But this contradicts the fact that there exists no broken circuit K of G
satisfying K C EQS (G, f). This contradiction shows that our assumption was false. Qed.
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We have chosen d to be the singleton edgery in EQS (G, f) with maximum / (d)
(among all singleton edgeries in EQS (G, f)). Thus, for any singleton edgery
e € EQS(G, f), we have

(d) > L (e). (107)

As usual, we let P (S) denote the powerset of any set S. We now define two
subsets U/ and V of P (EQS (G, f)) as follows:

U=1{FecPEQG,S) | d¢F};
V ={FeP(EQS(G,f)) | deF}.

Every B € U satisfies BU{d} € V [ Thus, we can define a map ® : { — V
by
(®(B)=BuU{d} for every B € U).
Consider this map ®.
Every B € V satisfies B\ {d} € & [? Thus, we can define amap ¥ : V — U
by
(¥ (B) = B\ {d} forevery Be V).

Consider this map Y.

"1Proof. Let B € U. Thus, B € U = {F € P(EQS(G, f)) | d ¢ F}. In other words, B is an ele-
ment F of P (EQS (G, f)) satisfying d ¢ F. In other words, B is an element of P (EQS (G, f))
and satisfies d ¢ B. We have B € P (EQS (G, f)); in other words, B is a subset of EQS (G, f).
Also, {d} € EQS(G,f) (since d € EQS(G,f)). Thus, both B and {d} are subsets of
EQS (G, f). Hence, their union B U {d} is a subset of EQS (G, f). In other words, BU {d} €
P (EQS (G, f)). Also, d € {d} C BU{d}. Hence, BU{d} is an element of P (EQS (G, f)) and
satisfies d € BU {d}. In other words, BU {d} is an element F of P (EQS (G, f)) satisfying
d € F. In other words, BU {d} € {F € P(EQS(G,f)) | d € F} =V, qed.

72Proof. let B € V. Thus, B € V = {F € P(EQS(G,f)) | d € F}. In other words, B is
an element F of P (EQS (G, f)) satisfying d € F. In other words, B is an element of
P (EQS (G, f)) and satisfies d € B. We have B € P (EQS (G, f)); in other words, B is a
subset of EQS (G, f). Hence, B\ {d} is a subset of EQS (G, f) (since B\ {d} C B). In other
words, B\ {d} € P (EQS(G,f)). Also, d ¢ B\ {d} (since d € {d}). Hence, B\ {d} is an
element of P (EQS (G, f)) and satisfies d ¢ B\ {d}. In other words, B\ {d} is an element F of
P (EQS (G, f)) satisfying d ¢ F. In other words, B\ {d} € {F € P(EQS(G,f)) | d ¢ F} =
U, qed.
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We have ®o ¥ = id m and Yo® =id @ Thus, the maps ® and Y are
mutually inverse. Hence, the map & is a bijection.
Moreover, for every B € U and every K € £, we have the following logical

equivalence:
(KCB) < (KC®(B)). (108)

Proof of (108): Let B € U and K € &. We need to prove the logical equivalence
(108).

The definition of ® yields ® (B) = BU {d} 2 B, so that B C @ (B).

We have B € U = {F € P(EQS(G,f)) | d ¢ F}. In other words, B is an
element F of P (EQS (G, f)) satisfying d ¢ F. In other words, B is an element of
P (EQS (G, f)) and satisfies d ¢ B. We have B € P (EQS (G, f)); in other words,
B is a subset of EQS (G, f).

Also, ®(B) € V = {F € P(EQS(G,f)) | d€ F} C P(EQS(G,f)). In other
words, ® (B) C EQS (G, f).

We have K € K. Thus, K is a broken circuit of G (since K is a set of broken
circuits of G). In other words, K is a subset of E having the form C \ {e}, where
C is a circuit of G, and where e is the unique singleton edgery in C having

73Proof. Let B € V. We have

(Po¥)(B) =2 Y (B) =@ (B\{d}) = (B\ {d})u{d}
——

=B\{d}
(by the definition of ¥)

(by the definition of ®).

We have B € V = {F € P(EQS(G,f)) | d € F}. In other words, B is an element F of
P (EQS (G, f)) satisfying d € F. In other words, B is an element of P (EQS (G, f)) and
satisfies d € B. From d € B, we obtain {d} C B. Now, (®o¥) (B) = (B\{d})u{d} =B
(since {d} C B). Thus, (Po¥) (B) = B =1id (B).

Now, let us forget that we fixed B. We thus have proven that (® o ¥) (B) = id (B) for every
B € V. In other words, ® o ¥ = id, ged.

74Proof. Let B € U. We have

(Yod)(B) =Y @ (B) =Y (Bu{d}) = (Bu{d})\{d}
——

=BU{d}
(by the definition of @)

(by the definition of ¥).

We have B € U = {F € P(EQS(G,f)) | d ¢ F}. In other words, B is an element F of
P (EQS (G, f)) satisfying d ¢ F. In other words, B is an element of P (EQS (G, f)) and
satisfies d ¢ B. Now, (Y o®) (B) = (BU{d}) \ {d} = B (since d ¢ B). Thus, (Y o) (B) =
B =id (B).

Now, let us forget that we fixed B. We thus have proven that (¥ o ®) (B) = id (B) for every
B € U. In other words, ¥ o ® = id, ged.
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maximum label (among the singleton edgeries in C) El Consider this C and
this e. Thus, we have the following facts:

e The set C is a circuit of G.

* The element e is the unique singleton edgery in C having maximum label
(among the singleton edgeries in C).

e We have K = C\ {e}.

The element e is the unique singleton edgery in C having maximum label
(among the singleton edgeries in C). Thus, the only singleton edgery in C whose
label is greater or equal to the label of e is e itself. In other words, if ¢’ is any
singleton edgery in C satisfying ¢ (¢’) > ¢ (e), then

e =e. (109)

Let us now assume that K C @ (B). Thus, K C ®(B) = BU {d}. Hence,
K_ \{d} € (BU{d})\ {d} CB.
CBU{d}

We shall now prove that K C B.

Indeed, assume the contrary. Thus, K € B. If we had d ¢ K, then we would
have K\ {d} = K and therefore K = K\ {d} C B; this would contradict K Z B.
Hence, we cannot have d ¢ K. We thus must have d € K. Hence, d € K = C )\ {e}.
Hence, d € Cand d ¢ {e}. From d ¢ {e}, we obtain d # e.

But C\ {e} = K C ®(B) C EQS(G, f). Hence, Lemma (applied to Y
instead of X) shows that ¢ € EQS (G, f). Thus, shows that ¢ (d) > / (e)
(since e is a singleton edgery).

Also, d € C. Hence, d is an singleton edgery in C (since d is a singleton
edgery). Since ¢ (d) > /¢ (e), we can therefore apply to ¢/ = d. We thus ob-
tain d = e. This contradicts d # e. This contradiction proves that our assumption
was wrong. Hence, K C B is proven.

Now, let us forget that we assumed that K C ® (B). We thus have proven that
K C B under the assumption that K C & (B). In other words, we have proven
the implication

(KC ®(B)) = (KCB). (110)

On the other hand, if K C B, then K C B C @ (B). Hence, the implication
(KSB) = (KC ®(B))

holds. Combining this implication with (110), we obtain the logical equivalence
(KC B) <= (KC ®(B)). Thus, (108) is proven.

7because a broken circuit of G is the same as a subset of E having the form C \ {e}, where C is a
circuit of G, and where ¢ is the unique singleton edgery in C having maximum label (among
the singleton edgeries in C) (by the definition of a “broken circuit”)
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Also, every B € U satisfies
(_1)|B| _ _ (_1)\<1>(B)| (111)

Now,

Y ()T ax

BCEQS(G, f) Kesy
— Z (_1)|B| H ax
BCEQS(G,f); Keg;
B :igeé f) KEQB
\ﬁ/—/

:BE{FEP(EQS(G,f)) \ deF}:BeV
(since {FEP(EQS(G,f)) | deF}=V)

+ Y (—1)BTT ax

BCEQS(G,f); Kes;
dé}g /) KCB
—_———

T Be(FeP(EQS(Gf)) | dgF) Beu
(since {FEP(EQS(G,f)) | d¢F}=U)
here, we have split the sum into two parts:
one containing all addends with d € B,
and one containing all addends with d ¢ B

= Z (_1)|B| H ag + Z (—1)‘B| H ag

BeV KeS; BeU KeS;
KCB :_(_1)@(3)\ KCB
~~ d (by (I11)) ~~
=L ()PP = U
BeU Keﬁ,’ Ke.ﬁ;
Kg@(B) Kgb(B)
(here, we have (because fgr. every KeR,
substituted ®(B) for B in the sum, ) the.conchtlon (KSB)
since the map $:1{—V is a bijection) is equivalent to (KC®(B))
(by (108))
d(B d(B
=) (—1)1®(®)] [T «+ Y <_(_1)\ ( )I) IT ax
Bel Kesg; BeU Kesg;
KC®(B) KC®(B)
d(B d(B
=>> (=1)I®®) T - Y. (—1)I®®) T
BeU Keg; BeU Kes;
KC®(B) KC®(B)
=0=[EQS (G, f) = 2] (since [EQS(G,f)=2]=0).

76Proof of (111): Let B € U. We have B € U = {F € P (EQS(G, f)) | d & F}. In other words,
B is an element F of P (EQS (G, f)) satisfying d ¢ F. In other words, B is an element of
P (EQS (G, f)) and satisfies d ¢ B. From d ¢ B, we see that |[BU{d}| = |B|+ 1. Now,
the definition of ® yields ® (B) = BU{d}. Hence, |®(B)| = |[BU{d}| = |B| + 1. Thus,
(—1)[®B)N = (—1)/BHY — _ (—1)IBl. Therefore, (—1)/®l = — (=1)/®*®)|. This proves (111).
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Thus, Lemma is proved in Case 2.
We have now proved Lemma in both Cases 1 and 2. Since these two cases
cover all possibilities, we thus have proved Lemma O

We are now ready to prove Theorem and Corollaries and as well
as Theorem

Proof of Theorem We have

Xg = Y. X (112)
fiV=N,isa
proper N -coloring of G

(by the definition of X;). Now, if f : V — N4 is a map, then we have the
following logical equivalence:

(the INt-coloring f of G is proper) < (EQS (G, f) = 2) (113)

(because the IN-coloring f of G is proper if and only if EQS (G, f) = @ Eb
Now,

) EQS(Gf) =2 xs

fIV—)N+

<= (the N -coloring f of G is proper)

(by (T13))

= Y |the N -coloring f of G is proper | x £
FVoNL | d

<= (f is a proper IN-coloring of G)

= is a proper IN;-coloring of G| x
prop & f
fIV—>N+
= ) [f is a proper IN;-coloring of G] x¢

fiV=Njisa
proper N -coloring of G

=1
(since f is a proper IN | -coloring of G)
+ Z [f is a proper N -coloring of G] x¢

f:V—=IN4 isnota ~

proper N..-coloring of G (gince £ is not a proper N, -coloring of G)

(since each f : V — IN either is a proper IN -coloring of G or not)
= L Xy + )3 Oxy = L X

fV—=Njisa f:V—=INj isnot a fiV—=Njisa
proper N -coloring of G proper N -coloring of G proper N -coloring of G

=0

= X (114)

"7by Lemma (applied to N instead of X)
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(by (112)).
However, for every f : V — IN, we have
Y (1P T ak=[EQS(G.f) = 2] (115)
BCEQS(G,f) Kes

(by Lemma (applied to IN instead of Y)).
For every f : V — IN4, we have

{FCE | unionF C Egsf} =P (EQS(G,f)) (116)
&l

For every f : V — N, we have

)3 ()" TT ax

BCE; KeR;
union BCEqs f KCB

N——
_BG{FQE | unionFgEqsf}_BE'P(EQS(G,f))
(because {FCE | union FCEgqs f}=P(EQS(G,f))

(by (T16))
= Y (VUTax= Y (D" ]]a
BEP(EQS(G,f)) Kes BCEQS(G,f) Kew
:BgEQs(c,f)
= [EQS (G, f) = 2] (118)

78 Proof of cLetf:V — IN..
Let B€ {F CE | unionF C Egs f}. Thus, B is a subset F of E satisfying union F C Egs f.

In other words, B is a subset of E and satisfies union B C Eqs f. However, Lemma yields
that B C EQS (G, f) holds if and only if union B C Eqs f. Hence, we have B C EQS (G, f)
(since we have union B C Egs f). In other words, B € P (EQS (G, f)).

Let us now forget that we fixed B.  We thus have proven that every B ¢
{F CE | unionF C Egs f} satisfies B € P (EQS (G, f)). In other words,

{FCE | unionF CEgsf} C P(EQS(G,f)). (117)

On the other hand, let C € P (EQS(G, f)). Thus, C is a subset of EQS (G, f). Hence,
C C EQS(G, f) C E, so that C is a subset of E. Hence, Lemma (applied to B = C)
yields that C C EQS (G, f) holds if and only if unionC C Eqs f. Hence, we have unionC C
Eqs f (since we have C C EQS (G, f)). Thus, C is a subset of E and satisfies unionC C
Egs f. In other words, C is a subset F of E satisfying union F C Eqs f. In other words,
Ce{FCE | unionF C Eqgsf}.

Let us now forget that we fixed C. We thus have proven that every C € P (EQS (G, f))
satisfies C € {F C E | unionF C Eqs f}. In other words,

P(EQS(G,f)) C{FCE | unionF C Eqsf}.

Combining this inclusion with (117), we obtain {F CE | unionF C Eqsf} =
P (EQS (G, f)). This proves (116).
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(by (115)).
Now, (114) yields
Xg = Z \[EQS (G,f) = @l Xf
fZV—>N+ o~
= (-1 1T ax
BCE; KeSf;
union BCEgs f KCB
(by ([18))
= Y Y. (—1)|B‘ IT ax | x¢
fV=INy BCE; Keg;
union BCEgs f KCB
- Y Y DB T ak | xf
fV=IN4 BCE; Keg;
union BCEgs f KCB
- T x
BCE fV—=INg;
union BCEqs f
=Y ) (—1)'3‘ IT ax | x
BCE fV=INy; Keg;
union BCEgs f KCB
=Y (1) TT ax Y xp (119)
BCE Keg; fV—=INy;
KCB union BCEgs f

However, if B is a subset of E, then the pair (V,union B) is a finite graph (since

\%
V is a finite set and since union B C ( ’ ) ), and thus we have

Z Xf = PA(V,union B)
fV—=INy;
union BCEgs f

(by Lemma 2.7 applied to union B instead of B).

(120)
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Hence, (119) becomes

Xe=), (-1) IT ax Y, X

BCE Keg; fiV—=INy;
KCB union BCEgs f
—————
=PA(V,union B)
(by (120D)
B F
= Z (_1)| | 1—[ K | PA(V,unionB) = Z (_1)‘ | H AK | PA(V,unionF)
BCE Keg; FCE Keg;
KCB KCF

(here, we have renamed the summation index B as F). This proves Theorem

618 O

Proof of Corollary We can apply Theorem to 0 instead of ag. As a result,
we obtain

F
XG = Z (_1)| | H 0 P/\(V,unionF)' (121)
e Ke¥

Now, if F is any subset of E, then

[Jo= (122)
Keg;
KCF

1, if Fis R-free;
0, if F is not R-free

7 Proof of : The proof of (122) is completely analogous to the proof of .
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Thus, (121) becomes

F
Xg = Z (_1)‘ | H 0 p/\(V,unionF)
FCE Keg;
KCF
———

1, if Fis R-free;

0, if F is not KR-free
(by ([22))

{1, if F is f-free;

FCE 0, if Fis not #-free PA(V,union F)
1, if F is R-free;
= -1 |F| ’ ; |
FCZB ( ) {O, if F is not fA-free PA(V,union F)
Fis ?i—f’ree ~ -~ Py

=1
(since F is R-free)

1, if Fis R-free;
+ _E) ; |
FCZE; ( ) 0, if F is not R-free PA(V ,union F)

F is not &-free -~ 9

=0
(since F is not K-free)

(since each subset F of E either is R-free or is not)

= Z (_1)‘1:' PA(V ,union F) + Z (_1)‘F| OpA(V,unionF)

FCE; FCE;
F is R-free Fisnot R-free B
-0
F
= Z (_1)‘ | PA(V,union F)-
FCE;
F is R-free
This proves Corollary O

Proof of Corollary Let 8 be the set of all broken circuits of G.
Now, just as in the proof of Corollary we can prove the following equality:

L = )3
FCE; FCE;

F is R-free F contain§ no broken
circuit of G as a subset

(an equality between summation signs). Now, Corollary yields

_ F _ |F|
Xg = Y. (—1) PA(V,union F) = Y. (=)™ PAv,union F)-
FCE; FCE;
F is R-free F contains no broken
N—— circuit of G as a subset

= )y

FCE;
F contains no broken
circuit of G as a subset
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This proves Corollary O

Proof of Theorem [5.13] Let X be the totally ordered set {1} (equipped with the
only possible order on this set). Let £ : E — X be the function sending each
e € Etol € X. Let & be the empty set. Clearly, £ is a set of broken circuits of G.
Theorem (applied to 0 instead of ak) yields

F
Xg = Z (_1)| | H 0 PA(V,union F)
FCE Keg;
KCF
——

=(empty product)
(since R is the empty set)

= Z (_1)|F| (empty pI‘OdUCt) p/\(V,unionF) = Z (_1)|F| pA(V,unionF)'
FCE FCE

=1

This proves Theorem m O

5.7. The chromatic polynomial

We have thus proved analogues of Theorems and and Corollaries
and for ambigraphs. We can just as easily prove analogues of Theorem
Definition Theorems [3.4] and [3.5| and Corollaries 3.6/ and Here they are,

in the order in which we have just mentioned them:

Theorem 5.30. Let G = (V, E, ¢) be a finite ambigraph. Then, there exists a
unique polynomial P € Z [x] such that every q € IN satisfies

P (q) = (the number of all proper {1,2,...,q}-colorings of G).

Definition 5.31. Let G = (V, E, ¢) be a finite ambigraph. Theorem shows
that there exists a polynomial P € Z [x] such that every q € N satisfies P () =
(the number of all proper {1,2,...,q} -colorings of G). This polynomial P is
called the chromatic polynomial of G, and will be denoted by xg.

Theorem 5.32. Let G = (V, E, ¢) be a finite ambigraph. Then,

_ _ 1\|F| ,.conn(V,union F)
xe=Y, (-1)fx -
FCE

(Here, of course, the pair (V, union F) is regarded as a graph, and the expres-
sion conn (V, union F) is understood according to Definition [3.3])
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Theorem 5.33. Let G = (V,E, ¢) be a finite ambigraph. Let X be a totally
ordered set. Let £ : E — X be a labeling function. Let & be some set of broken
circuits of G (not necessarily containing all of them). Let ax be an element of
k for every K € R. Then,

XG = Z (_1)|F\ H ax xconn(V,unionF).

FCE Kesg;
KCF

(Here, of course, the pair (V,union F) is regarded as a graph, and the expres-
sion conn (V, union F) is understood according to Definition [3.3])

Corollary 5.34. Let G = (V,E, ¢) be a finite ambigraph. Let X be a totally
ordered set. Let £ : E — X be a labeling function. Let R be some set of broken
circuits of G (not necessarily containing all of them). Then,

_ F| ..conn(V,union F
xc= Y (=1)/F e ).
FCE;
F is R-free

Corollary 5.35. Let G = (V,E, ¢) be a finite ambigraph. Let X be a totally
ordered set. Let £ : E — X be a labeling function. Then,

_ _ 1\|F| ,.conn(V,union F)
o=y (Dl .
FCE;

F contains no broken
circuit of G as a subset

The proofs of all these results are analogous to the proofs of the corresponding
results from Section 3| so we leave them all to the reader.

One may reasonably wonder whether Corollary has an analogue for am-
bigraphs as well, i.e., whether one can replace the exponent conn (V,union F)
in Corollary by something simpler when / is injective. In the case of a hy-
pergraph, Dohmen has obtained such a result ([Dohmen95, Theorem 2.1]) under
the additional condition that each cycle of G have at least one singleton edgery.
Unfortunately, for ambigraphs, such a simplification does not appear possible
(even under a condition like Dohmen’s).

6. Weighted and noncommutative versions

In the recent decades, the chromatic symmetric function of a graph has been
generalized in several directions. Two of them are the chromatic symmetric func-
tion of a weighted graph as defined by Crew and Spirkl ([CreSpil9, §3]), and the
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noncommutative chromatic symmetric function of Gebhard and Sagan ([GebSag01,
§3]). In this section, we will recall the definitions of both of these generalizations,
and extend our results to them. (The extensions will be fairly mechanical, as all
the hard work has already been done.)

6.1. Weighted graphs and their chromatic symmetric
functions

For us, a weighted graph will just mean a pair consisting of a graph G = (V,E)
and a weight function on V. Weight functions are defined as follows:

Definition 6.1. Let V be a set. A weight function on V means a function w :
V — N;. Ifw:V — Ny is a weight function on V, then the weight of an
element v € V is defined to be the positive integer w (v) € IN.

Thus, a weight function on a set V just assigns a “weight” (a positive integer)
to each element of V. Given such a weight function for a graph G = (V,E), we
can define a “weighted chromatic symmetric function”:

Definition 6.2. Let G = (V,E) be a finite graph. Let w : V — IN be a weight
function on V.
(a) For every IN.-coloring f : V. — N4 of G, we let xf,, denote the mono-

mial J] x;u((:)) in the indeterminates x1, X3, x3, . . ..
veV
(b) We define a power series X, € k[[x1,x2,x3,...]] by
XG,w = 2 xf,w'
fiV=>Niisa

proper N -coloring of G

This power series X, is called the chromatic symmetric function of (G, w).

This chromatic symmetric function X, was introduced by Crew and Spirkl
in [CreSpil9, (1)] (where it was denoted X(G,w))- It generalizes the original chro-
matic symmetric function X, which is obtained when all the weights w (v) are
1:

Example 6.3. Let G = (V,E) be a finite graph. Let w : V — N be the weight
function that sends each v € V to 1. Then, for every IN-coloring f : V. — IN1
of G, we have

Xfw = I x;u((;)) (by Definition [6.2] (a))
veV ~—
=f(v)

(since w(v)=1
(by the definition of w))

= H xf(v) = Xf (123)
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(see Definition [1.5 (a) for the definition of x). Thus, Definition [6.2] (b) yields

XG,w = Z xf,w = Z Xf = XG
f:V—=N4 isa f;’ fiV—=Ny isa
roper N -coloring of G =~ f roper IN . -coloring of G
prop + g (by ([T23)) prop + g

(by Definition [1.5 (b)).

6.2. The weight of a subset and the partition A (G, w)

To state Whitney-like formulas for X ,, we need to adapt the partition A (G)
defined in Definition (b) to the case of a weighted graph. This adaptation
consists in replacing the size of each connected component by its weight. Here,
the weight of a subset of V is defined as follows:

Definition 6.4. Let V be a finite set. Let w : V — IN; be a weight function on
V. Let S be a subset of V. Then, the weight of S means the nonnegative integer
Y. w (v). This weight is denoted by w (S).

vES

Note that if the subset S in this definition is nonempty, then its weight w (S)
is a positive integer, since it is defined as the nonempty sum ) w (v) of the
veS

positive weights w (v).
For example, w ({2,5,6}) = w (2) + w (5) + w (6) (if {2,5,6} is a subset of V).
Now, we can define the analogue of the partition A (G) for a weighted graph:

Definition 6.5. Let G = (V, E) be a finite graph. Let w : V — IN be a weight
function on V. We let A (G, w) denote the list of the weights of all connected
components of G, in weakly decreasing order. (Each connected component
should contribute only one entry to the list.) We view A (G, w) as a partition
(since A (G, w) is a weakly decreasing finite list of positive integers).

Example 6.6. Let G = (V, E) be the finite graph with V = {1,2,3,4,5} and
E = {{1,3}, {2,4}, {2,5}}. Then, the connected components of G are A =
{1,3} and B = {2,4,5}.

Let w : V — N, be the weight function given by w (1) = 6 and w (2) =9
andw (3) = 6and w (4) = 1and w (5) = 3. Then, the weights of the connected
components A and B are

w (A)
w (B)

w({1,3}) =w(l)+w3)=6+6=12 and
w({2,45)=w2)+w@)+w(()=9+1+3=13.

Hence, the partition A (G, w) is the list of these two weights 12 and 13, in
weakly decreasing order. In other words, A (G, w) = (13,12).
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6.3. Formulas for X,

We are now ready to state analogues of Theorems and and Corollaries
and for weighted graphs:

Theorem 6.7. Let G = (V, E) be a finite graph. Let w : V — N be a weight
function on V. Then,

Xow =Y. (D prv e
FCE

(Here, of course, the pair (V, F) is regarded as a graph, and the expression
A ((V,F),w) is understood according to Definition [6.5])

Theorem 6.8. Let G = (V, E) be a finite graph. Let w : V — IN, be a weight
function on V. Let X be a totally ordered set. Let £/ : E — X be a labeling
function. Let & be some set of broken circuits of G (not necessarily containing
all of them). Let ag be an element of k for every K € &. Then,

XGw = Z (_1)‘F| H aK | PA((V,F)w)-
FCE Keg;

KCF

(Here, of course, the pair (V,F) is regarded as a graph, and the expression
A ((V,F),w) is understood according to Definition [6.5])

Corollary 6.9. Let G = (V, E) be a finite graph. Let w : V — IN be a weight
function on V. Let X be a totally ordered set. Let £ : E — X be a labeling
function. Let 8 be some set of broken circuits of G (not necessarily containing

all of them). Then,

F
XG,w = Z (_1)‘ | PA((V,E)w)
FCE;
F is R-free

Corollary 6.10. Let G = (V, E) be a finite graph. Let w : V — IN; be a weight
function on V. Let X be a totally ordered set. Let £ : E — X be a labeling
function. Then,

_ |F|
Xeuw = Y (=)™ pav,p)w)-
FCE;
F contains no broken
circuit of G as a subset

Note that Theorem is a result by Crew and Spirkl (namely, [CreSpil9,
Lemma 3]).
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6.4. Proofs

In this section, we shall prove Theorem Corollary Corollary and
Theorem This will be fairly easy, as many of our above lemmas can be
reused without any change. However, we need the following weighted version
of Lemma

Lemma 6.11. Let (V,B) be a finite graph. Let w : V — IN,; be a weight
function on V. Then,

L Xfw = PA(V.B)w):
fV—=INy;
BCEgs f
(Here, xy, is defined as in Definition |6.2] (a), and the expression A ((V, B) ,w)
is understood according to Definition [6.5])

Proof of Lemma Let ~ denote the equivalence relation ~(y p) (defined as in
Definition (@)). Then, the connected components of (V, B) are the elements
of V/ (~). (This has already been shown in our proof of Lemma [2.7| above.)

A set (N+)Z is defined (according to Definition (b)).

Proposition (1.8 (b) (applied to X = V and Y = IN) shows that the ma

(N = (N, f fomy

is a bijection.
We have the following equality of summation signs:

Y, = X
fégjij}; fe(Ny)Y

(indeed, this has already been shown in our proof of Lemma 2.7]above). Hence,
Z xfrw = Z xf,w = Z xfor[vlw (124)

V—INg; v V/(~)
SiCtt fENL)! fE(NS)
N’
= X

fe(]NHZ

(here, we have substituted f o 7ty for f in the sum, since the map (]NJF)V/ (~)
(N,)Y, f s fomy is a bijection).

Now, let (C1,Cy,...,Cy) be a list of all connected components of (V,B), or-
dered such that w (C;) > w (C2) > -+ > w (Cy). P Then, (w (C1),w (Ca),...,w(Cy))
is the list of the weights of all connected components of (V,B), in weakly

80Here, the map 7y is defined as in Definition
81Every connected component of (V, B) should appear exactly once in this list.
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decreasing order (since w(Cy) > w(Cp) > --- > w(Cy)). In other words,
(w(Cy),w(Ca),...,w(Cx))is A((V,B),w) (since A ((V,B),w) is the list of the
weights of all connected components of (V, B), in weakly decreasing order (by
the definition of A ((V, B),w))). In other words,

A((V,B),w) = (w(Cy),w(Cy),...,w(Cy)).
Thus, (2) (applied to ((V, B),w) and w (C;) instead of A and A;) shows that

k
PA(V,B)w) = Pu(C)Po(C) ** Pu(cy) = | | Pu(cy)- (125)
i=1
However, for every i € {1,2,...,k}, we have
Pwic) = 3 Xs () (126)
S€N+
Hence, (125) becomes
k k w(C)
Pavmw =11 pocy =11 L %
=1 ~—~— i=1 seN,
— Z x;u(Ci)
s€IN
(by (26))
k
= ¢ x5 (127)
koi=1

(51,52,...,Sk)€(N+)

(by the product rule).

Recall that (Cq1,Cy,...,Cy) is a list of all connected components of (V,B). In
other words, (Cy,Cy, ..., Cy) is a list of all elements of V/ (~) (since the elements
of V/ (~) are the connected components of (V, B)). Moreover, every element of
V/ (~) appears exactly once in this list (C1,Cy, ..., Ck) (since the entries of the
list (C1,Cy, ..., Cy) are pairwise distinc@. Thus, (C1,Cy,...,Cy) is a list of all
elements of V/ (~), and contains each of these elements exactly once. Hence,
the map

(N = (NG,
fe=(f(C), f(C),n, f(Cr))

82Proof. Leti € {1,2,...,k}. Then, C; is a connected component of (V,B) (since (C1,Cy, ..., Ck)
is a list of all connected components of (V,B)). Hence, C; is a nonempty subset of V (since
every connected component of (V, B) is a nonempty subset of V). Hence, w (C;) is a positive
integer (since w (S) is a positive integer whenever S is a nonempty subset of V). Thus, (1)

(applied to n = w (C;)) shows that pc,) = ) G — Y ) — Y xg’(ci) (here,
' i>1 / jEIN L ] seIN4

~—~—
=X
JEN 4
we have renamed the summation index j as s). Qed.

8since every connected component of (V, B) appears exactly once in this list
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is a bijection (by Lemma 2.6} applied to W = V/ (~) and Y = IN ).
For every v € V/ (~), we have

't (y) = 7. (128)

(This has already been shown in our proof of Lemma [2.7|above.)

Also, themap {1,2,...,k} = V/(~), i = C;is abijection (since (C1,Cy, ..., Ck)
is a list of all elements of V/ (~), and contains each of these elements exactly
once).

We have

k
Xfory,w = Hx;f((éj)) for every f € (]1\]+)V/(N) (129)
i=1

84 Proof of :Let f € (N+)V/ (~). Then, the definition of Xfory,w yields

o w(v) o w(v)
R VL7 S 5
veV YeEV/(~) veV; N—_———
ﬂv(v):'y 7xw(v)
—_—— T fn)
= [II =II (since (forry)(v)=f(mv(0))=f(7)
vEﬂ&l(“,) €Y (since nV(v):'Y))

(since 775, (7)=7
by (728
because for every v € V, there exists a unique vy € V/ (~)
such that 7ty (v) = v (since Ty isamap V — V/ (~))

_ H wa(v) _ H xw(’y): xw(ci)
YEV/(~) ver ) Yev/(~) f) i€{1,2,..k} U
Y w(v)
=) =)
(because ZE’yw(v):w('y)

—~
—
N

(since the weight w(7y) of the subset ¥

is defined tobe Y. w(v)))
vEy

(here, we have substituted C; for v in the product, since the map {1,2,...,k} = V/(~), i —
C; is a bijection). Thus,

k
w(C;) w(C;)
Xfompw = |1 Xpch =1 [x5ch-
femvre ic{1,2,...k} HG) @
——
k
—H

This proves (129).
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Now, (124) becomes

k
Y %= L Nemew= YL [

VoINS V/(~) ~— V/(~)  i=1
fBgEqs; feMY TAT S feNy)

_Hx

im1 f(G)

(by (29

(here, we have substituted (s1,s,...,s¢) for (f (C1),f(C2),...,f(C)) in the
sum, since the map (]N+)V/(N) — (NS, f= (f(C),f(C2),...,f(C))is a

bijection). Comparing this with (127), we obtain  }. X7 = pPi((v,B),w)- This
f:V=Ny; ”
BCEgs f
proves Lemma O

It is now straightforward to adapt our above proofs of Theorem Corollary
Corollary [6.10|and Theorem to obtain proofs of Theorem [6.8, Corollary

Corollary [6.10|and Theorem
Proof of Theorem We have
Xow = Y. X, (130)

fiV=N,isa
proper N -coloring of G

(by the definition of X;,). Now, if f : V — IN, is a map, then we have the
following logical equivalence:

(the N -coloring f of G is proper) <= (ENEqgsf =9) (131)

(because the IN;-coloring f of G is proper if and only if ENEqsf = @ @

&by Lemma [2.3| (applied to IN; instead of X)
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Now,
ENEqsf =90 X £,
fV=Ny .
<= (the IN-coloring f of G is proper)
(by (@31))

= ) |the Ny-coloring f of G is proper | x fw
f:V—)N.»,_ > d

<= (f is a proper IN-coloring of G)

= ) [fisaproper Ny-coloring of G]xy,,
f:V—)N.»,_
= Z [f is a proper IN 4 -coloring of G| xy
fiV=Njisa h e
proper IN; -coloring of G

(since f is a prope; IN ; -coloring of G)

+ Y. [f is a proper N -coloring of G] xy,,,

f:V—=IN,4 isnota ~

. =0
proper N..-coloring of G (gince f is not a proper IN ;. -coloring of G)

(since each f : V — IN. is either a proper N -coloring of G or not)

- ). X0+ ). 0,5 = )3 Xf 0

fiV=Njiisa f:V—=IN4 isnota f:V—=Niisa
proper IN; -coloring of G proper IN; -coloring of G proper IN -coloring of G
=0
= Xo (132)

(by (I30).

However, for every f : V — N, we have

Y, ()BT ax=[ENEgsf = 2] (133)
BCE; KeR;
BCEgs f KCB

(indeed, this can be shown just as in our above proof of Theorem [1.15).
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Now, (132) yields
Xew= ), [ENEgsf=9] xsu
fZV—>N+ v
= £ ()P T e
BCE; KeR;
BCEgs f KCB
(by (133))
= Y | L (D) Tax|xe= Y Y D TTax|xse
fV=IN4 BCE; Keg; fV=INL BCE; Keg;
BCEgs f KCB BCEgs f KCB

N J/
-

=Y z
BCE f:V—IN4;
BCEgs f

=Y Y VP IT a | 0

BCE f:V—>IN4; Keg;

BCEgs f KCB
— ¥ 0 | [T %
BCE Keg; f:V—=INy;
KCB BCEgs f
—_———
=PA((V,B),w)
(by Lemma [6.11]

(since (V,B) is a finite graph

V
(since V is a finite set and BCEC 2 )

=Y D TTax | pavsy = X O TT ax | pacvrye

BCE KeR; FCE Keg;
KCB KCF

(here, we have renamed the summation index B as F). This proves Theorem

6.8 O

Proof of Corollary [6.9, We can apply Theorem [6.§] to 0 instead of ag. As a result,
we obtain

Xew= Y (=D TTO| pagv ey (134)

Now, if F is any subset of E, then

1, if Fis R-free;
H 0=J" 1 ?s R-free; (135)
Kes; 0, if Fis not K-free
KCF
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(indeed, this was already shown in our above proof of Corollary [1.17).
Thus, (134) becomes

F
Xow= Y (-1)/F [To PACV,F )
FCE KeR;
KCF
—_——

1, if Fis R-free;
{O, if F is not R-free
(by (133))
1, if Fis R-free;
0, if F is not R-free

=) (-

FCE

PA((V,F),w)

_ Z (_1)‘p| 1, if Fis R-free;
N FCE; 0, if Fis not f-free PA((V.B)w)

F is R-free ~~

(since Fis R-free)

(_1)|p| {1, if F is R-free;

+
FCZE; 0, if F is not R-free PA((V.F)w)
[ is not &-free ~ —

(since F is not R-free)

(since each subset F of E either is f-free or is not)

= Y (- Dowewt+ Y D opawine
FCE; FCE;
F is R-free f is not R-free

J/

= Y (-F PA((V,F)w)-

FCE;
F is R-free

This proves Corollary O

Proof of Corollary Let R be the set of all broken circuits of G. Then, we have
the following equality between summation signs:

Y, = )y
FCE; FCE;

F is R-free F contains no broken
circuit of G as a subset

(indeed, this was already shown in our above proof of Corollary |1.18). Now,
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Corollary [6.9] yields
_ |F| _ |F|
XGw = Y. (=D v, = Y (=)™ A, p)w)-
FCE; FCE;
F is R-free F contains no broken
N—— circuit of G as a subset
= r
FCE;

F contains no broken
circuit of G as a subset

This proves Corollary O

Proof of Theorem Let X be the totally ordered set {1} (equipped with the only
possible order on this set). Let £ : E — X be the function sending each e € E
to 1l € X. Let & be the empty set. Clearly, £ is a set of broken circuits of G.
Theorem 6.8 (applied to 0 instead of ax) yields

Xew= Y. (D) []o PA(V.E)w)

FCE KegR;

KCF

——_——
=(empty product)
(since R is the empty set)
=) (- 1)l ( (empty PrOdUCt) PAV.E ) = 2 (—1) PA((V,F)w)-
FCE _1 FCE
This proves Theorem O

6.5. Ambigraphs redux

Just as we have imposed weights on the vertices of a graph, we can do the same
to the vertices of an ambigraph. This leads to a generalization of the chromatic
symmetric function Xg we introduced in Definition

Definition 6.12. Let G = (V, E, ¢) be a finite ambigraph. Let w : V — N be
a weight function on V.
(a) For every N -coloring f : V. — IN4 of G, we let x¢,, denote the mono-

mial JT x% f( ) in the indeterminates x1, X3, x3, . . ..

veV
(b) We define a power series X¢ ;, € k [[x1, X2, x3,...]] by
XG,w = Z Xf,w-
fV=Niisa

proper N -coloring of G

This power series X , is called the chromatic symmetric function of (G, w).

We can now state generalizations of Theorems |5.13| and [5.18| and Corollaries
and
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Theorem 6.13. Let G = (V, E, ¢) be a finite ambigraph. Let w : V — IN be a
weight function on V. Then,

XG,w - Z (_1)|F| PA((V,union F),w)-
FCE

(Here, of course, the pair (V,union F) is regarded as a graph, and the expres-
sion A ((V,union F) ,w) is understood according to Definition [6.5])

Theorem 6.14. Let G = (V, E, ¢) be a finite ambigraph. Let w : V. — N, be
a weight function on V. Let X be a totally ordered set. Let £/ : E — X be a
labeling function. Let & be some set of broken circuits of G (not necessarily
containing all of them). Let ax be an element of k for every K € R. Then,

XG,w = Z (_1)“:‘ 1—[ AK | PA((V,unionF),w)-

FCE Keg;
KCF

(Here, of course, the pair (V,union F) is regarded as a graph, and the expres-
sion A ((V,union F) ,w) is understood according to Definition [6.5])

Corollary 6.15. Let G = (V,E, ¢) be a finite ambigraph. Let w : V — IN be
a weight function on V. Let X be a totally ordered set. Let £ : E — X be a
labeling function. Let & be some set of broken circuits of G (not necessarily
containing all of them). Then,

F
XG,w = Z (_1)‘ | p/\((V,unionF),w)'
FCE;
F is R-free

Corollary 6.16. Let G = (V,E, ¢) be a finite ambigraph. Let w : V — N, be
a weight function on V. Let X be a totally ordered set. Let £ : E — X be a
labeling function. Then,

_ |F|
Xew = Z (-1) PA((V,union F),w)-
FCE;
F contains no broken
circuit of G as a subset

The proofs of these four results proceed precisely like their non-weighted
counterparts, again using Lemma instead of Lemma For the sake of
completeness, here they are in detail:
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Proof of Theorem We have

XG,w = Z Xfw (136)
fiV=IN,isa
proper N -coloring of G

(by the definition of X ). Now, if f : V — IN, is a map, then we have the
following logical equivalence:

(the IN-coloring f of G is proper) <= (EQS (G, f) = 2) (137)

(because the IN-coloring f of G is proper if and only if EQS (G, f) = @ .
Now,

Z EQS (G,f) = @l Xf,w

fZV—>N+

<= (the IN;-coloring f of G is proper)

(by (137))

= Y |the N -coloring f of G is proper X £,
fZV—>N+ v

<= (f is a proper IN-coloring of G)

= ). [fisaproper N -coloring of G] x4
fZV—>N+

= ) [f is a proper IN; -coloring of G] x4
f:V—=Ny is a N g
proper N -coloring of G

=1
(since f is a proper IN-coloring of G)

+ Y. [f is a proper IN+-coloring of G] xy,,
f:V—=IN, isnota h :,O g
proper IN.;-coloring of G (since f is not a proper IN -coloring of G)

(since each f : V — IN either is a proper IN -coloring of G or not)

= Z Xfp T+ Z Oxf,w = Z Xf,w

f:V=-Nyisa f:V—=INy isnot a fiV=Nyisa
proper IN ¢ -coloring of G proper IN; -coloring of G proper N -coloring of G
=0
= X6 (138)

(by (136)).

However, for every f : V — IN, we have

Y (1) T ax = [EQS (G, f) = 2] (139)
unior? % giqs f ﬁeg%

8by Lemma (applied to N4 instead of X)
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(indeed, we have already shown this in the above proof of Theorem [5.18).
Now, (138) yields

XG,w - Z \[EQS (G/f) - @l Xf,w
f V—>N+ N
S M o VAl §
BCE; Keg;
union BCEgs f KCB
(by (13%)

— Z Z (—1)|B‘Ha1< Xf 1w

fV=INy BCE; Keg;
union BCEgs f KCB

= ) Y DPTT ax Xfw

fV=IN4 BCE; Keg;
union BCEgs f KCB

-~

L
BCE f:V—>N+;
union BCEqs f

:Z 2 (—1)'3‘ H“K Xf w

BCE fV=INy; Keg;
union BCEgs f KCB
=Y (1) TT ax Y X (140)
BCE Keg; fV—=INy;
KCB union BCEgs f

However, if B is a subset of E, then the pair (V,union B) is a finite graph (since

\%
V is a finite set and since union B C ( ) ) ), and thus we have

Z Xf,w = PA((V,union B),w) (141)
fV=INg;
union BCEqs f

(by Lemma applied to union B instead of B).
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Hence, (140) becomes

B
Xew= Y (D" TTax| ¥ xfa
BCE Keg; fV—=INy;
KCB union BCEqs f

-~

=PA((V,union B),w)

(by (T4T))

- Z (_1)|B| H K | PA((V,union B),w)

BCE Keg;
KCB

— Z (_1)|F| H ag pA((V,unionF),w)

FCE Kesg;
KCF

(here, we have renamed the summation index B as F). This proves Theorem

6.14 O

Proof of Corollary We can apply Theorem to 0 instead of ag. As a result,
we obtain

XG,w = Z (_1)‘13‘ H 0 PA((V,union F),w)- (142)

Now, if F is any subset of E, then

[To-

Keg;
KCF

{1, if [ is A-free; (143)

0, if F is not R-free

(indeed, this was already shown in our above proof of Corollary [5.19).
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Thus, (142) becomes

F
Xeuw = Z (_1)| | H 0 PA((V,union F),w)
FCE KeR;
KCF
——

|1, if Fis R-free;
_{O, if F is not R-free
(by (43))
1, if Fis R-free;
{0, if F is not R-free

=) (-1

FCE

p)\((V,unionF),w)

B 2 (_1)|F‘ 1, if Fis R-free;
=3 0, if Fis not A-free (V:unionF)w)
Fisﬁ—f,ree N ~~

(since Fis R-free)
(_1)|F‘ 1, if Fis R-free;
0, if F is not fR-free

v

+ )
FCE;
F is not R-free ~~

PA((V,union F),w)

=0
(since F is not R-free)

(since each subset F of E either is R-free or is not)

= Z (_1)|F‘ PA((V,union F),w) + Z (_1)|F| Op/\((V,unionF),w)

FCE; FCE;

F is R-free F is not R-free ,

-0
F
= Z (_1)| | PA((V,union F),w)-

FCE;

F is R-free

This proves Corollary O

Proof of Corollary Let R be the set of all broken circuits of G.
Now, just as in the proof of Corollary we can prove the following equality:

Y, = )y
FCE; FCE;

F is R-free F contains no broken
circuit of G as a subset
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(an equality between summation signs). Now, Corollary yields

F
XG,w = 2 (_1)‘ | PA((V,union F),w)
FCE;
F is R-free
——

)y
FCE;
F contains no broken
circuit of G as a subset

_ |F|
- Z (_1) PA((V,union F),w)-
FCE;
F contains no broken
circuit of G as a subset

This proves Corollary O

Proof of Theorem [6.13] Let X be the totally ordered set {1} (equipped with the
only possible order on this set). Let £ : E — X be the function sending each
e € Eto1l € X. Let & be the empty set. Clearly, £ is a set of broken circuits of G.
Theorem (applied to 0 instead of ak) yields

F

XG,w = Z (_1>| | ]__[ 0 PA((V,union F),w)

FCE Kesg;

KCF
—_——
=(empty product)
(since R is the empty set)
F
= Z | ‘ empty pI‘OdUCt) PA((V,union F),w) = Z (_1)| | PA((V,union F),w)-

FCE :’1 FCE

This proves Theorem [6.13] O

6.6. Noncommutative chromatic symmetric functions

The noncommutative chromatic symmetric function Yg of a graph G has been in-
troduced by Gebhard and Sagan in [GebSag01, §3] as a lift of the chromatic
symmetric function X to a noncommutative polynomial ring. In order to de-
fine it, we need to lift the monomials x fto noncommutative monomials, which
requires fixing a list of the vertices of G (since a noncommutative product is only
defined if its factors appear in a chosen order). Unlike [GebSag01], we shall not
require this list to contain each vertex of G exactly once; thus, we obtain a more
general notion that refines not only Stanley’s original X but also its weighted
version X¢ ,, discussed above.

We consider the k-algebra k ((Xj, X, X3, ...)) of noncommutative power se-
ries in countably many distinct indeterminates X1, X5, X3, ... over k. It is a topo-
logical k- algebra@ A noncommutative power series P € k ((Xq, Xp, X3,...)) is

87Its topology is defined in the same way as the topology on k [[x1, x2, X3, . . .]] (but of course the
monomials are now noncommutative monomials).
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said to be bounded-degree if there exists an N € IN such that every noncommu-
tative monomial of degree > N appears with coefficient 0 in P. A noncommu-
tative power series P € k ((Xj, Xp, X3,...)) is said to be symmetric if and only
if P is invariant under any permutation of the indeterminates. We let Anc be
the subset of k ((Xj, Xy, X3,...)) consisting of all symmetric bounded-degree
power series P € k ((Xy,Xp,X3,...)). This subset Anc is a k-subalgebra of
k ((X1, X2, X3,...)), and is called the k-algebra of symmetric functions in noncom-
mutative indeterminates over k.

This k-algebra Anc is called IT (x) in [RosSag04], and should not be mistaken
for the algebra NSym of noncommutative symmetric functions (which is studied,
e.g., in [GriReil4, §5.4])

We can now define noncommutative chromatic symmetric functions of ambi-

graphs:

Definition 6.17. Let G = (V, E, ¢) be a finite ambigraph. Let t = (1, tp,...,tN)

be a finite list of elements of V that contains each element of V at least once.
(a) For every N4 -coloring f : V. — IN of G, we let X ; denote the noncom-

mutative monomial X)) Xry) * Xpry) I the indeterminates X7, X, X3, .. ..
(b) We define a noncommutative power series Y € k ((X1, Xo, X3,...)) by

Yoi = Y. Xt (144)
fV—=Niisa
proper N -coloring of G

This power series Y ¢ is called the noncommutative chromatic symmetric func-
tion of (G, t).

Remark 6.18. Why did we require the list t to contain each element of V at
least once in Definition

Otherwise, there could be a vertex v € V that does not appear in t. In
that case, the monomials Xy would be independent of the color f (v) of this
vertex, and thus we would obtain the same monomial Xy for infinitely many
different proper IN-colorings f (since we could arbitrarily change the color
f (v) without affecting the monomial Xy ). Hence, the sum on the right hand
side of would contain equally many identical monomials, and this would
render Yt undefined.

The noncommutative chromatic symmetric function Y ¢ is a lift of the weighted
chromatic symmetric function X, introduced in Definition (b). This can
be made precise as follows:

88The latter algebra NSym can too be viewed as a subalgebra of k ((X1, Xp, X3, ...)), but it does
not consist of symmetric power series (despite its name).
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Remark 6.19. Let G = (V,E, ¢) be a finite ambigraph. Let t = (f1,t,...,tN)
be a finite list of elements of V that contains each element of V at least once.
Let w : V — IN be the weight function on V that is defined by

w (v) = (number of times that v appears in the list t)
= (number of alli € {1,2,...,N} such that t; = v) for eachv € V.

Let 7t : k ((X1, X2, X3,...)) — k[[x1,x2, x3,...]] be the topological k-algebra
homomorphism that sends the noncommuting indeterminates X1, X», X3, ...
to the respective commuting indeterminates x1, xp, x3, . ... Then:

(a) For every N -coloring f : V. — Ny of G, we have 77 (Xf¢) = Xy,,. (See
Definition (a) and Definition (a) for the meanings of x4, and X .)

(b) We have 7 (Ygt) = Xg -

We omit the simple proofs of these claims.

Our goal is now to state noncommutative analogues of our main theorems for
ambigraphs (specifically, Theorems and and Corollaries and [6.16).
To do so, we need a noncommutative analogue of the power-sum symmetric

functions p,. In the commutative case, we defined p, as the product [] p,. (see

i>1
Definition [1.4). The noncommutative case, however, will not be such a product,
so we need to define it differently. This will require some preparations.

We begin by recalling the notion of a set partition:

Definition 6.20. Let X be a set.
(a) A set partition of X means a set P of disjoint nonempty subsets of X such

that J S = X.
seP
(b) If P is a set partition of X, then the sets S € P are called the blocks of P.

For example:

e The set {{1,3}, {2,4,5}} is a set partition of the set {1,2,3,4,5}, since
{1,3} and {2,4,5} are two disjoint nonempty subsets of {1,2,3,4,5} whose
union is {1,3} U{2,4,5} = {1,2,3,4,5}.

e The set {{1,4}, {2,5}, {3,6}} is a set partition of the set {1,2,3,4,5,6}.
The blocks of this set partition are {1,4} and {2,5} and {3, 6}.

e The set {{1,2,3,4,5}} is a set partition of the set {1,2,3,4,5}. It has only
one block, namely {1,2,3,4,5}.

e Theset {{1}, {2}, {3}, {4}, {5}} is a set partition of the set {1,2,3,4,5}.
It has five blocks, namely {1}, {2}, {3}, {4}, {5}.

There is a well-known relation (actually a one-to-one correspondence) between
the set partitions of a given set X and the equivalence relations on X. It can be
summarized in the following theorem:
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Theorem 6.21. Let X be a set.
(@) If ~ is an equivalence relation on X, then the set

X/ (~) = {all ~ -equivalence classes}

(see Definition [1.6| for its definition) is a set partition of X.

(b) If P is a set partition of X, then we can define an equivalence relation
~ on the set X as follows: For any two elements 2 and b of X, we shall have
a ~ b if and only if the elements a and b belong to the same block of P. This
relation ~ will be called ~p.

(c) The maps

{equivalence relations on X} — {set partitions of X},

(~) = X/ (~)
and

{set partitions of X} — {equivalence relations on X},
P— (NP)

are mutually inverse bijections.

Example 6.22. Let X be the set {1,2,3,4,5,6}.
(@) If ~ is the equivalence relation on X given by

(a~b) <= (a=bmod2),

then the corresponding set partition X/ (~) of X is {{1,3,5}, {2,4,6}}.
(b) If P is the set partition {{1,2}, {3,4,6}, {5}} of X, then the correspond-
ing equivalence relation ~p on X is given by

1~p2, 3~p4~pb

and no further relations (except, of course, for the ones that follow from the
relations just given by reflexivity, symmetry and transitivity).

We can now define the noncommutative analogues of the power-sum sym-
metric functions p,. These are indexed not by integer partitions A but by set
partitions P:

Definition 6.23. Let N € IN. Let P be a set partition of the set {1,2,...,N}.
Recall the relation ~p defined in Theorem (b).
Then, we define a noncommutative power series Pp € k ((X1, X2, X3,...))
by
Pp = ) X, X;, - X

(il /i2/---/iN) S (N+)N/
i,=i, whenever a~pb

iN*
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Here, the condition “i, = i, whenever a ~p b” under the summation sign is
shorthand for “i, = i, for any two elements a,b € {1,2,...,N} that satisfy
an~p b”.

This power series Pp is called the power-sum symmetric function in noncom-
mutative variables corresponding to the set partition P. It is not hard to see that
it belongs to Anc.

Note that Pp is called pp in [GebSag01} §2] and in [RosSag04].

Example 6.24. (a) If P is the set partition {{1,3}, {2,4,5}} of {1,2,3,4,5},
then

Pp = Z Xil Xi2Xi3Xi4 Xis
..... 5
(11/12/13/14/15)€(N+) ;
i;=1, whenever a~pb

= Z le X12 Xl3 XZ4X15
""" 5
(1.1 112/'13114115) S (N+) ;
i1=i3 and iy=iy=i5

= Z Xu XvXu Xz; Xv
(,0)€(N+)?

(here, we have substituted (u,v,u,v,v) for the summation index
(i1,12,13,14,15), since the condition “iy = i3 and i = iy = i5” is saying precisely
that the 5-tuple (i, ip, 13,14, i5) can be written in the form (u,v,u,v,v)). This is
a noncommutative power series that contains terms such as X4 X7X4X7X7 or
X5X5X5X5X5 (we are allowed to have u = v in the above sum), but not terms
such as X7 XX, X1 X7 (since the indeterminates don’t commute).

(b) If P is the set partition {{1,4}, {2,5}, {3,6}} of {1,2,3,4,5,6}, then

Pp = ) X, Xi, X1, Xi, Xis Xi,

ip=i, whenever a~pb

= Z Xil Xiz Xis Xi4Xi5Xi6

il :i4 and i2:i5 and i3:i6
= Y XXeXeXuXoXe= Y (XuXoXw)®.
(u,v,w)e(N+)3 o (u,v,w)G(N+)3

=(XuXoXp)?

3
Note that this cannot be simplified to ( Y Xﬁ) , since the indeterminates
uelN 4

don’t commute.
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(c) If P is the set partition {{1,2,3,4}} of {1,2,3,4}, then

Pp = Y. X;, Xi, X1, Xi,

(i1/i2/i3/i4) S (N+ )4;
ip=i, whenever a~pb

= Y Xy Xp X X, = Y, XuXuXuXu= Y, X;
(i1i2/i3,is) €(N1)%; ueN+ ueN+
i1 =ip=i3=iy

(d) If P is the set partition @ of {} (so we have N = 0), then

Pp = ) (empty product)
o 0eNy)’;
;=1 whenever a~pb
= (empty product) (since there is only one 0O-tuple)
=1.

We shall now assign an equivalence relation to any finite graph (V,E) and
any list t of its vertices:

Proposition 6.25. Let (V,B) be a finite graph. Then, according to Definition
(a), an equivalence relation ~(y ) is defined on the set V.

Let t = (t1,f2,...,tn) be a finite list of elements of V. Let ~ be the re-
lation on the set {1,2,..., N} defined as follows: Two elements i and j of
{1,2,...,N} shall satisfy i ~ j if and only if ¢; ~v,B) tj-

Then, this relation ~ is an equivalence relation.

Proof of Proposition [6.25] This is a straightforward and easy argument, but we
give it nevertheless for the sake of completeness.

We shall show that the relation = is reflexive, symmetric and transitive.

Proof of reflexivity: Leti € {1,2,...,N}. We shall show that i ~ i.

The relation ~(V,B) is an equivalence relation, and thus is reflexive. Hence, we
have ; ~(y p) t;. However, i ~ i holds if and only if we have t; ~v,p) ti (by the
definition of the relation ~). Hence, i ~ i holds (since we have t; ~y p) t;).

Forget that we fixed i. We thus have shown thati ~ i foreachi € {1,2,...,N}.
In other words, the relation = is reflexive.

Proof of symmetry: Let i and j be two elements of {1,2,..., N} satisfying i ~ ;.
We shall show that j ~ i.

We have i ~ j if and only if we have t; ~y p) f; (by the definition of the
relation ). Hence, we have t; ~(y p) {; (since we have i = j).

The relation ~(y p) is an equivalence relation, and thus is symmetric. Hence,
from t; ~(y p) tj, we obtain t; ~y p) t;. However, j ~ i holds if and only if we
have t; ~(y p) t; (by the definition of the relation ). Hence, j ~ i holds (since
we have t]' ~(V,B) ti)-
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Forget that we fixed i and j. We thus have shown that if i and j are two
elements of {1,2,..., N} satisfying i ~ j, then j ~ i. In other words, the relation
/R is symmetric.

Proof of transitivity: Let i, j and k be three elements of {1,2,..., N} satisfying
i ~ jand j = k. We shall show that i ~ k.

We have i ~ j if and only if we have t; ~y p) f; (by the definition of the
relation ~). Hence, we have t; ~(y p) {; (since we have i ~ j).

We have j ~ k if and only if we have f; ~ p) fx (by the definition of the
relation ~). Hence, we have {; ~(y p) fi (since we have j ~ k).

The relation ~(y p) is an equivalence relation, and thus is transitive. Hence,
from t; ~(y ) tj and t; ~(y p) fx, we obtain t; ~(y p) fx. However, i ~ k holds if
and only if we have t; ~(y ) tx (by the definition of the relation ~). Hence, i ~ k
holds (since we have t; ~y p) f).

Forget that we fixed i, j and k. We thus have shown that if i, j and k are three
elements of {1,2,..., N} satisfying i ~ j and j = k, then i ~ k. In other words,
the relation ~ is transitive.

We have now shown that the relation ~ is reflexive, symmetric and transitive.
In other words, this relation ~ is an equivalence relation (because an equiva-
lence relation is defined to be a binary relation that is reflexive, symmetric and
transitive). This proves Proposition [6.25| O

As we know from Theorem an equivalence relation is “essentially the
same as” a set partition. Thus, in particular, we can turn the equivalence relation
defined in Proposition into a set partition:

Definition 6.26. Let (V, B) be a finite graph. Let t = (¢1,t,,...,ty) be a finite
list of elements of V.

(a) Let ~(y ) be the relation ~ on the set {1,2,..., N} defined in Proposi-
tion As we know from Proposition this relation ~ is an equivalence
relation. In other words, the relation ~(y g4 is an equivalence relation.

(b) Therefore, Theorem (@) (applied to X = {1,2,...,N} and (~) =

(z(V,B,t))) shows that the set

{1,2,...,N}/ (m(V,B,t)> = {all X (v,B,t) -equivalence Classes}

is a set partition of {1,2,...,N}. We shall denote this set partition by
P (V,B,t).

Example 6.27. Let (V,B) be the finite graph with V = {u,v,w,x,y} and
B = {{u,v}, {v,w}, {x,y}}. Then, the equivalence relation ~y p) from Def-
inition (a) satisfies u ~(y ) v ~(y,gy wand x ~y p) y.

Let t = (t1,t,...,tN) be the list (u,v,x,y,x,u) of elements of V (so that
N=6andtj =uand ) =vand 3 = x and t; = y and t5 = x and t5 = u).
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Then, the equivalence relation ~y py) from Definition (a) satisfies

1 %(V,B,t) 2 %(V,B,t) 6 (since t ~(V,B) 1) ~(V,B) f6> and
3w,y 4 =W O <SinC€ t3 ~(v,B) ta ~(v B) t5>

and no further relations (except for the ones that follow from the relations

just given using reflexivity, symmetry and transitivity). Thus, the set partition
P (V, B, t) from Definition (b) is

{{1,2,6}, {3,4,5}}.

We now have all notations in place to state noncommutative analogues of

Theorems and and Corollaries and

Theorem 6.28. Let G = (V, E, ¢) be a finite ambigraph. Let t = (f1,t,...,tN)
be a finite list of elements of V that contains each element of V at least once.
Then,

F
Yo=Y, (-1) |PP(V,unionF,t)-
FCE

Theorem 6.29. Let G = (V, E, ¢) be a finite ambigraph. Let t = (f1,t,...,tN)
be a finite list of elements of V' that contains each element of V' at least once.
Let X be a totally ordered set. Let £ : E — X be a labeling function. Let R be
some set of broken circuits of G (not necessarily containing all of them). Let
ag be an element of k for every K € &. Then,

F
YG,t = Z (_1)| | H axk PP(V,unionF,t)'

FCE Kesg;
KCF

(Here, of course, the pair (V,union F) is regarded as a graph, and the expres-
sion A ((V,union F) ,w) is understood according to Definition [6.5])

Corollary 6.30. Let G = (V, E, ¢) be a finite ambigraph. Let t = (f1,t,...,tN)
be a finite list of elements of V' that contains each element of V at least once.
Let X be a totally ordered set. Let £ : E — X be a labeling function. Let R be
some set of broken circuits of G (not necessarily containing all of them). Then,

F
YG,t = Z (_1)| | PP(V,unionF,t)'

FCE;
F is R-free
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Corollary 6.31. Let G = (V, E, ¢) be a finite ambigraph. Let t = (f1,t,...,tN)
be a finite list of elements of V that contains each element of V at least once.
Let X be a totally ordered set. Let / : E — X be a labeling function. Then,

_ |F|
YG,t = Z (_1) PP(V,union Ft)-
FCE;
F contains no broken
circuit of G as a subset

Since any graph or loopless multigraph can be viewed as an ambigraph, it is
easy to see that Theorem and Corollary generalize [GebSag01] Theorem
3.6] and [GebSag01, Theorem 3.8], respectively.

In order to prove these four results, we proceed similarly to the commutative
case, which we have studied to exhaustion. Instead of Lemma [6.11] we need the
following noncommutative analogue:

Lemma 6.32. Let (V, B) be a finite graph. Let t = (t,f2,...,tn) be a finite list
of elements of V that contains each element of V at least once. Then,

Y. Xpe=Pppy-
f:V%N.&.;
BCEgs f

Proof of Lemma The definition of Pp(y gy yields

PP(V,B,t) = Z Xil Xiz e XiN (145)

. . N
(i iN)E(ING) T
ia=i, whenever a~py )b

(where the condition “i; = i, whenever a ~py gy b” is shorthand for “i, = i,
for any two elements a,b € {1,2,..., N} that satisfy a ~p(y ) b”).
However, for any two elements a,b € {1,2,..., N}, we have the equivalence

<a ~P(V,Bt) b) — (ta ~(V,B) tb) (146)

Fl

Now, we define two sets

F={¢:V—>Njiisamap | BC Eqsg}

89Proof. Let X = {1,2,...,N}. Then, P (V,B,t) is a set partition of X (since P (V, B, t) is a set
partition of {1,2,...,N}).

Let us recall how the relation ~p(y py) is defined (according to Theorem (b)): This

relation is the relation ~ on the set X such that for any two elements a and b of X, we have

a ~ b if and only if the elements a and b belong to the same block of P (V, B, t). Hence, for

any two elements 2 and b of X, we have a ~p(y py) b if and only if the elements a4 and b

belong to the same block of P (V, B, t). In other words, for any two elements 2 and b of X, we
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and
(e . N .
7= {(11,12,. ..,iN) € (N4)™ | ip = ip whenever a ~p(y gy b}.

We claim the following;:

have the equivalence

(a ~P(V,Bt) b)
<= (the elements a and b belong to the same block of P (V, B, t)). (147)

Let ~(y py) be the relation ~ on the set {1,2,..., N} defined in Proposition As we
know from Proposition this relation =~ is an equivalence relation. In other words, the
relation ~(y ) is an equivalence relation.

Now, recall how the set partition P (V, B, t) is defined (according to Definition |6.26): It is
defined by

P(V,B,t)={1,2,...,N}/ (z(V/B,t)) = {all ~(v,B,t) -equivalence classes}.

Hence, the blocks of P (V, B, t) are the ~(y py)-equivalence classes.
Now;, let a and b be two elements of {1,2,...,N}. Thus, a and b are two elements of X
(since X = {1,2,...,N}). Therefore, we have the following chain of equivalences:

(‘1 ~P(V,B,t) b)
<=> (the elements a and b belong to the same block of P (V, B, t))

(by (147))

= (the elements a and b belong to the =y p4) -equivalence class)

(since the blocks of P (V, B, ) are the ~y g, -equivalence Classes)
— (a ST b) (148)

(because two elements of {1,2,..., N} belong to the ~y p -equivalence class if and only if
they are related by the relation ~(y p4)).

However, the relation A (v,B,t) Was defined as the relation ~ on the set {1,2,..., N} defined
in Proposition[6.25 But the latter relation ~ was defined as follows: Two elements i and j of
{1,2,...,N} shall satisfy i ~ j if and only if t; ~,B) tj-

Since we have denoted this relation ~ by ~(y py), we can rewrite this fact as follows:
Two elements 7 and j of {1,2,...,N} shall satisfy i ~y gy j if and only if t; ~(y p) t;.
In other words, for any two elements i and j of {1,2,...,N}, we have the equivalence

(Z %(V,B,t) ]) S (ti ~(V,B) t]>
Applying this to i = a and j = b, we obtain the equivalence (a ~(V,Bt) b) =

(ta ~(V,B) tb). Hence, we have the equivalence

(“ ~P(V,Bt) b) — (a ~(V,B,t) b) (by (148))
<~ (tu ~(V,B) tb) .

This proves (146).
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Claim 1: For any f € F, we have (f (t1),f (t2),..., f (tn)) € L.
[Proof of Claim 1: Let f € F. Then,
feF={g:V—-Nyisamap | BC Eqgsg}.

In other words, f is a map g : V — N, satisfying B C Eqs g. In other words, f
is a map from V to IN; and satisfies B C Eqs f.

Let a,b € {1,2,...,N} be two elements that satisfy a ~P(V,Bt) b. We shall
show that f (t;) = f (tp).

From (146), we know that the statements “a ~p(y ) b” and “t; ~(y p) t,” are
equivalent. Hence, we have t; ~(y p) t; (since we have a ~p(y ) D).

Now, let ~ denote the equivalence relation ~(V,B)- Thus, we have t, ~ t;
(since t, ~(V,B) tb)

Let Y = IN,. Thus, f : V — Y is a map (since f : V — N4 is a map). A set
YY is defined (according to Definition i(b)) Lemma [2.5 . yields that we have
the following logical equivalence of statements:

(BCEqgsf) < (erX).
Hence, we have f € YV (since we have B C Egs f). Therefore,
feyl = {ge YV | ¢(x) =g (y) forany x € Vand y € Vsatisfyingxwy}

(by the definition of YV). In other words, f is a g € YV satisfying
g(x) =g (y) forany x € V and y € V satisfying x ~ y.
In other words, f is an element of YV and satisfies
f(x)=f(y) forany x € V and y € V satisfying x ~ y. (149)

We can apply tox =t,and y =t, (since t, € Vand t, € V and t; ~ tp).
Thus, we obtain f (t,) = f ().

Now, forget that we fixed a and b. We thus have shown that f (¢,) = f (#;) for
any two elements a,b € {1,2,..., N} that satisfy a ~p( gy b. In other words,
we have f (t;) = f (t;) whenever a ~py ) b.

Hence, the N-tuple (f (t1), f (t2),...,f (tn)) is an N-tuple (i1,ip,...,iN) €
(]N+)N satisfying i, = i, whenever a ~p(y ) b. In other words,

(f(t1), f(t2),....f(tNn)) € {(il,iZ,...,iN) € (IN+)N | i, = i, whenever a ~p(y gy b}
=7 (by the definition of 7).

This proves Claim 1.]
Thanks to Claim 1, we can define a map

Y:F—1I
fe(f(t), f(t),.... f(tn)).

Consider this map Y. We claim the following:
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Claim 2: The map Y is injective.

[Proof of Claim 2: Let f and g be two elements of F that satisfy ¥ (f) = ¥ ().
We shall show that f = g.

Note that both f and g are elements of 7, and thus are maps V' — IN ..

The definition of ¥ yields ¥ (f) = (f(t1),f (f2),...,f(tn)) and ¥ (g) =

(8(t1),8(t2),..., g (tn)). Hence,
(f(t), f(t2),....f(tn) =F(f) =Y (g) = (g(t1),8(t2),..., & (tN)) -

In other words,
f(t) =g () foreachi e {1,2,...,N}. (150)

Now, let v € V. We shall show that f (v) = g (v).

The list (t1,t2,...,tN) contains each element of V at least once (according to
the hypotheses of Lemma [6.32). In particular, this list contains v at least once
(since v is an element of V). In other words, there exists ani € {1,2,..., N} such
that t; = v. Consider this i. From (I50), we obtain f (t;) = g(t;). In view of
t; = v, we can rewrite this as f (v) = g (v).

Forget that we fixed v. We thus have shown that f (v) = ¢ (v) for each v € V.
In other words, f = g (since both f and g are maps V — IN ).

Forget that we fixed f and g. We thus have shown that if f and g are two
elements of F that satisfy ¥ (f) = ¥ (g), then f = g. In other words, the map ¥
is injective. This proves Claim 2.]

Claim 3: The map Y is surjective.

[Proof of Claim 3: Let i € Z. We shall construct an f € F satisfying ¥ (f) = i.
Indeed, i € 7 = {(il,iz,...,iN) € (N2)N | iy = iy whenever @ ~p(y gy b
(by the definition of Z). In other words, i has the form i = (iy,i,...,iN) for
some N-tuple (iy,ip,...,iN) € (]N+)N that satisfies i, = i, whenevera ~p(y gy b.

Consider this N-tuple (i1,1,...,iN).
We have i, = i, whenever a ~p(y ) b. In other words, we have

in = iy (151)

for any two elements a,b € {1,2,...,N} that satisfy a ~P(V,B,t) b (since this is
what “i; = i, whenever a ~p(y py) b” means).

We shall now define a map f : V. — N as follows:

Let v € V. The list (f1,fp,...,tN) contains each element of V at least once
(according to the hypotheses of Lemma [6.32). In particular, this list contains v
at least once (since v is an element of V). In other words, there exists a k €
{1,2,...,N} such that ty = v. Pick the smallest such k, and set f (v) := i.
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Thus, we have defined a positive integer f (v) € IN for each v € V. In other
words, we have defined a map f : V — IN,. According to its definition, this
map can be computed as follows: If v € V is any vertex, then

f(0) =ik, (152)

where k is the smallest element of {1,2,..., N} such that t; = v.
We shall now show that B C Eqs f.
Indeed, let ~ denote the equivalence relation ~y ). We shall first show that

f(x)=f(y) forany x € V and y € V satisfying x ~ y. (153)

[Proof of (I53): Let x € V and y € V be such that x ~ y. We must show that
f(x) = f ).

We know that the list (t1,t,,...,tyN) contains each element of V at least once.
In particular, this list contains x at least once (since x is an element of V). In
other words, there exists an a € {1,2,..., N} such that t, = x. Pick the smallest
such a. Thus, a is the smallest element of {1,2,..., N} such that {, = x. Hence,
f (x) =i, (by (152), applied to v = x and k = a).

We know that the list (t1,t,,...,ty) contains each element of V at least once.
In particular, this list contains y at least once (since y is an element of V). In
other words, there exists a b € {1,2,...,N} such that t;, = y. Pick the smallest
such b. Thus, b is the smallest element of {1,2,..., N} such that t, = y. Hence,
f (v) = ip (by (152), applied to v = y and k = b).

We have x ~ y. In other words, x ~y p) y (since ~ is the relation ~y p)).
In other words, t, ~w,B) b (since t, = x and t;, = y). However, from ,
we know that the statements “a ~py py) b” and “t; ~y ) t,” are equivalent.
Hence, we have a ~p(y py) b (since we have t; ~y p) tp). Thus, from , we
conclude that i, = ij,. In view of f (x) =i, and f (y) = i}, we can rewrite this as
f(x)=f(y). Thus, is proved.]

Now, let Y = IN,.. Thus, f : V — Y is a map (since f : V — N, is a map). A
set YV is defined (according to Definition (b)). Its definition yields that

YV = {ge YV | ¢(x) =g (y) forany x € V and y € V satisfying x Ny}.
However, fisa g € YV satisfying

g(x) =g (y) forany x € V and y € V satisfying x ~ y

(since (153) shows that f (x) = f (y) for any x € V and y € V satisfying x ~ ).
In other words,

fe {gEYV | ¢(x) =g (y) foranyxeVandyEVsatisfyingxwy}

Va4
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(sinceYY = {ge YV | g(x) =g (y) forany x € V and y € V satisfying x ~ y}).
However, Lemma [2.5] yields that we have the following logical equivalence of

statements:
(BCEqsf) «— (erZ).

Hence, we have B C Egs f (since we have f € YY).
Thus, we know that f is a map V — IN, and satisfies B C Eqgs f. In other
words, f isamap g: V — IN; satisfying B C Eqs . In other words,

fe{g:V—-Niisamap | BCEqsg}=F

(by the definition of F).

We shall now show that ¥ (f) = i.

Indeed, the definition of ¥ yields ¥ (f) = (f (t1), f (t2),..., f (tN)).

Now, let j € {1,2,...,N}. We shall show that f (t;) = i;.

Indeed, there exists a k € {1,2,...,N} such that t; = tj (for example, k = j
qualifies). Pick the smallest such k. Thus, k is the smallest element of {1,2,..., N}
such that tp = t;. Hence, (applied to v = t;) yields f (tj)) = i. How-
ever, the relation ~y p) is an equivalence relation, and thus is reflexive. Hence,
te ~(v,B) tx- In other words, t; ~(y p) t; (since t; = t;). However, ( - 146) (applied
toa = k and b = j) shows that we have the equlvalence

(k ~P(V,B,) j) — <fk ~(V,B) tj) :

Thus, we have k ~p(y ;) j (since we have t; ~y p) t;). Hence, (applied to
a =k and b = j) yields iy = i;. Hence, f (tj) =ix = ij.

Forget that we fixed j. We thus have shown that f (t;) = i; for each j €
{1,2,...,N}. In other words,

(f(t1), f(t2),---, f(tn)) = (in 02, iN) -

In view of ¥ (f) = (f(t1),f(t2),...,f (tn)) and i = (i1, ip,...,iN), We can
rewrite this as ¥ (f) = i. Hence,

i—‘I’( f ) €Y (F).
~

eF

Forget that we fixed i. We thus have shown thati € ¥ (F) for eachi € Z. In
other words, Z C ¥ (F). In other words, the map ¥ is surjective. This proves
Claim 3.]

We now know that the map Y is injective (by Claim 2) and surjective (by Claim
3). In other words, this map ¥ is bijective, i.e., is a bijection.

However, the map Y is the map

F =T,
f=(f(t), f(t2),.... f(tn))
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(by its definition). Hence, the map

F =1,
f=(f(t), ft2),.- f(tn))

is a bijection (since ¥ is a bijection).
Now, recall that

F={g:V—->N,isamap | BC Eqgsg}.

Hence,

), = Y = )y (154)
feF  fe{gV—-Niisamap|BCEqsg} f:V—=Ny,;
BCEgs f
(an equality between summation signs).
Furthermore, recall that

7= {(il,iz,. . in) € (NN | ig = i, whenever a ~p(y g b}.

Hence,
(i1i2,-iN) €L (i1,i2,-.rin ) E(NL)N;
ia=i, whenever a~py )b
(an equality between summation signs). In light of this, we can rewrite (145) as
follows:

Povpy = 3,  XiyXpoo Xy
(ir,i2,rin) ET
= Y Xy Xrwy  Xpew)

feF
N~

= X
fiV—=INy;
BCEgs f
(by @4
here, we have substituted (f (t1),f (t2),...,f (tN))
for (i1, ip,...,iN) in the sum, since the
map F = I, fr= (f (t), f(t2) -, f (EN))

is a bijection

= ) Xr() X - Xpiew)
VSN, -
BCEgs f =Xt
(since Xy, was defined to be Xf(tl)Xf(tz) '“Xf(tN)
in Definition [6.17] (a))
= ) X
f V—>N+
BCEgs f
This proves Lemma [6.32 O
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We can now prove Theorems [6.29| and [6.28 and Corollaries and by
making straightforward changes to the above proofs of Theorems and

and Corollaries and (replacing, in particular, the use of Lemma by
a use of Lemma |6.32). Here are the details:

Proof of Theorem We have

Yoi = ) Xt (155)
fiV=Niisa
proper IN 4 -coloring of G

(by the definition of Y5:). Now, if f : V. — N4 is a map, then we have the
following logical equivalence:

(the N4 -coloring f of G is proper) <= (EQS (G, f) = @) (156)

(because the IN_-coloring f of G is proper if and only if EQS (G, f) = @ @[)
Now,

y EQS(G,f) = 2 X
JVZNG | s (the N,y ~coloring f of G is proper)
(by (156))

= ) |the N -coloring f of G is proper Xt
fV =Ny < (fisa prope?r]NJF-coloring of G)

= ) [fisaproper N -coloring of G] Xy,
f:V—>N+

= ) [f is a proper IN;-coloring of G] X
f:V—N,y isa h ~~ d
proper IN 4 -coloring of G

=1
(since f is a proper IN-coloring of G)

+ ) [f is a proper IN+-coloring of G] X,
f:V—=INy isnota ~ ~0 g
proper IN.;-coloring of G (since f is not a proper IN -coloring of G)

(since each f : V — INy either is a proper IN_-coloring of G or not)

= ) Xyt + ) 0Xf ¢ = ). X

f:V=INyisa f:V—=INy isnota fiV=INyisa
proper N -coloring of G proper IN -coloring of G proper N -coloring of G
=0
— Yo, (157)

(by (I53))-

Yby Lemma (applied to N4 instead of X)
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However, for every f : V — IN, we have
Y (DB ax = [EQS (G, f) = 2] (158)

BCE; Keg;
union BCEgs f KCB

(indeed, we have already shown this in the above proof of Theorem [5.18).

Now, (157) yields
Yor= ), [EQS(G,f)=2] Xy
f V—>N+ o~
D VIR Co VI s A
BCE; Kes;
union BCEqs f KCB
(by (158))

) Y (DT ax | X

f: V>IN, BCE; Keg;
union BCEgs f KCB
B
= ) Y P TT ek | X
fV—=IN4 BCE; KeR;
union BCEgs f KCB

~"

r
BCE  f:V—INy;
union BCEqs f

=) Yy (-nl® [T ax | Xp

BCE  f:VoNy; Keg

union BCEgs f KCB
B
=Y 0P TTax | X X
BCE Keg; f V>IN,
KCB union BCEqs f

(159)

However, if B is a subset of E, then the pair (V,union B) is a finite graph (since

\%
V is a finite set and since union B C ( ) ) ), and thus we have

Z Xf,t = p/\(V,union Bt)
fV=INy;
union BCEgs f

(by Lemma applied to union B instead of B).

(160)
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Hence, (159) becomes

Yo = Z (_1)‘3‘ H ak Z Xt
BCE Keg; fV=INy;
KCB union BCEqs f

Ve
:P)\(V,union B,t)

(by (160))

B
= Z (_1)‘ | H ak PA(V,unionB,t)
BCE Keg;
KCB

_ Z (_1)|F‘ H ax PA(V,unionF,t)

FCE KeR;
KCF

(here, we have renamed the summation index B as F). This proves Theorem
6.29] O

Proof of Corollary We can apply Theorem to 0 instead of ag. As a result,
we obtain

Yo=Y (-1 | TT 0| Pavunion .- (161)
FCE KeR;
KCF

Now, if F is any subset of E, then

1, if Fis R-free;

0=
Kgﬁ; 0, if Fis not R-free
KCF

(162)

(indeed, this was already shown in our above proof of Corollary [5.19).
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Thus, (161) becomes

F
YG,t = Z (_1)| | H 0 PA(V,unionF,t)
FCE KeR;
KCF
————

0, if Fis not R-free
(by (162)
1, if Fis R-free;
= _1)EI ) ; b |
F;; =1 {0, if Fis not R-free  MV/unionEt)

= Y (—1)/F! 1, if Fis R-free; b
B FCE; 0, if F is not f&-free A(V,union F t)

F is R-free N -~

_{1, if F is R-free;

(since Fis R-free)

1 2 (_1)|p| 1, %f F %s R-free;
FCE; 0, if F is not R-free

F is not K-free ~~

A(V,union F t)

(since F is 1 r?ot R-free)
(since each subset F of E either is f-free or is not)
F F
= Z (_1)| | PA(V,unionF,t) + Z (_1)‘ | OPA(V,unionF,t)

FCE; FCE;
F is R-free F is not R-free

J/

F
= Z (_1)| | PA(V,unionF,t)-
FCE;
F is R-free

This proves Corollary O

Proof of Corollary Let R be the set of all broken circuits of G.
Now, just as in the proof of Corollary we can prove the following equality:

Y, = )y
FCE; FCE;

F is R-free F contains no broken
circuit of G as a subset
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(an equality between summation signs). Now, Corollary yields

F
YG,t - Z (_1)| | P)\(V,unionF,t)

FCE;
F is R-free
——

D
FCE;
F contains no broken
circuit of G as a subset

= Z (_1)“:‘ P/\(V,unionF,t)'
FCE;

F contains_ no broken
circuit of G as a subset

This proves Corollary 0

Proof of Theorem [6.28] Let X be the totally ordered set {1} (equipped with the
only possible order on this set). Let £ : E — X be the function sending each
e € Eto1l € X. Let 8 be the empty set. Clearly, £ is a set of broken circuits of G.
Theorem (applied to 0 instead of ak) yields

F
YG,t = Z (_1)‘ | H 0 p/\(V,unionF,t)
FCE Keg;
KCF
——
=(empty product)

(since R is the empty set)

= Z (_1)‘13‘ (empty product) PA(V,unionF,t) = Z <_1)|F| PA(V,unionF,t)-

7

FCE :fl FCE

This proves Theorem [6.28 O

6.7. An abstract setting

The reader will by now have realized that we have been making the same ar-
guments in a series of slightly different settings. In particular, the chromatic
symmetric function Xg, its weighted version X ;, and its noncommutative ver-
sion Yg are all defined as sums over proper IN,-colorings of G; they differ
only in the addends being summed. We can generalize them all by allowing
these addends to be arbitrary, i.e., replacing them by arbitrary elements af of
a Z-module M, provided that the resulting (potentially infinite) sums are still
well-defined. While at that, we can also replace IN_ -colorings by Y-colorings for
an arbitrary set Y. Thus, we are led to the following general setting:

Definition 6.33. Let G = (V,E, ¢) be a finite ambigraph. Let Y be any set.
Let M be a topological Z-module. Let ay € M be an element for each Y-

coloring f : V. — Y. Assume that the family (a) sy Of these elements is
summable (so that the sum }° ay and any of its subsums is well-defined).
fiV=Y
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Then:
(a) We define an element

G = Z uf € M.
fV=Yisa
proper Y-coloring of G

1

(b) Furthermore, if B is a subset of (V> , then we set

2

mpi= ), ay€M
fV=Y;
BCEgs f

Through appropriate choices of af, we recover the previously defined power
series X, Xgw and Yg ¢

e If Y =IN, and Xf = Xg, then E&; = X and 71 = PA(V,union B)-
e If Y =Ny and ay = Xy, (for a given weight function w : V. — IN), then
E¢ = Xc,w and 71 = PA((V,union B),w)-

e If Y = N4 and ay = Xy (for a given list t of elements of V that contains
each element at least once), then Eg = Yg+ and 713 = Pp(v union B ¢)-

We can now state analogues of Theorems and and Corollaries [6.30]
and in this general context:

Theorem 6.34. Let G, V, E, ¢, Y, M and « f be as in Definition Then,
using the notations of Definition we have

Hg = Z (—1)‘F| 7Tunion F-

Theorem 6.35. Let G, V, E, ¢, Y, M and « 7 be as in Definition Let X be
a totally ordered set. Let £ : E — X be a labeling function. Let & be some set
of broken circuits of G (not necessarily containing all of them). Let ax be an
element of k for every K € &. Then, using the notations of Definition we
have

[1]

G — Z (_1)|F| H 4K | 7Tunion F-

FCE Keg;
KCF
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Corollary 6.36. Let G, V, E, ¢, Y, M and « 7 be as in Definition Let X be
a totally ordered set. Let £ : E — X be a labeling function. Let K be some set
of broken circuits of G (not necessarily containing all of them). Then, using
the notations of Definition 6.33, we have

— F
=G = Z (_1)| | TTunion F-
FCE;
F is R-free

Corollary 6.37. Let G, V, E, ¢, Y, M and « f be as in Definition 6.33} Let X be
a totally ordered set. Let £/ : E — X be a labeling function. Then, using the
notations of Definition [6.33] we have

G = Z (_1)|F| TTunion F-
FCE;

F contains no broken
circuit of G as a subset

These four results can be proved through arguments very similar to the ones
we used in earlier proofs (e.g., in the proofs of Theorems 6.14] and [6.13| and

Corollaries and [6.16). In Here are the details:
Proof of Theorem We have

'EG = Z 48 f (163)
fV=Yisa
proper Y-coloring of G

(by the definition of ). Now, if f : V — Y is a map, then we have the following
logical equivalence:

(the Y-coloring f of G is proper) <= (EQS (G, f) = 9) (164)

(because the Y-coloring f of G is proper if and only if EQS (G, f) = @ ).

by Lemma (applied to Y instead of X)
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Now,

)3 EQS (G, f) = o af

fV=Y

<= (the Y-coloring f of G is proper)

(by (L64))

= ) |the Y-coloring f of G is proper | « £
f:Vv=Y h

< (fisa prop;rrY—coloring of G)
= Y [fisa proper Y-coloring of G]a f
fVv=Y
= ) [f is a proper Y-coloring of G| as

fV=Yisa ~
proper Y-coloring of G

(since fisa propzr Y-coloring of G)

+ Y. [f is a proper Y-coloring of G] af

f:V—=Yisnota ~

proper Y-coloring of G (gince f is not a proper Y-coloring of G)

(since each f : V — Y either is a proper Y-coloring of G or not)

) ap+ B Onp = B ay

fV=Yisa f:V—=Yisnota fV=Yisa
proper Y-coloring of G proper Y-coloring of G proper Y-coloring of G
=0
= B¢ (165)

(by (163))-

However, for every f : V — Y, we have

Y (=1P [T ax = [EQS(G,f) = 2] (166)
unior? }_% giqs f ﬁeg%

(indeed, we have already shown this in the above proof of Theorem [.18).
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Now, yields
Ec= ), [EQS(G,f) =2] ay

fiV=Y h
e M o VL §
BCE; Keg;
union BCEgs f KCB

(by (T66))

=y Y (—1)|B|Ha1< og

fiV=Y BCE; Keg;
union BCEgs f KCB

=y Y (—1)/®l [T ax | af

VoY BCE; KeR;
f
union BCEgs f KCB

-~

)y
BEE iV Y;
union BCEgs f

=Y X 0 TTa |

BCE fV=Y; Keg;
union BCEgs f KCB
B
=Y ()P TT ax . %
BCE Keg; f:V=Y;
KCB union BCEqs f
——_— ———
=7Tunion B
(since 7Tynion 8 Was defined
to be > ocf)
fV=Y;

union BCEgs f

= Z (—1)‘3‘ H aK | TunionB = Z (—1)“:‘ H aK | 7TunionF

BCE Kes; FCE KER;
KCB KCF

(here, we have renamed the summation index B as F). This proves Theorem
6.35 O

Proof of Corollary We can apply Theorem to 0 instead of ag. As a result,
we obtain

B = Z (_1)|F| H 0 | 7Tunion F- (167)
FCE Keg;
KCF
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Now, if F is any subset of E, then

1, if Fis R-free;
1_[0: , 1 %sﬁ ree; (168)
Kef: 0, if F is not R-free
KCF
(indeed, this was already shown in our above proof of Corollary [5.19).
Thus, (167) becomes
He = Z (—1)|F| H 0 TCunion F
FCE Kes;
KCF
~———
|1, if Fis f-free;
- 0, if F is not fR-free
(by (62)
1, if Fis R-free;
= Z (_1)|F| ’ 1 %s Hitree TTunion F
FCE 0, if Fis not R-free
_ Z (_1)|F| 1, if Fis R-free; i
FCE; 0, if Fisnot R-free
F is R-free ~~
(since F_I; R-free)
1, if Fis R-free;
+ _1 |F| 4 4 TTimi
ng; (=1) 0, if Fisnot A-free ™"
F is not A-free N ~~ d
(since F is not R-free)
(since each subset F of E either is R-free or is not)
- Z (_1)|F| Tlunion F 1 Z (_1)|F| OnunionF
FCE; FCE;
F is R-free F is not R-free B
=0
= Z (_1)|F| TCunion F-
FCE;
F is R-free
This proves Corollary O

Proof of Corollary Let £ be the set of all broken circuits of G.
Now, just as in the proof of Corollary we can prove the following equality:

Y, = )y
FCE; FCE;

F is R-free F Co.ntainsi no broken
circuit of G as a subset
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(an equality between summation signs). Now, Corollary yields

— F F
=G = Z (_1)| | Tlunion F = Z (_1)‘ | TTunion F+
FCE; FCE;
F is R-free F contains no broken
N—— circuit of G as a subset

r
FCE;
F contains no broken
circuit of G as a subset

This proves Corollary O

Proof of Theorem Let X be the totally ordered set {1} (equipped with the

only possible order on this set). Let £ : E — X be the function sending each
e € Etol € X. Let & be the empty set. Clearly, £ is a set of broken circuits of G.
Theorem (applied to O instead of ak) yields

a6 = Z (_1)|F| H 0 TTunion F
FCE KesR;
KCF
—_——
=(empty product)
(since R is the empty set)

= Z (—1)|F| (empty product) Tynionr = Z (—1)UDI Tlunion E-

- 7

FCE :fl FCE

This proves Theorem [6.34] O

Corollary can be used to prove certain results about list colorings (i.e.,
colorings of a graph or ambigraph that are not allowed to use certain colors for
certain vertices); in particular, [Erey19, Lemma 3.2] follows easily from Corollary
(just turn the graph G into an ambigraph, and set a¢ to be the Iverson
bracket [f (v) # r (v) for each v € V).

7. Application: A vanishing alternating sum

Chromatic symmetric functions of different graphs are far from being linearly in-
dependent; they satisfy several linear relations. One such relation was observed
by Dahlberg and van Willigenburg in 2018 [DahWill8, Proposition 5]:

Theorem 7.1. Let G = (V, E) be a graph. Let C be a circuit of G, and lete € C
be arbitrary. Then,
Y (-0 Xgp=0.
FCC\{e}
Here, whenever F is a subset of E, the notation G \ F denotes the graph

(V, E\F) (that is, the graph obtained from G by removing the edgeries in
F).
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This was extended to noncommutative chromatic symmetric functions Y ¢ by
Dahlberg and van Willigenburg in [DahWil19, Proposition 3.6], and to weighted
chromatic symmetric functions X, by Crew and Spirkl in [CreSpil9, Theorem
6]. Again, we shall now one-up these results by generalizing them from graphs
to ambigraphs and by moving to the abstract setting of Definition Thus,
we claim the following;:

Theorem 7.2. Let G, V, E, ¢, Y, M and « f be as in Definition Let C be a
circuit of G, and let e € C be a singleton edgery. Then, using the notations of
Definition (a), we have

Y, (D Eg=0.
FCC\{e}

Here, whenever F is a subset of E, the notation G \ F denotes the ambigraph

(V, E\F, ¢ ]E\F> (that is, the ambigraph obtained from G by removing the

edges in F).

Applying this to a graph instead of an ambigraph, and setting Y = IN; and
Xf = Xg, We recover Theorem

Theorem [7.2]is quite easy to prove despite its generality; in fact, the beautiful
sign-reversing involution argument from [DahWil19, proof of Proposition 3.6]
still does the trick. However, by way of illustration, we shall now demonstrate
how Theorem [7.2] can be derived from Theorem and Corollary

Proof of Theorem [7.2} Let us set B := C\ {e}. Thus, B=C\ {e} CC CE.
Now, we shall show the following (using the notations of Definition (b)):

Claim 1: Let | be a subset of B. Then,

G\] — Z (_1)|F‘ TTunion F-
FCE;
JCE\F

[1]

[Proof of Claim 1: The definition of the ambigraph G \ J shows that G\ | =
(V, E\J, ¢ ]E\]>. Thus, we can apply Theorem 6.34to G\ ], E\ ] and ¢ |g;
instead of G, E and ¢. As a result, we obtain

G\] — Z (_1)|F‘ TTunion F (169)
FCE\]

(1

@ However, we have | C B C E. Thus, it is easy to see that
P(E\])={Z€P(E) | JSE\Z} (170)

92We need to be careful here: Theorem uses the notation union F, which implicitly depends
on the map ¢ that is part of the ambigraph G = (V, E, ¢). When we apply Theorem to
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Now, we have the following equality between summation signs:

Y = Y = ). (by (170))
FCE\] FeP(E\]) Fe{ZeP(E)|]CE\Z}
= Y =)
FeP(E); FCE,;
JCE\F  JCE\F

G\J, E\]Jand ¢ |g; instead of G, E and ¢, we are thus using this notation unionF in a
slightly different sense than it is used in Claim 1. Namely, in Claim 1, the notation union F

means |J ¢ (e) (since it is defined with respect to the ambigraph G = (V,E, ¢)), whereas
ecF

in (169) it means |J ((p B\ ]> (e) (since it is defined with respect to the ambigraph G\ | =
ecF

(V, ENJ, ¢ g\ ])). Fortunately, however, these two meanings of union F are equivalent,

since any subset F of E \ | satisfies

U (eley) @ =Ue).
CEF e et ecF
=9(e)

Thus, we have no need to distinguish between these two meanings of union F.
93 Proof: Let H € P (E\ J). Thus, H is a subset of E \ J. Hence, H C E\ ] C E, so that H € P (E).
Also, from H C E\ ], we conclude that H is disjoint from J. In other words, | is disjoint from
H. Combining this with | C E, we obtain ] C E \ H.

Now, we know that H € P (E) and | C E \ H. In other words, H is a Z € P (E) satisfying
J CE\Z. Inotherwords, He {Z€ P(E) | J CE\Z}.

Forget that we fixed H. We thus have shown that H € {Z € P (E) | J C E\ Z} for each
H € P (E\J). In other words,

P(EN]){ZeP(E) | JSE\Z}. 171)

On the other hand, let U € {Z € P(E) | J C E\ Z}. Thus, Uis a Z € P (E) satisfying
J C E\ Z. In other words, U € P (E) and ] C E\ U.

From | C E\ U, we conclude that | is disjoint from U. In other words, U is disjoint from
J. However, from U € P (E), we conclude that U is a subset of E. Thus, U is a subset of E
that is disjoint from J. In other words, U is a subset of E \ J. In other words, U € P (E \ ]).

Forget that we fixed U. We thus have shown that U € P (E\]J) for each U €
{Z e P(E) | ] CE\Z}. In other words,

{ZeP(E) | JSENZ}CP(EN)).
Combining this with (171), we obtain

P(EN])={ZeP(E) | JSE\Z}.
This proves (170).
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Hence, (169) becomes

E“G\] = (_1)|F‘ TTunion F = Z (_1)|F‘ 7Tunion F -
FCE\] FCE;
~—— JCE\F
= L
FCE;
JCE\F

Thus, Claim 1 is proved.]

Claim 2: We have

Z (_1)“:‘ Tlunion F = 0. (172)
FCE;
BCF

[Proof of Claim 2: Theorem yields

‘EG = Z (_1)‘F| TTlunion F

FCE
= Z (_1)|F‘ TCunion F 1 Z (_1)|F‘ 7Tunion F (173)
FCE; FCE;
BCF BZF
(since each subset F of E satisfies either B C F or B € F, but not both at the

same time).

Let us now find a different formula for E;. We define a function ¢ : E — IN
by setting

C(f)=1[f =e¢ for each f € E.

We shall use this function /¢ as our labeling function (where the role of the totally
ordered set X is played by IN equipped with the usual total order). It is easy to
see that the edgery e is the unique singleton edgery in C having maximum
label’ Therefore, C\ {e} is a broken circuit of G (by the definition of a “broken
circuit” in Definition [5.16). In other words, B is a broken circuit of G (since
B = C\ {e}). Hence, {B} is a set of broken circuits of G. Therefore, Corollary

(applied to & = {B}) yields

G — Z (_1)|F| TCunion F- (174)
FCE;
Fis {B}-free

[1]

%4 Proof. Clearly, e is a singleton edgery in C (since e € C is a singleton edgery). We shall now
show that e has a larger label than any other singleton edgery in C.

Indeed, let f be any singleton edgery in C distinct from e. Then, the definition of ¢ yields
C(f) = [f =e] = 0 (since we don’t have f = e (because f is distinct from e)). On the other
hand, the definition of ¢ yields ¢ (e) = [e = ¢] = 1 (since e = ¢). Hence, £ (¢) =1 > 0 = { (f).
In other words, e has a larger label than f (since the label of e is ¢ (¢), whereas the label of f
is £ (f).

Forget that we fixed f. We thus have shown that e has a larger label than f whenever f
is any singleton edgery in C distinct from e. In other words, e has a larger label than any
other singleton edgery in C. Hence, the edgery e is the unique singleton edgery in C having
maximum label (since e itself is a singleton edgery in C).
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However, if F is a subset of E, then the condition “F is { B}-free” is equivalent

to “B  F” Hence, the summation sign “ ), ” can be rewritten as
FCE;
F is {B}-free

“ Y 7. Therefore, we can rewrite (174) as

FCE;
BZF
g = Z (_1)|F| TCunion F- (175)
FCE;
BZF

Subtracting this equality from (173), we obtain

=G TG Z (_1)‘ Tlunion F + Z (_1)| Tlunion F | — ( 1) i 7Cunion F
FCE; FCE; FCE;
BCF BZF BZF
= Z (_1)“:' 7Tunion F-
FCE;
BCF

—
H

Comparing this with Eg — Eg = 0, we obtain

Z (_1)|F‘ Tlunion F = 0.
FCE;
BCF

This proves Claim 2.]

% Proof. Let F be a subset of E. Then, we have the following chain of logical equivalences:

(Fis {B}-free)
<= (F contains no K € {B} as a subset)

(by the definition of “ {B} -free” in Definition [.16))
<= (there exists no K € {B} such that F contains K as a subset)
<= (there exists no K € {B} such that K C F)
<= (each K € {B} satisfies K Z F)
< (BZF) (since the only K € {B} is B).

Hence, the condition “F is {B}-free” is equivalent to “B Z F”. Qed.
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However, from C \ {¢} = B, we obtain

Fl = Fl = -
Y ()fEgr=Y () Egr =Y (-1 56\
FCC\{e} FCB JCB ~
= X (_1)‘P‘7Tunion13
FCE,;
JCE\F
(by Claim 1)

( here, we have renamed the )

summation index F as |

=Y ) Y () tgnions

JEB FCE;
JCE\F
= 2 Z (_1)|]| (_1)|F| TTunion F
CB FCE;
' JCE\F
&\,_/
= )y
FCE JCB;
JCE\F
- Z Z (_1)|” (_1)|F| TTunion F
FCE  JCB;
JCE\F
——
:]QBW(E\F)

- Z Z (_1)|]| (_1)“?' 7Tunion F
FCE JCBN(E\F)

-~

= © (N
ICBA(E\F)
(here, we have renamed
the summation index | as I)

- Z 2 (_1)|I‘ (_1)‘13‘ Tlunion F

FCE  ICBN(E\F)

—[BN(E\F)=2
(by Lemma
applied to S=BN(E\F))

- Z wZQ (_1)|F| TTunion F
| (rENF

= Z (B ﬂE) \F =g (—1)‘F| 7Tunion F

N

=B
| (since BCE)
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- Z [B\ F = o] (_1)|F‘ TCunion F
N—_—
FCE e
(since the statement “B\F=2"
is equivalent to “BCF”)
- [B g F] (_1)|F‘ TTunion F
FCE
F F
= Z [B CF (_1)‘ | Tlunion F + Z [B - P] (_1)| | TTunion F
FCE; \ﬁ_q_/ FCE; \_:6_/
BCF (sinchgF) we don’t have BCF (since we don’t
have BCF)

(since each subset F of E either satisfies B C F or does not)

= Z (_1)|F‘ Tlunion F + Z 0 (_1)|F‘ Tlunion F
FCE; FCE;
BCF we don’t have BCF

=0

= Z (_1)“:‘ TlunionF = 0 (by ) .

FCE;
BCF
This proves Theorem O

8. The characteristic polynomial of a matroid

8.1. An introduction to matroids

We shall now present a result that can be considered as a generalization of The-
orem [3.5/in a different direction than Theorem namely, a formula for the
characteristic polynomial of a matroid. Let us first recall the basic notions from
the theory of matroids that will be needed to state it.

[TODO: Make the following proofs more detailed.]

First, we introduce some basic poset-related terminology:

Definition 8.1. Let P be a poset.

(a) An element v of P is said to be maximal (with respect to P) if and only if
every w € P satisfying w > v must satisfy w = v.

(b) An element v of P is said to be minimal (with respect to P) if and only if
every w € P satistying w < v must satisfy w = v.

Definition 8.2. For any set E, we shall regard the powerset P (E) as a poset
(with respect to inclusion). Thus, any subset S of P (E) also becomes a poset,
and therefore the notions of “minimal” and “maximal” elements in S make
sense. Beware that these notions are not related to size; i.e., a maximal element
of S might not be a maximum-size element of S.
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Now, let us define the notion of “matroid” that we will use:

Definition 8.3. (a) A matroid means a pair (E,Z) consisting of a finite set E
and a set Z C P (E) satisfying the following axioms:

o Matroid axiom 1: We have o € 7.

e Matroid axiom 2: If Y € Z and Z € P (E) are such that Z C Y, then
Zel.

* Matroid axiom 3: If Y € Z and Z € T are such that |Y| < |Z|, then there
exists some x € Z\ Y such that YU {x} € 7.

(b) Let (E,Z) be a matroid. A subset S of E is said to be independent (for this
matroid) if and only if S € Z. The set E is called the ground set of the matroid
(E, 7).

There are different definitions of a matroid in the literature; these definitions
are (mostly) equivalent, but not always in the obvious way@ Definition
is how a matroid is defined in [Schrij13, §10.1] and in [Martin22, Definition
3.4.1] (where it is called a “(matroid) independence system”). The definition of
a matroid given in Stanley’s [Stanle06, Definition 3.8] is directly equivalent to
Definition with the only differences that

e Stanley replaces Matroid axiom 1 by the requirement that Z # @ (which
is, of course, equivalent to Matroid axiom 1 as long as Matroid axiom 2 is
assumed), and

¢ Stanley replaces Matroid axiom 3 by the requirement that for every T €
P (E), all maximal elements of Z NP (T) have the same cardinality]’’| (this
requirement is equivalent to Matroid axiom 3 as long as Matroid axiom 2
is assumed).

We now introduce some terminology related to matroids:

Definition 8.4. Let M = (E,Z) be a matroid.
(a) We define a function ry : P (E) — IN by setting

v (S) =max{|Z| | Z€Zand Z C S} for every S C E. (176)

%Indeed, most of these definitions define a matroid as a pair (E,U) consisting of a finite set
E and a subset U C P (E) satisfying a certain set of axioms, but these sets of axioms are
not always equivalent, so they define different classes of pairs (E,U). Thus, a matroid in
the sense of one definition is not necessarily a matroid in the sense of another definition.
However, there are canonical bijections between one type of matroids and another (see, e.g.,
[Schrij13| §10.2]); these are commonly known as “cryptomorphisms”.

97Here, we regard ZN P (T) as a poset with respect to inclusion (as explained in Definition .
Thus, an element Y of this poset is maximal if and only if there exists no Z € ZN P (T) such
that Y is a proper subset of Z.
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(Note that the right hand side of is well-defined, because there exists at
least one Z € 7 satistying Z C S (namely, Z = @).) If S is a subset of E, then
the nonnegative integer 7y (S) is called the rank of S (with respect to M). It is
clear that rys is a weakly increasing function from the poset P (E) to IN.

(b) If k € N, then a k-flat of M means a subset of E that has rank k and is
maximal among all such subsets (i.e., it is not a proper subset of any other
subset having rank k). (Beware: Not all k-flats have the same size.) A flat of
M is a subset of E which is a k-flat for some k € IN. We let Flats M denote the
set of all flats of M; thus, Flats M is a subposet of P (E).

(c) A circuit of M means a minimal element of P (E) \ Z. (That is, a circuit
of M means a subset of E which is not independent (for M) and which is
minimal among such subsets.)

(d) An element e of E is said to be a loop (of M) if {e} ¢ Z. The matroid M
is said to be loopless if no loops (of M) exist.

Notice that the function that we called ) in Definition (@) is called the
rank function of M, and is denoted by rk in Stanley’s [Stanle06, Lecture 3].

One of the most classical examples of a matroid is the graphical matroid of a
graph:

Example 8.5. Let G = (V, E) be a finite graph. Define a subset Z of P (E) by
Z={TeP(E) | T contains no circuit of G as a subset} .

Then, (E,T) is a matroid; it is called the graphical matroid (or the cycle matroid)
of G. It has the following properties:

e The matroid (E,Z) is loopless.
e Foreach T € P (E), we have

riz) (T) =|V|—conn (V,T)
(where conn (V, T) is defined as in Definition [3.3).

* The circuits of the matroid (E,Z) are precisely the circuits of the graph
G.

 The flats of the matroid (E,Z) are related to colorings of G. More pre-
cisely: For each set X and each X-coloring f of G, the set ENEqs f is a
flat of (E,Z). Every flat of (E,Z) can be obtained in this way when X
is chosen large enough; but often, several distinct X-colorings f lead to
one and the same flat E N Eqgs f.

We recall three basic facts that are used countless times in arguing about ma-
troids:
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| Lemma 8.6. Let M = (E,Z) be a matroid. Let T € Z. Then, rp; (T) = |T].

Proof of Lemma (8.6, We have T € Z and T C T. Thus, T is a Z € T satisfying
Z C T. Therefore, |T| € {|Z| | Z €Z and Z C T}, so that

|IT| <max{|Z| | ZeZand Z C T} (177)

(since any element of a set of integers is smaller or equal to the maximum of this
set).
On the other hand, the definition of rj; yields

rvm(T) =max{|Z| | ZeZand Z C T}.
Hence, rewrites as follows:
Tl <rm(T).
Also,

rm(T) =max{|Z| | ZeZand ZC T} (by the definition of ry)
c{lZ| | Z€eZand Z C T}

(since the maximum of any set belongs to this set). Thus, there exists a Z € 7
satisfying Z C T and rjy (T) = |Z|. Consider this Z. From Z C T, we obtain
|Z| < |T|, so that rp; (T) = |Z| < |T|. Combining this with |T| < ry(T), we
obtain 7y (T) = |T|. This proves Lemma O

Lemma 8.7. Let M = (E,Z) be a matroid. Let Q € P (E)\ Z. Then, there
exists a circuit C of M such that C C Q.

Proof of Lemma We have Q € P (E) \ Z. Thus, there exists at least one C €
P (E) \ Z such that C C Q (namely, C = Q). Thus, there also exists a minimal
such C. Consider this minimal C. We know that C is a minimal element of
P (E) \ Z such that C C Q. In other words, C is an element of P (E) \ Z satisfying
C C Q, and moreover,

every D € P (E) \ Z satisfying D C Q and D C C must satisfy D = C. (178)

Thus, C is a minimal element of P (E) \ Z @ In other words, C is a circuit of
M (by the definition of a “circuit”). This circuit C satisfies C C Q. Thus, we have
constructed a circuit C of M satisfying C C Q. Lemma [8.7|is thus proven. [

% Proof. We need to show that every D € P (E) \ Z satisfying D C C must satisfy D = C (since
we already know that C € P (E) \ 7).
Solet D € P(E)\ Z be such that D C C. Then, D C C C Q. Hence, shows that
D = C. This completes our proof.
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Lemma 8.8. Let M = (E,Z) be a matroid. Let T be a subset of E. Let S € 7
be such that S C T. Then, there exists an S’ € 7 satisftying S C S" C T and
’S/‘ =T M (T)

Proof of Lemma Clearly, there exists at least one §’ € 7 satisfying S C S’ C T
(namely, S’ = S). Hence, there exists a maximal such S’. Let Q be such a
maximal S’. Thus, Q is an element of Z satisfying S C Q C T.

Recall that

rm(T) =max{|Z| | ZeZand ZC T} (by the definition of ry)
ce{|Z| | Z€eZand Z C T}

(since the maximum of any set must belong to this set). Hence, there exists some
Z € T satisfying Z C T and ry (T) = |Z|. Denote such a Z by W. Thus, W is an
element of 7 satisfying W C T and ry (T) = |W|.

We have |Q| € {|Z| | Z€Z and Z C T} (since Q € Z and Q C T). Since any
element of a set is smaller or equal to the maximum of this set, this entails that
Q| <max{|Z| | Z€eZand ZC T} =ry(T)=|W|.

Now, assume (for the sake of contradiction) that |Q| # |W|. Thus, |Q| < |W|
(since |Q| < |W|). Hence, Matroid axiom 3 (applied to Y = Q and Z = W)
shows that there exists some x € W\ Q such that QU {x} € Z. Consider this x.
We have x € W\ Q C W C T, so that QU {x} C T (since Q C T). Also, x ¢ Q
(since x € W\ Q).

Recall that Q is a maximal S’ € 7 satisfying S C S’ C T. Thus, if some S’ € 7
satisfies S C S’ C Tand §' O Q, then S’ = Q. Applying this to S’ = QU {x},
we obtain QU {x} = Q (since S C Q C QU {x} C T and QU {x} 2 Q). Thus,
x € Q. But this contradicts x ¢ Q. This contradiction shows that our assumption
(that |Q| # |W|) was wrong. Hence, |Q| = |W| = rp (T). Thus, there exists an
S" € T satisfying S C S’ C T and |S'| = rp (T) (namely, S’ = Q). This proves
Lemma O

8.2. The lattice of flats

We shall now show a lemma that can be regarded as an alternative criterion for
a subset of E to be a flat:

Lemma 8.9. Let M = (E,Z) be a matroid. Let T be a subset of E. Then, the
following statements are equivalent:

Statement §1: The set T is a flat of M.

Statement §: If C is a circuit of M, and if e € C is such that C\ {e} C T,
then C C T.

Proof of Lemma Proof of the implication §1 = §2: Assume that Statement §;
holds. We must prove that Statement > holds.
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Let C be a circuit of M. Let e € C be such that C\ {e} C T. We must prove
that CC T.

Assume the contrary. Thus, C € T. Combining this with C\ {e} C T, we
obtain e ¢ T. Hence, T is a proper subset of T U {e}.

We have assumed that Statement §; holds. In other words, the set T is a flat of
M. In other words, there exists some k € IN such that T is a k-flat of M. Consider
this k.

The set T is a k-flat of M, thus a subset of E that has rank k and is maximal
among all such subsets. In other words, ry; (T) = k, but every subset S of E for
which T is a proper subset of S must satisfy

v (S) # k. (179)

Applying to S = T U {e}, we obtain rp (TU {e}) # k. Since TU {e} D
T (and since the function ry; : P (E) — IN is weakly increasing), we have
rm(TU{e}) > rmy(T) = k. Combined with ry (TU{e}) # k, this yields
v (TU{e}) >k =ry(T).

Notice that C \ {e} is a proper subset of C (since ¢ € C). The set C is a circuit of
M, thus a minimal element of P (E) \ Z (by the definition of a “circuit”). Hence,
no proper subset of C belongs to P (E) \ Z (because C is minimal). In other
words, every proper subset of C belongs to Z. Applying this to the proper subset
C\ {e} of C, we conclude that C \ {e} belongs to Z. Hence, Lemma 8.8 (applied
to S = C\ {e}) shows that there exists an S’ € 7 satisfying C\ {e} C S C T
and |S’| = rp (T). Denote this S’ by S. Thus, S is an element of Z satisfying
C\{e} CSCTand|S| =rm(T).

Furthermore, S C T C T U {e}. Thus, Lemma 8.8 (applied to T U {e} instead
of T) shows that there exists an S’ € T satisfying S C §' C TU {e} and |S'| =
rm (T U{e}). Consider this S'.

We have |S'| = rp (TU{e}) > rp (T). Hence, S’ € T [’} Combining this
with § C T U {e}, we obtain e € S’. Combining this with C\ {e} C S C &/, we
find that (C\ {e}) U {e} € S'. Thus, C = (C\ {e})U{e} C S’ Since §’ € Z, this
entails that C € 7 (by Matroid axiom 2). But C € P (E) \ Z (since C is a minimal
element of P (E) \ Z), so that C ¢ Z. This contradicts C € Z. This contradiction
shows that our assumption was wrong. Hence, C C T is proven. Therefore,
Statement §» holds. Thus, the implication §; = §> is proven.

Proof of the implication §» = §1: Assume that Statement §, holds. We must
prove that Statement §; holds.

Let k = rp (T). We shall show that T is a k-flat of M.

P Proof. Assume the contrary. Thus, S’ C T. Hence, S’ is an element of Z and satisfies S’ C T.
Thus, |S'| € {|Z] | Z€eZand Z C T}.
Now, the definition of rj, yields

rm (T) =max{|Z| | ZeZand Z C T} > |5|

(since |S'| € {|Z] | Z € Zand Z C T}). This contradicts |S’| > rp (T). This contradiction
proves that our assumption was wrong, qed.
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Let W be a subset of E that has rank k and satisfies T C W. We shall show
that T = W.

Indeed, assume the contrary. Thus, T # W. Combined with T C W, this
shows that T is a proper subset of W. Thus, there exists an e € W\ T. Consider
this e. We have e ¢ T (since e € W\ T).

We have

k=rpy(T)=max{|Z| | Z€Zand Z C T} (by the definition of ry)
ce{|Z| | Z€eZand Z C T}

(since the maximum of a set must belong to that set). Hence, there exists some
Z € T satisfying Z C T and k = |Z|. Denote this Z by K. Thus, K is an element
of Z and satisfies K C T and k = |K|. Notice that e ¢ T, so that e ¢ K (since
KCT).

We have 7 (W) = k (since W has rank k). Hence, KU {e} ¢ Z [% In other
words, KU {e} € P (E) \ Z. Hence, Lemma 8.7| (applied to Q = KU {e}) shows
that there exists a circuit C of M such that C C KU {e}. Consider this C. From
C CKU{e}, weobtain C\ {¢} CKCT.

From C\ {e} C K, we conclude (using Matroid axiom 2) that C \ {e} € Z (since
K € 7). On the other hand, C is a circuit of M. In other words, C is a minimal
element of P (E) \ Z (by the definition of a “circuit”). Hence, C € P (E) \ Z, so
that C ¢ Z. Hence, e € C (since otherwise, we would have C\ {e} = C ¢ Z,
which would contradict C \ {e} € 7). Now, Statement §, shows that C C T.
Hence, e € C C T, which contradicts e & T.

This contradiction shows that our assumption was wrong. Hence, T = W is
proven.

Now, forget that we fixed W. Thus, we have shown that if W is a subset of E
that has rank k and satisfies T C W, then T = W. In other words, T is a subset
of E that has rank k and is maximal among all such subsets (because we already
know that T has rank ry; (T) = k). In other words, T is a k-flat of M (by the
definition of a “k-flat”). Thus, T is a flat of M. In other words, Statement
holds. This proves the implication §2 = §.

We have now proven the implications §; = §2 and §» = J1. Together,
these implications show that Statements §; and §, are equivalent. This proves
Lemma [8.9 O

Corollary 8.10. Let M = (E,Z) be a matroid. Let Fy, F,, ..., F; be flats of M.
Then, FFNE N ---NF is a flat of M. (Notice that k is allowed to be 0 here; in
this case, the empty intersection F; N F, N - - - N Fy is to be interpreted as E.)

190Proof. Assume the contrary. Thus, KU {e} € Z. Thus, ry (KU {e}) = |[KU {e}| (by Lemma
B.6). Thus, ry (KU {e}) = [KU {e}| > |K] (since e ¢ K).
But KU{e} C W (since KC T C Wande € W\ T C W). Since the function ry is weakly
increasing, this yields rj; (KU {e}) < rp; (W) = k = |K|. This contradicts rj; (KU {e}) > |K].
This contradiction proves that our assumption was wrong, qed.
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Proof of Corollary Lemma [8.9] gives a necessary and sufficient criterion for a
subset T of E to be a flat of M. It is easy to see that if this criterion is satisfied
for T = F, for T = F,, etc., and for T = F, then it is satisfied for T = FFNF N
-+ + N F. In other words, if F;, F,, ..., F are flats of M, then FFNEN---NFE isa

flat of M. This proves Corollary O

Corollary (a well-known fact, which is left to the reader to prove in
[Stanle06, §3.1]) allows us to define the closure of a set in a matroid:

Definition 8.11. Let M = (E,Z) be a matroid. Let T be a subset of E. The
closure of T is defined to be the intersection of all flats of M which contain T

as a subset. In other words, the closure of T is defined tobe (| F. The

FeFlats M;
TCF

closure of T is denoted by T.

The following proposition gathers some simple properties of closures in ma-
troids:

Proposition 8.12. Let M = (E,Z) be a matroid.

(a) If T is a subset of E, then T is a flat of M satisfying T C T.

(b) If G is a flat of M, then G = G.

(c) If T is a subset of E and if G is a flat of M satisftying T C G, then T C G.

(d) If S and T are two subsets of E satisfying S C T, then SCT.

(e) If the matroid M is loopless, then & = @.

(f) Every subset T of E satisfies rp; (T) = ry (T).

(g) If T is a subset of E and if G is a flat of M, then the conditions (T C G)
and (T C G) are equivalent.

101Here is this argument in slightly more detail:
Foreveryi € {1,2,...,k}, the following statement holds: If C is a circuit of M, and if e € C
is such that C \ {e} C F;, then
CCF. (180)

Proof of (180): Let i € {1,2,...,k}. Then, the set F; is a flat of M. In other words, Statement
§1 of Lemma is satisfied for T = F;. Therefore, Statement §, of Lemma must also be
satisfied for T = F; (since Lemma shows that the Statements §; and §» are equivalent). In
other words, if C is a circuit of M, and if e € C is such that C\ {e} C F;, then C C F;. This
proves (180).

Now, let C be a circuit of M, and let e € C be such that C\ {e} € FFNFN---NF. For
every i € {1,2,...,k}, we have C\ {e} C FFNEN---NF C F, and therefore C C F; (by
). So we have shown the inclusion C C F; for each i € {1,2,...,k}. Combining these k
inclusions, we obtain C C FFNFK N --- N F.

Now, forget that we fixed C. We thus have shown that if C is a circuit of M, and if e € C is
suchthat C\ {e} CFNFEN---NF, then C C FFNFE N---NF. In other words, Statement
§> of Lemma is satisfied for T = F; N F, N - - - N F. Therefore, Statement §; of Lemma
must also be satisfied for T = F; N F, N - - - N F (since Lemma shows that the Statements
§1 and §; are equivalent). In other words, the set F; N F, N --- N Fy is a flat of M. Qed.
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Proof of Proposition (a) The set Flats M is a subset of the finite set P (E), and
thus itself finite.

Let T be a subset of E. The closure T of T is defined as N F. Now,

FeFlats M;
TCF

Corollary shows that any intersection of finitely many flats of M is a flat of
M. Hence, [\ F (being an intersection of finitely many flats of M m is

FGI;_lét; M;
a flat of M. In other words, T is a flat of M (since T= (| F).
FeFlats M;
TCF
Also, T C F for every F € Flats M satistying T C F. Hence, T C N F=
F Gl}lgt; M;

T. This completes the proof of Proposition ().

(c) Let T be a subset of E, and let G be a flat of M satistying T C G. Then,
G is an element of Flats M satisfying T C G. Hence, G is one term in the
intersection (N F. Thus, N F C G. But the definition of T yields

FeFlats M; FeFlats M;
TCF TCF
T= (1 F CG. This proves Proposition|8.12| (c).
FeFlats M;
TCF

(b) Let G be a flat of M. Proposition|8.12|(b) (applied to T = G) yields G CG.
But Proposition (a) (applied to T = G) shows that G is a flat of M satisfying

G € G. Combining G C G with G C G, we obtain G = G. This proves
Proposition (b).

(d) Let S and T be two subsets of E satisfying S C T. Proposition[8.12](a) shows
that T is a flat of M satistying T C T. Now, S C T C T. Hence, Proposition
(b) (applied to S and T instead of T and G) shows S C T. This proves
Proposition (d).

(e) Assume that the matroid M is loopless. In other words, no loops (of M)
exist.

The definition of ry; quickly yields ry; (&) = 0. In other words, the set & has
rank 0. We shall now show that & is a O-flat of M.

Indeed, let W be a subset of E that has rank 0 and satisfies @ C W. We shall
show that @ = W.

Assume the contrary. Thus, @ # W. Hence, W has an element w. Consider
this w. The element w of E is not a loop (since no loops exist). In other words,
we cannot have {w} ¢ 7 (since w is a loop if and only if {w} ¢ Z (by the
definition of a loop)). In other words, we must have {w} € Z. Clearly, {w} C
W (since w € W). Thus, {w} is a Z € T satisfying Z C W. Thus, [{w}| €
{IZ| | ZeZand Z C W}.

102“Finitely many” since the set Flats M is finite.
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But W has rank 0. In other words,

O0=ry(W)=max{|Z|] | Z€Zand Z C W} (by the definition of ry)
> {w}| (since |[{w}| € {|Z] | Z€Zand Z C W})
—1,

which is absurd. This contradiction shows that our assumption was wrong.
Hence, @ = W is proven.

Let us now forget that we fixed W. We thus have proven that if W is any
subset of E that has rank 0 and satisfies @ C W, then @ = W. Thus, & is a subset
of E that has rank 0 and is maximal among all such subsets (because we already
know that @ has rank 0). In other words, & is a 0-flat of M (by the definition of
a “0-flat”). Thus, @ is a flat of M. Thus, Proposition (b) (applied to G = @)
yields @ = @. This proves Proposition (e).

(f) Let T be a subset of E. We have T C T (by Proposition (@), and thus
rm (T) < ru (T) (since the function ry is weakly increasing).

Let k = rp (T). Thus, there exists a Q € P (E) satisfying T C Q and k =
rv (Q) (namely, Q = T). Hence, there exists a maximal such Q. Denote this Q
by R. Thus, R is a maximal Q € P (E) satisfying T C Q and k = rj» (Q). In
particular, R is an element of P (E) and satisfies T C R and k = rp; (R).

Now, R is a subset of E (since R € P (E)) and has rank ry; (R) = k. Thus,
R is a subset of E that has rank k. Furthermore, R is maximal among all such
subset@ Thus, R is a k-flat of M (by the definition of a “k-flat”), and therefore
a flat of M. Now, Proposition (c) (applied to G = R) shows that T C R.
Since the function ) is weakly increasing, this yields ry (T) < ry (R) = k.
Combining this with k = rp (T) < ry (T), we obtain ry; (T) = k = rp (T). This
proves Proposition ().

(g) Let T be a subset of E. Let G be a flat of M. Proposition (a) shows
that T € T. Hence, if T C G, then T C T C G. Thus, we have proven the
implication (T € G) = (T C G). The reverse implication (i.e., the implication
(T € G) = (T C G)) follows from Proposition (c). Combining these two
implications, we obtain the equivalence (T C G) <= (T C G). This proves

Proposition (g). O

We shall now recall a few more classical notions related to posets:

Definition 8.13. Let P be a poset.
(@) An element p € P is said to be a global minimum of P if every g € P
satisfies p < g. Clearly, a global minimum of P is unique if it exists.

198 proof. Let W be any subset of E that has rank k and satisfies W 2 R. We must prove that
W =R.
We have W € P(E), T C R C W and k = ry (W) (since W has rank k). Thus, W is a
Q € P (E) satisfying T C Q and k = ry; (Q). But recall that R is a maximal such Q. Hence,
if W D R, then W = R. Therefore, W = R (since we know that W D R). Qed.
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(b) An element p € P is said to be a global maximum of P if every q € P
satisfies p > g. Clearly, a global maximum of P is unique if it exists.

(c) Let x and y be two elements of P. An upper bound of x and y (in P) means
an element z € P satisfying z > x and z > y. A join (or least upper bound) of x
and y (in P) means an upper bound z of x and y such that every upper bound
z' of x and y satisfies z/ > z. In other words, a join of x and y is a global
minimum of the subposet {w € P | w > x and w > y} of P. Thus, a join of x
and y is unique if it exists.

(d) Let x and y be two elements of P. A lower bound of x and y (in P) means
an element z € P satisfying z < x and z < y. A meet (or greatest lower bound) of
x and y (in P) means a lower bound z of x and y such that every lower bound
z' of x and y satisfies z’ < z. In other words, a meet of x and y is a global
maximum of the subposet {w € P | w < x and w < y} of P. Thus, a meet of
x and y is unique if it exists.

(e) The poset P is said to be a lattice if and only if it has a global minimum
and a global maximum, and every two elements of P have a meet and a join.

Proposition 8.14. Let M = (E,Z) be a matroid. The subposet Flats M of the
poset P (E) is a lattice.

Proof of Proposition By the definition of a lattice, it suffices to check the fol-
lowing four claims:

Claim 1: The poset Flats M has a global minimum.

Claim 2: The poset Flats M has a global maximum.

Claim 3: Every two elements of Flats M have a meet (in Flats M).

Claim 4: Every two elements of Flats M have a join (in Flats M).

Proof of Claim 1: Applying Proposition[8.12)(a) to T = &, we see that & is a flat
of M satisfying @ C @. In particular, & is a flat of M, so that & € Flats M. If G
is a flat of M, then @ C G (by Proposition (c), applied to T = ©). Hence, &
is a global minimum of the poset Flats M. Thus, the poset Flats M has a global
minimum. This proves Claim 1.

Proof of Claim 2: Applying Proposition (@) to T = E, we see that E is a flat
of M satisfying E C E. From E C E, we conclude that E = E. Thus, E is a flat of
M (since E is a flat of M). In other words, E € Flats M. If G is a flat of M, then
E O G (obviously). Hence, E is a global maximum of the poset Flats M. Thus,
the poset Flats M has a global maximum. This proves Claim 2.

Proof of Claim 3: Let F and G be two elements of Flats M. We have to prove
that F and G have a meet.

We know that F and G are elements of Flats M, thus flats of M. Hence, Corol-
lary shows that F N G is a flat of M. In other words, FN G € Flats M.
Clearly, FNG C Fand FNG C G; thus, FN G is a lower bound of F and G in
Flats M. Also, every lower bound H of F and G in Flats M satisfies H C FN G
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@ Hence, F N G is a meet of F and G. Thus, F and G have a meet. This proves
Claim 3.

Proof of Claim 4: Let F and G be two elements of Flats M. We have to prove
that F and G have a join.

We know that F and G are elements of Flats M, thus flats of M. Proposition
a) (applied to T = F U G) shows that F U G is a flat of M satistying FUG C
FUG. Now, FUG € Flats M (since FU G is a flat of M). Clearly, F C FUG C
FUGand G C FUG C FUG; thus, FUG is an upper bound of F and G in
Flats M. Also, every upper bound H of F and G in Flats M satisfies H O FUG
Hence, FUG is a join of F and G. Thus, F and G have a join. This proves
Claim 4.

We have now proven all four Claims 1, 2, 3, and 4. Thus, Proposition is
proven. [

Definition 8.15. Let M = (E,Z) be a matroid. Proposition shows that the
subposet Flats M of the poset P (E) is a lattice. This subposet Flats M is called
the lattice of flats of M. (Beware: It is a subposet, but not a sublattice of P (E),
since its join is not a restriction of the join of P (E).)

The lattice of flats Flats M of a matroid M is denoted by L (M) in [Stanle06),
§3.2].

Next, we recall the definition of the Mobius function of a poset (see, e.g.,
[Stanle06, Definition 1.2] or [Martin22, §2.2]):

Definition 8.16. Let P be a poset.

(@ If x and y are two elements of P satisfying x < y, then the set
{z € P | x <z <y} isdenoted by [x,y].

(b) A subset of P is called a closed interval of P if it has the form [x,y] for
two elements x and y of P satisfying x < y.

(c) We denote by Int P the set of all closed intervals of P.

(d) If f: IntP — Z is any map, then the image f ([x,y]) of a closed interval
[x,y] € Int P under f will be abbreviated by f (x,y).

(e) Assume that every closed interval of P is finite. The Mobius function of
the poset P is defined to be the unique function y : IntP — Z having the
following two properties:

e We have

pix,x)=1 for every x € P. (181)

104Proof. Let H be a lower bound of F and G in Flats M. Thus, H C F and H C G. Combining
these two inclusions, we obtain H C FN G, qed.

195Proof. Let H be an upper bound of F and G in Flats M. Thus, H 2 F and H O G. Combining
these two inclusions, we obtain H O F U G. But H € Flats M; thus, H is a flat of M. Since H
satisfies F U G C H, we therefore obtain FUG C H (by Proposition (c), applied to FUG
and H instead of T and G). In other words, H O FU G, ged.
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e We have

pny)=— Y wnixz) (182)

z€D;
x<z<y

for all x,y € P satisfying x < y.

(It is easy to see that these two properties indeed determine p uniquely.)
This Mo6bius function is denoted by pu.

We can now define the characteristic polynomial of a matroid M, following

[Stanle06, (22)]°%

Definition 8.17. Let M = (E,Z) be a matroid. Let m = ry; (E). The character-
istic polynomial X1 of the matroid M is defined to be the polynomial

Y. u(@F)xm ) € 7 x|
FeFlats M

(where u is the Mobius function of the lattice Flats M). We further define a
polynomial Xy € Z [x] by Xy = [@ = &] xm. Here, we are using the Iverson
bracket notation (as in Definition . If the matroid M is loopless, then

XM = [@ = 2] XM = XM-
——

=1
(by Proposition (e)

Example 8.18. Let G = (V,E) be a finite graph. Consider the graphical ma-
troid (E,Z) defined as in Example Then, the characteristic polynomial
X(g,z) of this matroid is connected to the chromatic polynomial x¢ of the
graph G as follows:

connG |

X X(ET) (x) = xc (x).

This equality is a classical result (see, e.g., [Zaslav87, Proposition 7.5.1]), but
can also be derived from our results below (specifically, by comparing Theo-

rem with Theorem [3.4).

Note that Zaslavsky, in [Zaslav87, §7.2], defines the “characteristic polyno-
mial” of a matroid M to be our X, instead of our xj,; but this makes no differ-
ence when M is the graphical matroid from Example since such a matroid
M is always loopless.

19%Qur notation slightly differs from that in [Stanle06| (22)]. Namely, we use x as the indetermi-
nate, while Stanley instead uses ¢. Stanley also denotes the global minimum & of Flats M by
0.
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8.3. Generalized Whitney formulas

Let us next define broken circuits of a matroid M = (E,Z). Stanley, in [Stanle06),
§4.1], defines them in terms of a total ordering O on the set E, whereas we shall
use a “labeling function” ¢ : E — X instead (as in the case of graphs); our setting
is slightly more general than Stanley’s.

Definition 8.19. Let M = (E,T) be a matroid. Let X be a totally ordered set.
Let / : E — X be a function. We shall refer to ¢ as the labeling function. For
every e € E, we shall refer to ¢ (e) as the label of e.

A broken circuit of M means a subset of E having the form C \ {e}, where
C is a circuit of M, and where e is the unique element of C having maximum
label (among the elements of C). Of course, the notion of a broken circuit of
M depends on the function /; however, we suppress the mention of ¢ in our
notation, since we will not consider situations where two different ¢’s coexist.

We shall now state analogues (and, in light of Example generalizations,
although we shall not elaborate on the few minor technicalities of seeing them
as such) of Theorem 3.5, Theorem [3.4] Corollary [3.6] Corollary [3.7 and Corollary

Theorem 8.20. Let M = (E,Z) be a matroid. Let m = ry;(E). Let X be a
totally ordered set. Let / : E — X be a labeling function. Let & be some set
of broken circuits of M (not necessarily containing all of them). Let ax be an
element of k for every K € K. Then,

Av=)_ (—1)/F T ax xm=rm(F)

FCE Keg;
KCF

Theorem 8.21. Let M = (E,Z) be a matroid. Let m = ry; (E). Then,

T = X (1)F e,
FCE

Corollary 8.22. Let M = (E,Z) be a matroid. Let m = ry;(E). Let X be a
totally ordered set. Let £ : E — X be a labeling function. Let & be some set of
broken circuits of M (not necessarily containing all of them). Then,

xv= Y (=1)Fl xm=rm(E)

FCE;
F is R-free
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Corollary 8.23. Let M = (E,Z) be a matroid. Let m = ry;(E). Let X be a
totally ordered set. Let ¢ : E — X be a labeling function. Then,

fu= X (D),
FCE;
F contains no broken
circuit of M as a subset

Corollary 8.24. Let M = (E,Z) be a matroid. Let m = rp;(E). Let X be a
totally ordered set. Let £ : E — X be an injective labeling function. Then,

~ |F| ,.m—|F
T = 5 (—1)IFl m=IFl
FCE;
F contains no broken
circuit of M as a subset

We notice that Corollary is equivalent to [Stanle06, Theorem 4.12] (at least
when M is loopless).
Before we prove these results, let us state a lemma which will serve as an

analogue of Lemma

Lemma 8.25. Let M = (E,Z) be a matroid. Let X be a totally ordered set. Let
¢ : E — X be a labeling function. Let & be some set of broken circuits of M
(not necessarily containing all of them). Let ax be an element of k for every
Ke &

Let F be any flat of M. Then,

Y ()BT ax=[F=2]. (183)

BCF Keg;
KCB

(Again, we are using the Iverson bracket notation as in Definition [2.9])

Proof of Lemma Our proof will imitate the proof of Lemma much of the
time (with E N Egs f replaced by F); thus, we will allow ourselves some more
brevity.

We WLOG assume that F # & (since otherwise, the claim is obviou. Thus,
[F =2]=0.

107Proof. Assume that F = &. We must show that the claim is obvious.

Let us first show that no K € f satisfies K = @. Indeed, assume the contrary. Thus, there
exists a K € R satisfying K = &. In other words, @ € R Thus, @ is a broken circuit of
M (since 8 is a set of broken circuits of M). Therefore, & is obtained from a circuit of M by
removing one element (by the definition of a broken circuit). This latter circuit must therefore
be a one-element set, i.e., it has the form {e} for some e € E. Consider this e. Thus, {e} is a
circuit of M.

But F is a flat of M. In other words, Statement §; (of Lemma holds for T = F. Hence,
Statement §, (of Lemma also holds for T = F (since Lemma shows that these two
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Pick any d € F with maximum /¢ (d) (among all d € F). (This is clearly
possible, since F # @.) Define two subsets U/ and V of P (F) as follows:

U={TeP(F)|d¢T};
V={TeP(F) | deT}.

Thus, we have P (F) = U UV, and the sets I/ and V are disjoint. Now, we define
amap P :U — V by

(®(B) =BuU{d} for every B e U).

This map P is well-defined (because for every B € U, we have BU {d} € V @)
and a bijectior@ Moreover, every B € U satisfies

(_1)|‘1>(B)\ _ (_1)|B| (184)
1]

Now, we claim that, for every B € U and every K € K, we have the following
logical equivalence:
(KCB) <= (KC®(B)). (185)

Proof of (185): Let B € U and K € K. We must prove the equivalence (185). The
definition of ® yields ® (B) = BU {d} D B, so that B C ® (B). Hence, if K C B,
then K C B C & (B). Therefore, the forward implication of the equivalence
is proven. It thus remains to prove the backward implication of this equivalence.
In other words, it remains to prove that if K C @ (B), then K C B. So let us
assume that K C & (B).

We want to prove that K C B. Assume the contrary. Thus, K € B. We have
K € K. Thus, K is a broken circuit of M (since R is a set of broken circuits of M).

statements are equivalent). Applying Statement §, to T = F and C = {e}, we thus obtain
{e} C F (because {e} \ {e} = @ C F). Thus, ¢ € {e¢} C F = &, which is absurd. This
contradiction proves that our assumption was wrong.

Hence, we have shown that no K € £ satisfies K = &. But from F = &, we see that the sum

Y (-1 Bl IT ax has only one addend (namely, the addend for B = &), and thus simplifies
y Y p

BCF KeR;
KCB
to

(—1)‘®| [T ax = [] ax = (empty product) (since no K € £ satisfies K = @)
" Ke&; Ke§;
=(-1)"=1 Keg@ Ki@

=1=[F =0g] (since F = @).

Thus, Lemma is proven.
198 This follows from the fact that d € F.
191ts inverse is the map ¥ : V — U defined by (¥ (B) = B\ {d} for every B € V).
110Proof. This is proven exactly like we proved .
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In other words, K is a subset of E having the form C\ {e}, where C is a circuit of
M, and where e is the unique element of C having maximum label (among the
elements of C) (because this is how a broken circuit is defined). Consider these
C and e. Thus, K= C\ {e}.

The element e is the unique element of C having maximum label (among the
elements of C). Thus, if ¢’ is any element of C satisfying ¢ (¢/) > ¢ (e), then

e =e. (186)

But K \{d} C(BU{d})\{d} CB.
C®(B)=BU{d)}

If we had d ¢ K, then we would have K\ {d} = K and therefore K = K\ {d} C
B; this would contradict K € B. Hence, we cannot have d ¢ K. We thus must
have d € K. Hence,d € K= C\ {e}. Hence,d € Cand d # e.

But C\ {e} = K C ®(B) C F (since ®(B) € P (F)). On the other hand,
Statement §1 (of Lemma holds for T = F (since F is a flat of M). Hence,
Statement §» (of Lemma also holds for T = F (since Lemma shows that
these two statements are equivalent). Thus, from C \ {e} C F, we obtain C C F.
Thus, e € C C F. Consequently, ¢ (d) > /¢ (e) (since d was defined to be an
element of F with maximum ¢ (d) among all d € F).

Also, d € C. Since £ (d) > /(e), we can therefore apply toe =d. We
thus obtain d = e. This contradicts d # e. This contradiction proves that our
assumption was wrong. Hence, K C B is proven. Thus, we have proven the
backward implication of the equivalence ; this completes the proof of (185).

Now, proceeding as in the proof of (42), we can show that

Y ()P [Tax=[F=2].

BCF Keg;
KCB

This proves Lemma ]

We shall furthermore use a classical and fundamental result on the Mobius
function of any finite poset:

Proposition 8.26. Let P be a finite poset. Let ;1 denote the Mobius function of
P.
(a) For any x € P and y € P, we have

Y u(xz)=[x=yl. (187)

zEP;
x<z<y

(b) For any x € P and y € P, we have
L Ky ==yl (188)

zeP;
x<z<y
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(c) Let k be a Z-module. Let (By),.p be a family of elements of k. Then,

every z € P satisfies
Bz = Z n(y, z) Z P

yEP; xX€PD;
y<z X<y

For the sake of completeness, let us give a self-contained proof of this propo-
sition (slicker arguments appear in the literaturein:

Proof of Proposition We first notice that
{fweP | x<w<x}={x} (189)

for every x € P @

(@) Let x € P and y € P. We must prove the equality (187). If we do not have
x <y, then holds for obvious reason Hence, for the rest of our proof
of (187), we can WLOG assume that x < y. Assume this.

We have x < y. Thus, either x = y or x < y. In other words, we are in one of
the following two cases:

Case 1: We have x = y.

Case 2: We have x < y.

Let us first consider Case 1. In this case, we have x = y, so that [x = y] = 1.

1 For example, Proposition (¢) is equivalent to the = implication of [Martin22} (2.3a)].
12 Pproof of :Letx € P.

Clearly, x is an element of P and satisfies x < x < x. Thus, x is an element w of P satisfying
x <w < x. Inotherwords, x € {w € P | x <w < x}. Hence, {x} C{weP | x<w < x}.

On the other hand, let z € {w € P | x <w < x}. Thus, z is an element w of P satisfying
x < w < x. In other words, z is an element of P and satisfies x < z < x. Combining
x < z with z < x, we obtain x = z (since the partial order on P is antisymmetric). Hence,
z=ux€ {x}.

Now, forget that we fixed z. We thus have proven that z € {x} for every z €
{weP | x<w<x}. Inother words, {w € P | x <w < x} C {x}. Combining this with
{x} C{weP | x <w < x}, weobtain {w € P | x <w < x} = {x}. This proves (189).

113Proof. Assume that we do not have x < y. Then, there exists no z € P satisfying x < z < y
(because if such a z would exist, then it would satisfy x < z <y, which would contradict the

fact that we do not have x < y). Therefore, the sum Y (x,z) is an empty sum. Hence,

zeP;
x<z<y

Y p(x,z) = (empty sum) = 0.
z€P;
x<z<y

But we do not have x = y (because if we had x = y, then we would have x < y, which would
contradict the fact that we do not have x < y). Thus, [x =y] =0. Now, Y pu(x,z)=0=
z€P;

x<z<y

[x = y]. Hence, (187) is proven, qed.
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On the other hand,

weP | x<w< y p;={weP | x<w<x}={x}
=~

=X

(by (189)). Now,
)3 H(xz) = Y uxz)=pxx)=1

z€P; ze{x}
x<z<y
——
= r =¥
ze{weP | x<w<y} ze{x}
(since {weP | x<w<y}={x})

(by (181)). Comparing this with [x =y] =1, we obtain Y, u(x,z) = [x =y].
zeP;
x<z<y

Hence, (187) is proven in Case 1.
Let us now consider Case 2. In this case, we have x < y. Thus, (182) yields

p(xy) =— Y pixz) =— Y p(x,2)

z€P; zeP;
x<z<y x<z and z<y and z#y
N~ N ~~ 4
- Y = Y = )y
z€P; z€P; z€P;
x<zand z<y x<zand z<y and z#y x<z<y and z#y

(since the condition (z<y) is equivalent to
the condition (z<y and z#y))

= — Z u(x,z).

zEP;
x<z<y and z#y

Hence, ) n(x,z) =—u(xy).
P;
xgzgieand zF#Y

On the other hand,

{fweP | x<w<yandw=y} = {y}
™

M4proof. Letz € {we P | x <w <yand w=y}. Thus, z is an element w of P satisfying x <
w < yand w = y. In other words, z is an element of P and satisfies x < z < y and z = y. Now,
z =y € {y}. Let us now forget that we fixed z. We thus have proven that z € {y} for every
ze{weP | x<w<yand w=y}. In other words, {we P | x<w<yandw =y} C

{y}

On the other hand, y is an element of P and satisties x < y < y and

y = V. In other words, y is an element w of P satisfying x < w <
y and w = y. Hence, y € {weP | x<w<yandw=y}. Thus, {y} C
{weP | x<w<yand w=y}. Combining this with {w e P | x <w <yandw =y} C

{y}, weobtain {w € P | x <w <yand w =y} = {y}. Qed.
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But every z € P satisfies either z = y or z # y (but not both). Thus,

Y, n(xz) = )3 wxz)+ ), u(xz)

zZEP; zEP; zE€P;

x<z<y x<z<y and z=y x<z<y and z#y
— ~~
= )» =L =—u(xy)

ze{weP | x<w<y and w=y}_ze{y}
(since {weP | x<w<y and w=y}={y})

= ;}u (x,2) + (—u(xy) = u(xy) + (—u(xy)) =0
ze{y

=u(xy)

Thus, (187) is proven in Case 2.

We have now proven in each of the two Cases 1 and 2. Thus,
always holds (since Cases 1 and 2 cover all possibilities). Proposition (@) is
thus proven.

(b) For any two elements u and v of P, we define a subset [u, v] of P by

wv)]={weP | u<w<uv}.

This subset [u, v] is finite (since P is finite), and thus its size |[u, v]| is a nonneg-
ative integer.

We shall now prove Proposition (b) by strong induction on |[x, y]|:

Induction step: Let N € IN. Assume that Proposition (b) holds whenever
|[x,y]| < N. We must now prove that Proposition (b) holds whenever
% yll = N.

We have assumed that Proposition (b) holds whenever |[x,y]| < N. In
other words, we have assumed the following claim:

Claim 1: For any x € P and y € P satisfying |[x, y]| < N, we have

Y ulzy)=[x=y.

z€P;
x<z<y

Now, let x and y be two elements of P satisfying |[x, y]| = N. We are going to

prove that
Y, n(zy) =[x=yl. (190)

z€P;
x<z<y

If we do not have x < y, then (190) holds for obvious reason Hence, for
the rest of our proof of (190), we can WLOG assume that x < y. Assume this.

15Proof. Assume that we do not have x < y. Then, there exists no z € P satisfying x < z < y
(because if such a z would exist, then it would satisfy x < z < y, which would contradict

with the fact that we do not have x < y). Therefore, the sum Y. 1 (z,¥) is an empty sum.
zE€P;
x<z<y

168



Note on NBC sets and chromatic polynomial April 4, 2026

If x =y, then holds for obvious reasonsF__%l Hence, for the rest of our
proof of (190), we can WLOG assume that we don’t have x = y. Assume this.
Thus, we don’t have x = y. In other words, we have x # y. Combining this with
x <y, we obtain x < y.

Notice that [x = y] = 0 (since we don’t have x = y).

For any pair (z,t) € P2, we have the following logical equivalence:

(x<z<yandz<t<y) <= (x<t<yandx <z <t (191)
17
Hence,
Y. #(zy) = (empty sum) = 0.
ay

But we do not have x = y (because if we had x = y, then we would have x < y, which would
contradict with the fact that we do not have x < y). Thus, [x =y] =0. Now, Y u(z,y) =
ngezl;;y
0 = [x = y]. Hence, (190) is proven, ged.
116 proof. Assume that x = y. Then,

{wEP | x<w< y }:{wGP | x <w<x}={x}
~~

=X

(by (189)). Now,

)3 ney)= Y pey)=p|x y | =px)=1
z€EP; ze{x} ~
¥<z<y
——
= r =¥
ze{weP | x<w<y} ze{x}
(since {weP | x<w<y}={x})

(by (181)). Comparing this with

[x=y]=1 (since x =),
we obtain Y. p(z,y) = [x = y|. Hence, (190) is proven, qed.
ngezI;;y

17 Proof of : Let (z,t) € P2. We shall first prove the logical implication
(x<z<yandz<t<y) = (x<t<yandx <z <H). (192)

Proof of (192): Assume that (x <z<yandz<t<y) holds. We must prove that
(x<t<yand x <z <t) holds. We have x < z < f, sothat x < t < y. Also, x < z < t.
Thus, (x <t < yand x < z < t) holds. This proves the implication (192).

Next, we shall prove the logical implication

(x<t<yandx<z<t) = (x<z<yandz<t<y). (193)

Proof of : Assume that (x <t<yandx <z<t) holds. We must prove that
(x<z<yandz<t<y) holds. Wehave z <t <y, thusx <z <y. Also,z <t <.
Thus, (x <z <yand z <t < y) holds. This proves the implication (193).
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For every t € P satisfying x <t < y, we have

[x,]] < N (194)

@ Therefore, for every t € P satisfying x <t < y, we have

Y u(zt)=[x=t (195)

zeP;
x<z<t

Combining the two implications (192) and (193)), we obtain the logical equivalence

(x<z<yandz<t<y) < (x<t<yandx <z <Ht).

This proves (191).
118 Proof of : Let t € P be such that x <t < y. We shall proceed in several steps:

We have [x,t] = {weP | x<w <t} (by the definition of [x,t]) and [x,y] =
{weP | x<w <y} (by the definition of [x, y]).

Let us first prove that [x,t] C [x,y].

Indeed, let g € [x,t]. Then, g € [x,t] = {w € P | x <w < t}. In other words, g is an
element w of P satisfying x < w < t. In other words, g is an element of P and satisfies
x < g <t. Wehave g <t <y, so that g < y. Combining this with x < g, we obtain
x < g <y. Thus, g is an element of P and satisfies x < ¢ < y. In other words, g is an
element w of P satisfying x < w < y. In other words, g € {w € P | x < w < y}. Since
[x,y] ={w e P | x <w <y}, this rewrites as g € [x,y].

Now, forget that we fixed g. Thus, we have shown that g € [x,y] for each g € [x,t]. In
other words, [x, t] C [x,y].

Now, let us prove that y ¢ [x, t].

Indeed, assume the contrary. Thus, y € [x,f]. Hence, vy € [xt =
{we P | x <w < t}. In other words, y is an element w of P satisfying x < w < t. In
other words, g is an element of P and satisfies x <y < t. But y < t contradicts t < y
(since P is a poset). This contradiction proves that our assumption was wrong. Hence,
y ¢ [x,t] is proven.

Next, let us prove that y € [x,y].

Indeed, y is an element of P and satisfies x < y < y. In other words, y is an element
w of P satisfying x < w < y. In other words, y € {we P | x <w <y}. Since
[x,y] ={w e P | x <w <y}, this rewrites as y € [x,y].

Let us now prove that [x, t] # [x,y].

Indeed, assume the contrary. Thus, [x,t] = [x,y]. Now, y € [x,t] = [x,y] contradicts
y € [x,y]. This contradiction proves that our assumption was wrong. Hence, [x, t| #
[x,y] is proven.

Combining [x,t] C [x,y] with [x,t] # [x,y], we conclude that [x, {] is a proper subset
of [x,y]. Thus, |[x,t]| < |[x,y]| (since both [x,t] and [x,y] are finite sets). Hence,
|[x,t]] < |[x,y]| = N. This proves (194).
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@ Also, for every u € P and v € P, we have

Y. u(ut)=[u=n0 (196)
tep;
u<t<v
2]
Furthermore,
{zeP | x<z<yandz=y}={y} (197)

Thus,

{weP | x<w<yandw =y}
={zeP | x<z<yandz=y}
(here, we have renamed the index w as z)

= {y}. (198)

Also,
{zeP | x<z<yandz=xandz # y} = {x} (199)

ez

19proof of (195): Let t € P be such that x < t < y. Then, |[x,t]| < N (by (194)). Hence, Claim 1
(applied to t instead of y) shows that Y, i (z,t) = [x = t]. This proves (195).
xZSGZZt
120proof of : Letu € P and v € P. Proposition (a) (applied to x = u and y = v) shows
that Y, p(u,z)=[u=1v]. Now,

z€P;
u<z<v
Yo ouuty="Y p(uz) (here, we have substituted z for f in the sum)
tep; z€P;
u<t<v u<z<v
=[u=1.
This proves (196).

121 proof of : We know that y is an element of P and satisfies x <y < yandy = y. In
other words, y is an element z of P satisfying x < z < y and z = y. In other words,
yef{zeP | x<z<yandz=y}. Thus, {y} C{z€P | x<z<yandz=y}.

On the other hand, let ¢ € {z€ P | x <z <yandz =y} be arbitrary. Thus, g is an
element z of P satisfying x < z < y and z = y. In other words, g is an element of
P and satisfies x < ¢ < yand ¢ = y. Thus, g = y € {y}. Now, forget that we
fixed g. We thus have shown that g € {y} forevery ¢ € {z€ P | x <z<yandz=y}.
In other words, {z€ P | x<z<yandz=y} C {y}. Combining this with {y} C
{z€P | x<z<yandz =y}, we obtain

{zeP | x<z<yandz=y} = {y}.

This proves (197).

122Pyoof of : We know that x is an element of P and satisfies x < x < y and x = x
and x # y. In other words, x is an element z of P satisfying x < z < yand z = «x
and z # y. In other words, x € {z€P | x<z<yandz=xandz # y}. Thus, {x} C
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Now,

Y w(zt)

(z,t)ePz;
x<z<y and z<t<y

= X by
zeP; tep;
x<z<y z<t<y

= ) Y, uzt) =Y [z=Y

z€P; tep; zEP;
x<z<y z<t<y x<z<y
—_————
=[z=y]
(by (196)

(applied to u=z and v=y))

= Yy =y + X [z =y]

. N
x<z<y and z=y (since z=y) x<z<y and z7y (since z=y is false
(since z#£y))

(since every z € P satisfies either z = y or z # y (but not both))

= Y 1+ ) o= )Y 1

z€P; zeP; zeP;
x<z<y and z=y x<z<y and z#y x<z<y and z=y
_\/_/
=0

={zeP | x<z<yandz=y}|-1

=|{zeP | x<z<yandz=y}| =[{y}[=1

-

(by: (157))

{zeP | x<z<yandz=xandz #y}.

On the other hand, let § € {z€P | x<z<yandz=xandz #y} be arbitrary.
Thus, g is an element z of P satisfying x < z < yand z = x and z # .
In other words, g is an element of P and satisfies x < ¢ < y and ¢ = x and
g # y. Thus, ¢ = x € {x}. Now, forget that we fixed g. We thus have
shown that ¢ € {x} for every ¢ € {z€P | x<z<yandz=xandz#y}. In other
words, {z€P | x<z<yandz=xandz#y} C {x}. Combining this with {x} C
{z€eP | x<z<yandz=xandz # y}, we obtain

{zeP | x<z<yandz=xandz #y} = {x}.

This proves (199).
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Hence,

1=

D

(z,t)EP%;
x<z<y and z<t<y

. J/
-~

= r
(z,t)EP?;
x<t<y and x<z<t
(because for any (z,t)€P?, the
condition (x<z<y and z<t<y)
is equivalent to (x<t<y and x<z<t)

uizt) =

(by (1))
=) )Y uzt
tep; zeP;

x<t<y x<z<t

- >

tep; zEP;
x<t<y and t=y x<z<t
_\/_/

te{weP | x<w<y and w=y}_t€{y}
(since {weP | x<w<y and w=y}={y})

)

). p(zt)
(z,t)€P%;
x<t<y and x<z<
= X r
tep; zeP;

¥<t<y x<z<t

Y. u(zt)

Y. u(zt)

tep; zEP;
x<t<y and t#y x<z<t
~————
=[x=t
(by (195)

(since t<y (because t<y and t#y) and x<t))

(since every t € P satisfies either t = y or t # y (but not both))

=Y Lowent+ )

te{y} z€P; tep;
x<z<t x<t<y and t#y
= L uzy
z€P;
x<z<y
= ) wey+ Yy [x=t.
z€P; tep;
x<z<y x<t<y and t#y

[x = 1]
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Subtracting Y. u(z,y) from both sides of this equality, we obtain

z€P;
x<z<y
1= )} w@y)= )} [x=t
z€P; tep;
x<z<y x<t<y and t#y
- y =1
tep;
x<t<y and t=x and t#y (sinc:elx:t

v (since t=x))

7t€{z€P | x<z<y and z=x and z;ﬁy}ite{x}
(since {z€P | x<z<y and z=x and z#y}={x})

+ Py k=1

x<t<yand t7x and t7y (since xz(g is false

(since x#t (since t#x)))
since every t € P satisfies
either t = x or t # x (but not both)

=Y 1+ ) 0= ) 1=1

te{x} tep; te{x}
x<t<y and t#x and t#y

-0
Solving this equality for Y (z,y), we obtain
ngezlgy

Y, u(zy)=1-1=0=[x=y].

zeP;
x<z<y

Thus, (190) is proven.

Let us now forget that we fixed x and y. We thus have proven that for any
x € P and y € P satisfying |[x,y]| = N, we have

Y, nzy) ==yl

zeP;
x<z<y

In other words, Proposition (b) holds whenever |[x, y]| = N. This completes
the induction step. Thus, Proposition (b) is proven by induction.
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(c) For every v € P, we have

Z u(y,0) Z Px

yeP; xcP;
y<v X<y
_ Z (z,0) Z B here, we have renamed the summation
B 2D HAZ LoD g index y as z in the outer sum
2<v x<z
= Y L 1(z,0) Bx
zEP; x€P;
z<v x<z
—_———
(x,z)ep?;,  X€P Z€P;
z<v and x<z z<v and x<z

=) Y H@Eok=) ) rEvB=) | X rz)| bk

xeP z€P; xeP z€eP; xeP zEeP;
z<v and x<z x<z<v x<z<v
S——— ~ ~~
= Z :[x:v]
zEP; (by Proposition (b)
x<z a)rzlld z<v (applied to y=v))
zEP;
x<z<v
Y k=up= L k=gt L =1 A
xeP xep; TN xep; ~—
x=v = =
(since x=0) X#0 (since x=v is false

(since x#v))

(since every x € P satisfies either x = v or x # v (but not both))

=) Bxt ) 0Bx=) PBx=Ppo (since v € P).

xX€P; xX€eP; xX€eP;
X=0 x#v X=0
0
Renaming v as z in this statement, we obtain the following: For every z € P, we
have
> #(y2) ), Br =B
yeP; xeP;
y<z X<y
This proves Proposition (c). O

Proof of Theorem If T is a subset of E, then T is a flat of M (by Proposition
(a)). In other words, if T is a subset of E, then T € Flats M. Renaming T as
B in this statement, we conclude that if B is a subset of E, then B € Flats M.

For every F € Flats M, define an element Sr € k by

Be= Y (-1 T ax
BCE; Keg;

B=F KCB
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Now, using Lemma we can easily see that

2 Bc = [F = 9] for every F € Flats M (200)

GeFlats M;
GCF

=

Let p be the Mobius function of the lattice Flats M. The element & is the
global minimum of the poset Flats M. @ In particular, @ € Flats M and
& C F. Hence, u (&, F) is well-defined.

Now, fix F € Flats M. Proposition (c) (applied to P = Flats M and z = F)

123 Proof of : Let F € Flats M. Thus, F is a flat of M.
If B is a subset of E, then the statements (B C F) and (B C F) are equivalent. (This follows
from Proposition (g), appliedto T = Band G = F.)

Now,
Bc
GeFlats M; ~
GCF

=y )P T ax
BCE; KeR;
B=G KCB
(by the definition of Bg)

= Y Y 0P [Ta
GeFlats M; BCE; KeR;
GCF B=G KCB

=¥
BCE;
BCF
(because if B is a subset of E,
then BeFlats M)

BCE; KeR BCE; KeRr
BCF KCB BCF KCB
N~ N~~~
- =y

BEE BCF

(because if B is a subset of E, then
the statements (EQF) and (BCF) are
equivalent)

=Y )| [Tax | =[F=2] (by (T83)).
BCF KeR;
KCB
This proves (200).
124This was proven during our proof of Proposition m
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shows that
Be= ), wwF) Y. B«
y€Flats M; x€Flats M;
yCF xCy

(since the relation < of the poset Flats M is Q)

= ). u(HF) )Y Bc

HeFlats M; GeFlats M;
HCF GCH
(by (200), applied to

H instead of F)
(here, we renamed the summation indices y and x as H and G)

= )Y, u(HF)I[H=g]
HeFlats M;
HCF

= Y uwHF[H=2+ Y u(HF) H=2|

HeFlats M; Y HeFlats M; -0
g%g (since H=9) gig’ (since H#9)

= Y. y(H,F)

HeFlats M;
HCF;
H=o

—_——

= )y
HeFlats M;
H=o
(since the condition HCF
is automatically implied by
the condition H=©)

= ), u(HF). (201)

HeFlats M;
H=o

Now, we shall prove that
Br=[@=2]u(9,F). (202)

Proof of (202): We are in one of the following two cases:
Case 1: We have @ = @.
Case 2: We have & # @.

Let us consider Case 1 first. In this case, we have @ = @. Hence, & =
& € Flats M. Thus, the sum Y,  u(H,F) has exactly one addend: namely,
HGII;IatsM;
=g

the addend for H = @. Thus, Y u(H,F)=pu| @ F| = u(9,F).

HeFlats M; \C/
H=@ =9
Thus, (201) becomes fr = Y, u(H,F) = u (9, F). Comparing this with
Hefllats M;
=2
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(@ =] u(o,F) = u(a,F), we obtain fr = [& = @] u (&, F). Thus, (202) is
=1
(since_ F=0)
proven in Case 1.
Let us now consider Case 2. In this case, we have & # &. Thus, there exists

no H € Flats M such that H = @ Hence, the sum Y. u(H,F)
HeFlats M;
H=92
is empty. Thus, Y u(H,F) = (empty sum) = 0, so that (201) becomes
HeFlats M;
H=92

Br = Y. u(H,F) = 0. Comparing this with [ =@]| u(2,F) = 0, we

HeFlats M; S———

H=g =0
(since @#2)

obtain B = [ = @] i (&, F). Thus, (202) is proven in Case 2.

Now, we have proven (202) in both possible Cases 1 and 2. Thus, (202) always
holds.

Now, let us forget that we fixed F. We thus have proven (202) for each F ¢
Flats M.

125Proof. Assume the contrary. Thus, there exists some H € Flats M such that H = @. In other
words, @ € Flats M. Hence, & is a flat of M. Proposition [8.12] (b) (applied to G = @) thus
shows that @ = @. This contradicts @ # @. This contradiction proves that our assumption
was wrong, qed.
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Now,

Y (—1)/F T ax | »™ rm(F)

FCE Ke§g;
KCF
- )y (=D | TT ax Sl
BCE Keg; m—r (E)
—— KCB =X
- 5 Y - (since Proposition (f) (applied to T=B)
FeFlatsM  BCE; shows that ry(B)=rm (E))

B=F
(because if B is a subset of E,
then BcFlats M)

(here, we have renamed the summation index F as B)

= Y Y0 T ax|enm®)

FeFlatsM BCE; Keg; m—r(E)
B=F KCB =x" M
- (since B=F)

- Z Z(—l)'B‘ HHK m=rm(F)

FeFlatsM BCE; Kesg;
B=F KCB

= p_(byﬂg@F

= ¥ @=elu@ R

FeFlats M
=@=2] Y u(@F)x"mb, (203)
FcFlats M
But the definition of xy yields xpr = Y, p (3, F) x™ "), The definition
FeFlats M

of Xy yields

XM = [6:@] XM = [6:@] Z ]/1(5,1:) Xm_rM(F)
~ FeFlats M
= T @R
FeFlats M

= Y (~)FI| T ax | xm—m(® (by (203)).

FCE Kef;

KCF
This proves Theorem [8.20] O
Proof of Corollary Corollary can be derived from Theorem in the
same way as Corollary was derived from Theorem [1.15 O
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Proof of Theorem Theorem can be derived from Theorem in the

same way as Theorem was derived from Theorem [1.15 O
Proof of Corollary Corollary follows from Corollary when £ is set
to be the set of all broken circuits of M. O

Proof of Corollary If F is a subset of E such that F contains no broken circuit
of M as a subset, then

@ Now, Corollary yields
Xm = )3 (—1)IFl grrm(F) — )3 (—1)Fl = IEL

rm (F) = |F| (204)

FCE; —m—|F| FCE;
F contains no broken T F contains no broken
circuit of M as a subset (by (204) circuit of M as a subset
This proves Corollary O

8.4. A vanishing alternating sum for matroids

As an application of the above, we can prove an analogue of the alternating
sum identity of Dahlberg and van Willigenburg (Theorem above) for the
characteristic polynomials of matroids:

Theorem 8.27. Let M = (E,Z) be a matroid. Let m = ry (E). Let C be a
circuit of M, and let e € C be arbitrary. Then,

Y (=1) Il xm=rm(E\F) X =0
FCC\{e}

Here, whenever F is a subset of E, the notation M \ F denotes the matroid
(E\F, ZNnP(E\F)) (that is, the matroid whose ground set is E \ F and
whose independent sets are those subsets of E \ F that are independent in
M).

Proof of Theorem This proof is rather similar to our above proof of Theorem
but using Theorem and Corollary instead of Theorem and
Corollary Here is the argument in detail:

126 proof of : Let F be a subset of E such that F contains no broken circuit of M as a subset.

We shall show that F € 7. Indeed, assume the contrary. Thus, F ¢ Z, so that F € P (E) \ Z.
Hence, there exists a circuit C of M such that C C F (according to Lemma applied to
Q = F). Consider this C. The set C is a circuit, and thus nonempty (because the empty
set is in Z). Let e be the unique element of C having maximum label. (This is clearly well-
defined, since the labeling function / is injective.) Then, C \ {e} is a broken circuit of M (by
the definition of a broken circuit). Thus, F contains a broken circuit of M as a subset (since
C\ {e} C C C F). This contradicts the fact that F contains no broken circuit of M as a subset.
This contradiction shows that our assumption was wrong. Hence, F € 7 is proven.

Thus, Lemma (applied to T = F) shows that rp; (F) = |F|, qed.
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Let us set B:= C\ {e}. Thus, B=C\ {e} CC CE.
Now, we shall show the following:

Claim 1: Let | be a subset of B. Then,

xM—rm(E\]) 'XVM\] — Z (_1)\1:\ ym=rm(F)

FCE;
JCE\F

[Proof of Claim 1: First, we observe that every subset F of E \ | satisfies

vy (F) = 7um (F) (205)
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[

Applying this to F = E '\ ], we obtain ryp\; (E \ J) = rpm (E \ ]). In other words,
rm (ENT) =7rmyy (EN]).

However, the definition of the matroid M\ J yields M\ J = (E\J, ZNP(E\])).
Hence, Theorem [8.21] (applied to M\ J, E\ J, ZNP (E\ J) and rp (E \ ]) instead

127Pr00f. Let Fbeasubsetof E\ J. Then, F C E\ J C E. Hence, the definition of the rank function
M yields
rv (F) =max{|Z| | Z€Zand Z C F}. (206)

Furthermore, the definition of the matroid M\ | yields M\ ] = (E\], ZNP(E\])).
Hence, the definition of its rank function r M\J yields

rayy (F) =max{|Z| | ZeZNP(E\]) and Z C F}. (207)
However, we can make the following two observations:

e Each Z € 7 that satisfies Z C F must automatically satisfy Z € ZNP (E\ J) (because
Z CFCE\]yields Z € P(E\J), and thus we can combine Z € Z with Z € P (E \ ])
to obtain Z € ZNP(E\])). Hence, each Z € 7 that satisfies Z C F must be a
Z € INP (E\]) that satisfies Z C F. In other words,

{ZeT | ZCF}C{Ze€INP(E\]) | Z<F}.
Therefore,

{|Z] | ZeZand Z C F}
C{|z| | ZeZINP(E\]) and Z C F}. (208)

e Each Z € ZN'P (E\]) that satisfies Z C F must automatically satisfy Z € 7 (because
ZeINP(E\])CIZ). Hence, each Z € ZN'P(E\ ) that satisfies Z C F must be a
Z € 7 that satisfies Z C F. In other words,

{ZeZINP(E\]) | ZCF}C{ZeZ | ZCF}.
Therefore,

{1Z| | ZEINP(E\]) and Z C F}
C{|Z| | ZeTand Z C F}. (209)

Combining with (209), we obtain
{1Z| | ZeZand ZCF}y={|Z| | Z€ZINP(E\]) and Z C F}.
Hence, we can rewrite as
rm (F)=max{|Z| | ZeZNP(E\]) and Z C F}.

Comparing this with (207), we obtain 7y ; (F) = ra (F). This proves (205).
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of M, E, Z and m) yields

Ty = Y (~1F ecrm(E\]z:rM\](FZ (since r (E\J) = rM\;(E\I))
FCE\] — " ME\D) = (F)
(since rpp j (F)=rpm(F)
(by (05))
_ Z (_1)\1:\ ! MEN])=rm(F) (210)
FCE\]

However, we have | C B C E. Thus, it is easy to see that
P(E\])={Z€eP(E) | JSE\Z} (211)

Now, we have the following equality between summation signs:

Y, = )Y = )3 (by @11))
FCE\] FeP(E\]) Fe{ZeP(E) | JCE\Z}
N FeP(E); N FCZE;
JCE\F  JCE\F

128Proof: Let H € P (E\ J). Thus, H is a subset of E \ J. Hence, H C E\ ] C E, so that H € P (E).
Also, from H C E\ ], we conclude that H is disjoint from J. In other words, | is disjoint from
H. Combining this with | C E, we obtain ] C E \ H.
Now, we know that H € P (E) and | C E \ H. In other words, H is a Z € P (E) satisfying
J CE\Z. Inotherwords, He {Z e P(E) | ] CE\Z}.
Forget that we fixed H. We thus have shown that H € {Z € P (E) | ] C E\ Z} for each
H € P (E\]). In other words,

P(EN])S{ZeP(E) | JSE\Z}. (212)

On the other hand, let U € {Z € P(E) | J C E\ Z}. Thus, Uis a Z € P (E) satisfying
J € E\ Z. In other words, U € P (E) and ] C E\ U.

From | C E \ U, we conclude that | is disjoint from U. In other words, U is disjoint from
J. However, from U € P (E), we conclude that U is a subset of E. Thus, U is a subset of E
that is disjoint from J. In other words, U is a subset of E \ . In other words, U € P (E \ ]).

Forget that we fixed U. We thus have shown that U € P (E\]J) for each U €
{ZeP(E) | ] CE\Z}. In other words,

{ZeP(E) | JSE\Z} S P(E\]).
Combining this with 212), we obtain

P(EN])={ZeP(E) | JSE\Z}.
This proves 211).
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Hence, (210) becomes

Xy = Y (_1)\F| xM(EN)—rm(F) — y (_1)|F| x"M(E\))=rm(F)

FCE\] FCE;
—— JCE\F
= X

FCE;

JCE\F

Multiplying both sides of this equality by x""M(E\)), we obtain

(V) = e E) LS ()L EV) ()
FCE;
JCE\F
=Y (_1)\F| M= TM(EN]) L 3 rm(EN])=7pm(F)
FCE;  (mrag(B\D) (g (EV) —rag (F)
JCE\F =MD )

(since (m—rym(E\]))+(rm(EN])—rm(F))=m—rum(F))
-y (=1)E! xrm=rm(E)
FCE;
JCE\F
Thus, Claim 1 is proved.]

Claim 2: We have
(—1)Fl xm=rm(F) — (213)

[Proof of Claim 2: Theorem yields

M = Z (_1)|F\ x=rm(F)

FCE
= (_1)|F| xm=m(F) Y (_1)|F|xm—rM(F) (214)
FCE; FCE;
BCF BZF

(since each subset F of E satisfies either B C F or B € F, but not both at the
same time).
Let us now find a different formula for x»;. We define a function ¢ : E — IN
by setting
C(f)=1[f =e¢| for each f € E.
We shall use this function ¢ as our labeling function (where the role of the totally

ordered set X is played by IN equipped with the usual total order). It is eas
to see that the element e is the unique element of C having maximum labe@

129Proof. Clearly, e is an element of C (since e € C). We shall now show that ¢ has a larger label
than any other element of C.
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Therefore, C \ {e} is a broken circuit of M (by the definition of a “broken circuit”
in Definition 8.19). In other words, B is a broken circuit of M (since B = C\ {e}).
Hence, {B} is a set of broken circuits of M. Therefore, Corollary (applied to

8 = {B}) yields
=Y, (=), (215)

FCE;
F is {B}-free

However, if F is a subset of E, then the condition “F is {B}-free” is equivalent

to “B £ F” Hence, the summation sign “ )},  ” can be rewritten as
FCE;
F is {B}-free

“ Y 7. Therefore, we can rewrite (215) as

FCE;
BZF
T =Y (—1)Fxmrm®), (216)
FCE;
BZF

Subtracting this equality from (214), we obtain

xv—xm=|Y (=)l xm=rm(F) 4 Y (=1)Fl xrm=rm(E) | — y (=1)Fl xm=rm(F)

FCE; FCE; FCE;
BCF BZF BZF
— Z (_1)|F| xm—rM(F).
FCE;
BCF

Indeed, let f be any element of C distinct from e. Then, the definition of ¢ yields ¢ (f) =
[f = e] = 0 (since we don’t have f = e (because f is distinct from ¢)). On the other hand, the
definition of ¢ yields ¢ (¢) = [e = ¢] = 1 (since e = ¢). Hence, £ (¢) =1 > 0 = £(f). In other
words, e has a larger label than f (since the label of e is ¢ (), whereas the label of f is ¢ (f)).

Forget that we fixed f. We thus have shown that ¢ has a larger label than f whenever f is
any element of C distinct from e. In other words, e has a larger label than any other element
of C. Hence, e is the unique element of C having maximum label (since e itself is an element
of C).

130proof. Let F be a subset of E. Then, we have the following chain of logical equivalences:

(Fis {B}-free)
<= (F contains no K € {B} as a subset)

(by the definition of “ {B} -free” in Definition [L.16))
<= (there exists no K € {B} such that F contains K as a subset)
<= (there exists no K € {B} such that K C F)
<= (each K € {B} satisfies K Z F)
<= (BZF) (since the only K € {B} is B).

Hence, the condition “F is {B}-free” is equivalent to “B Z F”. Qed.
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Comparing this with X3 — Xp = 0, we obtain

Y (=1)F! xm=rm(F)

FCE;
BCF

This proves Claim 2.]

=0.
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However, from C \ {¢} = B, we obtain

Z (_1)|F‘ xm—rM(E\F) . XVM\F

FCC\{e}
- F;B (—1)IFl ym=rm(EN) * XM\F
— % (=l fm—fM(E\I) Xy
- - 5 (7;9F\xm—rM(F)
FCE;
JCE\F

(by Claim 1)
(here, we have renamed the summation index F as J)

— Z (_1)U| Z (_1)\F| x=rm(F)

JCB FCE;
JCE\F
_ Z 2 (_1)|]| (_1)|F| x=rm(F)
jCB  FCE;
JCE\F
———
=X )y
e JCB;
JCE\F
_ 2 Z (_1)|]\ (_1)|F\ xm—rm(F)
FCE  JCB
JCE\F
\v/
- JCBA(ER)

(=1)/Fl xrm=rm(F)

=) Y (-
FCE JCBN(E\F)
= © (N
ICBN(E\F)
(here, we have renamed
the summation index | as I)

= Y (_1)\1| (_1)\F| xm—rm(F)

FCE  ICBN(E\F)

=[BN ErF =g
(b}[/ Le(mr\na)d
applied to S=BN(E\F))

=Y |BN(E\F) =o| (1) xm=rm()

FEE L ZBrEnF

=Y | (BNE) \F=o| (~1)Flxm=rm()
FCE | —

=B
| (since BCE)
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= Z [B\ F = 2] (_1)|F\ x—rm(F)
FCE ——
—[BCF]
(since the statement “B\F=g"
is equivalent to “BCF”)

= Y [BC F](—1)flxm=ru®)

FCE
= Y [BCF] (=)l ym=—ru(F) 4 Y BCF] (1)l xm=—rm(®)
FCE; Tz FCE; \_:6_/
BCF (sinchgF) we don’t have BCF (since we don’t
have BCF)

(since each subset F of E either satisfies B C F or does not)

— Z (_1)|F‘ xm=rm(F) | Z 0 (_1)|F\ xm—rm(F)
FCE; FCE;
BCF we don’t have BCF

J/

=0

=) (_1)|F\ ym=rm(F) — o (by 13)).

FCE;
BCF

This proves Theorem O
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