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1. Introduction: the Clifford algebra

One of the basic properties of the Clifford algebra gives an explicit basis for it in
terms of a basis of the underlying vector space (Theorem 1 below), and another one
provides a vector space isomorphism between the Clifford algebra and the exterior
algebra of the same vector space (the so-called Chevalley map, Theorem 2 below).
While both of these properties appear in standard literature such as [1] and [2], sadly
I have never seen them proven in the generality they deserve (they hold over arbitrary
commutative rings rather than just fields of characteristic 0, at least as long as we
are talking about bilinear rather than quadratic forms). Besides, some proofs found in
literature are sloppily written or otherwise unsatisfactory. Here we are going to present
a computational proof of both of these properties, giving integral] recursive formulas
for the vector space isomorphism between the Clifford algebra and the exterior algebra
(in both directions).

Remark (added in 2016). As I now know, most of what is done in this
paper is not new. In particular, its main results already appear in §9 of
Chapter IX of [7]@; they also (essentially) appear in Chapter 2 of [8]@; the
main ideas also appear in (1.7) of Chapter IV of [Q]E] Moreover, the proofs
given in [7], in [8] and in [9] are essentially the same as ours. (Moreover,
similar ideas and a variant of our map of have been used for different
purposes in [10].) The results in Sections 11-14 of this paper might still be
new.

First, let us define everything in maximal generality:

Definition 1. In this note, a ring will always mean a ring with 1. If k
is a ring, a k-algebra will mean a (not necessarily commutative) k-algebra
with 1. Sometimes we will use the word "algebra” as an abbreviation for
" k-algebra”. If L is a k-algebra, then a left L-module is always supposed to
be a left L-module on which the unity of L acts as the identity. Whenever
we use the tensor product sign ® without an index, we mean ®j.

IThis is a version including all the results, but excluding the straightforward proofs. Due to the
computational nature of the proofs, a reader with experience in tensor manipulations will be able to
derive all the proofs on his own without any trouble. If not, he can read them up in reference [0].

2in the sense of: no division by k!

3More precisely: Our Theorem 33 is Proposition 3 in §9 of Chapter IX of [7] (and thus, our Theorem
1 is a consequence of said proposition); our Theorem 2 is a particular case (for L = {1,2,...,n}) of
Théoreme 1 in §9 of Chapter IX of [7].

4More precisely, Theorem (2.16) in Chapter 2 of [8] includes both our Theorem 1 and our Theorem
2 in the case when the k-module L is finitely generated and projective. But the proof given in [8],
as far as it concerns our Theorem (2.16), does not require the “finitely generated and projective”
condition.

®Thanks to Rainer Schulze-Pillot for making me aware of [9].



Definition 2. Let k& be a commutative ring. Let L be a k-module. A bilin-
ear form on L means a bilinear map f : Lx L — k. A bilinear form f on L is
said to be symmetric if it satisfies (f (z,y) = f (y,x) for any x € L and y € L).

Definition 3. Let k be a commutative ring. Let L be a k-module, and
f L x L — k be a bilinear form on L. For every ¢ € N, we define the
so-called i-th tensor power L®' of L to be the k-module LRL®..®L.
The tensor algebra QL of L over k is defined to be the algei)trlge%@L =
LY @ L @ L®% @ ..., where the multiplication is given by the tensor
product. Now, we define the Clifford algebra Cl1(L, f) to be the factor
algebra (®L) /If, where I is the two-sided ideal

(®L) - (v@v—f(v,v) | veL) (VL)
of the algebra ®@L. [

Remark. We denote by 0 the symmetric bilinear form on L defined by
(0 (z,y) =0 for every x € L and y € L). Then, Ip = (®L) - (v®wv | ve L) - (RL),
and thus Cl(L,0) = (®L) /I is the exterior algebra AL of the k-module L. Hence,
the exterior algebra AL is a particular case of the Clifford algebra - namely, it is the
Clifford algebra C1(L,0).

In general, the Clifford algebra Cl(L, f) is not isomorphic to the exterior algebra
AL as algebra. However, they are isomorphic as k-modules, as the following theorem
states:

Theorem 1 (Chevalley map theorem): Let k be a commutative ring.
Let L be a k-module, and f : L x L. — k be a bilinear form on L. Then,
the k-modules AL and Cl (L, f) are isomorphic.

We are going to prove this theorem by explicitly constructing mutually inverse
homomorphisms in both directions. This proof substantially differs from the proofs
given in standard literature for the particular case of k being a field of characteristic
0 and L being a finite-dimensional k-vector space, which proceed by constructing the
isomorphism in one direction and showing either its injectivity or its surjectivity, or
proving both using the basis theorem (Theorem 2 below)[] Using Theorem 1 we will
be able to construct a basis for Cl (L, f) in the case when L has one:

Theorem 2 (Clifford basis theorem): Let k be a commutative ring. Let
L be a free k-module with a finite basis (e, €2, ..., e,), and f : LxL — kbe a
bilinear form on L. Let ¢y : L — Cl(L, f) be the k-module homomorphism
defined by ¢y = proj;oinj, where inj : L — ®L is the canonical injection

SHere, whenever U is a set, and P : U — ®L is a map (not necessarily a linear map), we denote
by (P (v) | v € U) the k-submodule of ®L generated by the elements P (v) for all v € U.

"The proof of Theorem 1 in [2] (where Theorem 1 appears as Theorem 1.2, albeit only in the case
of k being a field) seems different, but I don’t completely understand it; to me it seems that it has a
flaw (it states that ”the r-homogeneous part of ¢ is then of the form ¢, = > a; ® v; ® v; ® b; (where
deg a; +degb; = r—2 for each 7)”, which I am not sure about, because theoretically one could imagine
that the representation of ¢ in the form ¢ = > a; ® (v; ® v; + ¢ (v;)) ® b; involves some a; and b; of
extremely huge degree which cancel out in the sum).



of the k-module L into its tensor algebra ®L, and where proj; : ®L —
CL(L, f) is the canonical projection of the tensor algebra ® L onto its factor
algebra (®L) /Iy = C1(L, f).

i, (Tt

il )IGP({l,Q,...,n})
P ({1,2,...,n}) denotes the power set of the set {1,2,...,n}.

is a basis of the k-module CI (L, f), where

Here, we are using the following notation:

Definition 4. Let A be a ring, and let I be a finite subset of Z. Let a;
be an element of A for each ¢ € I. Then, we denote by ﬁai the element of

icl
A defined as follows: We write the set I in the form I = {iy, s, ...,7,} with
i1 < iy < ... < iy (in other words, we let iy, is, ..., iy be the elements of

I, written down in ascending order). Then, we define []a; as the product
i€l
;, Qj,...a;,. This product ﬁai is called the ascending product of the elements

icl
a; of A.

One more theorem that is often (silently) used and will follow from our considera-
tions:

Theorem 3. Let k£ be a commutative ring. Let L be a k-module, and
f: L xL — k be a bilinear form on L. Let ¢; : L — CI(L, f) be the
k-module homomorphism defined by ¢y = proj;oinj, where inj : L —
®L is the canonical injection of the k-module L into its tensor algebra
®L, and where proj; : ®L — CI(L, f) is the canonical projection of the
tensor algebra ®L onto its factor algebra (®L) /Iy = C1(L, f). Then, the
homomorphism ¢/ is injective.

Theorem 2 is known in the case of k being a field and L being a finite-dimensional
k-vector space; in this case, it is often proved using orthogonal decomposition of L into
f-orthogonal subspaces - a tactic not available to us in the general case of k being an
arbitrary commutative ring. We will have to derive Theorem 2 from Theorem 1 to
prove it in this generality. Most proofs of Theorem 1 rely on Theorem 2, and Theorem
3 is usually proven using either Theorem 1 or Theorem 2.

The nature of our proof will be computational - we are going to define some k-
module automorphisms of the tensor algebra ®L by recursive formulae. During the
course of the proof, we will show a lot of formulas, each of which has a more or less
straightforward inductive proof (using the results proven before). The inductive proofs
will be straightforward using the following three tactics:

e In order to prove an identity for every tensor U € ®L, it is enough to prove it
only for homogeneous tensors U (i. e., for tensors U € L®P for every p € N), as
long as the identity is linear in U. (This is because every tensor U € QL is a
linear combination of elements of L for different p € N.)



e Let p € N. In order to prove an identity for every tensor U € L%P, it is enough
to prove it only for tensors U of the form u ® U (where u € L and U € L®@~1),
as long as the identity is linear in U. (This is because every tensor U € L%
is a linear combination of tensors of the form u ® U for different v € L and
Uc L2r=1)

e Let p € N. In order to prove an identity for every tensor U € L®P, it is enough
to prove it only for tensors U of the form U ® u (where u € L and U € L&P~D),
as long as the identity is linear in U. (This is because every tensor U € L%P
is a linear combination of tensors of the form U ® u for different u € L and
U e Lev-1)

2. Left interior products on the tensor algebra

From now on, we fix a commutative ring k£, and a k-module L. Let f be some
bilinear form on L.
First, we define some operations of L on ®L - the so-called interior products:

Definition 6. Let f: L x L — k be a bilinear form. For every p € N, we
are going to define a bilinear map [ L« (®L) — ®L. We are going to
use infix notation for the map |]_c; this means that for every v € L and every
T € ®L, we will denote the image of (v, T') under this bilinear map by UIJ_CT
rather than by ! (v,T).

In order to define this map ! on L x (®L), it is enough to specify the value

of vl (w1 ® us @ ... ® u,) for every p € N, every v € L and every p elements
Uy, Uz, ..., Uy of L (because every element 1" of ®L is a k-linear combination
of pure tensors of the form u; ® uy ® ... ® u,, for various p and uy, ug, ..., up,

and thus the values of v (u1 ® ug ® ... ® u,) determine the value of viT).
This we do by setting

p
ol (W @ur ® ... ®up) = Z (1) f (0, 1) Qua® ... QU ®... Qup. (1)

i=1

In particular, we have viu = f(v,u) Hfor every u € L and v € L, and
we have v{\ = 0 for every v € L and X € k.

We have two rather easy properties of our map:

8Here, the hat over the vector u; means that the vector wu; is being omitted from the
tensor product; in other words, u; ® us ® ... ® 4; ® ... @ u, is just another way to write
U QU2 @ ... @U—1 QU1 QU2 & ... @ Up.

tensor product of the tensor product of the
first :—1 vectors uy last p—i vectors uy

9Here, f (v,u) € k is considered as an element of ®L by means of the canonical inclusion k =
L®0 C ®L.
0Here, \ € k is considered as an element of ® L by means of the canonical inclusion k = L&° C ®L.



Theorem 5. The bilinear map ! L x (®L) — ®L is well-defined by
Definition 6.

Theorem 6. If u € L, U € ®L, and v € L, then

vi(u@U):f(v,u)U—u@)(UZU). (2)

Three remarks:

e While the Definition 5 above is useful for computing the map |]_c in concrete cases,
Theorem 6 gives a powerful recurrence equation for the map ! ("recurrence”
because it reduces the computation of UI]:T for a (p+ 1)-tensor T' to the com-
putation of vl S for p-tensors S), which (together with v\ =0 for v € L and

A € k) allows us to prove most properties of ! by induction (without having to
work with summations as we would have to do if we would use Definition 5).

e In the detailed version [0] of this paper, I define the map ! not by the Definition 5
given above, but instead by a different definition (which is more or less Theorem

6 in disguise).

e Many authors omit the f in the notation {; in other words, they simply write L

for [ . We, however, cannot afford using this abbreviation, since we will have to
work with several different f’s at once.

.. . .. f .
Now, it is time for some actually nontrivial formulas for L. However, "nontriv-

ial” doesn’t mean that the proofs aren’t obvious inductions using the three tactics I
described above.

Theorem 7. If v € L and U € ®L, then
ol (uiU) — 0. (3)
Theorem 8. If v € L, w € L and U € ®L, then
ol (wiU) = —wl (viU) . (4)
Theorem 9. If pe N, ue€ L, U € L%, and v € L, then
ol (U@ w) = (=1 f (0,0) U+ (oU) @ u. (5)
Theorem 10. If pe N, v € L, U € L®, and V € ®L, then

UQU®W:QJVU®@hﬂ+@&Q®V (6)



1 .
Theorem 105. IfpeNuelL Ue @ L%, andwv € L, then
ieN;
i=pmod 2

ol (U @) = (<1 f (v,0) U + (UZU) ® . (7)

Theorem 10; Let f: Lx L — kand g: L x L — k be two bilinear
forms. If w € L and U € ®L, then

wlU +wlU = w' U, (8)
3. Right interior products on the tensor algebra

We have proven a number of properties of the interior product [ We are now going
to introduce a very analogous construction !, which works " from the right” almost the

same way as ! works ”from the left”:

Definition 7. Let f: L x L — k be a bilinear form. For every p € N, we
are going to define a bilinear map i (®L) x L — ®L. We are going to
use infix notation for the map ﬁ; this means that for every v € L and every
T € ®L, we will denote the image of (T, v) under this bilinear map by Tl
rather than by fn(T, v).

In order to define this map ! on (®L) x L, it is enough to specify the value

of (1 ®uy ® ... @ uy) T for every p € N, every v € L and every p elements
Uy, Uz, ..., Uy of L (because every element 1" of ®L is a k-linear combination
of pure tensors of the form u; ® uy ® ... ® u,, for various p and uy, ug, ..., Uy,

and thus the values of (41 ® us ® ... ® uy) v determine the value of T{m).
This we do by setting

p
(U1 @ ug @ ... @ uy) Ty = Z (=) f (us, 0) 41 QUa®...QU; R ... Q. (9)

i=1

In particular, we have wlv = f(v,u) for every u € L and v € L, and
we have M = 0 for every v € L and A € k.

Again, many authors omit the f in the notation ﬂ, but we will not.
Everything that we have proven for ! has an analogue for ! In fact, we can take any
identiticoncerning |]_c, and "read it from right to left” to obtain an analogous property

of i 1 This way, we get the following new theorems:

Here, the hat over the vector u; means that the same as it did in Definition 5.

2Here, f(v,u) € k is considered as an element of ®L by means of the canonical inclusion k =
L®0 C ®L.

3Here, A\ € k is considered as an element of ® L by means of the canonical inclusion k = L& C ®L.

14See [0] for details about how this is to be understood.



Theorem 11. The bilinear map i (®L) x L — ®L is well-defined by
Definition 7.

Theorem 12. If u € L, U € ®L, and v € L, then
(U ®u) Ty = fu,v)U — (Uﬁv) ® u. (10)
Theorem 13. If v € L and U € ®L, then
<Uﬂv> Tv=0. (11)
Theorem 14. If v e L, w € L and U € ®L, then
<Uﬁw> Ty = — (Uﬂv) . (12)
Theorem 15. If pe N, u € L, U € L®P, and v € L, then
weU) w= (=1 f(u,0)U+ue (Uﬂv). (13)
Theorem 16. If pe N, v e L, U € L®?, and V € ®L, then

(VeU)lv=(-1) (Vﬁv) QU+V® (Ufm). (14)

1 .
Theorem 165. lfpeNuelL Ue @ L% andwve€ L, then
1€N;
i=pmod 2

(@eU) o= (=17 f (o) U +ue (V). (15)

3
Theorem 161. Let f: LxL — kand g: L x L — k be two bilinear
forms. If w € L and U € ®L, then

Ulw + Ulw = U .

These Theorems 11-16 are simply the results of reading Theorems 5-10 from right to
left, so if we have proofs of Theorems 5-10, we automatically obtain proofs of Theorems
11-16. However, there is also an alternative way to prove Theorems 11-16 - namely, by

explicitly relating the right interior product ! to the left one:

Definition 8. Let t : ® L — ®L be the k-module endomorphism of ®L
defined by

g @ua ® ... @ Up) = Up @ Upq @ ... @ Uy
for any p € N and any vectors u;, ug, ..., up in L )~

(This is obviously well-defined.)



Clearly, t> = id. Hence, t : ® L — ®L is bijective. Besides,
tUeV)=t(V)at(U) for every U € @ L and V € QL.

Also, obviously, ¢ (u) = u for every u € L.
Our use for the map t is now to reduce the right interior product ! to the left

interior product ! For this we need yet another definition:

Definition 9. Let f : L x L — k be a bilinear form. Then, we define a
new bilinear form f!: L x L — k by

(ft(u,v):f(v,u) for everquLandvEL).
This bilinear form f* is called the transpose of the bilinear form f.

It is clear that (f*)" = f for any bilinear form f, and that a bilinear form f is
symmetric if and only if f = f*.

t
Now, here is a way to write ! in terms of { :

Theorem 17. Let v € L and U € ®L. Then,
¢ (Uﬂv) — ol )

and

t(v{tU) =t (U) .

4. The two operations commute

Now that we know quite a lot about each of the operations ! and ﬂ, let us show a
relation between them:

Theorem 18. Let v € L, w € L and U € ®L. Then

ol (Uﬂw) = (UEU) . (16)
More generally, if f: L X L — k and g : L X L — k are two bilinear forms,
then

ol (Uﬂw) = <U|{U> . (17)

The proof is, just as all proofs above, induction over the rank of the tensor U (after
U has been assumed homogeneous).

5. The endomorphism of

We are now going to define an endomorphism o/ : ® L — ®L which depends on
the bilinear form f:



Definition 10. Let f : L x L — k be a bilinear form. For every p € N, we
define a k-linear map 042{: : L®? — ®L by induction over p:

Induction base: For p = 0, we define the map azfj : L®Y — ®L to be the
canonical inclusion of L#° into the tensor algebra @ L = LG LG L@ ...
(In other words, we define the map of : k — QL by af (X) = X for every

A€ k=L

Induction step: For each p € N, we define a k-linear map 0‘;]; DL — QL

by

(ag (uU)=u® Ozg_l (U) - UIJ_COZZ];_l (U) for every uw € L and U € L®(p_1)) ,

(18)
assuming that we have already defined a k-linear map 041’:_1 CLeP-D 4 L.
(This definition is justified, because in order to define a k-linear map from
L®P to some other k-module, it is enough to define how it acts on tensors
of the form u ® U for every u € L and U € L®®P~1) | as long as this action
is bilinear with respect to u and U. This is because L® = L @ L®P~1))

This way we have defined a k-linear map ag : L®P — QL for every p € N.

We can combine these maps ag, a{, ag, ... into one k-linear map o : @ L —

QL (since ®L = L @ L®' @ L®? @ ...), and the formula rewrites as

(af (uelU)=uxal (U)-— ulal (U) for every w € L and U € L®(P—1)> .
(19)

We note that, in contrast to the map 8/ (which maps every homogeneous tensor
from L®P to L®(p_1)), the map a/ can map homogeneous tensors to inhomogeneous
tensors.

This endomorphism o/ now turns out to have plenty of properties. But first let us
first see how it evaluates on pure tensors of low rank (0, 1, 2, 3, 4):

Action of o on tensors of rank 0: For any \ € k, we have o (\) = )\, where we
consider \ as an element of ®L through the canonical injection k¥ = L% — ®L. (In
fact, A € k = L yields af (\) = of (A\) = A by the definition of o).

Action of of on tensors of rank 1: For any u € L, we have

odw)y=a'(uxl)=ue® of 1) - ul of (1) (by ([L9), applied to U = 1)
—— ———

=1 (since 1€k) =0 (by Theorem 5 (a),
since af (1)=1€k)
=u®l-0=u®l=u. (20)
Action of o on tensors of rank 2: For any u € L and v € L, we have

o (u@v)=u®v— f(u,v),

as a simple computation shows.
Action of of on tensors of rank 3: For any u € L, v € L and w € L, we have

o (u@vew)=uvew— fv,w)u+ f(u,w)v—f(uv)w,



as a result of a computation.
Action of o on tensors of rank 4: For any u € L, v € L, w € L and = € L, we
have

o (u®vewe )
=uRuvuwr—f(w,r)ukv+ fv,z)ukw— f(v,w)u®z
—f<u,U)w®SC+f(U,UJ)U®$—f(u’;[;)@@w

+f(w,:v)f(u,v)—f(v,x)f(u,w)+f(v,w)f(u,x)

as the result of a rather lengthy computation.
These formulas can be generalized to of (u; ® us @ ... ® u,) for general p € N. As
a result, we obtain

of (u @uy @ ... @ up)
_ Z (_1)(number of all bad pairs) f (u U )f (u Ui ) f (U Ui )’LL ® U @ ®u
i1y Yj1 igy Yo ) e iy Yk ) U T2 Tp—2k

for any p vectors uy, ug, ..., u, in L, where the sum is over all partitions of the
set {1,2,...,p} into three subsets {i1, s, ..., 9}, {J1, 72, -, Ji } and {ry, 7o, ..., 7p_or } (for
various k) which satisfy i; < i9 < ... < dg, J1 < Jo < oo < Jp, 71 < T < . <
rp—or and (i < jy for every ¢ € {1,2,....k}). Here, a "bad pair” means a pair (¢,(') €
{1,2,...,k}” satisfying ¢ > ¢ and i, < ju (so, in particular, for every £ € {1,2,...,k},
the pair (¢,¢) is bad, since i, < jy). E Thus we have an explicit formula for
o (ug ® uy ® ... ® u,), but it is extremely hard to deal with; this is the reason why I
defined o/ by induction rather than by a direct formula.

We remark that the formula ((19) can be slightly generalized, in the sense that U
doesn’t have to be a homogeneous tensor:

Theorem 19. Let u € L and U € ®L. Then,
of (W U)=u®al (U)—ulal (U). (21)

Again, this is simply a consequence of because every tensor U € ®L is a linear
combination of homogeneous tensors.

Another fact is, while a/ is not necessarily homogeneous, the degrees of all the
terms it spits out have the same parity as that of the original tensor:

Theorem 20. Let U € L®? for some p € N. Then,

JU)e G L (22)
1€EN;
i=pmod 2

Even a stronger assertion holds:

oo U)e Lo (23)

i€{0,1,....p};
i=pmod 2

15T hope I haven’t made a mistake in the formula.

10



The proof of this fact is an induction over p; the "trick” is that the terms u ® V'

and ul V (for a homogeneous tensor V') are homogeneous tensors whose degrees are
different but differ by 2 and thus have the same parity.

Now let us show some more interesting properties of af. The proofs will be again
by induction akin to the proofs of Theorems 6-10 and 12-16.

First, we notice that the definition of o/ had a bias towards left tensoring: we de-
fined the value of ag on a tensor of rank p by writing this tensor as a linear combination
of tensors of the form ©u® U with u € L and U € L®®~Y_and then by setting the value
of ag on each such u ® U tensor according . But what if we would try to define a
"right analogue” a’ of o/, which would be (inductively) defined by

p—1 p

(&If Ueu =& (U)ou—al_ (U) T for every u € L and U € L®(p_1)>

instead of ? It turns out that this wouldn’t give us anything new: This "right
analogue” &/ would be the same as of. This is explained by the following theorem:

Theorem 21. Let u € L and U € ®L. Then,
of (U u)=af (U)®u—aof (U) (24)

Theorem 22. Let u € L and U € QL. Let g : L X L — k be a bilinear
form. Then,

ol (Ufm) = of (U) Y. (25)

Theorem 23. Let u € L and U € ®L. Let g : L X L — k be a bilinear
form. Then,

of (uiU) = ulal (U). (26)

Theorem 24. We have af ot = to o/,

6. The endomorphism of and the ideals [}U)

In Definition 3, we have introduced the two-sided ideal I; of the algebra ®L. It
was defined as

(©L) - (w@v—f(v,0) | vel)- (RL).

We will now write this ideal I as a sum (not a direct sum, however) of certain smaller

k-modules, which we denote by I](f) and I](cv;p ) (the I}U;p “) are an even finer subdivision

of the Ij(cv)). These ideals are not really necessary for our further goals, but they help
keeping our proof a bit more organized:

Definition 11. For any vector v € L, let [ ](cv) be the k-submodule
(®L)- (v@v = f(v,0)) (IL)

of the k-module ® L.

11



Note that the dot sign (the sign -) in this definition stands for multiplication in the
algebra ®L; in other words, it is synonymous to the tensor product sign (the sign ®).

We then have [ = UgL ]J(f)) (where the > sign means a sum of k-modules).
Our main goal in this section is to prove the following result:

Theorem 25. Let f: Lx L — k and g: L x L — k be two bilinear forms.
Then, a9 (I5) C Iy,

In order to prove this theorem, we first start with an easy fact (easily following
from our above formulae):

Lemma 26. If we L, U € ®L, and v € L, then
wﬁ(v@v@U):v@)v@(wiU),

and
@ (v@vel)=(vev—g,v))®a’ ).

As a consequence,
wl(v@v—f(,0)oU)=@wev—f(,0)e (wEU) (27)
and

A ((vev—fvv)elU)=wev—(f+g) (v,0)®a’(U). (28)

Now we are going to prove that the ideal I; is stable under the map wt for any two
bilinear forms f and g and any vector w:

Theorem 27. Let we L. Let f: L XL — kand g: L XL — k be two
bilinear forms. Then, wiI 5 € Iy. (Here, whenever P is a k-submodule of

®L, we denote by wiP the k-submodule {wgp | pe P} of ®L. This is

indeed a k-submodule, as follows from the bilinearity of .)

Proof of Theorem 27. We are going to show something stronger: We will show that
wg[}v) C I](cv) for every v € L.

In fact, in order to show this, we must prove that wiT € I J(cv) for every T €
I}U). Notice that T € IJ(cv) yields that T is a linear combination of tensors of the
form V®@ (v@v— f(v,v)) ® U for some V € ®L and U € ®L (by the defini-

tion of I}”)). Hence, in order to prove that wiT & I}v), it is enough to prove that

wl (Ve wev—f(v,v)eU)e [J(cv) for every V€ ® L and U € ®L. So let us prove
this now.

We can WLOG assume that the tensors V' and U are homogeneous (because every-
thing is linear), and we denote by |V| the degree of V. Now, Theorem 10 (applied to
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g, w, Vand (v®@v — f(v,v)) ® U instead of f, v, U and W) yields

wE(V@(v@v—f(v,v))@U)

=-)"ve Zug((v®v—f('u,v))®Uz + (wﬁV) ®((vev—f(v,v)U)

:(v®v—f(;:)))®(w3U)
(by @7)
——)"Vewev—f)® (wiU) + (wr(_]V) R ((ve@v—f(vv)eU) e Ij(cv).

(. (.

(v) (v)
elf elf

As we know, this yields wlT € Ij(cv). Thus, Theorem 27 is proven.
As an analogue of Theorem 27, we can show:

Theorem 28. Let w € L. Let f: Lx L — kand g: L x L — k be two
bilinear forms. Then, I fﬂw C I;. (Here, whenever P is a k-submodule of

®L, we denote by P?w the k-submodule {pﬂw | pe P} of ®L. This is

indeed a k-submodule, as follows from the bilinearity of Z.)

We can either prove this in complete analogy to Theorem 27, or use Theorem 27
and the following triviality:

Theorem 29. We have ¢ (I;) = I;.

Now, something more interesting: The map o doesn’t (in general) leave I stable,
but instead maps it to I;y4:

Theorem 30. Let w e L. Let f: L XL — kand g: L x L — k be two
bilinear forms. Then, o (I5) C I14,.

Proof of Theorem 30. Again, we can do better: We can show that af (I](fv)> C [}i)g

for every v € L.

In order to show this, it is enough to prove that a9 (V@ (v®@v — f (v,v)) @ U) €
I](c”) forevery V € ® L and U € ®L (for the same reasons as in the proof of Theorem 27).
So let us prove this. We can WLOG assume that the tensors V' and U are homogeneous
tensors, and denote by |V/| the degree of V. If |V| = 0, then we are easily done using
([28). So let us assume that [V| > 0. We can WLOG assume that V = v ® S for some
v e Land S € LOIVIZD (because V € L8V and the k-module L®IVI = L @ LeIVI-1)
is spanned by elements of the form v ® S for some v € L and S € L2(VI=1), Then,

o <\K®(U®v—f(v,v))®U>
=v®S

= (v®S®(WRv— f(v,0)@U)
:v®a9(5®(v®v—f(v,v))®U)—v3a9(5®(v®v—f(v,v))®U)

13



(by (21)), applied to g, v and S®(v ® v — f (v,v))@U instead of f, uw and U). Therefore,
if we know that a? (S ® (v® v — f (v,v)) ® U) € I\, then we can conclude that

o (Vewev—f(vv)oU)
:v®99(5®(U®U—f(v7v))®U)—U€99(S®(U®U—f(v,v))®U)J

e e
cvely - o1y cr -1 =1
—— ——
QI}U) g}“) (this was shown

in the proof of Theorem 27)

So, if we know that af (S ® (v®@v — f (v,v)) ® U) € I, we can conclude that
A VR@wev—f(vv)U)e I}v). Since the tensor S has a smaller degree than the
tensor V, this allows us to prove of (V® (v®@v — f(v,v)) @U) € I}v) by induction

over |V|. The details are left to the reader (who can find them in [0] anyway).
The next section will show that Theorem 30 can be strengthened:

Theorem 31. Let we L. Let f: L xL — kand g: L x L — k be two
bilinear forms. Then, a9 (Iy) = If4,.

7. ol o9 = ot

Until now, each of our results involved o/ only for one bilinear form f. Though we
sometimes called it g instead of f, never did we consider the maps o/ for two different
forms f together in one and the same theorem. Let us change this now:

Theorem 32. (a) Let f: L x L — kand g : L x L — k be two bilinear
forms. Then, af o o = af*9.

(b) The bilinear form 0 : Lx L — k defined by (0 (z,y) = 0 for every z € L and y € L)
satisfies a® = id.

(c) Let f: L x L — k be a bilinear form. Then, the map o/ is invertible,
and its inverse is a~7.

Proof of Theorem 32. (a) It is clearly enough to show that for every p € N, we
have
ol (a? (U)) = oI (U) (29)

for every U € L®P (because every U € ®L is a k-linear combination of elements of L®?
for various p € N, and since the equation (29)) is k-linear).

In order to prove , we can proceed by induction over p. The base case p =0 is
trivial, and in the induction step, we can WLOG assume that the tensor U is of the
form U = u® U for some u € L and U € L®?~1 (because every tensor in L is a
linear combination of such tensors, and the equation is k-linear), and then prove

that of (049 <u QU )) = oty <u QU ) using the induction assumption (along with

and (26)). The details are explained in [0]. So much for (a).
(b) is trivial, and (c) follows from (a) and (b).
Theorem 31 readily follows from Theorems 30 and 32.
Now we are able to give a proof of Theorem 1. First a definition:

14



Definition 12. Let f : L X L — k and g : L X L — k be two bilinear
forms. Theorem 25 yields o9 (I5) C Iy,,. Therefore, the k-module homo-
morphism of : ® L — ®L induces a k-module homomorphism (®L) /Iy —
(®L) /Ifsy. We denote this homomorphism by @%. Since (®L) /Iy =
CI(L, f) and (®L) /Iy = C1(L, f + g), this homomorphism @} is a ho-
momorphism @5 : C1(L, f) — CL(L, f + g).

Now consider two bilinear forms f and g. According to Theorem 32 (c¢) (applied to
g instead of f), the map ¥ is invertible, and its inverse is 9. Thus, afoa ™9 = id and
a 9oad =id. Now, the homomorphism anji ; 1s @ homomorphism from Cl (L, f+g) to

ClL| L,(f +g) + (=g) | =CI(L, f), while the homomorphism @} is a homomorphism

N

=
from CI(L, f) to CI(L, f + g). Therefore, af o ™9 = id becomes @} o @,{, = id, and
for the same reason a9 o a? = id becomes E;ﬂg o E? = id. Thus, the homomorphism

@4 has an inverse - namely, the homomorphism @;{ . Therefore, @} and @,  are
isomorphisms. We have thus proven the following fact:

Theorem 33. Let f: Lx L — k and g : L x L — k be two bilinear forms.
Then, the k-modules Cl(L, f) and Cl(L, f + g) are isomorphic, and the
maps a} : CI(L, f) — CI(L, f +g¢) and a;{, : CI(L, f +g) — CL(L, f)

are two mutually inverse isomorphisms between them.
In particular, this (when applied to g = — f) yields the following fact:

Theorem 34. Let f: L x L — k be a bilinear form. Then, the k-modules
Cl(L, f) and AL are isomorphic, and the maps a;f : C1(L, f) = AL and

al : AL — CI(L, f) are two mutually inverse isomorphisms between them.

Clearly, Theorem 34 immediately yields Theorem 1. Theorem 3 is a simple conse-
quence, as well:

Proof of Theorem 3. Let proj; : ® L — CI(L, f) denote the canonical projection
of the k-algebra ®L onto its factor algebra (®L), Iy = CI(L, f), and let proj, :
®L — AL denote the canonical projection of the k-algebra ®L onto its factor algebra
(®L) /Iy = AL. The isomorphism @, is the map from AL to Cl(L, f) induced by the
homomorphism of : ® L — ®L; in other words, ag © Projg = proj; oat.

We identify any vector v € L with the 1-tensor inj (v) in the tensor algebra ® L. In
other words, we write inj (v) = v for every vector v € L. This makes L a subspace of
®L. It is known that the map proj, |r: L — AL (this is the canonical map from the k-
module L to the exterior algebra of L) is injective. Also, the map @} : AL — CL(L, f) is
injective (since it is an isomorphism, according to Theorem 34). Thus, the composition

6{; o (projg |z) is also an injective map (because the two maps proj, | and a{; are
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injective). But every v € L satisfies

(a6 o (proio 1)) (v) = | proio lu (v) | = a4 (projo (v) = (% o projo) (v)

g —_——
=projg(v) :projf oat
_ ; f — ; f _ ; _
= (projsoa’ ) (v) = pro a’ (v = proj, (v) = v
(projs oa’) (v) ir (v) ir (W) =y (v)

=v (by (20))
(since we identify any vector v € L with its image inj (v) in the tensor algebra ®L,
and thus proj, (v) = proj; (inj(v)) = (projsoinj) (v) = ¢y (v)). In other words,
——

@) o (projy |1) = ¢y Since the map @}, o (projg |1.) is injective, this yields that the map
¢y is injective, and Theorem 3 is proven.

8. A simple formula for o/ on special pure tensors

We record the following simple formula to compute o/ of certain kinds of pure

tensors. It doesn’t help us to compute a/ generally, but can be used to compute a{;

=
and a,’.

Theorem 35. Let p € N. Let uy, us, ..., u, be p elements of L such that
(f (ui,uj) =0 for every i € {1,2,...,p} and j € {1,2,...,p} satisfying i < j).
(30)

Then,
af(u1 QU ® ... QUp) = U QU R ... ® Up.

Before we prove this, a lemma about the right interior product:

Theorem 36. Let p € N. Let uq, us, ..., u, be p elements of L, and let v
be another element of L such that

(f (us,v) = 0 for every i € {1,2,...,p}). (31)

Then,
(U1 @ ug ® ... @ up) fnv =0.

As usual, detailed proofs of these results can be found in [0]. But the reader
should have no trouble deriving Theorem 36 from the definitions and Theorem 35 from
Theorem 36 by induction.

9. The Clifford basis theorem

We now come closer to proving Theorem 2 - the Clifford basis theorem. First let
us make Theorem 20 a bit more precise:
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Theorem 37. Let U € L®? for some p € N. Then,

JU)-Ue fH L (32)

1€{0,1,...,p—2};
i=pmod 2

The proof of this is just an obvious refinement of the proof of Theorem 20 (look at
the highest-degree terms).

Before we can finally prove Theorem 2, some preliminary work is needed. First, we
define some notations:

In Definition 4, we defined the ascending product ﬁaZ of a finite family (a;);.; of
el
elements of a ring A. However, this notation can turn out to be ambiguous if a; are

elements of two different rings with different multiplications. For instance, we consider
every vector in L both as an element of the tensor algebra ®L and as an element of
the exterior algebra AL. So, if a; is a vector in L for each ¢ € I, then what exactly

does the product |[a; mean: does it mean the ascending product of the vectors a;
iel

seen as elements of ®L, or does it mean the ascending product of the vectors a; seen

as elements of AL 7 In order to avoid this ambiguity, we shall rename the ascending

product ﬁai in the algebra ®L as ®)a;, and we shall rename the ascending product
i€l i€l
_>
ﬁai in the algebra AL as A\ a;. In other words, we declare the following notation:
iel el

Definition 13. (a) Let I be a finite subset of Z. Let a; be an element of

®L for each 7 € I. Then, we will denote by ®a2 the ascending product of
i€l
the elements a; of ®L (this product is built using the multiplication in the

ring ®L, i. e., using the tensor product multiplication).
(b) Let I be a finite subset of Z. Let a; be an element of AL for each

t € I. Then, we will denote by /\az the ascending product of the elements
el
a; of AL (this product is built using the multiplication in the ring AL, i.

e., using the exterior product multiplication).

One more definition:

Definition 14. If N is a set, and ¢ € N, then we denote by P, (V) the set
of all /-element subsets of the set N.

It is known that if (eq, e, ..., €,) is a basis of the k-module L, then

el

%
(/\ei> is a basis of the k-module A‘ L. (33)
1€Py({1,2,...,n})

Proof of Theorem 2. We want to prove that the family (ﬁ(p ¥ (ei)> is
il IeP({1,2,...,n})

a basis of the k-module CI (L, f). In order to prove this, we must show that this family
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is linearly independent, and that it generates the k-module CI1 (L, f). Let us first prove
that it is linearly independent:

Proof of the linear independence of the family (ﬁgpf (ei)) ;
iel IeP({1,2,...n})
Let (A1)ep(q19,. ay) be a family of elements of k& such that

__>
> xer(en) =o0. (34)

1€P({1,2,...n}) icl

Our goal is to prove that this family (Ar);cp1o, ) Satisfies Ay = 0 for all I €
P ({1,2,...,n}). In order to do this, we assume the contrary. This means that we
assume A\; # 0 for some I € P({1,2,...,n}). Let i € {0,1,...,n} be the greatest
element j of {0,1,...,n} such that there is some j-element subset I of {1,2,...,n}
satisfying A; # 0. This means that can be rewritten as

__>
Z Ar - H@f (e:) =0 (35)

IeP({1,2,...,n}); i€l
[7]<i

(because all addends with |/| > i are zero), but on the other hand there exists some
i-element subset I, of {1,2,...,n} satisfying A, # 0.
i-1
Let us now denote by A<!L the sub-k-module Y AL of AL. Clearly, (/\<iL) NALL =

=0
0. We are now going to show that

—
Z )\[ . /\ei € /\<iL. (36)

1eP({12,....n}); iel
|1]=i
Once this is proven, we will be able to conclude that the element > Ar- Ne;
1eP({12,..n}); i€l
I1]=i

of AL is zero (since it lies in A<'L and in A'L at the same time, but (A<'L) NAIL = 0),
which will yield that A\; = 0 for every I € P ({1,2,...,n}) satisfying |I| = i (because

%
< /\ei) is a basis of AL and therefore linearly independent), contradicting
i€l / 1eP({1,2,...n})

the assumption that there exists some i-element subset [; of {1,2,....,n} satisfying
A, # 0. This contradiction will then complete the proof of the linear independence of

the family <ﬁg0f (e;)

iel ) IeP({1,2,...,n})

It is thus enough to prove .

For this, consider the map 5;f : C1(L, f) — AL. We have defined this map @;f as
the map from (®L) /Iy = CI(L, f) to (®L) /Iy = C1(L,0) = AL canonically induced
by the map o/ : ® L — ®L. In other words, if we denote by proj; : @ L — CI(L, f) the
canonical projection of the k-algebra ®L onto its factor algebra (®L) /Iy = Cl(L, f),
and if we denote by proj, : ® L — AL the canonical projection of the k-algebra &L
onto its factor algebra (®L) /Iy = AL, then we have 6;f o proj; = projg oa~/. Note
that

A L = projg (L%) for every ¢ € N. (37)
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i—1
Also, just as we denoted by AL the submodule Y~ A‘L of AL, let us denote by L®<i
(=0

i1
the submodule Y L® of ® L. Then, of course, yields A<'L = proj, (L®<Y).
(=0

Clearly, for every subset I of {1,2,...,n}, we have

— — —
g o5 (e:) = [ ] proi; (e:) = proj; ((X)e)

. iel iel
=projs(e;)

. . P
(because ﬁ denotes an ascending product in the algebra Cl (L, f), whereas Q) denotes
i€l il
an ascending product in the algebra ® L, and because taking products commutes with
proj, since proj; is a k-algebra homomorphism). Therefore,

7 (o) = (s (81)) - (57 ) ()

el el N e’ \ 1ET

=projg oa~f

= (projgoa™) (@g)

N
= proj, (a_f <®62>> . (38)

— —> —
a,’ > N ]er e | =a;0)=o0.

[eP({12,m}) i€l

But yields

This, in view of

_>
al > A ]]ere

IeP({1,2,...,n}); i€l
11]<i

— Z Af - a;f (ﬁgpf (ei)> (since a;f is k:—linear)

IeP({1,2,...,n}); iel
[1|<i
—
= Y Arprojo a7 [ Res (by (33))
IeP({1,2,...,n}); iel
[1]<i
becomes
—
Z Al - Projg (off <®e,)> = 0. (39)
1eP({1,2,...n}); icl

[|<i
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%
Now, every I € P ({1,2,...,n}) satisfying |I| < i satisfies @e; € L€l and thus

— —
a~f <®ei> — ®ei
iel i€l

c & ¥

i€{0,1,...,|I|-2};
i=|I| mod 2

—
(due to Theorem 37, applied to ®ei, |I| and — f instead of U, p and f

C 1P (since |I] <1i)

)

and therefore

—
Projo a7t ®ei

el

In other words,

(18

— —
= proj, (®6i> = /\Projo ()

el

el

. % . . . %
since Q) denotes the ascending product in the algebra ® L, while A

el

denotes the ascending product in the algebra A L, and since the map
proj, commutes with taking products (because proj, is a k-algebra
homomorphism)

% .
= /\ei mod A<'L
iel

Therefore, yields

- >

IeP({1,2,...,n

[1]<i

3

IeP({1,2,...,n});

[]=i

) = projo | @™/ (

iel

—
e

Af - /\ei mod AL

€ projo (L¥<') = AL

since proj, (e;) = e;, because we identify any
vector v € L with its images in ® L and in A L

AI - Projg (af (
s

— .
= A e;mod A<IL

_>
= Z )\['/\61

I€P({1,2,...n});
[|<i

)



(where, in the last step, we stripped the sum of all addends with || < i, since these
addends all lie in A<!L). In other words, we have proven . As we know, this

completes the proof that the family (ﬁgp 7 (e) is linearly independent.
iel IeP({1,2,...,n})
Proof that the family (ﬁgpf (ei)) generates the whole k-module C1 (L, f):
il IeP({1,2,...,n})

Next we must prove that the family <ﬁ<p 7 (e) generates the k-module

iel >1e7>({1,2,...,n})
Cl(L, f). We are not going to do this here, but instead refer the reader to [0] (the proof
uses roughly the same ideas as the proof of linear independency, but is actually easier).

Altogether, everything necessary for the proof of Theorem 2 is done.
10. The antisymmetrizer formula

We have constructed the Chevalley map @, : AL — Cl1(L, f) through a canonical,
inductively defined map of : ® L — ®L. This, however, is not the most common
definition of the Chevalley map. The purpose of this section is to prove a different
formula for Eg (although the word ”formula” is not to be taken too seriously here,
since it gives a unique value for a{; only if k is a Q-algebra), at least in the case when
the form f is symmetric:

Theorem 38. Let f: L x L — k be a symmetric bilinear form. Let p € N,
and let uq, ug, ..., u, be p vectors in L. Then,

pl-al (uy Aug A A up) = Z (—1)7 f (uony) v (to2)) Lol (o)) -

0ES)

Here and in the following, we denote by S, the group of all permutations of the set
{1,2,...,p}, and we denote by (—1)7 the sign of the permutation o for every o € S,,.

Theorem 38 is often used as a definition of the map @} in the case when k is a Q-
algebra (because in this case, we can divide by p!). However, it does not yield a unique
value of 6(’; (ur Aug A ... Auy) if the characteristic of k is too small, and therefore I
believe my definition of ag (through the map o introduced in Definition 10 above) to
be a better one.

Theorem 38 is an equality in the Clifford algebra Cl(L, f). However, it can be

7lifted” into ®L:

Theorem 39. Let f: L x L — k be a symmetric bilinear form. Let p € N,
and let uq, ug, ..., u, be p vectors in L. Then,

o [ D7 (1) o) Do) @ o Do) | = D (—1)7 Up() Dl (2)®... B ()

o€Sy o€Sy

We will prove this... you guessed right, by induction. In the induction step we will
use a lemma which is interesting for its own merit:
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Theorem 40. Let f: L x L — k be a symmetric bilinear form. Let p € N,
and let uy, ug, ..., u, be p vectors in L. Then,

af Z (1) Uo(1) ® Ug(z) @ ... ® Ug(y)

o€Sy

= > (=170 (o) @ tio@) ® oo ® Un(p-1)) @ Usy.

0ES)

This, in turn, will be concluded from the following result:

Theorem 41. Let f: L x L — k be a symmetric bilinear form. Let p € N,
and let uy, ug, ..., u, be p vectors in L. Then,

S (1) (o) @ o) @ e @ 1)) Do) = 0.

oES)

The proof of Theorem 41 (which, again, can be found in [0] in full detail) proceeds

by expanding (%(1) ® Ugy2) X ... ® u(,(p_l)) ﬁua(p) using @), and noticing that for every
ie{l,2,...,p— 1}, the sum

D (D7 (o), o)) - Uo(t) ® Uo(z) @ - @ lig(l) © o @ Ug(p-1)

oESy

is zero (because it breaks up into two sums consisting of exactly the same addends
with opposite signs).
Theorem 41 has a "left” analogue:

Theorem 42. Let f: L x L — k be a symmetric bilinear form. Let p € N,
and let uy, ug, ..., u, be p vectors in L. Then,

Z (—1)7 ug(l)\{ (Uo(2) ® Uo(3) @ ... @ Ug()) = 0.

0ES)

Theorem 40 easily follows from either Theorem 41 or Theorem 42. Now Theorem 39
follows from Theorem 40 by induction (details in [0]), and Theorem 38 from Theorem
39 by direct inspection.

11. Some more identities
Let us prove some more curious properties of {, fn and o/ for a symmetric bilinear
form f. The following theorems 43-45 bear a certain similarity to theorems 40-42 (and

can actually be used to give an alternative proof of Theorem 39, although we are not
going to elaborate on this proof).
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Theorem 43. Let f: L x L — k be a symmetric bilinear form. Let p € N,
and let uy, ug, ..., u, be p vectors in L. Then,

() o (1 @ w ® .. BT D ... @ up) ® )
1
p

=D (DT (9w RS ... O u,) ® ;.

=1

p
1=

Here, the hat over the vector u; means that the vector u; is being omitted
from the tensor product; in other words, u1 @ us ® ... @ U; & ... @ u,, is just
another way to write u; ® us ® ... @ Uj—1 @ Ujy1 @ Ujr2 D ... @ Up.

Vv vV
tensor product of the tensor product of the
first i—1 vectors uy last p—i vectors ug

This, in turn, will be concluded from the following result:

Theorem 44. Let f: L x L — k be a symmetric bilinear form. Let p € N,
and let uy, ug, ..., u, be p vectors in L. Then,

p

(—1)i—1 (ul QU R ..U R ... D up) ﬁuz = 0.
=1

7

(For the meaning of the term u1 @ uy ® ... ® U; ® ... ® uy, see Theorem 43.)

Theorem 44 is trivial from the definitions, and it yields Theorem 43 almost imme-
diately. Theorem 44 has a ”left” analogue:

Theorem 45. Let f: L x L — k be a symmetric bilinear form. Let p € N,
and let uy, ug, ..., u, be p vectors in L. Then,

p

Z (—1)i_1 UZIJ_C (U QUs ® ... QU R ... ® up) =0.

i=1
(For the meaning of the term w1 @ uy ® ... ® U; ® ... ® uy, see Theorem 43.)

12. The invariant module of the o/ maps for all symmetric bilinear f

Let us consider a fixed commutative ring k, and a fixed k-module L. However,
in this section, we are not going to fix a bilinear form f on L, but we will consider
all bilinear forms f at once. Each bilinear form f gives rise to an endomorphism
of : ®L — ®L, and we are going to study the module Fix o™ of all tensors in ®L
that are fixed under o for all symmetric bilinear forms f.

16 A5 for the space Fixa of all tensors in ®L that are fixed under af for all (not only symmetric)
bilinear forms f, we are planning to study this space later.
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Definition 15. Let k& be a commutative ring, and L be a k-module. We
denote by Fix ™™™ the subset

{U € ®L | every symmetric bilinear form f : L x L — k satisfies o/ (U) = U}

= ﬂ Ker (ozf — id)
f:LxL—k is a
symmetric bilinear form

of ®L. Clearly, this subset Fix o®¥™™ is a sub-k-module of ®L.

It seems to be a nontrivial question to further characterize Fix o®¥™™. First we note
that antisymmetrizers always lie in Fix o™™™:

Corollary 46. Let p € N, and let uy, ug, ..., u, be p vectors in L. Then,

Z (—1)0 Ug(1) & Ug(2) @ ... @ Ug(p) € Fix o™,

o€Sp

This follows directly from Theorem 39.

However, elements of the form Y (—1)7 tup(1) ® Ug(2) @ ... ® Uy(p) as in Corollary
oES)

46 are not the only inhabitants of Fix o®™™. There are more. I do not claim that I
know all of them, but here is a result that construct at least a part:

Theorem 47. Let k£ be a commutative ring. Let L be a k-module.

(a) We have k C Fixa™™™ (where k is regarded as a sub-k-module of @ L
because k = L¥° C L@ L1 @ [#*? @ ... = ®L) and L C Fix ™™™ (where
L is regarded as a sub-k-module of ®L because L = L® C L®¥ ¢ L®! @
L®?® ... =gL).

(b) Let m € N. Any two elements u € L and V' € L®™ N Fix ™™™ satisfy
u@V + (=1)"V ®u € Fix ™™™,

The proof of Theorem 47 relies on the following result:

Lemma 48. Let m € N. Let k£ be a commutative ring. Let L be a k-
module. Let f : L x L — k be a symmetric bilinear form. Then, any
w € Land U € L% satisfy of (u@U + (-1)"U®u) = u® o (U) +
(=)™ af (U) ® u (where u is regarded as an element of ®L because u €
L=I[°"CI®pL®'p L@ ... =xL).

Lemma 49. Let m € N. Let k£ be a commutative ring. Let L be a k-
module. Let f : L x L — k be a bilinear form. Then, any v € L and
V € L®™ satisty WV = (-t Vi,

Lemma 50. Let m € N. Let k£ be a commutative ring. Let L be a k-
module. Let f : L x L — k be a bilinear form. Then, any u € L and
Ve @ L% satisfy ulv = (—1)™ v,

1€EN;
i=mmod 2
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The proofs all are easy: First, show Lemma 49 directly. Then, conclude Lemma 50,
from which Lemma 48 easily follows (use Theorem 20). Then, Theorem 47 becomes
obvious.

Theorem 47 yields an inductive way to construct elements of Fix o®™™ beginning
from elements of L. For example, for any two vectors u € L and v € L, Theorem 47
shows that © ® v — v ® u € Fix a®™™ (not surprisingly). For any three vectors u € L,
v e Land w € L, Theorem 47 shows that u@ (v @w —w @ v)+ (v QW —w R V) Vu €
Fix ™™ For any four vectors u € L, v € L, w € L and x € L, Theorem 47 shows
that

RV (wRr—rw)+(wRr —rw) )
—(vR®wRr—2zw)+(WRr—rRwW)RV)du (40)

lies in Fix ™™™, And so on.
Do we get all elements of Fix o®¥™™ this way? No. For example, for any four vectors
ac€ L,beL,ce L and d € L, the tensor

aRbR(c®d+d®c)— (c®d+dRc)®a®b

lies in Fix o™ (and is even fixed under o/ for all (not only symmetric) bilinear forms
f). In general, this tensor cannot be written as a linear combination of elements of the
form for u,v,w,x € L, even if the underlying ring k is a field of characteristic 0.
(This was computed by Andrew Rupinski in [4].)

Another interesting question would be to generalize o to super-vector spaces, thus
obtaining results about Weyl algebras rather than just Clifford algebras.

14. The o/ morphisms and direct sums

In this section we are going to deal with the behaviour of o/ morphisms when the
k-module L is a direct sum of two smaller k-modules.
First a relative triviality on submodules:

Lemma 60. Let k£ be a commutative ring. Let L be a k-module. Let
f L x L — k be a bilinear form. Let M be a k-submodule of L such that
f(Lx M)=0. Then:
(a) Every U € ®L and every m € M satisfy Ulm = 0.
(b) Every U € ®L and every m € M satisfy of (U @ m) = of (U) ® m.
(c) We have o/ ((®L) - M) = (®L) - M.
Lemma 60 (a) is proven in a straightforward way (either by induction or with the

help of Theorem 11), and the rest of Lemma 60 follows from that.
Now we can prove:

Theorem 61. Let k£ be a commutative ring. Let L be a k-module. Let
h: L x L — k be a bilinear form. Let M and N be two k-submodules of L
such that h (M x M)=0and L = M & N. Then:
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(a) For every bilinear form ¢g : L x L — k, there exists a k-module iso-
morphism Cl (L, g) — Cl(L, h + ¢g) which sends the k-submodule Cl (L, g) -
g (M) of C1(L, g) to the k-submodule C1 (L, h + ¢)-ppntg (M) of CL(L, h + g).

(b) There exists a k-module isomorphism AL — Cl(L, h) which sends the
k-submodule (AL) - po (M) of AL to the k-submodule Cl1 (L, h) - ¢, (M) of
Cl(L,h). Therefore,

(CL(L, b))/ (CL(L, h) - on (M) = (AL) / ((AL) - po (M) = A(L,/ M) = AN

as k-modules.

(c) Let proj,, be the projection from L on M with kernel N, and let proj,
be the projection from L on N with kernel M. (These two projections are
well-defined because L = M @ N). Define a map f : L x L — k by

(f (u,v) = h(proj,, u,v) + h (projy v, u) for every (u,v) € L x L).
(41)
Then, f is a bilinear form satisfying f (L x M) = 0. Also,

f(v,v) =h(v,v) for every v € L. (42)

As a consequence, [ = I, and C1 (L, f) = CI(L, h). Moreover, I;,, = I;,
and CI(L, f +g) = Cl(L,h + g) for every bilinear form ¢g : L x L — k.
We also have o ((®L) - M) = (®L) - M. Finally, for every bilinear form
g : Lx L — k, the isomorphism &/ : C1(L, g) — C1(L, g + [) is a k-module
isomorphism from Cl(L, g) to C1(L, h + g) satisfying

@) (CU(L,g) - ¢y (M)) = CU(L, h+ g) - Png (M). (43)

There is nothing about Theorem 61 that is not simple computation (provided one
begins with proving Theorem 61 (c), and then derives (a) and (b) from it), so we will
not delve into the proof. It can be found in [0] in all its detail.

Note that Theorem 61 (b) was inspired by the results of the paper [6] by Calaque,
Caldararu and Tu. They considered, instead of a bilinear form h, a Lie bracket on L,
and instead of h (M x M) = 0 they required [M, M] C M. In this situation, analogues
of Theorem 61 (b) for the universal enveloping algebra instead of the Clifford algebra
were shown; however, these analogues are much harder and require some additional
conditions.
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