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Abstract. We prove a formula for the image of a skew Schur poly-

nomial s,/ (x1,x2,...,xN) under the differential operator V := +

axl
I + 4+ i This generalizes a formula of Weigandt for V (s,).
ax2 ox N

1. Notations and definitions

Fix a nonnegative integer N. Let R = Z [x1, X2, ..., xy] be the ring of polynomials
in N indeterminates x1, x2, ..., xy with integer coefficients.

Let V : R — Rbe the operator ai + ai +---+ ai This map V is a derivation

(ie., it is Z-linear and satisfies V (fg) (Vf) g+ f (Vg) for all f,g € R). We
call it the diagonal derivative since (in the language of analysis) it is the directional
derivative with respect to the vector (1,1,...,1). (The notation V comes from the
related operator in [Nenash20], but this is not the vector differential operator V
known from analysis.)

We let [N] denote the set {1,2,...,N}.

For each i € [N], we let ¢; be the N-tuple (0,0,...,0,1,0,0,...,0) € ZN where the
1 is at the i-th position. Addition and subtraction of N-tuples are defined entrywise
(i.e., these N-tuples are viewed as vectors in the Z-module ZV). Thus, if u € ZN is
any N-tuple, then u + ¢; is the N-tuple obtained from y by increasing the i-th entry

by 1.
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We shall use the standard notations regarding symmetric polynomials in N vari-
ables x1, x2, ..., xyN as introduced (e.g.) in [Stembr02] (but we write N for what was
called # in [Stembr02]).

If a € ZYN is any N-tuple, and if i € [N], then the notation 4; shall denote the i-th
entry of a (so thata = (ay,a,...,an)).

We let Py denote the set of all N-tuples a € ZN that satisfy

ap > ay > -+~ >ay > 0.

For instance, if N = 3, then the N-tuples (3,1,0) and (2,2,1) belong to Py, while
the N-tuples (2,1, —1) and (1,2,1) don't.

The N-tuples in Py are called partitions of length < N (or partitions with at most
N nonzero terms, following the terminology of [Stembr(2]). In algebraic combina-
torics, such an N-tuple a € Py usually gets identified with the infinite sequence
(ay,a3,...,an,0,0,0,...), which is called an (integer) partition. Any integer par-
tition has a so-called Young diagram assigned to it (see, e.g., [Stanle12, §1.7]). If
i € Py, and if i € [N] is such that the N-tuple u + ¢; again belongs to Py, then
the Young diagram of y + e; is obtained from the Young diagram of u by adding a
single box.

For any integer 1, we let h,, denote the complete homogeneous symmetric poly-
nomial in the variables x1, x7, ..., xy. It is defined by

i1 i
hy == Z X' x5 Xy, (1)
(i1,i2,.in) ENN;
i1+ipg+--Fiy=n

where N := {0,1,2,...} is the set of all nonnegative integers (so that the sum
ranges over all N-tuples (iy,1y,...,iN) of nonnegative integers satisfying iy + ip +
-+ +iny = n). (Thus, hyp = 1, and h,, = 0 for each negative n.) Clearly, h, € R for
eachn € Z.

If A and p are two N-tuples in Py, then the notation s, /,, denotes the skew Schur
polynomial s, /1 (x1,x2,...,xN) (see, e.g., [Stembr02] for a definitio. (Note that
this is called a “skew Schur function” in [Stembr02], but more commonly the latter
word is reserved for the analogous object in infinitely many variables.) The Jacobi—
Trudi formula says that any A € Py and u € Py satisfy

sa/u = det <hAiVji+j)i,je[N] ¢

(where the notation (ai/]-)i], c[N] Mmeans the N X N-matrix with given entries a; ;).
Proofs of this formula can be found (e.g.) in [GriRei20, (2.4.16)] or [Stanle24,

1To be more precise, s,/ is defined in [Stembr02] in the case when y < A (meaning that y; < A;
for each i € [N]). In all other cases, s/, is defined to be 0.
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(7.69)]ﬂ We can use the formula (2) as a definition of s/, here, as we will need no
other properties of s, /,. However, it is worth observing that

S)\/’/,ZO (3)

unless u C A (that is, unless p; < A; for each i € [N]).

2. The results

The main result of this note is the following formula, which generalizes Weigandt’s
recent result [Weigan23, The Symmetric Derivative Rule]:

Theorem 2.1. Let 2 and b be two integers such thata +b = N —1. Let A € Py
and u € Py. Define two further N-tuples ¢ € ZN and m € ZN by setting

b= A — i and mi = p; — i for each i € [N].
Then,

V(i) = L Gita)speyut Y (b=m)sy e
i€[N]; i€[N];
A—e, €PN u+e;€Pn

Example 2.2. Let N =3 and A = (3,2,1) and = (1,1,0). Then, the N-tuples ¢
and m defined in Theorem 2.1)are ¢ = (2,0, —2) and m = (0, —1, —3). Let @ and
b be two integers such that a +b = N — 1 = 2. Thus, Theorem [2.1] says that

\Y% (5(3,2,1)/ (1,1,0)>

= Y. (it a)s@an-e)a10+ Y (B—1)5321)/((11,0)+e)
ic{12,3} ic{13)

= 2+a)se11)/a10 + 0+a)s311)/0,00) + (=24+8) 53200110
+ (0 —=0)5321)/021,0 + (0= (=3))5321)/1,1,1)-

Note that the second sum has no i = 2 addend, since u +e; = (1,2,0) ¢ Py.

2Both texts [GriRei20), (2.4.16)] and [Stanle24, (7.69)] state the Jacobi-Trudi formula for Schur func-
tions in infinitely many variables x1,xp, x3, ... instead of Schur polynomials in finitely many
variables x1, x,...,xN. However, the latter version can be obtained from the former by setting
XN+1,XN+2, XN+3/- -« to 0.
Note also that [Stanle24| (7.69)] assumes that x C A, but the proofs do not require this as-
sumption.
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Remark 2.3. Let us comment on the combinatorial meaning of Theorem A
pair (u, A) of N-tuples A, u € Py is called a skew partition if u C A (thatis, y; < A;
for each i € [N]). Such a skew partition (¢, A) has a skew Young diagram assigned
to it, which is defined as the set difference of the Young diagrams of A and p.
This diagram is denoted by A/ pu.

Let A/p be a skew partition with A, u € Py. Thesum ). (4 +4a)sa_¢,) /4
i€[N];

A—e; €PN
in Theorem 2.1|can be rewrittenas Y.  ({; +4)s(y_,,)/u, because any addend
i€[N];
A—e;€PN;

uCA—e;
in which y € A —¢; does not hold is 0 by (). This is a sum over all skew
partitions obtained from A /u by removing an outer corner (i.e., a removable box
on the southeastern boundary of A/u). Moreover, the number ¢; = A; —i tells us
which diagonal this corner belongs to.

Likewise, the sum [EN] (b—m;i)sy/(ute) can be rewritten as
1e|IN];
u+e; €PN
Y. (b—m;i)Sy/(ute,), Which is a sum over all skew partitions obtained
i€[N];
u+e; €Pn;
pteCA
from A/pu by removing an inner corner (i.e., a removable box on the north-
western boundary of A/u). Moreover, the number m; = y; — i tells us which

diagonal this corner belongs to.

Remark 2.4. Let A € Py. Let ¢; :== A; — i for each i € [N]. Set u := (0,0,...,0) €
Pn- Then, the skew Schur polynomial s, /, is usually called s,. The only i € [N]
satisfying u + ¢; € Py is 1. Hence, Theorem 2.1] (applied to 2 = N and b = —1)
yields

V(sy) = Z (¢4 +N) 5A—e,~+(1_0+(_1))SA/(V+61)
i€[N]; ;6
A—e;€Py
- Z (61 + N) S)\—Ei/
i€[N];
A—e;€Py

which recovers [Weigan23, The Symmetric Derivative Rule].
Once Theorem is proved, we will derive the following curious corollary:

Corollary 2.5. Let A € Py and u € Py. Then,

,%} S(he)) /= ,%} S\ (et
1€ ; 1€ ;
A—e; €PN u+e;€Py
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We note that Corollary [2.5 follows easily from the theory of skewing operators
(see [GriRei20), §2.8]) and the Pieri ruleE| But we shall prove both Theorem 2.1/ and
Corollary [2.5| elementarily.

3. A lemma on V (h,)

First we need a formula for the image of the complete homogeneous symmetric
polynomial /1, under the operator V:

| Lemma 3.1. Let n be a integer. Then, V (h,) = (n+ N —1) h;_1.

Proof of Lemma For each k € [N], we have

0 0 i ;
— 1402 IN
ox h”_ax Z Xy Xy oo XN (by (@)
k (i1,i2,..in) ENN;
gt in=n
J o .
_ 1,02 L IN
_ Z axk (xl Xy xN)
(lll,iz,..‘,llN)ENN,' -~ _
i1+ip+-Fiy=n R i1 : .
et ek, if i >0
0, ifi, =0
iy iy i1 iy i N

—
(where x; Xy eXE Xy means the monomial x; x5 -+-x
with the exponent on x; decremented by 1)

_ B RN S N
= > Xy Xy oo Xy N
(i1,i2,-.in) ENN;
iyt 4 FiN=H;
ik>0
. i i ir+1)—1 i
= ) i+ 1) g oy
(i1,i2,-in) ENN; T
L , . —x1yf2. 4N
11+12+"'+(lk+1)+"'+1N—” =X Xy Xy
= r

(i1,i2,...,in ) ENV;
ip+ig++iy=n—1

(here, we substituted i + 1 for iy in the sum)
= ) (ik—i—l)xilx;z---x;(f.

(il,iz,...,iN)ENN;
i1+ip+--+iy=n—1

3In a nutshell: Corollary 2.5(is obtained by taking the equality sy (si's)) = (slsy)l sy, which
holds on the level of symmetric functions in infinitely many indeterminates x, x, x3, ... (a con-
sequence of [GriRei20, Proposition 2.8.2 (ii)]), and expanding both of its sides using the Pieri
rules [GriRei20, (2.7.1) and (2.8.3)].
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Summing this equality over all k € [N], we obtain

d . i ~

Y 5= ) Y (e +1) xpxg - xy
ke[N] 77k KEIN]  (iy,ig,...sin) ENV;
i1+ipg+--+iy=n—1

- ¥ DRCRET] I
(ilriZI"'/iN)ENN; kG[N]
ii+ipg+--Fiy=n—1 N~ ~~
=(i1+1)+(ip+1)+--+(in+1)
:(i1+i2+“'+iN)+N
=n—1+N
(since i1 +ir+---+iny=n—1)

=(n—1+N) ) xilx;2~~~x§f,’:(n—|—N—1)hn_1.
~—_——

(il,iz,...,iN) GNN;
i1tip+--+iy=n—1

=n+N-1

=hy_1
(by the definition of h,,_1)

This can be rewritten as V (h,) = (n+ N —1) h,,_1 (since V = 9 + 9 +-F
dx;  0x»

i = ) i). Thus, Lemmais proved. n

axN B ke[N] E)xk

4. Lemmas on determinants

We will next need a few simple lemmas about determinants:

Lemma 4.1. Let A, 4 € Py. Define £,m € ZN as in Theorem 2.1 Then,

det (hgl._m) — S/

i,j€[N]

Proof of Lemma For every i,j € [N], we have ¢; = A; — i (by the definition of /)
and m; = p; — j (similarly). Subtracting these two equalities from each other, we
obtain that

bi—mj=A—i— (gj—j)=Ai—pj—i+j for every i,j € [N].

Hence, we can rewrite (2) as s, ,, = det <hgi_mj> eI This proves Lemma O
1,j€

Lemma 4.2. Let A,y € Py and k € [N] be such that A — e, € Py. Define
¢,m € ZN as in Theorem 2.1] Then,

det (h(fek)imJ‘)i,je[N] B
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Proof of Lemma Recall that the N-tuple / is defined from the N-tuple A by sub-
tracting 1 from its 1-st entry, subtracting 2 from its 2-nd entry, subtracting 3 from
its 3-rd entry, etc.. Thus, the N-tuple ¢ — ¢ is obtained from A — ¢ in the same way.
Hence, Lemma (applied to A — e; and ¢ — ¢ instead of A and /) yields

det (h(gek)imj>i,je[N] - S()‘fek)/‘u'
This proves Lemma O

Lemma 4.3. Let A, € Py and k € [N] be such that y + e, € Py. Define
¢,m € ZN as in Theorem 2.1 Then,

det (hél_(m—i_ek)])Z/]e[N] - SA/(V_'_ek).

Proof of Lemma Similarly to Lemma [4.2} we can show this by applying Lemma
to yu + ex and m + e instead of y and m. O

Lemma 4.4. Let A,y € Py and k € [N] be such that A — e, ¢ Py. Define
¢,m € ZN as in Theorem 2.1 Then,

det (h(g_ek)i_m =0.

J’> i,j€[N]

Proof of Lemma The definition of e yields that the only nonzero entry of ey is
(ex)r = 1. Hence, in particular, (ex),,; = 0.

We have A € Py, so that Ay > Ay > --- > Ay > 0. Recall that k € [N], so that
k < N. Hence, we are in one of the following two cases:

Case 1: We have k < N.

Case 2: We have k = N.

Let us first consider Case 1. In this case, we have k < N. The definition of e
yields A —ex = (A, Ao, oo, A1, Ak — 1, Aqq, ..., An) (this is the N-tuple A with its
k-th entry decreased by 1). Thus, the chain of inequalities

MZ>2A > 2 A 12 A =12 Ak >+ > Ay >0 does not hold

(since A — e ¢ Pn). Therefore, the inequality Ay —1 > Ay, 1 must be violated (since
all the other inequality signs in this chain follow from Ay > A, > --- > Ax > 0).
In other words, we have Ay —1 < A 1. Since Ay and Ay 1 are integers, this entails
A —1 < Agyq — 1, so that Ay < Agyq. Combining this with Ay > Ay, q (which
follows from Ay > Ay > - -+ > Ay), we obtain Ay = Ajyg.

Now, the definition of ¢ yields ¢y = Ay — k. Hence,

— = 0 — = A —k—1=MN.q—k—-1.
(€ —ex)x k (ex)x k k+1
=M~k =1 =Akt1
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Furthermore, the definition of ¢ yields ¢;.1 = Ax.1 — (k+1). Hence,

(€ —er)gr1 = 1 — (@)gp1 = ler1 = Ak — (K+1) = Ay —k— 1.
H_?)—/

Comparing this with (£ —e;), = Ax41 — k — 1, we obtain (£ —e;), = (£ — ex) 1
Hence, for each j € [N], we have

he—ep)—m; = Me—ep)y—mj-

In other words, each entry in the k-th row of the matrix (h(g_ek),_m.) - equals
17/ 4,j€[N]
the corresponding entry in the (k+1)-st row of this matrix. Thus, the matrix

<h( I—e ),_m.) - has two equal rows (namely, its k-th and (k + 1)-st rows). Hence,
k)i i,j€[N]

its determinant is 0. This proves Lemma (4.4|in Case 1.

Let us now consider Case 2. In this case, we have k = N. Hence, A — ¢y = A —
en = (A, A2, ..., AN—1, AN — 1) (this is the N-tuple A with its N-th entry decreased
by 1). Thus, the chain of inequalities

AM>Ary>--->Any_1 > Ay —12>0 doesnot hold

(since A — e & Pn). Therefore, the inequality Ay — 1 > 0 must be violated (since
all the other inequality signs in this chain follow from A} > Ay > --- > Any > 0). In
other words, we have Ajy — 1 < 0. In other words, A, —1 < 0 (since k = N). Thus,
Ar < 1. Now,

/— = /¢ — = A — k —-1<1—-N—-1=-—-N
(£ —ex)x k (ex)x -k
=\—k =1 <1 =N

(by the definition of /)

On the other hand, for each j € [N], we have m; = y; — j (by the definition of
m)and thus mj = p;j — j >0—-N=—N > (£ —e); (since (£ —er); < —N).
=~

N~
>0 <N

Thus, for each j € [N], we have (£ —e;), —m; < 0 and therefore

h—ep)e—m; =0 (since h; =0 for alli < 0).

]

In other words, each entry in the k-th row of the matrix <h(g_ek)i_m is zero.

j ) i,jE[N]

Thus, the matrix <h(f—6k)i—mj) has a zero row (namely, its k-th row). Hence,

i,j€[N]
its determinant is 0. This proves Lemma [4.4]in Case 2.
We have now proved Lemma [4.4]in both cases. O
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Lemma 4.5. Let A,y € Py and k € [N] be such that u +e; ¢ Pn. Define
¢,m € ZN as in Theorem [2.1] Then,

det (hgi_(wk) — 0.

J’) i,je[N]

Proof of Lemma[4.5] This is similar to Case 2 in the proof of Lemma Here are
the details:

The definition of ey yields u +ex = (y1, 2, .-, Mxk—1, Mk + 1, pgy1, - - ., un) (this is
the N-tuple y with its k-th entry increased by 1).

We have u € Py, so that g > up > --- > uy > 0. However, we have u + ex ¢
Pn, so that the chain of inequalities

1> p2 2 2 g1 = P+ 12> pgpr 2 -+ >y > 0 does not hold

(since u+ex = (p1, P2, -+, Pk—1, P + 1, Ygs1, - - -, pin))- Hence, the inequality py 1 >
1x + 1 must be violated (since all the other inequalities in this chain follow from
p1 > pz > -+ > un > 0). In other words, we must have k > 1 and py_1 < pp + 1.
From pp_1 < pr+1, we obtain py_q < i (since pg_1 and pyj are integers).
Combining this with p_1 > uy (since yy > pp > - -+ > un), we obtain pg_1 = .
The definition of e, yields that the only nonzero entry of e is (ex), = 1. Hence,
in particular, (ex),_; = 0.
The definition of m yields my = py —k and my_1 = py_1 — (k —1). Now,

m—+ex), = + =y —k+1=p—(k—-1).
(m+ep)y = m + (e = e — (k=1)
=pr—k =1
Comparing this with
(m+ex)_q = me—1 + () = Mk—1 = g1 — (k= 1) = e — (k= 1),
—— S~~~
=0 =Hx
we obtain (m +ex), = (M +ex),_q-
Now, for each i € [N], we have

Mo (nver), = M- (mte), s (since (m +ex)y = (m+ex)y_q) -

In other words, each entry in the k-th column of the matrix (hg,_(m +€k),> N

! 1/ i,je[N]
equals the corresponding entry in the (k — 1)-st column of this matrix. Thus, the
matrix (hgi,(mHk)], el

columns). Hence, its determinant is 0. This proves Lemma O

has two equal columns (namely, its k-th and (k — 1)-st

Finally, we will need the Leibniz rule for products of multiple factorsﬂ

4Recall that R = Z [x1,x2, ..., %n].
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Lemma 4.6. For any ay,ay,...,4, € R, we have

V(may---an) =Y aan- - a1V () Ggp10x2 - - - dn

Proof of Lemma This holds not just for V but actually for any derivation of any
ring, and can be easily proved by induction on 7 using the Leibniz rule. O

5. The last lemma

We now have everything in place for the proofs of Theorem [2.1] and Corollary
However, to keep our computation short, let us outsource a part of it to a lemma:

Lemma 5.1. Let ¢ be a permutation of the set [N]. Let £,m € ZN be two N-tuples
of integers. Let a and b be two integers such that a b = N — 1. Then,

N N

N N
v (Hhéi—mgm) kzi (b +a) th o) =My + Z (b — my H —(m+ed)q ()
— —

i=1

Proof of Lemma Fix k € [N]. The N-tuple ¢ — ¢; differs from the N-tuple ¢ only
N

in its k-th entry, which is smaller by 1. Thus, the product [] f_¢) —m 0 differs
l:]_ 1 o1

from the product H ho,—m, only in its k-th factor, which is iy, _q1)_, Mo instead of

h T— . Hence,

N
th ex);— My h(fk—l)—ma(k) H hﬁi—ma(z‘)

i=

:hékfma(k)fl i#k

- hfk—ma(k)—l H hfz‘—mcr(i)' (4)
i€e[N];
iLk

The N-tuple m + e differs from the N-tuple m only in its ¢ (k)-th entry, which is
p o (k) P y N/

o(i)

N
larger by 1. Thus, the product [ /.
i=1 =
only in its k-th factor, which is h f— (o +1) instead of hy, ® (since all the remain-

N
differs from the product [ h,._
4i— (m+€(7(k))0(i) p 1'1:[1 bizm
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ing factors satisfy i # k and therefore o (i) # o (k)). Hence,

N
[ —h 7
l;i— m+e Ue—(my 0 +1 bi—m,
i=1 0(1) k ( (k) ) ZE[N
=ty gy 1 7k
- hfk—ma(k)—l H hfz‘—ma(z‘)' ()
i€[N];
i#k

Forget that we fixed k. We thus have proved the equalities (4) and (5) for each
k € [N].

Since the ring R is commutative, we can rewrite Lemma |4.6| as follows: For any
ai,az,...,4, € R, we have

\Y% <ﬁai> = iV(ak) H a;.
i=1 k=1 ieln);

ik
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Applying this to N = n and a; = hy,_,,_ ., we obtain

(i)
N
\ (H hfz'—maa))
i=1

N
- k; \ (hgk*ma(/q ) iel[—N[}- hfz’*ma(i)

—_————

= (fk—ma(k)-l-N—l)h/k,mU(k),l i#k

(by Lemma[3.7)
N
= 2 (Ek - mU’(k) + N - ]'> hfk—mg(k)—l H hfi—m
k=1 ~ i€[N];
=(lxta)+(b=my)) i#k

(since N—1=a+D)

= % ((ﬁk +a)+ (b — mg(k))) M=y —1 H ‘hgl_m

k=1 i€[NJ;
ik
N
:Z(gk"i‘a hékm 1Hh€ —m, +Z<b Mg (k )hﬁkm 1Hh€ m
k=1
17&k i#k
—TTh - 1 h
_,-1;[1 (=) i=mg (i) _il;ll Zi‘('”*"v(k))g(i)
(by @) by ()
N N N
- Z (gk + El) Hh(‘ﬂ*ek) Mg (i) + ( > hez m+e
= i1 = i= et

N
(€k+a)Hh/ ex); +Z b My Hh/l (m+ex),

I
=

T
=
~.
Il
—_
~.
Il
—_

(here, we have substituted k for ¢ (k) in the second sum, since ¢ : [N] — [N] is a
bijection). This proves Lemma O

6. Proofs of the main results

Proof of Theorem 2.1, Let Sy denote the N-th symmetric group (i.e., the group of
all permutations of [N]). Let (—1)7 denote the sign of any permutation ¢. The
definition of a determinant says that

N

det (ai,j)i’].e[N] = Z (—1)01—[@,(7(1') (6)

eSSy i=1
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for any matrix (a;;), ;

ijen) € RN*N_ Now, Lemma {4.1| yields

']E[ } (TGSN

(by (6)). Applying the Z-linear map V to both sides of this equality, we find
V (sa/s)

N
- Z (-1)7V (Ehfz‘—ma(i)>

oceSy
- N N N N
- Z (1) (Z (0 +a) ].—Ih(g_ek)i_ma(i) + Z (b — my) thi—(m+ek)n(i))
sESy k=1 i=1 k=1 i=1
(by Lemma [5.1))
- N N - N N
= 2 (—1) Z (U +a Hh l—ep); + Z (=1) (b— mk)Hhéi—(m+€k)g(i)'
ceSy k=1 i=1 oceSN k=1 i=1
In view of

oESN k=1 i=1
N - N

=) (Ge+a) Y, (0 TThe—e),-my
k=1 ceSN i=1

(by (&)
N
B k_zl (b +a) fiet <h(€€k)imf)i,je[Nl
—0if Ao, ¢ Py
(by Lemma [4.4)
= V4 h
ke%\:f]; it a) flet ( (g_ek)i_m)irje[Nl
A—er €PN :S(/\\—,ek)/ﬂ
(by Lemma[4.2)
= 2 GFa)sagyu= L (ita)sna ey

ke[NJ; i€[N];
A—er €PN A—e; €PN
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and
o N N
Y (17 (b= m) [ [ e
oESN k=1 -
N T
) E 0TI,
= oESN =1
=det (hgi_ (m+ep.) j) i,j€[N]
(by @)
N
k;(b mk)flet (hg (m+6k)> ij€[N]
—0if e &Py
(by Lemma £5)
ke%\:f]; ( k)\ ( b= (m+ek)>”d al
pter€PyN :%a;ﬂﬂ
(by Lemma£3)
= Y., —m)saspuie) = 3, (O—1m)sns(usep)
z i€[NJ;
i+er€Pn e

this can be rewritten as

Visam) = Y lita)sp e, Z (b —=1mi) 53/ (+ey):

i€[N];
A—e, €PN yu+e; €PN
Thus, Theorem [2.1]is proved. O

Proof of Corollary Define ¢,m € ZN as in Theorem Theorem 2.1| (applied to
a= N —1and b = 0) yields

V(sau)= Y, G+N=Dsoeyut Y, (O0—=m)sy/uie)
i€[N]; ie[N];
A—e; €PN pte €PN

Theorem (applied toa = N and b = —1) yields

Vi(sau) = Y, Gi+N)sp_eyut Y (=1 =18y (use)
ie[N]; i€[N];
A—e; €PN p+e €PN

Subtracting the latter equality from the former, we find

0= Y, (“Dsp—eyut Y Sr/te)

i€[NJ; i€[N];
A—e;€PyN ]l-i—eiEPN
== ) Saeemt X S\/(ure)
ie[N]; i€[N];

A—e;€Py u+e;€Pn
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In other words,

Y. Se)/n= D SA/(ute)

i€[NJ; i€[N];
A—e; €PN u+e;€Py
This proves Corollary O

7. Final remarks

1. Clearly, Theorem 2.1 can be generalized by replacing Z with any commutative
ring k. In this generality, 2 and b can be any two elements of k (rather than just
integers) satisfying a +b = (N — 1) - 1. However, not much generality is gained
in this way, since Corollary [2.5| easily shows that all choices of 2 and b lead to the
same sum.

2. Theorem can also be lifted to the “infinite setting”, i.e., to the ring of
symmetric functions in infinitely many variables (see, e.g., [Stanle24, Chapter 7]
or [GriRei20, Chapter 2] for introductions to this ring). This is not completely
straightforward, since the diagonal derivative V is defined only for finitely many
indeterminates and depends on their number N (for instance, V (S(1)> = N). In
the infinite setting, it has to be replaced by a derivation V,; depending on a scalar
q:

Let k be a commutative ring, and let g € k be an element. (For example, we can
have k = Z [q] and g = q.) Let A be the ring of symmetric functions in infinitely
many indeterminates x1, X, x3, ... over k. For each n € Z, we let h,, denote the n-th
complete homogeneous symmetric function in A (so that ip = 1 and h; = 0 for all
i <0). Let V; : A — A be the unique derivation that satisfies

Vy(hy) = n+q—1)h,_q for each n > 0.

E|For g = N € N, this derivation is a lift of the directional derivative operator
V :R — R to A (meaning that V o 71 = m o V, where 77 : A — R is the evaluation
homomorphism at xq,x2,...,xn,0,0,0,...). With these definitions, we can extend
Theorem [2.1]to a general property of V,:

Theorem 7.1. Let a and b be two elements of k such that a +b = g — 1. Let
A= (A1, A2, As,...) and p = (p1, Y2, U3, - . ., ) be two partitions. Set
bi=A;—1i and mj = p; —1 for each i > 1.
Then,
Vi (sa/u) = Y. (i +a)sr—e)/u+ ) (b— 1) 87/ ().
A—e; - ;1J;artition pte; - é;artition

5This condition uniquely determines a derivation of A, since the elements hy, hy, I3, . . . freely gen-
erate A as a commutative k-algebra. It is easy to see that this derivation V, satisfies the equality
Vg (hy) = n+q—1)h,_q foralln € Z.
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Here, ¢; means the infinite sequence (0,0, ...,0,1,0,0,0,...) with the 1 in its i-th
position.

The proof of this theorem is similar to our above proof of Theorem [2.1| (with the
minor complication that we have to fix an N € IN that is strictly larger than the
lengths of A and y, in order to apply the Jacobi-Trudi formula), and is left to the
reader.

3. It is natural to attempt generalizing Theorem 2.1| to higher-order differential
2 92 92
~—>t-5+ -+ 5. However, tinding similar formulas
dx{  0xj oaxy
for V' (s)/,) appears significantly harder, as the “locality” (the fact that A and
change only a very little) disappears: For instance, for N = 3, the expansion of

operators, such as V' :=

\4 <S(5,3,0)> in the Schur basis contains a 25, 5 5) term.
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