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Darij Grinberg

Thefollowing theoremis animportantpropertyof thesymmedianpointof a triangle
(Fig. 1):
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Theorem 1: Let L bethesymmedianpointof a triangleABC. FromL, dropthe

perpendicularsLX, LY, LZ on thesidesBC, CA, AB, whereX, Y, Z aretherespectivefeetof
theperpendicular. ThenL is thecentroidof thetriangleXYZ.

Wementionthatin thecustomaryterminology, thetriangleXYZis calledthepedal
triangleof L with respectto thetriangleABC; but thetriangleXYZis alsocalledLemoine



pedal triangle of triangleABC.
Theorem1 canbeparaphrasedasfollows: Thesymmedianpointof a triangleis the

centroidof theLemoinepedaltriangle.
Severalproofsof Theorem1 areknown. In [2], p. 72-74, two proofsarepresented. The

proofgivenin [1] is a standardsyntheticproofby constructinganauxiliary triangle.
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Wewill proveTheorem1 with thehelpof anotherconstruction; in fact, we regardthe

intersectionD of thetangentsto thecircumcircleof B ABC throughtheverticesB andC (Fig.
2). After [2], p. 60, thepointD lies on thesymedianfrom thevertexA, i. e. on the
symmedianAL. Thus, wehave:

Lemma 2: ThesymmedianpointL lies on theline AD.
Now wewill provethefollowing lemma(Fig. 3):
Lemma 3: DropperpendicularsDX C , DYC , DZ C from D to thesidesBC, CA, AB. Then

DYC X C Z C is a parallelogram. [This theoremis interestingto haveanothersignification: It
meansthatanex-symmedianpointD is anex-centroid(exmedianpoint) of its pedaltriangle
X C YC Z C .]

Proof (Fig. 4): Wedenotetheanglesof triangleABCby D CAB E F , G ABC H I andJ
BCA K L . As chord-tangentangles, theanglesM CBDand M BCDarebothequalto the

chordalangleof thechordBC, i. e. theangleN . Fromthis, wehave

M DBZO P 180° Q R ABC Q R CBD S 180° Q T Q U S V .

Since R DX W B S 90° and R DZ W B S 90°, thepointsX W andZ W lie on thecircle havingthe
segmentDB asdiameter, andconsequently, BXW DZ W is a cyclic quadrilateral, andaschordal
anglesR DX W Z W S R DBZW . Thus,

R DX W Z W S V .     (1)

SincethepointsX W andYW lie on thecircle havingthesegmentDC asdiameter(because
R DX W C S 90° and R DYW C S 90°), CXW DYW is a cyclic quadrilateral, andthis yields



X
X Y DYY Z 180° [ X

X Y CYY Z 180° [ \ 180° ] ^ BCA_ ` 180° a b 180° a c _ ` c .

By comparisonwith (1), weget d DX e Z e ` d X e DYe , andfrom this, X e Z e f DYg .
Analogously, wecanproveX g Yg f DZ g , andthus, DYg X g Z g is a parallelogram, qed.
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Notethatfrom theparallelogramDYg X g Z g , weget: ThediagonalDX g bisectsthediagonal

Yg Z g . ThatmeansthattheD-medianof triangleDYg Z g is DX g . SinceDX g is orthogonalto BC,
wehave:

Lemma 4: TheD-medianof triangleDYg Z g is orthogonalto BC.
Now wewill connectthis with Theorem1 (Fig. 5). SinceL lies onAD andY lies onAYg ,

andLY f DYg (becauseLY h CA andDYi h CA), wehaveAY : AYi j AL : AD. Similarly,
AZ : AZi j AL : AD, andweconcludeAY : AYi j AZ : AZi . This yieldsYZ k Yi Z i . Thus,
thecorrespondingsidesof trianglesLYZandDYi Z i areparallel(LY k DYi , YZ k Yi Z i und
ZL k Z i L i ); therefore, alsotheL-medianof triangleLYZ is parallelto theD-medianof
triangleDYi Z i . After Lemma4, thelatteroneis orthogonalto BC; thus, alsotheL-medianof
triangleLYZ is orthogonalto BC, i. e. theperpendicularfrom L to BC bisectsthesegment
YZ. But this perpendicularis theline LX. Thus, LX bisectsthesegmentYZ, i. e. in the
triangleXYZ, LX is a median. Similarly, LY andLZ arethetwo othermediansin triangle
XYZ, andtherefore, L is thecentroidof triangleXYZ. This provesTheorem1.
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This wasmy newproof. Also interestingis theobservationthatTheorem1 possessesa

valid conversetheorem. Wewill nowpresenta proofof Theorem1 togetherwith the
converse:

Theorem 5 (Theorem 1 together with the converse): Let P beanarbitrarypoint in the
planeof a triangleABC, andlet l XYZ bethepedaltriangleof P with respectto triangle
ABC. ThenP is thecentroidof triangleXYZif andonly if P is thesymmedianpointof
triangleABC.

In otherwords: Thereexistsonly onepoint which is thecentroidof its pedaltriangle, and
this is thesymmedianpoint.

Theproof is similar to thetrigonometricproofof Theorem1 in [2], p. 72-73.
For first, weneedthefollowing lemma(provenin [2], p. 59):
Lemma 6: Thedistancesof a point to thesidesof a triangleABCarein theratiosof

thesesidesif andonly if thepoint is thesymmedianpointof thetriangle. In otherwords: For
thedistancesx m PX, y m PY, z m PZ of P to BC, CA, AB, theequation

x : y : z m a : b : c

holdsif andonly if P coincideswith thesymmedianpointL of l ABC.
Now wewantto seewhenthepointP is thecentroidof its pedaltriangleXYZ.
WhendoesPYbisectthesegmentZX ? Let D betheintersectionof PYandZX. Then,

afterthesinelaw in trianglesPDZandPDX, wehave

ZD
DX

m sin n ZPD o PZ : sin p PDZ
sin p XPD o PX : sin p PDX q sin p ZPD

sin p XPD
o PZ

PX
: sin p PDZ

sin p PDX
.

Theanglesp PDZand p PDX sumup to 180°; thus, their sinesareequal:
sin p PDZ q sin p PDX, andweget

ZD
DX q sin p ZPD

sin p XPD
o PZ

PX q sin p ZPD
sin p XPD

o z
x .     (2)

For theangle p ZPD, wehave p ZPD q 180° r p ZPY; but wealsohave
p ZAY q 180° r p ZPY, sinceAZPYis a cyclic quadrangle(asfor p AZP q 90° and



s
AYP t 90°, thepointsZ andY lie on thecircle havingsegmentAP asdiameter). This

yields
s

ZPD t s
ZAY, or

s
ZPD t u . Analogously, onefinds

s
XPD t v ; with this, the

equation(2) is simplified to

ZD
DX

t sin u
sin v w z

x t a
c w z

x t z
x : c

a .

Therefore, ZD t DX holdsif andonly if z : x t c : a. This meansthatP lies on the
Y-medianof triangleXYZif andonly if z : x t c : a. Analogously, P lies on theX-medianof
triangleXYZif andonly if y : z t b : c. Thus, P is thecentroidof triangleXYZ(lies on two
medians) if andonly if x : y : z t a : b : c. After Lemma6, thecondition
x : y : z t a : b : c holdsif andonly if P is thesymmedianpointof x ABC. Therefore, P is
thecentroidof thepedaltriangleXYZif andonly if P is thesymmedianpointof x ABC. This
provesTheorem5.
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