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CENTROID OF ITS PEDAL TRIANGLE, AND THE CONVERSE

Darij Grinberg

Thefollowing theoremis animportantpropertyof the symmediarpoint of atriangle
(Fig. 2):
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Theorem 1: Let L bethesymmediarpointof atriangleABC. FromL, dropthe
perpendicularg X, LY, LZ onthesidesBC, CA, AB, whereX, Y, Z aretherespectiveeetof
theperpendicularThenL is the centroidof thetriangleXYZ

We mentionthatin the customaryterminology thetriangleXYZis calledthe pedal
triangleof L with respecto thetriangleABC, butthetriangleXYZis alsocalledL emoine



pedal triangle of triangleABC.

Theoreml canbe paraphrasedsfollows: The symmediarpoint of atriangleis the
centroidof the Lemoinepedaltriangle

Severalproofsof Theoreml areknown In [2], p. 72-74, two proofsarepresentedThe
proofgivenin [1] is a standardsyntheticproof by constructinganauxiliary triangle

Fig. 3

We will proveTheoreml with the help of anotherconstructionin fact, we regardthe
intersectiorD of thetangentgo the circumcircleof AABC throughthe verticesB andC (Fig.
2). After [2], p. 60, the point D lies onthe symediarfrom the vertexA, i. e. onthe
symmediarAL. Thus we have

Lemma 2: ThesymmediarpointL liesontheline AD.

Now we will provethefollowing lemma(Fig. 3):

Lemma 3: Drop perpendicular®X’, DY', DZ' from D to thesidesBC, CA, AB. Then
DY'X'Z" is aparallelogram[This theoremis interestingto haveanothersignification It
meanghatanex-symmediarpoint D is anex-centroid(exmediarpoini) of its pedaltriangle
XY'Z]

Proof (Fig. 4): We denotetheanglesof triangleABCby A CAB= a, A ABC= g and
A BCA = y. As chordtangentanglestheanglesA CBD and A BCD arebothequalto the
chordalangleof thechordBC, i. e. theanglea. Fromthis, we have

ADBZ =180° - AABC- ACBD=180°-f—a = 7.

Since A DX'B = 90° and A DZ'B = 90°, the pointsX' andZ' lie onthecircle havingthe
segmenDB asdiameterandconsequentlyBX'DZ’ is a cyclic quadrilateralandaschordal
anglesA DX'Z' = ADBZ. Thus

ADX'Z =7. (1)

SincethepointsX’ andY’ lie onthecircle havingthe segmenDC asdiameter(because
ADXC = 90°andADY'C = 90°), CXDY' is acyclic quadrilateralandthis yields



AXDY =180°- AX'CY = 180° - (180° — A BCA) = 180° - (180° —y) = 7.

By comparisorwith (1), weget A DX'Z' = AX'DY, andfromthis, X'Z' || DY'.
Analogously we canproveX'Y' | DZ', andthus DY'X'Z’ is a parallelogramged
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Notethatfrom the parallelogranDY'X'Z', we get ThediagonalDX' bisectsthediagonal
Y'Z'. Thatmeanghatthe D-medianof triangleDY'Z’ is DX'. SinceDX’ is orthogonako BC,
we have

L emma 4: The D-medianof triangleDY'Z’ is orthogonako BC.

Now we will connectthis with Theoreml (Fig. 5). SinceL lieson AD andY liesonAY/,
andLY || DY (becausdY 1 CAandDY' 1L CA), wehaveAY : AY = AL : AD. Similarly,
AZ: AZ = AL : AD, andwe concludeAY : AY = AZ: AZ. ThisyieldsYZ | Y'Z'. Thus
the correspondingidesof trianglesLYZandDY'Z' areparallel(LY || DY, YZ || Y'Z und
ZL || ZL); therefore alsothe L-medianof triangleLYZis parallelto the D-medianof
triangleDY'Z'. After Lemma4, thelatteroneis orthogonato BC, thus alsothe L-medianof
triangleLYZis orthogonato BC, i. e. the perpendiculafrom L to BC bisectsthe segment
YZ But this perpendiculars theline LX. Thus LX bisectsthesegment’Z i. e. in the
triangleXYZ LXis amedian Similarly, LY andLZ arethetwo othermediangn triangle
XYZ andthereforeL is the centroidof triangleXYZ This provesTheoreml.
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Thiswasmy newproof. Also interestings the observatiorthat Theoreml possesses
valid conversegheoremWe will now presenta proof of Theoreml togetherwith the
converse

Theorem 5 (Theorem 1 together with the converse): Let P beanarbitrarypointin the
planeof atriangleABC, andlet AXYZ bethe pedaltriangleof P with respecto triangle
ABC. ThenP is thecentroidof triangleXYZif andonly if P is thesymmediarpoint of
triangleABC.

In otherwords Thereexistsonly onepointwhichis the centroidof its pedaltriangle and
thisis the symmediarpoint

Theproofis similar to thetrigonometricproof of Theoreml in [2], p. 72-73.

For first, we needthefollowing lemma(provenin [2], p. 59):

Lemma 6: Thedistance®f apointto thesidesof atriangleABCarein theratiosof
thesesidesif andonly if the pointis the symmediarpoint of thetriangle In otherwords For
thedistancex = PX, y = PY, z= PZof P to BC, CA, AB, theequation

X:y:z=a:b:c

holdsif andonly if P coincideswith thesymmediarpointL of AABC.
Now we wantto seewhenthe point P is the centroidof its pedaltriangle XYZ
WhendoesPY bisectthesegmenZX ? Let D betheintersectiorof PYandZX. Then
afterthesinelaw in trianglesPDZ andPDX, we have

ZD _ sSinAZPDePZ:sinAPDZ _ sinAZPD , PZ . sinAPDZ
DX SINAXPDe PX: sinAPDX SinAXPD PX ' sinAPDX’

TheanglesA.PDZ and A PDX sumupto 180°; thus their sinesareequal
sinA PDZ = sin A PDX, andwe get

ZD _ sinAZPD , PZ _ sinAZPD , z )
DX  sinAXPD PX sinAXPD X°

Fortheangle A ZPD, we have A ZPD = 180° — A ZPY, butwe alsohave
A ZAY = 180° — A ZPY, sinceAZPYis acyclic quadrangldasfor A AZP = 90° and




A AYP= 90° thepointsZ andY lie onthecircle havingsegmeniP asdiamete). This
yields A ZPD = A ZAY, or A ZPD = a. Analogously onefinds A XPD = y; with this, the
equation(2) is simplified to

ZD _ sinag
DX  siny

z _ 2
*XTX
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ThereforeZD = DX holdsif andonlyif z: x = ¢ : a. ThismeanghatP liesonthe
Y-medianof triangleXYZif andonlyif z : x = ¢ : a. Analogously P lies on the X-medianof
triangleXYZif andonlyif y : z= b : c. Thus P is thecentroidof triangleXYZ(lies on two
mediangif andonlyif x : y: z=a : b : c. After Lemmas, the condition

X:y:z=a: b: choldsif andonlyif P isthesymmediarpointof AABC. ThereforeP is
the centroidof the pedaltriangle XY Zif andonly if P is thesymmediarpoint of AABC. This
provesTheoremb.
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