7th QEDMO 2010, Problem 8 (a variation on AMM problem #E2353 by
J. G. Rau)

Let (a1, as, ..., a,) be an n-tuple of reals. Let (by, bs, ..., b,) be an n-tuple of positive
reals. We are searching for a permutation 7 of the set {1,2,...,n} that minimizes the

sum
n

> any Y baiiy = ax() (ba(r) + ba2) + oo + b))
i=k

k=1
+ ar(2) (bw(g) + bﬂ(g) + ...+ bﬂ(n))
+ ...
+ Qr(n) bﬂ'(n)
Prove that any permutation 7 that satisfies
Qr(1) Ar(2)

<—<...<
bry T br(2) br(n)

Gn(n)

minimizes this sum.

Remark: This problem is slightly stronger than American Mathematical Monthly
problem #E2353 by J. G. Rau. My solution below follows R. J. Dickson’s solution in

[1].
Solution (according to R. J. Dickson)

We will prove a stronger assertion:

Theorem 1. Let (ay, as, ..., a,) be an n-tuple of reals. Let (b1, ba, ..., b,) be
an n-tuple of positive reals. Let m be a permutation of the set {1,2,...,n}.
Then,

Z (k) Z bﬂ(i) 2 Z akbk + % Z min {akbi, aibk} . (1)
k=1 i=k k=1

(i,k)e{1,2,...,n}>%;
i#k

This inequality (1) becomes an equality if and only if

Trl) ¢ Ir@) o< 2m)
bry ~ bry T T bri)
Proof of Theorem 1. We have
Zaw(k) wa(i) = Zan(k)bw(k) + Zaw(k) Z br(i)
k=1 i—k k=1 k=1 i=k+1
— ~ ~
:bﬂ-(k)‘h_% br(s) =§ ayby, since :i _ Zn: A (k) br (i)
i=kt1 k=1 ) F=1i=ht1
m is a permutation = _ > () O (i)
(i,k)e{1,2,....,n}>;
i~k
= Z aiby, + Z A (k) D) = Z aiby + Z min { @z () br(), Gr(i)bre) b
]{36{1,2,...771,} (i,k)6{1,2,...7n}2; kE{l,Z,...,n} (i,k})E{l,Q,...,n}Q;

>k i>k

(2)



(since ar(k)br(y > min {aw(k)bw(i), aﬂ(i)bﬂ(k)} for any pair (i, k) € {1,2, ..., n}2 satisfying
i > k). On the other hand,

2. Z min {aw(k)bw(i)y an(i)bﬂ(k)}

(i,k)€{1,2,...,n}>;

i>k
= D min{awbanbew} + Y, min{angbee), anmbee }
(i Ryell2,n): (i,k)€{1,2,...n}>;
i>k . i>k _
= Z min{a‘/r(k)bﬂ(i) e (4) b""(k) }’
(i,k)e{1,2,...,n}?

since min{a,r(k)b,r(i),aﬁ(i)b,\,(k)} is invariant
under the substitution (,k)— (ki)

= Y min{ambie ibaw Y, min {armbri), anibr }

(i,k)e{l,Q,...,n}2; (i,k)e{l,Q,...,n}2;
i>k k>i
= Z min { ar(k)br(s), Cr(iybr(y } = Z min {axb;, a;by }
(i,k)e{1,2,....,n}>%; (i,k)e{1,2,....,n}>;
itk itk

(here, we substituted 7 (i) and 7 (k) for ¢ and k, since 7 is a permutation). Dividing
this equation by 2, we obtain

1
Z min {aw(k)bw(i); aﬁ(i)bw(k)} = 5 Z min {akbi, aibk} .

(i,k)€{1,2,....,n}%; (i,k)e{1,2,....,n}%;
i>k i#k

Hence, (2) becomes

Y (k) Y br(iy = akbk—i-1 min {ab;, a;by} .
2
k=1 i=k

ke{1,2,...,n} (i,k)e{1,2,...n}>%;
i#k
Thus, the inequality (1) is proven. It remains to see when it becomes an equality. But
this is more or less obvious: In our above proof of (1), we added together the inequalities
(k) br(iy > Min {aﬂ(k)bﬂ(i), aﬂ(i)bﬂ(k)} for all pairs (7, k) € {1, 2, ...,n}2 satisfying i > k.
Hence, the inequality (1) becomes an equality if and only if each of these inequalities
Ur(k)br(iy > min {aﬂ(k)bﬂ(i),aﬂ(i)bw(k)} for (i,k) € {1,2, ...,n}2 satisfying ¢ > k becomes
an equality. Thus, we have the following equivalence of assertions:

(the inequality (1) becomes an equality)
for each pair (i,k) € {1,2, ..., n}2 satisfying 7 > k, the inequality
Az (k) br(s) = Min {aﬂ(k)bw(i), aﬂ(i)bﬂ(k)} becomes an equality
for each pair (i,k) € {1,2,...,n}” satisfying i > k, we have
(k) br(s) = Min {OLTr yox(iys O (i) b k)}

for each pair (i,k) € {1,2, ,n} satisfying i > k, we have ar(x)br) < aw(i)bﬁ(k))

bl

Qr Qr (i
for each pair (i,k) € {1,2,...,n}" satisfying i > k, we have ® < ())

( < a”(”)> .
br(n)

H

| /\




Thus, Theorem 1 is proven.

References

[1] J. G. Rau, W. O. J. Moser, R. J. Dickson, L. P. Prostanstus, Optimal Sequence
of Products (problem E 2353 and solutions), American Mathematical Monthly vol. 80
(1973), pp. 437-438.



