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Darij Grinberg

§1. The extended Steiner-Miquel Theorem
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In thefollowing, thecircle throughthreecertainpointsP1, P2, P3 will beabbreviatedas”circle

P1P2P3” .
A phrasinglike ” thepointof intersectionof thecirclesPXX ) andPYY ) differentfrom P” shouldbe

understoodasfollows: If thetwo circleshavetwo intersections, we taketheonedifferentfrom P; if
thetwo circlestouch, we takeP.

Now webeginwith ourobservations.
Regardfour pointsX, X ) , Y, Y ) . Let thelinesXX ) andYY ) meetat C, andthelinesXY andX ) Y )

meetat P.
Weshallprove:
Theorem 1. Let k beanyrealnumber, andA, B two pointson thesegmentsXX ) , YY ) ,

respectively, satisfying

XA
AX ) *

YB
BY + * k

(wheresegmentsaredirected). Then:
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a) Thepointof intersectionQ of thecirclesPXX , andPYY , differentfrom P lies on thecircle CAB.
(Fig. 1.)

b) Thepoint Q alsolies on thecirclesCXY andCX , Y , . (Fig. 2.)
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Fig. 2
Proof of Theorem 1. SeeFig. 3. Sincethepoint Q lies on thecirclesPXX , andPYY , , wehave-

QYY . / -
QPY . and

-
QXX . / 180° 0 1 QPX 2 , hence1 QXX 2 3 1 QPY 2 . This gives

1 QXX 2 3 1 QYY 2 . Similarly, 1 QX 2 X 3 1 QY 2 Y. Thus, thetrianglesQXX 2 andQYY 2 aresimilar. But
from

XA
AX 2 3 YB

BY 2 ,

weseethatthepointsA andB arecorresponding pointsin thesetwo triangles; hence, for instance, we
get 1 QAX 3 1 QBY. Consequently, 1 QAC 3 180° 0 1 QAX 3 180° 0 1 QBY 3 180° 0 1 QBC.
This provesthepoint Q to lie on thecircle CAB. Theorem1 a) is verified.

Now vary theparameterk. Thepoint Q remainsfixed, beingdefinedindepentlyof k. For k 3 0,
wehaveA 3 X andB 3 Y; thenTheorem1 a) yieldsthatthepoint Q will lie on thecircle CXY. For
thelimiting casek 3 4 , wehaveA 5 X 6 andB 5 Y 6 ; thenTheorem1 a) yieldsthatthepoint Q will
lie on thecircle CX 6 Y 6 . HenceTheorem1 b) is proven.
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Theelegantproofof Theorem1 a) wasgivenby NikolaosDergiades. SeeHyacinthosmessages

#7377 and#7378.
WecanrewriteTheorem1 b) thus: ThecirclesPXX 7 , PYY 7 , CXY, CX 7 Y 7 havea commonpoint.

This theoremcanbestatedin a veryniceway:
Theorem 2. Fourlinesform four triangles; thecircumcirclesof thesetriangleshavea common

point.
Or, in a strongervariant: If we taketwo of thefour triangles, thentheintersectionof the

circumcirclesof thesetrianglesdifferentfrom their commonvertexlies on thecircumcirclesof the
two othertriangles.

In differentsources, this resultis calledClifford theorem, Steinertheorem, Miquel theoremor
Steiner-Miquel theorem, to mentionthemostcustomarynamesonly. (Fig. 4.) Sensibly, Theorem1 can
becalledextended Steiner-Miquel theorem.
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Fig. 4

§2. An Application to Triangles

Now wearedrawinga corrolaryfrom Theorem1:
Theorem 3. Let 8 ABC bea triangle. A line g meetsthesidelinesBC, CA, AB at thepointsA 9 , B 9 ,

C 9 ; anotherline g 9 meetsthesidelinesBC, CA, AB at thepointsA 9 9 , B 9 9 , C 9 9 . Further, let P bethe
pointof intersectionof thelinesg andg 9 . Assumethattheequations

A 9 B
BA 9 9 :

B 9 A
AB 9 9 ; B 9 C

CB 9 9 :
C 9 B
BC 9 9 ; C 9 A

AC 9 9 :
A 9 C
CA 9 9

hold. ThenthecirclesPA 9 A 9 9 , PB 9 B 9 9 , PC 9 C 9 9 havea pointof intersectionQ differentfrom P, andthis
pointof intersectionlies on thecircumcircleof triangleABC.
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Proof. Apply Theorem1 to thepointsA ; , A ; ; , B ; , B ; ; keepingin view thatthepointsA, B, C, P,

A ; , A ; ; , B ; , B ; ; will takethepartof thepointsA, B, C, P, Y, Y ; , X, X ; . From

A ; B
BA ; ; <

B ; A
AB ; ;

it follows thattheintersectionQ of thecirclesPA ; A ; ; andPB ; B ; ; differentfrom P lies on thecircle
CAB andon thecirclesCA ; B ; andCA ; ; B ; ; . I. e., theintersectionQ of thecirclesCA ; B ; andCAB
differentfrom C is theintersectionof thecirclesPA ; A ; ; andPB ; B ; ; differentfrom P. Analogously, the
intersectionQ ; of thecirclesABC andAB ; C ; differentfrom A is theintersectionof thecirclesPB ; B ; ;
andPC ; C ; ; differentfrom P. But applicationof Theorem2 on thelinesBC, CA, AB, g showsthatthe
circlesAB ; C ; , BC ; A ; , CA ; B ; , ABC havea commonpoint. Thus, theintersectionQ of thecirclesCA ; B ;
andCAB differentfrom C coincideswith theintersectionQ ; of thecirclesABC andAB ; C ; different
from A. This point Q < Q ; is thentheintersectionof thecirclesPA ; A ; ; , PB ; B ; ; , PC ; C ; ; differentfrom
P. Hence, wecanstatethattheintersectionof thecirclesPA ; A ; ; , PB ; B ; ; , PC ; C ; ; differentfrom P lies
on thecircle ABC, i. e. on thecircumcircleof triangleABC. Theorem3 is proven.

Now we inquireif all threeof theequations

A ; B
BA ; ; <

B ; A
AB ; ; ; B ; C

CB ; ; <
C ; B
BC ; ; ; C ; A

AC ; ; <
A ; C
CA ; ;

arenecessaryto ensurethattheassertionof Theorem3 holds. No, it turnsout: If oneof thethree
equationholds, theothertwo follow. In otherwords, thethreeequationsareequivalent.

Proof. Wewill only showthat
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theequation A = B
BA = = >

B = A
AB = = entails B = C

CB = = >
C = B
BC = = .

Analogousstatementswill follow by cyclic or symmetricpermutation.
Wewill usedirectedsegments; hereby, wedirectthesidelinesof triangleABC in sucha way that

BC ? 0, CA ? 0, AB ? 0 (andhenceCB @ 0, AC @ 0, BA @ 0). Wedenotea A BC, b A CA,
c A AB.

TheMenelaostheoremfor triangleCA B B B andthecollinearpointsA, C B , B gives

A B B
BC C CA

AB D C B D C D
C D A D E F 1.

We infer that

B D C D
C D A D E F

BC
A D B C AB D

CA E F
a

A D B C AB D
b E F

AB D
A D B C a

b E
B D A
A D B C a

b
.

But analogously,

B D D C D D
C D D A D D E

B D D A
A D D B C a

b
, hence B D D C D D

C D D A D D E
AB D D
BA D D C a

b
.

Weresume:

B D C D
C D A D E

B D A
A D B C a

b
and B D D C D D

C D D A D D E
AB D D
BA D D C a

b
.     (1)

Analogously,

C D A D
A D B D E

C D B
B D C C b

c and C D D A D D
A D D B D D E

BC D D
CB D D C b

c .     (2)

But A D B : BA D D E B D A : AB D D yieldsB D A : A D B E AB D D : BA D D . Substitutionin (1) gives

B D C D
C D A D E

B D D C D D
C D D A D D .

But for thecollinearpointsA D , B D , C D andfor thecollinearpointsA D D , B D D , C D D , wehave

C D A D
A D B D E F

C D A D
B D A D E F 1 : B D A D

C D A D E F 1 : B D C D G C H A H
C H A H I J 1 : B H C H

C H A H G 1 and

C H H A H H
A H H B H H I J

C H H A H H
B H H A H H I J 1 : B H H A H H

C H H A H H I J 1 : B H H C H H G C H H A H H
C H H A H H I J 1 : B H H C H H

C H H A H H G 1 .

From

B H C H
C H A H I

B H H C H H
C H H A H H

it hencefollows

C H A H
A H B H I

C H H A H H
A H H B H H .

Substitutionin (2) shows

C H B
B H C K

b
c I

BC H H
CB H H K

b
c ,

thusC H B : B H C I BC H H : CB H H , andhenceB H C : CB H H I C H B : BC H H , qed.
NotethatwehaveincidentallyestablishedtherelationsB H C H : C H A H I B H H C H H : C H H A H H and

C H A H : A H B H I C H H A H H : A H H B H H . Wecanexpressthemasa double-ratio:
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B L C L : C L A L : A L B L M B L L C L L : C L L A L L : A L L B L L . It follows:
Theorem 4. Undertheconditionsof Theorem3, therelation

B L C L : C L A L : A L B L M B L L C L L : C L L A L L : A L L B L L holds.

§3. The Droz-Farny Theorem

Weconcludewith a ratherdifficult theorem:
Theorem 5. Let g andg L betwo mutuallyorthogonallinesthroughtheorthocenterH of a triangle

ABC. Theline g meetsthesidelinesBC, CA, AB at thepointsA L , B L , C L ; theline g L meetsthe
sidelinesBC, CA, AB at thepointsA L L , B L L , C L L .

a) Thecircleswith diametersA L A L L , B L B L L , C L C L L passthroughthepoint H.
b) Thesecircleshavea commonpoint Q differentfrom H; this point Q lies on thecircumcircleof

triangleABC.
c) Thecircleswith diametersA L A L L , B L B L L , C L C L L arecoaxal.
d) Themidpointsof thesegmentsA L A L L , B L B L L , C L C L L lie ononeline.
e) TheequationB L C L : C L A L : A L B L M B L L C L L : C L L A L L : A L L B L L holds.
Partd) of this theoremis calledDroz-Farny theorem, beingascribedto A. Droz-Farnyin [1],

page72 without furtherreferences. Parte) is dueto FloorvanLamoen, Hyacinthosmessage#6144.
MoreabouttheDroz-Farnyconfigurationcanbefoundin theHyacinthosmessages#6157 by
Jean-PierreEhrmannand#6245 by me. A verydifferentproofof partd) wasfoundby Nick Reingold:
seeHyacinthosmessages#7383 and#7384.
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Thefollowing proof of Theorem 5 is probablynew.
At first, a) is virtually trivial: Sincethelinesg andg N areperpendicular, O A N HA N N P 90°,

O B N HB N N P 90° and O C N HC N N P 90°, andthusthecircleswith diametersA N A N N , B N B N N , C N C N N pass
throughH.
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Now let AX, BY, CZ bethealtitudesof triangleABC. SeeFig. 8. After theSineLaw,

A Q B
BA Q Q R

BH S sin T BHA Q : sin T HA Q B
BH S sin T BHA Q Q : sin T HA Q Q B R

sin T BHA Q : sin T HA Q B
sin T BHA Q Q : sin T HA Q Q B

R
sin T BHA Q S sin T HA Q Q B
sin T BHA Q Q S sin T HA Q B

and

B Q A
AB Q Q R

AH S sin T AHB Q : sin T HB Q A
AH S sin T AHB Q Q : sin T HB Q Q A R

sin T AHB Q : sin T HB Q A
sin T AHB Q Q : sin T HB Q Q A

R
sin T AHB Q S sin T HB Q Q A
sin T AHB Q Q S sin T HB Q A .

But T BHA Q R T YHB Q . In theright-angledtriangleB Q YH, weget T YHB Q R 90° U T HB Q Y; hence,
T BHA Q R 90° U T HB Q Y R 90° U T HB Q B Q Q . In theright-angledtriangleB Q HB Q Q , weget
90° U T HB Q B Q Q R T HB Q Q B Q ; hence, T BHA Q R T HB Q Q B Q R T HB Q Q A. So, sin T BHA Q R sin T HB Q Q A.
Similarly, sin T BHA Q Q R sin T HB Q A, sin T AHB Q R sin T HA Q Q B andsin T AHB Q Q R sin T HA Q B. It
follows that

sin T BHA Q S sin T HA Q Q B
sin T BHA Q Q S sin T HA Q B R

sin T AHB Q S sin T HB Q Q A
sin T AHB Q Q S sin T HB Q A ,

andtherefore
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A V B
BA V V W

B V A
AB V V .

In ananalogousmanner,

B V C
CB V V W

C V B
BC V V ; C V A

AC V V W
A V C
CA V V .

Now wecanapplyTheorem3 (with P W H), andinfer thatthecirclesHA V A V V , HB V B V V , HC V C V V havea
commonpoint Q differentfrom H, andthatthis commonpoint lies on thecircumcircleof triangle
ABC. But wehavealreadyseenthatH lies on thecircleswith diametersA V A V V , B V B V V , C V C V V , sothatthe
circlesHA V A V V , HB V B V V , HC V C V V aresimply thesecircleswith diametersA V A V V , B V B V V , C V C V V . Hencewe
getthatthecircleswith diametersA V A V V , B V B V V , C V C V V havea commonpoint Q differentfrom H, and
this commonpoint lies on thecircumcircleof triangleABC. This completestheproofof partb).

Havingtwo distinctcommonpoints, namelyH andQ, thecircleswith diametersA V A V V , B V B V V ,
C V C V V mustbecoaxal, whatprovespartc).

Sincethecenterof a circle lies on theperpendicularbisectorof anychord, thecentersof the
circleswith diametersA V A V V , B V B V V , C V C V V lie on theperpendicularbisectorof thesegmentHQ (which
is thecommonchordof thethreecircles). Now, thesecentersarenaturallythemidpointsof segments
A V A V V , B V B V V , C V C V V . This establishespartd).

Parte) follows directly from Theorem4.
Anotherproofof partb) wasprovidedby NikolaosDergiadesin Hyacinthosmessage#7381. That

proofusesTheorem1, too.
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