Circumscribed quadrilaterals revisited / Darij Grinberg
(updated version, 5 October 2012)

The aim of this note is to prove some new properties of circumscribed quadrilaterals
and give new proofs to classical ones.
We start with some trivialities (Fig. 1).

A

1

Fig. 1

Let ABCD be a circumscribed quadrilateral, that is, a quadrilateral which has an
incircle. Let this incircle have the center O and the radius p and touch its sides AB, BC,
CD, DA at the points X, Y, Z, W, respectively. Then, for some very obvious reasons,
OX 1 AB,OY | BC,0Z 1L CD, OW 1 DA and OX = OY = 0Z = OW = p.
Moreover, AW = AX, BX = BY, CY = CZ, DZ = DW, since the two tangents from
a point to a circle are equal in length. We denote

a=AW = AX; b= BX = BY c=CY =0CZ, d=DZ = DW.
(Thus, we denote by a, b, ¢, d not, as usual, the sidelengths of the quadrilateral ABC'D,

but the segments AW = AX, BX = BY, CY =CZ, DZ = DW.)
Then, the sidelengths of quadrilateral ABC'D are

AB = AX +BX =a+ b BC=BY +CY =b+¢
CD = CZ+DZ=c+d; DA =DW + AW =d + a.

T am grateful to George Baloglou for correcting a mistake in Theorem 13.
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Hence,
AB+CD=(a+b)+ (c+d)=(b+c¢c)+ (d+a)=BC+ DA.

Thus we have shown the maybe most famous fact about circumscribed quadrilaterals:
Theorem 1. If ABCD is a circumscribed quadrilateral?, then AB 4+ CD = BC +
DA.
In words: In a circumscribed quadrilateral, the sums of the lengths of opposite sides
are equal.

A

Fig. 2

Now, let’s get serious and turn to the first nontrivial result about circumscribed
quadrilaterals (Fig. 2):

Theorem 2. The four lines AC, BD, XZ, YW concur at one point.

This theorem is still rather well-known; it is problem 105 in [1] and also appears in
[6], [8] and [10]. Here we give two proofs of this theorem.

2In the following, we assume in every theorem that ABCD is a circumscribed quadrilateral (and
the notations are those introduced before).



Fig. 3

First proof of Theorem 2. (See Fig. 3.) Let P be the point of intersection of the
lines AC and YW.

The lines BC' and D A touch the incircle of the quadrilateral ABC'D at the points Y
and W. Hence, by the tangent-chordal angle theorem, both angles LCYW and L DWY
are equal to the chordal angle of the chord YW in the incircle of the quadrilateral
ABCD. Thus, £CYW = ADWY. In other words, £CY P = 180° — L AW P. Thus,

sin LC'Y P = sin L AW P. But after the sine law in triangle AW P, we have AP = AW -

A AW P i YP
sin £LAW and after the sine law in triangle C'Y P, we have CP = CY - sin £C

sin L APW’ sin {CPY"
Thus,
sin L AW P sin L AW P
AW 22T pyy e
AP _ v sin LAPW  _ v sin LAPW  _ AW _a
CP sin LCY P sin L AW P Y c
cY ——— cY ——
sin {CPY sin { APW
Now, let P’ be the point of intersection of the lines AC' and X Z. Then, we similarly
AP a AP AP ) . .
find = This means that the points P and P’ divide the

= —. Thus, — = .
e P P . o .
segment AC' in the same ratio; hence, these points P and P’ coincide. Since the point

P is the point of intersection of the lines AC' and YW, and the point P’ is the point of
intersection of the lines AC' and X Z, it thus follows that the lines AC, XZ and YW
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concur at one point. Similarly, we can verify that the lines BD, X7 and YW concur
at one point. Hence, all four lines AC, BD, XZ and YW concur at one point, and
Theorem 2 is proven.

Fig. 4
This proof of Theorem 2 has a nice consequence (Fig. 4): The point of intersection of
the four lines AC, BD, XZ, YW must obviously coincide with the point of intersection

P of the lines AC' and YW defined in the above proof of Theorem 2. Now, we have
AP BP b
shown that this point P satisfies op = e Similarly, P Thus, we get:
c

Theorem 3. If P is the point of intersection of the lines AC, BD, XZ, YW, then
AP a d BP b
cP_ ¢ DPTd

Note that this result appeared in [7] and [§].

Second proof of Theorem 2. We will show that the lines AC, BD and X Z concur.
Then, analogously we can show that the lines AC, BD and YW concur, and thus it

will follow that all four lines AC, BD, XZ and YW concur, thus proving Theorem 2.



C Fig. 5

(See Fig. 5.) Now, in order to show that the lines AC, BD and XZ concur, it
appears reasonable to apply the Brianchon theorem in a limiting case. However, one
has to be careful doing this. Here is how one should not proceed:

"Consider the degenerate hexagon AX BCZ D (degenerate, since its adjacent sides
AX and X B lie on one line, and its adjacent sides CZ and ZD lie on one line). This
hexagon is obviously circumscribed, since all of its sides AX, XB, BC, CZ, ZD, DA
touch one circle (namely, the incircle of the quadrilateral ABCD). Hence, the main
diagonals AC, X7 and BD of this hexagon concur, and the proof is complete."

The mistake - to be more precise, the gap - in this argumentation becomes clear if
one applies it to the hexagon AX'BCZD, where X’ is an arbitrary point on the line
AB. This hexagon, too, appears to be circumscribed, since all of its sides AX’, X'B,
BC, CZ, ZD, DA touch one circle (namely, the incircle of the quadrilateral ABC'D)
- if they are extended to lines (but this should not be a problem, since we are talking
about projective theorems, and thus arrangement shouldn’t matter). Thus, by the
Brianchon theorem, it seems to follow that the lines AC, X'Z and BD concur - but
this is nonsense for every point X’ different from X.

So where is the mistake? The trick is: A geometrical theorem can be used in
a degenerate case if either its proof still functions in this case, or one can deduce



the degenerate case from the generic case by a limiting argument. Our application
of the Brianchon theorem to the hexagon AX'BCZ D did not match any of these two
conditions; thus, it was not legitimate. Hence, there is no wonder the resulting assertion
was wrong.

However, one can rescue the above proof of Theorem 2. In order to do this, one
must find an argument that shows why the Brianchon theorem can be applied to the
degenerate hexagon AX BC'Z D, but not to the degenerate hexagon AX'BCZD with
X' #X.

In order to find such an argument, let’s recall how the Brianchon theorem is derived
from the Pascal theorem using the polar transformation.

The Pascal theorem states: If six points A, By, C1, Dy, E1, F} lie on one circle, then
the points of intersection A1B, N D1FEy, BiC; N E1F; and C1 D, N F1A; are collinear;
hereby, if two "adjacent" points - i. e., for instance, the points A; and B; - coincide,
then the line A; B, has to be interpreted as the tangent to the circle at the point Aj,
and not as an arbitrary line through the point A;.

After the polar transformation, this becomes: If six lines aq, by, ¢1, dy, €1, f1 touch
a circle, then the lines (a; Nby) % (dy Ney), (byNey)*x(ex N f1) and (1 Ndy) * (f1 Nay)
are concurrent®; hereby, if two "adjacent" lines - i. e., for instance, the lines a; and b,
- coincide, then the point of intersection a; N b; has to be interpreted as the point of
tangency of the line a; with the circle, and not as an arbitrary point on the line a;.

In other words: The hexagon formed by the lines aq, by, ¢, di, e, fi may be
degenerated, but if two adjacent sides lie on one line, then the vertex where these sides
meet must be the point of tangency of this line with the circle, and not just an arbitrary
point on this line.

This is fulfilled for the degenerate hexagon AX BCZD *, but not for the degenerate
hexagon AX'BCZD with X’ # X. Thus, the above argumentation for the hexagon
AXBCZD is correct - thus Theorem 2 is proven -, but the same argumentation for
the hexagon AX'BCZD is wrong.

Now, we head over to a less classical result, one noted by myself in 2003 (Fig. 6):

Theorem 4. Let the perpendicular to the line AB at the point A meet the line
BO at a point M. Let the perpendicular to the line AD at the point A meet the line
DO at a point N. Then, MN 1 AC.

3Hereby, we use the abbreviation G * H for the line joining two points G and H.

4The adjacent sides AX and X B of this hexagon lie on one line - and the vertex where they meet,
namely the vertex X, is indeed the point of tangency of this line with the circle. The same holds for
the adjacent sides CZ and ZD.



Fig. 6

In [4], this theorem appears as Theorem 1 and receives two proofs. Here is a different
proof of Theorem 4:

(See Fig. 7.) Let L, and L, be the orthogonal projections of the points B and D on
the line AC. Then, the lines BL;, and DLy, both being perpendicular to AC, must be

BL BP
parallel to each other, and thus Thales yields D Lb =5p But according to Theorem
d
BP b BL b BL DL
3, we have P4 Thus DLZ = or, equivalently, Tb = d.



C Fig.
7
(See Fig. 8.) Let R be the orthogonal projection of the point M on the line AC.
Then, L ARM = 90°. Compared with £ BL,A = 90°, this yields {ARM = £ BL,A. On
the other hand, K M AB = 90°, so that {MAR = AMAB — £{L,AB = 90° — L L,AB.
But in the right-angled triangle AL,B, we have {ABL, = 90° — £L,AB. Hence,
AMAR = LABLy. From £ARM = £BL,A and £ M AR = £ABL,, we see that the

AR AM
triangles ARM and BL,A are similar; thus, — = —.
BL, AB
On the other hand, the point M lies on the line BO, and from AM | AB and

AM X
OX 1 AB it follows that AM || OX. Hence, by Thales, — = O— Thus, we obtain
AB BX
AR AM OX p p BL,
el that AR=BL,- 2=, . 222
BL, AB BX b 50 tha f=Bly-p=r=

Similarly, we can denote by R’ the orthogonal projection of the point N on the line

DL BL DL
AC, and show that AR = p - ¢ Since Tb = Td’ we thus get AR = AR’. Since

the points R and R’ both lie on the segment AC, this yields that these points R and
R’ coincide. Now, since the point R is the orthogonal projection of the point M on
the line AC, we have M R | AC, so that the point M lies on the perpendicular to the
line AC' at the point R. Similarly, the point N lies on the perpendicular to the line
AC at the point R’. But since R = R’, these two perpendiculars coincide, and thus the
points M and N lie on one and the same perpendicular to the line AC. This means
MN 1 AC, and Theorem 4 is proven.




Fig. 8
In [2], Jean-Pierre Ehrmann showed an alternate approach to Theorem 4 with the
help of hyperbola properties. A corollary of this approach is the following fact:
Theorem 5. Denote the distances from the points B and D to the line M N by m
n

m
d tively. Then, — = —.
and n, respectively. en, 1B~ AD
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Here is an elementary proof of Theorem 5. First, we focus on the points X, Y, Z,
W. We will use directed segments; in the following, the directed distance between two
points P, and P, will be denoted by P,P, (as opposed to the non-directed distance,
which we will continue to write as P, P). Also, we direct the lines AB, BC, CD, DA
in such a way that the directed segments AB, BC', C'D, DA are positive (and thus the
segments BA, CB, DC', AD are negative). Then,

a=AW = AX, b= BX = BY, c=CY =CZ, d=DZ =DW
becomes
a=WA=AX; b= XB = BY; c=YC =07 d=27D = DW.

AT
(See Fig. 10.) Now, let T" be the point on the line AC' satisfying = = - Then,
c

TC c ) C
—— = ——, what rewrites as — = ——. Hence,
AT a TA

By the Menelaos theorem, applied to the triangle ABC and the points X, Y, T on its
sides AB, BC, C A, this yields that the points X, Y, T" are collinear. In other words,
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the point T lies on the line XY. As the definition of the point T is symmetric in B and
D, we can similarly show that this point 7" lies on the line ZV.
Note that we have thus shown an interesting side-result: Our point 7' lies on the

AT
lines AC, XY and ZW and divides the segment AC' in the ratio o 4 Comparing
c

AP AP
this with =—— = 2 (this is just the equation — = ? from Theorem 3, after being
PC c crP_ ¢
. . . AT AP . .
rewritten with directed segments), we see that T = ——=, so that the point 7T is

the harmonic conjugate of the point P with respect to the segment AC. Thus, we have
shown:
Theorem 6. The lines AC, XY, ZW concur at one point 7" This point 7" divides

AT
the segment AC' in the ratio T — —% and is the harmonic conjugate of the point P
c

with respect to the segment AC.
A

Fig. 10
(See Fig. 11.) Now, let M’ be the orthogonal projection of the point B on the line
MN. Then, the distance m from the point B to the line M N equals to the segment
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Fig. 11



BM'; so we have m = BM'.

On the other hand, BM' L M N, combined with MN 1L AC, yields BM' || AC, so
that L M'BA = £ X AT.

Since L MM'B = 90° and L M AB = 90°, the points M’ and A lie on the circle with
diameter M B. Thus, the quadrilateral AM’BM is cyclic, so that { BM'A = 180° —
£LAMB. On the other hand, in the right-angled triangle AM B, we have {AMB =
90° — L ABM. But since the point M lies on the line BO, i. e. on the angle bisector
of the angle ABC' (since the point O is the incenter of the quadrilateral ABCD), we

£LABC
have L ABM = . Finally, since BX = BY, the triangle X BY is isosceles, so
that its base angle £ BXY equals
KBXY:180 ;XBY—QOO—LCXZBY:%O—L{AzBC.

Thus,
LABC

A£BM'A = 180° — LAMB = 180° — (90° — LABM) = 90° + L ABM = 90° +

AB
= 180° — (90° - < C) =180° — ABXY = LAXT.
Since L M'BA = AXAT and {BM'A = LAXT, the triangles BM'A and AXT
BM’ AX
a;j similar. Thus, A—Bn = ﬁ Since mn; BM;L and a = AX, we therefore have
larl =— H — h Th
1B TA Similarly, — D= TA ence, 4B~ AD’ what proves Theorem 5.

In the remaining part of the article, we will consider some metric identities at the
circumscribed quadrilateral (Fig. 12).
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Fig. 12

The points X and Y, being the points of tangency of the incircle of the quadrilateral
ABCD with its sides AB and BC, are symmetric to each other with respect to the
angle bisector BO of the angle ABC. Hence, the segment XY is perpendicular to the
line BO and is bisected by this line. So the midpoint B’ of the segment XY lies on
the line BO. Similarly, the midpoint A’ of the segment W X lies on the line AO.

Now, from XY 1 BO we see that £ X B'O = 90°, while from OX 1 AB we have
£ABXO =90°. Thus, £ XB'O = L{BXO. Also, trivially, { XOB’' = £ BOX. Thus, the

OB’ 00X
. , - _ ' )
triangles X B'O and BXO are similar, so that ox — OB’ and thus OB - OB
0X? = p*
B A’
Similarly, OA - OA" = p%. Hence, OB - OB’ = OA - OA’, so that g—A = 0 -

Together with £ BOA = £A'’OB’, this yields the similarity of triangles BOA and
A’OB’. Consequently,

A'B" OA . OA OA-OA p?
AB OB’ thus AB_AB'OB_AB'OA-OB_AB'OA-OB'

Now, the points A" and B’ are the midpoints of the sides WX and XY of triangle
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0> YW

YW
XY thus, AAB'= —_ H AB - = . 1
w ; thus, 5 ence, OA-OB 5 Consequently,
AB — YW . OA-OB'
2 p?

Similar relations must obviously hold for BC, C'D and DA. We summarize:
Theorem 7. We have

AR — YW'OA-OB; BO:XZ.OB-OC;
2 p? 2 p?

oD — YW‘OC-OD; DA:XZ-OD.OA.
2 p? 2 p?

(See Fig. 13.)

Fig. 13

These equations can be used for deriving some other formulas. For instance, AB =
YW OA-OB

transforms into

2 p?
YW  2p*-AB
. o 2 . . —_
OA-OB=p"-AB: 5 Vi
Similarly,
2p% - CD
0D = ———.
ocC -0 Vv
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Thus,

2p% - AB
0A-0B  \ YW AB

OC-0D (2;#-01)) CD’

YW
.. OB-0C BC
Similarly, 0D OA— DA’ So we have shown:
Theorem 8. We have
AB_OA-OB. BC OB-0OC
CD OC-0D’ DA OD-0OA

Proving these equations was a 10th grade problem in the 4th round of the 14th
DeMO (East German mathematical olympiad) 1974/75. This theorem entails

AB-BC AB BC OA-OB OB-0C OB?
CD-DA CD DA OC-0OD OD-OA OD?

or, equivalently,
OoB?>  OD?
AB-BC CD-DA’
0A? B 0C?
DA-AB BC-CD’
Theorem 9. We have
OB? B OD? . OA? B 0C?
AB-BC CD-DA’ DA-AB BC-CD’

Thus we arrive at:

Similarly,

This also appears with proof in [5].
Now we show a harder identity given in the China IMO TST 2003 ([8]):
Theorem 10. We have

OA-0OC+OB-0OD=+vVAB-BC-CD - DA.

Proof of Theorem 10. (See Fig. 14.) Let X’ and Z' be the antipodes of the
points X and Z on the incircle of the quadrilateral ABCD  °, or, in other words,
the reflections of the points X and Z with respect to the center O of this incircle.
Then, the segment X X’ is a diameter of the incircle of the quadrilateral ABCD, and
thus £ XY X’ = 90°, so that YX’ L XY. On the other hand, XY 1 BO. Hence,
YX' || BO, so that LXX'Y = £BOX. Together with LXY X' = £BXO (since

AXY X' =90° and LBXO = 90°) this entails that the triangles X X'Y and BOX are

XY 00X 00X
X = 0B’ so that X'Y = X'X - OB Now, X'X =2-0X

(since the point X’ is the reflection of X in O), and thus

similar; consequently,

OX 2-0X* 2p°
OB OB OB’

5The antipode of a point P on a circle k is defined as the point P’ on the circle k such that the
segment PP’ is a diameter of k.

XY =2-0X-
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Fig. 14
Similarly,

2p2 2p2 2p2
7Y = —; Z'W = —; X'W=_—".
oC”’ OD’ OA
Finally, X'Z" = X Z, since the points X’ and Z’ are the reflections of the points X and
Z in the point O, and reflections preserve distances.
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Fig. 15
(See Fig. 15.) Now, the points X', Y, Z’, W all lie on the incircle of the quadrilateral
ABC D; thus, the quadrilateral X'Y Z'W is cyclic, so that, after the Ptolemy theorem,

XY -ZW+XW.-Z'Y =X'Z"-YW.

According to the above formulas, this becomes
20 207 2p% 2p?
P2 20 2

OB 0D 04 oc — 4 YW he
1 1
4. — . 1
4p (OB-OD+OA-OC> XZ-YW, i. e.
4t 0A0C+OB.OD

" OA-OB-0OC-0D
Hence,
XZ-YW-0A-OB-0OC-0D

OA-OC +OB-0D = :
4p

(1)
But Theorem 7 yields
AB-BC-CD-DA
(YW OA-OB XZ OB-0C YW OC-0OD XZ OD-0A
o2 p? 2 p? 2 p? 2 p?
_ (XZ-YW-OA-OB-0C-0OD\?
— e ,
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so that

XZ-YW-0OA-OB-0C-0OD

T =VAB-BC-CD - DA.
0

Hence, (1) becomes

OA-OC+OB-0OD =+VAB-BC-CD - DA,

and Theorem 10 is proven.
For our further observations, we denote by | P P;...P,| the (non-directed) area of an

arbitrary polygon P, P;...F,.
Now, we denote the interior angles of the quadrilateral ABC'D by

a=ADAB; 8= LABC, v = 4£BCD; 0 =4£CDA.
Then, we are going to show:

Theorem 11. We have
_ (a+c)-p _(b+ad)
0A4-0C = —5 = OB-OD=""50%
S1n S1n
OA-OC a+c (a+b+c+d)-p
Dbl : A- B-0OD = ,
OB-OD _ b+d 0A-0C+0B-0 ¥y
2

.p‘
67

A

Fig. 16



Proof of Theorem 11. (See Fig. 16.) Let U be the point on the ray X B satisfying
UX = c. Comparing this with ¢ = CZ, we get UX = C'Z. Furthermore, LOXU =
90° = LOZC and OX = OZ. Thus, the triangles OXU and OZC are congruent, so
that OU = OC' and £ XOU = £Z0C.

Since the point O, being the incenter of the quadrilateral ABC' D, lies on the angle

DAB
bisector of its angle DAB, we have £ X AO = = 5 = %; in the right-angled triangle

AXQO, we thus obtain L XOA = 90° — L X AO = 90° — %. Similarly, £ ZOC" = 90° — %;

since £ XOU = £Z0OC, this becomes £ XOU = 90° — % Hence, LAOU = £ X0OA +

LXOU = (900 _ %) n (900 _ %) —180° — 27 o6 that sin LAOU = sin & ; 0

From AX = a and UX = ¢, we conclude that AU = AX +UX =a+c.
Now, the area of a triangle equals half of the product of two of its sides and the
sine of the angle between them; applying this to triangle AOU, we get |AOU| =

% "OA - OU - sin LAOU: since OU = OC and sin AOU = sin

|AOU|:%-OA-OO-sina;7.

On the other hand, the area of a triangle equals half of the product of a side with
the respective altitude; applied to the triangle AOU (in which OX is the altitude to

1
the side AU), this yields |[AOU| = 3 AU - OX; since AU = a + ¢ and OX = p, this

7 , this becomes

1
rewrites as |[AOU| = 3 (a+c)-p.
o+

and |[AOU| = =-(a+¢)-p,

DN | —

1
Comparing the equations |AOU| = §-OA-OC' -sin
we see that OA - OC - sin o+

T (a+c¢) - p, and thus

_(a+c)-p
OA * OC — ‘O{——"—"y‘
sin
Similarly,
(b+d)-p
B-op=""9"F
0B-0 . B+0
sin
2
Now, by the sum of angles in the quadrilateral ABC D, we have a+ [+~+0 = 360°, so
4] 5 360° 0
that a;fy + 6;_ = a—i—ﬁ—;y%— =5 = 180°, and thus sinﬁ+ = sina;—v.
Hence, the equation
C(b+d)p C(b+d)p
OBOD—W becomes OBOD— ' 04_’_7
Sin 9 S 9
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Thus,

(at+c)-p
.ty
OA-OC S a+c
OB-0D Cb+d
(b+d)-p
. oty
Sin

and
(atc)-p (b+d)-p (a+btc+d)-p

aty sina+7_ sinOH—7
2

OA-OCH+0OB-0D =

sin

Therefore, Theorem 11 is proven.
Now, Theorem 11 asserts

(a+b+c+d)-p
a4y !
2

OA-OCH+0OB-0D =

sin

while Theorem 10 states that

OA-OC+OB-0OD=+AB-BC-CD-DA.

Hence,
(a+b+c+d)-p
e =VAB-BC-CD - DA,
sin
2
so that

(a+b+c+d)-p:\/AB-BC-CD-DA-smO‘;V.

(See Fig. 13.) Now, the area of a right-angled triangle equals half of the product of

1
its two catets; for the right-angled triangle AW O, this yields |AWO| = 5 AW -OW =
1 1
5P Similarly, |[AXO| = 54 and thus |[AWOX| = |[AWO| + |[AXO| =
1 1
§-a~p—|—§-a~p = a-p. Similarly, |BXOY | =b-p, |CYOZ| = c¢-pand |[DZOW| =d-p.
Hence,

IABCD| = |AWOX]|+ |BXOY|+|CYOZ| +|DZOW| =a-p+b-p+c-p+d-p
- (a+b+c+d)-p:\/AB.BC.CD.DA-smO‘;”.

Thus, we conclude:
Theorem 12. The area |ABC D] of a circumscribed quadrilateral ABC D equals

|ABCD| :\/AB-BC-CD-DA-smO‘;V.

This is not an unknown formula, however it is usually derived from the generalized
Brahmagupta formula for the area of an arbitrary quadrilateral ([9]) which, in turn, is
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proven by a long trigonometric calculation. Here we gave a rather long, yet synthetic
proof of Theorem 12.

Next, we are going to prove a result due to A. Zaslavsky, M. Isaev and D. Tsvetov
which was given in the final (fifth) round of the Allrussian Mathematical Olympiad
2005 as problem 7 for class 11 ([11]):

Theorem 13. The incenter O of a circumscribed quadrilateral ABC' D coincides
with the centroid of the quadrilateral ABCD if and only if either the quadrilateral
ABCD is a thombus or OA-OC = OB - OD. (See Fig. 17.)

Hereby, the centroid of the quadrilateral ABC'D is defined as follows:

Let E, F, G, H be the midpoints of the sides AB, BC, C'D, DA of the quadri-
lateral ABC'D. Then, according to the Varignon theorem, the quadrilateral FFGH
is a parallelogram, so that its two diagonals FG and F'H bisect each other. In other
words, the segments EG and F'H have a common midpoint. This midpoint is called
the centroid of the quadrilateral ABCD.

A

Fig. 17
Now, let’s prove Theorem 13. In order to do this, we have to verify two assertions:
Assertion 1. If the point O is the centroid of the quadrilateral ABC' D, then either

the quadrilateral ABC'D is a rhombus or OA - OC' = OB - OD.

Assertion 2. If either the quadrilateral ABC'D is a rhombus or OA-OC = OB-0OD,
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then the point O is the centroid of the quadrilateral ABCD.
Before we establish any of these assertions, we start with a few observations holding
for every circumscribed quadrilateral ABCD (Fig. 18):

AB b
Since the point FE is the midpoint of the segment AB, we have AE = — = at

2 2
and thus

EX:|AX—AE|:‘a—a+b‘: a_b‘z la— 8]
2 2 2

¢ —d|

Similarly, GZ =

Also, note that the triangles FOX and GOZ are right-angled at their vertices X
and Z, since L{OXFE = 90° and £LOZG = 90°.

Now, we are going to establish Assertions 1 and 2.

Proof of Assertion 1. We distinguish between two cases:

Case 1: We have a +c # b+ d.

Case 2: We have a +c=0b+d.

Let us first consider Case 1. The point O is the centroid of the quadrilateral
ABCD, i. e. the midpoint of the segment EG. Thus, OF = OG. Also, OX = OZ.
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Hence, the two right-angled triangles FOX and GOZ have the hypotenuse and one
catet in common; thus, they are congruent, and we conclude that £ X = GZ. Since
EX = MT_Z)’ and GZ = =N his yields |a — bl = | — d| . Thus, either a—b = c—d,
ora—b=d—c Now,a—b=d— cwould lead to a + ¢ = b + d, what is impossible
since we have a + ¢ # b + d (because we are in Case 1). Hence, it remains only the
possibility a — b = ¢ — d, that is, a + d = b + ¢. Similarly to a — b = ¢ — d, we can
prove that a —d = ¢ — b, and thus 2a = (a+d)+ (a —d) = (b+¢)+ (¢c—b) =2¢c. In
other words, a = c. Similarly, b = d. Hence, opposite sides of the quadrilateral ABC D
are equal; this means that the quadrilateral ABC' D is a parallelogram, and since it is
circumscribed, it must be a rhombus (in fact, among all parallelograms, only rhombi
are circumscribed). Thus, we have shown that the quadrilateral ABC'D is a rhombus

in Case 1. OA.0C N
Now, let us consider Case 2. In this case, a+c = b+d. As we have 50D - Z+ ;

from Theorem 11, this yields OA - OC = OB - OD. Thus, OA - OC = OB - OD holds
in Case 2.

Hence, we have shown that the quadrilateral ABC'D is a rhombus in Case 1, and
that OA-OC = OB-OD in Case 2. Since these cases cover all possibilities, we conclude
that either the quadrilateral ABC'D is a rhombus or OA - OC = OB - OD. Assertion
1 is proven.

Proof of Assertion 2. Assume that either the quadrilateral ABC'D is a rhombus or
OA-OC =0B-0D. We can WLOG assume that OA - OC = OB - OD (because the

case when the quadrilateral ABC'D is a rhombus is trivial for symmetry reasons).

OA-OC a+c
F Th 11 h = h A - = OB -0D
rom Theorem 11, we have 0B-0D b d so that OA - OC |O b|0
a_

immediately yields a + ¢ = b+ d. Hence, a — b = d — ¢, and thus FX = 5

d— —d
| C| [c—d] = (GZ. Furthermore, OX = OZ. Thus, the two right-angled triangles

EOX and GOZ have the same catets; hence, they are congruent, and it follows that
OF = OG. So the point O lies on the perpendicular bisector of the segment EG.
Similarly, the point O lies on the perpendicular bisector of the segment F'H.

Since the circumscribed quadrilateral ABC'D is convex, and F, F, G, H are the
midpoints of its sides, the lines EG and F'H cannot be parallel. Thus, the perpendicular
bisectors of the segments EG and F'H are not parallel as well; therefore, they have
one and only one common point. This common point is obviously the centroid of the
quadrilateral ABC'D (since this centroid is the common midpoint of the segments EG
and F'H and thus lies on their perpendicular bisectors).

But as we have shown that the point O lies on the perpendicular bisectors of the
segments KG and F'H, the point O must be this common point. Hence, the point
O is the centroid of the quadrilateral ABC'D. Assertion 2 is shown, and the proof of
Theorem 13 is complete.

Now we return to the case of an arbitrary circumscribed quadrilateral ABC'D. We
prove an identity formulated by Pengshi in [12]:

Theorem 14. The radius p of the incircle of the circumscribed quadrilateral
ABC'D satisfies

o bed + cda + dab + abe
R
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Our proof of this theorem will only slightly differ from Anipoh’s in [12]; the key is
the following lemma:
Theorem 15. Let x, y, z, w be four angles such that = +y + z + w = 180°. Then,

tanx + tany + tan z 4 tanw

= tany-tanz-tanw +tanz-tanw-tanz +tanw - tanz - tany + tanz - tany - tan z.

Proof of Theorem 15. From x + y + z + w = 180° it follows that v +y =
180° — (2 + w), so that tan (z +y) = tan (180° — (2 + w)) = —tan (z + w) and thus

tan (x +y) + tan (z + w) = 0. But the addition formulas for the tan function yield

t t t t
tan (z + y) = anx + tany and tan (2 + w) — an z + tanw

; hence, t
1 —tanxtany 1—tanztanw’ 0 an (¢ +y) +

tanx + tany tan z + tanw

tan (z +w) = 0 becomes = 0. Multiplication by

1 —tanztany 1 —tanztanw
(1 — tanx tany) (1 — tan 2z tan w) yields

(tanx + tany) (1 — tan z tanw) + (tan z + tanw) (1 — tanx tany) = 0,
thus

(tanz + tany — tan z tan w tan x — tan y tan z tan w)

+ (tan z + tanw — tan x tan y tan z — tanw tan x tany) = 0,
thus
tan r+tan y+tan z+tan w = tan y tan z tan w+tan z tan w tan r+tan w tan x tan y+tan x tan y tan z.

This proves Theorem 15.
Now we come to the proof of Theorem 14: With the notations «, (3, v, 0 for the
angles of the quadrilateral ABC'D, we have

a+B+v7+0=4ADAB+ LABC + £BCD + LCDA = 360°

by the sum of angles in the quadrilateral ABC D). Now set x = &y = é z = J
(by g q 5 Y= 5

1)
w=g. Then,

a [ v 6 a+pB+y+46  360° .
r+y+z+w 2+2+2+2 2 7

Thus, Theorem 15 yields

tanz + tany + tan z + tanw (2)

= tany-tanz- -tanw 4 tanz -tanw - tanz 4 tanw - tanx - tany 4 tanx - tany - tan 2.

(See Fig. 16.) During the proof of Theorem 11, we have shown that £ X AO = %.

Since OX L AB, the triangle AX O is right-angled at X. Hence, OX = AX -tan £ X AO,

so that p = a - tanx (since OX = p, AX = a and £LXAO = % = ). Thus tanz = B;
a

similarly, tany = [—;, tanz = B, and tanw = 5 Thus, (2) becomes
c



Multiplication by abed yields
pbed + peda + pdab + pabe = pPa + pPb + pc + pPd.

In other words,

p(bed + cda + dab+ abc) = p*(a+b+c+d), so that
o bcd+ cda+ dab+ abe
r= a+b+c+d

what proves Theorem 14.

A notation: If P is a point, and g is a line, we denote by dist (P; ¢) the (non-
directed) distance from the point P to the line g. We will often use the following fact:

1

Area-distance relation: For any three points U, V, W we have [UVW| = 3 VW -

dist (U; V).
1
This fact is just a restatement of the fact that the area of a triangle equals 3

sidelength - corresponding altitude (since in triangle UV W, the altitude from U to
VW is dist (U; VIV)).

Now comes an easy corollary of Theorem 3 (Fig. 4):

Theorem 16. We have

|APB| |BPC| |CPD| |DPA|
ab  be cd  da

(3)

1
Proof of Theorem 16. By the area-distance relation, | BAP| = 3 AP -dist (B; AP)

1
and |[BCP| = 3 CP -dist (B; CP), so that

1 .
AP dist (B AP) - up gist(B; AP)

Y

|APB| _ |BAP|
) ~ CP dist(B; CP)’

2
|BPC| |BCP| 1
2

.CP - dist (B; CP

dist (B; AP)

Now, &st (B OP) =1 (since dist (B; AP) = dist (B; CP), because AP and C'P are

APB b
the same line), and P = % by Theorem 3. Hence, we get \|BPO|| = % -1 = % = %,
so that |APB| = |BPC|. Similarly, |BPC] = CPD and CPD = ’DPA|. This

be cd cd da

a
proves Theorem 16.
Now we shall show a result by A. Zaslavsky from [13] (see also [14]) (Fig. 19):
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Fig. 19
Theorem 17. We have

1 1 1 1
dist (P; AB) T dist (P; CD)  dist(P; BO) T st (P; DA)

Proof of Theorem 17. Due to the equation (3), we can define

_|APB| |[BPC| |CPD| |DPA

A ab be cd da

Then, |APB| = Aab.
1
By the area-distance relation, |PAB| = 3 AB - dist (P; AB), so that

2.|PAB| 2-|APB| 2-Aab

dist (P; AB) = 1B B > (as |APB| = Aab and AB =a+b),
and thus
1 _1/2~)\ab_a+b_i a+b 1 1+1
dist(P; AB) 7 a+b 2-Xab 2\ ab 2\ \a b/’
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Similarl ! Ll that
1miiar _ = — — —
MY Qist (P; €D)  2x\e q) M

1 n 1 1 1+1 +1 1+1 1 1+1+1+1
dist (P; AB) dist(P; CD) 2\\a b) 2\\c d) 2\\a b ¢ d)’

Similarly,
dist (P; BC) dist(P; DA) 2\ \a b ¢ d)°

Thus,
1 1 1 1

dist (P; AB) T st (P; CD)  dist (P; BC) T st (P; DA)’
and Theorem 17 is proven.

Next comes a result whose part a) appeared in [15] (with a different proof) (Fig.
20):

Fig. 20

Theorem 18. Let Hy, Hy, Hz, Hy be the orthocenters of triangles AOB, BOC,
COD, DOA.

a) The points P, Hx, Hy, Hyz, Hy are collinear.
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b) Using directed segments, we have

PHx PHy PHz  PHy

ab be cd da

Fig. 21

Proof of Theorem 18. (See Fig. 21.) Let By be the foot of the altitude of triangle
BOC issuing from B. Then, the lines BBy and OY are two altitudes of triangle BOC
(for BBy, this is clear, and for OY it follows from OY L BC), and thus intersect at
the orthocenter Hy of this triangle. Hence, £ BY Hy = 90° and

LY BHy = XCBBy =90°— £BCBy (in the right-angled triangle BBy (')
90° — LBCO.

Thus we have shown that £ BY Hy = 90° and £Y BHy = 90° — £ BCO. Similarly,
ADZHz =90° and L ZDHz =90° — £LDCO.

The point O, being the incenter of the quadrilateral ABCD, lies on the angle
bisector of the angle BC'D. Thus, K BCO = £DCO.

From {BY Hy = 90° = {DZHz and £Y BHy = 90° — £BCO =90° — £ DCO =

BH
AZDHz, it follows that triangles BY Hy and DZ H; are similar. Therefore, D—HY =
z
BY BH b
A Since BY = b and DZ = d, this becomes DHZ =
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The line BHy is the line BBy; thus, BBy 1 CO yields BHy 1L CO. Similarly,
DHz 1 CO. Consequently, BHy || DHy.

A

Fig. 22
(See Fig. 22.) Now, denote by P, the point of intersection of the lines Hy H; and
BP, BH BH b
BD. Since BHy || DHyz, the Thales theorem yields DPE = DHZ' Since DHZ =7
BP, b BP b BP, BP
this becomes i) PZ = But Theorem 3 asserts P - d Thus, D_PZ = Dp Hence,

the points Py and P divide the segment BD in the same ratio (both internally, as
one can see by arrangement considerations®). Hence, these points P, and P must
coincide. Thus, Py € HyHy yields P € HyH;. Hence, the lines PHy and PHy,
coincide. Similarly, the lines PH; and PHy, coincide, and the lines PHy, and PHx
coincide. Thus, all four lines PHx, PHy, PH;, PHy coincide, i. e., the points P,
Hy, Hy, Hz, Hy are collinear. Theorem 18 a) is proven.

Py H BH
Because of BHy || DHy, the Thales theorem implies —— = Y As we saw
PH;  DHy
PH BH BH b
above, Py = P, so this becomes PHZ = DHZ' Together with DHZ =7 this yields

6One could also avoid arrangement considerations by working consequently with directed segments,
but this would require more theory.
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PHy b PHy b

PH, =7 With directed segments, this transforms into BT, = (as arrange-
PH —_—
ment considerations show that the directed ratio PHY is negative). Thus, d- PHy =
z
— PH PH PH PH
—b- PHyz, so that Y = —TZ. Dividing by c yields 2 Y - _ dZ' Similarly,
c c
PHy PHy PHyy PHx PHx PHy  PHz PHy

da d da - Thus, ——7 b cd da

c a a c
and Theorem 18 b) is proven. This completes the proof of Theorem 18.

= — and =
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