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Someproblemsfrom theGermanNationalMathematicsCompetition
(BundeswettbewerbMathematik) arecloselyconnectedwith TriangleGeometry. While in
certainones, trianglesoccurexplicitely in theproblemstatement, therearealsoproblems
whicharenot immediatelyseento haveto dowith triangles. An exampleof thesecondkind
is theProblem 3 of the Bundeswettbewerb Mathematik 2003, 1 round:

In a parallelogramABCD, pointsM andN arechosenon thesidesAB andBC in a
suchway thattheydon’ t coincidewith a vertex, andthatthesegmentsAM andNC
haveequallength. Let Q betheintersectionof thesegmentsAN andCM.
To provethatDQ bisectstheangleADC.

This problemis quickly rewritten” from theperspectiveof triangleABC” :

Let ABCbeanarbitrarytriangle. Theparallelto BC throughA meetstheparallelto AB
throughC at D.

Now let M andN bepointson thesidesAB andBC, whichsatisfyAM � CN.
To prove: TheintersectionQ of AN andCM lies on theanglebisectorof theangleADC.

Thesolution is not difficult : After theSineLaw in thetrianglesADQandCDQ, weget
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But � QAD � 180° � � QNC(sinceAD � BC); thussin 	 QAD 
 sin 	 QNC, and
analogouslysin 	 QCD 
 sin 	 QMA, andconsequently
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After theSineLaw in thetrianglesAMQandCNQ, this transformsto
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sin 	 CDQ
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: CN
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But AM 
 CN and 	 CQN 
 	 AQM. Thus,

sin 	 ADQ
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 1 � 1 
 1,

i. e. sin 	 ADQ 
 sin 	 CDQ. This yieldseither 	 ADQ 
 	 CDQor
	 ADQ � 
 CDQ � 180°. But as 
 ADQ � 
 CDQ � 
 ADC � 180°, wemusthave�

ADQ � �
CDQ. Thus, thepointQ lies on theanglebisectorof theangleADC, what

concludestheproof.
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Fig. 1

Ourproblemfaciliatestheproofof thefollowing theorem([2], page12; [3], page55):
Nagel theorem. Theincenterof a triangleABC is theNagelpointof themedial
triangleof � ABC.

Webeginwith someexplanations. Themedialtriangleof a triangleABC is thetriangle
from themidpointsof thesidesof � ABC, i. e. from themidpointsof thesegmentsBC, CA
andAB. Moredifficult is thedefinitionof theNagelpoint (Fig. 2):

Theexcircleof triangleABCwhich touchesthesideBC in theinterior is calledthe
a-excircle of triangleABC. Let this a-excircletouchBC at N; similarly, let theb-excircle
touchCA at P andthec-excircletouchAB at M.

ThenthelinesAN, BP andCM meetat a point, theso-calledNagel point of � ABC.
Theproofof theresultthatthelinesAN, BP andCM meetat a pointusesthefollowing

distances:

AM � s � b; BM � s � a;

BN � s � c; CN � s � b;

CP � s � a; AP � s � c,

wheres � 1
2 � a � b � c � is thehalvedperimeterof � ABC. Thesedistanceswereshownin [2],

page6, in [3], page29, andin [4], chapter1 §4.
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This gives

AM � CN; CP � BM; BN � AP.     (1)

Then,

AM
BM � BN

CN � CP
AP

� CN
BM � AP

CN � BM
AP

� 1,

andwith directedsegments

AM
MB � BN

NC � CP
PA

� 1.

Hence, aftertheCevatheorem, thelinesAN, BP andCM areconcurrent. Theexistenceof
theNagelpoint is established.

Now weundertakeanauxiliaryconstruction:
Theparallelsto BC throughA, to CA throughB, andto AB throughC enclosea triangle

GDE, which is calledtheantimedial triangle of � ABC (seeFig. 3). Then, ABCD is a
parallelogram, andD is theintersectionof theparallelto BC throughA with theparallelto
AB throughC. Hence, thepointD coincideswith thepointD from theproblem. If Q is the
Nagelpointof triangleABC, i. e. theintersectionof thelinesAN, BP andCM, wehave
AM � CN, andcanapplytheproblemandget: ThepointQ lies on theanglebisectorof the
angleADC.

But sincethis anglebisectoris oneof thethreeanglebisectorsof triangleGDE, and



sincewecananalogouslyprovethatQ lies on thetwo otheranglebisectors, Q is theincenter
of triangleGDE.

In brief: WehaveshownthattheNagelpointof a triangleis theincenterof the
antimedialtriangle.
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Fig. 3
Now considera triangleABCandits medialtriangle(Fig. 4). Rememberingthatthesides

of themedialtriangleareparallelto therespectivesidesof theoriginal triangle, weseethat
everytriangleis theantimedialtriangleof its medialtriangle. Hence, theNagelpointof the
medialtriangleof a triangle � ABC is theincenterof � ABC.

This provestheNageltheorem.
– This derivationof theNageltheoremis apparentlynew.
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