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Someproblemsfrom the GermanNationalMathematicsCompetition
(Bundeswettbewerblathematil arecloselyconnectedvith TriangleGeometry While in
certainones trianglesoccurexplicitely in the problemstatementtherearealsoproblems
which arenotimmediatelyseento haveto do with triangles An exampleof the secondkind
is the Problem 3 of the Bundeswettbewerb Mathematik 2003, 1 round:

In aparallelogramABCD, pointsM andN arechoseronthesidesABandBCin a
suchway thattheydort coincidewith avertex andthatthe segment®A\M andNC
haveequallength Let Q betheintersectiorof thesegment®AN andCM.

To provethatDQ bisectsheangleADC.

This problemis quickly rewritten” from the perspectiveof triangle ABC’:

Let ABCbeanarbitrarytriangle The parallelto BC throughA meetsthe parallelto AB
throughC atD.

Now let M andN be pointson the sidesAB andBC, which satisfyAM = CN.

To prove TheintersectionQ of AN andCM lies on the anglebisectorof theangleADC.

Thesolution is notdifficult: After the SineLaw in thetrianglesADQ andCDQ, we get

SinAADQ _ AQesinAQAD:DQ _ AQ , sinAQAD
SinACDQ CQesinAQCD:DQ CQ sinAQCD®

But A QAD = 180° — A QNC(sinceAD | BC); thussin A QAD = sinA QNC, and
analogoushsin A QCD = sin A QMA, andconsequently

SinAADQ _ AQ , sinAQNC _ AQ , CQ
SinACDQ CQ sinAQMA  sinAQMA ° sinAQNC’

After the SineLaw in thetrianglesAMQ andCNQ, thistransformgo

SinAADQ _ AM , CN _ AM , sinA CON
SinACDQ  sinAAQM ° sinACQN CN  sinAAQM’

ButAM = CNand A CQN= A AQM. Thus

sin A ADQ
sSinA. CDQ

=1lel=1,

i.e sinAADQ = sinA CDQ. Thisyieldseither A ADQ = A CDQor

A ADQ+ A CDQ = 180°. ButasA ADQ+ A CDQ = AADC + 180°, we musthave
A ADQ = A CDQ. Thus thepointQ lies ontheanglebisectorof theangleADC, what
concludeghe proof.
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Our problemfaciliatesthe proof of thefollowing theorem([2], pagel2; [3], page55):
Nagel theorem. Theincenterof atriangleABCis the Nagelpoint of the medial
triangleof AABC.

We beginwith someexplanationsThe medialtriangleof atriangleABCis thetriangle
from the midpointsof the sidesof AABC, i. e. from the midpointsof the segment8C, CA
andAB. More difficult is thedefinition of the Nagelpoint (Fig. 2):

Theexcircleof triangle ABCwhich toucheghesideBC in theinterioris calledthe
a-excircle of triangleABC. Let this a-excircletouchBC at N; similarly, let the b-excircle
touchCA at P andthe c-excircletouchAB at M.

ThenthelinesAN, BP andCM meetat a point, the so-calledNagel point of AABC.

The proof of theresultthatthelinesAN, BP andCM meetat a point useshefollowing
distances

AM = s-Db; BM=s-g;
BN =s-c¢; CN=s-b;
CP=s-ga AP =s-c,

wheres = %(a+ b + c) is thehalvedperimeterof AABC. Thesedistancesvereshownin [2],
pagesb, in [3], page29, andin [4], chapterl &4.
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This gives
AM = CN; CP = BM,; BN = AP. Q)
Then

AM BN, CP _ CN, AP A BM _;
BM°CN" AP " BM"CN" AP ~ ™

andwith directedsegments

AM , BN , CP _ 4
MB "NC " PA ~—

Hence afterthe Cevatheoremthelines AN, BP andCM areconcurrentThe existenceof
theNagelpointis established

Now we undertakeanauxiliary construction

Theparallelsto BC throughA, to CAthroughB, andto AB throughC encloseatriangle
GDE, whichis calledtheantimedial triangle of AABC (seeFig. 3). Then ABCDis a
parallelogramandD is theintersectiorof the parallelto BC throughA with the parallelto
AB throughC. Hence the point D coincideswith the point D from the problem If Q is the
Nagelpoint of triangleABC, i. e. theintersectiorof thelinesAN, BP andCM, we have
AM = CN, andcanapplytheproblemandget ThepointQ lies onthe anglebisectorof the
angleADC.

But sincethis anglebisectoris oneof thethreeanglebisectorsof triangle GDE, and




sincewe cananalogouslyrovethatQ lies on thetwo otheranglebisectorsQ is theincenter
of triangleGDE.

In brief. We haveshownthatthe Nagelpoint of atriangleis theincenterof the
antimedialtriangle

Fig. 3

Now consideratriangleABC andits medialtriangle(Fig. 4). Rememberinghatthe sides
of themedialtriangleareparallelto therespectivesidesof the original triangle we seethat
everytriangleis the antimedialtriangleof its medialtriangle Hence the Nagelpoint of the
medialtriangleof atriangleAABC is theincenterof AABC.

This provesthe Nageltheorem

— This derivationof the Nageltheoremis apparentlynew.
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