American Mathematical Monthly
Problem 11453 by Richard Stanley, generalized

Let A be a finite set of finite sets. Assume that
every set I € A and every subset G of F' satisfy G € A. (1)
Let k£ be a nonnegative integer. Assume that

for every set G € A satisfying |G| < k, we have 28417161 | Z (—1)'F, (2)
FeA;
F2G
Prove that 251 | |A|.

Solution by Darij Grinberg.

Remark about notation: Let us denote by N the set {0,1,2,...} (and not the set
{1,2,3, ...}, as some authors do).

We start with a simple lemma:

Lemma 1. Let G be a finite set. Then,

> (9= (-1

FeP(G)

Proof of Lemma 1. For every k € N, we have

were 1 ir=ni= ("), 3

Now,
Z |F|_Z Z IFI_Z Z Z Z 1 (—2)F
FeP(G) keN FeP(@); keN FeP(G); keN FeP(G);
|F|=k |F|=k |F|=k
——

={FeP(@) | |F|=k}|-1
={FeP(G) | |F|=k}|=

(by (3))

k

_ % (|i|> (—2)f = kGZN (f\) (—2)F

k<|G]|

here we replaced the > sign by an Y sign, since the addends for

keN kEN;
e

k > |G| are zero (as (f‘) =0 for k > |G])



|G
—1 = ((-2)+ 19 = ('i') S(—2)F - ylek (by the binomial formula)
=(-2)+1 k=0 =1
|G|
G G
k=0 keN;
~ k<|G]
"
k<|G|
Thus,
> (2= (1),

FeP(G)
This completes the proof of Lemma 1.

Now let us solve the problem: Let G € A. Then, {Fe A|G2F} CP(G) !
and P(G) C{FeA|G2F} 2 Hence, {FEA|GDF}=P(G).

Now,

> (-2 ()"

GeA FeA,
FOG

= E 2)IF E (—1)!“! (here we renamed G and F' as F' and G in the sums)
FeA cea,
OF

=Y () =S ()M () = 3 (1) Y (o)

FeA GeA; GeA FeA; GeA FeA;

GQF GQF GDF
————

=> X
GEA FEN;
GOF

=3 )9 Y ("

GeA FEP(G)

since {FF€ A|G D F}=P(G) yields Z (_2)\F\ _ Z (_2)\F\

Fed, FeP(G)
GOF
= Z lG‘ lGl since Lemma 1 yields Z (—2)|F| — (_1)\GI
\‘,_/
CEA (L1 (-1)¥l=1i6i=) FEP(@)
=Y 1=1a]-1=14]. n
GeA

In fact, let U € {F € A|G D F}. Then, G 2 U, thus U C G, which means that U € P (G).
Hence, we have proven that U € P (G) for every U € {F € A|G 2D F}. Thus, {Fe€A|GD F} C
P(G).

2In fact, let U € P (G). Then, U C G, thus U € A (by (1), applied to G and U instead of F and

G)and G DU, sothat U € {F € A | G D F}. Hence, we have proven that U € {FF € A | G D F'} for
every U € P(G). Thus, P(G) C{F e A|GD F}.
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But for every G € A, we have

24 (-2 3 ()" )

FeA;
FOG
3 Thus,
ok+1 | Z (_Q)IG\ Z (_1)|F|.
GeA FeEA;
FDOG

This becomes 2¥*! | |A| (due to (4)). Thus, the problem is solved.

3In fact, since |G| € N, we have either |G| < k or |G| > k + 1. In both of these cases, (5) holds,
since:

o if |G| <k, then 26+1-1G1 | S (=)l (by (2)) and 261 | (—=2)!! (since (—2)“! = (=1)/¢I 2161

FeA;
FOG
lead to 2/G12k+1=1G1 | (—2)I1 s ()l what becomes 2841 | (=2)/¢ = (=) (since
FeA; Fedl;

F2G F2G
2lGlok+1-IG| — 9|GI+(k+1-IG]) = 9k+1) 5o that (5) holds;

e if |G| > k + 1, then 2F+1 | 2161 and thus 25+1 | (—1)¢12161 = (=2)I°! 50 that (5) holds.

Hence, (5) always holds. This completes the proof of (5).



