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Let p be a prime such that p > 3. Let R be a ring (not necessarily commutative
and not necessarily having a multiplicative identity) such that

p .
D it =0 (1)
=1

holds for every x € R. Prove that R = 0, where 0 means the trivial ring (i. e. the ring
consisting of one element only).

Solution by Darij Grinberg.
Every z € R satisfies

p+1
T — m2p—|—1 — x2-1 1 p+1 Zx% 1 Zx% 1
P
= Z gt Z 2(41)-1 (here we substituted ¢ + 1 for ¢ in the second sum)
H,_/

=1 —p2,2i—1

— Zx%_l —xQszi_l =0—-0=0.
i=1 i=1

=0 by (1) =0 by (1)

Thus,
xr = Tt (2)

for every x € R.
Now, let y € R. Then, (2) (applied to z = y) yields y = y***!, so that

2p—1 2p

) =Y

2 — —
(yQ;D) _ y4p — y(2p D+(2p+1) _ y2p 1, 2p+1 y=y

Thus, y* is idempotent; hence,
k
7)) =y* (3)
p .
for every integer k > 1. Applying (1) to z = y? yields 3 (y2*)* " = 0; thus,
i=1

p

0=">" ()" Z?ﬁp—py (4)

=1
T =y by (3)

On the other hand, applying (2) to 2 = 2y yields 2y% = (2y%)**"; thus,

2y = (2y2) ! = g1 () gl
=y2P by (3)
so that
0= 22p+1y2p _ 2y2p _ (22p+1 . 2) y2p. (5)



But p > 3 yields p > 4 (since p is a prime, and 4 is not a prime), and thus 4*~! = 1 mod p
(by Fermat’s Little Theorem). Besides, p is a prime, so that every positive integer less
than p is invertible modulo p. Hence, 2 and 3 are invertible modulo p (since 2 < 3 < p).
Now,

92+l _g — 932 _9 — 93.920-D_9 — 93.(22)PT 2 = 93 4p1 _2=2%1-2 =6 = 2:3mod p.

=1modp

Thus, 22PT! — 2 is invertible modulo p (since 2 - 3 is invertible modulo p, since 2 and 3
are invertible modulo p). In other words, 2! — 2 is coprime to p. Hence, by Bezout’s
theorem, there exist integers a and b such that a (22?7 — 2) + bp = 1. Hence,

y? =1y = (a (277 = 2) +bp) y? =a (277 = 2) YT +b py? =0+0=0.
—_—— N~~~
=0 by (5) =0 by (4)

Applying (2) to z = y yields y = y*T!, so that y = y*’y = 0y = 0.

Thus, we have proven that y = 0 for every y € R. Hence, R = 0, ged.



